
 

 

PLEASE SCROLL DOWN FOR ARTICLE

This article was downloaded by: [Burciu, Sebastian]
On: 10 October 2009
Access details: Access Details: [subscription number 915740479]
Publisher Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Communications in Algebra
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713597239

Coset Decomposition for Semisimple Hopf Algebras
Sebastian Burciu a

a Institute of Mathematics, “Simion Stoilow” of the Romanian Academy, Bucharest, Romania

Online Publication Date: 01 October 2009

To cite this Article Burciu, Sebastian(2009)'Coset Decomposition for Semisimple Hopf Algebras',Communications in
Algebra,37:10,3573 — 3585

To link to this Article: DOI: 10.1080/00927870902828496

URL: http://dx.doi.org/10.1080/00927870902828496

Full terms and conditions of use: http://www.informaworld.com/terms-and-conditions-of-access.pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, loan or sub-licensing, systematic supply or
distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae and drug doses
should be independently verified with primary sources. The publisher shall not be liable for any loss,
actions, claims, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.

http://www.informaworld.com/smpp/title~content=t713597239
http://dx.doi.org/10.1080/00927870902828496
http://www.informaworld.com/terms-and-conditions-of-access.pdf


Communications in Algebra®, 37: 3573–3585, 2009
Copyright © Taylor & Francis Group, LLC
ISSN: 0092-7872 print/1532-4125 online
DOI: 10.1080/00927870902828496

COSET DECOMPOSITION FOR SEMISIMPLE
HOPF ALGEBRAS

Sebastian Burciu
Institute of Mathematics, “Simion Stoilow” of the Romanian Academy,
Bucharest, Romania

The notion of double coset for semisimple finite dimensional Hopf algebras is
introduced. This is done by considering an equivalence relation on the set of irreducible
characters of the dual Hopf algebra. As an application formulae for the restriction of
the irreducible characters to normal Hopf subalgebras are given.
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INTRODUCTION

In this article we introduce a notion of double coset for semisimple finite
dimensional Hopf algebras, similar to the one for groups. This is achieved by
considering an equivalence relation on the set of irreducible characters of the dual
Hopf algebra. The equivalence relation that we define generalizes the equivalence
relation introduced in [7]. Using the Frobenius–Perron theory for nonnegative Hopf
algebras the results from [7] are generalized and proved in a simpler manner.

The article is organized as follows. In the first section we recall some basic results
for finite dimensional semisimple Hopf algebras that we need in the other sections.

In Section 2 the equivalence relation on the set of irreducible characters of the
dual Hopf algebra is introduced and the coset decomposition it is proven. Using this
coset decomposition in the next section we prove a result concerning the restriction
of a module to a normal Hopf subalgebra. A formula for the induction from a
normal Hopf subalgebra is also described using Frobenius reciprocity. A formula
equivalent to the Mackey decomposition formula for groups is given in the situation
of a unique double coset.

Section 4 considers 1 of the above equivalence relations but for the dual Hopf
algebra. In the situation of normal Hopf subalgebras this relation can be written in
terms of the restriction of the characters to normal Hopf subalgebras. Some results
similar to those in group theory are proved.
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3574 BURCIU

The next sections study the restriction functor from a semisimple Hopf
algebra to a normal Hopf subalgebra. We define a notion of conjugate module
similar to the 1 for modules over normal subgroups of a group. Some results
from group theory hold in this more general setting. In particular we show that
the induced module restricted back to the original normal Hopf subalgebra has as
irreducible constituents the constituents of all the conjugate modules.

Algebras and coalgebras are defined over the algebraically closed ground
field k = �. For a vector space V over k by �V � is denoted the dimension dimkV .
The comultiplication, counit and antipode of a Hopf algebra are denoted by �,
� and S, respectively. We use Sweedler’s notation ��x� = ∑

x1 ⊗ x2 for all x ∈ H .
All the other notations are those used in [6].

1. PRELIMINARIES

Throughout this article H denotes a finite dimensional semisimple Hopf
algebra over k = �. It follows that H is also cosemisimple [5]. If K is a Hopf
subalgebra of H then K is also semisimple and cosemisimple Hopf algebra [6].
A Hopf subalgebra K of H is called normal Hopf subalgebra if K is stable under the
left and right adjoint action, this is h1KS�h2� ⊂ K and S�h1�Kh2 ⊂ K for all h ∈ H .

Let ��H� be the Grothendieck group of the category of left H-modules. Then
��H� becomes a ring under the tensor product of modules and C�H� = ��H�⊗�

k is a semisimple subalgebra of H∗ [10]. Denote by Irr�H� the set of irreducible
characters of H . Then C�H� has a basis consisting of the irreducible characters
� ∈ Irr�H�. Also C�H� = Cocom�H∗�, the space of cocommutative elements of H∗.
By duality, the character ring of H∗ is a semisimple subalgebra of H and under this
identification it follows that C�H∗� = Cocom�H�.

If M is an H-module with character � then M∗ is also an H-module with
character �∗ = � � S.

This induces an involution ∗ � C�H� → C�H� on C�H�.
For a finite dimensional semisimple Hopf algebra H use the notation �H ∈ H

for the integral of H with ���H� = �H� and tH ∈ H∗ for the integral of H∗ with
tH�1� = �H�. It follows from [6] that the regular character of H is given by the
formula

tH =
s∑

�∈Irr�H�

��1��� (1.1)

The dual formula is

�H = ∑

d∈Irr�H∗�
��d�d� (1.2)

If W ∈ H∗-mod then W becomes a right H-comodule via 	 � W → W ⊗H
given by 	�w� = ∑

w0 ⊗ w1 if and only if fw = ∑
f�w1�w0 for all w ∈ W and f ∈ H∗.

LetW be a leftH∗-module. ThenW is a rightH-comodule and one can associate
to it a subcoalgebra of H denoted by CW [4]. This is the minimal subcoalgebra of H
with the property that 	�W� ⊂ W ⊗ CW . If W is simple and q = �W � then �CW � = q2

and the associated coalgebra CW is a co-matrix coalgebra. It has a basis 
xij�1≤i�j≤q

such that ��xij� =
∑q

l=0 xil ⊗ xlj for all 1 ≤ i, j ≤ q. Moreover W 	 k
x1i � 1 ≤ i ≤ q�
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SEMISIMPLE HOPF ALGEBRAS 3575

as right H-comodules where 	�x1i� = ��x1i� =
∑q

l=0 x1l ⊗ xli for all 1 ≤ i ≤ q. The
character of W as left H∗-module is d ∈ C�H∗� ⊂ H and it is given by d = ∑q

i=1 xii.
Then ��d� = q and the simple subcoalgebra CW is sometimes denoted by Cd.

If M and N are right H-comodules then the tensor product M ⊗ N is also a
right H-comodule. The associated coalgebra of M ⊗ N is CD where C and D are
the associated subcoalgebras of M and N respectively (see [8]).

2. DOUBLE COSET FORMULA FOR COSEMISIMPLE
HOPF ALGEBRAS

In this section let H be a semisimple finite dimensional Hopf algebra as before
and K and L be 2 Hopf subalgebras. Then H can be decomposed as sum of K − L
bimodules which are free both as K-modules and L-modules and are analogues of
double cosets in group theory. To the end we give an application in the situation of
a unique double coset.

There is a bilinear form m � C�H∗�⊗ C�H∗� → k defined as follows (see [7]).
If M and N are two H-comodules with characters c and d then m�c� d� is defined
as dimkHomH�M�N�. The following properties of m (see Theorem 10 of [7]) will be
used later:

m�x� yz� = m�y∗� zx∗� = m�z∗� x∗y� and

m�x� y� = m�y� x� = m�y∗� x∗�

for all x� y� z ∈ C�H∗�.
Let H be a finite dimensional cosemisimple Hopf algebra and K, L be two

Hopf subalgebras of H . We define an equivalence relation rHK�L on the set of simple
subcoalgebras of H as following: C ∼ D if C ⊂ KDL.

Since the set of simple subcoalgebras is in bijection with Irr�H∗� the above
relation in terms of H∗-characters becomes the following: c ∼ d if m�c��Kd�L� > 0
where �K and �L are the integrals of K and L with ���K� = �K� and ���L� = �L�
and c� d ∈ Irr�H∗�.

It is easy to see that ∼ is an equivalence relation. Clearly c ∼ c for any
c ∈ Irr�H∗� since both �K and �L contain the trivial character.

Using the above properties of the bilinear form m, one can see that
if c ∼ d then m�d��Kc�L� = m��∗

K� c�Ld
∗� = m�c∗� �Ld

∗�K� = m�c��∗
Kd�

∗
L� =

m�c��Kd�L� since �∗
K = �K and �∗

L = �L. Thus d ∼ c.
The transitivity can be easier seen that holds in terms of simple subcoalgebras.

Suppose that c ∼ d and d ∼ e and c� d, and e are 3 irreducible characters associated
to the simple subcoalgebras C�D and E respectively. Then C ⊂ KDL and D ⊂ KEL.
The last relation implies that KDL ⊂ K2EL2 = KEL. Thus C ⊂ KEL and c ∼ e.

If �1��2� � � � ��l are the equivalence classes of rHK�L on Irr�H∗� then let

ai =
∑

d∈�i

��d�d (2.1)

for 1 ≤ i ≤ l.
For any character d ∈ C�H∗� let Ld and Rd be the left and right multiplication

with d on C�H∗�.
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3576 BURCIU

Proposition 2.2. With the above notations it follows that ai are eigenvectors of the
operator T = L�K

� R�L
on C�H∗� corresponding to the eigenvalue �K��L�.

Proof. Definition of rHK�L implies that d ∼ d′ if and only if m�d′� T�d�� > 0.
It follows that T�ai� has all the irreducible constituents in �i for all 1 ≤ i ≤ l.
Since �H = ∑l

i=1 ai the formula T��H� = �H��K��H gives that T�ai� = �K��L�ai for
all 1 ≤ i ≤ l. �

In the sequel, we use the Frobenius–Perron theorem for matrices with
nonnegative entries (see [2]). If A is such a matrix then A has a positive eigenvalue
 which has the biggest absolute value among all the other eigenvalues of A.
The eigenspace corresponding to  has a unique vector with all entries positive.  is
called the principal value of A and the corresponding positive vector is called the
principal vector of A. Also the eigenspace of A corresponding to  is called the
principal eigenspace of A.

The following result is also needed:

Proposition 2.3 ([2, Proposition 5]). Let A be a matrix with nonnegative entries
such that A and At have the same principal eigenvalue and the same principal vector.
Then after a permutation of the rows and the same permutation of the columns A can be
decomposed in diagonal blocks A = A1� A2� � � � � Al with each block an indecomposable
matrix.

Recall from [2] that a matrix A ∈ Mn��� is called decomposable if the set
I = 
1� 2� � � � � n� can be written as a disjoint union I = J1 ∪ J2 such that auv = 0
whenever u ∈ J1 and v ∈ J2. Otherwise the matrix A is called indecomposable.

Theorem 2.4. Let H be a finite dimensional semisimple Hopf algebra and K, L be two
Hopf subalgebras of H . Consider the linear operator T = L�K

� R�L
on the character

ring C�H∗� and �T� the matrix associated to T with respect to the standard basis of
C�H∗� given by the irreducible characters of H∗.

(1) The principal eigenvalue of �T� is �K��L�.
(2) The eigenspace corresponding to the eigenvalue �K��L� has �ai�1≤i≤l as k-basis were

ai are defined in 2.1.

Proof. (1) Let  be the biggest eigenvalue of T and v the principal eigenvector
corresponding to . Then �Kv�L

= v. Applying � on both sides of this relation it
follows that �K��L���v� = ��v�. But ��v� > 0 since v has positive entries. It follows
that  = �K��L�.

(2) It is easy to see that the transpose of the matrix �T� is also �T�.
To check that let x1� � � � � xs be the basis of C�H∗� given by the irreducible
characters of H∗ and suppose that T�xi� =

∑s
j=1 tijxj . Thus tij = m�xj��Kxi�L� and

tji = m�xi��Kxj�L� = m��∗
K� xj�Lx

∗
i � = m�x∗j � �Lx

∗
i �K� = m�xj��

∗
Kxi�

∗
L� = tij since

�∗
K = S��K� = �K and also �∗

L = �L.
Proposition 2.3 implies that after a permutation of the rows and the

same permutation of the columns the matrix �T� decomposes in diagonal blocks
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SEMISIMPLE HOPF ALGEBRAS 3577

A= 
A1� A2� � � � � As� with each block an indecomposable matrix. This decomposition
of �T� in diagonal blocks gives a partition Irr�H∗� = ⋃s

i=1 �i on the set of irreducible
characters of H∗, where each �i corresponds to the rows (or columns) indexing
the block Ai. The eigenspace of �T� corresponding to the eigenvalue  is the sum
of the eigenspaces of the diagonal blocks A1� A2� � � � Al corresponding to the same
value. Since each Ai is an indecomposable matrix it follows that the eigenspace of
Ai corresponding to  is one dimensional (see [2]). If bj =

∑
d∈�j

��d�d then as in
the proof of Proposition 2.2 it can be seen that bj is eigenvector of T corresponding
to the eigenvalue  = �K��L�. Thus bj is the unique eigenvector of Aj corresponding
to the eigenvalue �K��L�. Therefore each ai is a linear combination of these vectors.
But if d ∈ �i and d′ ∈ �j with i �= j then m�d′� T�d�� = 0 and the definition of rHK�L
implies that d � d′. This means that ai is a scalar multiple of some bj and this
defines a bijective correspondence between the diagonal blocks and the equivalence
classes of the relation rHK�L. Thus the eigenspace corresponding to the principal
eigenvalue �K��L� has a k-basis given by ai with 1 ≤ i ≤ l.

�

Corollary 2.5. Let H be a finite dimensional semisimple Hopf algebra and K�L be
two Hopf subalgebras of H . Then H can be decomposed as

H =
l⊕

i=1

Bi�

where each Bi is a �K� L�-bimodule free as both left K-module and right L-module.

Proof. Consider as above the equivalence relation rHK�L relative to the Hopf
subalgebrasK and L. For each equivalence class�i let Bi =

⊕
C∈�i

C. ThenKBiL = Bi

from the definition of the equivalence relation. It follows thatBi = KBiL ∈ K�
H
L which

implies that Bi is free as left K-module and right L-module [9]. �

The bimodules Bi from the above corollary will be called a double coset for H
with respect to K and L.

Corollary 2.6. With the above notations, if d ∈ �i then

�K

�K�d
�L

�L� = ��d�
ai

��ai�
� (2.7)

Proof. One has that �Kd�L is an eigenvector of T = L�K
� R�L

with the maximal
eigenvalue �K��L�. From Theorem 2.4 it follows that �Kd�L is a linear combination
of the elements aj . But �Kd�L cannot contain any aj with j �= i because all the
irreducible characters entering in the decomposition of the product are in �i. Thus
�Kd�L is a scalar multiple of ai and the Formula 2.7 follows. �

Remark 2.8. Let C1 and C2 be 2 subcoalgebras of H and K = ∑
n≥0 C

n
1 and

L = ∑
n≥0 C

n
2 be the 2 Hopf subalgebras of H generated by them [8]. The above

equivalence relation rHK�L can be written in terms of characters as follows: c ∼ d if
m�c� cn1dc

m
2 � > 0 for some natural numbers m�n ≥ 0.
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3578 BURCIU

Remark 2.9. Setting C1 = k in the above remark Theorem 2.4 gives Theorem 7 [7].
The above equivalence relation is denoted by rHk�L and can be written as c ∼ d if
and only if m�c� dcm2 � > 0 for some natural number m ≥ 0. The equivalence class
corresponding to the simple coalgebra k1 consists of the simple subcoalgebras of
all the powers Cm

2 for m ≥ 0 that is all the simple subcoalgebras of L. Without
loss of generality we may assume that this equivalence class is �1. It follows that
a1 = �L and

d

��d�

�L

�L� =
ai

��ai�

for any irreducible character d ∈ �i.

Let K be a Hopf subalgebra of H and s = �H�/�K�. Then H is free as left K-
module [9]. If 
ai�i=1�s is a basis of H as left K-module then H = Ka1 ⊕ Ka2 · · · ⊕
Kas as left K-modules. Consider the operator L�K

given by left multiplication with
�K on H . The eigenspace corresponding to the eigenvalue �K� has a basis given by
�Kai, thus it has dimension s. If we restrict the operator L�K

on C�H∗� ⊂ H then
Theorem 2.4 implies that the number of equivalence classes of rHk�K is equal to the
dimension of the eigenspace of L�K

corresponding to the eigenvalue �K�. Thus the
number of the equivalence classes of rHk�K is always less or equal then the index of K
in H .

Example 2.10. Let H = kQ8#
�kC2 be the 16-dimensional Hopf algebra described

in [3]. Then G�H∗� = 
x� × 
y� 	 �2 × �2 and Irr�H∗� is given by the four
1-dimensional characters 1� x� y� xy and three 2-dimensional characters denoted by
d1� d2� d3. The algebra structure of C�H∗� is given by:

x�d1 = d3 = d1�x� x�d2 = d2 = d2�x� x�d3 = d1 = d3�x

y�di = di = di�y for all i = 1� 3

d2
1 = d2

3 = x + xy + d2� d2
2 = 1+ x + y + xy� d1d2 = d2d1 = d1 + d3

d1d3 = d3d1 = 1+ y + d2

Consider K = k
x� as Hopf subalgebra of H and the equivalence relation rHk�K
on Irr�H∗�. The equivalence classes are given by 
1� x�, 
y� xy�, 
d2� and 
d1� d3�
and the number of them is strictly less than the index of K and H . If C2 ⊂ H
is the coalgebra associated to d2 then the third equivalence class gives in the
decomposition 2.5 the free K-module C2K = C2 whose rank is strictly less then the
dimension of C2.

3. MORE ON COSET DECOMPOSITION

Let H be a semisimple Hopf algebra and A be a Hopf subalgebra. Define
H//A = H/HA+ and let � � H → H//A be the natural module projection. Since HA+

is a coideal of H it follows that H//A is a coalgebra and � is also a coalgebra map.
Let k be the trivial A-module via the counit �. It can be checked that

H//A 	 H ⊗A k as H-modules via the map ĥ �→ h⊗A 1. Thus dimkH//A = rankAH .
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SEMISIMPLE HOPF ALGEBRAS 3579

If L and K are Hopf subalgebras of H define LK//K �= LK/LK+. LK is a
right free K-module since LK ∈ �H

K . A similar argument to the 1 above shows
that LK//K 	 LK ⊗K k as left L-modules where k is the trivial K-module. Thus
dimkLK//K = rankKLK. It can be checked that LK+ is a coideal in LK and
therefore LK//K has a natural coalgebra structure.

Theorem 3.1. Let H be a semisimple Hopf algebra and K�L be 2 Hopf subalgebras
of H . Then L//L ∩ K 	 LK//K as coalgebras and left L-modules.

Proof. Define the map � � L → LK//K by ��l� = l̂. Then � is the composition
of L ↪→ LK → LK//K and is a coalgebra map as well as a morphism of left
L-modules. Moreover � is surjective since l̂k = ��k�l̂ for all l ∈ L and k ∈ K. Clearly
L�L ∩ K�+ ⊂ ker��� and thus � induces a surjective map � � L//L ∩ K → LK//K.

Next it will be shown that

�L�
�L ∩ K� =

�LK�
�K� �

which implies that � is bijective since both spaces have the same dimension.
Consider on Irr�H∗� the equivalence relation introduced above and corresponding
to the linear operator L�L

� R�K
. Assume without loss of generality that �1 is

the equivalence class of the character 1 and put d = 1 the trivial character, in
the Formula 2.7. Thus �L

�L�
�K

�K� = a1
��a1�

. But from the definition of ∼ it follows
that a1 is formed by the characters of the coalgebra LK. On the other hand
�L = ∑

d∈Irr�L∗� ��d�d and �K = ∑
d∈Irr�K∗� ��d�d (see [4]). Equality 3.2 follows

counting the multiplicity of the irreducible character 1 in �K�L. Using Theorem 10
of [7] we know that m�1� dd′� > 0 if and only if d′ = d∗ in which case m�1� dd′� = 1.
Then m

(
1� �L

�L�
�K

�K�
) = 1

�L��K�
∑

d∈Irr�L∩K� ��d�2 = �L∩K�
�L��K� and m

(
1� a1

��a1�

) = 1
��a1�

= 1
�LK� . �

Corollary 3.2. If K and L are Hopf subalgebras of H then rankKLK = rankL∩KL.

Proposition 3.3. Let H be a finite dimensional cosemisimple Hopf algebra and K�L
be 2 Hopf subalgebras of H such that KL = LK. If M is a K-module then

M ↑LK
K ↓L	 �M ↓L∩K� ↑L

as left L-modules.

Proof. For any K-module M one has

M ↑LK↓L= LK ⊗K M

while

�M ↓L∩K� ↑L= L⊗L∩K M�

The previous Corollary implies that rankKLK = rankL∩KL thus both modules
above have the same dimension.
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3580 BURCIU

Define the map � � L⊗L∩K M → LK ⊗K M by ��l⊗L∩K m� = l⊗K m which is
the composition of L⊗L∩K M ↪→ LK ⊗L∩K M → LK ⊗K M . Clearly � is a surjective
homomorphism of L-modules. Equality of dimensions implies that � is an
isomorphism. �

If LK = H then the previous theorem is the generalization of Mackey’s
theorem decomposition for groups in the situation of a unique double coset.

4. A DUAL RELATION

Let K be a normal Hopf subalgebra of H and L = H//K. Then the natural
projection � � H → L is a surjective Hopf map and then �∗ � L∗ → H∗ is an injective
Hopf map. We identify L∗ with its image �∗�L∗� in H∗. This is a normal Hopf
subalgebra of H∗. In this section we will study the equivalence relation rH

∗
L∗�k on

Irr�H∗∗� = Irr�H�.
The following result was proven in [1].

Proposition 4.1. Let K be a normal Hopf subalgebra of a finite dimensional
semisimple Hopf algebra H and L = H//K. If tL ∈ L∗ is the integral on L with
tL�1� = �L� then �K ↑H

K= tL and tL ↓H
K= �H�

�K� �K .

Proposition 4.2. Let K be a normal Hopf subalgebra of a semisimple Hopf algebra
H and L = H//K. Consider the equivalence relation rH

∗
L∗�k on Irr�H�. Then � ∼ � if and

only if their restrictions to K have a common constituent.

Proof. The equivalence relation rH
∗

L∗�k on Irr�H� becomes the following: � ∼ � if
and only if mH��� tL�� > 0. On the other hand, applying the previous Proposition it
follows that:

mH��� tL�� = mH�t
∗
L� ��

∗� = mH�tL� ��
∗�

= mH�� ↑H
K� ��

∗� = mK��K� ���
∗� ↓K�

= mK��K� � ↓K �∗ ↓K� = mK�� ↓K� � ↓K��

Thus � ∼ � if and only if their restriction to K have a common constituent.
�

Theorem 4.3. Let K be a normal Hopf subalgebra of a semisimple Hopf algebra H

and L = H//K. Consider the equivalence relation rH
∗

L∗�k on Irr�H�. Then � ∼ � if and
only if �↓K

��1� = �↓K

��1� .

Proof. Let �1��2� � � ��l be the equivalence classes of rH
∗

L∗�k on Irr�H� and let

ai =
∑

�∈�i

��1�� (4.4)
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for 1 ≤ i ≤ l. If �1 is the equivalence class of the trivial character � then the
definition of rH

∗
L∗�k implies that a1 = tL. Formula from Remark 2.9 becomes

tL
�L�

�

��1�
= ai

ai�1�

for any irreducible character � ∈ �i.
Restriction to K of the above relation combined with Proposition 4.1 gives:

� ↓K

��1�
= ai ↓K

ai�1�
� (4.5)

Thus if � ∼ � then �↓K

��1� = �↓K

��1� . �

4.1. Formulae for Restriction and Induction

The previous theorem implies that the restriction of 2 irreducible H-characters
to K either have the same common constituents or they have no common
constituents. Let tH be the integral on H with tH�1� = �H�. One has that tH = ∑l

i=1 ai

as tH is the regular character of H . Since H is free as K-module [9] it follows
that the restriction of tH to K is the regular character of K multiplied by �H�/�K�.
Thus tH ↓K= �H�/�K�tK . But tK = ∑

�∈Irr�K� ��1�� and Theorem 4.3 implies that the
set of the irreducible characters of K can be partitioned in disjoint subsets �i with
1 ≤ i ≤ l such that

ai ↓K=
�H�
�K�

∑

�∈�i

��1���

Then if � ∈ �i formula 4.5 implies that

� ↓K=
��1�
ai�1�

�H�
�K�

∑

�∈�i

��1���

Let ��i� =
∑

�∈�i
�2�1�. Evaluating at 1 the above equality one gets ai�1� = �H�

�K� ��i�.
By Frobenius reciprocity the above restriction formula implies that if � ∈ �i then

� ↑H
K=

��1�
ai�1�

�H�
�K�

∑

�∈�i

��1��� (4.6)

5. RESTRICTION OF MODULES TO NORMAL
HOPF SUBALGEBRAS

Let G be a finite group and H a normal subgroup of G. If M is an irreducible
H-module then

M ↑G
H↓G

H=
s⊕

i=1

gi

M�

where gM is a conjugate module of M and 
gi�i=1�s is a set of representatives for the
left cosets of H in G. For g ∈ G the H-module gM has the same underlying vector
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space as M and the multiplication with h ∈ H is given by h�n = �g−1hg�n for all
n ∈ N . It is easy to see that gN 	 g′N if gN = g′N .

Let K be a normal Hopf subalgebra of H and M be an irreducible K-module.
In this section we will define the notion of a conjugate module to M similar to
group situation. If d ∈ Irr�H∗� we define a conjugate module dM . The left cosets of
K in H correspond to the equivalence classes of rHK�k. We will show that if d� d′ are
2 irreducible characters in the same equivalence class of rHK�k then the modules dM
and d′M have the same constituents. We will show that the irreducible constituents
of M ↑H

K↓H
K and

⊕d
d∈Irr�H∗� M are the same.

Remark 5.1. Since K is a normal Hopf subalgebra it follows that �K is a central
element of H (see [1]) and by their definition rHK�k = rHk�K . Thus the left cosets are the
same with the right cosets in this situation.

Let K be a normal Hopf subalgebra of H and M be a K-module. If W is an
H∗-module then W ⊗M becomes a K-module with

k�w⊗m� = w0 ⊗ �S�w1�kw2�m� (5.2)

In order to check that W ⊗M is a K-module one has that

k��k′�w⊗m�� = k�w0 ⊗ �S�w1�k
′w2�m�

= w0 ⊗ �S�w1�kw2���S�w3�k
′w4�m�

= w0 ⊗ �S�w1�kk
′w2�m

= �kk′��w⊗m�

for all k� k′ ∈ K, w ∈ W and m ∈ M .
It can be checked that if W 	 W ′ as H∗-modules then W ⊗M 	 W ′ ⊗M . Thus

for any irreducible character d ∈ Irr�H∗� associated to a simple H-comodule W one
can define the K-module dM 	 W ⊗M .

Proposition 5.3. Let K be a normal Hopf subalgebra of H and M be an irreducible
K-module with character � ∈ C�K�. Suppose that W is a simple H∗-module with
character d ∈ Irr�H∗�. Then the character �d of the K-module dM is given by the
following formula:

�d�x� = ��Sd1xd2�

for all x ∈ K.

Proof. Indeed one may suppose that W 	 k
x1i � 1 ≤ i ≤ q� where Cd = k
xij � 1≤ i�
j ≤ q� is the coalgebra associated to W and q = ��d� = �W �. Then formula 5.7
becomes k�x1i ⊗ w� = ∑q

j�l=1 x1j ⊗ �S�xjl�kxlj�m. Since d = ∑q
i=1 xii one gets the the

formula for the character �d. �

For any d ∈ Irr�H∗� define the linear operator cd � C�K� → C�K� which on the
basis given by the irreducible characters is given by cd��� = �d for all � ∈ Irr�K�.
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Remark 5.4. From the above formula it can be directly checked that dd′� =d �d
′
��

for all d� d′ ∈ Irr�H∗� and � ∈ C�K�. This shows that C�K� is a left C�H∗�-module.
Also one can verify that d��∗� = �d��∗.

Proposition 5.5. Let K be a normal Hopf subalgebra of H and M be an irreducible
K-module with character � ∈ C�K�. If d� d′ ∈ Irr�H∗� lie in the same coset of rHK�k then
dM and d′M have the same irreducible constituents. Moreover �d

��d�
= �d′

��d′� .

Proof. Consider the equivalence relation rHk�K from Section 2 and H = ⊕s
i=1 Bi the

decomposition from Corollary 2.5. Let �1� � � � ��s be the equivalence classes and let
bi be defined as in 2.1. Then Formula 2.9 becomes

d

��d�

�K

�K� = bi
��bi�

� (5.6)

where �K is the integral in K with ���K� = �K� and d ∈ Bi. Thus

�bi �x� = ��S�bi�1x�bi�2�

= ��bi�

��d��K���S�d�K�1�x�d�K�2�

= ��bi�

��d��K���S���K�1�S�d1�xd2��K�2�

= ��bi�

��d�
��Sd1xd2�

= ��bi�

��d�
�d�x�

for all d ∈ �i.
This implies that if d ∼ d′ then �d

��d�
= �d′

��d′� . �

Let N be a H-module and W an H∗-module. Then W ⊗ N becomes an
H-module such that

h�w⊗m� = w0 ⊗ �S�w1�hw2�m� (5.7)

It an be checked that W ⊗ N 	 N �W � as H-modules. Indeed the map � � W ⊗
N → �W ⊗ N w⊗ n �→ w0 ⊗ w1n is an isomorphism of H-modules where �W is
considered left H-module with the trivial action. Its inverse is given by w⊗m �→
w0⊗ S�w1�m. To check that � is an H-module map one has that

��h��w⊗ n�� = ��w0 ⊗ �S�w1�hw2�n�

= w0 ⊗ w1�S�w2�hw3�n

= w0 ⊗ hw1n

= h��w0 ⊗ w1n�

= h��w⊗ n�

for all w ∈ W , m ∈ M and h ∈ H .

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
B
u
r
c
i
u
,
 
S
e
b
a
s
t
i
a
n
]
 
A
t
:
 
1
0
:
0
0
 
1
0
 
O
c
t
o
b
e
r
 
2
0
0
9



3584 BURCIU

Proposition 5.8. Let K be a normal Hopf subalgebra of H and M be an irreducible
K-module with character � ∈ C�K�. If d ∈ Irr�H∗� then

1
��d�

�d ↑H
K= � ↑H

K �

Proof. Using the notations from Subsection 4.1 let �i be the subset of Irr�K� which
contains �. It is enough to show that the constituents of �d are contained in this
set and then the induction Formula 4.6 from the same subsection can be applied.
For this, suppose N is an irreducible H-module and

N ↓K=
s⊕

i=1

Ni� (5.9)

where Ni are irreducible K-modules. The above result implies that W ⊗ N 	 N �W �

as H-modules. Therefore �W ⊗ N� ↓K = �N ↓K�
�W � as K-modules. But �W ⊗ N� ↓K=⊕s

i=1�W ⊗ Ni� where each W ⊗ Ni is a K-module by 5.1. Thus

s⊕

i=1

N
�W �
i =

s⊕

i=1

�W ⊗ Ni�� (5.10)

This shows that if Ni is a constituent of N ↓K then W ⊗ Ni has all the irreducible
K- constituents among those of N ↓K . The Formula 4.6 applied for each irreducible
constituent of �d gives that

1
��d�

�d ↑H
K= � ↑H

K (5.11)

for all � ∈ Irr�K� and d ∈ Irr�H∗�. �

Proposition 5.12. Let K be a normal Hopf subalgebra of H and M be an irreducible
K-module. Then M ↑H

K↓H
K and

⊕d
d∈Irr�H∗� M have the same irreducible constituents.

Proof. Consider the equivalence relation rHk�K from Section 2 and let �1� � � � ��s

be its equivalence classes. Pick an irreducible character di ∈ �i in each equivalence
class of rHk�K and let Ci be its associated simple coalgebra. Then Corollary 2.5 implies
that H = ⊕s

i=1 CiK. It follows that the induced module M ↑H
K is given by

M ↑H
K =H ⊗K M =

s⊕

i=1

CiK ⊗K M�

Each CiK ⊗K M is a K-module by left multiplication with elements of K since

k��ck′ ⊗K m� = c1�Sc2kc3�k
′ ⊗K m = c1 ⊗K �Sc2kc3�k

′m

for all k� k′ ∈ K, c ∈ Ci and m ∈ M . Thus M ↑H
K restricted to K is the sum of the

K-modules CiK ⊗K M . On the other hand the composition of the canonical maps
Ci ⊗ K ↪→ CiK ⊗M → CiK ⊗K M is a surjective morphism of K-modules which
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implies that CiK ⊗K M is a homeomorphic image of ��di� copies of
diM . Therefore

the irreducible constituents of M ↑H
K↓H

K are among those of
⊕d

d∈Irr�H∗� M . In the
proof of the previous Proposition we showed the other inclusion. Thus M ↑H

K↓H
K and⊕d

d∈Irr�H∗� M have the same irreducible constituents. �
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