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Introduction

This book is based on my PhD Thesis [49]. From the later work I
have included here only the classification of harmonic morphisms with one-
dimensional fibres on Einstein manifolds of dimension at least five [55] and on
conformally-flat Riemannian manifolds of dimension at least four [53]. Else-
where, I shall collect some of my other subsequent work, such as twistorial
maps and the related theory of harmonic morphisms between Weyl spaces
(see, for example, [50], [42], [6]).

Harmonic morphisms between Riemannian manifolds are smooth maps
which pull back harmonic functions to harmonic functions.

By the fundamental theorem of B. Fuglede [2I] and T. Ishihara [33], har-
monic morphisms were characterised as harmonic maps which are horizontally
weakly conformal.

The next important step towards a better understanding of harmonic
morphisms was done by P. Baird and J. Eells [5] who found the necessary
and sufficient condition for a harmonic morphism to have minimal (regu-
lar) fibres (see Proposition below). In the particular case of a map
¢ (M™ g) — (N2 h) to a Riemannian manifold (N2, k) of dimension two
the result of P. Baird and J. Eells states that ¢ is a harmonic morphism if and
only if ¢ is horizontally weakly conformal and its regular fibres are minimal
submanifolds of (M™,g). This result was then elegantly formulated in the
language of conformal foliations by J.C. Wood [6§].

The first classification results for harmonic morphisms were due to P. Baird

and J.C. Wood (see [7], [9]) who completely classified harmonic morphisms
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with one-dimensional fibres from three-dimensional Riemannian manifolds with
constant curvature.

Later, R.L. Bryant [I4] (see Corollary[3.8.5]) proved that from a Riemann-
ian manifold (M"! g), n > 3, with constant sectional curvature there are
just two types of submersive harmonic morphisms ¢ : (M"*1 g) — (N" h)
with one-dimensional fibres, namely either

(i) there exists a nowhere zero Killing vector field tangent to the fibres
of ¢ or

(ii) ¢ has geodesic fibres orthogonal to an umbilical foliation by hyper-
surfaces.

Moreover, the type (i) was new (whilst type (ii) was known to P. Baird
and J. Eells [3]).

We study harmonic morphisms by placing them into the framework of
conformal foliations, an idea due to J.C. Wood [68]. Unless otherwise stated,
we consider only foliations of codimension greater than or equal to three.

In Chapter [I| we present some basic facts on foliations which produce har-
monic morphisms (i.e. foliations which can be locally defined by submersive
harmonic morphisms). We recall Bryant’s result [14] which states that a con-
formal foliation produces harmonic morphisms if and only if a certain one-form
is closed (see Proposition . In particular, if the mean curvature forms of
a conformal foliation ¥ and of its orthogonal complement ¢ are closed then
¥ produces harmonic morphisms. Following a suggestion of J.C. Wood we call
a foliation homothetic if it can be locally defined by horizontally homothetic
submersions. This is equivalent to the condition that the foliation is conformal
and its orthogonal complement has closed mean curvature form.

Note also that, although a Riemannian one-dimensional foliation pro-
duces harmonic morphisms if and only if it is locally generated by Killing
vector fields [I4], a one-dimensional foliation locally generated by conformal
vector fields produces harmonic morphisms if and only if it is a homothetic
foliation (a consequence of Proposition . This starts to show the impor-

tance of homothetic foliations. Another equivalent condition for a conformal
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foliation 7" to be homothetic is that any local dilation (Definition of it
can be locally written as the product of a function constant along leaves and
a function constant along horizontal curves (in particular, a conformal folia-
tion ¥ is homothetic if and only if, in a neighbourhood of each point, a local
dilation for ¥ can be found which is constant along horizontal curves). This
latter property is also satisfied by any positive smooth function f defined on
the Riemannian manifold (M, g) and which has the property that #" produces
harmonic morphisms on both (M, g) and (M, f2g).

For a foliation ¥ on M there exists a metric ¢ on M with respect to
which 7 is a homothetic foliation if and only if ¥ is a foliation of type (A) in
the sense of I. Vaisman [66]. However, all the above geometrical properties of

the homothetic foliations appear to be new.

In terms of foliations which produce harmonic morphisms the types (i)
and (ii) above correspond to:

(i) Riemannian one-dimensional foliations locally generated by Killing
vector fields,

(ii) homothetic foliations with geodesic leaves orthogonal to an umbilical
foliation by hypersurfaces.

The starting point of the results of Chapter [2] was to try to generalise the
type (i) above to foliations of higher dimensions. In Theorem we give
necessary and sufficient conditions for a conformal foliation locally generated
by conformal vector fields to produce harmonic morphisms. In the particular
case when the foliation is Riemannian and locally generated by Killing vec-
tor fields this condition depends only on the induced infinitesimal action and
on the integrability tensor of the horizontal distribution. Many natural con-
structions of Riemannian foliations which produce harmonic morphisms can
be thus obtained. Moreover, most of the constructions can be generalised to
homothetic foliations locally generated by conformal vector fields.

In Chapter [2| we also study foliations locally generated by homothetic
vector fields and their relations to homothetic foliations and harmonic mor-

phisms. This is motivated by the fact that, on a Ricci-flat manifold, given any
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foliation ¥ locally generated by conformal vector fields and which produces
harmonic morphisms, either ¥ is locally generated by homothetic vector fields
or any harmonic morphism produced by ¥ can be locally decomposed into a
totally geodesic harmonic morphism followed by another harmonic morphism.
This is shown in Section 2.6] where other similar factorisation results are ob-

tained.

In Chapter |3| we present [48], [52], [55], [53] the classification of har-
monic morphisms with one-dimensional fibres on Einstein manifolds and on
conformally-flat Riemannian manifolds. More precisely, we prove the follow-
ing for a one-dimensional foliation which produces harmonic morphisms on a
Riemannian manifold (M, g):

o If (M, g) is Einstein, dim M > 5, then ¥ is of type (i) or type (ii)
(Theorem [3.4.1]).

e If (M, g) is Einstein, dim M = 4, then ¥ is of one of the types (i), (ii)
or (iii) (Theorem where types (i) and (ii) are as before and type (iii)
is the following: (M4*,g) is Ricci-flat and, up to homotheties, any harmonic
morphism ¢ : (U, g|y) — (N3, h), with dilation A, produced by ¥ such that
¥ | and N3 are orientable is (locally) described by:

(a) (N3, h) has constant sectional curvature equal to one;

(b) 3d(A72) is a (flat) principal connection for ¥ with respect to suit-
ably chosen V € I'(#) such that g(V, V) = A? (Definition ;

(c) the local connection form A of # with respect to 3 d(A~2) satisfies
the equation dA + 2% A = 0 on (N3, h) where * is the Hodge star-operator of
(N3, h) with respect to some orientation of N3.

e If (M, g) is analytic and conformally-flat, dim M > 4, then ¥ is of
type (i) or type (ii’) (Theorem [3.8.1)), where type (i) is as before and type (ii)
is the following: the orthogonal complement of ¥ is integrable and its leaves
endowed with the metrics induced by p?g have constant sectional curvature,
where p is any local density of 7.

Note that, any foliation of type (ii) on a constant curvature Riemannian

manifold satisfies the condition (ii’), above.
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On the other hand, a foliation ¥ of type (iii) can never be of type (i),
whilst its orthogonal complement is integrable if and only if ¥ is of type (ii).
Therefore the above mentioned classification result of R.L. Bryant is an im-
mediate consequence of Theorems [3.4.1], [3.5.4] and [3.8.1].

Examples of harmonic morphisms of type (iii) are given in Section .
There we prove that these are always submersive (Proposition. Also, we

show that any surjective harmonic morphism of type (iii) with connected fibres

and complete codomain is, up to homotheties and Riemannian coverings, the
restriction of the radial projection (R*\ {0}, g,) — S where g, is the Eguchi-
Hanson II metric [19] (when a = 0, g, is the restriction of the canonical metric
on R* and ¢y is a well-known harmonic morphism simultaneously of type (ii)
and (iii) ). In particular, there exists no surjective harmonic morphism of type
(iii) whose domain and codomain are both complete.

See [54] , [56] , [42] , [43] for more relations to Einstein and self-dual metric
constructions and for relations to Twistor Theory of the harmonic morphisms
of type (iii).

In Section we study surjective harmonic morphisms ¢ : (M?,g) —
(N3,h) between complete Einstein manifolds of dimensions four and three,
respectively. If M* and N3 are simply-connected we prove the following:

o If © is submersive then, up to homotheties, it is one of the follow-
ing projections R* — R3, H* — R3, H* — H? induced by the following
canonical warped-product decompositions R* = R! x R?, H* = H! x, R?,
H* = H' x4, H? where H* is the hyperbolic space of dimension k& (Theorem
3.7.1)).

e If © has exactly one critical point then there exists a > 0 such that,
up to homotheties, ¢ : (R, g,) — (R3, hg) is the Hopf polynomial with g, the
Gibbons-Hawking Taub-NUT metric (a > 0) and go , ho the canonical metrics
on R*, R3, respectively (Theorem [3.7.10)).

In Chapter [d] we present some results on harmonic morphisms defined on
compact Riemannian manifolds. In Section these are based on a known
formula of P. Walczak [67] which we recall in Appendix [A.1]. The results of
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Section [£.2] are based on two integral formulae which are proved in Theorem
From Chapter [ we mention here the following results:

e On a compact Riemannian manifold with nonpositive Ricci curvature
any one-dimensional foliation which produces harmonic morphisms and admits
a global density is locally generated by parallel vector fields (Theorem .

e On a compact Riemannian manifold with positive sectional curvature
there exists no homothetic foliation which produces harmonic morphisms and
has integrable orthogonal complement (Corollary .

e For n € {3,4,5} if (M"*! g), (N h) are compact with scalar curva-
tures s > 0, sV < 0 and, if at least one of these inequalities is strict, then
there exists no nonconstant submersive harmonic morphism ¢ : (M"! g) —
(N™, h) (Corollary [4.2.10).

o If (M*, g) is a compact four-dimensional Einstein manifold and ¢ :
(M*,g) — (N3,h) is a non-constant harmonic morphism then, up to homo-
theties and Riemannian coverings, ¢ is the canonical projection T% — T3

between flat tori (Theorem |4.3.2)).



CHAPTER 1

Foliations which produce harmonic morphisms

1.1. Foliations and harmonic morphisms

We recall some basic definitions and results on harmonic morphisms and

conformal foliations.

Definition 1.1.1 ([21], [33]). A harmonic morphism between Riemannian
manifolds is a smooth map ¢ : (M™,g) — (N™, h) such that for any harmonic
function f : (U,h|ly) — R, defined on some open Riemannian submanifold
(U, hly) of (N, h) with o= (U) # 0, the pull back fop : (o~ (U), glp-111) — R

s a harmonic function.

By the fundamental result of B. Fuglede [21I] and T. Ishihara [33] the
harmonic morphisms form a special class of harmonic maps which we now

describe.

Definition 1.1.2 ([21], [33]). A smooth map ¢ : (M™,g) — (N™,h) between
Riemannian manifolds is called horizontally weakly conformal if at each point
x € M either ¢ is submersive (i.e. pyp : TyM — T, )N is surjective) and
©s| e, is conformal, where H#, = (kerp, ;)
Let X : M — R be the nonnegative function such that \(x) is the confor-

mal factor of oile if © € M is a regular point of ¢ and A(x) =0 if x is a

, 0T Yy o = 0.

critical point of ¢. Then X is called the dilation of .

Remark 1.1.3 ([21], [33]). Let A\ be the dilation of the horizontally weakly
conformal map ¢ : (M™,g) — (N",h). Then, because \> = %]ap*lz, A s
continuous on M and smooth outside the set of critical points; A? is smooth
on M.
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Theorem 1.1.4 ([21], [33]). A map ¢ : (M,g) — (N, h) is a harmonic mor-
phism if and only if ¢ is a harmonic map which is horizontally weakly confor-

mal.

Let (M, g) be a Riemannian manifold (it will always be assumed that M
is paracompact and connected) and ¥ (the tangent bundle of) a foliation or,
more generally, a distribution on it. The orthogonal complement of ¥ will de
denoted by . Then, 7 and ¥ will be called the horizontal and wvertical
distributions, respectively. Following [I1], we shall denote the corresponding
projections by the same letters J# and ¥ ; we shall denote by X, Y horizontal
vector fields, i.e. sections of 7# and by U, V vertical vector fields, i.e. sections
of V.

Definition 1.1.5 (see [68]). A foliation ¥ on (M, g) is called conformal if for
any vertical vector field U € I'(¥') and horizontal vector fields X,Y € I'(J€)
we have

(Lug)(X,Y) = u(U) g(X,Y)
for some vertical one-form p € T'(T'M) and where L denotes the Lie differen-

tiation.

By Theorem the connected components of a submersive harmonic
morphism ¢ : (M,g) — (N,h) form a conformal foliation. Conversely, we

make the following definition:

Definition 1.1.6 (cf. [68]). Let (M, g) be a Riemannian manifold and let ¥
be a foliation on it.

We shall say that ¥ produces harmonic morphisms on (M,g) if ¥ is
locally defined by submersive harmonic morphisms (i.e. each point of M has
an open neighbourhood U which is the domain of a submersive harmonic mor-

phism ¢ : (U, g|lu) — (N, h) whose fibres are open subsets of the leaves of V.

Remark 1.1.7. When codim? = 2, ¥ produces harmonic morphisms if
and only if it is conformal and its leaves are minimal [68]; in this case any
local submersion ¢ on M whose fibres are open subsets of the leaves can be

made into a harmonic morphism. Indeed, it suffices to choose a metric on the
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codomain such that ¢ is horizontally conformal.

We shall see (as an immediate consequence of Corollary that, when
codim? # 2 and ¥ produces harmonic morphisms, then each submersion
@ : U — N defined on an open subset U C M with zero first Betti number
and which locally defines ¥ can be made into a harmonic morphism (i.e. there
exists a Riemannian metric A on N such that ¢ : (O,glo) — (N,h) is a

harmonic morphism).

Definition 1.1.8 (cf. [66, (1.4)]). Let ¥ be a conformal foliation on the Rie-
mannian manifold (M, g) . A smooth positive function X\ : O — R on an open
subset O of M will be called a local dilation of ¥ if ¥|o is a Riemannian
foliation on (O, 2glo). If O = M then we shall call A a (global) dilation
of 7.

Remark 1.1.9. 1) It is obvious that local dilations for a conformal foliation
¥ can be found in the neighbourhood of each point; in fact, this is equivalent
to the definition of its conformality. If ¥ is simple, i.e. its leaves are the fibres
of a (horizontally conformal) submersion ¢, then it admits a (global) dilation,
for example, the dilation of ¢.

2) A smooth positive function A is a local dilation for 7 if and only if
(Lu(X?9))(X,Y) =0

for any vertical vector field U and any horizontal vector fields X, Y. Hence,
if we multiply a local dilation of a conformal foliation by a smooth positive
function which is constant along the leaves then we obtain another local di-
lation of the foliation. Conversely, if two local dilations A\;, 7 = 1,2, of a
conformal foliation ¥ have the same domain then Ay = A\; p where the factor
p is a smooth positive function, constant along the leaves of ¥ .

3) Let ¥ be a foliation, not necessarily conformal. Let .7 denote its
orthogonal complement. Recall that its second fundamental form #B is the
horizontal ¥'-valued tensor field defined by

TB(X,Y) = %“I/(VXYJrVyX), (1.1.1)
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where X, Y are horizontal vector fields (see [60, Ch.IV, 3.16]). A simple

calculation (see [9]) gives the following formula
(Lug)(X,Y) = —29("B(X,Y),U) , (1.1.2)

where U, X, Y are as above.
It follows quickly (see [9]) that any local dilation A of a conformal foliation

¥ is characterised by the relation
trace(”B) = n¥ (grad(log \)) , (1.1.3)

where n = codim?¥’.

Note that formula shows that 7 is a conformal foliation if and
only if /7 is an umbilical distribution, i.e. “B(X, X) is independent of X for
g9(X,X) =1, if 5 is integrable this condition says that its integral submani-
folds are umbilical (see [60]).

Let ¢ : (M™, g) — (N™, h) be a horizontally conformal submersion with
dilation . Let 7 denote the tension field of ¢ and ”B the second fundamental
of the foliation ¥ induced by the fibres, then we have the fundamental equation
[5] (see [9] for a different proof):

7+ trace("B) + (n — 2).5#(grad(log \)) = 0. (1.1.4)
From this, P. Baird and J. Eells concluded:

Proposition 1.1.10 ([5]). (a) When n = 2, ¢ is a harmonic morphism if
and only if its fibres are minimal.
(b) When n # 2 any two of the following assertions imply the remaining
assertion:
(i) ¢ is a harmonic morphism,
(ii) ¢ has minimal fibres,
(iii) ¢ is horizontally homothetic (i.e. X is constant along horizontal

curves).

Note that in the above proposition it is unnecessary for ¢ to be submer-

sive (see [9]).
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Let w denote a local volume form of # . It can easily be seen that, the
fundamental equation ([1.1.4]) is equivalent to

YV (Lx(N"w)) = A" g(X,T)w, (1.1.5)
for any horizontal vector field X . Thus, we have the following:

Proposition 1.1.11 ([I4], [47]). A horizontally conformal submersion with
dilation X is a harmonic morphism if and only if the parallel displacement
defined by the horizontal distribution preserves the mass of the fibres, where

the fibres are given the mass density A\2~" .

Definition 1.1.12. Let ¥ be a foliation of codimension n, which produces
harmonic morphisms on (M, g). Let A be a local dilation of ¥ which restricts
to give dilations of harmonic morphisms which locally define ¥V . Then p =
A2~" s called a local density of ¥ . If X is globally defined on M then p is
called a (global) density.

Proposition 1.1.13. Let ¥ be a foliation which produces harmonic mor-
phisms on (M,g). Then there exists a Riemannian regular covering & :
(M, §) — (M, g) with the following properties:

(i) £(7) admits a global density.

(ii) If n : (P, k) — (M,g) is any Riemannian regular covering such that
n*(¥) admits a global density then there exists a unique Riemannian regular
covering o : (P, k) — (M, g) such thatn=E§oo.

Moreover, £ is the unique Riemannian regular covering satisfying (i) and
(ii) .

Proof. Let [a] € H'(M,R) be the cohomology class defined by the differ-
entials of the logarithms of the local densities of ¥ and let ¢ : M — M be the
regular covering corresponding to it (]\7 is connected).

Let g = £*(g). It is obvious that £*(7") produces harmonic morphisms
on (]\7, g) .

Also *la] =0 € Hl(]\Aj, R). Hence, there exists a positive smooth func-
tion p : M — (0, 00) such that £*(a) = dlogp.

Then p is a global density of £*(¥).
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Let n : (P,k) — (M, g) be any other Riemannian regular covering such
that n*(¥) admits a global density. If H and K are the groups of £ and 7, re-
spectively, then £ and ) correspond to surjective group morphisms 71 (M) — H
and 71 (M) — K, respectively, where 71 (M) is the fundamental group of M
(see [61), Part I, §14.6]).

Now, n*(7#) admits a global density if and only if n*(§) is a trivial cov-
ering and this happens if and only if the image of the injective group mor-
phism 71 (P) — m1(M) is contained in the kernel of the group morphism
m (M) — H. But the image of m(P) — w1 (M) is equal to the kernel of
m (M) — K and hence the surjective group morphism m1(M) — H can be
factorised m (M) — K — H. The surjective group morphism K — H in-
duces a Riemannian regular covering o : (P, k) — (]Téf ,g) having the required
properties.

The uniqueness of £ is obvious. O

Corollary 1.1.14. Let (M, g) be a Riemannian manifold with zero first Betti
number. Let ¥ be a foliation of codimension not equal to two which produces
harmonic morphisms on (M, g) .

Then, ¥ admits a global density N>~ .

1.2. Metric deformations

We next discuss how much the metric of M can be changed preserving

the property of producing harmonic morphisms (cf. [3], [44]).

Proposition 1.2.1 (cf. [44] Theorem 5.1]). Let ¥ be a foliation on (M,g),
with dim ¥ = p and codim? = n. Let r and s be smooth positive functions
on M. Let ¢ and g” denote the horizontal and the vertical components of
g, and set g = s> g +12g” .
(a) If n # 2, then, any two of the following assertions imply the remain-
mng assertion:
(i) ¥ produces harmonic morphisms on (M, g),

(ii) ¥ produces harmonic morphisms on (M, g),
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(iii) 7P s"~2 is locally the product of a function constant on horizon-
tal curves and a function constant on vertical curves.
(b) If n = 2, then the same implications are true after replacing (iii)
with:

(ili") 7 is constant along horizontal curves.

Proof. Suppose that ¥ is conformal and let A and X be local dilations
of ¥ with respect to g and g, respectively. Then X =as 1\, where a is a
smooth positive function which is constant along vertical curves.

Let w and @ be local volume forms of ¥ with respect to g and g, respec-
tively. Then w =rPw.

It follows that

Ao = a2 (s rP) (N2 TW) (1.2.1)

To prove that (i), (ii)=-(iii) note that (1.2.1)) and Proposition [1.1.11] im-

plies that if A2~ and A2™" are local densities of ¥ with respect to g and §,

respectively, then
n2p, (1.2.2)

where b is a smooth positive function constant along horizontal curves.

To prove that (i), (iii)=>(ii) , suppose that A\>~" is a local density of ¥
with respect to g and choose smooth positive functions a and b which satisfy
and such that a is constant along vertical curves and b is constant along
horizontal curves. Now, implies that A=as I\ corresponds to a local
density of ¥ with respect to g.

The proof of (ii), (iii)=-(i) is similar. O

Corollary 1.2.2 (cf. [44]). Let ¥ be a foliation with codim¥ # 2 on (M, g) .
Let a and b be smooth positive functions on M such that a is constant along
vertical curves and b is constant along horizontal curves. Then the following
assertions are equivalent:

(i) ¥ produces harmonic morphisms on (M,g),

(ii) ¥ produces harmonic morphisms on (M, a®b?g) .
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If codim? = 2 then (i) <= (ii) if and only if the function a is constant
on M.

Proof. This is an immediate consequence of Proposition [1.2.1]. O

Propositions [1.1.11] and [1.2.1] suggests the following;:

Definition 1.2.3 ([44], cf. [47]). Let ¥ be a distribution of dimension p and
codimension n on the Riemannian manifold (M,g). For a positive smooth

function o on M we define the metric °g by

4—2n
g=0?g” 1o g

where g7 and g7 are the horizontal and the vertical components of g , respec-

tively.

Proposition 1.2.4 (cf. [44]). Let ¥ be a conformal foliation on (M,g) and
let o be a positive smooth function on M . Then,

(i) ¥ is also a conformal foliation on (M,°g) . Furthermore, X is a local
dilation of ¥ with respect to g if and only if Ao is a local dilation with
respect to %g .

(il) ¥ produces harmonic morphisms on (M, g) if and only if it produces
harmonic morphisms on (M, °g) .

(iii) If ¥ produces harmonic morphisms and admits a global dilation A
such that \2~" is a density for ¥ with respect to g then, ¥ is a Riemannian

foliation with minimal leaves on (M, g) .

Proof. Statement (i) follows from Remark[I.1.9(2) whilst (ii) follows from
Proposition [T.27]

If codim?” = 2 assertion (iii) is obvious. If codim¥ # 2 first note that if
A is a local dilation of ¥ with respect to g then ¥ is a Riemannian foliation
on (M,*g). Now the proof of Propositionshows that if A2 is a density
for ¥ then the constant function A = 1 is a dilation which corresponds to a
density for ¥ with respect to *g. Thus, by the leaves of ¥ are minimal
submanifolds of (M,g). O
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The next result shows that the metric on the codomain is much more

rigid.

Proposition 1.2.5 ([14]). Let ¢; : (M,g) — (N,h;), j = 1,2, be noncon-
stant harmonic morphisms having the same fibres. Suppose that N is connected
and dim N # 2.

Then, hy and hy are homothetic.

Proof. Let A; be the dilation of ¢; (j = 1,2). Then A2 = A\ o where
o : M — R is a smooth positive function, constant along the fibres.

Recall from Proposition that the property that ¢; is a harmonic
morphism is equivalent to the property that the parallel displacement defined
by the horizontal distribution preserves )\i_"w, where n = dim N and w is a
local volume form for the vertical distribution. Hence, o is also constant along
horizontal curves.

It follows that o is constant on M , and the proposition is proved. U

An immediate consequence of Proposition [1.2.5]is the following:

Corollary 1.2.6. A foliation of codimension q # 2 which produces harmonic
morphisms is given by a Haefliger structure [30] with values in the groupoid
of germs of homothetic diffeomorphisms of the sheaf of germs of Riemannian

metrics on RY.

In the following theorem we attach assertion (iv) to a well-known list of

equivalent assertions (see [45, Appendix B]).

Theorem 1.2.7. Let M be a compact manifold with zero first Betti number.

For a foliation ¥ on M with compact leaves the following assertions are
equivalent:

(i) the holonomy group of each leaf of ¥ is finite,

(ii) there exists a metric g on M such that ¥ is a Riemannian foliation
on (M,g),

(iii) there exists a metric g on M such that the leaves of ¥ are minimal
submanifolds of (M, g),
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(iv) there exists a metric g on M such that ¥ produces harmonic mor-
phisms on (M, g).
Moreover, if codim? = 2, is not necessary to assume that the first Betti

number of M is zero.

Proof. 1t is well-known that the assertions (i), (ii) and (iii) are equivalent.
Moreover, if any of these properties holds then there exists a metric g on M
such that ¥ is a Riemannian foliation with minimal leaves on (M, g) . (To see
this let A be a metric on M with respect to which ¥ has minimal leaves and
let £ be a metric on M with respect to which ¥ is Riemannian. If 57 is
the orthogonal complement of ¥ with respect to h and K is the orthogonal
complement of ¥ with respect to k let g = h” + k”* where, h”" is the vertical
component of h and k7 is the metric on . induced by the restriction of & to
K via the canonical isomorphisms of vector bundles /¢ — TM /¥ — K.) But
any Riemannian foliation with minimal leaves produces harmonic morphisms.

Conversely, suppose that ¥ produces harmonic morphisms on (M, g) . If
codim? = 2 then by Proposition [[.1.10], ¥ has minimal leaves (see [68]). If
codim?” # 2 then by Corollary , there exists a global density A>~" of

7, and ¥ is a Riemannian foliation with minimal leaves on (M,*g) . O

1.3. Characterisation of the conformal foliations which produce

harmonic morphisms

We now characterise conformal foliations which produce harmonic mor-
phisms. Recall [68] that a conformal foliation ¥ of codim”? = 2 produces
harmonic morphisms if and only if its leaves are minimal. For codim¥?” # 2,
the situation is more complicated and we have the following reformulation of
a result of R.L. Bryant [14] (see [9] for another treatment).

Proposition 1.3.1 ([I4]). Let ¥ be a conformal foliation of codim¥ # 2 on
(M, g) and let F be its orthogonal complement. Let "B and 7B be the second
fundamental forms of ¥V and J€ , respectively.

Then, ¥ produces harmonic morphisms on (M, g) if and only if the vector
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field
(n — 2) trace(”B) — ntrace(”B)

is locally a gradient vector field. (Here trace(”B) = > 7B(X;,X;) and
trace(’B) = 3., "B(Ua, Uy) for local orthonormal frames {X;} and {U,} of
A and V', respectively.)

Proof. Note that the following relation holds
(n — 2) trace(”B) — ntrace(”B) = n(n — 2) grad(log \) , (1.3.1)

if and only if:

trace(”?B) = n¥ (grad(log \)) (1.3.10)
and
trace("B) = —(n — 2).2(grad(log \)) . (1.3.1p)

By Remark [1.1.9(3), (1.3.1p) holds if and only A is a local dilation of

¥ . This together with the fundamental equation (1.1.4)), imply that (1.3.1p))
and (|1.3.1p]) hold if and only if ¥/, restricted to the domain of \, produces

harmonic morphisms and A>~" is a density of it. O

Note that Corollary [1.1.14] can be proved using (|1.3.1)) .

Proposition [1.3.1] provides one of the essential ingredients necessary to

obtain the following result (see [9] for a proof).

Proposition 1.3.2. Let (M, g) be a real-analytic Riemannian manifold, and
let ¥ be a foliation which produces harmonic morphisms on (M, g).

Then ¥V is a real-analytic foliation. Moreover, if codim ¥ # 2, then
any harmonic morphism produced by ¥ is a real-analytic map onto a real-
analytic Riemannian manifold. If codim ¥ = 2, then ¥ is locally defined by
real-analytic submersive harmonic morphisms onto real-analytic Riemannian

two-manifolds.

Corollary 1.3.3. Let ¢ : (M,g) — (N,h) be a submersive harmonic mor-

phism from a real-analytic manifold onto a smooth manifold.
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If dim N = 2 then there exists a real-analytic structure on N with respect
to which ¢ and h are real-analytic. If dim N = 2 then ¢ s real-analytic with
respect to the real-analytic structure on N induced by the conformal structure
of h.

Remark 1.3.4. In Corollary[1.3.3], if dim N = 2, then we can remove the hy-
pothesis that ¢ is submersive; note, however, that the metric of N may always
be chosen such that not to be real-analytic (just apply a suitable conformal
deformation).

If dim N > 3, we do not know if the hypothesis that ¢ is submersive can

be removed.

1.4. Homothetic foliations

By the mean curvature form of ¥ we mean the one-form (trace(”B))
obtained by applying the musical isomorphism (see [I1]) * : TM — T*M with

similar terminology for .7 (see [64]). Then we have.

Corollary 1.4.1. Let ¥ be a conformal foliation with codim¥?” # 2 and let
FC be its orthogonal complement. Then any two of the following assertions
imply the other one:

(i) ¥ produces harmonic morphisms,

(ii) ¥ has closed mean curvature form,

(iii) 22 has closed mean curvature form.

Proof. This is an immediate consequence of Proposition [I.3.1] and the
fact that (trace(’B))’ is closed if and only if trace(”B) is locally a gradient
and similarly for J# . O

We now introduce a new sort of foliation midway between conformal and

Riemannian foliations.

Proposition 1.4.2. For a conformal foliation ¥ on the Riemannian manifold
(M, g) the following assertions are equivalent:
(i) the leaves of ¥ can be, locally, given as fibres of horizontally homo-

thetic submersion;
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(ii) each point of M has an open neighbourhood on which there can be
defined a local dilation of ¥ which is constant along horizontal curves;

(iii) any local dilation A of ¥, defined on an open subset O with zero
first Betti number, is a product A = ab, where a and b are positive smooth
functions such that a is constant along vertical curves and b is constant along
horizontal curves;

(iv) the mean curvature of the orthogonal complement of ¥ is locally a

gradient vector field.

Proof. The equivalence (i) <= (ii) is obvious. Also, by Remark [1.1.9(2)
it follows that (ii)<=(iii).

By the same remark, if (ii) holds then, any local dilation A : O — R of ¥
is, locally, a product A = ab as in (iii). If on the same open subset of O, we
also have A\ = a; by then, a 1a; =b bl_1 = const. Hence the differentials of the
logarithms of the factors a, b from the local decompositions of A\ define closed
one-forms on O. If the first Betti number of O is zero then these one-forms
are exact and the implication (ii)=-(iii) is proved.

The equivalence (ii) <= (iv) follows from Remark [1.1.9(3). O

Remark 1.4.3. 1) If a conformal foliation satisfies one of the properties from
the above proposition then the holonomy groupoid of each leaf is formed of
germs of homothetic diffeomorphisms.

2) In (iii) above instead of H'(O;R) = 0 we could ask that the first basic
cohomology group (see [64]) of ¥'|o be zero. This follows from the fact that
the set of differentials {da} define a closed basic one-form on O .

3) Alternatively, it is sufficient to ask that the orthogonal complement
o of ¥|o is an Ehresmann connection [12] with trivial holonomy (in partic-
ular, 7|0 is integrable). To see this, note that the set of differentials {d(logb)}
define a closed one-form which, when restricted to a leaf L , is exact (because it
coincide with d((log \)|1)). When 4 is an Ehresmann connection with trivial
holonomy these exact forms can be matched together to define an exact form
on O.
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The notion of local dilations for conformal foliations can be generalized
to conformal distributions, although, in this case, these might not exist. Nev-
ertheless, if a conformal distribution admits local dilations then these share
the same properties (Remark [1.1.9(2) and (3)) as the local dilations of a con-
formal foliation. Moreover, assertions (ii), (iii) and (iv) from Proposition [1.4.2]
remain equivalent for conformal distributions which admit local dilations in a
neighbourhood of each point.

Proposition suggests the following definition.

Definition 1.4.4 (cf. [66, §2]). Let ¥ be a distribution on the Riemannian
manifold (M, g). We shall say that ¥ is homothetic if it is conformal and the

mean curvature of its orthogonal complement is locally a gradient vector field.

Remark 1.4.5. 1) Let ¥ be a foliation on M. Then, there exists a metric
g on M such that ¥ is a homothetic foliation on (M, g) if and only if ¥ is a
foliation of type (A) in the sense of I. Vaisman [66].

2) Note that, unlike conformal distributions, homothetic distributions al-
ways admit local dilations, even if nonintegrable. Indeed, if ¥ is a homothetic
distribution with codim?” = n and 7 is its orthogonal complement, then any

local smooth positive function A on M which has the property
ngrad(log \) = trace(”B), (1.4.1)

is a local dilation of 7 .
Moreover, if ¥ is a homothetic distribution and A is a local dilation of it
defined on an open set O such that A = ab as in (iii) from Proposition [1.4.2],

then any other local dilation defined on O is of this form.

Proposition 1.4.6. Let ¥ be a foliation on (M, g) with orthogonal comple-
ment .
If 7€ is a homothetic distribution then the parallel displacement defined
by it consists of (local) homothetic diffeomorphisms between leaves of ¥ .
Conversely, if 7€ is conformal, integrable and the parallel displacement
defined by it is formed of (local) homothetic diffeomorphisms between leaves of

V', then it is a homothetic distribution.
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Proof. If 7 is conformal and integrable then it admits local dilations.
Let A be a local dilation of 5# . Then for any horizontal vector field X invariant

under the holonomy of ¥ (i.e. for any basic vector field X ) we have:

Lx(A2(gly)) = 0. (14.2)

If (¢¢) is the local flow of X |, then (1.4.2)) is equivalent to the fact that for any

t we have

(©e)* (X% (glv)) = X(gl) - (1.4.3)
The proof follows from ([1.4.3)) by using the fact that, if 7 is conformal,

then it is homothetic if and only if in the neighbourhood of each point a local

dilation can be found, which is constant along the leaves of 7. O

Proposition 1.4.7. Let ¥V be a homothetic foliation of codimension not equal
to two on (M, g). Then, the following assertions are equivalent:

(i) ¥ produces harmonic morphisms;

(ii) the mean curvature of ¥ is locally a gradient vector field.

In particular, a homothetic foliation whose orthogonal complement is a

homothetic distribution produces harmonic morphisms with umbilical fibres.

Proof. Since ¥ is homothetic we have that trace(”B) is, locally, a gradi-
ent vector field. From Proposition it follows that ¥ produces harmonic
morphisms if and only if trace(”B) is, locally, a gradient vector field.

The last assertion follows from the fact that (see Remark [1.1.9(3)) ¥ is

umbilical if and only if J# is a conformal distribution. U

Corollary 1.4.8. Let ¥ be a foliation with minimal leaves and codim? # 2.

Then, ¥ produces harmonic morphisms if and only if it is homothetic.

See [I] for other relations between harmonic maps and minimal subman-

ifolds.

Remark 1.4.9. 1) In Proposition condition (ii) is a bit more general
than saying . is homothetic since it is not assumed to be conformal.

2) Any Riemannian foliation is homothetic.
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3) Given a horizontally homothetic submersion the connected compo-
nents of its fibres form a homothetic foliation. Conversely, note that if ¢ :
(M,g) — (N,h) is a horizontally conformal submersion such that its fibres
form a homothetic foliation then it is not true, in general, that ¢ is hori-
zontally homothetic. If the first Betti number of M is zero then ¢ can be
factorised into a horizontally homothetic submersion followed by a conformal
diffeomorphism. (By Remark [1.4.3(2), (3) this factorization can also be done
when the first Betti number of N is zero or when the horizontal distribution
¢ is an Ehresmann connection with trivial holonomy, in which case J¢ is
integrable and M is diffeomorphic to the product of N and the fibre.)

Example 1.4.10. 1) Doubly-warped-products (see [57], and the references
therein). If (MP,g) and (N?, h) are Riemannian manifolds and r : M — R
and s : N — R are positive smooth functions then the doubly-warped-product
of (MP,g) and (N9, h) is defined to be:

M, x ,N = (M x N, s>m%;(g) + 27 (h)),

where 7; and my are the projections onto M and N , respectively.

The projections mps : Mg x N — (M, g) and 7y : Mg x N — (N, h) are
horizontally homothetic so their fibres define a pair of complementary orthog-
onal homothetic foliations. Conversely, any Riemannian manifold endowed
with a pair of complementary orthogonal homothetic foliations is canonically
locally isometric to a doubly-warped-product. Hence, by Proposition [1.4.7],
when p, ¢ # 2 both of the foliations induced by the factors of a doubly-warped-
product produce harmonic morphisms. More precisely, if p # 2 the following

projection is a harmonic morphism with umbilical fibres:
2
mar My x N — (M, 772 g) . (1.4.4)

The fact that the above projection is a harmonic morphism also follows
from Proposition [1.2.4{iii) .

A concrete example of a warped-product is provided by the open subsets
in spheres (SPT9\ SF™", g,14), where SP1 = RPN SPT7 and R? = {z ¢
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RPHaHL gl = = 2P+t = 0} and g4 is the restriction of the canonical
metric on SPT9. The warped-product is the one induced by the following
diffeomorphism:
$: SPHa\ SPTT s P x g1
1

(I)(Cﬂ,y) = ((mv ‘?JD’ my) .

where ST = {x € S|Pttt > O}. To make ® an isometry we must give
S® x 59 the warped-product structure S x, S¢ where r(z!, ..., zPT!) = 2P*1.
Thus, if p # 2, particularises to give the following harmonic mor-
phism with umbilical fibres:
@1 (SN S gprg) — (55,772 gy)

QO(.Zl’ - 7xp+q+1) — (.Tl, o 737107 \/<(L.p+1)2 L+ ($p+q+1)2) )

By Proposition any other metric on Sﬁ with respect to which ¢
above is a harmonic morphism is homothetic to the one considered. Also,
note that, although ¢ can be extended to a continuous map @ on SP*9, the
considered metric on the codomain cannot be extended to the range of ¢.

2) Doubly-twisted-products (see [57], and the references therein). These
are defined in the same way as doubly-warped-products, but now r,s : M x
N — R. It is easy to see that a Riemannian manifold endowed with a pair of
complementary orthogonal foliations which are both umbilical (equivalently,
both conformal) is, canonically, locally isometric to a doubly-twisted-product.

If p # 2, it follows from Proposition[I.2.1] that the foliation ¥ induced by
the second factor of the doubly-twisted-product Mg x ,.IN produces harmonic
morphisms if and only if the function r9sP~2 is, locally, the product of a
function constant on M and a function constant on V.

If p = 2, then ¥ produces harmonic morphisms if and only if r is a
function defined on IV . In this case, ¥ has totally geodesic leaves and My x N
is isometric to the twisted product My x N where N = (N, r2h).

It follows that a pair of complementary orthogonal umbilical foliations
both of codimension not equal to two are both homothetic if and only if each

of them produces harmonic morphisms.






CHAPTER 2

Group actions and harmonic morphisms

2.1. Mean curvature forms and adapted Bott connections

In this section we shall establish the fact that the exterior derivative of
the mean curvature form of a distribution is the curvature form of the con-
nection induced on the determinant bundle of the distribution by its adapted
Bott connection (see [59]). By using this or by direct calculation we obtain for-
mulae for the exterior derivative of the mean curvature form of a distribution.
(We do not imagine that these formulae are new, but we could not find them
in the literature.) Some of these formulae apply to prove that if a conformal
foliation 7" has integrable orthogonal complement .7 and if " and .77 both

have basic mean curvature forms then ¥ produces harmonic morphisms.

The following simple lemma will be used later on.

Lemma 2.1.1 (cf. [60, Chapter IV, Example 4.10]). Let ¥ be a foliation on
(M,g) and let V € I'(¥) be a conformal vector field.
Then [V, X} = 0 for any basic vector field X .

Proof. Let # = ¥+ and X € I'(#) a basic vector field. Then [V, X] €
Lv).

But V is conformal and hence we can write
for any W e I'(#'). Hence [V, X] =0. O

The result of Lemma is equivalent to the fact that any conformal

vector field tangent to a foliation ¥ is an infinitesimal automorphism of the
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orthogonal complement of ¥ (see [60] or [35] for the definition of the infini-
tesimal automorphism of a distribution).
Let ¥ and 7 be two complementary orthogonal distributions (not nec-

essarily integrable) on (M, g).

H
Definition 2.1.2 (see [64]). The adapted Bott connection V on 7 is defined
by
H
VX = %[”VE, X] +¢%”(V,,~fEX)

for E€T'(T'M), X € I'(5) where V is the Levi-Civita connection of (M, g) .

Va
The adapted Bott connection V on ¥ is defined similarly by reversing
the roles of ¥ and 7 .

%
Remark 2.1.3 (see [64]). It is easy to see that V is compatible with the
metrlc mduced by g on 7 if and only if JZ is totally geodesic. Nevertheless,

since VX = 'V for any X € I'(°) we have that VX(g’Jf> =0.

Let ”T be the integrability tensor of 7 which is the ¥ -valued horizontal
two-form defined by #1(X,Y) = —#[X,Y] for X, Y € I'(J¢).

Proposition 2.1.4. Let ¢ be a distribution on (M, g). Then

d(trace(”B)’)(X,Y) = g(trace(””B), 71(X,Y)) , (2.1.1)

d(trace(”B)")(X,V) = %X (trace(”*B)’) (V) (2.1.2)
for any horizontal vectors X Y and vertical vector V .
Proof. This is a straightforward calculation using the fact that trace(”B)
is a vertical vector field. U
Let n = dim .»# and let A" be the determinant line bundle of /7 .

H
Let 7R € T'(End(#) ® A2(T*M)) be the curvature form of V. Then

the curvature form of the connection induced by V on A" is trace(”R) €

D(AX(T*M)).
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Proposition 2.1.5 (see [59]). Let 5 be a distribution on (M, g). Then

trace(”R) = d(trace(‘ny)b) .

Proof. Let izf be a local volume form of 5 considered with respect to
the metric induced by g .
Recall that trace(%ﬂR) dA where A is any local connection form of the

connection induced by V on \" . Thus it suffices to show that
Vs = —g(B, race(B)) & (2.1.3)
for any £F € TM .
If £ € 5 then the right hand side of is zero. Also, the left hand
side is zero because if E € 7 then gg(guﬂ) = 0 (see Remark [2.1.3)).
If E € 7 then }VfE G=m (LE w) Thus, if E € ¥ then reduces

to a well-known formula (see [68]). O

Proposition 2.1.6 (see [60], [64]). Let X € T'(J€) be a horizontal vector field.
Then the followmg assertions are equivalent.

(1) VVX =0 forany Ve I'(¥);

(ii) Z[X, V] =0 for any V € I'(¥) ;

(iii) £ ( (7/)) CT();

(iv) X is an infinitesimal automorphism of ¥ .

Proof. The equivalences (i) <= (ii) and (ii) <= (iii) are trivial. Also,
(ii) <= (iv) follows easily from [36, Chapter 1, Corollary 1.10]. O

Remark 2.1.7. If in Proposition we further assume that 2 is integrable
then the following assertions can be added.

(V) Lxo¥V =V oLx;

(Vi) Lx o = oLx .

Example 2.1.8 (see [64]). Suppose that ¥ is integrable. Then any basic vec-
tor field X € T'(2) for ¥ with respect to # is an infinitesimal automorphism
of ¥; in fact, if ¥ is integrable a horizontal vector field X € I'(#) is basic if
and only if any of the assertions (i), (ii), (iii) or (iv) holds.
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The following definition does not require any assumption on the distri-
bution 7.

Definition 2.1.9 (see [64, (4.34)]). Let E € T'(TM). The horizontal diver-
gence divFE of E is defined by

H(LpD) = (divyE) &

where fuf is any local volume form of F (endowed with the metric induced
by g).

The vertical divergence divy is defined similarly (note that
divE =divy E+ divy B
for any E € T(TM) ).
A standard calculation gives the following proposition.

Proposition 2.1.10. Let E € I'(TM). Then divFE is the (pointwise) trace
of the linear endomorphism # — € defined by Y — ' (Vy E) .
Hence, div_ ¢ E is globally well-defined (i.e. it does not depend on f)

Remark 2.1.11. 1) Obviously, if 5 is integrable and X € I'(J¢) then the
restriction of div X to each leaf L of J# is equal to the divergence of the
restriction of X to (L,g|r).

2) If V € T(¥) then divy V = —g(trace(”B), V).

Lemma 2.1.12. (a) Suppose that X € I'(J€) is an infinitesimal automor-
phism of V. Then
7RV, W)X = A (Vyrvw)X)

for any vertical V and W .
(b) Suppose that F is integrable and let X,Y € I'() and V € T'(V)
be such that [V, X]|=0=[V,Y]. Then

, H
PR(V,X)Y = Vy(#VyX).
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Proof. (a) Let V, W € I'(¥'). Then
» o #
R(V,W)X = [Vy, Vw]X = Vi X
=~ Vyww X = Voeyw X = 7 (Vyivw)X) .

(b) We have

Py A P
R(V,X)Y = [Vy,Vx]Y =V xY

= Vy(VxY) =V (#VxY)
I
= Vv(%[X,Y] + %VyX) .

Because ¢ is integrable we have that [X,Y] = [X,Y] and from
[V,X] =0=[V,Y], by using the Jacobi identity, we obtain that [V, [X,Y]] =

H
0. Hence Vy (#[X,Y]) = 0 and the lemma follows. O

Let {Xa} be a local frame for 7 over the open subset U C M and let
{VT} be a local frame for ¥ over U . We shall denote ‘horizontal’ indices by

a, b, c and ‘vertical’ indices by r, s, t.

Lemma 2.1.13. (a) Suppose that the X, are infinitesimal automorphisms
of V.

Then

b

d(trace("nfB)b) = (¢, + div e Xp) I, (2.1.4)

where {c,} are defined by H#[Xq, Xp] = £, X .
(b) If both F and ¥V are locally generated by infinitesimal automorphisms
of V and F€, respectively, and F€ is integrable then

v (d(trace(%pB)b)) = div("1) .

Proof. (a) This follows from Proposition m, Proposition [2.1.10| and

Lemma [2.1.12|(a) .
(b) This follows from (a) and the fact that ¥*(Lx(’I)) = 0 for any

infinitesimal automorphism X € I'(J#) of 7. O
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(Note that it seems to be impossible to formulate invariantly assertion

(a) of Lemma [2.1.13].)

Proposition 2.1.14 (see [59]). If ¥ is integrable then d(trace(”B)°)(V,W) =
0 for any vertical V and W .

Proof. This follows from Lemma [2.1.13] because if ¥ is integrable then

any basic vector field for ¥ is an infinitesimal automorphism of 7. O

Proposition 2.1.15. Suppose that both ¥ and F are integrable. Then the
following assertions are equivalent.

(i) The mean curvature form of A is closed;

(ii) The mean curvature form of F is basic (for V).

Proof. This follows from Proposition and Proposition 2.1.14. O

Proposition 2.1.16. Suppose that € is integrable and locally generated by
infinitesimal automorphisms of V. Let V. € I'(¥) and let X € T'(J) be an

infinitesimal automorphism of V. Then
H\b z H\b
d(trace(”B)’)(V,X) = V(diveX) = — Vx (trace(”B)")(V) . (2.1.5)

Proof. Note that ([2.1.5)) is tensorial in V' and thus we can suppose that
V is basic for /. Then the proof follows from Proposition [2.1.4], Proposi-

tion [2.1.5], Proposition 2.1.10 and Lemma [2.1.12b) . O

By reversing the roles of ¥ and 77 in Proposition|2.1.4land Lemmal2.1.13
and Proposition|2.1.16{we obtain the corresponding formulae for d (trace(“’/B )") .

The following simple lemma holds for any complementary orthogonal
distributions .## and ¥ .

Lemma 2.1.17. Let f be any smooth function on M . Then
I . Va N
Vy (7 (df)(X) = Vx (¥ (df)(V) (2.1.6)

for any vertical V' and horizontal X .
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Proof. Let X and V be vector fields which are horizontal and vertical,

respectively. The following relation is trivial
VX)) = X(V() = [V, X](f) = 0. (2.1.7)
But is equivalent to the following
VX(f) =2V, X](f) = X(V(f) = VX, VI(f)
which is obviously equivalent to . O

Proposition 2.1.18. Let ¥ be a foliation of codim ¥ = n £ 2 which produces
harmonic morphisms on (M, g). Then the following assertions are equivalent.
(i) The mean curvature form of ¥ is basic;

(ii) The mean curvature form of F is invariant under the parallel dis-

V
placement determined by A (i.e. Vx(trace(”’B)")(V) = 0).

Proof. Recall that trace(”B)* = n¥*(dlog \) (see [9]) for any local dila-
tion A\ of 7.

Also, from the fundamental equation of P. Baird and J. Eells it fol-
lows that trace(’B)” = —(n — 2)#*(dlog \) for any local density A>~" of .

Now the equivalence (i) <=> (ii) follows from Lemma [2.1.17. O

Theorem 2.1.19. Let ¥ be a conformal foliation on (M, g) of codim¥ # 2.
Suppose that the orthogonal complement F of ¥ is integrable.
Then any two of the following assertions imply the remaining assertion.
(i) ¥ produces harmonic morphisms;
(ii) The mean curvature form of ¥ is basic (for H);
(iii) The mean curvature form of F is basic (for V).
Moreover, if any two of (i), (ii) or (iii) hold then both ¥ and F have

closed mean curvature forms.

Proof. 1If (i) holds then the equivalence (ii) <= (iii) follows from Propo-
sition 2.T.18].

Suppose that both the assertions (ii) and (iii) hold. Then (i) follows from
Proposition [2.1.15| and Proposition [1.3.1]. O
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Proposition 2.1.20. (a) If ¥ is integrable then
d(trace(”B)’)(V,W) = 0 = d(trace("B)’) (V, W) (2.1.8)

for any vertical V- and W .
(b) Let ¥ be a conformal foliation on (M,g). Then the following asser-
tions are equivalent.
(i) For any local dilation \ of ¥ the one-form

trace(”B)” + (n — 2)*(dlog \)

is basic (n = dim J€);

(ii) For any horizontal X and vertical V' we have

d((n—2) trace(”B)’ — ntrace('VB)b)(X, V)=0. (2.1.9)

Proof. (a) The first equality of (2.1.8]) follows from Proposition [2.1.14].

The second equality of (2.1.8) follows from (2.1.1) of Proposition [2.1.4]
by reversing the roles of J# and ¥ .

(b) Let A be a local dilation of ¥ and recall that, according to ([1.1.3)),
we have trace(””B) = n¥ (grad(log \)). Hence, by applying (2.1.2)) of Propo-
sition 2.1.4] and Lemma we obtain that

(n—2) d(trace(%B)b) - nd(trace('VB)b))(X, V)
¥ o s
=(n—-2)Vx (trace(%B)b) (V)+nVy (trace(VB) )(X)
z 4 Vb
=n(n—2) Vx(#*(dlog \))(V) + n Vy (trace("B)’) (X)

=n(n—2) jva(%”*(d log \))(X) + njva (trace("’/B)b)(X)

for any horizontal X and vertical V' and the proof of (i) <= (ii) follows from
the fact that the basic vector fields (for #') are precisely those horizontal vector
fields which are infinitesimal automorphisms of ¥ (see Example[2.1.8(1)). O

2.2. Characterisation of the conformal actions which produce

harmonic morphisms

On a two-dimensional Riemannian manifold a foliation (of dimension

one) produces harmonic morphisms if and only if it is locally generated by
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conformal vector fields. This follows from the well-known fact that a harmonic
morphism to a one-dimensional Riemannian manifold is essentially a harmonic
function and, if the domain is two-dimensional, this is locally the real part
of a conformal map. If the manifold has dimension greater than two then
it is not true that any foliation locally generated by conformal vector fields
produces harmonic morphisms. In this section we shall give necessary and
sufficient conditions for a foliation locally generated by conformal vector fields
to produce harmonic morphisms (Theorem. To state this result we need
some preparations.

Firstly, we recall the following definition.

Definition 2.2.1 (cf. [63]). Let ¥ be a foliation on the Riemannian manifold
(M, 9g).

Then ¥ is locally generated by conformal (resp. Killing) vector fields if
in the neighbourhood of each point a local frame for ¥ can be found which is

formed of conformal (resp. Killing) vector fields.
We also need the following;:

Definition 2.2.2. Let ¥ be an orientable foliation of dimension p on a smooth
manifold M . Let A be a complementary distribution (i.e. ¥V ® 5 =TM).
Let 7T be its integrability tensor. Let Zj be a volume form on ¥ (i.e. a vertical
nonvanishing p-form).

Suppose that ¥ is locally generated by local frames {Vr} such that

(1) 7*(Ly,0) =0,

(2) V, is an infinitesimal automorphism of €, for any r .

We define the two-form trace(ad(”1)) on M by

trace(ad(?1)) = ¢, 7T,
where 1 =V, @ 1" and Vi, Vi] = b Vi

Example 2.2.3. Let 7 be an orientable foliation on (M, g), # = ¥+ and o
a volume form for ¥ with respect to g.
Then, (i) if {VT} is a local frame for 7" made up of Killing fields then they
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satisfy (1) and (2) of Definition m, (ii) more generally, the {V,.} satisfy (1)
of Definition if and only if their restrictions to each leaf are divergence-

free.

It can be shown, directly, that the above definition is independent of the
local frame {V,} of ¥ such that (1) and (2) above, hold. This also follows

from the following proposition.

Proposition 2.2.4. Let ¥, ¢, 71, Zj, {Vr} be as in Definition [2.2.2| and

let 7R be the curvature form of %

Then,

(a) trace(ad(”1)) = trace(’R) ;

(b) ¥*(L HIXY) Z) = trace(ad(”1))(X,Y) o for any basic vector fields
X andY .

Further, the following assertions are equivalent:

(i) trace(ad(*1)) =0,

(ii) At least locally there can be defined smooth positive basic functions p
such that ¥V*(Lx(p Z)) = 0 for any horizontal field X ,

(iif) ¥* (L HIXY) Z;) = 0 for any basic vector fields X and Y .

In particular, if the first Betti number of M is zero and (i) holds then ¥
is taut (i.e. there exists a Riemannian metric on M with respect to which the

leaves of ¥ are minimal).

. . . v
Proof. Let g be a Riemannian metric on M such that # = #* and w

is equal to the induced volume form on ¥, and let g be the adapted Bott
connection on ¥ corresponding to g .
Note that (1) of Definition[2.2.2]is equivalent to the fact that divy V, = 0.
The proof of (a) and (b) follows from Proposition Lemma
Proposition [2.1.14] and Propostion [2.1.16| reversing the roles of s and 7.

Assertion (a) is equivalent to the fact that trace(ad(”T)) is the curvature

v
form of the connection induced by V on A"(¥). It is easy to see that this

connection is flat if and only if assertion (ii) holds. The equivalence (i) <= (ii)
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now follows from (a).

The equivalence (i) <= (iii) follows from (b). O

Remark 2.2.5. Note that trace(ad(”T)) is well-defined also for nonorientable
foliations (in which case Z is defined just up to the sign). Also, note that
trace(ad(”T)) is well-defined for foliations locally generated by conformal vec-
tor fields.

We now state the main result of this section.

Theorem 2.2.6. Let ¥ be a conformal foliation of codim? = n # 2 on
(M™,g), m > 3. Suppose that ¥ is locally generated by conformal vector
fields and let S denote its orthogonal complement.

Then the following assertions are equivalent:

(i) ¥ produces harmonic morphisms.

(ii) The mean curvature form of ¥ is basic and the following relation
holds:

m —

trace(ad (1)) = =2 g(trace(”B), *T) (2.2.1)

n

Proof. By Proposition [1.3.1], ¥ produces harmonic morphisms if and
only if

(n—2) d(trace(jfB)b) — nd(trace('VB)b) =0. (2.2.2)

By Proposition [2.1.20(a) the left hand side of (2.2.2) is automatically

zero when evaluated on a pair of vertical vectors.

Let A be a local dilation of 7.

Let V € I'(¥) be a conformal vector field on (M, g). It is obvious that
V restricted to any leaf L of ¥ is a conformal vector field on (L, g|z). Using

this it is easy to see that

divy V.=—=(m —n)V(log\) . (2.2.3)
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Let X € I'(4€) be a basic vector field. Then

Vy (27 (dlog A))(X) = V(X (log A)) = X (V (log A))

__ 1 X(divy V) = 1 gv(trace(%B)b)(X) ;

m-—-"n m—n
(2.2.4)

where we have also applied Lemma and Proposition (reversing the
roles of # and ¥ in the latter). From Proposition [2.1.20(b) and it
follows that the left hand side of is zero when evaluated on a pair made
up of a vertical vector and a horizontal vector if and only if ¥ has basic mean
curvature form.

Now, using Lemma [2.1.13|(a) (with the roles of 7 and ¥ reversed) and
(2.2.3) it is easy to see that

d(trace("B)") (X, Y) = trace(ad("1))(X,Y) — "

g(trace(”B),”1(X,Y))

(2.2.5)
for any horizontal X and Y . By combining and Proposition we
obtain that the left hand side of is zero when evaluated on a pair of
horizontal vectors if and only if holds. The theorem is proved. O

Remark 2.2.7. The first condition of Theorem [2.2.6[ii) (i.e. # has basic
mean curvature form) can be replaced with the fact that the mean curvature

form of J# is invariant under the parallel displacement determined by 57 .

Corollary 2.2.8. Let ¥ be a foliation on (M™,g), m > 3, which is locally
generated by conformal vector fields and has integrable orthogonal complement.
Then the following assertions are equivalent.

(i) ¥ produces harmonic morphisms;

(ii) ¥ has basic mean curvature form.

Moreover, if either assertion (i) or (ii) holds then both ¥ and its orthog-

onal complement have closed mean curvature forms.

Proof. The equivalence (i) <= (ii) is an immediate consequence of The-
orem [2.2.0].
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The last assertion follows from Proposition 2.1.4], Lemma [2.1.13], Proposi-
tion 2.1.16] and Theorem [2.2.6]. O

2.3. Isometric actions and harmonic morphisms

From Theorem [2.2.6| we obtain the following.

Corollary 2.3.1. Let ¥ be a Riemannian foliation of codim ¥ # 2 on (M™, g)
m > 3, and let T be the integrability tensor field of its orthogonal comple-
ment. Suppose that ¥V is locally generated by Killing fields.

Then the following assertions are equivalent:

(i) ¥ produces harmonic morphisms,
(ii) trace(ad(”1)) =0.

Proof. Tt is obvious that 7 has basic mean curvature. Also, trace(”B) =
0 and the proof follows from Theorem [2.2.6). O

Remark 2.3.2. It is easy to see that Corollary 2.3.] holds more generally for
Riemannian foliations locally generated by infinitesimal automorphisms of the

horizontal distribution which when restricted to any leaf are divergence-free.

When the foliation is simple the result of Corollary takes a more

concrete form.

Corollary 2.3.3. Let ¢ : (M,g9) — (N,h), dim N # 2, be a Riemannian
submersion whose fibres are connected and locally generated by Killing fields
and let T be the integrability tensor of the horizontal distribution. Then the
following assertions are equivalent.

(i) @ lifts to a harmonic morphism @ : (M, 3) — (N, h) where (M, g) —
(M, g) is a Riemannian reqular covering and N = N isa regular covering

such that h and the pull-back of h to N are conformally equivalent.
(ii) trace(ad(#T1)) =0.

Proof. From Corollary it follows that it is sufficient to prove that if
¥ (= ker ¢, ) produces harmonic morphisms then (i) holds.

Let M — M be the regular covering which corresponds to the cohomology
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class [a] € H'(M;R) induced by the differentials of the logarithms of the
dilations of the (local) harmonic morphisms produced by ¥ (= kerp,) . (From
the fundamental equation it follows that a can be also defined as the one-
form obtained by applying the musical isomorphism b to =% trace(” B).) It
is obvious that the pull-back of [a] to M is zero; let A be a smooth positive
function on M such that d(log A) is equal to the pull-back of a to M.

Since a is basic (see Remark [2.3.2(1)) there exists a regular covering
N — N whose pull-back by ¢ is M — M. It is obvious that p lifts to a
smooth map @ : M — N . Note that we can suppose that A is constant along
the fibres of @ and hence there exists a positive smooth function A on N such
that @*(\) = \.

Let g be the pull-back of g to M and h be the pull-back of A to N.
Then ¢ : (]\7 ,§) — (N,A2h) is a harmonic morphism and the corollary is
proved. O

Remark 2.3.4. Ifin Corollarywe have that HY(M;R) = 0or H'(N;R) =
0 then assertion (i) can be replaced by the following stronger assertion:

(") There exists a Riemannian metric Ay on N which is conformally
equivalent to h such that ¢ : (M, g) — (N, hy) is a harmonic morphisms.

The same improvement can be made if the foliation formed by the fibres
is generated by a commuting family of Killing fields {Vi,...,V,} (in particu-
lar, if the foliation is generated by an Abelian Lie group of isometries). To see
this define A by g(ViA... AV, ViA...AV,) =A% n=dim N. Then X is

the dilation of the induced harmonic morphism.
In some cases trace(ad(”T)) can be defined in a different way:

Lemma 2.3.5. Let ¥ be a Riemannian foliation on (M, g) generated by the
action of a closed subgroup G of the isometry group of (M,g). Let {V.} be a
local frame of ¥ made up of Killing vector fields induced by the action of G
and let {ct,} be defined by [V,,Vs] = L, V;.
Then there exists a well-defined vertical one-form traceoad € I'(¥™*) such
that
(traceoad)(V;) = ¢

TS *
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Moreover, we have trace(ad(”1)) = (traceoad)(”T).

Proof. Let x € M and let h, be the Lie algebra of the isotropy group H,
at x of the action of G on M. Because G is a closed subgroup of the isometry
group, the isotropy groups are compact and hence we can find a subspace
m, of the Lie algebra g of G such that g = b, & m, and [h,, m,] C m, (for
example, take m, to be the orthogonal complement of b, in g with respect to
an AdH -invariant metric on g).

Then, by identifying, as usual, m, = ¥,, (traceoad), is the restriction
to m; of the trace of the adjoint representation of g.

If y=xa, a € G, is another point on the same leaf, then we can take
m, = (Ada™!)(my).

If y € M can be joined to x by a horizontal curve then from Lemma [2.1.1
it follows that H, = H,.

Hence trace o ad is well-defined.

The last assertion of the proposition is obvious. O

Let 7 be a foliation on (M, g) locally generated by Killing fields. Al-
though traceoad is not always well-defined, to simplify the exposition, we
shall write traceoad = 0 to mean that in the neighbourhood of each point a
local frame {VT} for ¥ can be found which is made up of Killing fields and is
such that cf; = 0 where ¢’ are defined by [V}, VS] =c. V.

The following two corollaries follows immediately from Corollary [2.3.].

Corollary 2.3.6. A foliation of codimension not equal to two which is locally
generated by Killing fields and which has integrable orthogonal complement

produces harmonic morphisms.

Corollary 2.3.7. A foliation of codimension not equal to two which is locally
generated by Killing fields and for which traceoad = 0 produces harmonic

morphisms.
The above result admits the following partial converse.

Proposition 2.3.8. Let ¥ be a foliation of codimension not equal to two

which produces harmonic morphisms on (M,g) and is locally generated by
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Killing fields. Let T be the integrability tensor of the orthogonal complement
HC of V.

Suppose that on each leaf L of ¥ a point x € L can be found such that
Y, is spanned by {'%I(X, V)X, Y e %”x} )

Then traceoad = 0.

Proof. From Corollary it follows that it is sufficient to prove that 7,
is spanned by {%I(X, V)| X,Y € %} at each point x € M . From Lemma
it follows that [V, ”T(X,Y)] = 0 for any Killing field V € T'(#) and any
basic vector fields X,Y € I'(J7).

The proof follows from the fact that any two points of a leaf can be
joined by a curve which is piecewisely an integral curve of a Killing vector
field V € I'(7¥) (see [60, Chapter I, Theorem 4.4)). O

Next we give an example of a Riemannian foliation locally generated by
Killing fields for which trace(ad(*7)) = 0 but #T # 0 and traceoad # 0.

Example 2.3.9. Let F be a Riemannian foliation locally generated by Killing
fields and which produces harmonic morphisms on (M, g). Suppose that the
orthogonal complement of F is not integrable (see examples, below).

Let G be the Lie group defined by

G={(%")|a>0, beR}.

0 a?

Endow G with a right invariant metric v and consider the Riemannian
product manifold (M x G, 73,(g) + 75 (y) ) where 7y and 7g are the projec-
tions onto M and G, respectively. Let ¥ = F x TG . It is obvious that ¥
is a foliation locally generated by Killing fields and which produces harmonic
morphisms on (M x G, 73,(9) + 7&(7) )-

Notice, however, that the orthogonal complement # of ¥ is noninte-
grable so 7T # 0, and also trace oad # 0.

For the next application we recall the following definition (cf. [IT) 7.84]).

Definition 2.3.10. Let (L?, h) be a locally homogeneous Riemannian manifold

(i.e. a Riemannian manifold whose tangent bundle admits, in a neighbourhood
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of each point, local frames made up of Killing fields).

Then (LP,h) is called naturally reductive if each point x € L has an open
neighbourhood on which a local frame {‘/T}T‘ZL..A,[) made up of Killing fields can
be found such that h([V,, Vs], Vi) + h(Vs, Vi, Vi]) =0 at x .

The following well-known lemma follows from the fact that any skew-

symmetric endomorphism is trace-free.

Lemma 2.3.11. Let (L,h) be a naturally reductive locally-homogeneous Rie-

mannian manifold. Then tracecad =0.
The following result follows from Corollary and Lemma [2.3.11].

Proposition 2.3.12. A foliation of codimension not equal to two which is
locally generated by Killing fields and whose leaves are naturally reductive pro-

duces harmonic morphisms.

Theorem 2.3.13. Let G be a Lie group which acts as an isometry group on
the Riemannian manifold (M, g) .

Suppose that the following conditions are satisfied:

(i) The orbits of the action of G on M have the same codimension not
equal to two.

(ii) There exists on G a bi-invariant Riemannian metric.

(iii) The canonical representation of an isotropy group is irreducible.

Then, the connected components of the orbits form a Riemannian folia-

tion with umbilical leaves which produces harmonic morphisms.

Proof. The fact that (i) implies that the connected components of the or-
bits form a Riemannian foliation is well-known (see [60, Chapter IV, Example
4.10]). Let ¥ be this foliation.

By chosing an Ad G invariant metric on the Lie algebra of G and restrict-
ing it to the orthogonal complement of the Lie algebra of the isotropy group
at x € M we can induce a metric h, on ¥, which by (iii) must be homothetic
to gz|v, (see [36], vol. I, Appendix 5]). Then h is a metric on # which can be
extended to a metric h on M such that h|» = g|,» where S is the orthogonal
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complement of ¥ .

Since h|y is induced by an Ad G invariant metric, ¥ has naturally reduc-
tive leaves with respect to h. But g and h are homothetic when restricted to
a leaf and hence the leaves of ¥ are also naturally reductive with respect to
g . Moreover, from the fact that ¥ has totally geodesic leaves with respect to
h, and g and h are conformal when restricted to ¥ and equal when restricted

to S it follows that the leaves of ¥ are umbilical with respect to g. O

Remark 2.3.14. Note that the same argument as above can be applied to
show that the Ricci tensor of each leaf is proportional to the induced metric

(see [11], 7.44]); hence, in the above theorem, each leaf is an Einstein manifold.

Theorem 2.3.15. Let G be a closed subgroup of the isometry group of (M, g)
which generates a foliation ¥ of codimension not equal to two.

(i) Suppose that the Lie algebra g of G satisfies trace(ad g)=0. Then, ¥
produces harmonic morphisms.

(ii) Conversely, if ¥ produces harmonic morphisms and on each orbit Q a
point x € Q can be found such that ¥, is spanned by {”I(X,Y) | X, Y € %’;}
where 7T is the integrability tensor of the orthogonal complement of ¥, then
trace(adg) = 0.

Proof. (i) It is sufficient to prove that traceoad = 0.

Let H be the isotropy group of G at x € M . Since G is a closed subgroup
of the isometry group we have that H is compact and hence we can find m C g
such that g=h @ m and [h,m] C m.

Let {Al,...,AT} be a basis of § and {Ar+17 e ,AS} a basis of m. Let
{czx ﬁ} be the corresponding structural constants of g.

Because trace(ad g) = 0 we have that >°0 _, cos=0for 3=1,...,s.

Also, [h,m] € m implies that cgﬁ =0fora,y=1,...,rand B =1 +
1,...,s.

Let B € {r+1,...,s}. Then Y%, cls = =D o 1chz = 0 and it
follows that (traceoad), =0.

(ii) Note that if a point of an orbit has the assumed property then on
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each component of that orbit a point can be found with the same property.

The proof now follows from Proposition [2.3.§]. U

Corollary 2.3.16. Let G be a compact Lie group of isometries of (M,g) .
If the principal orbits of G have codimension not equal to two then their
connected components form a Riemannian foliation which produces harmonic
morphisms.

In particular, if (M, g) is compact and the principal orbits of the isome-
try group are of codimension not equal to two then their connected components

form a Riemannian foliation which produces harmonic morphisms.

Remark 2.3.17. Let G be a Lie group and let g be its Lie algebra. Recall that
if G is connected then trace(ad g) = 0 if and only if G is unimodular, i.e. its
left and right invariant Haar measures (which are unique up to multiplicative

constants) are equal.

Theorem 2.3.18. Let { = (P, N, G) be a principal bundle, dim N # 2, whose
total space P is endowed with a Riemannian metric g which is invariant under
the action of G.

Let A be the induced principal connection on & and h the (unique) Rie-
mannian metric on N such that the projection w : (P,g) — (N, h) is a Rie-
mannian submersion.

Then the following assertions are equivalent:

(i) The connection induced by F on the determinant bundle of the ad-
joint bundle Ad £ is flat.

(i) The projection = lifts to a harmonic morphism 7 : (P,§) — (N, h)
where (ﬁ,g) — (P, g) is a Riemannian regular covering and N> Nisa requ-
lar covering such that h and the pull-back of h to N are conformally equivalent.

Moreover, (]3, N, Q) s, in a natural way, a principal bundle.

Proof. Let Q € T'(g®A?(T*P)) be the curvature form of J#. It is obvious
that trace(ad 1) = (traceoad)(Q2). But (traceoad)() is the pull back, by
m, of the curvature form of the determinant bundle of Ad{. Hence, (i) is

equivalent to the fact that the fibres of w form a (Riemannian) foliation which
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produces harmonic morphisms.

Now, from the Corollary it follows that it is sufficient to prove that
(ﬁ, N , ) is, in a natural way, a principal bundle. Using the same notations as
in Corollary (with P = M) this follows from the fact that P is the total
space of £ +n € HY(N,G x K), where n € H*(N, K) is the regular covering
corresponding to [b] € H'(N,R) and [b] is such that 7*[b] = [q] . O

Remark 2.3.19. 1) From the holonomy theorem (see [36]) it follows that
assertion (i) of Theorem is equivalent to the fact that the identity com-
ponent H of the holonomy group of J# satisfies det(AdgH) = 1.

2) Let 7 be a foliation on (M, g) generated by the action of a closed
subgroup G of the isometry group of (M, g). Then it can be proved, directly
by using the mass invariance characteristic property of harmonic morphisms
(see Proposition , that ¥ produces harmonic morphisms if and only if
the identity component H of the holonomy group at x of the orthogonal com-
plement of ¥ satisfies det(AdgH) = 1. (The holonomy group of 7 (= ¥ *)
at x € M consists of those a € G such that z and za can be joined by a hori-
zontal path, cf. [I2].) In this way another proof can be obtained for the result
of Corollary applied to foliations globally generated by closed subgroups

of the isometry group.

Corollary 2.3.20. Let (P,N,G) be a principal bundle, dim N > 3, whose
total space P is endowed with a Riemannian metric g which is tnvariant under
the action of G.
Let H C G be a closed subgroup and suppose that trace(adh)= 0 and
trace(ad g)= 0. Let E = PxgG/H be the total space of the associated bundle.
Then in a neighbourhood of any point, there exist Riemannian metrics on
E and N with respect to which the restriction of the natural projection E — N

to that neighbourhood is a harmonic morphism.

Proof. Tt is well-known that (P, E, H) is in a natural way a principal
bundle (see [36]). From Theorem [2.3.18|it follows that both of the foliations
induced on P by the actions of G and of H produces harmonic morphisms.

Thus, at least locally, we can find metrics on £ and on N with respect to
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which the projections P — E and P — N are harmonic morphisms. Since
the first of these is surjective this implies that the projection E — N can
also be made, at least locally, a harmonic morphism (see [I8], 2.31] and [28]
Proposition 1.1]). O

It is obvious that Corollary [2.3.20] still holds if dimG — dim H # 1 =
dim N .

Corollary 2.3.21. Let (G,g) be a Lie group endowed with a right (left) in-
variant Riemannian metric. Let K C H C G be closed subgroups such that
trace(ad €) = 0, trace(adh) =0 and dimG — dim H > 3.

Then in a neighbourhood of any point, there exist Riemannian metrics on
G/H and G/K with respect to which the restriction of the natural projection
G/K — G/H to that neighbourhood is a harmonic morphism.

It is obvious that Corollary still holds if dimG — dimH = 1 #
dim H — dim K .

Example 2.3.22. 1) A one-dimensional Riemannian foliation produces har-
monic morphisms if and only if it is locally generated by Killing vector fields.
This result is due to R.L. Bryant [14] and the ‘if’ part follows also from Corol-
lary (see also Proposition , below).

Let ¢ : (M™" g) — N™ n > 3, be a submersion with connected one-
dimensional fibres and let # be the foliation formed by the fibres of ¢. Suppose
that there exists a nowhere zero Killing vector field V' € T'(¥'). Let g be the
unique metric on N such that ¢ : (M™*! g) — (N",g) is a Riemannian sub-
mersion and let A be the positive smooth function such that g(V, V) = A\?n=4,
Then, because V is Killing, A is basic, i.e. there exists a positive smooth func-
tion A on N such that A = Aog. Then, ¢ : (M,g) — (N, g) is a harmonic
morphism [14]. We shall say that ¢ is induced by an (infinitesimal) isometric
action.

2) The foliation formed on (an open subset of) a hypersphere S™ by the
intersections with it of a parallel family of planes in R"*! of codimension not

equal to three produces harmonic morphisms. This follows from Corollary
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2:3.6] or from Theorem [2.3.13]. This can also be proved by noting that the
foliation is induced by one of the projections of a warped-product (see Ex-
ample . Similar examples can be obtained on Euclidean spaces and on
hyperbolic spaces.

3) Let K=R,C,H and consider on Gl,(K), n > 2, the following well-
known right invariant Riemannian metric

n

9= |z (@ Hj[".
ij=1

Let K C H C G C Gl,(K) be closed subgroups such that trace(ad £) = 0,
trace(ad h) = 0 and dimG — dim H # 2 # dimG — dim K. Then, at least
locally, a metric can be found on G/H (which is unique up to homotheties)
such that the projection G — G/H becomes, suitably restricted, a harmonic
morphism. (If G or G/H has zero first Betti number then this metric can be
defined globally on G/H .) Also, at least locally, a metric can be found on
the total space of the projection G/K — G/H such that the induced foliation
produces harmonic morphisms. (If G/K and G/H both have zero first Betti
number then there can be defined (global) metrics on them such that the
projection G/K — G/H becomes a harmonic morphism.)

For example, the foliations formed by the fibres of the following natural

maps produce harmonic morphisms:
Glp1q(K) =Gprqp(K) X Gpig,e(K),

Glp1¢(K) =Vpigp(K) X Gpiqq(K),
Glptq(K) =PGly14(K)

where, for p,q > 1, Gpiqp(K) is the Grassmanian manifold of p-dimensional
subspaces of KP*, V,,4,,(K) is the Stiefel manifold of p-frames on KP*? and
for the first projection p+¢ > 3if K=R. f K=H, or K=R and p+¢q > 3,
then the first Betti number of Gi,44(K) is zero and hence in these cases on the
image of each of the above maps a metric can be found such that the induced
map becomes a harmonic morphism.

In particular, consider on GIJ (R) the coordinates given by z = (33 73)
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With respect to these coordinates we have
1 2 2 2 2 2 2 2 2
= — S(xz3 + x5)(dxy+ dxs) + (27 + 25) (dxez + dx
g (£U11E4 _$2$3)2 {( 3 4)( 1 2) ( 1 2)( 3 4)
— 2(x123 + x9w4)(dw1 dg + das da:4)} )

Then on the images of the following maps there exist Riemannian met-
rics, unique up to homotheties, with respect to which the induced maps are

harmonic morphisms.
¢1:GlF (R) — PGIS (R), given by the natural projection,
v :GZJ(R) — R? x RP!, given by wo(x1, T2, 3, 14) = ((931,952), [x3 1:4]).
If K = C or H then we can also consider the foliation induced by the map
Glr(K) — KP! x KP!.

Other examples can be obtained by considering other linear Lie groups.

2.4. Homothetic foliations locally generated

by conformal vector fields

From results of Section 2 and 3 we obtain necessary and sufficient condi-

tions for a foliation to be homothetic.

Corollary 2.4.1. Let ¥ be a conformal foliation on (M, g) with integrable
orthogonal complement 7€ . If both ¥ and 7€ have basic mean curvature forms
then ¥ is a homothetic foliation. If, further, codim¥ # 2 and dim M > 3

then ¥ produces harmonic morphisms.
Proof. This is an immediate consequence of Theorem [2.1.19]. O

Proposition 2.4.2. Let ¥ be a foliation of codim¥ =mn on (M™,g) which
18 locally generated by conformal vector fields and let 7 denote its orthogonal
complement.

If ¥ is homothetic then g(trace(”’B),”T) =0.

Conversely, if g(trace(”B),”I) = 0 then the following assertions are
equivalent:

(i) ¥ is a homothetic foliation;

(ii) The mean curvature form of ¥ is basic;
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(iii) The mean curvature form of F is invariant under the parallel dis-
placement determined by € ;

(iv) In the neighbourhood of each point of M there a exists a local dila-
tion X\ of ¥ such that for any horizontal vector X and conformal vector field
V' tangent to ¥ we have X (V(logA)) =0.

Proof. The first assertion is an immediate consequence of formula
from Proposition [2.1.4].

Suppose now that g(trace(”B),”T) = 0.

The equivalence (i) <= (iii) follows from Proposition [2.1.4].

From the proof of Theorem it follows that

1 z YR\b & *
p—— Vy(trace("B)’)(X) = X(V(log \)) = Vy (2" (dlog M) (X) (2.4.1)

for any X € I'(2¢), any conformal vector field V' € I'(#) and any local
dilation A of #". The first equality of (2.4.1)) implies that (ii) <= (iv).
From the second equality of (2.4.1) and (2.1.2) of Proposition we

obtain the equivalence (iii) <= (iv) and the proposition is proved. O

Theorem 2.4.3. Let ¥ be a foliation of codim¥ # 2 on (M™,g), m > 3,
which is locally generated by conformal vector fields. Then any two of the
following assertions imply the other one.

(i) ¥ produces harmonic morphisms;

(ii) ¥ is homothetic;

(iii) trace(ad(”1)) = 0.

Proof. This is a consequence of Proposition and of Theorem [2.2.6|.
O

Remark 2.4.4. 1) There is another way to prove that in Theorem m
if (ii) holds then (i) <= (iii). To see this let A be a local dilation of ¥
which is constant along horizontal curves. Then, with respect to A\2g, ¥ is a
Riemannian foliation locally generated by Killing fields. Thus, condition (ii)
of Theorem says the same thing when written for a local frame made up

of fields which are conformal with respect to g and when written for the same
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frame with the metric A?¢ so that the fields are now Killing fields. Moreover,
since A is constant along horizontal curves, ¥ produces harmonic morphisms
with respect to g if and only if it produces harmonic morphisms with respect
to A2g (Corollary . The proof of the theorem now follows from Corollary
[2.3.1] (which can be proved directly).

2) It is not difficult to see using Theorem that the following classes

of foliations of codimension not equal to two produce harmonic morphisms:

e homothetic foliations locally generated by conformal fields and with
integrable orthogonal complement;

e homothetic foliations generated by the local action of an Abelian Lie
group of conformal transformations;

e homothetic foliations generated by the action of a unimodular closed
subgroup of the group of conformal transformations;

e homothetic foliations formed by the components of the fibres of prin-
cipal bundles for which the total space is endowed with a metric such
that the structural group acts by conformal transformations and the
connection induced on the determinant bundle of the adjoint bundle
is flat.

From Theorem [2.4.3] we obtain the following.

Corollary 2.4.5. Let ¥ be a foliation of codim¥ # 2 on (M™,g), m > 3
which is locally generated by conformal vector fields. Suppose that the orthog-
onal complement 7€ of V 1is integrable. Then the following assertions are
equivalent.

(i) ¥ produces harmonic morphisms;

(ii) ¥ is homothetic.

Remark 2.4.6. We shall see (Proposition (3.1.5)) that if dim# = 1 then (i)
and (ii) of Corollary imply that 7 is locally generated by conformal

vector fields.

Next we give a construction of a foliation which produces harmonic mor-

phisms which has basic mean curvature form but is nowhere homothetic.
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Example 2.4.7. Let ¢ : (M"*1 h) — (N" h),n > 1, be a Riemannian
submersion with geodesic fibres and let ¥ be the foliation formed by the
fibres of .

Suppose that V is a local vertical field such that h(V,V) = 1. Because
¢ has geodesic leaves we have that [V, X] = 0 for any basic X .

Let § = V> and Q = df. It is easy to see that Q = 0 if and only
if the horizontal distribution ¢ is integrable. Also, €2 is basic and since
dQ2 = ddf = 0, at least locally, we can find a basic one-form A such that
Q=—-dA.

Thus df = Q = —dA and hence d(A + 0) = 0. It follows that, at least
locally, we can write A+6 = do for some smooth local function o on M . Note
that the horizontal component of do is basic, being equal to A.

Supposing that o is defined on the whole M, let ¢° be the Riemannian
metric on M defined by

go — e 20 s0*(]_1) + e(2n—4)cr 92 .

Then ¢ : (M, g°) — (N, h) is a harmonic morphism [14] . Moreover, the
mean curvature form of ¥ with respect to g7 is (2 — n)A and therefore is
basic. However, from Proposition and Proposition it follows that
the connected components of the fibres of ¢ form a homothetic foliation with
respect to g only over the set of points where the horizontal distribution is
integrable . Thus if J# is nowhere integrable then ¥ is nowhere homothetic
with respect to g7 .

Let p be any other function which has the same properties as o (i.e.
¢ : (M, gP) — (N,h) is a harmonic morphism, the mean curvature form of ¥
with respect to ¢” is basic and ¥ is nowhere homothetic on (M, ¢”)). Then,
there exists a unique constant ¢ € R such that p — co is, at least locally, a
basic function.

To see this note that because the induced foliation is nowhere homothetic
then we must have:

(i) M ={xze M|V(V(p)) =0} (otherwise on some open subset of M
the level hypersurfaces of V' (p) would be integral submanifolds of the horizontal
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distribution);

(i) the interior of the set {x € M|V (p) = 0} is empty (otherwise the
restriction of ¥ to some open subset of M would be Riemannian).

Thus we have V(p) = ¢, for some constant ¢ # 0. Hence dp = c0 + B.

Then B must be basic (because X (V' (p)) = 0 for any horizontal X) and
hence 0 = ¢df + dB which is equivalent to dB = —c{2.

It follows that d(p —co) =dp—cdo=cl0+ B —c —cA=B—cA.

Because B — cA is a closed basic one-form, at least locally, we can find a
basic function whose differential is equal to d(p — co) and hence p — co is, at

least locally, a basic function.

2.5. Homothetic actions and harmonic morphisms

Recall that a vector field V' on a Riemannian manifold (M, g) is homo-
thetic if Lyyg = a g for some constant a € R (see [70]).
The first thing to note about a foliation locally generated by homothetic

vector fields is the following.

Proposition 2.5.1. Let ¥ be a foliation on (M,g) locally generated by ho-
mothetic vector fields. Then either ¥ is Riemannian and locally generated by

Killing vector fields or ¥ is nowhere Riemannian.

Proof. Let P ={xz € M| ¥ is Riemannian at z } .

It is obvious that P is closed. Also let {Vr} be a local frame of ¥, defined
on a connected open subset U and made up of homothetic vector fields. It is
obvious that if U N P # () then V, are Killing fields and thus U C P. Hence
P is also open and, since M is connected, either P = M or P =0. O

From Proposition [2.4.2] we obtain the following.

Corollary 2.5.2. Let ¥ be a foliation locally generated by homothetic vector
fields on the Riemannian manifold (M, g) .
Then ¥ is a homothetic foliation if and only if g(trace(”B),”1) = 0.
In particular, a foliation locally generated by homothetic vector fields and

with integrable orthogonal complement is a homothetic foliation.
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Proof. Let V' be a homothetic vector field on (M, g) which is tangent
to the foliation. Then it is easy to see that Ly g = —2V (log A\)g where A is
any local dilation of the foliation. But V' is homothetic and hence V (log \)
is a constant function. The proof now follows from (i) <= (iv) of Proposi-
tion 2.4.2]. O

Remark 2.5.3. Let ¥ be a conformal foliation on (M,g) and define the
vertical one-form g by the relation (Lyg)(X,Y) = pu(V)g(X,Y) where V is
vertical and X, Y are horizontal [66] (see [9]). Then p = —2%*(d(log\))
where X is a local dilation of ¥, and, because trace(”’B) = n ¥ (grad(log \)),
we have p = —2 trace(”B)” (see [9]).

By Corollary 2.5.2], if ¥ is locally generated by homothetic vector fields
then 7 is a homothetic foliation if and only if u(#1) = 0.

Proposition 2.5.4. Let ¥ be a one-dimensional foliation of codim ¥ # 2 on
(M™ g), m > 3, which is not a Riemannian foliation and which is locally
generated by homothetic vector fields. Then the following assertions are equiv-
alent:

(i) ¥ produces harmonic morphisms,

(ii) ¥ is a homothetic foliation,

(iii) 22 is integrable.

Proof. 1t is easy to see that because ¥ is locally generated by homothetic

vector fields its mean curvature form is basic. The proof now follows from

Theorem and Corollary [2.5.2). ]
Note that in Proposition the equivalence (ii) <= (iii) holds also

when codim ¥ = 2.

Proposition 2.5.5 (cf. [66, Proposition 2.8]). Let ¥ be a foliation on (M™, g)
locally generated by homothetic vector fields. Then there exists a Riemannian
foliation W C ¥ locally generated by Killing fields. Moreover, if ¥V is not
Riemannian then dim ¥ = dim % + 1.

Proof. Suppose that 7 is not Riemannian. Then by Proposition the

foliation ¥ is nowhere Riemannian. Since ¥ is conformal we can find local
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dilations of it in the neighbourhood of each point. Let A be a local dilation of
¥ defined on the open subset U C M . For x € U let

Wy ={V eV |V(og)) =0} =7n (grad(log \),)" .

Since any two local dilations of ¥ differ locally by a factor which is constant
along the leaves it follows that %, does not depend on A. Because 7 is
nowhere Riemannian, %, # ¥,. Also grad(log ) is nonvanishing and hence
dim((grad(log A);)*) = m — 1 where m = dim M . We have
dim % = dim (7, N (grad(log \);) ")
= dim %, + dim((grad(log \);) ") — dim(%; + (grad(log \)z)*) -

It follows that the minimum value of dim %, occurs precisely when ¥, +
(grad(log \),)* = T,,M . If this is the case, then dim %, = dim 7, + (m —1) —
m =dim ¥, —1. Since #; C V., W, # ¥, it follows that dim #, = dim ¥, —1.
Thus # = (#z)zem defines a distribution on M . Then # is integrable be-
cause it is the intersection of two transversal foliations.

Let V € I'(¥) be a homothetic vector field. It is easy to see that if
Ve, € #y then V e T'(#). Since ¥ is locally generated by homothetic vector
fields it follows that # is locally generated by Killing fields. (This also im-
plies that # is integrable since any Killing field which is tangent to ¥ must be
tangent to # and the bracket of any two Killing fields is a Killing field.) O

We can now characterise geometrically the homothetic (infinitesimal) ac-
tions which induce homothetic foliations and their relations with harmonic

morphisms.

Theorem 2.5.6. Let ¥ be a foliation locally generated by homothetic vector
fields and let € be its orthogonal complement.

Then the following assertions are equivalent:

(a) ¥ is a homothetic foliation;

(b) either ¥ is Riemannian and locally generated by Killing fields or there
exists a Riemannian foliation W C V locally generated by Killing fields such
that dim ¥ = dim # + 1 and the distribution F = W & H is integrable.

Moreover, if (a) or (b) hold and dim¥ > 2, codim¥" > 3 then the
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following assertions are equivalent:
i) ¥ produces harmonic morphisms
i) 7 p phisms,

(ii) The restriction of # to any leaf of F produces harmonic morphisms.

Proof. The equivalence (a) <= (b) follows from Corollary and
Proposition 2.5.5].

Suppose that (a) or (b) hold and 7 is not Riemannian. Let V € I'(¥)
be a homothetic vector field which is not Killing. (Such a vector field can be
found in the neighbourhood of each point of M because ¥ is locally generated
by homothetic vector fields and # # ¥'.) Note that, for any Killing field
W e I'(#') we have that [V, W] is also Killing and hence [V, W] € T'(#') . Us-
ing this fact together with Theorem and Corollary it is not difficult

to see that the assertions (i) and (ii) are equivalent. O

Remark 2.5.7. 1) If ¥ is homothetic then the leaves of .# are level hyper-
surfaces of the local dilations of ¥ which are constant along horizontal curves.
2) In Theorem if (a) or (b) hold and codim ¥ = 1 then (i) <= (ii) .

Let G be a Lie group which acts to the right by homotheties on (M, g)
and for a € G let p(a) € (0,00) be the conformal factor of the homothetic
transformation induced by @ € G on (M,g). Then it is easy to see that
p: G — (0,00) is a morphism of Lie groups (hence, if p is nonconstant, G is
isomorphic to a semi-direct product of kerp and ((0,00),-)). In particular, if
G is compact then p is constant. Nevertheless, if G is compact, then there
might exist local morphisms of Lie groups G — (0, 00) (see Example [2.5.§|(3),
below) which can be used to construct homothetic local actions.

Here are a few well-known examples of morphisms of Lie groups p : G —
(0,00).

Example 2.5.8. 1) For K = R, C,H define p : GI,,(K) — (0,00) by p(a) =
|det a .

2) For K = R,C,H define p : CO,(K) — (0,00) by |Au| = p(A)|u| for
u € K" and A € CO,(K).

3) The canonical morphisms of Lie groups det : U,, — S and SpinS =
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Spin, xz, St — S, [a,2] — 2%, when composed with the exponential of
arg : S'\ {1} — (=, 7) induce local morphisms of Lie groups U,, — (0, c0)

and Spint — (0,00), respectively.

From now on we shall suppose that G acts freely on M . In this case
there exists a natural isomorphism of vector bundles ¥ = M x g where g is
the Lie algebra of G'.

Hence #T can be viewed as a g-valued two form on M which has prop-
erties similar to the properties of the curvature form of a principal connection
(in particular, R (#T) = Ada~!- #T where R, is the transformation induced
by a € G on M).

Also p. can be viewed as a vertical one form on M . Moreover, we have
that p, = u (see Remark for the definition of ).

It follows from Corollary [2.5.2] that the foliation induced by the free ac-
tion of G on (M, g) is homothetic if and only if p.(#1) = 0.

By identifying G with an orbit we can induce on it a metric which we
shall denote by . Then it is easy to see that p~2v is right invariant.

Suppose that p is nonconstant and let ¥ be the foliation on G formed
by the components of the fibres of p. This is generated by the action of the
normal subgroup H = ker p. Then it is obvious that H acts by isometries on
(G,~) and hence ¥ is a Riemannian foliation on it.

Also, # (= ¥*) is a (one-dimensional) homothetic foliation with geo-

l'is a global dilation.

desic leaves for which p~

Thus both ¥ and J# produce harmonic morphisms and, in particular,
p induces a harmonic function on (G, ) (which gives another argument for
the fact that if G is compact then p cannot be globally defined unless it is

constant).

Example 2.5.9. Let G and p be as in Example 1) or (2) and define
h=|dz-x7'|2. Then g = p?h has all the above properties.

Next we show that the results of Theorem 2.5.6] takes a more concrete

form in the case of homothetic free actions.
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Proposition 2.5.10. Let G be a connected Lie group which acts freely to the
right by homotheties on (M, g) and let ¥C be the induced foliation. Let p :
G — (0,00) be the corresponding morphism of Lie groups and let H = ker p.
Then the following assertions are equivalent:
(i) % is a homothetic foliation;
(ii) there exists a hypersurface N of M such that H acts by isometries on
(N, gln) to generate a Riemannian foliation ¥ and such that M = N xy G.
Further, if (i) or (ii) hold and 2 < dim G < dim M —3, then ¥ ¢ produces

harmonic morphisms if and only if ¥ produces harmonic morphisms.

Proof. Let ¢ be the orthogonal complement of ¥ and let # be the
foliation induced by the isometric (free) action of H on M . Then, assertion
(i) is equivalent to the fact that p, (1) = 0 which, since 7T is the integrability
tensor of 47, is equivalent to the fact that the distribution % = # @ 7 is
integrable .

Suppose that (i) holds and let N be a leaf of .. Then ¥ = #/|y and
the implication (i)=-(ii) follows.

The implication (i)<=(ii) is now obvious.

The last assertion follows from the fact that if (i) holds then *T is b-
valued and R!(”T) = Ada™' - 7T. O

Remark 2.5.11. In Proposition we also have that if (i), or (ii), holds
then g is determined by p and the induced metric A on N .

To see this recall that we have considered the metric v induced on G
by identifying it with an orbit. Suppose that this identification and N were
chosen such that the identity element of G is contained in N. Then H acts
by isometries on (N x G,my(h) + 75(v)) (where 7y @ N x G — N and
mg : N x G — G are the canonical projections) and (M, g) is the induced

isometric quotient.

Example 2.5.12. Let p : G — (0,00) be as in Example 2.5.8 and let H =
ker p. Then trace(ad h) = 0 (here, as above, b is the Lie algebra of H).
Let (Q, M, H) be a principal bundle whose total space is endowed with

a Riemannian metric h such that H acts by isometries on (@, h). (Obviously,
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any such h corresponds to a triple (v,.7, k) where 7 is a Riemannian metric
on the vector bundle AdQ — M, S is a principal connection on (Q, M, H)
and k is a Riemannian metric on M .)

From Remark it follows that a metric (and just a local metric, for
p from Example[2.5.8(3) ) can be found on P = @ x i G with respect to which
the foliation induced by G is homothetic (but not Riemannian) and produces

harmonic morphisms.

2.6. Conformal actions and harmonic morphisms

on Einstein manifolds

In this section we study foliations which are locally generated by con-
formal vector fields and produce harmonic morphisms on Einstein manifolds.
Note that, as before, no compactness or completeness assumptions are made.

The main results of this section are the following:

Theorem 2.6.1. Let (M™,g), m > 3 be an Einstein manifold (MRicci =
cg, c€R). Let ¥ be a foliation with codim ¥ # 2 which is locally generated
by conformal vector fields.

Suppose that ¥ produces harmonic morphisms on (M™,g). Then either
YV is Riemannian and locally generated by Killing fields or the set of points
where ¥V is Riemannian has empty interior. Moreover, we have the following:

(i) If ¢ > O then either ¥ is Riemannian and locally generated by Killing
vector fields or any harmonic morphism produced by ¥ can be locally decom-
posed into a harmonic morphism with geodesic fibres and integrable horizontal
distribution followed by another harmonic morphism.

(ii) If ¢ < O then, at least outside the points where ¥ is Riemannian, any
harmonic morphism produced by ¥ can be locally decomposed into a harmonic
morphism with geodesic fibres and integrable horizontal distribution followed
by another harmonic morphism.

(iii) If ¢ = 0 then either ¥ is locally generated by homothetic vector fields
or any harmonic morphism produced by ¥ can be locally decomposed into a
harmonic morphism with geodesic fibres, constant dilation and integrable hor-

izontal distribution followed by another harmonic morphism.
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Corollary 2.6.2. Let (M™, g), m > 3 be an Einstein manifold (MRicci = ¢ g)
and let V be a foliation on it with codim ¥ # 2 which is locally generated by
conformal vector fields.

Suppose that ¥ produces harmonic morphisms on (M™, g) .

(i) If ¢ > 0 then any harmonic morphism produced by ¥ can be locally
decomposed into two harmonic morphisms in which the first one either has
geodesic fibres and integrable horizontal distribution or is induced by an iso-
metric quotient.

(ii) If ¢ < O then at least outside a set with empty interior any harmonic
morphism produced by ¥ can be locally decomposed into two harmonic mor-
phisms in which the first one either has geodesic fibres and integrable horizontal

distribution or is induced by an isometric quotient.

Remark 2.6.3. We shall see (Proposition [3.2.4]) that when dim ¥ = 1 the

assertion (i) above holds for ¢ € R.

Theorem 2.6.4. Let (M™,g) be a Ricci-flat Riemannian manifold and let ¥
be a homothetic foliation on it with dim ¥ > 2, codim ¥ > 3 which is locally
generated by conformal vector fields.

Suppose that ¥ produces harmonic morphisms on (M™,g). Then one of
the following assertions holds.

(a) ¥ is Riemannian and locally generated by Killing fields;

(b) there exists a Riemannian foliation # C ¥, dim# = dim¥ —1,
locally generated by Killing fields such that F = W @ H is integrable and the
restriction of W to any leaf of F produces harmonic morphisms;

(¢) any harmonic morphism produced by ¥ can be locally decomposed into
two harmonic morphisms in which the first one has geodesic fibres, constant

dilation and integrable horizontal distribution.

Corollary 2.6.5. Let (M™,g) be a Ricci-flat Riemannian manifold and let ¥
be a foliation on it with dim ¥ > 2, codim ¥ > 3 which is locally generated by
conformal vector fields and with integrable orthogonal complement, dim ¥ > 2,
codim¥ > 3.

Suppose that ¥ produces harmonic morphisms on (M™,g). Then one of
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the following assertions holds.

(a) ¥ is Riemannian and locally generated by Killing fields;

(b) there exists a Riemannian foliation # C ¥, dim# = dim¥ —1,
locally generated by Killing fields such that % = W @ H is integrable and the
restriction of W to any leaf of F produces harmonic morphisms;

(¢) any harmonic morphism produced by ¥ can be locally decomposed into
two harmonic morphisms in which the first one has geodesic fibres, constant

dilation and integrable horizontal distribution.

The proofs of the above results are based on results obtained in the
previous sections. We also need a few lemmas some of which are well-known.
In the proof of the next simple lemma we use a result (Proposition
which we shall prove in Chapter 3. Also, note that Lemma [2.6.6| reformulates,

in terms of homothetic foliations, a well-known fact.

Lemma 2.6.6 (cf. [37]). Let ¥ be a one-dimensional foliation on a Riemann-
ian manifold (M, g). Then the following assertions are equivalent.

(i) ¥ is a homothetic foliation with geodesic leaves and integrable orthog-
onal complement;

(ii) ¥ is locally generated by (nowhere zero) conformal vector fields V €
[(¥) such that AV’ = 0.

Proof. A vector field V € T'(T'M) is conformal if and only if Lyg=2pug
for some function p; then dV® = 0 if and only if VV = pulIdpa;. Now it is
obvious that any such V which is nowhere zero generates a conformal foliation
with geodesic leaves and integrable orthogonal complement. Moreover, |V/|~}
is a local dilation for it whose gradient is tangent to the leaves and thus V
generates a homothetic foliation.

Conversely, if ¥ satisfies (i) then it produces harmonic morphisms. But
¥ is homothetic and hence 7 is locally generated by conformal vector fields
(see Proposition below). Now, if V € I'(¥) is conformal and nowhere
zero and X € I'(2) is basic then by applying Lemma we obtain

(AV*)(V, X) = 29(X, V/V) = 29(X, VyU)g(V,V) = 0 (2.6.1)



68 Radu Pantilie

where U = ﬁ V. Also, from Proposition we obtain
(AV*)(X,Y) = g(trace(”B),”1(X,Y)) =0 . (2.6.2)
From (2.6.1)) and (2.6.2) it follows that dV” = 0 and the lemma is proved. [

The following lemma is well-known.

Lemma 2.6.7 (see [70]). Let V be a conformal vector field on an FEinstein

manifold (M™, g) ; write Lyg = 20g, MRicci = cg. Then

c
Vdo = —o0yg . 2.6.3
o= oy (263)

Hence

cm

Ao = . 2.6.4
o=_——70 (2.6.4)
Proof. Formula (2.6.3) follows after a straightforward but tedious com-
putation (see [70]). O

The following simple lemma is well-known.

Lemma 2.6.8. Let f be a smooth function on a Riemannian manifold (M, g)
such that VAf = —kf g for some constant k € R. Then

kf%+4|df|? = constant .
Proof. Simply compute the differential d(kf2 + | df |?). O
The following simple lemma seems to be less well-known.

Lemma 2.6.9. Let ¥ be a foliation (codim” > 0) on a Riemannian manifold
(M, g) and let V € T(¥) be such that VV° = g for some smooth function
on M .

If for some x € M we have that V, =0 then u(x) =0.

Proof. Let X € T'(¥1) be a basic vector field. Then [V, X] € T'(¥). But
V,X] = VX — VxV = VX — uX .

Thus if V, = 0 then [V, X], = —u(z) X, € ¥, and hence pu(x) =0. O
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The following simple lemma is an immediate consequence of Lemma[2.6.§]
and Lemma 2.6.9

Lemma 2.6.10. Let ¥ be a foliation on a Riemannian manifold (M,g) and
let grad f € T'(¥) be such that VAf = —kf g for some nonnegative constant
k>0.

If for some x € M we have that (grad f), = 0 then grad f = 0. Moreover,
if k>0 then f=0.

Proof. If k = 0 then |grad f | = constant .
If £ > 0 and for some = € M we have that (grad f), = 0 then by Lemma
we have f(z) = 0. The proof now follows from Lemma [2.6.8]. O

Proof of Theorem [2.6.1]. Let 5 be the orthogonal complement of ¥. Let
V e I'(¥) be a conformal vector field. Then at least locally we can write
Lyvg = —2V(log \)g for some local dilation A\ of ¥". By Lemma we have
that V' is an infinitesimal automorphism of 7 .

Because 7" produces harmonic morphisms from Theorem [2.2.6] it follows
that the mean curvature form of ¥ is basic. Applying Proposition [2.1.16] with
the roles of ¥ and J# reversed we obtain that, for any basic vector field X €
['(s), we have that X (V (log\)) = 0. It follows that grad(V(logA)) € I'(¥) .

Now recall that (M, g) is an Einstein manifold and thus it is an analytic
manifold (see [1I]). From the regularity of solutions for elliptic operators
and it follows that V(log \) is an analytic function. Hence either ¥ is
Riemannian or the interior of the set where 7 is Riemannian is empty.

From Lemma and Lemma it follows that if grad(V(log\)) is
nowhere zero then it generates a one-dimensional homothetic foliation .# with
geodesic leaves and integrable orthogonal complement. Moreover .% C ¥ .
Also, note that, if ¢ = 0, then grad(V(log \)) is a parallel vector field.

Let x € M and suppose that for any conformal vector field V' € T'(¥") we
have grad(V(log\)), = 0.

If ¢ # 0, then from Lemma it follows that 7 is Riemannian at x.
This establishes assertion (ii) .

If ¢ > 0 then from Lemma it follows that ¥ is Riemannian in a
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neighbourhood of x and this establishes assertion (i) .

If ¢ = 0, let U be a locally finite open covering of M such that each
U € U is connected and there exists a local frame {V,,U}TZL._,,dMW for ¥, over
U, made up of conformal vector fields: EVTU g=o0Vg,r=1,...,dim7. Let
F be the set of points z € M at which (de¥), =0, r=1,...,dim ¥, for all
U € U with z € U. From Lemma it follows that if U € U is such that
FNU # () then VU are homothetic vector fields. Since U is locally finite, this
implies that F' is open and closed which, because M is connected, establishes

assertion (iii) . O

Proof of Corollary [2.6.2] This follows from assertions (i) and (ii) of The-
orem [2.6.7]. O

Proof of Theorem [2.6.4 This follows from Theorems and[2.6.1]. O

Proof of Corollary [2.6.5] This follows from Proposition [2.4.2] and Theo-
rem [2.6.4]. O



CHAPTER 3

Harmonic morphisms with one-dimensional fibres

3.1. Basic facts

In this section we present, for later use, a few facts about one-dimensional
foliations which produce harmonic morphisms. Here, ¥ will always denote a
one-dimensional foliation.

The following lemma, due to R.L. Bryant [I4], will be used several times
in this chapter. The case n = 2 was used by P. Baird and J.C. Wood in [8]

§3] .

Lemma 3.1.1. Let ¥ be a conformal one-dimensional foliation on (M™1, g).
Then, the following assertions are equivalent.

(i) ¥ produces harmonic morphisms;

(ii) each point has a neighbourhood on which a local dilation X of ¥ can be
found such that, if V is a vertical field with g(V,V) = A\2"~*  then [V, X] =0
for any basic field X .

Proof. From it follows that assertion (i) is equivalent to the pos-
sibility of finding in the neighbourhood of each point a local dilation A of ¥
such that

YH(Lx(N"w)) =0 (3.1.1)
for any basic vector field X and where w is a local volume of 7.

If V is as in (ii) and 6 is its dual vertical one-form (i.e. # is the unique
vertical one-form such that #(V) = 1) then A\"~26 is a local volume form
of ¥. Hence is equivalent to (Lx 6)(V) = 0 which is equivalent to
V,X]=0. O

Remark 3.1.2. 1) From the proof above we see that (ii) is a characterisation

of those local dilations which restrict to give dilations of harmonic morphisms
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which locally define the foliation.

2) If V is as above, let 6 be its dual vertical one-form. Using the fact that
[V, X] = 0 for any basic vector field X , it follows that the two-form = d @ is
basic. (In fact, 8 and Q = d 6 are, respectively, the connection form and the
curvature form of a principal (local) connection, see Theorem .

The equivalence (iii) <= (i) from the following proposition is due to
R.L. Bryant [14].

Proposition 3.1.3. For n # 2, let ¥ be a one-dimensional Riemannian
foliation on (M"™*1 g) and let 7 be its orthogonal complement. Then, the
following assertions are equivalent:

(i) ¥ produces harmonic morphisms,

(ii) A is a homothetic distribution,

(iii) ¥ is locally generated by Killing fields.

Furthermore, if ¥ is orientable and the first Betti number of M is zero
then (iii) above can be replaced by

(iii") ¥ is globally generated by a Killing field.

Proof. (i) <= (ii) This follows from Proposition [L.4.7], since, being Rie-
mannian, ¥ is homothetic and, being of codimension one, 7 is conformal.

(ii)=-(iii) Let p be a local dilation of .7 which is constant along the
leaves of 7 and let V be a local vertical field such that g(V, V) = p~2.

Because p is constant along the leaves of ¥ we have
(Lvg)(V,V)=0. (3.1.2)
Because p is a local dilation of J# we have
(Lx(p*9))(V.V) =0 (3.1.3)

for any horizontal vector field X . It is easy to see that (3.1.3]) is equivalent to
g9([X,V],V)=0. This implies that for any horizontal vector field we have

(Lvg)(V,X)=0. (3.1.4)
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Since ¥ is Riemannian we have
(Lvg)(X,Y) =0, (3.1.5)

for any horizontal vector fields X and Y .
Equations (3.1.2)),(3.1.4) and (3.1.5) show that V is a Killing field.
(iii)=(ii) Since dim?" = 1, the orthogonal complement .7 of ¥ is a

conformal distribution.

If V is a (local) nonvanishing Killing field, which (locally) generates 7",
and |V| its norm then |V|~! is a local dilation for the horizontal distribution
€ . Moreover, ¢ is homothetic, since |V is constant along the leaves of ¥ .

The last assertion follows from the fact that when the first Betti number
of M is zero and ¥ is orientable we can find a global density A>~" of ¥ (which
is also a local dilation for /) and a vertical vector field V' defined on M , such
that g(V, V) = X4, O

Remark 3.1.4. 1) Note that if n = 2 then (i)=(ii) <= (iii). In fact, in this
case, a one-dimensional foliation ¥ produces harmonic morphisms on (M3, g)
if and only if its leaves are geodesics (see [8]). Thus, being of codimension
one, .7 is a Riemannian distribution. However, if n = 2 then (ii)=-(i) fails,
as simple examples show.

2) If in the above proposition we further assume that .7 is integrable

then ¥ induces, locally, a warped-product structure on (M, g).

One might guess that a similar proposition to the one above holds in
general for any conformal one-dimensional foliation, just by replacing ‘Killing
fields’, with ‘conformal fields’. It is not difficult to see that this is not true,
the actual situation being described by the following:

Proposition 3.1.5. For n > 3, let ¥ be a one-dimensional foliation on
(M"+ g). Then any two of the following assertions imply the remaining
assertion.

(i) ¥ produces harmonic morphisms,

(ii) ¥ (or S ) is homothetic,

(iii) ¥ is locally generated by conformal vector fields.
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Furthermore, if ¥ is orientable and the first Betti number of M is zero
then (iii) above can be replaced by

(iii") ¥ is (globally) generated by a conformal field.

Proof. (i), (ii)=-(iii) Let A>~™ be a local density for # . By Proposition
[[.4.2], we can suppose that A = a b, where a is constant along leaves and b is
constant along horizontal curves.

Let W be a local vertical vector field such that g(W, W) = a?"~*b72. It
is a straightforward calculation to check that W is a local conformal vector
field on (M, g) .

(ii), (iii)=>(i) Since ¥ is homothetic, by Proposition [1.4.2], we can find
a local dilation b of ¥ which is constant along horizontal curves.

Let W be a local conformal vector field which (locally) generates ¥ . We
can suppose that b and W are defined on the same open subset of M . It is
easy to see that, since W is conformal, we have that b2 g(W, W) is constant
along leaves.

We can choose a smooth positive local function a on M such that g(W, W) =
a®»~4p=2. Hence a is constant along the leaves and thus A = ab is a local
dilation of 7 .

If V is a local field, tangent to the leaves and such that g(V, V) = \2n—*
then, from the fact that W is conformal it follows that [V, X] = 0 for any
basic X. Hence, by Lemma [3.1.1], ¥ is a foliation which produces harmonic
morphisms.

(iii), (i)=-(ii) Let A>~™ be a local density for # . Let V be a local vector
field, tangent to the leaves and such that g(V,V) = A2"~% and let W be a
local conformal vector field tangent to the leaves. We can suppose that V' and
W are defined on the same open set.

Since W is conformal, for any basic X we have (Lyg)(W,X) =0, and
hence, [W, X] = 0. But, by Lemma we also have [V, X] = 0 for any ba-
sic X . Hence if b is such that W = bV, then b is constant on horizontal curves.

Since A is a local dilation of the conformal foliation ¥, from Remark[1.1.9],

we see that

(Lwg)(V,V) = W(log(A™?))g(V, V). (3.1.6)
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Relation together with W = bV implies after a straightforward
calculation that A"~'b is constant along leaves. Thus, we can write A = rs
where 7, s are positive smooth functions on M such that r is constant along
the leaves and s is constant along horizontal curves. From Proposition [1.4.2],

we get that 7 is a homothetic foliation. O

Remark 3.1.6. Note that, if in Proposition we have n = 2, the impli-
cation (ii),(iii)=(i) fails, the other implications still holding.
If n =1, then (i) <= (iii) but they do not imply (ii).

Lemma 3.1.7 (cf. [8, Remark 5.3]). Let ¥ be a one-dimensional homothetic
foliation on (M, g). Then, at least away of the points where ¥ is Riemannian,

its orthogonal complement is integrable.

Proof. By Proposition [[.4.2], ¥ admits a local dilation A\ whose gradient
is vertical. The points € M , where ¥ is not Riemannian are characterised
by (grad A), # 0. Hence, in a neighbourhood of such a point, the level hyper-

surfaces of A are integral submanifolds of the horizontal distribution. O

Lemma 3.1.8. Let ¢ : (M™* g) — (N™,h) be a harmonic morphism with
one-dimensional fibres. Let A denote the dilation of ¢ and let V' be a (local)
vertical vector field on M such that g(V,V) = \?n—4,

Then, the following assertions are equivalent:

(i) the fibres of ¢ form a homothetic foliation at least on the complement
of the interior of the set {x € M| d(V(log\))(z) =0 # (V(log\))(x)};

(ii) for any basic field X , we have V(X (log\)) =0.

Proof. Let i be the vertical one-form on M such that for any horizontal
fields X, Y we have (Ly¢)(X,Y) = u(V)g(X,Y). Hence, by the definition of
A we have u(V) = =2V (log A) .

Let % be the horizontal distribution and # B its second fundamental
form. Using (|1.1.3]) we obtain the following relation:

= —%(tmce(ﬁff;))b .
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Hence, ¥ is homothetic if and only if u is closed.
By Lemma [3.1.1], for any basic X we have [V, X] =0, and hence:

(dp)(V, X) = =V (p(X)) = X(u(V)) = p[V, X] = =X (u(V))
=2X(V(log\)) =2V (X (log\)) .

The lemma follows. O

In [8, Proposition 3.5], P. Baird and J.C. Wood gave a global descrip-
tion of the metric of a Riemannian manifold of dimension three, on which a
harmonic morphism can be defined. In [I4, Theorem 1], R.L. Bryant gave
a local description of the metric of the total space of a submersive harmonic
morphism with one-dimensional fibres (with no restriction on the dimension
of the total space). The following theorem explains how the latter result can

be globalized, giving also a simpler proof of Bryant’s local result.

Theorem 3.1.9 (cf. [T4, Theorem 1]). Let p : (M™* g) — (N, h),n > 1, be
a submersive harmonic morphism with connected one-dimensional fibres of the
same homotopy type. Let X\ be the dilation of ¢ and suppose that ¥ (= kery,,)
is orientable.

Then, there exists:

(i) a principal bundle w: P — N with group G = (R, +) or G = (S*,-),

(ii) a principal connection 8 € T'(T*P) on w,

(iii) a diffeomorphic embedding v : M — P
such that:

1) mov=1y,

2) g=A"2(p*h) + A21(1*0)2.

Furthermore, if the fibres are all diffeomorphic to circles, or are all com-
plete with respect to the metric induced by g, then v is onto, and hence, ¢
itself is a principal bundle and the horizontal distribution is a principal con-

nection on it.

Note that, by the result of P. Baird [14], we know that ¢ is automatically

submersive except when n < 3.
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Proof. Let V be a vertical field such that g(V,V) = A>»~%. By Lemma
B.1.1], the horizontal distribution .7 is invariant under the local flow of V.
Thus, the integral curves of V' are the fibres of a local principal bundle, and
J€ is a principal connection on it. If # is the vertical one-form dual to V then,
it is obvious that g = ¢*h + 62 . (This establishes [T4, Theorem 1].)

To end the proof we shall prove the following assertions:

(a) if the fibres are diffeomorphic to circles then ¢ is a principal bundle with
group (S,-);

(b) if the fibres are diffeomorphic to R then, there exists a diffeomorphic
embedding ¢ : M — N x R, such that m ot = ¢, and a principal connection
on the trivial principal bundle 71 : N x R — N, with group (R, +), such that
JFC is the restriction to M of it.

From now on, all the considerations which will be made in this proof will
be done with respect to the metric *¢g on M .

For x € M, let I, C R be the open interval which is the domain of the
(maximal) geodesic with velocity V. Let @ = {(z,r) € M x R|r € I}, and
define U: Q — M, by ¥U(z,r) =exprV,.

If the fibres are all circles then @ = M x R. Since d0(V, X) = 0 for any
horizontal vector field X, by applying the Stokes theorem we obtain that the
fibres have the same length. Hence ¥ descends to a map M x S' — M which
is a free action of (S!,-) on M . Thus assertion (a) is proved.

Suppose now that the fibres are diffeomorphic to R. If they are all
complete with respect to the metric induced from *g then, Q = M x R and ¥
represents a free action of (R, +) on M , and thus the proof of the theorem is
finished. Otherwise, since ¢ is a submersion, we can find local sections of it
in the neighbourhood of each point of N. Let S be a family of such sections
whose domains form an open covering {O;}scs of N.

Let s,t € S. For x € Os N Oy, let as¢(x) be the (unique) real number
such that t(z) = ¥(s(z), as¢(z)) .

It is obvious that {as:}stes is a cocycle with values in (R, +), which
induces a principal bundle. This bundle is trivial because R is contractible.

Moreover, set A = s*6; then the family of one-forms {As}scs, defines a
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principal connection on this bundle.

The total space N x R of this bundle, can be retrieved, as usual from
the cocycle {ast}stes as the space of equivalence classes [z,r], under the
identifications [z,7] = [z, as¢(z)r], 2 € Os N Oy

For z € M, let s € S be such that p(z) € Os and, ry € I (,()) be the
real number which satisfies x = U (s(¢(x)),7:) . (Note that r, depends just on
x and s.) We can define ¢ : M — N x R by «(z) = [¢p(x), 7], x € M and the

theorem follows. O

Remark 3.1.10. The proof of above theorem, can be simplified considerably
when 7 is an Ehresmann connection (see [12] for the definition of Ehresmann
connection). It is not difficult to prove that a sufficient condition for 7 to be

an Ehresmann connection is that V' be a complete vector field.

3.2. Towards the classification

All of the main results of this section hold for Riemannian manifolds
of dimension at least four. None of the results of this section requires the
compactness or the completeness of the manifold.

In this section ¥ will always denote a one-dimensional foliation which
produces harmonic morphisms on (M"*1,g) (n > 1) and p = =7 will
denote a local density of it. As before, h = g will denote the associated
(local) metric on M with respect to which ¥ is Riemannian and has geodesic

leaves and ¢ will denote the orthogonal complement of 7.

Proposition 3.2.1 (cf. [I1, Chapter 9, §J]). Forn >3, let ¢ : (M"! g) —
(N™, h) be a harmonic morphism with one-dimensional geodesic fibres.
(a) If A is integrable then the following assertions are equivalent:
(i) (M, g) is Einstein,
(i) (N, h) is Einstein and the following relation holds

M N 2 3 2
— A — ) A SN Q| = 2.1
- — N+ (UN) + 5 [, =0, (3:2.1)
where ¢ is the Einstein constant of (N",h), U is a vertical local vector field

such that g(U,U) =1 and cM = MRicci(U,U) .
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Moreover, if (i) or (ii) holds then

N

wu (g S (3.2.2)
XAy T pXnpY T 7 ) 2.

where K™ and KV are the sectional curvature of (M,g) and (N,h), respec-
tively, and X ,Y are horizontal.
(b) When n =4 and M and N are oriented consider also the following
assertion:
(iii) Q is the pull back of a (anti-)self-dual form on (N, h).
Then, any two of the assertions (i), (il) and (iii) imply the remaining

assertion.

Proof. (a) By Proposition[I.1.10] we have that X (o) = 0 for any horizon-
tal X . Lemma[3.1.1)implies that [V, X] = 0 and hence X (V(0)) = V(X (o)) =
0. By hypothesis, 2 = 0 so, from for any horizontal X we have
Ricci(X, V) = 0. Similarly, from we get:

MRicci(X,Y) = (VRicei) (g« X, 0. Y) — e 27 (AMo) h(X,Y) . (3.2.3)

It follows that (M,g) is Einstein if and only if (N,h) is Einstein and

(3.2.1)) holds.
If (i) or (ii) holds then (3.2.2) follows from (3.2.1) and the following
formula

2
N KXy = MK xnpy + (UN)" =0

which can be obtained directly or as a consequence of a formula of S. Gud-
mundsson [27] .
(b) Let Q be the two-form on N such that ¢*(Q) = Q. Note that (*d* Q)| =
0 if and only if Q is coclosed on (N, h).

If (iii) holds the equivalence (i) <= (ii) can be proved in a similar way to
(a), using the fact that any closed (anti-)self-dual form is coclosed and that,
for any two-form w on a four-dimensional oriented Euclidean space (E*4, <, >)

and u,v € E, we have (see [13]):

1
< W, Tyw >= §|w]2 < U, > F2 < dywi, lyw_ >, (3.2.4)
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where, w; and w_ are, respectively, the self-dual and the anti-self-dual com-
ponents of w.

The prove (i), (ii)=-(iii) we adapt a method of [13].

First note that, by , Q is coclosed.

Now, recall from [I3], that gives the decomposition of the sym-
metric bilinear map (u,v) —< iuw,i,w > into its ‘spherical’ part and its
‘trace-free’ part. Also, the bilinear map (u,v) —< iy, i, > induces a nat-
ural isomorphism between the space of ‘trace-free’ symmetric bilinear maps
and A2 (E) ® A% (E) (see [13]). Using these facts it is easy to see that at each
point 2 is either self-dual or anti-self-dual.

If Ny = {y € N|(Q4), = 0} then by the Baire category theorem at least
one of the two sets Ny and N_ has nonempty interior. If V. has nonempty
interior then, following [13], we apply Aronszajn’s unique continuation theo-
rem (see [I7] noting that {, and hence also € , is closed and coclosed) to
obtain 0 = 0. Hence ( is anti-self-dual. O

Remark 3.2.2. 1) From Lemma we see that if the foliation given by
the fibres of ¢ is nowhere Riemannian then 7 is automatically integrable.

2) Since the decomposition of two-forms into self-dual and anti-self-dual
parts is conformally invariant, the condition that 2 be the pull back of a (anti-
)self-dual form is equivalent to the condition that €2 restricted to the horizontal
distribution be (anti-)self-dual.

The following elementary algebraic lemma will be useful later on.

Lemma 3.2.3. Let E be an Fuclidean linear space of dimension at least two
and a a linear function on it such that, for any pair of orthogonal vectors
{u,v} we have a(u)a(v) = 0.

Then o = 0.

Proof. Let u, v € E be orthogonal and such that |u| = |v|. Since u+v and
u — v are also orthogonal we get that 0 = a(u + v)a(u — v) = a(u)? — a(v)?.
Thus a(u) = £a(v) and since by hypothesis at least one of must be zero

they are both zero. The lemma is proven. O
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Recall that on a Riemannian manifold of dimension at least four a Rie-
mannian foliation with one-dimensional leaves produces harmonic morphisms
if and only if it is locally generated by Killing fields (Proposition [3.1.3)) and a

foliation by geodesics produces harmonic morphisms if and only if it is homo-

thetic (Corollary [1.4.8)).

Proposition 3.2.4. Let (M"*! g) be an Einstein manifold of dimension
n+1>4, and let ¥V be a one-dimensional foliation which produces harmonic
morphisms on (M, g) . Suppose that, either, the orthogonal complement F of
¥ is integrable, or, ¥ is a homothetic foliation.

Then either,

(i) ¥ is a Riemannian foliation locally generated by Killing vector fields,
or

(ii) ¥ is a homothetic foliation by geodesics orthogonal to an umbilical

foliation by hypersurfaces.

Proof. By passing to a Riemannian covering if necessary, we can suppose
that ¥ admits a global density.
By the remarks above we need to prove just the ‘only if’ part.

Suppose that J# is integrable. Then from (|A.2.23]) of Appendix B, for

any orthogonal pair {X, Y} formed of basic vector fields we have:
NRicci(p X, .Y ) = (n — 1)(n — 2) X (0)Y (o) . (3.2.5)

Since n > 3 and the left-hand side of (3.2.5)) is a basic function we get
that X (0)Y (o) is a basic function.

Also, from we obtain that
V(X(7)) = X(V(0)) = (0~ 2)V(0) X(0) .
Hence:
0=V(X(0)Y(0)) = V(X(0))Y(0) + X(0)V (Y (0))
=2(n—-2)V(0)X(0)Y (o).

If, at a point x we have that V(o)(z) # 0, then this holds in an open
neighbourhood O of z. It follows that X (0)Y (0) =0 on O.
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Using Lemma [3.2.3] we see that grado restricted to O is vertical and
hence, from Proposition [1.1.10], it follows that ¥ restricted to O has geodesic
leaves.

Now, recall that, being Einstein, (M, g) is analytic (see [11l 5.26]). To-
gether with Proposition this shows that ¥ has geodesic leaves.

Thus, we have proved that if .7 is integrable then either (i) or (ii) holds
on M.

Suppose, now, that ¥ is homothetic and let

F = {z € M|V is Riemannian at z } .

Suppose that M \ F # (). Then, by Lemma we have that J7, the
orthogonal complement of ¥, is integrable at least on M \ F. Therefore, by
analyticity, ¢ is integrable on M.

The last assertion follows quickly from and the proof is complete.

O

Next, we prove the following:

Proposition 3.2.5. Let 7 be a one-dimensional foliation which produces har-
monic morphisms on (M™! g). Suppose that the following conditions are
satisfied, for any horizontal X :

() X(V(0)) =0,

(ii) MRicci(X,V) =0.

Then ¥ is homothetic.

Proof. By Lemma it is sufficient to prove that ¥ is homothetic on
the interior S of the set {x € M| d(V(0))(z) =0# (V(0))(x)}.
By (A.2.24)) on S we have

e(Q”’Z)U{%(hd* O)(X) + (n — 1)Q(X, grad,, a)} = (n—1)(n-2)X(0)V (o),
(3.2.6)

for any basic vector field X .
By hypothesis the right hand side above is a basic function on S. Also,
the second factor from the left hand side of is basic and thus, if this

(2n—2)c

second factor is nonzero, then e is a basic function. This implies that
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¥ is Riemannian and, in particular, homothetic.

If the second factor from the left hand side of is zero on an open
subset Sy of S then the right hand is also zero and hence ¥ has geodesic fibres
on Sy . From Corollary it follows that ¥ is homothetic on Sy . O

The following proposition will be used later on.

Proposition 3.2.6. Let (M, g) be an Einstein manifold and ¥ a one-dimensional
foliation of codimension not equal to two which produces harmonic morphisms
on (M,g).

Then the following assertions are equivalent:

(i) ¥ has basic mean curvature form;

(ii) ¥ is a homothetic foliation.

Proof. As above, we may suppose that ¥ admits a global density e(2~™).

From the fundamental equation it follows quickly that (i) holds if and only
if X (o) is a basic function for any basic vector field X € I'(J¢) .

Therefore, if (M, g) is Einstein, Proposition gives that (i)=-(ii).

Conversely, if ¥ is homothetic then, from Proposition it follows
quickly that X (o) is a basic function for any basic vector field X € I'(s¢). O

3.3. Constructions of 1-dim foliations which produce harmonic

morphisms on Einstein manifolds

In this section we use well-known results on warped-products and con-
formal vector fields (see [37], [L1, Chapter 9, §J]) to obtain one-dimensional
foliations with integrable orthogonal complement and which produce harmonic

morphisms on Einstein manifolds which are not of constant curvature.

3.3.1. Homothetic foliations with geodesic leaves.

Proposition 3.3.1 (cf. [37, Lemma 13(iv)]). Let ¢ : (M"™* g) — (N™, h),
n > 3, be a nonconstant harmonic morphism with geodesic leaves and inte-
grable horizontal distribution.

(i) If (M™*1, g) has constant curvature then (N™, h) has constant curva-

ture.
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(i) If (M™*Y g) is Einstein and (N™, h) has constant curvature then

(M"+1, g) has constant curvature.

Proof. Assertion (i) is an immediate consequence of (3.2.2)) .
If (M™*! g) is Einstein then from (3.2.1)) and from (A.2.1]) we obtain

M M
Kxpv =" (3.3.1)

where X is any horizontal vector.

The proof of (ii) follows from (3.2.2)) and (3.3.1)) . O

Corollary 3.3.2 (cf. [37, Corollary 15]). Let ¢ : (M*% g) — (N3, h) be a
harmonic morphism with one-dimensional geodesic leaves and integrable hor-
izontal distribution.

If (M*,g) is Einstein then both (M*,g) and (N3, h) have constant cur-

vature.

Proof. If (M*,g) is Einstein then by Proposition [3.2.1], (N3, k) is Ein-
stein. But N? is three-dimensional and thus (N3, k) has constant curvature.
The proof follows from Proposition [3.3.1](ii) . O

Corollary 3.3.3 (cf. [37], [11, Chapter 9, §J]). Given any Einstein manifold
(N™, h) of dimension n there exists an Einstein manifold (M™1, g) of dimen-
sion n + 1 and a harmonic morphism o : (M™ g) — (N™, h) with geodesic
fibres and integrable horizontal distribution.

If n > 4 and (N™, h) does not have constant curvature then (M"*! g)

does not have constant curvature.

Proof. Let (N™, h) be Einstein and let A be a (local) solution of
(see [11], 9.109]).

Let M™! =Rx N™ and g = dt? +A~2 h. It is obvious that the canonical
projection (M™*! g) — (N™, h) is a harmonic morphism with geodesic leaves
and integrable horizontal distribution. Also (M"*! g) is an Einstein manifold
by Proposition . Moreover, if (N™, h) does not have constant curvature
then, by Proposition m, (M"™+1, g) does not have constant curvature. [
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3.3.2. Riemannian foliations locally generated by Killing fields.
The following results are consequences of [I1, Corollary 9.107, 9.108, 9.109].

Proposition 3.3.4 ([I1]). Let (N™,h) be a Riemannian manifold and p :
N™ — (0,00) a smooth positive function.

Let M =R x N" and g = p?>dt? + h. Then, the following assertions
are equivalent.

(i) (M"Y g) is Einstein (MRicci = M g) .

(ii) (N™, h) has constant scalar curvature s™ = (n —1)cM and the fol-

lowing relation holds
N CM N
Vdp:——n ph+pZ7, (3.3.2)

N
where V is the Levi-Civita connection on (N™, h) and ZV = MRicci —(sV /n) h

is the trace-free part of MRicci .

Proof. From [I1], 9.106a, 9.106¢] or, by a straightforward calculation the
following equations can be obtained:
N
(MRicci)|7n = MRicci —p 1V dp ,
(MRicei)lrr =p~ " (&) glrm -

Also, [IT} 9.106b] gives that MRicci(X,0/0t) = 0 for any X € I'(TN). From
this and (3.3.3]) the proof easily follows. O

(3.3.3)

Corollary 3.3.5. For each n > 5 there erists Einstein manifolds (M™*1, g)
not of constant curvature, endowed with a nowhere zero Killing field which has
integrable orthogonal complement. Moreover, the construction can be done in

such a way that the (locally) induced isometric quotients are also Einstein.

Proof. 1f the equation %dp = aph, where a € R, has solutions then
there exists a homothetic one-dimensional foliation with geodesic leaves and
integrable orthogonal complement (see Lemma [2.6.6). Recall that Z¥ = 0
if and only if (N", h) is Einstein (see [11, 1.118]). Hence, [II, 9.109] and
Corollary implies that there exists an Einstein manifold (N" h), n > 5,
not of constant curvature, on which has a (local) solution p which is
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positive. Then, by Proposition m, (M g) (where M"*! =R x N™ and
g = p? dt? + h) is Einstein. Clearly V = 9/0t is a nowhere zero Killing field
on (M™*1 g). O

3.4. The classification on Einstein manifolds

In this section we prove the following theorem.

Theorem 3.4.1. Let (M, g) be an Einstein manifold of dimension at least 5 ,
and let ¥ be a one-dimensional foliation which produces harmonic morphisms
on (M,q).

Then either,

(i) ¥ is a Riemannian foliation locally generated by Killing vector fields,
or

(ii) ¥ is a homothetic foliation by geodesics orthogonal to an umbilical

foliation by hypersurfaces.

Proof. By Proposition[I.3.2] if the horizontal distribution % is integrable
on an open subset of M , then JZ is integrable on M . Thus, by Proposition
3.2.4] it is sufficient to prove the case when 7 is nowhere integrable. Also,
writing n + 1 = dim M , we can suppose that the leaves of ¥ are the fibres
of a harmonic morphism ¢ : (M"*1 g) — (N" h), where dim N = n with
n >4, and from now on we shall use the notations of Lemma [A.2.5].

Let Q% € T(End(2#)) be the field of self-adjoint negative semi-definite
endomorphisms of (7, h| ) defined by h(Q?(X),Y) = —h(ix,iyQ) for hor-
izontal X and Y.

By Lemma , 0?2 can be consistently diagonalized on a dense open
subset of M ; let x9 € M be a point of this subset. There is an open neigh-
bourhood U of zp and an orthonormal frame {X1, ..., X} for (7, h| ) over
U such that Q?(X;) = —p? X; for some continuous functions p; : U — [0, 00)
with p2 smooth. Because 2 and h| are basic we also have that Q? is basic;

hence the u; are basic as well. We can thus suppose that the X; are basic.

From (A.2.23]) we have
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NMRicci(pe Xy, 0 X;) = (n — 1)(n — 2)Xi(0) X, (0) (5,5 =1,...,n, i # j).
(3.4.1)

We have the following alternative. FEither
(1) there exists « € U and distinct ji, jo, j3 such that Xj, (o), # 0 (k =
1,2,3), or
(2) for any x € U there are at most two distinct values of j, say ji, j2 such
that X, (0), #0 (k=1,2).

Suppose that (1) holds. By we have that X;(0)X;(0) is basic for
any i # j. Hence Xj, (0)? Xj,(0)? Xj,(0)? is basic, and, because X, (o) # 0
on some open subset of U, we have that X}, (¢) is basic (k =1,2,3). Thus,
if (1) holds, X;(o) is basic for all @ = 1,...,n, on some open subset of U .
Then, by Proposition and Proposition [3.2.6], ¥ is homothetic on M and
the proof follows from Proposition [3.2.4).

Suppose that (2) holds. If X;(0) =0 forall j =1,...,n, then ¥ is a
homothetic foliation and the proof of the theorem follows from Proposition
B:2.:4]. Therefore we can suppose that, after renumbering if necessary, we have
X1(0)z # 0 at some point = € U . Then this holds on some open subset of U .
Then, either X;(c) = 0 for j = 2,...,n on some open subset of U, or there
exists a point € U such that, after renumbering if necessary, X;(o); # 0
and Xa(0), # 0. In the latter case, because (2) holds, we must have that
Xj(o) =0 (j = 3,...,n) on some open subset of U. It follows that there
exists an open subset U; of U such that X;(c) =0 (j > 3). From now on we

shall work on U; .

By we have
M 727 = MRicci(ps Xi, 0 Xi) — %e(Q”*Q)" 2
—e 2 AMs — (n—1)(n—-2)Xi(0)® (i=1,...,n).
(3.4.2)
From ((3.4.2)) we get
NRicci(ps Xi,pe X;) — NRicci(go*Xj, 0 Xj) — %e(Q”_Q)U (,u? — ;L?)
— (n—=1)(n-2)(X;(0)> - X;(0)*) =0 (i,j=1,...,n).
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From it follows that % e(2n=2)o (/%2 —u?) is basic for ¢, j > 3. Thus,
if p1; # pj at some point for some 7,7 > 3, 7 # j, then e is basic and so ¥
is Riemannian on some open subset of M ; hence, by Proposition [I.3.2], ¥ is
Riemannian on (M, g). It remains to consider the case when us = ... = u, =
p for some function p .

Now, either, p1 = uo on some open subset, or, @1 # u on a dense open
subset. In the former case, by (3.4.3)), we have that X;(0)? — Xo(0)? is basic
on some open subset. But, by (3.4.1), Xi(0)X2(0) is also basic, and hence
Xi(0), Xa(o) are basic on some open subset. Since X;(c) =0 for j >3, ¥
has basic mean curvature form. Then, by Proposition [3.2.6], ¥  is homothetic
on some open subset and hence, by Proposition [I.3.2], ¥ is homothetic on
(M, g) ; the proof of the theorem follows from Proposition .

It remains to consider the case when p; # po. Because 2 is skew-
symmetric, at each point x, for any ¢ € {1,...,n} with p;(z) # 0 there exists
je{l,....,n}, j # i, such that pu;(z) = pj(r). Hence, at each point x,
we have that either pi(z) = p(x) and po(x) # wu(x) or pi(z) # p(x) and
pa(x) = p(z) . Suppose that pi(x) # p(x); then this holds at all points of an
open subset, and on that subset we must have pus = . Moreoever, because
Q is skew-symmetric, we must have py; = 0 and so p is not identically zero; in
particular n — 1 is even, i.e., n = 2k + 1 for some integer k > 1.

From ((3.4.3]) we get

NRicci(ps X2, 0« Xo) — MRicci(ps X3, 02 X3) = (n—1)(n — 2)Xa(0)? ;

hence, X3(o) is basic. Thus, if Xo(0) # 0, since Xi(0)Xs(0) is basic, we
deduce that X (o) is also basic and the proof follows as before. There remains
the case when Xs(0) = 0 which we now consider. Summing-up the previous
discussion, we have that n = 2k+1, k > 1, and we are now on an open subset

on which we have the following;:
pr=0, po=...=pp=p,
Xo(o)=...=X,(0) =0,

wand X1 (o) are not identically zero.
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Moreover, we can assume that p and X;(o) are nowhere zero. Furthermore,
because Q?(X1) = —u? we have that |ix,Q? = u3 = 0. Hence ix,Q = 0,
equivalently igraq, ,€2 = 0.

From this and it follows that we have for i =1,...,n,

0=1e®=27 (hq*Q)(X;) + (n — 1) X:(V(0)) — (n — 1)(n — 2)Xi(0)V (o) .
(3.4.4)
Next, we compute (*d*Q)(X1).

2k+1
(" Q)(X1) = = Y (Vx, (X, X1)
j=1
2k+1
== {X(QX;, X1) - UV, X;, X1) — QX;, Vx, X1) }
j=1

2k+1 2k+1
=) QX;,Vx, X1) = > QX;,Vx, X1)
j=1 =2

k
= Z{ Q(XQJa VXQJ'X]_) + Q(X2j+1) VX2j+17X1) } .
J=1

We can choose a basic orthonormal local frame { X1, Xo, ..., Xog11} such that
0 0
0 —u
0O 0 0O ... 0 O
(Q45) = . (3.4.5)
0 0 —u
0 0 w0

Then, from the above calculation we have

k
("d*Q)(X1) = > {M(Vxp, X1, Xoj11) Qajiojir + MV, X1, Xoj) Qo125 }
i=1
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k
= Z{_M h(szlev X2j+1) + 1 h(VX2j+1X1? X2j) }

k
= 1Y {M(X1, Vxy, Xoj11) — (X1, Vi, Xog) }
j=1
k
=) h(Xy, [Xgj, Xoji]) -

[y

J
Recall that X;(0) =0 for all j > 2; hence
[Xoj, Xojpal(0) =0 <= =V[Xy;, Xo511](0) = H[Xsj, X2j11](0)
= UXoj, Xoj41) V(o) = h([Xzj, Xoj1], # (grad,, o))
= —pV(o) = h([Xzj, X2j11], X1) X1(0)

V(e
< h([XQj,XQjJ'_l],Xl) =—U X1(<O')) .
It follows from the last equation that
4
h 3% 2
d*Q)(Xy1) = —kp* ——~. 3.4.6
(a0 =~k 2 7 (3.4.6)

From (3.4.4) and (3.4.6) we get

0=—L1kp2ethe Vi) + 2k X1 (V(0)) — 2k(2k — 1) X1 (0)V (o)

2 X1 (O’)
which is equivalent to
p2e* V(o) = 4X1(0) X1 (V(0)) — 4(2k — 1) X1(0)2 V(o) . (3.4.7)

From (3.4.3) with i =1, j = 2, we get that 3 %% ;2 — 2k(2k — 1) X1 (0)?

is basic and hence on differentiating this with respect to V' we obtain
2k e V(o) u? — 4k(2k — 1) X1(0) X1(V(0)) =0
which is equivalent to
p2 e V(o) =22k — 1) X1(0) X1 (V(0)) . (3.4.8)

From and we get that
4X1(0)X1(V(0)) =42k — 1)X1(0)2 V(o) = 2(2k — 1) X1(0) X1 (V (0))
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which, because X (o) is nowhere zero, is equivalent to

2(2k -1
X1(V(o)) = —(2]{;_3) X1(o)V (o). (3.4.9)
From (3.4.8)) and (3.4.9) it follows that
12
w2 V(o) = 2 oy (o)

which, if ¥ is not Riemannian (equivalently, V(o) # 0), implies that

4(2k —1)2

2 dko 2

= X . 4.1
poe 5% — 3 1(0) (3.4.10)
This is impossible if £ > 2, since X1(0) # 0, u # 0. The proof of the theorem
is complete. O

Remark 3.4.2. The same proof as above applies for the case dim M = 4 up
to (3.4.10) . However, from (3.4.10) and ix, 2 = 0, we now have

A7 (N =5 Q, (3.4.11)

where d” is the differential composed with the horizontal pro jection and * 4 is
the Hodge star-operator on (7, h| ) with respect to some orientation of .7 .

From the proof of Theorem it follows that if (M*,g) is a 4-dimen-
sional Einstein manifold and ¢ : (M*,g) — (N3, h) is a submersive harmonic
morphism to a Riemannian 3-manifold which is not of type 1 or of type 2 (i.e.
¥ = ker p, is neither Riemannian, nor geodesic with integrable horizontal
distribution), then the ‘monopole equation’ must hold.

Since by [4] any harmonic morphism with one-dimensional fibres from
a Riemannian manifold of dimension at least 5 is submersive, from Theo-

rem [3.4.1f we obtain the following.

Corollary 3.4.3. Let (M™*!,g) be an Einstein manifold of dimension n+1 >
5, and let p : (M™! g) — (N™, h) be a non-constant harmonic morphism to
a Riemannian manifold of dimension n .

Then either,

(i) the components of the fibres of ¢ form a Riemannian foliation locally

tangent to nowhere zero Killing vector fields, or
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(ii) ¢ is a horizontally homothetic submersion with geodesic fibres orthog-

onal to an umbilical foliation by hypersurfaces.

3.5. The four-dimensional case

To state the main result of this section we need a definition which is a
trivial generalization to foliations of the well-known notion of principal con-
nection on a principal bundle. For simplicity, we give this definition just for

one-dimensional foliations.

Definition 3.5.1. Let ¥ be a one-dimensional foliation and let V € T'(¥') be
a nowhere zero vector field tangent to V.

A principal connection for ¥ (with respect to V') is a complementary
distribution S CTM , 7 @&V = TM such that V is an infinitesimal auto-
morphism of F (i.e. F is invariant under the local flow of V).

The connection form 6 of 5 is the ‘vertical’ dual of V (i.e. 6(V) =1
and 0| = 0) and the curvature form of J is Q = df. Note that Q
is basic and it can be interpreted as the integrability tensor of A (indeed
QX,Y)V = —7¥([X,Y]) for any horizontal vector fields X andY ).

It is obvious that a one form € defines a principal connection for ¥ with
respect to V if and only if (V) =1 and Ly 6 =0.

Example 3.5.2. Let ¥ be an orientable one-dimensional geodesic foliation
on (M,g). Then (= ¥%1) is a principal connection for ¥ with respect to
U € T(¥) where g(U,U) = 1. The connection form is U” .

An orientable one-dimensional foliation ¥ on M admits a principal con-
nection if and only if it is geodesible (i.e. there exists a Riemannian metric
h on M such that the leaves of ¥ are geodesics on (M, h)). Indeed, given
the principal connection . (with respect to some V € I'(¥)), if we choose
any metric h such that A(V,V) = 1 and h(V,X) = 0 for X € 5 then the
leaves of ¥ are geodesics of (M, h). Also the set of principal connections of
¥ (if nonempty) with respect to a given nowhere zero vector field V € I'(¥)

is an affine space over the linear space of basic one-forms: if §;, j = 1, 2 are
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connection forms then 6; — 65 is locally the pull back by ¢ : U — N of a
one-form A € I'(T*N) where U is an open subset of M and the fibres of ¢
are open subsets of leaves of ¥'. Fix V € T'(¥). Then, in a neighbourhood of
each point of IV, a local section s of ¢ can be found which, in a neighbourhood
of its image, defines a principal connection 6 which is flat (i.e. dfs = 0). If §
defines a principal connection then the one-form A such that 6 = 05+ ¢*(A) is
the local connection form of § with respect to s. Because ¥ is one-dimensional
we can define the local connection form of a principal connection with respect
to a (local) flat principal connection by using any parallel section of the flat
connection. Also note that the existence of a global flat principal connection
imposes, severe restrictions on the topology of the foliation and of the man-
ifold. For example, as is well known, if the leaves of ¥ are the fibres of a
principal bundle ¢ = (M, N, S') over a simply-conected N and ¢ admits a flat
principal connection then ¢ is trivial and, in particular, M and N x S! are
diffeomorphic.

The orthogonal complement of a one-dimensional foliation which pro-

duces harmonic morphisms is a principal connection of it.

Proposition 3.5.3. Let ¥ be a one-dimensional foliation which produces har-

2—n)o be a

monic morphisms on (M1, g) where dim M = n + 1. Let p = e
local density of V. Suppose that ¥V restricted to the domain of o is orientable
and let V€ T'(¥) be such that g(V,V) = =7 (= p=2)

Then the horizontal distribution (= V) is a principal connection for

¥V with respect to 'V .
Proof. This follows from Lemma [3.1.1 O
We now state the main result of this section.

Theorem 3.5.4. Let (M*,g) be an Einstein manifold of dimension four
and ¥ a one-dimensional foliation which produces harmonic morphisms on
(M*,g).

Then, one of the following assertions holds:

(i) ¥ is Riemannian and locally generated by Killing fields;
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(ii) ¥ is a homothetic foliation by geodesics with integrable orthogonal
complement;

(iii) (M*, g) is Ricci-flat and, up to homotheties, any harmonic morphism
o0 : (U, glu) — (N3, h), with dilation X\, produced by ¥ such that ¥ |y and N3
are orientable is (locally) described as follows:

(a) (N3,h) has constant sectional curvature k™ =1,

(b) 2 d(A2) is a (flat) principal connection for ¥ with respect to suit-
ably chosen V € T'(¥) such that g(V,V) = A2,

(c) the local connection form A of A with respect to & d(A~2) satisfies
the equation dA +2x A =0 on (N3, h) where * is the Hodge star-operator of
(N3, h) with respect to some orientation of N3 .

Moreover, only (i) and (ii) or (ii) and (iii) can occur simultaneously, in
which case (M*,g) must be Ricci-flat.

From Theorem [3.5.4] we obtain the following.

Corollary 3.5.5. Let (M*, g) be an orientable Einstein manifold of dimension
four, and (N3, h) an orientable Riemannian manifold of dimension three.
Let o : (M*,g) — (N3,h) be a submersive harmonic morphism; denote
its dilation by X\ and let V € T(¥) be such that g(V,V) = \2.
Then, one of the following assertions (i), (ii), (iii) holds:
(i) V is a Killing field;
(ii) ¢ is horizontally homothetic and has geodesic fibres orthogonal to an
umbilical foliation by hypersurfaces;
(iii) (a) (M*%,g) is Ricci-flat and (N3, h) has constant sectional curvature
BN =< (c#£0),
(b) 1d(A72) is a (flat) principal connection for ker ¢, with respect
toV,
(c) the local connection form A of (ker p,)t with respect to L d(A~2)
satisfies dA+cx A = 0 on (N3, h) where * is the Hodge star-operator of (N3, h)

defined by some orientation of N3 .

Remark 3.5.6. 1) If M* is not orientable then we can replace (M*,g) by

a Riemannian double covering (M 49) such that M* is orientable. Then we
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replace ¢ by ¢ = ¢ o & where £ : (M‘l,ﬁ) — (M*, g) is the projection of the
covering.

2) If N3 is not orientable we can pull back ¢ to a Riemannian double-
covering (N3, h) of (N3, h) such that N3 is orientable.

Proof of Theorem [3.5.4 Suppose that neither assertion (i) nor assertion
(i) holds. Then, by Remark [3.4.2if ¢ : (O, glo) — (N,h), (dim N = 3), is a
harmonic morphism produced by ¥ the relation must hold.

If Q@ = 0 on O then, from , it follows that A is constant along
horizontal curves which would imply that assertion (ii) holds.

If Q #£ 0, then, by analyticity, it is non-zero on a dense open subset of O .
Now, note that the right hand side of is basic. Hence V(X (A\72)) =0
for any basic vector field X € I'(2#). But V commutes with basic vector
fields and hence V(A72) is constant along horizontal curves. It follows that,
if V(A~2) is non-constant then .7 is integrable, equivalently, = 0. Thus,
V(A72) = ¢ for some constant ¢ € R. Furthermore, as ¥ is not Riemannian,
c#0.

Then (1/¢) d(A~2) is a (flat) principal connection for ¥ . Let A € T(T*N)
be a local connection form of # with respect to (1/¢)d(A2), that is, A is

the one-form on N which satisfies

= % d(A™2) + % (A) . (3.5.1)

From (3.4.11) and (3.5.1)), it follows that

—cp (A) =d (AN 2) =50 Q = w0 " (dA) = ©*(xdA) . (3.5.2)

Hence dA + ¢ * A = 0 which implies assertion (iii), except for the fact that
(N, h) has constant sectional curvature equal to ¢?/4 which we shall now prove.
From Lemma we obtain that the Ricci tensors of (M, g) and (N, h)

satisfy the following relations, on O :

MRicei |ygy =0, MRiccl|ygnr =0,
2 (3.5.3)
MRicci | wonw = ¢* (NRicci) ~—3 ©*(h) .
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From (3.5.3) it follows easily that, if (M*,g) is Einstein and (3.4.11))

holds, then it is Ricci-flat and (NN, h) has constant sectional curvature equal
to c?/4. O

Remark 3.5.7. 1) The equation dA 4+ ¢* A = 0 for a one-form A on an ori-
ented three-dimensional Riemannian manifold is the Beltrami fields equation
(see [34]). Obviously, if A satisfies the Beltrami fields equation, with ¢ con-
stant, then AA = ¢4, where A is the Hodge Laplacian; also, F' = dA satifies
d*F=cxF.

2) The codomain of a harmonic morphism of type (iii) of Theorem [3.5.4]
always has constant positive sectional curvature. In the limit, when this tends
to zero, we obtain a harmonic morphism of type (i) .

3) Harmonic morphisms of type (iii) are also of type (ii) if and only if
A=0.

4) The results of Theorems [3.4.1| and [3.5.4] shows that, on an Einstein

manifold of dimension at least four, the nonlinear system of partial differential

equations whose solutions are harmonic morphisms with fibres of dimension
one can be reduced to one of three types of systems of linear partial dif-
ferential equations of the first order. For type (i) this is Killing’s equation,
and for type (iii) it is the above mentioned Beltrami fields equation. Finally,
the one-dimensional foliation ¥ on (M, g) is of type (ii) if and only if it is lo-
cally generated by vector fields W € T'(¥') which satisfies AVW = diviW Id pps
where V is the Levi-Civita connection of (M,g) (see [51, Lemma 6.5]).

See [69] , [42] for other situations in which the nonlinear system of partial
differential equations whose solutions are harmonic morphisms can be reduced

to a linear system of partial differential equations of the first order.

3.6. The third type

We shall say that a harmonic morphism ¢ : (M*, g) — (N3, h) is of type
(iii) ( (i), (1)) if its regular fibres form a foliation of type (iii) ( (i), (ii)) of
Theorem . In this section the harmonic morphisms of type (iii) will be
the main object of study.
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The first thing to note about the harmonic morphisms of type (iii) is that

they are always submersive.

Proposition 3.6.1. Let ¢ : (M*, g) — (N3, h) be a harmonic morphism of
type (iii).
Then ¢ is submersive.

Proof. By passing, if necessary, to a two-fold covering, we can suppose
that the vertical distribution ¥ (which is well-defined outside the set of critical
points) is orientable. Then, as before, let V € I'(¥) be such that g(V, V) = A2
where A is the dilation of . Since, up to a multiplicative constant, d(A~2)
is a (flat) principal connection with respect to V', we have that V(A\72) is a
nonzero constant. This implies that the connected components of any regular
fibre of ¢ are noncompact.

Suppose that ¢ is not submersive and let g € M be a critical point of
it. Recall that, by a result of P. Baird [4, Proposition 5.1], the set of critical
points of ¢ must be discrete. Then from the main result of [16] it follows that
 is topologically locally equivalent at zg to the cone on the Hopf fibration
83 — S§?. Hence, in a neighbourhood of x(, the components of the regular
fibres of ¢ are diffeomorphic to S'. But we have seen that all the regular
fibres of ¢ have noncompact components and hence ¢ cannot have critical

points. Il

Also, we have the following result.

Corollary 3.6.2. Let ¢ : (M* g) — (N3,h) be a harmonic morphism of
type (iii).

Then the vertical distribution of ¢ is orientable.

Proof. If V is any local vertical vector field such that g(V,V) = A? then
V(A72) is a nonzero constant. Hence, there exists a unique vertical vector
field V on M such that g(V,V) = A% and V(A72) > 0. O

Remark 3.6.3. Let ¢ : (M*,g) — (N3, h) be a harmonic morphism of type
(iii) with connected fibres; denote its dilation by A. Then #*(d(A2)) is
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a basic one-form; let A € T'(T*N) be such that —3 #*(d(A72)) = ¢*(4).
Because (N3, h) is of constant curvature it is an analytic manifold. But A
satisfies AA = 4A and so is analytic. Using this fact it is easy to see that, if
N3 is orientable, then there exists an orientation of it such that dA+2xA = 0
on N3.

From the proof of Theorem it follows that any harmonic morphism
of type (iii) is locally determined by the local connection form A. This is also

illustrated by the following example.

Example 3.6.4. Let h be the canonical metric on the three-dimensional
sphere S3. Let A = i*(—x2 da! 4+ 2 dz? — 24 dad + 28 dx4) where i : S3 — R4
is the canonical inclusion.

Let * be the Hodge star-operator on (S3,h) considered with the usual

orientation of S3. Then

dA—-2+xA=0.

To show this, firstly note that A is the canonical connection form on the
Hopf bundle (53,82, S). Also |A| = 1 and thus it is sufficient to verify that
ANdA = 2vgs where vgs is the usual volume form on S3.

For a € R let g, be the Riemannian metric on R* \ {0} = (0,00) x S3
defined by

Gga=p>h+p2(pdp+ad)?.

Then, for any a # 0, the canonical projection ¢, : (R*\{0},g4) — (5%, h)
is a harmonic morphism of type (iii) whilst gg is the restriction to R*\ {0} of
the canonical metric on R* and thus ¢g: R*\{0} — S3 is the usual radial
projection; note that this is also of type (ii) .

Note that (R*\{0},g,) is the Eguchi-Hanson II metric [19] and thus is
Ricci-flat and anti-self-dual.

Let ¢, = 7 0 ¢, where 7 : S — S? is the Hopf fibration. Then 1, is a
harmonic morphism with totally geodesic fibres. Any fibre of it is isometric

with (R?\{0},v,) where v, is given in polar coordinates (p, ) by

Yo = p*d0? + p2 (pdp + adh)? .



Harmonic morphisms with one-dimensional fibres 99

It is easy to see that any point of R?\ {0} is at finite distance from 0 with
respect to v, . Hence (R?\{0},7,) is not complete. Because the fibres of 1), are

closed and totally geodesic we obtain that g, is not complete for any a € R.

We shall prove that the ¢, of Example are, essentially, the only
surjective harmonic morphisms of type (iii) with connected fibres and complete

simply-connected codomain. For this we need the following:

Proposition 3.6.5. Let S° (: Sp(l)) be the three-dimensional sphere endowed
with its canonical metric and orientation and let x be the Hodge star-operator
on 1t.

(i) The space of solutions of the equation
dA+2xA=0, AcT(T*S%) (3.6.1)

is the space of left-invariant one-forms on S% .

(ii) The space of solutions of the equation
dA—-2xA=0, AcT(T*S%) (3.6.2)
is the space of right-invariant one-forms on S° .

Proof. (i) Let S3 x Sp(1) — S? be the unique spin structure on S* and
let S x H — S2 be the spinor bundle induced by the action of the Clifford
algebra Cl3 =H @& H on H given by (z,y)-g=x-q.

Consider the trivialization 7'S® = S x ImH induced by the canonical
left action of S*(= Sp(1)) on itself. Thus any one-form A on S* can be
viewed as a spinor field A : $3 — ImH C H which is constant if and only if
the corresponding one-form is left-invariant.

Consider the Dirac operator D obtained by using the trivial flat connec-
tion on $3 x H — S3. Then it is easy to see that A € ['(T*S?) satisfies
if and only if DA = 0. Also a straightforward calculation gives D? = A + 2D
where A is the usual Laplacian acting on H-valued functions on S3. Thus,
any solution A of induces a harmonic H-valued function on S® which
must be constant if A is globally defined on S3.

(ii) Since the isometry z + 2! of S? reverses the orientation, it pulls
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back solutions of (3.6.1]) to solutions of (3.6.2)) . Thus the proof of (ii) follows
from (i) . O

Remark 3.6.6. There are other ways to describe the solutions of the equations
and . For example, since any orthogonal complex structure on
R*(= H) compatible with the canonical orientation can be described as left
multiplication by imaginary quaternions of length one (see [I5]) any solution
of is, up to a multiplicative constant, of the form

A=i* (Y Jgabda”),
a,b

where J is any orthogonal complex structure which induces the canonical
orientation on R* (that is, if {ui,us} is a complex basis of (R?* .J) then
(u1, Jui, us, Jug) is positively oriented) and i : S% < R* is the canonical in-
clusion. This can also be checked directly.

Also, any solution A of can be written A = *xi*(F') where F' €
A% (RY) is a self-dual two-form.

In fact, by using these characterisations an alternative proof for Propo-
sition [3.6.5| can be obtained. First, note that, for each one of the equations
and we have a three dimensional space of solutions. Then, it is
easy to see that if A satisfies or then A is coclosed and AA = 4A
where A is the Hodge Laplacian on S2. Thus A is in the eigenspace corre-
sponding to the first eigenvalue of A acting on coclosed one-forms of S3 and
it is well-known that this space is of dimension six (see [23| 7.2] or apply one
of the results from [41, page 148] and [35, Chapter II, Theorem 2.3]).

Proposition 3.6.7. Let o : (M*,g) — (N3, h) be a surjective harmonic mor-
phism of type (iil) such that (N3, h) is complete, simply-connected and ¢ has
connected fibres.

Then there exists a € R such that, up to homotheties, ¢ is a restriction
of pa : (R*\{0},94) — (53, h) from Ezample|(3.6.4).

Proof. Up to a homothety, we can identify (N3, h) with S considered
with its canonical metric and orientation. Let A be the dilation of ¢. Then,
by Proposition [3.6.5|, there exists a € R such that, up to an isometry of S2,



Harmonic morphisms with one-dimensional fibres 101

—2#*(d(A7?)) = ap*(A) where A € I'(T*S3) is as in Example m By
Proposition [3.6.1], ¢ is submersive and let ¥ = ker¢,. Because ¥ is ori-
entable we can find V € T'(¥) such that g(V,V) = A\2.

Because ¢ is of type (iii) we have that V(A~2) is a nonzero constant.
This implies that the restriction of A to any fibre of ¢ is a diffeomorphism
onto some open subinterval of (0,00). Hence the map ® : M* — S3 x (0, 00)
defined by ®(z) = (p(z), A\(z)7!), € M*, is a diffeomorphic embedding.

Then from the proof of Theorem it follows that the map ® from
(M*, g) to (53 x (0, 00), ga) is a local isometry and hence an isometric embed-

ding. Also, it is obvious that ¢, 0 & = ¢. O

Corollary 3.6.8. Let ¢ : (M* g) — (N3,h) be a surjective harmonic mor-
phism of type (iii) with connected fibres and such that (N3, h) is complete.
Then (M*, g) is not complete.

Proof. Up to homotheties, the universal covering of (N3, h) is S% with its
canonical metric and orientation. Then, ¢ can be pulled back via S — N3
to a harmonic morphism whose total space is complete if and only if (M*, g)
is complete. Define ® as in the proof of Proposition [3.6.7]. Then @ is a local
isometry and because (R*\ {0}, g,) is not complete (M*, g) is not complete. [

3.7. Harmonic morphisms ¢ : (M*, g) — (N3, h)

between Einstein manifolds

In this section (M*,g) and (N3, h) will be Einstein manifolds of dimen-
sion four and three, respectively, (since N? is three-dimensional this means
that (N3,h) is of constant curvature) and ¢ : (M*,g) — (N3, h) will be a
harmonic morphism. Recall that, by a result of P. Baird [4, Proposition 5.1],
the set of critical points of ¢ is discrete and hence, by the second axiom of
countability, at most countable.

We now state one of the main results of this section enumerating all sur-
jective submersive harmonic morphisms between complete simply-connected

Einstein manifolds of dimension four and three, respectively.
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Theorem 3.7.1. Let (M*,g) be a complete simply-connected Einstein mani-
fold and let (N3, h) be complete, simply-connected and with constant curvature.
Let p : (M*, g) — (N3, h) be a surjective submersive harmonic morphism
with connected fibres.
Then, up to homotheties, @ is one of the following projections: R* — R3 |
H* — R3, H* — H? induced by the following canonical warped-product de-
compositions R* = R x R3, H* = H' x, R3, H* = H' x, H? where HF

denotes the hyperbolic space of dimension k .

Proof. First we prove that (M*, g) has constant curvature and that ¢ has
geodesic fibres and integrable horizontal distribution.

By Corollaries [3.5.5| and [3.6.8] either (i) the vertical distribution of ¢ is
Riemannian and locally generated by Killing fields or (ii) ¢ has geodesic fibres

and integrable horizontal distribution.

Suppose that case (i) holds. Then there exists a function A on N3 such
that e = p*(\). Also, there exists a two-form F on N3 such that Q = ¢*(F).
Furthermore, by Remark [3.4.2], we have

F =xd\72, (3.7.1)

where * is the Hodge star-operator on (N3, h).

But dF = 0 and thus implies that A2 is a positive harmonic
function on (N3, h).

From (A.2.23) and (A.2.25) we obtain

N =272 M (3.7.2)

where kv is the constant sectional curvature of (N3, h) and ¢ is the Einstein
constant of (M*,g). Thus either \ is constant or kN = ¢ = 0. But in
the latter case, by Liouville’s theorem, A~2 must be constant. Hence, © has
geodesic fibres. Moreover, by , "' =0; equivalently, 77 is integrable.

Thus, we always have case (ii). The fact that (M*, g) has constant cur-
vature now follows from Corollary [3.3.2).

Note that J# is an Ehresmann connection for ¢ (see [9] ); moreover, ¢
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is flat (i.e. integrable). Hence, any maximal integral submanifold of it is a cov-
ering space of N3 . But N3 is simply-connected and hence ¢ admits a (global)

horizontal section. The proof of the theorem follows. O
From the proof of Theorem [3.7.1| we, also, obtain.

Proposition 3.7.2. Let ¢ : (M*,g) — (N3,h) be a harmonic morphism be-
tween Finstein manifolds and let \ be its dilation. Suppose that the regular
fibres of © form a Riemannian foliation.

Then, up to homotheties, ¢ can be (locally) characterised as follows:

o (M*,g) is Ricci-flat and (N3, h) is flat;

o A2 is the pull back of a local positive harmonic function u on (N3, h)
(in particular, X2 is a harmonic function on (M*,g) );

e Any local connection form A (= s*0) of the horizontal distribution sat-

isfies

dA =« du,

where * is the Hodge star-operator of (N3, h) with respect to some (local)
orientation (equivalently, the curvature form F = dA satisfies the monopole
equation F = xdu);

e In a neighbourhood of the local section s of p where ¢ is equivalent to

a projection we have

g=uh+u"l(dt + A)?.

Remark 3.7.3. 1) Note that the metric g of Proposition is constructed
by applying the Gibbons-Hawking construction [31], [24] (cf. [40]).

2) Let ¢ : (M*,g) — (N3, h) be a harmonic morphism between Einstein
manifolds. If (M*,g) does not have constant curvature or the horizontal dis-
tribution is nonintegrable then (M*, g) is Ricci-flat and ¢ is of type (i) (and
hence locally given as in Proposition or type (iii) of Theorem [3.5.4].
This follows from Theorem and Corollary [3.3.2].

Let a > 0. If we apply the Gibbons-Hawking construction (with the

convention dA = — % du) to the harmonic function wu, : R3\ {0} — (0, c0)
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defined by uq(y) = %(‘%' +a), y € R¥\ {0}, then the following metric is

obtained [31], [24] (see [40]).

Definition 3.7.4. Let a > 0. The Gibbons-Hawking Taub-NUT metric is
the Riemannian metric on R* defined by
a(alz|* +2)

5 (—:1:2 dz' + 2 dz? — 24 da® + 28 dx4)2 )
alz? +1

9a = (alz]* + 1) go —
For a = 0 this gives the canonical metric gg on R*.
Note that g1 is discussed in [40] .

Remark 3.7.5. 1) For any a > 0 the Hopf polynomial map ¢ : (R4,ga) —
(R3, ho) , (zl, 22) — (‘21‘2 — ‘22‘2, 22127) , can be thought of as the harmonic
morphism induced by the isometric action (see Example (1)) of St on
(R*, g,) where hg is the canonical metric on R®. In particular, (R, g,) is
Ricci-flat for any a > 0; moreover, (R%, g,) is, also, self-dual (see [56] ) and
therefore hyper-Kéhler.

2) Moreover, we can consider a = ¢*(a) to be the pull back of a nonneg-
ative harmonic function @ defined in the neighbourhood of 0 € R?. Then, the
resulting metric g, is still Ricci-flat self-dual and with respect to it the Hopf

polynomial map, suitably restricted, is a harmonic morphism.

For the next construction we follow C.R. LeBrun’s discussion [40] of the
Gibbons-Hawking construction [31], [24] .

Example 3.7.6. Let v : R®\C, — (0,00) be a positive harmonic func-
tion whose set of singularities C,, = {y;};jer is discrete. Hence I is finite or
countable. Thus by applying Bocher’s theorem, the ‘minimum’ and Harnack’s
principles (see [2]) we obtain

—a bj 3
u(y) = a+ ]ze; 7= vl (y e R?), (3.7.3)

where a > 0 and b; > 0 are nonnegative constants. Suppose that u has the
same residue b (> 0) at each singular point, i.e. b; = b for each j € I.
Let F, € T(A*(T*(R3\C,))) be defined by F,, = — * du where * is the
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Hodge star-operator on R3. Because u is harmonic we have dF, = 0. Then,
taking S' = R/47bZ, the cohomology class

1
47b

is the first Chern class of a principal bundle &, = (P,, R3\C, , S!) with pro-
jection ¢, : P, — R3\C,. It is not difficult to see, by using the homotopy

F,) € H*(R*\C,,Z) = H' (R*\C,, S*)

sequence of &, , that P, is simply-connected.

As is well-known, F}, is the curvature form of a principal connection given
by 6, € T'(T*P,) . Note that if A is a local connection form of 6,, with respect
to some local section of &, , then dA = — x du.

Let hg be the canonical metric on R? and define 7, = ¥ (u ho )+ (u=1)62 .
Then vy, : (Pu,Yu) — (R3\Cy, holrs\c,,) is @ harmonic morphism.

The key point of the construction is the fact that 1, can be extended to
a harmonic morphism whose codomain is R3 .

To prove this, first note that if C,, = {0} then &, is the cylinder on the
Hopf bundle (53,52, S!) and hence 1), is the restriction of the Hopf polyno-
mial map to R*\ {0} . Moreover, one can easily verify that 7, is homothetic
to the restriction of the Gibbons-Hawking Taub-NUT metric g4, to R*\ {0}
where, from now on, we consider, for simplicity, that b = i .

Let v(y)zﬁamdw:u—v. Then

§u = Evtw = §U|R3\Cu ’ £w|R3\Cu

where ¢-’ denotes the group operation in H'(R3\C,,S'). There exists a
neighbourhood U of y; such that U N C, = {y1} and hence w|y is a well-
defined positive harmonic function. By taking U to be contractible we get
that &, |y is trivial (equivalently, it is the neutral element of H(U, S1)). Then
Sulv\fy1} = Svlongy,y and hence ¥, can be extended so that its image contains
y1. More precisely, we can add a point z7 to 1, }(U) such that the extended
map is smoothly equivalent in a neighbourhood of x; to the cone on the Hopf
fibration S® — S2. Moreover, because w has no singularities in U the metric
Yy extends over x1 to a metric which is homothetic, in the neighbourhood of
1, to the metric ga,, of Remark [3.7.5(2) .
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In this way (P,,v,) can be extended to a Riemannian manifold (M, g,)
and 1), can be extended to a surjective harmonic morphism ¢, : (M, g,) —
(R3, hg) where hq is the canonical metric on R?. Note that (M, g,) is Ricci-

flat, simply-connected and that ¢, is induced by an isometric action.

Proposition 3.7.7. Let (M*,g) be a four-dimensional Einstein manifold and
let o : (M*,g) — (N3, h) be a harmonic morphism with one-dimensional fibres
to a three-dimensional Riemannian manifold.

If ¢ has critical points, then (M*, g) is Ricci-flat and the fibres of © are
locally generated by Killing vector fields. If, further, the vertical distribution
of  is orientable then there exists a (real-analytic) Killing vector field tangent

to the fibres of p whose zero set is equal to the set of critical points of ¢ .

Proof. As ¢ has critical points, by Corollary [3.5.5] and Proposition [3.6.1],
either the fibres of ¢ are locally generated by Killing vector fields or ¢ is a
horizontally homothetic submersion. But in the latter case, by a result of
B. Fuglede [22], ¢ would be submersive.

Suppose that the vertical distribution ¥ of ¢ is orientable and let A be
the dilation of ¢ . Also, as above, let V € I'(¥) be such that g(V, V) = A2, let
0 be its vertical dual and denote 2 = df.

Obviously, V' can be extended to a continuous vector field on M whose
zero set is equal to C, , the set of critical points of ¢.

Then Propositionimplies that V' is a Killing field on (M\Cy, g|a\c,,) -

Hence it satisfies the equation
V*VV = MRicci(V) (3.7.4)

(see, for example, [35], page 44]), where MRicci € I'(TM ® T*M) denotes the
(1,1) tensor field associated to the Ricci tensor of (M*, g). From the regular-
ity of solutions of elliptic equations (see [I1], page 467]) it follows that V is a
smooth (in fact, analytic) vector field on M .

To complete the proof we have to show that (M*, g) is Ricci-flat, without
the assumption that 7 is orientable. Nevertheless, as C, is discrete, for any

critical point zg there exists a neighbourhood U such that ¥ restricted to
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U\ {zo} is orientable. Moreover, by [16], we may suppose that |y is topo-
logically equivalent to the cone over the Hopf fibration S® — S?; in particular,
¢l has connected fibres.

Then, on U \ {zo}, because A and Q are basic they are the pull-backs of
a function and a two-form, respectively, which are defined on N3. For sim-
plicity, we shall denote the corresponding objects on N3 by the same letters
A and Q. Recall that MRicci = ¢™g and g|» = A ~2p*(h). Thus
can be written as an equation on N?. Furthermore, by applying , the

corresponding equation on N3 can be written as follows:
MRicei = 2¢M A2 h — INY(xQ) @ (+Q) + 2X2dA @ d) . (3.7.5)

From , it follows that any vector orthogonal to both (¥Q)f and
grad \ is an eigenvector for MRicci, the corresponding eigenvalue being ¢ A=2.
Hence, if ¢ # 0, this eigenvalue tends to oo as we approach a critical value
of ¢, which is obviously impossible (apply, for example, Lemma) . Thus

M =0, ie., MRicci=0. O

We can now prove the next main result of this section enumerating all the
surjective harmonic morphisms with critical points between complete, simply-

connected Einstein manifolds of dimensions four and three.

Theorem 3.7.8. Let (M*,g) be a complete Einstein manifold and let (N3, h)
be complete, simply-connected and with constant curvature.

Let ¢ : (M*,g) — (N3, h) be a surjective harmonic morphism; denote its
dilation by A . Suppose that ¢ has critical points.

Then, up to homotheties, (N3,h) = (R3 hg) where hg is the canoni-
cal metric on R3. Moreover, \™2 = ¢*(u) for a positive harmonic function
u:R3\ C, — (0,00) having the same (positive) residue at each (fundamental)

pole y € Cy, (M*,g) = (M, gu) and ¢ = @, .

Proof. By passing to a two-fold covering we can suppose that the verti-
cal distribution of ¢ is orentable. Then, by Proposition [3.7.7], there exists a
Killing field V' on (M, g) tangent to the fibres of ¢.

Although ¢ has critical points, an argument due to R. Hermann (see [11]



108 Radu Pantilie

9.45]) can be adapted to prove that the horizontal distribution .7 (which is
well-defined outside the set of critical points) is an Ehresmann connection [12]
for ¢ restricted to the set of regular points. By applying [I1], 9.40], it is easy
to see that ¢ can be factorised into a harmonic morphism with connected fi-
bres followed by a Riemannian covering over (N3, k). But the latter must be
trivial because N3 is simply-connected and hence ¢ has connected fibres.

Now, as in the proof of Theoremwe obtain and the monopole
equation and hence A~2 is a harmonic function where X\ = p*(\).

Because ¢ has critical points its dilation cannot be constant. This, to-
gether with , implies that (M4, g) is Ricci-flat and (N3, h) is flat. Hence,
up to homotheties, (N3, h) = (R3, hy) where hg is the canonical metric on R?.

Using the completeness of (M?, g) and the fact that V is Killing it is not
difficult to prove (directly or by using Theorem that the restriction of
© to the set of regular points is the projection of a principal bundle £ with
group (R, +) or (S',-) and the horizontal distribution is a principal connec-
tion on it. But ¢ extends the projection of £ over the critical points. Hence
in the neighbourhood of each critical point £ is a restriction of the cylinder on
the Hopf bundle (53,52, S1) or its dual. Hence the structural group of ¢ is
St =R/LZ where L (> 0) is the period of the orbits of V.

Let {y;}jer be the set of critical values of ¢ . Using the Chern-Weil mor-
phism (see [36]) and it is easy to see that the first Chern number of £
suitably restricted to a sphere about any y; is given by ¢; = —4nb;/L where
b;(> 0) is the residue of A2 at y;. But we must have ¢; = +1 and hence

bj = by, for any j,k € I and the proof follows. O

Remark 3.7.9. Note that the period L of V is the mass of the regular fibres,
ie. L = [ . p where p(= A7) is the density of ¢. Because p is constant

along the fibres we have that L is equal to p|gpre multiplied by the length of
the considered fibre (see Definition [4.2.1)).

We end this section with the following classification result.

Theorem 3.7.10. Let (M*, g) be a complete Einstein manifold and let (N3, h)

be complete, simply-connected and with constant curvature.
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Let ¢ : (M*, g) — (N3,h) be a surjective harmonic morphism. Suppose
that ¢ has exactly one critical point.

Then there exists a > 0 such that, up to homotheties, ¢ : (R* g,) —
(R3, ho) is the Hopf polynomial map with g, the Gibbons-Hawking Taub-NUT

metric (a > 0) and go , ho the canonical metrics on R* | R3 | respectively.

Proof. This follows from Theorem [3.7.§|. O

3.8. The classification on conformally-flat Riemannian manifolds

This section is devoted to the following result and its consequences.

Theorem 3.8.1. Let ¢ : (M™*! g) — (N™, h) be a harmonic morphism be-
tween Riemannian manifolds, (n > 3) ; denote by A the dilation of ¢ .
If (M™H, g) is real-analytic and conformally-flat then either
(i) ¢ is of Killing type, or
(ii) the horizontal distribution of ¢ is integrable and its leaves endowed

with the metrics induced by \=>"*4g have constant curvature.

Proof. By Corollary[1.3.3|, at least away of the critical points (which may
occur only if n = 3, see [9] ), we have ¢ : (M"*! g) — (N", h) real-analytic.
As the dimension of the intersection of (the complexification of) .7 with
any isotropic two-dimensional space, on (M"™*! g), is at least 1, Proposition
implies that (M"*1, g) is conformally-flat if and only if, for any U € I'(%)
and X,Y € I'() with g(U,U) = g(X,X), g(X,Y) =0, g(Y,Y) =0, we
have RM(U £iX,Y,U £iX,Y) = 0; equivalently,
RM(U,Y,U,Y) = RM(X,Y, X,Y)
(3.8.1)
RM(U,Y,X,Y)=0.
From (A.2.2)) , it follows quickly that the second relation of (3.8.1)) is equivalent

to
"VyQ) (X, Y) +3(n—1)Y (0)QUX,Y)=0. (3.8.2)

Thus, by assuming X and Y basic and using Lemma [3.1.1|, we obtain

Y(V(e)QUX,Y) =0, (3.8.3)
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where V is the fundamental vector field of ¢.

Next, we shall use the first relation of . For this, we assume X and
Y basic with g(X, X) = e~ 27 (equivalently, h(X,X) =1), and U = e~ (»~ Doy
(so that, g(U,U) = g(X, X)). Thus, the first relation of becomes

2o RM(y Y vV Y) = RM(X,Y,X,Y)

which, by applying (A.2.1) and (A.2.3), is equivalent to
RYN(X,Y,X,Y) = —(n— 1)h("Vy(#(grad), 0)),Y) — (n — 1)*Y (0)?
1

; 6(2"—2)"{h(iy9, iy Q) + 3Q(X, Y)Q} 5

(3.8.4)

+

where we have denoted by the samy symbol RY and its pull-back by ¢ to
ML
We may assume that Y is the horizontal lift of an isotropic geodesic (local)

vector field on (the complexification of) (N™, h); equivalently, "VyY = 0.

Then (3.8.4) becomes
RY(X,Y,X,Y) = ~(n—1)Y(Y(0)) = (n — 1)*Y (0)?
) (3.8.5)
+7 e =27 L (iyQ, iy Q) + 3Q(X,Y)?} .
As RN (X,Y, X,Y) is basic, from (3.8.3) and (3.8.5) it easily follows that

either 2 =0 or

V(o) {h(iyQ,iyQ) + 3QX,Y)?} =0. (3.8.6)

Now, from Q # 0 it follows that there exist Y € J# isotropic and X €
Y1 N . such that the second factor of the left hand side of is not
zero. Thus, we have proved that either Q = 0 (equivalently, .77 is integrable)
or V(o) = 0 (equivalently, ¢ is of Killing type).

Next, we study the case 2 = 0. Then (3.8.2)) (and hence, also, the second
relation of ) is automatically satisfied, whilst is equivalent to

RN(X,Y,X,Y) = "V(d7u)(Y,Y) — (d7u)(Y)?, (3.8.7)

where u = —(n — 1)o and, recall that, X and Y are basic with h(X,X) =1,
h(X,Y)=0and h(Y,Y)=0.
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Let hy = e®h|p = (20 t)og|

We have proved that, if JZ is integrable, is equivalent to the fact
that the curvature tensor R of any leaf P of # , endowed with the metric
induced by hy , satisfies R (X,Y, X,Y) =0.

It follows that if .77 is integrable then h; induces a conformally-flat Ein-
stein metric on each leaf of J# ; equivalently, h1 induces a metric of constant

curvature on each leaf of 5. The proof is complete. 0

Example 3.8.2. Let (N", h) be R", endowed with the canonical metric, and
let

M™ = {(t,z) e R x R"||tz| < 1},

where | - | denotes the Euclidean norm on R™.

Define A : M™*1 — (0,00) by A(t,z) = (1— ]tx]Q)ﬁ, (t,z) € M1 and
let g = A72h 4 A2n—4dt2.

Then ¢ : (M™*' g) — (N™h), (t,z) — =z, is a harmonic morphism
which satisfies assertion (ii) of Theorem m, in particular, (M™*! g) is
conformally-flat, (n > 3). Furthermore, ¢ is neither of Killing type nor its

fibres are geodesics.

Remark 3.8.3. If n = 3 then Theorem holds, also, in the complex-
analytic category. Indeed, the only point in the proof of Theorem where
it is essential for ¢ to be ‘real’ is when we deduce from €2 # 0 that there exist
Y € # isotropic and X € Y N . such that the second factor of the left
hand side of is not zero. But, if n = 3 and h(X, X) =1 then

h(iyQ,iyQ) + 3Q(X,Y)? = 4Q(X,Y)?,

which, also, in the complex-analytic category, is not zero, for suitable choices
of X and Y, if Q #0.

For the proof of the following result the interested reader should con-
sult [53] .

Corollary 3.8.4. The Hopf polynomial map ¢ : R* — R3 is, up to local

conformal diffeomorphisms with basic conformality factors, the only harmonic
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morphism with one-dimensional fibres and nonintegrable horizontal distribu-
tion between conformally-flat Riemannian manifolds, of dimensions at least

three.
We end this chapter with the following result of R.L. Bryant.

Corollary 3.8.5 ([14]). Forn > 3 let (M™"1,g) be a Riemannian manifold
with constant sectional curvature and let ¢ : (M" g) — (N™, h) be a sub-
mersive harmonic morphism with orientable vertical distribution.

Then, either

(i) the fibres of ¢ form a Riemannian foliation generated by a Killing
field or

(ii) ¢ is horizontally homothetic and has geodesic fibres orthogonal to an

umbilical foliation by hypersurfaces.

Proof. This is a trivial consequence of Theorems [3.4.1], [3.5.4] and [3.877].
O




CHAPTER 4

Harmonic morphisms on compact Riemannian

manifolds

4.1. Mixed curvature and harmonic morphisms

In this section we give some applications of of Appendix A to
harmonic morphisms.

The following Proposition is a generalization to conformal one-dimensional
foliations of the corresponding results for Riemannian one-dimensional folia-

tions from [58] .

Proposition 4.1.1. Let (M, g) be compact.

(i) If (M,g) has nonpositive Ricci curvature, then any conformal one-
dimensional foliation is Riemannian and its orthogonal complement is a totally
geodesic foliation. Further, Ricci(U,U) = 0 for any U tangent to the foliation.

(i) If (M, g) has negative Ricci curvature then there exists no one-dimen-

sional conformal foliation on it.

Proof. By passing to a finite covering, if necessary, we can suppose that
both the foliation ¥ and the manifold M are oriented.

Since ¥ is conformal we have # By = 0 where # By is the trace-free
part of 7 B. But, as for any codimension one foliation, . is also conformal.
Hence V' By = 0.

Next, note that, because ¥ is one-dimensional, the mixed curvature is

equal to the Ricci curvature restricted to 7 .

Thus integrating (A.1.1)) gives

-1 1
/ Ricci(U,U)vg:/ {L\traCe(HB)er,W]‘z}ug,
M M p 4
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where U is a unit vector field tangent to 7 and v, is the volume element of

(M, g).
The proposition follows. U

By a well-known result of S. Bochner (see [35, Ch. II, Theorem 4.3] ) any
Killing field on a compact Riemannian manifold with nonpositive Ricci tensor

is parallel. The following theorem can be viewed as an extension of that result.

Theorem 4.1.2. On a compact Riemannian manifold with nonpositive Ricci
curvature any one-dimensional foliation which produces harmonic morphisms
and admits a global density is locally generated by parallel vector fields. In par-
ticular, it is Riemannian, has geodesic leaves and its orthogonal complement is
a totally geodesic Riemannian foliation. Hence the foliation corresponds to a
local Riemannian product structure of the manifold. In particular, the univer-
sal cover of (M, g) is a Riemannian product. If M is simply-connected, or the
foliation is simple and the base space is simply-connected, then the foliation

corresponds to a Riemannian product structure on (M,g) .

Proof. If the dimension of the manifold is three then the leaves are
geodesics. This together with Proposition [4.1.1], gives the result.

Assume that the manifold has dimension greater than three. As before,
by passing to a finite covering if necessary, we can suppose that both the foli-
ation V and the manifold M are oriented.

By Proposition the foliation is Riemannian; hence, by the proof
of Proposition , it is globally generated by a Killing field, namely p~'U
where p is a global density for 7 and U is a unit vertical vector field. Now,
Bochner’s result mentioned above implies that the foliation is generated by
parallel vector fields. Hence ¥ is a Riemannian foliation by geodesics and its
orthogonal complement is a totally geodesic Riemannian foliation.

The fact that 7" induces on the universal cover of (M, g) a Riemannian
product structure follows from the de Rham decomposition theorem. If the
foliation is simple then the leaves are compact and, hence, any curve in the
base space admits (global) horizontal lifts, these induce an isometry between

the fibres over the endpoints of the curve. Since the horizontal distribution is
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integrable, this isometry depends only on the homotopy class of the curve. It
follows that, when the base space is simply-connected, this isometry depends

only on the two fibres and the theorem is proved. O

Remark 4.1.3. 1) In Proposition i) and Theorem we can replace
the condition on the Ricci curvature by the condition: [, Ricci(U,U) vy < 0
for any vector field U tangent to the foliation.

2) The nonexistence, due to S. Bochner, of Killing vector fields on com-
pact Riemannian manifolds with negative Ricci tensor can be proved by using
(A11). In fact, if V is a Killing field on (M, g) which generates the (possi-
bly singular) foliation ¥, and ¢ = |V| then o~ ! is a dilation for the homo-
thetic distribution J# (see the proof of Proposition . By we have
trace(” B) = grad(log(c™1)). Tt is easy to see that, in this case, gives

(sign convention for the Laplacian as in [11])
1
JAU—ngadJ’Q—i—ZUz‘%I‘Q = Ricci(V, V) . (4.1.1)

If o attains a maximum at a point where V' is not zero then the left hand
side of is nonnegative from which the result follows.

3) Recall that, by another well-known result of S. Bochner, on a compact
Riemannian manifold with positive Ricci curvature there exists no harmonic
one-forms (in particular, the first Betti number of such a manifold is zero). As
is well-known (see [I1]) this can be proved by using the Weitzenbock formula
for the Hodge Laplacian acting on exterior forms. Also formula can
be obtained from the Weitzenbock formula applied to a local volume form of

one of the two distributions.

By Corollary [1.1.14], any foliation which produces harmonic morphisms
on a simply-connected manifold admits a global density and hence, in this
case, the hypotheses of the above theorem can be weakened. Also, we have

the following:

Corollary 4.1.4. Any nonconstant submersive harmonic morphism with fi-
bres of dimension one which is defined on a compact Riemannian manifold

such that the Ricci curvature Ricci(U,U) is nonpositive when U is tangent
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to the fibres is totally geodesic (or up to a conformal transformation of the
codomain if this is two-dimensional). Hence, if the total space or the base
space is simply-connected, up to a homothety of the codomain (up to a confor-
mal transformation of the codomain if this is two-dimensional), it is a projec-

tion of a Riemannian product.

In order to apply it to nonnegative curvature, note that formula (A.1.1))

can also be written
div(trace(™ B)) + div(trace(¥ B)) + ‘tmce(HB)!2 + ‘tmce(VB)‘2
T2, Lvo2  Hp2, (Vo2
+1\ I| +Z‘ II"=|"B]"+|"B|" + smia - (4.1.2)
The next result applies to arbitrary foliations, not necessary conformal.

Proposition 4.1.5. Let (M, g) be a compact Riemannian manifold.

(i) Let ¥ and € be two complementary orthogonal foliations whose mean
curvatures are (globally) gradient vector fields. If the mized curvature is non-
negative then ¥ and J are totally geodesic and hence they induce on (M, g)
a local Riemannian product structure. Thus, the universal cover of (M,g) is
globally a Riemannian product.

(ii) If the mized curvature is positive then there exists no pair of com-
plementary orthogonal foliations on (M, g) for which the mean curvatures are

gradient vector fields.

Proof. If trace(” B) = grad(logu) and trace(” B) = grad(log v) for some
smooth positive functions u and v on M , then, (4.1.2)) gives the following:

—A(logu) — A(log v) + | grad(log u)|? 4| grad(log w)|* = |7 B> +|” B|* + smiz -

(4.1.3)
Equation (4.1.3]) can be written as follows:
—utAu— v Av = [ BP? + " B> + smix - (4.1.4)

Since grad u and grad v are orthogonal (the former being vertical whilst
the latter is horizontal) relation (4.1.4]) can be written as follows:

—u" T A(uw) = | B2 4 " B* + Smia -
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The proof follows by multiplying by uv and integrating over M . O

Corollary 4.1.6. Let (M, g) be compact and with zero first Betti number. Let
¥ be a homothetic foliation with codim?” # 2 which produces harmonic mor-
phisms on (M, g) and has integrable orthogonal complement. Then

(i) the total mized curvature [ 7 Smiz Vg 15 monpositive.

(i) if the mized curvature is nonnegative then it is identically zero and
YV and A are totally geodesic. Hence, the universal cover of (M, g) is globally
a Riemannian product.

On a compact Riemannian manifold with positive sectional curvature
there exists no homothetic foliation which produces harmonic morphisms and

has integrable orthogonal complement.

In Theorem [4.2.11)(i) we shall prove that for one-dimensional foliations
the last assertion from above proposition is true without the integrability

assumption on ¢, when dim M is even and greater than two.

Proof. Since ¥ is homothetic the mean curvature form of J# is closed.
But ¥ produces harmonic morphisms and hence, by Corollary [T.4.1], the mean
curvature form of ¥ is also closed. Since the first Betti number of M is zero
both mean curvatures are globally gradient vector fields. The proof follows

from Proposition 4.1.5 (|

Remark 4.1.7. 1) Recall (Remark that Riemannian foliations are ho-
mothetic, as are the foliations with minimal leaves of codimension not equal
to two and which produce harmonic morphisms.

2) If codim? = 1 then the integrability assumption on the orthogonal
complement of ¥, made above, can be removed. Further, the mixed curvature
is equal to the restriction of the Ricci curvature to its orthogonal complement.

3) Corollary admits further consequences in a similar way to Corol-

lary

Theorem 4.1.8. Let (M, g) be a compact Riemannian manifold of dimension
at least four, with zero first Betti number and with Ricci curvature of constant

sgn.
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Then, there exists mo orientable one-dimensional homothetic foliation
which produces harmonic morphisms on (M, g) and which has integrable or-

thogonal complement.

Note that, by Lemma [3.1.7], the integrability of the orthogonal comple-

ment above is automatic except on the set where ¥ is Riemannian.

Proof. Suppose that there exists a foliation ¥ with the stated properties.
By Corollary the Ricci curvature of (M, g) is nonpositive. Since M has
zero Betti number, ¥ admits a global density. From Theorem it follows
that 7 is locally generated by parallel vector fields. Moreover, being orientable
and admiting a global density, as in the proof of Theorem [£.1.2], ¥ must be
globally generated by a parallel vector field. Hence, the first Betti number of

M 1is nonzero. This is a contradiction! O

Corollary 4.1.9. On a compact Riemannian manifold with positive Ricci
curvature, there exists no nonvanishing Killing field with integrable orthogonal

complement.

The following immediate consequence of Proposition slightly im-
proves Proposition 5.9 and Proposition 5.10 from [65] .

Corollary 4.1.10. If ¥ is a Riemannian foliation on (M,q), and smiz < 0
at least at one point of M , then ¥ cannot be totally geodesic.

4.2. Two integral formulae for harmonic morphisms with

one-dimensional fibres

Throughout this section ¢ : (M1 g) — (N™ h),n > 1, will denote a
non-constant harmonic morphism defined on a compact Riemannian manifold.
Recall that, by a result of P. Baird [4] , ¢ is automatically submersive if n > 4.
Since closed, all the fibres of ¢ are compact. As is well known [2I] if ¢ is
nonconstant then it is open, hence it is surjective and N is also compact. Let
A denote the dilation of ¢; we shall denote by the same letter h the metric
on N and the metric *g on M of Definition m This metric should be seen

just as an auxiliary tool and thus, whenever we denote a geometric object on
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the total space of ¢ without mentioning a metric then it should be understood

that the metric considered is g.

Definition 4.2.1. We define the mass of a (regular) fibre of ¢ to be the

positive number

29—
m= A" Ufibre »
fibre

where Vgpre s the volume measure of the fibre induced by the metric (see [39]).

By Proposition |1.1.11] the mass is independent of the (regular) fibre and

it can be defined without any restriction on the dimensions.

Theorem 4.2.2. Let ¢ : (M" g) — (N, h),(n > 1) be a submersive
harmonic morphism and let SM = fM sM Vg SN = fN sV vy be the total
scalar curvature of (M, g) and (N, h), respectively. Then

SM _mSN =n(n— D)[|# (grad,(log I
1 (4.2.1)
—=(n = 1)(n — 2)|| A (grad, (log A)) | = 7 [17]|* -

Let n #2. Then
/ A (sM 2% M)y, = n(n — 5)/ )\2\”//(gradg(log )% vy
M M

1
—(n? = 3n+ 6)/ N2 (grad,(log \))|* vg — / NI v, .
M 4
(4.2.2)
Here, I = 71 is the integrability tensor of the horizontal distribution J .
In what follows we shall use the horizontal Laplacian of the associated

Riemannian submersion with geodesic fibres. This was introduced in [10] and

it can be defined as follows:

Definition 4.2.3. If ¢ : M — (N,h) is a submersion endowed with a dis-
tribution € which is complementary to kery, , then the horizontal Laplacian
©*AN s the second-order differential operator which acts on a local function
f defined in the neighbourhood of the point x € M as follows:

(e AN(f) = = >_{Xi (X)) = (¢"V)x, X5)(£)}
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Here, {X;} is a local orthonormal frame of 7 (endowed with the metric in-
duced by h) formed of basic vector fields (i.e. sections of S which are pro-
jectable by o to vector fields on N ), and V¥ is the Levi-Civita connection of
(N,h).

Remark 4.2.4. Note that (¢*AN)(f o p) = (AN f) o ¢ for any local smooth

function f on N .

Lemma 4.2.5. Let o : (M™ g) — (N", h) be a submersive harmonic mor-
phism and let AM and AN be the Laplace operators on (M,g) and (N,h),

respectively. Then
AMf =& (" AN)(f) = VTV (V) = 2(n = YV ())V(0)} -

Remark 4.2.6. Note that V(V(f)) is just minus the ‘vertical’ Laplacian
[10] applied to f of the Riemannian submersion with geodesic fibres asso-
ciated to ¢ : (M,g) — (N,h). More generally, the ‘vertical’ Laplacian of
¢ (M,g) — (N,h) is defined by (ASref)(z) = (AP @@ (F], 1)) ()
where A% ' (¥(@) ig the Laplacian of the fibre through x endowed with the
metric induced by g. If ¢ is a Riemannian submersion with totally geodesic
fibres, then the sum of the horizontal and the vertical Laplacians is equal to

the Laplacian of the total space.

Proof of Theorem [£.2.2] Recall from the previous section that s, is the
sum of the sectional curvatures of all planes on (M, g) spanned by a horizontal
and a vertical vector from an orthonormal frame adapted to the decomposition
TM =H&V. Let s denote twice the sum of the sectional curvatures of all
planes on (M, g) spanned by the horizontal vectors of a frame as above.

Using the previous two lemmas and the fact that I = V ® 0, after
a straightforward computation the following relation can be obtained. (An-
other way to obtain it is to use the previous two lemmas together with Corol-
lary 2.2.4, from [27] .)

s7—e?7 N = —2(n — 1)AMo — (n — 1)(n — 2)e% |7 (grad;, o) |2

—2(n — 1)el 727 V(V(0) + (3n — 4)(n — 1)el "7 V(0)? — %m? :
(4.2.3)
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Using (1.1.3]), (1.1.4)) together with Lemmal4.2.5{and (A.1.1]), we obtain:

Smiz = (n — 2)AM o 4+ 2(n — 1)e=2 7 V(V (5))

1 (4.2.4)
—(3n —4)(n — 1727 v (5)2 4 Z|I|2 .

But it is obvious that s™ = s% + 2s,,;, and hence from (#.2.3) and
(4.2.4]) we obtain

2(n — 1) enaAﬁbre(e—nU)

" ) (4.2.5)
+n(n — 1) (grad, o) —(n—1)(n-— 2)|A (grad, o)|? — 1|I|2 .

sM_g20 N = _9AMg5 4

Integrating (4.2.5)) gives (4.2.1). Relation (4.2.5) can also be written as

follows:

20 M _ jdo [N _ _AM(eQO') + 2(” _21)enaAﬁbre(e(—n+2)o)
n J—
g g 1 g
+n(n — 5)e? |7 (grad, o) — (n* — 3n +6)e? |7 (grad, o)]? - 162 |1
(4.2.6)
Integrating (4.2.6]) gives (4.2.2)), since
/ enUAﬁbre(e(—n+2)a) vy = / v Aﬁbre(e(—n—i-Q)a) Vsibre = 0 .
M N fibre

O

Remark 4.2.7. 1) Suppose that n = 1, i.e. ¢ : (M?,g) — R is a harmonic
function defined on the surface (M2, g). Then, equation (4.2.4) above reads:

K =—A(log|dl),

where K is the Gauss curvature of (M, g). As is well-known this can also be
proved by using the local isothermal coordinates induced by ¢ .
2) Computing A2(s” +5miz) , by adding (4.2.3) and (4.2.4)) from the above

proof, we can obtain formula (2.2) from [46] applied to harmonic morphisms

with fibres of dimension one.
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Proposition 4.2.8. Let ¢ : (M"!,g) — (N"™,h),n > 2 be a submersive
harmonic morphism. If U is a unit vector field tangent to the fibres of ¢ then

SM <msN + / Ricci(U, U) v,
M

and equality holds if and only if ¢ has geodesic fibres and € is integrable.

Note that since, Ricci(U, U) is quadratic in U, we do not need ¥ to be

orientable.

Proof. First recall that Ricci(U,U) = Spmiz , then take the sum of (4.2.3)
and (4.2.4) and use the definition of m. O

Corollary 4.2.9. Let o : (M™! g) — (N, h),n > 2, be a submersive har-
monic morphism.

(i) If ¢ induces a Riemannian foliation on (M,g) then SM <m SN and
equality holds if and only if ¢ is totally geodesic (up to a conformal transfor-
mation of the codomain if n = 2).

(ii) If ¢ has geodesic fibres and H is integrable then SM > mSN and
equality holds if and only if ¢ is totally geodesic (up to a conformal transfor-

mation of the codomain if n = 2).

From Lemma it follows that when the set of the points where ¥ is
Riemannian has measure zero then the integrability assumption on J# in (ii)

is superfluous.

Proof. (i) This is a trivial consequence of formula (4.2.1) from Theo-
rem 4.2.2)

(ii) If n = 2, then ([.2.1) from Theorem [4.2.2] gives the result. If
n # 2, by Proposition|1.1.10(b) we have 7 (grad, A\) = 0. Now apply formula
@E21). 0

The next corollary improves [46, Theorem 2.5] for the dimensions con-
sidered (see also [27, Corollary 2.2.6]).

Corollary 4.2.10. If n € {3,4,5} then [, A2(s™ — A sV)v, < 0. For
n € {3,4}, equality holds if and only if ¢ is totally geodesic and, for n =5,
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equality holds if and only if ¢ has geodesic fibres and F€ is integrable.
Therefore, for n € {3,4,5}, if (M"* g), (N™ h) are compact with
sM >0, sV <0 and at least one of these inequalities is strict then there exists
no nonconstant submersive harmonic morphism ¢ : (M™*1 g) — (N™, h) .
Proof. This is an immediate consequence of formula from Theorem
4.2.2) O

To end this section we prove two results on homothetic one-dimensional
foliations which produce harmonic morphisms on compact manifolds, the first
of them being a generalization (refered to in Section 3) of a well-known result
of M. Berger (see [35, Ch. II, Corollary 5.7]) concerning Killing fields. To
prove the first of these two results we shall use Lemma

Theorem 4.2.11. Let M be compact with dimension at least four.

(i) If dim M is even and (M, g) has positive sectional curvature then there
exists mno homothetic one-dimensional foliation which produces harmonic mor-
phisms on (M, g).

(ii) If (M,g,J) is Kdhler and has zero first Betti number then any ho-
mothetic one-dimensional foliation which produces harmonic morphisms on

(M, g) is Riemannian and locally generated by Killing fields.

Proof. (i) Since (M, g) has positive sectional curvature it has positive
Ricci curvature. Thus from Bochner’s result (see Remark [4.1.3(3) ) it follows
that the first Betti number of M is zero .

Suppose that there exists a homothetic foliation ¥ which produces har-
monic morphisms on (M, g). Because the first Betti number of M is zero,
it follows from Corollary that 7 admits a global density A>~" where
n+1 = dim M . We shall denote by h = ¢ the associated Riemannian metric
on M which makes ¥ a Riemannian foliation with geodesic leaves.

Since ¥ is homothetic, by Proposition [1.4.2| we see that A is of the form
et with (da)” = (db)” = 0. At a point 2 € M where a — b attains a
minimum we have

0< ("Vda)(V, V)= ("Vdb)(V,V)=—"Vdb)(V,V),

0< (Wda) (X, X) - (VAK X) = (VX x),
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where, V is as in Lemma and X is any horizontal vector at x .
Now, evaluated at x, the first formula from Lemma gives

R(X,V,X,V) = —(n—2)eCr= D) (" dg) (X, X)

+e720 ) ("7 db)(V, V) h(X, X) (4.2.8)
1
+ Z e(4n—6)(a+b) h(lXQ,ZXQ) 7
for any horizontal vector X.
Since () is skew-symmetric it must have even rank at each point. But
dim M is even and iy {2 = 0 and hence there must be a horizontal vector X at =
such that ixQ = 0. By (4.2.7) and (4.2.8)) , the sectional curvature of the plane
spanned by X and V would be nonpositive, contradicting the hypothesis.

(ii) Since the first Betti number of M is zero, the foliation ¥ must admit a
global density. By passing to a two-fold covering if necessary, we can suppose
that ¥ is oriented. Hence, by Proposition [3.1.5, it must be generated by a
conformal vector field. But by a well-known result of A. Lichnerowicz (see [11
2.125(ii)]) any conformal vector field is Killing on a compact Kéhler manifold
of complex dimension greater than two.

The theorem is proved. O

Remark 4.2.12. 1) Note that statement (i) from Theorem fails if
dim M is odd , for example the Hopf maps S*"*! — CP"™ are harmonic Rie-
mannian submersions.

2) In Theorem [4.2.11]i), if the sectional curvature K of (M™*!, g) sat-
isfies K > a® > 0 on M for some positive constant a, then the compactness
assumption on M can be replaced by the weaker condition that (M,g) be
complete. This follows from a well-known result of S. B. Myers (see [11], 6.51])

noting that the Ricci curvature is > na®g. (A similar remark can be made

for Corollary )

Corollary 4.2.13. Let (M, g) be a compact Riemannian manifold of even di-
mension at least four with zero first Betti number and with sectional curvature

of constant sign.
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Then, there exists mo orientable one-dimensional homothetic foliation

which produces harmonic morphisms on (M, g) .

Proof. This follows from Theorem and Theorem (4.2.11(3i) . O

4.3. Harmonic morphisms with one-dimensional fibres

on compact Einstein manifolds

Firstly, we prove the following result.

Proposition 4.3.1. Let (M, g) be a compact Einstein manifold of dimension
at least five and let ¢ : (M,g) — (N,h) be a harmonic morphisms with one-
dimensional fibres.

Then the fibres of @ form a Riemannian foliation locally generated by
Killing vector fields.

Proof. By [4] (see [9] ) we have that ¢ is submersive. Furthermore, by
passing to a two-fold covering we may suppose that the vertical distribution
¥V of ¢ is orientable.

Suppose that assertion (ii) of Corollary holds and let W be the
(nowhere zero) vertical vector field such that g(W, W) = A=2, where \ is the
dilation of ¢. It follows that VW = pldrps where p is a smooth function
on M. Hence, W is conformal and dW® = 0. By a result of K. Yano and
T. Nagano (see [35]), either W is Killing or (M, g) is S™ with its canonical
metric, where m = dim M. But in the latter case W = gradu for some
function v on S™; in particular, W would have zeroes.

The proof is complete. O

We end with the following theorem.

Theorem 4.3.2. Let (M*,g) be a compact four-dimensional Einstein mani-
fold and let ¢ : (M*,g) — (N3, h) be a non-constant harmonic morphism to a
Riemannian three-dimensional manifold.

Then, up to homotheties and Riemannian coverings, @ is the canonical

projection T* — T3 between flat tori.
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Proof. As above, up to a covering, the vertical distribution ¥ of ¢ is
orientable.

If ¢ has critical points then, by Proposition , we have that (M*, g)
is Ricci-flat and there exists a Killing vector field V' tangent to the fibres of ¢
whose zero set is equal to the set of critical points of ¢ . Then, by a well-known
result of S. Bochner (see [11}, 1.84] or apply ) V' is parallel and hence
nowhere zero; in particular, ¢ is submersive.

As ¥ is an orientable one-dimensional foliation on M*, the Euler number
of M* is zero. Hence, by a result of M. Berger, (M*, g) is flat (see [L1] 6.32]).

Now, an argument similar to the proof of Proposition shows that
there exists a (nowhere zero) Killing vector field V' tangent to the fibres of ¢.

Moreover, as (M*,g) is flat we have that V is parallel. Hence, the hori-
zontal distribution 7 is integrable and, by , we have that, also, (N, h)
is flat.

From a well-known result of C. Ehresmann [20] it follows that the leaf
space of the foliation formed by the connected components of the regular fibres
of o is smooth. Thus by factorising ¢, if necessary, into a harmonic morphism
followed by a Riemannian covering we can suppose that ¢ has connected fi-
bres.

Then ¢ is, up to homotheties, the quotient induced by V. Hence, ¢ is
the projection of an S'-principal bundle and the horizontal distribution 7
is a flat principal connection on it. Then, each holonomy bundle P of it is
a regular covering over N3 with group the holonomy group H(C S*') of 7.
Moreover, P considered with the metric induced by g is flat (actually, up to
homotheties, this is the unique metric with respect to which P — N becomes
a Riemannian covering; in particular, P with the considered metric is com-
plete.) Hence M = P xy S' and the pull back of ¢ by P — N is the projection
PxSt—p.

Furthermore, from [36, Chapter V, Theorem 4.2] we deduce that P is

covered by an Euclidean cylinder or by a torus and the proof is complete. [J



APPENDIX A

Useful supplementary facts

A.1. On pairs of complementary orthogonal distributions

In this appendix we recall a formula of P. Walczak [67] which relates the
curvature of a Riemannian manifold to the geometric properties of a pair of
complementary orthogonal distributions on it..

Let (M, g) be a Riemannian manifold and .7, ¥ a pair of complementary
orthogonal distributions on it, with dim .2 = p and dim ¥ = ¢. As before, 7
and 7 will be called the horizontal and the vertical distribution, respectively,
and, the corresponding projections will be denoted with the same letters ¢
and 7. We shall denote by X, Y horizontal vector fields and by U, V vertical
vector fields. Let “B and ”T denote the second fundamental form and inte-
grability tensor of ¥, respectively. Recall that they are the unique J#-valued

vertical tensor fields which satisfy
"B(U,V) = %%(VUV +VyU),
"I(U, V) = —s#[U,V].
Note the minus sign in the last formula.
Recall that trace(”B) is the mean curvature of ¥, i.e. if {Uy,} is a local

orthonormal frame for # then trace(”B) = Y., "B(Uas,U,). We shall also
consider the trace free part “Bg defined by

1 .,
"Bg = "B —=trace("B) @ ¢”,
q

where ¢” is the vertical component of g. Also, #B, I ,”B, are defined
similarly by reversing the roles of ¥ and J¢ .
Recall that s,,;, denotes the mixed scalar curvature which is the sum of

the sectional curvatures of all planes spanned by a horizontal and a vertical
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vector from an orthonormal frame adapted to the orthogonal decomposition

TM = 2 @ V. The following result is due to P. Walczak.
Proposition A.1.1 ([67]). With the notations above we have

, . -1 5 -1 .
div(trace(”B)) + div(trace(’B)) + pT‘ tmce(”fB)‘2 + qT‘ trace(y/B)‘2

1 . 1 )
TP+ T = 17Bo [+ "Bo [* + s (A1.1)
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A.2. Curvature formulae for harmonic morphisms

with one-dimensional fibres

In this appendix we rewrite in a convenient way S. Gudmundsson’s fun-
damental equations for horizontally conformal submersions. We do this only
for submersive harmonic morphisms with one-dimensional fibres.

In this appendix ¥ will always denote a one-dimensional foliation which
produces harmonic morphisms on (M"*!,g) (n > 1) and p = =7 will de-
note a local density of it. As before, h = ¢g (see Definition [1.2.3]) will denote
the associated (local) metric on M with respect to which ¥ is Riemannian

and has geodesic leaves and ¢ will denote the orthogonal complement of #.

The following lemma can be obtained by a straightforward computation.

Lemma A.2.1. Let 0 = log A, and let V be a local vertical field such that
g(V,V) = e"=97 " and 0 its dual vertical 1-form. Then, for any basic X and

Y we have:
H(OVxY)=H"VxY) =X (0)Y —Y(0)X + #(grad;, o)h(X,Y),

VIV Y) = {2 DTV ()(X, ) % QX YWV,

=-V(o)X + %e@"—% (ixQ)#n

IVyV) =— (n—2)e® 27 2 (grad, o),

(
VEIVyV)=mn-2)V(e)V.

Here, 9V and "V are, respectively, the Levi-Civita connections of (M, g)
and (M,h), Q = df and #* denotes the musical isomorphism defined by the

metric h.

Remark A.2.2. Note that, if dim ¥ = 0, Lemmal[A.2.1|becomes a well-known
formula (see [11} 1.159)).

Lemma A.2.3. Let X,Y,Z, H be horizontal and V wertical vectors on M ,
such that g(V,V) = €= : then the curvature tensor MR of (M, g) has the
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following components
VR(X, V,Y,V) = = 5(n = 2) e (£ g, o B (X, V)
— (n—2) e V(X (0)Y (o) — | (grad,, o)[} h(X,Y)}
+ e 2V (V(0)) = (n—1)V (o) h(X,Y)

1
+5 =67 h(ixQ,ivQ),

(A.2.1)
MR(X)Y,Z,V) = 7% eCr=Do(hyO)(X,Y, Z)
+ %(n — 1) e X ()Y, Z) + Y (0)UZ, X) — 2Z(0)X,Y)}
— e 7{X(V(9)) = (n = 2)X(a)V(0)}1(Y, 2)
+ e 2 {Y(V(0)) = (n—2)Y(0)V(0)}h(X, Z)
+ % =710 (X, grad,, o)h(Y, Z) — Q(Y, grad, o)h(X, Z)}
(A.2.2)

MR(X7 Y,Z,H) = o NR(SO*Xa 0:Y, 042, 0 H)
— %e(Z”_‘l)”{Q(H, X)QY, Z) + QH,Y)QZ,X) - 2Q(H, 2)Q(X,Y)}

— %e_Q"V(U) {—QY, H)WX, Z) 4+ Q(X, H)h(Y, Z) — X, Z)h(Y, H)
+QY, 2)M(X, H)}
— e {X(0)H(0)h(Y. Z) = X(0)Z(0)h(Y. H) = Y (0)H(o)N(X, Z)
+Y(0)Z(o)h(X, H)}
+ e {h(X, Z)h("Vy (# (grad;, 0)), H) — h(Y, Z)h("V x (A (grad), o)), H)
+ h(Y, H)h("V x (A (grady, o)), Z) — W(X, H)h("Vy (A (grad;, 0)), Z)}

— ¢ (WX, Z)h(Y, H) = (X, H)W(Y, Z)H{e >V (0)? + | A (grady, o)[3} -

(A.2.3)
Here VR is the Riemannian curvature tensor of the codomain of the harmonic
morphism ¢ : (O, glo) — (N, h) produced by ¥ and "V denotes the Levi-Civita
connection of (M, h).
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Proof. Let {X1,...,X,} be a local frame of 7 formed of basic vector
fields and let gjr = 9(Xj, X&), hjr = WX, Xi), Qi = QX;, Xi). Then
{X1,...,X,,V} is a local frame on M. We shall always denote by j,k,1,r,s
‘horizontal’ indices, by «a, 3 ‘vertical’ indices whilst a, b, ¢, d, a’ will be any kind
of indices.

For {E,} a local frame on M we denote, as usual, by {I';,} the corre-

sponding Christoffel symbols of the Levi-Civita connection of (M"*! g), i.e.
Ne,Ey=T%, Ec .

Then, the local connection forms {T'®} are characterised by I'%(E.) = T'C..
Recall that the components MRZ(,C of the curvature form of the Levi-Civita
connection of (M™*1, g) are given by

d

MR(E,, By)E. = "R, Eq,
where
d /
MRabc = (drg)bc + (FZ/ A FZ )bc . (A24)

Also, let {"T,} be the Christoffel symbols of the Levi-Civita connection
of (M™1 h).

Then, from Lemma it follows that the Christoffel symbols of
(M"F1g), with respect to the local frame {X1,..., X, V}, are given by

I}, =T —X;(0) 6} — Xi(0) 6 + X' () hyy

1
ng :e(fszrQ)U V(O’) hjk — B ij

1

re = (n—2) X;(0)
[, = — (n—2)e®2 Xi(g)
[oa =(n—2)V(o)
where X7 (o) = X;(c) h¥ and Qé“ = Qg hi*.
Because [V, X;] =0, j =1,...,n, from (A.2.4) we obtain

k . .
MRy = Xu(TE,) = V(TE) + T 1Y, + TF TS, —Th, T?, —Th, TY,

Jja - al
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which, by applying (A.2.5)), becomes

bt = — (0 = 2) 27 X, (X () — 2(n — 1)(n — 2) e2"~D7 X,(0) X* ()

MR
+V(V(0))0f — (n— 1) 27 V(0)Qf — % =27y (QF)
{5 = Xu(0) 8 — X;(0) 8F + X" (o) hyH—~(n — 2) =27 X ()}
F V(o) dF + 1 o270l (n - 2) V(o)
—{-V(o) ok + % =27 OM V(o) 6] + % e@=27 ol
—{=(n—2)e® 27 X* (o)} (n — 2) X;(0) .
(A.2.6)

Because 2 and X are basic we have that QF is basic and thus V(QF) = 0.
Lines two, four and five of (A.2.6)) contain the terms linear in 2. These

are

— (0= 1)V (0) O + = (n— 2) D7 V() Of + 20D V() O

2
1
=—5(n-2) =27 7 (5) QF |
(A.2.7)
The first terms of lines one and three of (A.2.6) give
— (n—2)e®27 X (X*(5)) = (n — 2) 72 hrfl X’(0)
(A.2.8)

= — (n —2)e® DX, (XK (o)) + T XI (o)} .
Now, it is easy to see that
"y = %Qf
and hence, we can write
(" x,(grady, 0)) = 2 ("V (X7 (0) X + V(0)V))
= {Xi(X"(0)) + X7 (0) "I +V(0) "Th} Xi  (A.2.9)
= (G(XH(0) + X7 (o) T3 V(o) O X

We use (A.2.7)), (A.2.8) and (A.2.9)) to simplify (A.2.6) thus obtaining
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MRI;ZQ = — (n —2) (=27 phr h("V x, (grady, o), X,)
—2(n—1)(n — 2) "7 X, (0) X*(0) + (n — 2)* "7 X;(0) X*(0)
+(n —2)e®27 X,(0) X*(0) — (n — 2) 727 X (0) X" (o)
+ (n—2)e?"=27 | (grad, o)|? 6F
+V(V(0))oF —V(0)26F — (n—2)V(0)?oF
_ Lo okal .
(A.2.10)
Hence
YR ot =gk MRege = €% hat MRy,
=—(n—2) e(2n—4o h(hVXl (grady, o), Xs)
— (n = 2) P VX (0) Xy(0) — | A (grad, o)[f ha}  (A.2.11)
+ e 2{V(V(0)) = (n = 1) V(0)*} ha
+ i =700l .
It is easy to see that is equivalent to (A.2.1)).
Next, we prove . Because [V, X;| = 0, the equation gives
YRia = Xi(T) = V(DY) + T T + T T — T T — Tha Ty (A212)
which by applying becomes
MR = — Xi(V(0)) 6] + (n — 1) e®=27 X;(0) Q] + %e@"*?)ff Xi(94)
— V(") + V(Xk(0)) 6] + V(Xi(0)) 6], — V(X7 (0)) b
("0~ X1(0) 6] — Xuo) 61 + X7(0) hulH{-V(0) 3} + 5 o7 0f}
V(o) + 5 o7 0l (n — 2)Xio)
—{-V(o) & + % B2 Ty —X(0) ] — Xi(0) 6 + X" (0) hua}

+ (0= 2) o7 X3(5) {2V (o) by — i)
(A.2.13)
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Because X; are basic and 7" is a Riemannian foliation with respect to A,
we have V("T'},) = 0. Also, because [V, X;] = 0, the first term of the right
hand side of (A.2.13|) and the second term of the second line of (|A.2.13|) cancel.

Hence, ({A.2.13) can be written as follows
4 T ,
MRy = (n = 1) 27 X)(0) O + 5 727 Xy (9]
+V(Xk(0)) 6] = V(X7 (0)) hyy
— V(o) " 4V (o) Xi(0) 8] + V(o) Xi(0) 6 — V(o) X7 (0) hyy
1 1 ;
+ = e(2n 2)o hF Qr - 5 e(2n—2)a XT(O') Q?]; 5[]

2
; (2n—2)o0 ( )QJ 2 (2n 2)o Xj(a) thrl

1 .
—(n—2) V(o) Xp(0) & + 5 (n=2) =27 Xy (5) Qf
+ V(o) hri;l —% =2l hry,
— V(o) Xi(0) 8] — V(o) Xi(0) 8] + V(0) X’ () hiy

1 1 . 1 .
+ = 5 (2n 2)o QJ X ( ) + 5 e(2n—2)a Qi Xl(O') _ 5 e(2n—2)a an XT(O.) hlcl

(0= 2) X9 (0) V(o) i + 3 (n— 2) 627 X (o)
(A.2.14)

where we have used that Q, = —Qy.
After cancelling the corresponding terms, (A.2.14)) becomes

1 —2)o j j r T j
MRkla =3 2o LX) () + "7, Qf — T, Qi)

1 .
+5(n=1) =29 Xy (0) Q) + 5 (n—1)e"27 X7 (5) Qp

+ (n = 1) "7 X)(0) Qf — 5 "IN (0) Q] + Y X (0) hia}
+V(Xi(0)) 8] = V(XI(0)) bt — (n = 2) V(o) Xi(0) 6]

+(n—2) X (o) V(o) hyy .
(A.2.15)
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Now, recall that
~("V)(X;, Xi, X)) = ~("Vx, (X, Xi) = ("Vx, Q) (X, X;)
= ("Vx,Qj = "V, Q) by (A.2.16)
= hyr {Xu(Q) + "T @ = "Iy, Q1)

From (|A.2.16)), it easily follows that (A.2.2)) is equivalent to (A.2.15)).
To prove (|A.2.3]) we use the corresponding fundamental equation for hor-

izontally conformal submersions [27].

Firstly, from A = €7, it follows that

1
grady(15) = —2e(72H29 v (5) V — 2. (grad,, o) (A.2.17)
and hence
1 2 —zno —z0
{gradg(ﬁ)‘g = 4e 7V (0)? 4 4e 27| (grad, o)|3 . (A.2.18)

Next, a straightforward calculation using Lemma|A.2.1jand (A.2.17)) gives

AT x(grad, (5)) =262V (0)? X — V(o) (ix)#r

— 2 ("V (A (grady 0))) + 2 (grad, o)} X,
(A.2.19)

where X is any basic vector field. Hence, if Z is a basic vector field then

g(gVX(gradg(%)), Z) =272 V(o) (X, Z) + 2727 |.# (grad,, o) |3 h(X, Z)
— e V(o) UX, Z) — 272 h("Vx (A (grad;, 0)), Z).

(A.2.20)

Recall that Q = df and thus Q(X,Y) = —0([X,Y]) which, because 6 is

the vertical dual of V, is equivalent to
Y(X,Y]) = -QX,Y)V. (A.2.21)

Now, let ¢ : (O,glo) — (N,h) be a harmonic morphism produced by ¥,
with dilation A = e?. If we put (A.2.20) and (A.2.21)) into the corresponding
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fundamental equation for horizontally conformal submersions [27] we obtain
~YMR(X,Y, Z,H) = =7 " ("R)(X,Y, Z, H)
+= =X, Z2)Q(Y, H) — Q(Y, Z)QUX, H) + 2Q(X, Y)Q(Z, H)}

+- (X, Z){hY,H)2e " V(0)? —e 2 Q(Y,H) V(o)

DO = |

+2e72| 5 (grad;, o)} (Y, H) — 2e~ 2 h("Vy (A (grad,, 0)), H)}
5 WY Z){A(X, H) 267 V(o)? — = (X, H) V(o)
+2e 29 (grad;, o) |3 h(X, H) — 272 h("V x (A (grad,, o), H)}
b5 BV HY{R(X, 2) 2672 V(o) — e Q(X, Z) V(o)
+2¢729|#(grad), o) |2 W(X, Z) — 272 h("V x (A (grad, 0)), Z)}
f% WX, H)Y{h(Y, Z) 26727 V(0)? — 27 Q(Y, Z) V(o)
+2e72 | (grad;, 0|3 WY, Z) — 2e 727 h("Vy (#(grad,, o)), Z)}
+{h(X, H)W(Y, Z) — h(Y, H)h(X, Z)}{e 2 V()2 + e~ 2| (grad), 0)|2}
+e X WX (0)Y =Y (0)X,H(0)Z — Z(0)H)
HA(X, 2)h(Y, H) — h(X, H)h(Y, Z)H{e 2"V (0)? + e™27|5 (grad;, o)1},
(A.2.22)

where X, Y, Z, H are basic vector fields.

Now, (A.2.3) follows from ([A.2.22) after cancelling the corresponding
terms. ]

Remark A.2.4. The formula (A.2.3)) can be also proved directly in a similar
way to (A.2.1)) and (A.2.2)).

The first formula of the following lemma follows after a straightforward
computation using (A.2.1)) and (A.2.3|) whilst the second formula follows from

(A.2.2]) . The third formula of the following lemma follows from ((1.1.3)), (1.1.4])
together with Lemma 4.2.5| and (A.1.1)),
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Lemma A.2.5. Suppose that ¥V restricted to the domain of the local density
p = e is o simple foliation (i.e. the leaves are the fibres of a submer-
sion) and let ¢ : (O,glo) — (N,h) be the induced harmonic morphism. If
MRicci denotes the Ricci tensor of (M, g) and “Ricci denotes the Ricci tensor
of (N, h), then,

1
Mmy: e Np:ooe (2n—2)c . .
Ricci(X,Y) = ("Ricci) (0 X, Y ) — =€ h(ix$,iyQ

—e 2 (AM) H(X,Y) — (n— 1)(n — 2)X(0)Y (o) ,
MRicei(X, V) = %e(Q”_Q)" (" Q)(X) + (n — 1)e227 (X, grad, o)
+(n—-1)X(V(o)) — (n—1)(n—2)X(0)V(0),
(A.2.24)

MRicci(V, V) = (n — 2) eI AMg 4 2(n — DV (V (o))
1 (A.2.25)
~(@n— )0 — V(o) + el 07|0f2

where "d* is the codifferential on (M, h) .

Remark A.2.6. Putting n = 2 in the above formula we obtain particular
cases of formulae of P. Baird and J.C. Wood [8, Proposition 4.2].
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A.3. A diagonalization result for self-adjoint bundle

endomorphisms

In this appendix we prove two results used in Chapter [3].

Lemma A.3.1. Forn > 1, let P:C" x C — C be defined by
P\ =\N"4+a " 14+ . +a, (a=(ai,...,a,) €C", X C).

Let (a(k)) C C" be a convergent sequence.
Then the set S = { A€ C| 3k : P(a® )\) = 0} is bounded.

Proof. Let P :C" x CP! — CP! be defined by
P(a, Mo, A1) = M, AT+ a1 Aol 44 ap Ag] (a € C", [\, M] € CPY).

Obviously S = |J,, Sy where Sy = {A € C | P(a®,[1,)]) = [1,0] };
suppose that S is unbounded. For each k, let A(*) € S} be such that A <
IA(R)| for every A € Sy. Because S is unbounded we must have that ()\(k)) is
unbounded. By passing to a subsequence, if necessary, we can suppose that
AF) o0

Because A*) € S we have P(a®, [1,A*)]) = [1,0]. But

lim P(a®, [1,A®]) = P(b,[0,1]) = [0,1]

k—o0

where b = limy,_, ak) , a contradiction. Hence S must be bounded. O

For the second lemma we need the following definition.

Definition A.3.2. Let E — M be a vector bundle endowed with a Riemannian
metric h, and let T € T(®?E*) . Say that T can be consistently diagonalized at
xog € M if there exists an open neighbourhood U of xog and a local orthonormal
frame {7} on U for E* such that
T = Zujéjkej ® ek
g,k
for some smooth functions p; : U — R.

A similar definition can be made for a field of self-adjoint endomorphisms

T € T(EndE).
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Lemma A.3.3. Let E — M be a vector bundle endowed with a Riemannian
metric h, and let T € T(®?E*).

Then T can be consistently diagonalized at each point of a dense open
subset of M .

Proof. The proof is by induction on the rank (fibre dimension) of E.

For rank F = 1 the lemma is trivial.

Suppose that the assertion of the lemma is true for rank E < n; we shall
prove that the assertion is true for rank £ = n.

Let P(x,A) = P;(\) be the characteristic polynomial of T}, , with respect
to hy (x € M). Forp=1,...,n, set

Gp={x € M | P, hasaroot of order at most p } ,

and set Gg = (). Because

M= Uép\ép—lg UGp\ép—lz UGp\ép—lng

p=1 p=1 p=1
we have that
n
M=|]Gy\Gp
p=1
where A denotes the closure of the set A. To complete the proof, it suffices

n —

to prove that each x € |J G, \ Gp—1 has an open neighbourhood U such
p=1

that E|y = F1 @ Ey where Fy and Ey are complementary orthogonal vector

subbundles of E of positive rank such that T'|g,gr, = 0.

Let p € {1,...,n} be such that G, \ Gp—1 # 0 and let 29 € G, \ Gp_1 .
Let Ao be a root of P, of order at most p. Because z( is not in ép_l we
have that Ao has order p. Then, by the Malgrange Preparation Theorem (see
[25, Chapter IV]), in an open neighbourhood U C M \ G,_1 of zp we have
P(z,\) = Q(z,\) R(x,\) where @ is a polynomial of degree p in A such that
Q(x0,A) = (A= Xog)P and R(xg, Ag) # 0. From the fact that P and @ are both
polynomials in A (with coefficients smooth functions of x ), it follows that R
is also polynomial in A.

We shall show that there exists an open neighbourhood V' C U of xg such
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that, for each z € V', Q. has a root of order p. Suppose not. Let (a:(k)) cU
be such that limj_,o, 2*) = 24 and, for each k , there exists ,u(k) € R such that
Q(:U(k),,u(k)) = 0 with x® a root of Q) of order less than p. Obviously,
u(k) is also a root of P, ) and, because t® eUCM \ép_l , u(’“) is a root of
order at least p of P ) . Hence R(m(k),,u(k)) = 0. Now, by Lemma the
sequence (,u(k)) is bounded and hence, by passing to a subsequence if necessary,
we can suppose that limy_, ,u(k) = po with pg € R. Then R(zg,po) =
limg_00 R(x(k),,u(k)) = 0 and also Q(xg, o) = limkqooQ(x(k),,u(k)) =0.
Because R(xg,\g) # 0 we have that ug # Ag. But this implies that A is
not a root of order p of );,. It follows that, in an open neighbourhood V'
of xg, we have that ), has only roots or order p for any x € V. Thus we
can write Q(z,A) = (A — u(2))”, ((z,\) € V x R), where u(z) is the root of
OP~1Q/ONP~L(x, ) so that p is smooth. Hence

P(z,A) = (A — p(z))” R(z, \) ((z,\) € V x R).

Moreover, because OPP/ONP(zo, Ao) # 0 we can suppose that OPP/ON (z, p(z))
is non-zero for any x € V. It follows that u(z) is an eigenvalue of order p for
T, for any x € V.

Let (E1), be the eigenspace of pu(x) and let (E2), be its orthogonal com-

plement. It is easy to see that E; = |J (Ej)s, (j = 1,2), are smooth subbun-
eV
dles of F which have the required properties. The lemma follows. O
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A.4. Conformally-flat Riemannian manifolds

Firstly, we recall (see [38]) the definition of the Weyl tensor of a Rie-
mannian manifold.

Let (M™, g) be a Riemannian manifold. For h and k sections of ®%(T* M)
(that is, h and k are symmetric covariant tensor fields of degree two on M™),
we shall denote by h @® k the section of ®2(A?(T*M)) defined by

(h® k)T, X,Y, Z) =h(T,Y)k(X, Z) + h(X, Z2)k(T,Y)
— (T, 2)K(X,Y) — h(X,Y)k(T, Z) ,

forany T, XY, Z € TM.

If S is a (1,3)-tensor field on (M, g) then we shall denote by the same
symbol S the (0,4)-tensor field defined by S(7,X,Y,Z) = —g(S(T, X,Y), Z),
forany T, X,Y, Z € TM.

The Weyl (curvature) tensor of (M™,g) is the (1,3)-tensor field W char-
acterised by the following two conditions:

1) trace(X — W(X,Y)Z) =0, for any Y, Z € TM,
2) R = go®r+W for some (necessarily unique) section r of ©@*(T*M) ,
where R is the curvature tensor of (M™,g).

The Weyl tensor is conformally invariant; that is, if we denote by W9 the
Weyl tensor of (M™,g) then W9 = W9, for any positive function A on M™.

The Riemannian manifold (M™, g) is called (locally) conformally-flat if
for each point of M™ there exists an open neighbourhood U and a conformal
diffeomorphism ¢ from U onto some open set of R™ (endowed with its canon-
ical Riemannian metric); the local coordinates on U induced by ¢ are called
flat.

From Liouville’s theorem on local conformal diffeomorphisms between
Euclidean spaces (see [9] ), it follows easily that if (M™, g) is conformally-flat
then M™ is real-analytic in flat local coordinates (m > 2).

The following theorem is due to H. Weyl (see [3§] ).

Theorem A.4.1. A Riemannian manifold, of dimension at least four, is

conformally-flat if and only if its Weyl tensor is zero.
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(See [38] for the case when the dimension is less than four.)

The following result is used in Section [3.8].

Proposition A.4.2. Let (M™,g) be a Riemannian manifold, (m > 4). The
following assertions are equivalent.

(i) (M™,g) is conformally-flat.

(i) R(X,Y, X, Y) =0 for any X, Y € TM spanning an isotropic space
on (M,g), where R is the curvature tensor of (M,g), and TM now denotes
the complexified tangent bundle.

Proof. Clearly, assertion (ii) is equivalent to W(X,Y, X,Y) = 0 for any
X,Y € TM spanning an isotropic space on (M,g), where W is the Weyl
tensor of (M, g). Therefore, by Theorem [A.4.1], we have (i)==(ii).

Suppose that (ii) holds and let (Xi,...,X,,) be an orthonormal frame
on (M™, g). Then for any distinct ¢, j, k,l € {1,...,m} we have

VV()(Z + in, X +iX;, X; + in, X+ 1X1> =0.
This is equivalent to the following two relations

W(XZ‘, X +1X;, X5, X + in) = W(Xj, X +1X], Xj,Xk + in) , (A.4.1)

Also, by applying condition (2) of the definition of the Weyl tensor, we

obtain

> W(Xe, Xy +1X0, X, Xp, +1X;) =0 (A.4.3)

r=1

From (A.4.1) and (A.4.3)), it follows that W (X, X +1X;, X;, X +iX;) =
0 and, hence, Wjyjr = Wy, for any distinct j, k,1 € {1,...,m}. Therefore,

for any distinct 4,5 € {1,...,m}, we have

(m — 1)Wijij = Z Wim'r =0.
r=1
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From we obtain that, for any distinct 4,7, k,l € {1,...,m}, we

have
Wikt = Wi,
Wikji = —Wijk -

The first relation of implies Wi;x = 0, whilst from the second
relation of and the algebraic Bianchi identity it follows quickly that
Wik = 0, for any distinct 4,5, k,1 € {1,...,m}.

Thus, if (ii) holds then W = 0 which, by Theorem , is equivalent
to (i). O

(A.4.4)

If A is a distribution on a Riemannian manifold (M™, g) we shall denote
by I”? the integrability tensor of .7, which is the ¥ -valued horizontal two-
form on M™ defined by I?(X,Y) = —7[X,Y], for any horizontal vector
fields X and Y, where ¥ = J+.

Next, we prove the following:

Proposition A.4.3. Let ¢ : (M™,g9) — (N",h) be a horizontally conformal
submersion between conformally-flat Riemannian manifolds, (m >mn > 4).
Then g(If(X, Y), I(X, Y)) =0, for any horizontal vectors X and Y

spanning an isotropic space on (M™,g) .

Proof. As both the hypothesis and the conclusion are conformally-invariant,
we may suppose that ¢ : (M™,g) — (N™, h) is a Riemannian submersion.
Then the proof follows easily from Proposition and the following well-
known relation of B. O’Neill (see [9] ):

3
RM(X,Y,X,Y) = ¢*(RV)(X,Y,X,Y) — LI XYL YIX, Y)),
for any horizontal vector fields X and Y. O

Corollary A.4.4. Any horizontally conformal submersion, with fibres of di-
mension at most two, between conformally-flat Riemannian manifolds has in-

tegrable horizontal distribution, if the codomain has dimension at least four.

Proof. Let ¢ : (M™,g) — (N",h) be a horizontally conformal submer-

sion between conformally-flat Riemannian manifolds, m >n > 4.
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Let £ € M and let £ C T,M be an oriented four-dimensional sub-
space. From Proposition , it follows that Iz‘%ﬂ : A%_E — ¥, is conformal,
where A% E is the space of self-dual bivectors on (E, g|g). As A2 E is three-
dimensional, we obtain that either I¥ = 0 or dim(%;) > 3. O
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