
APPLICATION
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1. Scientific Project

Inverse scattering transform for the Camassa-Holm equation. The Camassa-Holm equa-
tion
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2
xu− u∂3

xu = 0,

models the unidirectional propagation of waves over a flat bottom, u(x, t) representing the height of
the free surface about a flat bottom, and the constant ω being related to the critical shallow water
speed (see [CH], [CHH]). It describes permanent and breaking waves; its solitary waves are stable
solitons when ω > 0, or peakons, when ω = 0. It is also the equation of the geodesic flow for the
H1 right-invariant metrics on the Bott-Virasoro group (the case ω > 0) and on the diffeomorphism
group of the circle (the case ω = 0) (see [C2], [M]). The equation (1) arises also in the study of
motion of a non-Newtonian fluid of second grade in the limit when the viscosity tends to zero, and
models the axially symmetric waves in a hyperelastic rod.

If m = u− ∂2
xu, equation (1) can be expressed as the condition of compatibility between
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that is, ∂t(∂
2
xψ) = ∂2

x(∂tψ) is the same as to say that (1) holds.
When one looks for solutions such that m decays at infinity, it turns out that solving the

scattering problem for (2) with the time t considered as a parameter leads to solving the Cauchy
problem for the Camassa-Holm equation (1), since the eigenvalues and the transmission coefficient
for (2) are constants of motion, while the reflexion coefficient and the norming constants have
a simple and explicit evolution in t. The same procedure can be applied relating the periodic
solutions of the Cauchy problem for (1) and the inverse spectral problem for (2). (See [C1], [C2],
[C3].)

Consider ω > 0 and then we may assume that ω = 1, by a simple scalling. To briefly present
the inverse scattering problem for (2) in this case, consider t fixed and look at the problem
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on the real time, where m is a locally L1 function that is assumed to decay at the infinity in a
certain sense. For Reλ > 0 denote k =

√
λ− 1/4. Then there are unique solutions or (3) such

that

ψ1(x, k) ∼ eikx when x→∞,

ψ2(x, k) ∼ e−ikx when x→ −∞.

Then it turns out that there are unique complex constants R1(k), R2(k), T1(k) and T2(k) deter-
mined by m and λ and ω such that

ψ1(x, k) ∼ 1

T2(k)
eikx +

R2(k)

T2(k)
e−ikx when x→ −∞,

ψ2(x, k) ∼ 1
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eikx when x→∞,

The matrix

S(k) =

(
T1(k) R2(k)
R1(k) T2(k)

)
is the scattering matrix determined by m and ω, R1(k) and R2(k) are the reflection coefficients,
whereas T1(k) and T2(k) are the transmission coefficients. S(k) is an unitary matrix. Under good
conditions on the decay of m, there may be an infinite number of eigenvalues {λj}j for (3), and
all lie in (−∞, 1/4). The inverse scattering problem requires the determination of m (uniqueness,
construction, characterization and dependence on the scattering data) for the scattering data: the
scattering matrix, the eigenvalues and the norming constants.

The inverse scattering problem for (2) is especially difficult when m is not assumed to be regular.
In this case, the problem cannot be reduced to a Schrödinger type problem, as in [DT]. Also, further
complexity is added by the fact that m + ω has negative values on a set of non-zero measure in
the interesting case when wave breaking holds.

The uniqueness part of the inverse scattering problem for (2) was very recently solved in [BBW].
The present project aims to get a method of construction of m from the reflexion coefficient,
eigenvalues and norming constant, and to investigate the dependence on the data, by developing
the method used in [SWG] to treat a simpler, but similar problem. These results would be then
used for the study of the Cauchy problem for the Camassa-Holm equation.

The team of the project has been formed precisely by considering the experience of the partici-
pants in non-linear partial differential equations and fluid mechanics, on one hand, and scattering
and inverse scattering, on the other hand.
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2. Activities to be supported by the project

One research visit to IMAR of Renata Bunoiu, 16-20 September 2012.
Financial support is needed to cover travel, accommodation and local expenses.
Required financial support 900 e,
as follows

• 400 e for travel expenses (flight tickets and train and bus tickets)
• 500 e for accommodation and local expenses.
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faible épaisseur dans le cas de lubrification. C. R. Acad. Sci. Paris, t. 323, Série I
(1996), 1097–1102.
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• 24.07-28.07 2006 Asymptotic Behaviour in Fluid Mechanics, EPFL, Lausanne, Suisse.
• 28.08-02.09.2006 8-ème Colloque Franco-Roumain, Chambéry, France.
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Temporary position. Ålborg University (May 2001)

Lectures in International Meetings.

• Spectral theory for Schödinger operators with boundary conditions on a half-space: Work-
shop New results in quantum mechanics and related topics (September 1998, Bucharest)
• Inverse scattering problems for layered media: Summer School New Analytic and Geomet-

ric Methods in Inverse Problems (July 2000, Heriot-Watt University, Edinburgh).
• On an abstract radiation condition: Workshop Spectral and Scattering Theory and Related

Fields (RIMS Kyoto, 2000).
• Mourre theory and inverse scattering problems for layered media: Mini-Workshop in Math-
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Analiză Convexă (Convex Analysis), by R. Tyrrell Rockafellar, Texte Matematice Es-

entiale, Theta, Bucuresti 2002 (with D. Beltiţă).
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(4) I. Beltiţă, On an abstract radiation condition. In RIMS Kukyuroku 1028, Spectral and
Scattering Theory and Related Topics, 2001.
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