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0. Introduction

The generalized complex structures [1,2] contain, as particular cases, the complex and symplectic structures. Although
for the latter structures there exist well known definitions which give the corresponding morphisms (holomorphic maps
and Poisson morphisms, respectively), it still lacks a suitable notion of holomorphic map with respect to which the class of
generalized complex manifolds to become a category.

In this paper we introduce such a notion (Definition 4.1) based on the following considerations. Firstly, holomorphic
maps between generalized complex manifolds should be invariant under B-field transformations. This is imposed by the
fact that the group of (orthogonal) automorphisms of the Courant bracket (which defines the integrability in Generalized
Complex Geometry) on a manifold is the semidirect product of the group of diffeomorphisms and the additive group of
closed two-forms on the manifold [1]. Secondly, by [1], underlying any linear generalized complex structure there are:

e alinear Poisson structure (that is, a constant Poisson structure on the vector space; see Section 1), and
e alinear co-CR structure (that is, a linear CR structure on the dual vector space; see Section 3),

both of which are preserved under linear B-field transformations. Moreover, these two structures determine, up to a (non-
unique) linear B-field transformation, the given generalized linear complex structure.

A generalized complex linear map is a co-CR linear Poisson morphism (Definition 3.1). It follows quickly that a linear map
is generalized complex if and only if, up to linear B-fields transformations, it is the product of a (classical) complex linear
map, between complex vector spaces, and a linear Poisson morphism, between symplectic vector spaces (Proposition 3.2).

A holomorphic map between generalized (almost) complex manifolds is a map whose differential is generalized complex
(Definition 4.1). Then, essentially, all of the above mentioned (linear) facts hold, locally, in the setting of generalized complex
manifolds (Theorem 4.4 and Proposition 4.5).
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The first examples are the classical holomorphic maps, the Poisson morphisms between symplectic manifolds and their
products (Example 4.6).

Other large classes of natural examples can be obtained by working with compact or nilpotent Lie groups (Examples 4.7
and 4.8).

Further motivation for our notion of holomorphicity comes from generalized Kdhler geometry. For example, if
(g, b, J+,]-) is the bi-Hermitian structure corresponding to a generalized Kdhler manifold (M, Ly, L,) then the holomorphic
functions of (M, L) and (M, L,) are the bi-holomorphic functions of (M, J,,J_) and (M, ], —]_), respectively (Remark 5.1).
Other natural properties of the holomorphic maps between generalized Kdhler manifolds are obtained in Sections 5 and 6
(Remark 5.6(2) and Corollaries 6.7 and 6.8).

Along the way, we obtain results on generalized Kdhler manifolds, such as the factorization result Theorem 6.10; see,
also, Corollaries 5.7, 6.3 and 6.4, the first of which is a significant improvement of [3, Theorem A].

The paper is organized as follows. In Section 1, after recalling [4] some basic facts on linear Dirac structures, we give
explicit descriptions (Proposition 1.3) for the pull-back and push-forward of a linear Dirac structure, which we then use to
show that any linear Dirac structure is, in a natural way, the pull-back of a linear Poisson structure (Corollary 1.5; cf. [5,
6]), which we call the canonical (linear) Poisson quotient (cf. [6]), of the given linear Dirac structure. The smooth version
(Theorem 2.3; cf. [4-6]) of this result is proved in Section 2 together with some other results on Dirac structures. For
example, there we show (Corollary 2.5) that, locally, any regular Dirac structure is, up to a B-field transformation, of the
form ¥ @ Ann(¥'), where ¥ is (the tangent bundle of) a foliation.

In Section 3, we introduce the notion of generalized complex linear map, along the above mentioned lines. It follows that
two generalized linear complex structures L, and L,, on a vector space V, can be identified if and only if L, is the linear B-field
transform of the push-forward of Ly, through a linear isomorphism of V (Corollary 3.3). Also, we explain (Remark 3.4) why
another definition of the notion of generalized complex linear map is, in our opinion, inadequate.

In Section 4, we review some basic facts on generalized complex manifolds and we introduce the corresponding notion
of holomorphic map. It follows that if a real analytic map ¢, between real analytic regular generalized complex manifolds,
is holomorphic then, locally, up to the complexification of a real analytic B-field transformation, the complexification of ¢
descends to a complex analytic Poisson morphism between canonical Poisson quotients (Proposition 4.10). Also, we show
that the pseudo-horizontally conformal submersions with minimal two-dimensional fibers, from Riemannian manifolds,
provide natural constructions of generalized complex structures (Example 4.11).

In Section 5, we prove (Theorem 5.3) that if (g, b, J,, J_) is the bi-Hermitian structure corresponding to a generalized
Kahler structure and we denote #* = ker(J; F J_) then the following conditions are equivalent:

e 7+ integrable;
e s+ geodesic;

It follows that, under natural conditions, the holomorphic maps between generalized Kdhler manifolds descend to
holomorphic maps between Kihler manifolds (Remark 5.6). Also, we classify the generalized Kdhler manifolds M for which
™™ = s+ @ s~ (Corollary 5.7).

In Section 6, we describe, in terms of tamed symplectic manifolds (see Definition 6.1) the generalized Kiahler manifolds for
which either 2%, or 2#_is zero; the obtained result (Theorem 6.2) also appears, in a different form, in [7]. Also, in Corollary 6.3,
we prove a factorization result for generalized Kihler manifolds with s+ a holomorphic foliation, with respect to J, and J_,
and s#~ = 0 (or s#+ = 0 and »#~ a holomorphic foliation, with respect to J, and J_); see, also, Corollary 6.4 for a similar
result and Theorem 6.10 for a generalization.

Furthermore, we explain how the associated holomorphic Poisson structures of [8] fit into our approach (Theorem 6.5,
Remark 6.6), we deduce some consequences for holomorphic diffeomorphisms (Corollary 6.7), and we show that, under
natural conditions, the holomorphic maps between generalized Kdhler manifolds are holomorphic Poisson morphisms
(Corollary 6.8).

1. Linear Dirac structures

In this section we recall ([4]; see [5,6,1]) some basic facts on linear Dirac structures.
Let V be a (real or complex, finite dimensional) vector space. The symmetric bilinear form (-, -) on V & V* defined by

1
u+o,v+p) = 5(“(”) + Bw)),

foranyu+a, v+ B € V@ V*, corresponds, up to the factor 1, to the canonical isomorphism V @ V* - (V ® V*)>k defined
byu+a+—— a+u foranyu+ o € V@ V* In particular, (-, -) is nondegenerate and, if V is real, its index is dim V. Thus,
the dimension of the maximal isotropic subspaces of V @ V* (endowed with (-, -)) is equal to dim V..

Definition 1.1 ([4]). A linear Dirac structure on V is a maximal isotropic subspace of V & V*.

If b is a bilinear form on V then we shall denote by the same letter the corresponding linear map from V to V*; thus,
b(u)(v) = b(u, v), forany u, v € V.
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Let E C V be a vector subspace and let ¢ € A%E*; denote
LE,e)={u+a|uecE alf=cw}
From the fact that ¢ is skew-symmetric it follows easily that L(E, &) is isotropic. Also, L(E,0) = E & Ann(E), where
Ann(E) = {a € V* | alp = 0}.
We shall denote by 7 and *r the projections from V @ V* onto V and V*, respectively. Also, if L € V @ V* then L
denotes the ‘orthogonal complement’ of L with respect to (-, -).

Proposition 1.2 ([4]). Let L be an isotropic subspace of V & V* and let E = m (L).
Then there exists a unique ¢ € A?E* such that L  L(E, €). In particular, if L is a linear Dirac structure then L = L(E, ).
Furthermore, V N L = kere and *m (L) = Ann(V N L).

Let L be a linear Dirac structure on V. If *7r (L) = V* then L is called a linear Poisson structure (see [4]). By Proposition 1.2,
if L is a linear Poisson structure then L = L(V*, n) for some bivector n € A%V (cf.[9]).

Let V and W be vector spaces endowed with linear Dirac structures Ly and Ly, respectively, and letf : V — W be a
linear map. Denote

L) ={f) +n | X+ () € Ly},
FrUw) = {X+ ) [ fX) +n € lw}

Proposition 1.3. Let f : V — W be a linear map. Let L(E, &) and L(F, n) be linear Dirac structures on V and W, respectively.
Then

fi(LE, &) = L(f ((E Nkerf)*), &),
FHLE, m) =L F), F* (),
where & is characterized by f*(£) = € on (E N ker f)==.

Proof. It is easy to prove that f,(Ly) and f*(Ly/) are isotropic subspaces of W @& W* and V & V*, respectively.

Next, we show that there exists a unique two-form & on f((E N kerf)*¢) such that f*(¢) = & on (E N kerf)~¢. For
this, it is sufficient to prove that if X;, X, € (E N kerf)*¢ are such that f(X;) = f(X2) then (X1, Y) = &(Xs, Y), for any
Y e (E Nkerf)*e. Now, if X;, X € (E Nkerf)*¢, then X, X, € E and, as X; — X, € kerf, we have e(X; — X, Y) = 0, for
any Y e (E Nkerf)*e.

Thus, to complete the proof it is sufficient to show that

fi(LE, ) 2 L(f((E Nkerf)'), &),
FH(LE, m) 2 LIETHE), f*().

v

LetY + & € L(f((E N kerf)*¢), &); equivalently, there exists X € (E N kerf)'¢ such that f(X) = Y and §(f(X')) =
e(f(X), f(X")), forany X’ € (E Nkerf)*e.

We claimthat Y+¢ € f,(L(E, ¢)); equivalently, there exists X € (ENker f)*¢ suchthatf(X) = Yand & (f (X)) = e(X, X"),
for any X’ € E.

It is easy to prove that, if X € (E N kerf)*¢ is such that f(X) = Y, then £(f(X')) = (X, X"), for any X' € (E N kerf) U
(E Nkerf)te.

It follows that, forany X € (ENker f)*¢ withf(X) = Y, there exists X; € ker(e|enkerf) suchthat £ (f(X')) = e(X+X1, X'),
for any X’ € E; as, then, we also have X; € (E N kerf)*¢ and f(X;) = 0, this shows thatY + & = f(X + X;) + £ € f.(Ly).

To prove the second relation of (1.1), let X + & € L(f‘l(F),f*(n)): equivalently, f(X) € F and £ X") = n(f(X), f(X"))
forany X’ € f~1(F).Asf~!(F) D kerf, there exists 5 in the dual of f(V) such that £ = f* (é). Obviously, we can extend 5 to
a one-form on W, which we shall denote by the same symbol &, such that £(Y) = n(f(X), Y), forany Y € F; equivalently,
fX) 4+ & € L(F, n). Therefore X 4+ & = X + f*(§) € f*(L(F, n)).

The proof is complete. O

(1.1)

Definition 1.4 (See [5,6,1]). Let V and W be vector spaces endowed with linear Dirac structures Ly and Ly, respectively, and
letf : V. — W be alinear map.
Then f, (Ly) and f*(Ly ) are called the push-forward and pull-back, by f, of Ly and Ly, respectively.

Note that, if f : (V, Ly) — (W, Ly) is a linear map between vector spaces endowed with linear Poisson structures then
the following assertions are equivalent (see [5,6]):

(i) f is alinear Poisson morphism (thatis, f (ny) = nw, where ny and ny are the bivectors defining Ly and Ly, respectively;
see [10]).
(i) filv) = Lw.

From Proposition 1.3, we easily obtain the following result.
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Corollary 1.5 (Cf. [5,6]). Let V be a vector space endowed with a linear Dirac structure L = L(E, €). Let W = ker ¢ and denote
by ¢ : V — V /W the projection.
Then L = ¢* (¢4 (L)) and ¢, (L) is a linear Poisson structure on V /W.

2. Dirac structures

In this section, we shall work in the smooth and (real or complex) analytic categories. All the notations of Section 1 will
be applied to tangent bundles of manifolds and to (differentials of) maps between manifolds.

Definition 2.1 ([4]). An almost Dirac structure on a manifold M is a maximal isotropic subbundle of TM & T*M.
An almost Dirac structure is integrable if its space of sections is closed under the Courant bracket defined by

1
X+a,Y+B]l=[X Y]+ 5d(fos — ya) + ixdp — tyda,

for any sections X + @ and Y + S of TM & A(T*M), where ¢ denotes the interior product.
A Dirac structure is an integrable almost Dirac structure.

Let L be a Dirac structure on M. If 7 (L) = TM then L is a presymplectic structure whilst if *;r (L) = T*M then L is a Poisson
structure [4] (cf. [9]).

Recall [4, Section 4] that a point of a manifold endowed with an almost Dirac structure L is called regular if, in some open
neighborhood of it, 7 (L) and * (L) are bundles.

The following result follows from the fact that it is sufficient to be proved for maps of constant rank between manifolds
endowed with regular almost Dirac structures.

Proposition 2.2. Let M and N be manifolds endowed with the almost Dirac structures Ly, and Ly, respectively. Let ¢ : M — N
be a map which maps regular points of Ly, to regular points of Ly.

(i) If Ly is integrable and ¢, (Ly;) = Ly then Ly is integrable.
(ii) If Ly is integrable and ¢*(Ly) = Ly then Ly is integrable.

Next, we prove the following result.

Theorem 2.3 (Cf. [4-6]). Let L be a Dirac structure on M such that *m (L) is a subbundle of T*M. Then, locally, there exist
submersions ¢ on M such that ¢, (L) is a Poisson structure and L = ¢* (¢, (L)); moreover, these submersions are (germ) unique,
up to Poisson diffeomorphisms of their codomains.

Proof. By hypothesis, TM N L is a subbundle of TM. Furthermore, as L is integrable, TM N L is (the tangent bundle to) a
foliation.

Let F =* 7 (L) and let n be the section of A>F* such that L = L(F, ). Note that, F(=Ann(TM N L)) is locally spanned by
the differentials of functions which are basic with respect to TM N L.

Let f and g be functions, locally defined on M, such that df and dg are sections of F. Then there exist vector fields X and Y,
locally defined on M, such that X 4+ df and Y + dg are local sections of L; in particular, we have n(df, dg) = X(g) = —Y(f).
Hence [X +df,Y +dg]l = [X, Y]+ d(n(df, dg)) and we deduce that n(df, dg) is basic with respect to TM N L.

The proof follows quickly from Corollary 1.5 and Proposition 2.2. O

Under the same hypotheses, as in Theorem 2.3, we call ¢, (L) the canonical (local) Poisson quotient of L.
Next, we prove the following (cf. [4, Proposition 4.1.2]).

Proposition 2.4. Let L = L(E, &) be a Dirac structure on M and let x € M be a regular point of L; denote by P the leaf of E
through x.

Then for any submanifold Q of M transversal to E, such that x € Q and dimQ = dim M — dim P, there exists a submersion
p from some open neighborhood U of x in M onto some open neighborhood V of x in P such that p.(L|y) = L(TV, ¢|y) and the
fiber of p through x is an open set of Q.

Proof. From Theorem 2.3 it follows that we may assume L a Poisson structure.

If we ignore the fact that the fiber of p through x is fixed then the proposition is a consequence of [9, Corollary 2.3] and
Proposition 1.3. To complete the proof just note that in the proof of [9, Theorem 2.1] (and, consequently, of [9, Corollary 2.3],
as well), at each step, the two functions involved may be assumed constant along Q. O

Recall (see [1,5]) that any closed two-form B on M corresponds to a B-field transformation which is the automorphism of
TM & T*M, preserving the Courant bracket, defined by

exp(B)(X +a) =X +BX) + «

forany X + o € TM @ T*M, where, as before, we have identified B with the corresponding section of Hom(TM, T*M). It is
easy to prove that if L = L(E, &) is an almost Dirac structure on M then exp(B)(L) = L(E, € + Blg).
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Corollary 2.5. Let L be a regular Dirac structure on M; denote E = s (L). Then, locally, there exist two-forms B on M such that
exp(B)(L) = E @& AnnE.

Proof. By Proposition 2.4, locally, there exist submersions p : M — P onto presymplectic manifolds (P, L(TP, a))) such that
Then B = —p*(w) is asrequired. O

We end this section with the following result which will be used later on.

Proposition 2.6. Let ¢ : (M, Ly) — (N, Ly) be a Poisson morphism, of constant rank, between regular Poisson manifolds such
that dp(Ey) € En, where Ey and Ey are the (symplectic) foliations determined by Ly, and Ly, respectively.

Then, locally, there exist submersions p : M — (P,w) and ¢ : N — (Q, n) onto symplectic manifolds, and a Poisson
morphism ¢ : (P, w) — (Q, n) such that:

(i) TM = Ey; @ kerdp and p.(Ly) = L(TP, w);
(ii) TN = Ey @ kerdo and o, (Ly) = L(TQ, n);
(iii) 0 oo = Y 0 p.

Proof. From Proposition 1.3 we obtain that dg(Ey) = Ey. As, locally, ¢ is the composition of a submersion followed by an
immersion, it follows that we may assume that ¢ is a surjective submersion.

By Proposition 2.4, locally, there exists a submersion o : M — (Q, 1) onto a symplectic manifold such that assertion (ii)
is satisfied.

Let 7 be the distribution on M generated by all of the Hamiltonian vector fields determined by u o o o ¢, with u a function
on Q; obviously, ¥ C Ey. Then arguments similar to the inductive step of the proof of [9, Theorem 2.1] show that:

(a) 7 is a foliation mapped by o o ¢ onto TQ ;

(b) ¥ and Ey N kerdg are nondegenerate and complementary orthogonal with respect to the symplectic structure wy
of Ey;

(c) wy restricted to ¥ is projectable (onto 1) with respect to ¢ o @;

(d) wy restricted to Ey N ker dg is projectable with respect to 7.

Consequently, (Ey, wy) induces on any fiber M’ of o o ¢ a Poisson structure L such that, locally, (M, L) is the product
of (M', ') and (Q, L(TQ, n)).

By Proposition 2.4, locally, there exists a submersion p’ : M’ — (P, o) such that kerdp’ @ (Ey N TM’') = TM’ and
pL(L) = L(TP', o).

If we define (P, w) = (P/, ') x (Q, 1), p = p’ x o0 and ¢ : P — Q the projection then it is easy to see that p, o and ¥
are as required. O

3. Generalized complex linear maps

A linear generalized complex structure on a vector space V is a maximal isotropic subspace L = L(E, ) of V¢ & (VC)* such
that L N L = {0} [1,2]; equivalently, E + E = V* and Im(e|z) is nondegenerate [1].
The condition E + E = VC means that E is a linear co-CR structure on V [11]; equivalently, the annihilator E° of E is a

linear CR structure on V (that is, E° N EO = {o}. _
On the other hand, as Im(e|;z) is nondegenerate, L(E N E, Im(e|;z)) is a linear Poisson structure on V.

IfL = L(E, ¢) is a linear generalized complex structure then we call E and L(E N E, Im(ggz)) the associated linear co-CR
and Poisson structures, respectively.

Amapf : (V,Ey) — (W, Ey) between vector spaces endowed with linear (co-)CR structures is a (co-)CR linear map if it
is linear and f(Ey) C Ey.

Definition 3.1. A linear map between vector spaces endowed with linear generalized complex structures is generalized
complex linear if it is a co-CR linear Poisson morphism, with respect to the associated linear co-CR and Poisson structures.

Note that, Definition 3.1 is invariant under linear B-field transformations. Also, the composition of two generalized
complex linear maps is a generalized complex linear map.

Proposition 3.2. Let f : V — W be a linear map between vector spaces endowed with linear generalized complex structures Ly
and Ly, respectively.
Then the following assertions are equivalent:

(i) f is generalized complex linear.
(ii) Up to linear B-field transformations, f is the direct sum of a a complex linear map, between complex vector spaces, and a linear
Poisson morphism, between symplectic vector spaces.
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Proof. Suppose that (i) holds and let Ey and Eyy be the linear co-CR structures associated to Ly and Ly, respectively.

Asf : (V,Ey) - (W, Ey) is co-CR linear, we obtainf(EV N EV) C Ew N Ey. But f is, also, a linear Poisson morphism,
with respect to the linear Poisson structures associated to Ly and Ly, respectively. From Proposition 1.3 we obtain that
f (EV N m = Ew N Ew. Moreover, f restricts to give a linear Poisson morphism between Ey N Ey and Ey N Ey, endowed
with the linear symplectic structures corresponding to the linear Poisson structures associated to Ly and Ly, respectively.

We, also, obtain f ! (EW N m = kerf + (EV N Ey) and, consequently, there exist complementary vector spaces V' and
W’ of Ey N Ey and Ey N Ey in V and W, respectively, such that f (V') € W'.

It is obvious that Ey and Ey, induce linear complex structures on V' and W’, respectively. Moreover, f restricts to give a
complex linear map between these two complex vector spaces.

Now, (i) = (ii) follows quickly from [1, Theorem 4.13], whilst (ii) = (i) is trivial. O

The next result is an immediate consequence of Proposition 3.2.

Corollary 3.3. Let f : V — W be a linear isomorphism between vector spaces endowed with linear generalized complex
structures Ly and Ly, respectively.
Then the following assertions are equivalent:

(i) f is generalized complex linear.
(ii) fi(Lv) = Lw, up to linear B-field transformations.

We end this section with the following:

Remark 3.4. It has been proposed another definition for the notion of generalized complex linear map by imposing that the
product of the graphs of the map and of its transpose be invariant under the product of the (endomorphisms corresponding
to the) generalized linear complex structures, of the domain and codomain [12] (see [13]).

However this notion is not invariant under linear B-field transformations as we shall now explain.

Let (V,]) be a complex vector space and let b be a two-form on V; denote by L; the linear generalized complex structure
corresponding to J. Then the map Idy : (V, LJ) — (V, Leexp b)(L])) satisfies the above mentioned condition if and only if b is
of type (1, 1), with respect to .

Certainly, this inconvenience would be removed if we take this definition up to linear B-field transformations. However,
a straightforward calculation shows that there are no such maps between symplectic vector spaces U and V with dimU —
dimV = 2, arather unnatural restriction.

4. Holomorphic maps between generalized complex manifolds

From now on, unless otherwise stated, all the manifolds are assumed connected and smooth and all the maps are assumed
smooth.

A generalized almost complex structure on M is a complex vector subbundle L of T°M & (T(CM )* such that L, is a linear
generalized complex structure on T,M, for any x € M. An integrable generalized complex structure is a generalized almost
complex structure whose space of sections is closed under the (complexification of the) Courant bracket; a generalized
(almost) complex manifold is a manifold endowed with a generalized (almost) complex structure [1,2].

Definition 4.1. A map between generalized almost complex manifolds is holomorphic if, at each point, its differential is
generalized complex linear.

A point x of a generalized almost complex manifold (M, L) is regular if it is regular for the associated almost Poisson
structure; equivalently, in some open neighborhood of x, 7w (L) is a complex vector subbundle of T°M.

An almost (co-)CR structure on a manifold M is a complex vector subbundle € of T°M such that G, is a linear (co-)CR
structure on T,M, for any x € M. An integrable almost (co-)CR structure is an almost (co-)CR structure whose space of
sections is closed under the (Lie) bracket; a (co-)CR structure is an integrable almost (co-)CR structure (see [11]).

Note that, the eigenbundles of a complex structure are both CR and co-CR structures. Also, a generalized almost complex
structure L on M is regular (at each point) if and only if 7z (L) is an almost co-CR structure on M.

Let ¢ : M — N be a submersion onto a complex manifold (N, J); denote by T"-°N the eigenbundle of J corresponding to
i. Then dp~! (TLON ) is a co-CR structure on M. Conversely, any co-CR structure is, locally, obtained this way.

A map between manifolds endowed with almost (co-)CR structures is (co-)CR holomorphic if, at each point, its differential
is a (co-)CR linear map.

An almost f-structure is a (1, 1)-tensor field F such that F> + F = 0. Any almost f-structure on M corresponds to a
pair formed of an almost CR structure € and an almost co-CR structure £, which are compatible [11]; these are given by
€ =T""Mand D = T°M @ T'°M, where T°M and T'-°M are the eigenbundles of F corresponding to 0 and i, respectively.

An almost f-structure is (co-)CR integrable if the associated almost (co-)CR structure is integrable. An (integrable almost)
f-structure is an almost f-structure which is both CR and co-CR integrable [11].

An almost f-structure F and a two-form w on M are compatible if w is nondegenerate on T°M and (xw = 0, for any
XeT'" M e T1%'M.

A generalized (almost) complex structure L on M is in normal form if L = L(TOM OTOM, ia)) for some compatible almost
f-structure and two-form w on M. Note that, a generalized almost complex structure in normal form is regular.
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Proposition 4.2. Let L = L(TOM ®T'M, ia)) be the generalized almost complex structure in normal form, corresponding to
the compatible almost f-structure F and two-form w on M.
Then the following assertions are equivalent:
(i) Lisintegrable.
(i) F is integrable, L(T°M, ) is a Poisson structure and w is invariant under the parallel displacement of T"°M & T%'M.

Proof. From |1, Proposition 4.19] it follows quickly that assertion (i) is equivalent to the fact that F is co-CR integrable and
(dw)|7opmgrioy = 0. Assuming F co-CR integrable, the latter condition is equivalent to the fact that L(T°M, w) is a Poisson
structure, F is CR integrable and (£Lxw)|yo), = O for any vector field X tangent to T""°M @ T%!M, where £ denotes the Lie
derivative. 0O

All of the examples of generalized complex structures of [14] are in normal form. Similarly, we have the following
example, due to [15].

Example 4.3. Let G be a compact Lie group of even rank assumed, for simplicity, semisimple. Let g be the Lie algebra of G
and let ¢ be the Lie algebra of a maximal torus in G.

Let ¢ be a Borel subalgebra of g* containing €. Any such Borel subalgebra is obtained by choosing a base for the root
system of g© corresponding to € (see [16]): ¢ = t* @ D, o 9% where g* is the root space of g corresponding to the root o.

As g% = g% (see[17]), we have c +¢ = g® and ¢ Nt = ¢C. Consequently, ¢ corresponds to a left invariant co-CR structure
C on G (for any a € G, we have that G, is the left translation of ¢, at a).

Let w be a linear symplectic form on ¢ (dim ¢ = rank G is even), extended to g such that iy = O forany X € &, , g*.
We shall denote by the same letter w the left invariant two-form on G, determined by w.

Then L(G, ia)) is a generalized complex structure on G in normal form.

The next result follows from the proof of [1, Theorem 4.35].

Theorem 4.4. Let L be a regular generalized almost complex structure on M and let L’ be the associated almost Poisson structure.
Then the following assertions are equivalent:
(i) Lis integrable.
(ii) 7w (L) and L’ are integrable and, locally, for any submersion p : M — P, with dimP = rank(n (L’)) and p, (L") a symplectic
structure on P, we have that, up to a B-field transformation, L is in normal form with respect to the f -structure on M determined
by 7 (L) and = (L) N kerdp.

We can, now, give the smooth version of Proposition 3.2.

Proposition 4.5. Let ¢ : (M, Lyy) — (N, Ly) be a map between generalized complex manifolds.
Then the following assertions are equivalent:

(i) ¢ is holomorphic.

(ii) On an open neighborhood of each regular point of Ly on which ¢ has constant rank, up to B-field transformations, ¢ is the
product of a Poisson morphism between symplectic manifolds and a holomorphic map between complex manifolds.

Proof. This follows quickly from Proposition 2.6, [1, Theorem 4.35] and Theorem 4.4. 0O

Next, we give examples of holomorphic maps between generalized complex manifolds.

Example 4.6. The classical holomorphic maps, the Poisson morphisms between symplectic manifolds, and their products
are, obviously, holomorphic maps between generalized complex manifolds.

Moreover, by Proposition 4.5, any holomorphic map ¢ : (M, Ly) — (N, Ly) between generalized complex manifolds is
of this form, up to B-field transformations, on an open neighborhood of each regular point of Ly; on which ¢ has constant
rank.

Example 4.7. Let G be a compact Lie group endowed with the generalized complex structures L = L((B, ia)) of Example 4.3.
Let K be the maximal torus of G whose Lie algebra is used to define €. Obviously, dg(C) defines a left invariant complex
structure on G/K, where ¢ : G — G/K is the projection.
Then ¢ : (G, L) — (G/K, dp(C)) is a holomorphic map.

Example 4.8. Let G/H be a compact inner symmetric space (see [17, page 23] for the definition and [17, page 38] for a table
of examples) with rank G(=rank H) even; denote by g and § the Lie algebras of G and H, respectively.

Endow G with the generalized complex structures L(G, iw) of Example 4.3, determined by a Borel subalgebra ¢ of g©
containing the Lie algebra of a maximal torus of H (also a maximal torus of G, as G/H is inner).

It follows that @ = ¢ N §< is a Borel subalgebra of h©. Let D be the left invariant co-CR structure induced by 9, on H, and
let n = w|y.

Then the inclusion map from (H, L(D, ing) to (G, L(€, iw)) is holomorphic.

Fairly similar examples can be obtained by working with nilpotent Lie groups endowed with the generalized complex
structures of [14].

The following facts are immediate consequences of the definitions.
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Remark 4.9. (1) A map between regular generalized almost complex manifolds is holomorphic if and only if it is a co-CR
Poisson morphism, with respect to the associated almost co-CR and Poisson structures.

(2) Letp : (M, Lyy) — (N, Ly) be a diffeomorphism between generalized complex manifolds. Then ¢ is holomorphic if and
only if, in an open neighborhood of each regular point of M, we have ¢, (LM) = Ly, up to B-field transformations.

(3) The composition of two holomorphic maps, between generalized (almost) complex manifolds is holomorphic.

(4) Let (M, L) be a generalized complex manifold. The 9 operator on functions [1] (see [18], and, also, [19,20]) is defined
as follows. If f is a complex-valued function on M then of is the L-component of df with respect to the decomposition
M @ (TCM)* = L @ L. Then f is holomorphic if and only if 3f = 0. Note that, if L = L(E, ¢) is regular then the
holomorphic (local) functions on (M, L) are just the co-CR holomorphic functions on (M, E). Equivalently, if E is locally
defined by the submersion ¢ : M — (N, J) onto the complex manifold (N, J) (that s, E = de~'(T"°N)) then, locally,
any holomorphic function on (M, L) is the composition of ¢ followed by a holomorphic function on (N, J).

(5) Let (M, Ju, Lm) and (N, Jn, Ly) be complex manifolds endowed with holomorphic Poisson structures (see [21] for the
notion of holomorphic Poisson structure, and [22] for a generalization); denote by Ly, and Ly the generalized complex
structures associated to Ly and Ly, respectively (see [8]). For any map ¢ : M — N, any two of the following assertions
imply the third:

(i) ¢ : (M, Iy, Lyy) — (N, Jn, Ly) is a holomorphic Poisson morphism;
(ii) ¢ : (M, Lyy) — (N, Ly) is holomorphic;
(iii) ¢ : (M, Juy) — (N, Jy) is holomorphic and it maps the leaves of the holomorphic symplectic foliation associated to
Ly into leaves of the holomorphic symplectic foliation associated to Ly.

From Theorem 2.3 we obtain the following result.

Proposition 4.10. Let (M, Ly) and (N, Ly) be regular real analytic generalized complex manifolds and let ¢ : M — N be a real
analytic map.

If ¢ is holomorphic then, locally, up to the complexification of a real analytic B-field transformation, the complexification of ¢
descends to a complex analytic Poisson morphism between canonical Poisson quotients.

Let L(E, ie) be a generalized complex structure in normal form on a Riemannian manifold (M, g).

Then E is coisotropic (that is, E* is isotropic), with respect to g, if and only if ENE is locally defined by pseudo-horizontally
conformal submersions onto complex manifolds (a map from a Riemannian manifold to an almost complex manifold is
pseudo-horizontally conformal if it pulls back (1, 0)-forms to isotropic forms). _

Also, if £¥ has constant norm, with respect to g, where dim(ENE) = 2k, then the leaves of ENE are minimal submanifolds
of (M, g).

Conversely, we have the following:

Example 4.11. Let ¢ : (M, g) — (N,]) be a pseudo-horizontally conformal submersion from a Riemannian manifold onto
an almost complex manifold, with dimM = dim N + 2.

Denote ¥ = kerdy, # = 7' and let @ be the volume form of 7. Also, let F be the unique skew-adjoint almost
f-structure on M such that ker F = ¥ and, with respect to which, ¢ is co-CR holomorphic. Obviously, F and w are compatible;
denote by L the corresponding generalized almost complex structure in normal form.

From Proposition 4.2 it follows that L is integrable if and only if ] is integrable, the fibers of ¢ are minimal and the
integrability tensor of 7 is of type (1, 1); note that, if dimM = 4 then this is equivalent to the condition that ¢ is a
harmonic morphism (see [23]), where N is endowed with the conformal structure with respect to which J is a Hermitian
structure.

Moreover, any generalized complex structure, in normal form, on a Riemannian manifold such that the corresponding
f-structure is skew-adjoint, the associated Poisson structure has rank two and its symplectic form that has norm 1 is, locally,
obtained this way.

The pseudo-horizontally conformal submersions with totally geodesic fibers onto complex manifolds, for which the
integrability tensor of the horizontal distribution is of type (1, 1), admit a twistorial description from which it follows that
they abound on Riemannian manifolds of constant curvature [24] (cf. [23]).

Also, see [25] for a study of the harmonic pseudo-horizontally conformal submersions with minimal fibers and [23] for
twistorial constructions of harmonic morphisms with two-dimensional fibers on four-dimensional Riemannian manifolds.

5. Generalized Kidhler manifolds

We start this section by recalling from [1] a few facts on generalized Kiahler manifolds.
A generalized (almost) Kéhler manifold is a manifold M endowed with two generalized (almost) complex structures such
that the corresponding sections g7 and ¢, of End(TM & T*M) commute and 1 ¢, is negative definite.
Any generalized almost Kdhler structure (L, L) on a manifold M corresponds to a quadruple (g, b, J,,J_) where g is
a Riemannian metric, b is a two-form and J.. are almost Hermitian structures on (M, g). The (bijective) correspondence is
givenbyL; = LT @ L, L, =L & L, where
F={X+bxtX) |XeVT)

with V* the eigenbundles of . corresponding to i.
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According to [1, Theorem 6.28], the following assertions are equivalent:

(i) Ly and L, are integrable.
(ii) Ly and L_ are integrable.
(iii) J. are integrable and parallel with respect to V* = V& + %g” h, where V¢ is the Levi-Civita connection of g and h = db
(equivalently, J1 are integrable and d%. w+ = Fh, where w are the Kahler forms of J ).
Now, if we (pointwisely) denote E; = 7 (L;), (j = 1, 2), then E; = V* + V~andE, = V* 4+ V—.Hence,E; =V NV,
Ej = V' NV~ and, therefore, E; and E, are coisotropic.

Remark 5.1. Let (M, L, L,) be a generalized Kahler manifold.
(1) The (skew-adjoint) almost f-structures F; determined by E; and EjL are integrable; we call Fj the f-structures of L;,

G=1,2).
(2) The holomorphic functions of (M, L) and (M, L,) are the bi-holomorphic functions of (M, J,,J_) and (M, J., —]_),
respectively.
Let #* = ker(J; ¥ J-). Then s#* and #~ are orthogonal; this follows from s#* = (VF NV~) & (V* NV~) and
2~ = (VHNV-) @ (V NV-).Denote ¥ = (#+ & #~)".
Note that, s#*, s#~ and ¥ are invariant under J, andJ_. Also,J, —J_ and J, + J_ are invertible on ¥.
Proposition 5.2. The following assertions are equivalent:

(i) Ly and L, are regular.
(ii) s+ and s~ are distributions on M.
(iii) v is a distribution on M.

Proof. The obvious relations
E=Vinv) =Vinv)er v,
E=WtnVv ) =VinV)exrter
imply
EENE =#" @V = (%*)l,
ENE=xter=(n)"
which show that (i) <= (ii).

Also, as the dimensions of »#* and #~ are upper semicontinuous functions on M, assertion (ii) holds if and only if
#+ @ #~ (=v1)isadistributionon M. O

Next, we prove the following result.

Theorem 5.3. Let (M, Ly, L,) be a generalized Kdhler manifold with L, regular.
Then the following assertions are equivalent:

(i) s is integrable.
(i) o7 is geodesic.

Furthermore, if (i) or (ii) holds then the leaves of ¢, endowed with (g, J1), are Kiihler manifolds. Also, if s is holomorphic,
with respect to ] or J_, then both (i) and (ii) hold.

To prove Theorem 5.3 we need some preparations.

Let 7 be a distribution on a Riemannian manifold (M, g) endowed with a linear connection V; denote ¥ = #*.

The second fundamental form of .#, with respect to V, is the ¥-valued symmetric two-form B’ on .7 defined by
B (X,Y) = 17(VxY + VyX); then 2 is geodesic, with respect to V, if and only if B* = 0 (cf. [23]).

The next result follows from a straightforward calculation.

Lemma 5.4 (Cf.[26]). Let (M, g, ]) be a Hermitian manifold endowed with a distribution ># and a conformal connection V such
that V] = 0.
If v is integrable and J-invariant then the following relation holds:

28(B7 (X, Y), V) +g(I”” (X, Y),JV) = g(T(V,JX), Y) + g(T(V,X),JY),

forany X,Y € s# and V e ¥, where T is the torsion of V and I”¢ is the integrability tensor of ¢, defined by I’ (X,Y) =
—7[X, Y], for any sections X and Y of 7.

To prove Theorem 5.3 we also need the following lemma.
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Lemma 5.5. Let (M, ]) be a complex manifold and let ;# be a holomorphic distribution on (M, J). The following assertions are
equivalent:

(i) ## is integrable.
(ii) 22" is a CR structure.

Proof. This is obvious. O

Proof of Theorem 5.3. We may assume that, also, L, is regular.

Obviously, the second fundamental form of 2", with respect to V&, is equal to the second fundamental forms of J#*,
with respect to V*,

As Ly and L, are integrable we have that E; and E, are integrable and, consequently, »# " @ ¥ and s#~ @ ¥ are integrable;
in particular, the integrability tensor of " takes values in ¥. Furthermore, »#+ @ ¥ and ,#~ @ ¥ are holomorphic with
respect to both J, andJ_.

Now, by applying Lemma 5.4 to # = s twice, with respect to V* and V~, we quickly obtain

4g(B77 (X, V). V) = —g (17 (X, Y), (4 +J)(V)),

foranyX,Y € #T andV € s @ v.As ], +]_ is invertible on ¥, we obtain that (i) <= (ii).

If s# is holomorphic with respect to J, or J_ then s#™ is integrable by Lemma 5.5 and the fact that the eigenbundles of
J+| s+ corresponding to i are equal to V* NV~ which is integrable.

To complete the proof just note that if s is integrable then (g, b, J,, J_) induces, by restriction, a generalized Kahler
structure on each leaf Lof ##* andJ, =J_onL. O

Remark 5.6. (1) Let (M, Ly, L,) be a generalized Kihler manifold with L; regular. If 227 is integrable then, by Theorem 5.3,
the co-CR structure associated to Ly (that is, E;) is, locally, given by holomorphic Riemannian submersions from
(M, g, J+) onto Kahler manifolds (P, h, J); in particular, the leaves of 7#*, endowed with (g, J+) can be, locally, identified
with (P, h, J).

(2) If (M, IM, 1Y) and (N, LY, L)) are generalized Kihler manifolds with .7, and 2%, integrable distributions then any
holomorphic map ¢ : (M ,L’Y’) — (N, L’l\’ ) descends, locally (with respect to the Riemannian submersions of
Remark 5.6(1)), to a holomorphic map between Kidhler manifolds.

Let (M;, g;, J;) be Kdhler manifolds, (j = 1, 2). Then on My x M, there are two nonequivalent natural generalized Kdhler
structures: the first product is just the Kadhler product structure whilst the second product is given by L; = L(TLOMl X

™, ia)z) andL, = L(TLOMz x TMj, icm), where wj are the Kdhler forms of J;, (j = 1, 2); see Section 6, for the corresponding
definitions in a more general setting. Note that, both L; and L, are in normal form; moreover, the corresponding almost
f-structures are skew-adjoint (and, thus, unique with this property).

We end this section with the following consequence of Theorem 5.3 (cf. [3, Theorem A]).

Corollary 5.7. Any generalized Kdhler manifold with v = 0 is, up to a unique B-field transformation, locally given by the second
product of two Kdhler manifolds.

Proof. Let (M, Ly, L,) be a generalized Kihler manifold with # = 0. Then, Proposition 5.2 implies that .#* are complemen-
tary orthogonal distributions on M.

As Ly and L, are integrable, we have 7 integrable. Furthermore, by (the proof of) Theorem 5.3, we have that s#* are
geodesic foliations which are holomorphic with respect to both /. ; moreover, (g, 1) induce, by restriction, Kdhler structures
on their leaves.

If L, = L(E;, &) then, from the definitions it follows that ¢, = (b — in)|g,, where 7 is the two-form on M characterized
by ixn = 0if X € 2 and 7| 4+ is the Kahler form of |, | ,»+. As (Lxn)(Y,Z) = 0 for any sections X of »#~ and Y, Z of
27T, and (de;)(X,Y,Z) = 0forany X, Y, Z € E,, we obtain that (db)(X,Y,Z) = OforanyX € V* N .#~(=E; N #~) and
Y,Z € VTNt Furthermore, from Lemma 5.4, applied to s# = s#1 with] = J, and V = VT, we obtain (db)(X,Y,Z) =0
foranyX € s~ andY,Z e VT Nz,

It follows that db = 0 and the proof is complete. O

6. Tamed symplectic and generalized Kihler manifolds
The following definition is fairly standard.

Definition 6.1. A tamed almost symplectic manifold is a manifold M endowed with a nondegenerate two-form ¢ and an
almost complex structure J such that £ (JX, X) > 0 for any nonzero X € TM.

A tamed symplectic manifold is a tamed almost symplectic manifold (M, ¢, J) such that J and £~'J*¢ are integrable and
de = 0.
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Obviously, (M, ¢,]) is a tamed symplectic manifold if and only if ¢ is a symplectic form, T"°M and (T“)M)ls are
integrable, and (JX, X) > 0, for any nonzero X € TM.
The next result also appears, in a different form, in [7].

Theorem 6.2. Let M be a manifold endowed with a nondegenerate two-form ¢ and an almost complex structure J; denote J, = |
and J_ = —e&~!J*e. Let g and b be the symmetric and skew-symmetric parts, respectively, of &].
Then the following assertions are equivalent:

(i) (M, ¢,]) is a tamed symplectic manifold.
(ii) (g, b, J+,J-) defines a generalized Kdhler structure such that |, + J_ is invertible.

Moreover, up to a unique B-field transformation, any generalized Kdhler structure, on M, with J, + J_ invertible is obtained
this way from a tamed symplectic structure.

Proof. Firstly, note thate(J, X, Y) = —e(X,J_Y), forany X, Y € TM. This implies that
1
gX.Y) = 58((1+ +J)(X).Y),

1
b(X, Y) = (U —J)X), Y),

forany X, Y € TM.

Therefore (M, ¢, J) is a tamed almost symplectic manifold if and only if the quadruple (g, b, ], J_) defines a generalized
almost Kdhler manifold with J, + J_ invertible.

Now, with respect to J., we have w. = —g!!, b1 = 0and b>° = +ig?°. It quickly follows that if | are integrable then
de = Oif and only if d. w+ = Fdb.

We have thus proved that (i) <= (ii).

Suppose that (g, b, ], J_) corresponds to the generalized Kihler structure (L, L) on M. ThenJ, +J_ is invertible if and
only if 7 (L) = TM. Hence, if |, + J_ is invertible then, up to a unique B-field transformation, we have L, = L(TM, i¢) for
some symplectic form ¢ on M and, consequently,

ieX -, X,Y)=b+g9X-iX,Y),
ie(X +i/_X,Y) = (b—g)(X +i]_X, Y),

forany X, Y € TM. By using the fact thatJ, +J_ is invertible, from (6.2) we quickly obtain that g and b satisfy (6.1). Together
with the fact that g and b are symmetric and skew-symmetric, respectively, this shows that |- = —g~! J ¢ and the proof
follows. O

(6.2)

Itis easy to rephrase Theorem 6.2 so that to obtain the description of generalized Kdhler manifolds withJ, —J_ invertible.

Let (M, M, I} and (N, LY, L}) be generalized Kihler manifolds corresponding to the tamed symplectic manifolds
(M, enm,Ju) and (N, ey, Jy), respectively. Then (M x N, LY x [N 1Y x [y and (M x N, I¥ x LY, [} x LY) are called the
first and second product of (M, L, L)) and (N, LY, L)), respectively; note that, the first product is the generalized Kahler
manifold corresponding to (M x N, ey + en, Ju X JN)-

Corollary 6.3. Any generalized Kihler manifold with s#+ a holomorphic foliation, with respect to J and J_, and 5#~ = Qs up
to a unique B-field transformation, locally given by the first product of a Kidhler manifold and a generalized Kdhler manifold for
which both ], +J_ and J, — ]J_ are invertible.

Proof. Let (M, Ly, L,) be a generalized Kihler manifold with 2" a distribution and 2 = 0. Then, by Theorem 6.2, up to a
unique B-field transformation, we have that (M, L;, L,) corresponds to the tamed symplectic manifold (M, ¢, J).

Thus, by (6.1), we have (xb = 0 for any X € 1 and ¢ = n + ¢’ where 5 and &’ are the two-forms on M characterized
byixn =0,Xe€¥),ix¢’ =0,X et n=wyonx",ande’ =conv.

If, further, s is holomorphic, with respect toJ, andJ_, then, by Theorem 5.3, it is also integrable, geodesic and its leaves
endowed with (g, J) are Kihler manifolds; in particular, dn = 0 on 2#™. As, also, ¥ is a holomorphic foliation, it quickly
follows that (£Lx1)(Y, Z) = 0 for any sections X of ¥ and Y, Z of s#*; consequently, dn = 0.

We have thus obtained de’ = 0 which implies (L£x&’)(Y, Z) = 0 for any sections X of #* and Y, Z of . Together with
(6.1), this gives (Lxb)(Y,Z) = 0and (Lxg)(Y, Z) = 0 for any sections X of 7#* and Y, Z of ¥ in particular, this shows that
v is geodesic. The proof follows. O

Obviously, a result similar to Corollary 6.3 holds for any generalized Kihler manifold with s#* = 0and .#~ an integrable
distribution.

Corollary 6.4. Let (M, Ly, L,) be a generalized Kdihler manifold such that L, is in normal form with respect to its f -structure and
the two-form ¢ on M.

Then, in a neighborhood of each regular point of L, we have that (M, Ly, L,) is the second product of a Kdhler manifold and
a generalized Kéhler manifold determined by a tamed symplectic manifold.
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Proof. Assume that L regular. Define £, to be the (complex linear) two-forms on T}r’OM +T"°M suchthatey = ¢ on T}E’OM
and iyey = 0ifX € T;E’OM.

Obviously, de+ = O on Ti‘OM. Also, from the fact that ixe. = 0if X € TfF’OM it quickly follows thatif Xy, Yy, Z, € Ti’OM
thendey (X%, Y4, Zy) = 0; together with the fact thate = ¢ 4+¢_on Tl’OM—le’OM, thisimplies thatde+ (X4, Y+, Z¢) = 0.
Thus, we have proved that de. = O on TJF‘OM + 7M.

Therefore kere, = T;’O ® (Ti’1 N %’*) is integrable which implies that #~ is an antiholomorphic distribution on
(M, J5). Hence, by Lemma 5.5, we have that »#~ is integrable and the proof follows from Theorem 5.3 and the fact that
kere =7, O

Let (M, ¢,]) be a tamed almost symplectic manifold. With the same notations as in Corollary 6.4, if (M, L1, L) is the
generalized Kdhler manifold determined by (M, ¢, J) then, from (6.1), it follows that L; = L(T}F'OM +T11M, e, — ie_).

Theorem 6.5 (Cf. [8]). Let (M, &, ]) be a tamed almost symplectic manifold and let (M, Ly, L,) be the corresponding generalized
almost Kéhler manifold; denote by p* : T°M — TjE’OM the projections.

If (M, Ly, L) is generalized Kdhler then | are integrable and ,ojf(Lz) are holomorphic Poisson structures on (M, J+),
respectively. Furthermore, the converse holds if also |, — J_ is invertible; moreover, in this case, if (M, Ly, L) is generalized
Kdhler then pf(Lz) are holomorphic symplectic structures on (M, J1.), respectively.

Proof. Assume, for simplicity, that (M, ¢, ]) is real analytic. Also, we may assume L; regular. If (M, Lq, L,) is generalized
Kahler then, by passing to the complexification of (M, ¢, J), from Proposition 1.3 and the proof of Corollary 6.4 we obtain
that p* (L) are the canonical Poisson quotients of L(TY''M + T%'M, ig5).

If J. £ J_ are invertible and J.. are integrable then pf (L) are holomorphic Poisson structures on (M, J) if and only if
d€:|: =0. O

We call the ,o*i (Ly) of Theorem 6.5 the holomorphic Poisson structures associated to (M, Ly, L,).

Remark 6.6 (Cf. [8,7]).
(1) Let (M, Ly, L) be a generalized Kdhler manifold with J, 4 J_ invertible. Denote by n. the (real) bivectors on M which
determine the holomorphic Poisson structures on (M, ), respectively, associated to (M, Ly, L,); that is, with respect to

J+, we have nl'] = 0 and the holomorphic bivectors corresponding to ,of (Ly) are nio, respectively.
It quickly follows that

1, _ 1% 1 _ 1 _
N-=—nN+ = 5(18 el = E(J+ —J-)e ]=ZU+»L]g !

where (M, ¢, J) is the tamed symplectic manifold associated to (M, L1, L,).
Hence, the symplectic foliation associated to 5 is given by ¥ (=im(J.. — J_)).

(2) If the generalized almost Kdhler structure (L, L;) on M corresponds to the quadruple (g, b,J,,]J_) then (L, L;)
corresponds to (g, b, J., —J_).Assume that (M, Ly, L,) is a generalized Kdhler manifold withJ, +J_ andJ, —]_ invertible
and let . and »’, be the bivectors which determine, as in (1), the holomorphic symplectic structures associated to
(M, Ly, L) and (M, Ly, L), respectively. Then (6.3) implies that n/, = —n,.

Next, we prove some results on holomorphic maps between generalized Kdhler manifolds.

Corollary 6.7. Let (M, Ly, L,) be a generalized almost Kihler manifold with ], + ]J_ and J, — J_ invertible.
If ¢ : M — M is a diffeomorphism then any two of the following assertions imply the third:
(i) ¢ : (M, L) = (M, Ly) is holomorphic.
(ii) ¢ : (M, L) — (M, L) is holomorphic.
(iii) [de,J.J-]=0.

Proof. Let L = L(T{°M + T"°M, &). By using the first relation of (6.1), we obtain

(Ime) (s —J-) = ey +J-)s (6.3)

which, firstly, shows that if (iii) holds then (i) < (ii).
Furthermore, (6.3) implies that e ~!(Im ;) is skew-adjoint, with respect to g, and, consequently, ¢ — Im &7 is invertible.
This fact together with (6.3) proves that (i), (ii) = (iii). O

Corollary 6.8. Let (M, L, [}') and (N, LY, L}') be generalized Kihler manifolds, with J* + J and JY + JN invertible, and let

¢ : M — N be a map.

i) Ifo: M, LYY — (N, IY)and ¢ : (M, J}) — (N, JY) are holomorphic then ¢ is a holomorphic Poisson morphism between
the corresponding associated holomorphic Poisson manifolds; moreover, the converse holds if ¢ is an immersion.

(ii) If ¢ : (M, L}) — (N, L) and, either, ¢ : (M,J%") — (N,J}) or ¢ : (M,J™) — (N, JN) are holomorphic maps then ¢ is a
holomorphic Poisson morphism between the associated holomorphic Poisson structures.
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Proof. Assertion (i) follows from Proposition 1.3 and the proof of Theorem 6.5.

To prove (ii), note that if ¢ : (M, L}') — (N, L}) is holomorphic then ¢ : (M, J¥) — (N, JY) is holomorphic if and only
if o : (M,JM) — (N, J") is holomorphic. The proof quickly follows from Remark 6.6(1). O

If (g,J+) are Kdhler structures on M then (g, 0, J,,J_) corresponds to a generalized Kahler structure (Lq, ;) on M;
furthermore, if b is a closed two-form on M then (g, b, J;, J—) corresponds to ((exp b)(L1), (expb) (Lz)).

Example 6.9 (Cf. [8]). Let (M, g,1,], K) be a hyper-Kahler manifold. Denote by wj, @, wx the Kdhler forms of I, ], K,
respectively, and let ¢ = —(w; 4 wk).

Then (M, ¢,]) is a tamed symplectic manifold. The corresponding generalized Kdhler structure (Lq, L,) is given by
(g, b.Js.J-), whereb = o, J; = Jand - = K.Also, L; = L(T°M, 20 — i(0) — wy)), L = L(T°M, —i(w) + wx))
and &L = —1((,()[ — i(,()]), E_ = —((,()K — 10)1)

We end with a generalization of Corollaries 5.7 and 6.3.

Theorem 6.10. Let (M, Ly, L,) be a generalized Kihler manifold. Then the following assertions are equivalent:

(i) st @ s~ is a holomorphic foliation with respect to ], and J_.
(ii) Locally, up to a B-field transformation, (M, L1, L) is the first product of a generalized Kihler manifold for which ], +]_ are
invertible and the second product of two Kéhler manifolds.

Proof. By applying Lemma 5.4 to »# = s @ s¢~ twice, with respect to V* and V™, we obtain

2g(B T (1L X1, X0) V) + g (177787 (X, X0), J4V) = (db)(V, J1Xs, X0) + (db)(V, X4, J1X0),

_ 3 (6.4)
28(B7 T (11 Xy, X2), V) + g (17797 (X, X2), J-V) = —(db)(V, J4 X1, X2) + (db)(V, X4, J4 Xo),
forany Xy € #*TandV e 7. Consequently, we, also, have
g(I77 %7 (X, X0), (4 —J)(V))= 2db(V, . X1, X), (6.5)

forany Xy € #*andV e 7.

Suppose that (i) holds. Then, by (6.5), we have db(V,X,,X_) = 0, forany Xy € #* and V € ¥. Moreover, from
Corollaries 5.7 and 6.3 it follows that db(X, Y, Z) = 0ifX,Y,Z € #T* @ s#~ orX € #T andY,Z € v @ #*.

As d(db) = 0, this shows that db is basic with respect to s#* @ s#~. Hence, locally, there exists a two-form b’, basic with
respect to sz @ s, such that db = db’.

Furthermore, from (6.4) and (6.5) we obtain B TosT (X4, X_) = 0, for any X € .#*. Together with Theorem 5.3 and
Corollary 6.3, this shows that ¥ and #+ @ s~ are geodesic foliations on (M, g).

Thus, we have proved that (M, Ly, L,) is the first product of a generalized Kihler manifold with s#* = 0 = »#~ and a
generalized Kdhler manifold with ¥ = 0. Hence, by Corollary 5.7, assertion (ii) holds.

The implication (ii) = (i) is trivial. O
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