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ABSTRACT

We prove a representation theorem for Hausdorff locally convex (M)-lattices which are Dedekind
o-complete, and whose topologies are order o-continuous and monotonically complete. These turn out
to be the weighted spaces co (7', H), defined in the paper for T # ¢ and H C ]Rf_. We also characterize the
dual of ¢o(T, H), as the space 11(T, H) defined in the last section. The known representation (on co(T))
of Banach (M)-lattices with order continuous norm follows as a particular case. We obtain these results
by first proving a new general isomorphism theorem, which seems to be of independent interest. Our
notion of “monotonic topological completeness” is weaker than the usual completeness and seems to be
very convenient in the framework of topological ordered vector spaces.

1. INTRODUCTION AND NOTATIONS

As for prerequisites, the reader is expected to be familiar with notions, basic
properties, and some results on ordered vector spaces from [2-5,7].

By ordered topological vector space (OTVS*) we mean any partially ordered
topological vector space. No connection between ordering and topology is as-
sumed.® On the other hand, by topological ordered vector space (TOVS) we mean,
as usual, any OTVS* with locally full topology. Following [2], we will use the
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notation X, for an OTVS* X with topology . If two such spaces X, and Y,, are
isomorphic as OTVS* (algebraically, topologically, and as ordered sets), we will
write this as X >~ Y,,. The aim of this paper is to describe a class of locally convex
(M)-lattices; these are TOVS and lattices, with the topology defined by a family of
solid (M)-seminorms. Recall that a seminorm p defined on a vector lattice X is
called an (M)-seminorm, if and only if

p(xVvy)=px)Vvp(y) forallx,yeX,.
The seminorm p is said to be solid, if and only if
x| <Iyl=p) <ply) (x,yeX).
For arbitrary set T' # ¢, the function spaces

RT ={f| f:T — Ris a function},
co(T)={f eRT| f7H(R\ [—e, ¢]) is finite for every & > 0},
coo(T) ={f €RT | f71(R\ {0}) is finite],
1°°(T) ={ f e R | f is bounded},

I"(T) = {f eRT| Y1101 < oo} (p>0),

teT

are vector lattices (Riesz spaces in [4,7]) with respect to the pointwise ordering. We
have the obvious inclusions

coo(T) CIP(T) Cco(T) C1°°(T) c RT.

Definition 1. For any subset H C ]Ri satisfying the restriction

(1) () r~'((0}) =2

heH

let us consider the vector space
co(T, H) :={y e R |y - H C co(T)}.

On ¢o(T, H) we consider the pointwise ordering, as well as the topology 6 defined
by the family of solid (M)-seminorms (|| ||;)ne7¢, Where

[z co(TH) = Ry 1Y lln = 1hlloo = Su$|¢(t)h(t)|-
te

If needed, we can assume H to be directed upwards. Indeed, we have
co(T, H) = co(T, H") = co(T. 1(H)+),

where H" denotes the set consisting of all pointwise supremums of nonempty finite
subsets of H, and I(H) C R” is the ideal (normal subspace in [2]) generated by .
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Proposition 2.
(i) co(T,H) is a Hausdorff locally convex (M)-lattice and an ideal in RT (hence

Dedekind complete). Also, co(T, H) is an [*°(T)-module containing coo(T).

(ii) The topology 0 is complete and order continuous.*

(i) For every Y € co(T, H), there exists an increasing net (Us)sea C coo(T)+,
such that \/ s » s = . For every such net, we have (0)-limsea Vs = V.

(iv) If H C co(T )4, then R CI*®°(T) C co(T, H), and 1 € R is a weak order unif?
in co(T, H).

Proof. The proof'is routine. 0O
In the last section, Example 26 will deal with some particular spaces co (T, H).

2. MONOTONIC TOPOLOGICAL COMPLETENESS

In this section we introduce the notion of “monotonic topological completeness”. It
is worth pointing out that a large amount of known results on TOVS still hold if we
replace the usual topological completeness by monotonic completeness.

Definition 3 (Monotonic completeness). Let X be an OTVS*. The topology t of
X is said to be monotonically complete, if and only if every monotonic (7)-Cauchy
net in X is (t)-convergent. In the same way we define monotonic o-completeness
of the topology, by considering sequences instead of nets.

Example 4. The vector space
BV ([0,1]) ={x : [0, 1] — R | x has bounded variation},

is a Dedekind complete lattice with respect to the usual ordering defined by the cone
BV ([0, 1])4+ ={x:[0, 1] = R4 | x is increasing}.

The supremum norm || ||« : BV ([0, 1]) = Ry is an (L)-norm, is order continuous
and monotonically complete, but not complete.

As the previous example shows, monotonic completeness of the topology is not
equivalent to, but weaker than its usual completeness.

Proposition 5. Let X be a metrizable OTVS*. The topology of X is monotonically
complete, if and only if it is monotonically o -complete.

Proof. We only need to prove the implication “«<”. According to the hypothesis,
there is a quasinorm ¢ : X — R defining the topology of X. Let (xs)sca C X be

4 Order continuous topology: for every increasing net xs 1 x, we have x5 — x topologically.
5 Weak order unit: element u > 0 with zero orthocomplement, that is, u™ := {x | u A |x| = 0} = {0}.
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a monotonic (¢)-Cauchy net. We can choose an increasing sequence (8,),eN C A,
such that

1
q(xy —xgr) < — foralln >1andd’, 8" >3,.
n

Thus, (x5,)nen C X is a monotonic (g)-Cauchy sequence. As g is monotonically
o-complete, we have lim,_, o g(xs5, — x) = 0 for some x € X. For all n > 1 and
8 > 8,, we have

1
q(xs —x) < q(xs —xs,) +q(xs, —x) < - + g (xs, — x).

This yields limgea g(xs — x) = 0. We conclude that ¢ is monotonically o-
complete. O

Proposition 6. Let X be a TOVS, with monotonically complete topology and
closed positive cone. The following two statements are equivalent:

(a) X is Dedekind o-complete, with order o-continuous topology,
(b) X is Dedekind complete, with order continuous topology.

Proof. We only need to prove (a) = (b). Let (x5)sca C X be an upper bounded
increasing net. We claim that (xs)sea is (r)-Cauchy in X, where t denotes the
topology of X. On the contrary suppose that there is a neighborhood W € V(0),
such that for every § € A, there exist &', 8" > §, with xy — xg» ¢ W. Let us choose
a balanced full neighborhood Wy € V(0), such that Wy + Wy + Wy C W. Fix § € A.
Choose &', 8” > § as above and y (8) > &', 8”. We must have x, sy — x5 ¢ Wo. Indeed,
Xy ) — xs € Wo would lead to

Xy — Xgr = (Xy(8) — X57) + (x5 — x5) + (x5 — Xy 5)) € Wo+ Wo — Wy C W,

a contradiction. We thus get the existence of a function y : A — A, such that
y(8) > & and x5y — x5 ¢ W, for every § € A. Consequently, there is an increasing
sequence (8,)neN C A, such that x5, ., — x5, ¢ Wy for every n € N. According
to the hypothesis (a), the upper bounded increasing sequence (xs,)neny C X i
(r)-convergent, and hence (t)-Cauchy, which is impossible. Our claim is proved.
Since t is monotonically complete, we have (t)-limgca x5 = x, for some x € X. As
X4 is closed, we have x = \/;_, xs. We conclude that (b) holds. O

3. A GENERAL ISOMORPHISM THEOREM

The isomorphism theorem from this section was inspired by some parts of the
proofs of several representation theorems for Banach lattices. This theorem together
with a result from [6] (restated here as Theorem 17) are the most important
ingredients of the representation theorem from Section 4. We first introduce a
density notion that fits well with monotonic completeness.
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Definition 7 (Monotonic density). Let X, be a directed OTVS*. A vector sub-
space G C X is said to be monotonically (t)-dense (or top-dense), if and only if the
following two conditions hold:

(i) G4 is (r)-dense in X.
(i) If Xo C X is a vector subspace containing G and all limits of (r)-convergent
monotonic nets from X, then Xy = X.

In the same way we define o-monotonic top-density of a vector subspace, by
considering sequences instead of nets.

Let us observe that a monotonically (r)-dense subspace G is necessarily
(7)-dense, because G O G contains all limits of ()-convergent nets from G, and
consequently, G = X. Since our notion of monotonic top-density is somewhat
encrypted, we next clarify its relation with some more intuitive conditions, which
are stronger but also easier to be checked. Proposition 9 will point out a special
case when monotonic top-density reduces to the usual topological density.

Proposition 8. Let X, be a directed OTVS*. For a vector subspace G C X, let us
consider the following conditions:

(ay) Every element of X+ is the (v)-limit of an increasing net from G ..
(a—) Every element of X is the (t)-limit of a decreasing net from G .
(b) Every element of Xy is the (t)-limit of a monotonic net from G ;.
(c) Every element of X, is the (v)-limit of a sum (&5 + s)sen of monotonic
(1)-Cauchy nets from G 4.
(") Every element of X+ is the (v)-limit of a “cross-sum” (&5 + {3) . 0)eaxa Of
monotonic (t)-Cauchy nets from G ;.
(d) G is monotonically (t)-dense in X.
(e) Gy is (t)-dense in Xy, and there is no proper vector subspace Xo C X
containing G and all limits of (t)-convergent sums (§s + £5)sea Of monotonic
(t)-Cauchy nets from Xy.

We have (ay) = (b) = (¢) < (¢') = (e) and (b) = (d) = (e). If X is monotonically

(t)-complete, then (d) < (e). The same implications hold between the correspond-
ing sequential conditions.

Proof. The proof is straightforward. O

Proposition 9. Let X, be a topological lattice.’ For any ideal G C X, the
following statements are equivalent (as well as the corresponding sequential
conditions):

6 According to the usual terminology, this also means that the topology t is locally solid.
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(i) G is monotonically (t)-dense in X.
(1) G is (v)-densein X ;.
(i) G is (v)-densein X.
(ay) The condition (ay) from Proposition 8 holds.

Proof. The implications (ay) = (i) =(ii) = (iii) are immediate. In order to
prove (iii) = (at), let us fix x € X . By (iii), choose a net (§s)sean C G, with
(7)-limgep &5 = x. Set x5 := (0 V &) A x € G4 for every § € A. As the lattice
operations are (t)-continuous on X, we have (t)-limgca x5 = x. Let F denote the
set of all nonempty finite subsets F C A. Set xp := \/s.p x5 € G4 forevery F € F.
Obviously, the net (xp)rer C G4 is increasing. Since x5 < xp < x whenever
{8} C F € F,itfollows that (7)-limpcr xF = x. We thus conclude that the condition
(ay)holds. O

‘We can now give some concrete examples of monotonically (z)-dense subspaces.

Example 10 (Top-dense subspaces). On the following vector spaces we consider
the usual ordering.

(1) In (C([0, 1]), |l loo), the vector subspace of all polynomial functions restricted
to [0, 1] is o-monotonically top-dense.

(i) If T is a locally compact space, then the ideal C¢(T) is o-monotonically top-
dense in (Coo(T), || o). In particular, so is coo(T') in (co(T), || |loo) for any set
T #0.

(iii) Let (T, T, ) be a measurable space and let p € [1, oo[. Thenin (L¥ (), || | ),
the vector sublattice of all classes of u-integrable step functions is o-
monotonically top-dense. In particular, so is the ideal coo(T) in (I7(T), || | »)
for any set T # 0.

(iv) For a measurable space (7,7, ) with u(T) < oo, let us consider the space
M () of all classes of p-measurable functions, endowed with the quasinorm
g(x)= fT 15553:'» du(¢). Then the vector sublattice of all classes (with respect
to the equality a.e.) of w-measurable step functions is o-monotonically top-
dense in (M (), q)-

(v) For any set T # @, the ideal co(T) C R” is monotonically top-dense with
respect to the product topology on R” .

For all five above monotonic top-densities at least one of the conditions (a1 ) (or
the sequential versions) from Proposition 8 holds. Nonetheless, even for a vector
sublattice of a normed lattice it is possible that both conditions (a1 ) fail, but the
sequential version of (b) holds:

Example 11. On the vector lattice X = C([0, 1]), let us consider the topology
defined by the solid (M)-norm ||x|| = max,[o,1] |tx(t)|. Then the vector sublattice
G :={x € X|x(0) = x(1)} is o -monotonically top-dense in (X, | ||). More precisely,
for every x € X we have:
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(i) If x(1) < x(0), then no decreasing net in G is (r)-convergent to x, but
(t)-lim, s X, = x for the increasing sequence (x,),eny C G defined by
X, () =x() A (x(1) + nt).

(i) If x(1) > x(0), then no increasing net in G is (tr)-convergent to x, but
(1)-lim, o x, = x for the decreasing sequence (x,),cny C G defined by
X, () =x()V (x(1) — nt).

Theorem 12 (Isomorphism). Let X. and Y, be directed OTVS*, with closed
positive cones and monotonically complete topologies. If G, ~ H, for some
monotonically top-dense vector subspaces G C X and H C Y, then X, > Y.

Proof. According to the hypothesis, there exists an isomorphism U : G; — H, of
OTVS*. Let )7 denote the completion of the topological vector space Y. As G is
(r)- -dense in X, the 1som0rphlsm U extends umquely to a continuous llnear operator
U:X— Y. Weclaimthat U(X) CY,andthat U : X — Y is a positive operator. We
have

UX+)=U(G+) cUGH) =UGy) = H,

where the last three closures are considered in 17,7. Since H is (n)-dense in Y, and
Y has a closed positive cone, it follows that

() UX)NYCH NY=Y,.

Obviously, G C U-! (Y) C X.Let (x5)sen C U1 (Y) be a (t)-convergent monotonic
net, and let x := (7)-limgea x5 € X. By (2) we see that (l7x5)geA is a monotonic
(n)-Cauchy net in Y. As n is monotonically complete, this net (n)-converges to
some y € Y. It follows that

Ux=@)-limUxs=y €Y,
X (n)slerg Xs=YE€

hence that x € U~ (Y). Since the subspace G is top-dense in X, we conclude that
U-! (Y) = X, that is, l7(X) C Y. Hence ﬁ(X+) C Y4, by (2). Our claim is proved.
Applying all these arguments again for V.= U~!: H, — G, shows that V extends
uniquely to a positive continuous linear operator V:Y — X. For & € G we have
VUE = VUE =&, that is, (Ix — VU)|G = 0. But G is (r)-dense in X, and so
VU = Ix. Since in exactly the same way we get UV = Iy, we conclude that U
is an isomorphism of ordered topological vector spaces. O

Remark 13. The above theorem still holds if we replace monotonic completeness
and top-density by the corresponding sequential conditions.

Remark 14. Let X, be a directed OTVS*, and let G C X be a vector subspace.
If X is a lattice and G a sublattice of X, or if X satisfies the Riesz decomposition
property and G is a full subset of X, then the set G, := G N [0, x] is directed
upwards for every x € X . In this case, G, can be viewed as a net in X. Thus, G,
may be (t)-convergent to x.
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Corollary 15. Let X. and Y, be OTVS*, which are lattices with closed positive
cones and monotonically complete topologies. Assume that G ~ H, for some
vector sublattices G C X and H C Y, such that

x=(1)-imG,, y=(n)-limH,, forallxeX,, yeVY,.
Then X, >~ Y,.

Proof. The proof is immediate, by Proposition 8(a), Theorem 12, and Re-
mark 14. O

Remark 16. The above corollary still holds if for one/both of the inclusions G C X
and H C Y, say M C Z, we replace the condition “M sublattice of Z” by the
alternative condition “M is an ideal in Z, which is directed upwards and has the
Riesz decomposition property”.

4. REPRESENTATION THEOREM

For the convenience of the reader we first repeat a needed theorem from [6]
(a variant of it may be found in [1]).

Theorem 17. Let C.(T) denote the vector lattice of all real continuous functions
with compact support, defined on a locally compact space T. Let us consider the
sets

St :={a:T — Ry |a is upper semicontinuous},
My :={p:Cc(T) — Ry |p is a solid (M)-seminorm},

endowed with the pointwise ordering. For every a € St, define on Co(T) the solid
(M)-seminorm

Pa €Mr,  pa(f)=llafllec =supla(®)f(@®)l.

teT
We have the isomorphism of ordered sets
D:Sr > Mg, DPla)=p,.

We can now state and prove our main results. The following two theorems
characterize a class of locally convex (M)-lattices, with or without weak order unit.
The known representation of Banach (M)-lattices with order continuous norm will
follow as a particular case (Corollary 23).

Theorem 18 (Representation, the “unit” case). Let X; be a Hausdorff locally
convex (M)-lattice. Assume that

(a) the lattice X is Dedekind o-complete, with weak order unit,
(b) the topology t is order o-continuous and monotonically complete.

Then X, >~ co(T, H)g, for some set T and some H C co(T)+ satisfying (1).
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Proof. By Proposition 6, the lattice X is Dedekind complete, with order continuous
topology. Let P be a family of solid (M)-seminorms defining the topology 7 of X,
and let u € X be a weak order unit. Let us consider the ideal (hence, Dedekind
complete sublattice of X)

G :=I({u}) = {x € X ||x| < Au for some 1 € Ry},

endowed with the strong order unit norm || x|, =inf{Ax € Ry | |x| < Au}. Applying
the well known representation theorem of Kakutani (see [3, Theorem 4, p. 59], or
[5, Theorem 7.4, p. 104]) to the Banach lattice (G, || ||,,), shows the existence of an
isomorphism U : (G, || ||l,) = (C(K), || llco) of normed lattices, for some compact
topological space K. In particular, C(K) is Dedekind complete and Uu = 1 €
C(K). For every p € P, let us define

p=poU~':C(K)— R,.

Each p is a solid (M)-seminorm. By Theorem 17, there exists an upper semicon-
tinuous function g, € Sk, such that p(¢) = [l¢g,llo for every ¢ € C(K). We thus
get

3) p(x)=pWUx)=|Ux-gplloc foreveryxeG.
Let us consider

Pi=per. Gi=lgplpePl T:=K\[)g," (10},
peP

and the locally convex topology 7 defined on C(K) by the family P of seminorms.
Since by (3), U : G, — C(K)z is an isomorphism of locally convex lattices, T is
order continuous.

Claim 1. T is a discrete dense subspace of K, and G C ¢o(K) 4.

We first prove that T is discrete. For fixed upper semicontinuous w € Sk, choose
a decreasing net (¢5)sea C C(K)4, such that w(t) = infsea @s(¢) for every t € K
(pointwise infimum). Thus,

4) %ierg(go(;gp)(t) = (wgp)(t) forallpeP,teK.

Since C(K)7 is a Dedekind complete vector lattice with order continuous topology,
for ¢ := Ascp 95 € C(K) we have (7)-limsea g5 = ¢, that is,

unif.

wsgp —> @gp Tforevery peP.
This and (4) yield wg, = ¢g, for every p € P, that is, w|r = ¢|r. We also have
0 < ¢ < w in RX, In particular, if w|g\r =0, then w = ¢ € C(K). We thus have
proved that

Sk.r:={weSk|w@)=0foreveryr e K\ T} C C(K),
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hence that G C Sk, € C(K). For the characteristic function of any 7 € T', we have
Xy € Sk, C C(K), and so {t} = X{j}l (10, oo[) is an open subset of K. Therefore,
T is a discrete subspace of K.

We next show that G C co(K) 4. Forall g, € G and & > 0, the subset g;l ([e, 00]) C
T C K is compact (closed in K), and hence finite, since 7 is discrete. Therefore,
G Cco(K)4.

From our claim, it remains to prove that 7' is dense in K. On the contrary, suppose
that T # K. By Urysohn’s theorem, choose ¢ € C(K) \ {0}, such that ¢l7 =0. As
P(p) = llogpllo =0 for every p € P, we get ¢ =0, a contradiction. Hence, T=K.
Our claim is proved.

Let us consider
hy, :=gplr forevery p e P, H:={hp|peP}

Obviously, H satisfies (1) and H C ¢o(T) .

Claim 2. We have X, >~ co(T, H)s. We will prove this by applying Theorem 12.

Let us consider the vector space H := C(K)|r consisting of all restrictions to
T of functions from C(K). We have H - H C [°°(T) - ¢o(T) C co(T), and so H C
co(T, 'H). Define the linear operator

Uy: Gy — Hp, Upx=Ux)|T.

That Uy is onto follows from U(G) = C(K). Since for all p € P and x,y € G, we
have

1Uoxln, = 1U0x - hpllos = 1Ux - gplloo = p(x),
Uo(x Vv y)=(Ux Vv y)|, =Ux Vv Uy)lr=Upx Vv Upy,

we deduce that Uy is an isomorphism of locally convex lattices. As T is a
discrete topological space, we see that coo(T) C C(K)|7 = H. It follows that H
is monotonically (6)-dense in co(7, H), since so is coo(T'), by Proposition 2(iii).

It remains to prove that G is monotonically (r)-dense in X. For fixed x € X, the
sequence (x A nu)eny C G4 is increasing. As u is a weak order unit in X (which is
Dedekind (o)-complete), we have \/, .y (x A nu) = x. This yields (7)-lim,_ o0 (x A
nu) = x, since t is order o-continuous. Hence G is monotonically (7)-dense in X.
Applying Theorem 12 finally shows that X; >~ co(T, H)g. O

Remark 19. In the above theorem, for a family P of solid (M)-seminorms defin-
ing the topology of X, we obtain H = {4, | p € P} C co(T)+ and an isomorphism
U:X;:— co(T, H)g, such that

p@)=Uxlp, =Ux -hplleo forallxeX, peP.

Similar comments will apply to Theorem 20, with H C RZ.
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Theorem 20 (Representation, general case). Let X, be a Hausdorff locally
convex (M)-lattice. Assume that

(a) the lattice X is Dedekind o-complete,
(b) the topology t is order o-continuous and monotonically complete.

Then X; >~ co(T, H)g, for some set T and some H C Ri satisfying (1).

Proof. By Proposition 6, the lattice X is Dedekind complete, with order continuous
topology. Let P be a family of solid (M)-seminorms defining the topology 7 of X.
By Zorn’s lemma, choose a maximal orthogonal subset £ C X, \ {0}. For each
e € E, the projection band X, := e* is a closed subspace of X, since the topology
7 is locally solid. Thus, X, satisfies the hypothesis of Theorem 18. Hence there is

an isomorphism
Ue: Xe = co(Te, He),

for some set T, and some H, = {h, .| p € P} C co(T,)+ satisfying (1), such that
px)=|Uex -hpcllc forallxeX., peP.

(see also Remark 19). We can assume that all 7, (e € E) are mutually disjoint sets
(otherwise, we may replace each 7, by 7, x {e}). Set

=], H=1{h,eRL|peP},
eckE
where each function %, is defined by its restrictions: |7, =h, . for every e € E.

Claim. We have X, >~ ¢o(T, H)s. We will prove this by applying Theorem 12.
For function g € R’e, we may define the extension g € R?, by g|r, = g and
§|T\Te =0. Set

co(T, H)e :={¥ |V € co(To. He) ) = {¥ € co(T, H) | ¥|7\7, =0}

(e€ E),
G::@Xe, H:=®60(T,H)e.
ecE ecE

Note that G and H are sublattices of X and c¢o(T, H), respectively. Define the linear
operator

U:G,— Hy, Ux=Uxx forallecE, xeX,.

It is easily seen that U is an isomorphism of ordered vector spaces. Fix x € G. We
have x = )", x, for some finite subset F C E and some x, € X, (e € F). Thus,

l=Y rel=\/lxel,  Ux=) TUexe,  |Uxl=\/UellxD.

ecF ecF ecF ecF
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Consequently, for every p € P we have

\/U Ixe])

1UxIh, =NUx-hplloc =UX]-hpllec = ‘

ecF
=\ [y - Ue(lxel) | o = \/ |pec - Ue(lxel) | o,
ecF ecF
=\/ p(lxl) = (\/m)— (Ix]) = p(x).
ecF ecF

It follows that U is an isomorphism of locally convex lattices. As cgo(T,) C
co(T, H), for every e € E, we have coo(T) C H. Hence, H is monotonically
(0)-dense in ¢y (T, H), since so is coo(T).

It remains to prove that G is monotonically (r)-dense in X. Fix x € X. Let
us consider the set F consisting of all nonempty finite subsets of E. For every
F e F,setxp:=\/,plelx € G4. We thus get the increasing net (xg)per C G4.
As X is Dedekind complete and the orthogonal subset E is maximal, we have
\ perXr = x. This yields (7)-limper xF = x, since 7 is order continuous. Hence,
G is monotonically (r)-dense in X. Applying Theorem 12 finally shows that
X:>co(T,H)p. O

Corollary 21 (Representation, normed case). Let (X, | ) be a normed (M)-
lattice. Assume that

(a) the lattice X is Dedekind o -complete,
(b) the norm of X is order o -continuous and monotonically o -complete.

Then (X, || ) = (co(T), || lloo) as normed lattices, for some set T and some H C RJTr
satisfying (1).

Proof. By Proposition 5, the norm of X is monotonically complete. By Theo-
rem 20 and Remark 19, we have the isomorphism of normed lattices (X, || ||) =~
(co(T, {h}), |l lln), for some set T and some h € RT, with A~ ({0}) = @. Since

Un = (co(T, (1)), I lIn) = (co(T), o), Un¥ =k
is an isomorphism of normed lattices, the conclusion follows. O

Proposition 22. Let X; be an OTVS* with closed positive cone. Assume the
topology t is order continuous and monotonically complete. If a nonempty subset
A C X is upper bounded and directed upwards, and if the set of its upper bounds is
directed downwards, then A converges and

(r)-lim A =supA.
In particular, if X is a vector lattice, then it is Dedekind complete.

466



Proof. For subsets E, F C X, we may write E < F, if x <y for all x € E and
y € F. We shall use notations such as z < E or E < z (for z € X), with an obvious
meaning.

For A C X as in the hypothesis, let B denote the set of its upper bounds. Recall
that upwards directed subsets of X may be considered as increasing nets. We claim
that A is a (7)-Cauchy net.

Fix a neighborhood W € V(0), and choose Wy € V(0), such that Wy — Wy C
W. Let z > A — B. We have A < B + z, which yields B + z C B. An obvious
induction shows that for every n € N we have B + nz C B, that is, A < B + nz, or
equivalent, n(—z) < B— A C X. Since X is Archimedean, we must have z > 0. We
thus have proved that sup(A — B) = 0. The set A — B is directed upwards. As 7 is
order continuous, we have (7)-lim(A — B) = 0. Therefore, there exista € A, b € B,
such that (A — B)N[a — b,0] C Wy. For all a;,a, € A, with ay,a; > a, we have
ai—b,ap—be(A—B)N[a—b,0] C Wy,and so a; —ar € Wy — Wy C W. Our claim
is proved. Since the net A is increasing and (tr)-Cauchy, and 7 is monotonically
complete, there exists x = (r)-limA € A. As X is closed, we conclude that x =
supA. O

The following corollary is a slight improvement of the known representation
theorem for Banach (M)-lattices with order continuous norm, since monotonic
o -completeness is required instead of the stronger classical (Banach) completeness.

Corollary 23. Let (X, | ||) be a normed (M)-lattice. Assume the norm of X is
order continuous and monotonically o-complete. Then (X, || ||) =~ (co(T), || llco) as
normed lattices, for some set T.

Proof. The proof is immediate, by Propositions 5 and 22, and Corollary 21. O

5. THE DUAL OF Cy(T, H)g
Let us consider T # ¥ and an upwards directed subset H C RJTF satisfying (1). Set
INT, H):=1T) - H={vh|vel(T), he H}.

Remark 24. (T, H) is an ideal in R”, and a [°°(T)-module containing coo(T).
It is less obvious that /!(7,H) is a vector space (the other properties are

immediate). Let us show that y := auh + Bvk € IN(T,H) for a, B € R, u,v €

I(T), h,k € H. Choose g € H, with h, k < g. There exist r, s € [°°(T), such that

h=rg, k=sg.Hence, y = (aur + Bvs)g € I'(T) - H=1"(T, H).

Theorem 25. We have the lattice isomorphism U : INT, H) — co(T, H)j, defined
by

Uy)y =/(V¢)duc Jorally € I'(T, H), ¥ € co(T, H),
T
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where e : 2T — [0, co] denotes the cardinal measure on T.

Proof. We have divided the proof into two steps.

Step 1. We first show that U is well defined and injective. Fix y = vh € [/(T, H),
with v € I'(T) and h € H. For every ¥ € co(T, H), we have y = v(hyr) € 1'(T) -
co(T) C 1'(T). Hence the integral exists and

(Uyv| = V(w/f)duc = ‘/(vhwwc < Mol 1WAl
T T

= ol ¢y 1 -

It follows that Uy € ¢o(T, H)j, forevery y € 11(T, H), that is, U is well defined. We
see that U is linear. As coo(T) C co(T, H), we have the equivalence

5) y=0 inl"(T,H) <= Uy=0 inco(T, H)}.

This shows that U is injective.

Step 2. We next show that U is onto. To prove this, fix f € ¢o(T, H)}. There exist
a € Ry and h € H, such that | f(¢)| < a||¥|l, for every ¢ € co(T, H). Define the
map

y:T =R, y@)=fm-

Let us observe that

©  f@)= / (v)dpe  for every ¢ € coo(T),
T

since for F = suppyp, we have f(¢) = fQ cr @) xis) = D ser YV ($)p(s) =
Jr(ve)duc.

We now claim that y € ['(T, H) and Uy = f. On T we have |y (1)| = [f (aep)| <
all xiylln = ah(t), and so suppy C supph. Therefore, there exists v € RT, such
that y = vh and supp v = supp y. Our claim will follow by (6), if we prove that v €
1(T). As supp v = supp y, we have |v| = yw for some w € R” . For every nonempty
finite subset F C supp v C supp &, by (6) we get

f lv|due = /(VwXF)nd = fwxr) <allwxrlls
F T

=af(hlwD)xrllcc = allXFlloo =cx.
This yields fsuppv |v|due < a, that is, v € I'(T). We thus get y = vh € I'(T, H).
As by (6), the functionals f, Uy € co(T, H)j coincide on coo(T), which is (0)-

dense in ¢o(T, H), we conclude that f = Uy. That U is also an isomorphism of
ordered vector spaces follows from (5). O
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Example 26. Let T # (. Then

(1) For H = cpo(T)+, we have
co(T,H) =R", IN(T, H) = coo(T),

and @ is the pointwise convergence topology on R” .
(ii) For H =R’ we have

co(T, H) = coo(T),
I'NT,H)={p e R" |~ (R\ {0}) is at most countable}.

(iii) For H = co(T), we have
co(T, H) =1°(T), INT,H)=I1YT).
(iv) For H =1%°(T),, we have
co(T, H) = co(T), 1NT, H)=1"(T),

and 6 is the uniform convergence topology on co(7T').
(v) For H=1P(T)+ (p > 0), we have

co(T. H) =I1°(T). 1"(T.H) =171 (T).
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