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We define a semidirect product groupoid of a system of partially defined local
homeomorphims 7' = (T1,...,T,). We prove that this construction gives rise
to amenable groupoids. The algebra associated is a Cuntz-like algebra. We use
this construction for higher rank graph algebras in order to give a topological
interpretation for the duality in E-theory between C*(A) and C*(A°P).
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INTRODUCTION

Toeplitz algebras have been used to define extensions of C*-algebras.
The beginning of this paper is in [20] where a Toeplitz algebra was the main
tool in constructing a K-homology class for higher rank graph algebras. Let
(A, o) be a higher rank graph with shape (see [17]), A* the set of morphism of
nonzero shape and A = Q U A* where Q is a symbol (the vacuum morphism)
which does not belong to A*. We define left and right creations on the Fock
space Fy = F = I2(A):

b i) = n)
Laou = { 0  otherwise,

otherwise,

The left sided Toeplitz algebra is & = C*(Lx; A € A*) the right sided Toeplitz
algebra is £ = C*(Rx; A € A*) and the two sided Toeplitz algebra is € =
C*(Ly, Rx; A € A*). These algebras are well known in the rank one case since
they give rise to short exact sequences. For example, one can use £ to define

0—-K—>E—0Op®0Ogs»r — 0,

where E is an ordinary oriented graph with certain conditions which give the
uniqueness of the algebras Og and Ogop, E°P is the graph obtain by reversing
the arrows. In the higher rank case the algebra £ has a more complicated ideal

RA(S“ = { g,u)\ if S(/J’) = t()\) LyQ = R\Q =4,.
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structure. It is this fact which gives a longer exact sequence. It would give a
K K-class if the sequence was semisplit [20, 24]. This would follow immediately
from the nuclearity of £. We tried to give a more conceptual construction of
this algebra as a groupoid algebra of an amenable groupoid. We have not been
able to do it except in the rank one case. However, the construction appearing
in [22] can be generalized to give a groupoid description of one-sided Toeplitz
algebras of a higher rank graph. We believe that this construction can be
generalized to actions of other semigroups. For example actions of cones in
R™ should give algebras generated by Wiener-Hopf operators (see [18, 19]).

The organization of this paper is as follows. In the first section we give
the main construction of this paper, the semidirect product of an action of
N" by partial local homeomorphism which we also call a multiply generated
dynamical system. Such an action is obtained by choosing r commuting par-
tially defined local homeomorphisms. The main examples come from shifts
on finite, semifinite and infinite paths of a higher rank graph. There are two
groupoids associated to such an action, the groupoid of germs of the pseu-
dogroup generated by these local homeomorphism and the semidirect product
groupoid. We think that these groupoids have been around in the study of
Toeplitz algebras of higher rank graphs as well as in the general theory of
crossed products by partial actions (see for example [11, 12]). The semidirect
product can be defined only if we have a condition on the domains of the
partial maps. Otherwise it may not even give rise to an algebraic groupoid.
This condition is fullfiled for one sided Toeplitz algebras associated to higher
rank graphs. Following the lines in [22], we prove that these two groupoids
are isomorphic if and only if the dynamical system is essentially free. Next
we prove the amenability of the semidirect product. This is done by decom-
posing the action in subaction and then applying a result on the amenability
of extensions.

In the second section we give a groupoid approach for the two-sided
Toeplitz extension of a rank-one graph. The description is ad-hoc since we do
not know an elegant construction like a semidirect product. The definition of
the unit space is indicated by the diagonal algebra £NI*°(A) which is generated
by the projections LyL3} and Ry\RY. These groupoids are not Hausdorff and
this fact is best illustrated by the graph with one vertex and one edge (whose
C*-algebra is C(T)).

In the third section we remind several facts about duality in a bivariant
theory. We give the definition of Spanier-Whitehead duality and a condition
which is often taken as definition in literature. We remind then a way to con-
struct exact sequences starting from an algebra and a tuple of ideals. We prove
that irrational rotation algebras are dual. Here we give an operator approach
and a long exact sequence approach. We start with simple observations of the
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duality of circles along the lines of [15]. Ideas appearing in this example are
inspiring for more general cases, even for higher rank graph algebras. The
example of rotation algebras is included in the last section using a twist of the
Cuntz-Krieger relation for a higher rank graph.

In the last section we improve the results in [20] and give a groupoid
approach to the duality of higher rank graph algebras. We make some simple
observations inspired by the example of rotation algebras to improve the result
to any locally finite higher rank graph with finite set of objects, regardless the
uniqueness of the generating relation of our graph algebras as for examples
the graph N". We obtain a duality for the universal C*-algebras C*(A) and
C*(A°P). The K-theory fundamental class is given by r partial unitaries which
can be best described in the groupoid picture as two-sided shifts. Even if we
do not have a conceptual groupoid approach to the two-sided Toeplitz algebra,
we can define it as a groupoid of germs. The main problem in understanding
better this groupoid is the unit space X which is given by the spectrum of the
diagonal algebra € N1°°(A). The isometries LR, with o()\) = o(u) = e; are
not given by something like shift equivalence. However, the partial isometries
can be viewed as partial homeomorphisms using Gelfand duality . The space
X has three properties inherited from the graph A: the shape o extends to a
map from X to N', the multiplication Auv extends to a multiplication Axp,
and the unique factorization o = Ao/ where o(a)) > o(\) + o (p) extends to a
unique factorization z = A2’y where o(z) > o(\)+0(u). These properties are
enough to define a MGDS given by shifts on the space X x A together with
an equivariant map to the MGDS N' x A% given again by shifts. This map
induces a map of the semidirect product groupoids which in turn induces a
morphism between the algebras 7®" @ C*(A) and £ ® C*(A). This morphism
is the crucial step in the proof of the duality.

Finally, we want to draw the attention to the results in [9, 10]. Our
groupoid approach may give a hint to what a higher rank hyperbolic group
would be.

1. PRELIMINARIES

In this paper we shall use locally compact r-discrete groupoids (possibly
non-Hausdorff) ([23]). The canonical Haar system A" is the discrete measure.
A 2-cocycle a in Z%(G,T) is a map a defined on the set G2 of composable
pairs to T such that a(x, y2)a(y, 2) = a(zy, 2)a(z,y) for any (x,7), (v, 2) € G?
([21]). The convolution algebra C.(G, o) is given by the operation

fgla) = / gy Halay, y NP (@), f(2) = faalz,z ).
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We shall use mainly the reduced algebra C,.(G, a) which is a certain completion
of C.(G,a). Any open invariant set of G° gives rise to an ideal of C,.(G, a).
We use the cocycle ¢ in order to include in our study rotation algebras and
some twisted higher rank graph algebras.

Two partial maps on a set X, L : dom(L) — ran(L) and R : dom(R) —
ran(R) can be composed if one defines

dom(LR) = {z € dom(R); R(x) € dom(L)}

and LR(z) = L(R(x) for any x € dom(LR). We say that two partial maps
L and R on a set X commute if dom(LR) = dom(RL) and LR = RL on
dom(LR). We set L = id for any partial map on X. If L is injective, we denote
by L~ the partial map L~! : ran(L) — dom(L). A local homeomorphism is
amap ¢ : X — Y with the property that each point x has a neighborhood U
such that ¢|y : U — ¢(U) is a homeomorphism.

A partial homeomorphism on X is a local homeomorphism S from an
open set dom(.S) of X onto an open set ran(S) of X. A set G of partial homeo-
morphisms of X which is closed under composition, inversion and containing
the identity is called a pseudogroup ([2]). For any set .S of partial homeomor-
phisms on X, there exists the smallest pseudogroup [S] generated by S. The
semi-direct product groupoid X x G of a pseudogroup G is the set of triples
(x,S,y) where S € G,y € dom(95),x = S(y) with the obvious operations

(,5,9)(y,T,2) = (x,8T,y), (,5y) "=y " ).

The topology is given by the product topology of X and G where G has the
discrete topology. The groupoid of germs is a quotion of the semidirect product
groupoid by the equivalence relation (x1,51,y1) ~ (22, 52,y2) if and only if
y1 = y2 and S; = Sy on a neighborhood of y;. The topology is the quotient
topology. These two groupoids are r-discrete, that is the range and source
maps are local homeomorphisms.

In the monoid N we write n = (n1,...,n,) with n; € N and ej, the
coordinates (0,...,1,...,0).

2. CUNTZ-LIKE ALGEBRAS ASSOCIATED
WITH MULTIPLY GENERATED DYNAMICAL SYSTEMS

Definition 2.1 (Conform [22]). A multiply generated dynamical system
(MGDS) is a pair (X,T) where X is a topological space and T' = (11, ...,T})
a system of r commuting partial homeomorphisms on X.

Ezamples 2.2. (i) ([12], Definition 5.1) For m € N' let N, be the higher

rank graph {(n,n’) € N* x N" : n < n/ < m} where s(n, k) =k, t(n, k) = n,
o(n, k) =k —n and the composition is given by (n, k)(k,p) = (n,p). Let A be
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a finitely aligned rank r graph and
Xp={z:N, - A;meN, }

the space of finite, semifinite and infinite paths. The shape o can be extended
to X\, o(x) = m where z is defined on NJ,. For r = 2 an element in X, can
be seen graphically as one of the following;:

A basis of a topology on X is given by the sets {z : (0,k) = X\, k < o(x) < m}
where k € N, A € A and m € N:n. Then the partial homeomorphisms 7}
with dom(Ty) = {z € Xp : o(z) > k}, Ti(x) : NQ(I)% — A, Tp(n,n') =
x(n+k,n + k) give a MGDS.

(ii) In the example above the restriction to boundary paths 90X gives a
subsystem. If A has no sources then 0X = A* = {z : o(z) = (00...00)} (see
[12], Definition 5.10 and [17]).

(iii) Let X be the free monoid on r letters aq,...,a,, that is the set of
words a;, ...a;,. Put on X the discrete topology and define T' = (L, R) the
translations on the left and on the right dom(L) = dom(R) = {a;, ... a;,: k >
1} (the set of nonvoid words), L(a;, @i, - - . @i),) = Gi, - . - Gi,, R(ai, ... ai,_,ai,) =
@i, ...a;_,. For instance, if r = 1 then X = N and dom(L) = dom(R) =
N\ {0}, L(k) = R(k) = k — 1. It is clear that L and R commute.

We denote by G(X,T) the full pseudogroup generated by the restrictions
of T;|y where U is an open subset of X on which T} is injective. Because
of the commutation conditions on T, we can define T" = T{" T, ---T,'" for
n € N¥. One can see a MGDS as an action of the semigroup N” on X by
partial local homeomorphisms. We write sometimes T}, instead of 7" when we
want to view 1" as a semigroup. We need a technical condition on the domains
of T" (domain condition)

(DC) dom(T™) N dom(T™) C dom(T™™),

where n V m is the componentwise maximum. The following lemma is basically
Lemma 2.4 from [22] for MGDS with (DC).

LEMMA 2.3. Let (X,T) be a MGDS with (DC).
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(i) A partial homeomorphism S belongs to G(X,T) if and only if it is
locally of the form (T‘g)_lT"{/ where m,n € N, U is an open set on which
T™ is injective and V is an open set on which T™ is injective.

(ii) Let a € X. Suppose that (Tﬁ})_lTﬁ‘/ and (T‘I",V)_li]‘if are two par-
tial homeomorphisms as in (i) having a in their domains and (T|"[})_1T|T‘L/a =
(1’|’I’/V)_1T“§,a. If m —n = p—q, then (T|”(})_1T|T‘L/ and (I’ﬁ‘,)_l'fg, have the
same germ at a.

Proof. (i) It is clear that (T"g)*lT"{/ € G(X,T) and, since G(X,T) is
full, it is still true for a partial homeomorphism locally of this form. The
inverse of (T(g)_lT({/ is (T"{/)_1T|”U1 which belongs to G(X,T). It remains to
show that the product of (T‘@)_lT‘T{/ and (ﬂ%v)_lTﬂ/
form. When r = 1 this is the alternative n > p or n < p given in the proof
of Lemma 2.4 of [22]. In our setting this alternative does not work since
N" is not totally ordered. For this reason we need the condition (DC). Let
x € Y such that (ﬂ%v)_lﬂ‘ifx =y € V. We can suppose that this happens
in a neighborhood of x and so we assume that it is true on Y. Then with
z= (T‘”U"”)_lT‘?/y we have T = TPy and T"y = T™z. From condition (DC)
we have y € dom(TPV™) and TITPV"—Pgy = TPVy = TMTPV="4 for any x € Y

- 17 +PVR—T\ 1 g FpVT—
so that (T\TUn) 1T\TxL/(T|11)/V) 1T‘(§/ is locally of the form (Tlmz1 Py lquZ’p n-p,

(ii) Taking neighborhoods of a and (I]T’Ul)*lT({/a, we may assume that
W=UandY =V, TP(U) =T4V) and T™"? is injective on U. For x € V,
(T{{})*lTlT{,x =y e U, (T‘ZZ])*lT“{/m =y € U we have Ty = T"z and
TPy = T92. As U C dom(T™) N dom(T?) C dom(T™'P) we have T""Py =
TrrmVP=my, — TatmVP=Py — T™VPy/l and therefore y = v so (Tl’;})*lT” =

v
-1

is locally of the same

Having defined a pseudogroup, we denote by Germ(X,T') the groupoid
of germs of G(X,T).

Following [22], Definition 2.5 we consider another groupoid, the semidi-
rect product groupoid (simply replacing Z with Z"):

Definition 2.4. Let (X,T) be a MGDS with (DC). Its semidirect grou-
poid is
GX,T)={(x,m—n,y); m,neN", zedom(T™), yedom(T"), T"z = T"y}
with the groupoid structure induced by the product structure of the trivial

groupoid X x X and of the group Z". The topology is defined by the basic
open sets

UU;m,n; V) ={(z,m —n,y): (x,y) e U x V, Tz =T"y},
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where U (respectively V') is an open subset of the domain of 7™ (respectively
T™) on which T™ (respectively T") is injective.

The family of given subsets is indeed a basis for a topology since
UU;m,n; V)YNUU sm! 0/ ; VY DUUNU smvm/ ,nva; Vv,

Thus, v = (z,z,9) and n = (2/,7',y') in G(X,T) are composable if
and only if y = 2/ and then yn = (z,z + 2/,¢'). The range and domain
are r(z,z,y) = x and d(z,z,y) = y. This is a groupoid indeed since y €
dom (T™V™') so TmHnVm'=ng — pn'+nvm’=m'y/ Tn the absence of the condition
(DC), G(X,T) may not be a groupoid. Consider, for example, (X, L, R) as in
Example 2.2(iii). The condition (DC) is not satisfied since dom(L)Ndom(R) is
the set of nonvoid words, while dom(LR) is the set of words with length greater
or equal to 2. Let |-| be the word length on X and €2 the empty word. For x,y €
X we have v = (‘rv (|x’7 _|y‘)>y) € G(XvT) and n = (ya (‘y|,0),Q) € G(X7T)
since TUxl0) g = Ll*ly = O = Ry = 7Ol and 70y = Llvly = Q = T0Q
but vn = (x, (|z| + |y|, —|y]), Q) ¢ G(X,T) since x ¢ dom(T™) for any n € N2
with ng > |z].

We assume again that (X, 7T") have (DC). According to (ii) of the previous
lemma, there is a map 7 from G(X,T) onto Germ(X,T') which sends (z,m —
n,y) into the germ [z, (T"g)*lT"{/,y] where U is an open neighborhood of z
on which 7™ is injective and V is an open neighborhood of y on which T™ is
injective. This map is continuous and is a groupoid homomorphism. It is an
isomorphism when (X, T) is essentially free.

Definition 2.5 (Conform [22], Definition 2.6). We shall say that a MGDS
(X,T) is essentially free if for every pair of distinct m,n € N, there is no
open set on which 7" and T™ agree.

LEMMA 2.6 (Conform [22], Lemma 2.7). Let (X,T) be an essentially free
MGDS with (DC). Then
(i) If (T"{})”T"{/ and (T&,)AT&, where m,n,p,q € N and U, V,W,Y

are open sets such that 17, TV ﬂ%/, Tg, are injective and have the same germ

U= |ve
at a, thenm —n=p—q.
(ii) The map ¢ : Germ(X,T) — Z" such that c[(Tr{})*lTﬁ‘/x, (T‘%‘)AT"{/,

x] =m —n is a continuous homomorphism.

Proof. (i) By assumption, we have T™y = T"z and TPy = T%x for z
and y in neighborhoods of a respectively b = (Tﬁ)_lTﬁ‘/a. Then on these
neighborhoods we have TmTmVP=—my — TMVPy — TI9+mMVP—Py  The essential
freeness implies that n+mVp—m=qg+mVp—pson—m=q—p.

(ii) We have seen in the proof of the previous lemma that the product

of (Tl”l})*lTl’{/ and (Iﬁv)*lT& is locally of the form (T‘r;ran—n),lT‘quan—p
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and that the inverse of (T‘Tg)_lT‘T{/ is (Tﬁ/)_lT‘? This shows that ¢ is a
homomorphism and by construction it is locally constant. [

ProPOSITION 2.7. Let (X,T) be a MGDS with (DC). Then (X,T) is
essentially free if and only if the above surjection m : G(X,T) — Germ(X,T)
s an tsomorphism.

Proof. Word with word as in [22], Proposition 2.8. [

This homomorphism induces a morphism of algebras even if (X,T) is
not essentially free. We construct it in

LEMMA 2.8. Let m : G1 — Ga a surjective morphism between two -
discrete groupoids with the property that if s(w(x)) = r(w(y)) then s(x) =
r(y) Then the correspondence C.(G1) 2 f — 7(f) € Cc(G2), 7(f)(x) =
Zﬂ(m’):a; f(@"), is a *-homomorphism between the topological algebras C.(G1)
and C.(G3). Composing it with the reqular representation of C.(G2) we o0b-
tain a bounded representation of C.(G1) therefore a morphism 7 : C*(Gy) —

Cr(Ga).

Proof. The condition in the statement is (7 x 7)~}(G2) = G?. This
means that composable pairs lifts only to composable pairs. In particular, the
restriction 7° of 7 to the unit space must be a bijection. Moreover, 7 satisfies
this condition if 7¥ is a bijection which identifies the equivalence relations as-
sociated to G1 and Ga. In particular if w(u) = r(x) then {2/; 7(2) = 2} C GY.
Indeed, if 7(2’) = 7(y') = = then 7(y'~') and 7(2’) are composable, so ¢~}
and 2’ are composable, hence r(2’) = r(y'). This says that 7(GY) = G;ro(u).
If f € C.(Gy) then {2’ : w(2') = 2} C supp(f)NGY which is finite. Therefore,
the sum which defines 7(f) is finite. We have supp(7(f)) C w(supp(f) so
7(f) € Ce(Ga).

We compute

Afrg)x)= Y frg@)= > f)9(2),

w(z )=z w(y'z")=x

T(f)*7(9)(x) = Y 7())y)F(9)(=).

YZ=x

Since 7 is surjective we have
7)) *7(g) @)= > fH)9).
m(y)m(z')==

The first sum runs over {(v/,2’) : 7(y/)7(2’) = x} and the second over sum
runs over {(y/,2’) : w(y'2") = x}. These two sets are equal by the assumption
on 7 so 7 is an algebraic morphism.
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If f, € C.(G1), supp(fn) C K, f, =" f on K, then 7(f,) =" 7(f)
since the cardinal of the set {2’ : m(2') = 2z} is bounded when x runs over a
compact set.

Finally, one has

I17(H)llr = sup D [7(f

ueGy r(z)=u
= sup Do fa)<swp Y @)
ueG r(z)=u ' w(z')=x ueG r(z)=u,n(z')=2

0
Since T(GY) = G; ) and 70 is a bijection, the last sum is

sup (@)= flr = 7))

ueGy r(z)=u

Therefore, | fllr = 7(f)llBz2(a,)) since the regular representation is
bounded. [

PROPOSITION 2.9. Lemma 2.8 holds for Gy = G(X,T), Gy = Germ(X,T)
and 7 the morphism of Lemma 2.3.

Proof. 7 is continuous and surjective. 7(x, z,y) and 7(2’, 2/, y') are com-
posable if and only if y = 2’ which is the condition for (x, z,y) and (2/, 2, y/)
to be composable. [

We assume from now on that X is Hausdorff, second countable and
locally compact. Then G(X,T) becomes a Hausdorff, locally compact étale
groupoid. In the next theorem we prove the amenability of G(X,T"). For the
proof we need some notations. The motivation comes from Example 2.2. For
1<j<rlet X;=[),cndom(T}') and for a subset J C {1,...,r} (J may
be void) we denote by X; = (¢, X; N(;¢,(X\Xj). Clearly, X; N X, =@
for J # J' and for x € X we have x € X, where J, = {j : © € X} so the
subsets Xy provide a partition of X. When r = 1 we get the partition in the
end of the proof of Proposition 2.9 (i) in [22]. For z € X let

o(z) =sup{n € N" : z € dom(T")} e N'.

For the rank one case o(z) may be considered as the exit time of T', the first
time when z escapes the domain of T'. In general o(z); can be thought of as
the exit time of Tj so we call o(x) the exit time of T. The crucial assumption
(DC) ensures the ex1stence of this supremum. Then X; = {z € X : o(x); =
oo for j € J and o(x); ﬁmteforjgéJ} Forn € N and J = {j : nj = oo} we
have o~ 1(n) = Njes Xi N Njgy dom(T™ i)\dom(T"i*¢) C X; which is Borel
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and analytic so that a preimage by o is analytic. Note that from the condition
(DC) we have

() dom(T™)\dom(T"+¢/) = (") dom (T} )\dom (T} ).

j¢J i¢J
Denote by Z” the subgroup of Z" given by the inclusion Z”! 5 z — EjeJ zjej €
Z" and, for z € Z", let z5 = )
N and n;.

jeg %€ € 7Z7. We use a similar notation for

LEMMA 2.10. (i) For z,y € X and n € N" we have o(T"x) = o(x) — n.
(ii) For (z,z,y) € G(X,T)|x, we have zje = o(x)je — 0(y)je, where

={1,...,rI\J.

Proof. (i) By definition of o we have o(T"z) = sup{m € N" : z €
dom(T™*t™)} = sup{m —n € N' : m > n, z € dom(T™)} = sup{m € N" :
m >n, x € dom(T™)} —no(z) —n.

(i) By definition of G(X,T) there exist n,m € N" such that T"z = T™y
so by (i) we have o(T"x) = o(x) —n = o(T™y) = o(y) —m. We can substract
the finite J¢ coordinates to get zje = nje — mje = o(x)je —o(y)je. O

The following lemma is very likely folklore

LEMMA 2.11. Let G be a Borel groupoid, (X;)jcs, J a finite set, a par-
tition of GV by invariant Borel sets. Then G is measurewise amenable if and
only if G|x; is measurewise amenable.

Proof. This follows directly from the definition of amenability ([1], Defi-
nition 3.2.8). Precisely, we denote by U the disjoint union of Borel set with the
obvious Borel structure. We know that G° = UX;, G = UG|x, so L>(G) =
®L>®(G|x,) and L>(G°) = &L>(X;). Therefore a mean m : L>(G) —
L>(GP) is invariant if and only if the restrictions m; : L°(G|x,) — L*™(X;)
are invariant. Conversely, we can piece m; together to define m = ©m; an
invariant mean L>®(G) — L>®(GY). O

THEOREM 2.12 (Conform [22], Proposition 2.9). Let (X,T) be a MGDS
with (DC). Then

i) G(X,T) is amenable;

ii) the full and reduced C*-algebras coincide;

iii) the C*-algebra C*(X,T) = C*(G(X,T)) is nuclear.

Proof. (i) We will check measurewise amenability (according to [1], 3.3.7,
it is equivalent to topological amenability for étale groupoids). Each X is
an invariant Borel set for G(X,T). By Lemma 2.11 it is enough to prove
that the reduction of G(X,T) on X; is amenable. By the definition of X,
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the homomorphism c; : G(X,T)|x, — Z’ defined by c;(z,2,y) = z; is
strongly surjective in the sense given in [1], Definition 5.3.7. We shall show
that Ry = 631(0) is an amenable equivalence relation. Once this proven, we
can now apply a result on the amenability of an extension ([1], 5.3.14) to
conclude that G(X,T)|x, is amenable, hence G(X,T) amenable.

We have

Ry={(z,m—n,y):z,y € Xj,In,m € N, with m; =ny,
x € dom(T"), y € dom(T™), T"(x) = T"(y)}.

If (x,2,y) € Ry we have z; = 0 and zjc = o(z) e — o(y)je (conform Lemma
2.10(ii)) so z depends only on z,y and Ry C X x X ;. We leave z out when
we have such an element. We show that Rj; is an equivalence relation. If
(x,9),(y,2) € Ry then we can find n,n’,m,m’ € N such that n; = n/,
Ty =T"y, my = m/;, Ty = T™ 2. As we have seen before, we can assume
nge = 0(x)je, n'ye = o(y) e, mje = o(y)je, mye = o(2)ye. (DC) gives again
TnaVmy+o(z) e o — Tnl]\/m(]—l—o(y)‘]cy — TnsVmy+to(z)ie 5 and then (x,z) € Ry
which proves that Ry is an equivalence relation.

We shall show that R; is an inductive limit of amenable equivalence
relations. For N € N7 let

RY = {(x,y) € Ry : 3n,m € N" such that ny = my; < N, T"(z) = T™(y)}.

By Lemma 2.10(ii), we can choose n, m such that nje = o(x) e and mje =
o(y)e so RY can be described as

RY ={(z,y)eRy: 3neN’ n<N, such that T"To@e (g) = THoWoe(y)},
Rf}’ is an equivalence relation on X ; since we have seen before that

TnaVPto(x)ye . — prsVpito(z)e

for (x,y,m,n), (v, 2, p, q) defining two elements in R]}/ as above. Ry = Jyens
‘RY, (RY)" = X; = (Ry)" and RY = Ryﬂ. We shall show that RY is a
proper equivalence relation. This ensures that R; is the inductive limit of
RY in the sense of [1], Chapter 5.3.f. Then Proposition 5.3.37 of [1] gives the
amenability of Rj.

Since R]}[ is a discrete equivalence relation we have to show that the
space X;/RY is analytic (conform [1], Example 2.1.4(2)). According to [3],
Corollary 4.12, this follows from the countable separability of X j/ Rfy . Since
o is a Borel map, we can find a sequence Y; of Borel subsets of X ; such that
Y; C{z € Xj:0(z)se =k} for some k € N’ and the restriction of 7" to Y;
is injective. We can suppose furthermore that (Y;); is separating for X; and
is closed under finite intersections. The saturation of a Borel set A C X is
[A] = UneNan<N(T”+"(')J“)flT”“’(')JC (A) which is a Borel set. We use here
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the notation 77*97¢() for the Borel map x — T"t77(®)(z). Let (z,y) ¢ RY,
x € Y;. We prove that we can choose Y; such that y ¢ [Y;] so 7(Y}) separates
m(z) and 7(y) where 7 is the projection from X; to X;/RY. If y ¢ Vi we
are done. If y € [Y;], there exists y' € Y; such that (y,y’) € RY. Since the
family (Y;); separates X ; and is closed under finite intersections, we can find
another set Y; C Y; which separates = and g/, that is x € Yj and ¢/ ¢ Y;. If
y ¢ [Y;] we are back to the case y ¢ [V;]. If y € [Y;] then (y,y”) € RY for
some ¥’ € Y; C Yi so (v,y") € RY. This means that there exists n € N7,
n < N such that T7Ho@)se (y) = TrHoW")se(y). Since o ,y” € Y; we have
o(y)je = o(y") je. T"F0)e is injective on Y; so 3’ = . This contradicts the
choice of Y; (y' ¢ Y;). Therefore, y ¢ [Y;]. O

COROLLARY 2.13. There is a morphism
7:C(G(X,T)) — Cp(Germ(X, T))
induced by the canonical morphism m: G(X,T) — Germ(X,T)).

Proof. According to Proposition 2.9 there is a morphism

CHG(X,T)) = C*(G(X,T)) — C(Germ(X,T)). O

3. GRUPOIDS OF TWO-SIDED TOEPLITZ ALGEBRAS
OF A DIRECTED GRAPH

Let us start with the classical Toeplitz extension. The two-sided Toeplitz
extension is given by pulling back the Toeplitz extension of C(T) with the
diagonal morphism. If S is a proper isometry this Toeplitz algebra is 7 =
C*((S,21),(S,22)) C C*(S) ® C(T) @ C(T). If we think of C(T) as C*(Z) the
diagonal morphism is given by the morphism ZxZ > (z,y) — z+y € Z. C*(S)
is a Cuntz-like algebra of the groupoid given by (N, T) where T : N\ {0} —
N,T(n) = n — 1. We replace now the points (0o, z,00) by (00, (21,22),00)
where 21, 22 € Z to get another groupoid, G. Two pairs (z, z,y) and (2/, 2, /)
are composable if y = 2’ and then (z,2,9)(y,2",v') = (x,2 + 2/,y') where
2+ 2’ is the addition in Z or Z? accordingly. As an algebraic object, G is the
reduction of G(N,T) x G(N,T) to the diagonal of N x N. Tts reduction to N
(an invariant subset) is N x N and to {oco} is Z x Z. The basis of the topology
is given by {(n,n —m,m)},n,m € N and

le,ZQ = {(TL + 21+ 29,21 + Z2an) ine N} U {(OO, (21722)’ OO)}

This is not a Hausdorff topology since if z1 + 2o = 2] + 2} then the sequence
(n, 21+ 22,n+ 21 + 22) converges both to (00, (21, 22), 00) and (o0, (21, 23), 00).
However, the sets in the above base are Hausdorff and compact, G*,u € N
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is a discrete set in the relative topology from G and N, the unit space, is
Hausdorff. G is therefore a non-Hausdorff r-discrete groupoid. The algebra
Cc(G) is generated by li( )y with m,n € N and 1p(;, ,). It is easy to
check that the map which sends 1510y to(S, z1) and 1p(g1) to (S5, z2) can be
extended to an isomorphism from C*(G) to 7.

We define next a groupoid which gives rise to the algebra C*(Lx@sy, Ry®
ty) C €@ C*(A) ® C*(A°) where A is a rank one graph. Let X = AU (A x
(A°P)>°) be the space of finite words and pairs (x,y) of infinite words given
by the graphs A respectively A°?. The sets {A\},A\ € A and {dzp : x €
Ay U{(Az, py)(z,y) € A x (A?)*} provide a basis for a Hausdorff locally
compact topology on X. X is a compactification of A provided that A is
connected (there is at least one finite paths between any two objects). We
assume this hereafter. A sequence in \, € A converges in X if and only if it is
eventually constant or converges in A and (A°)>°}. Equivalently, it means
that (An, Ap) converges in X X Xpop. This shows again that the unit space
is a kind of diagonal. Note that for z € A, Azp is p(Az) if we think of Az as
an element in A°?. We define a groupoid G

{()‘70()‘) - U(N)aﬂ) : A?:LL € K} U {(()‘xa My)v (U()‘) - U()‘/)7
o(p) = o), Vo, 1'y)) : (A, p), (N, ') € Ax A%, (z,y) € A™ x (A)>},

where two pairs (z,z,y) and (2/,2,y’) are composable if y = 2’ and then
(7, 2,9)(y, 2", y) = (2,2 + 2',y) where z + 2’ is the addition in Z or Z? accor-
dingly. We see that the piece of information o(A) —o(u) in (A, o(X) — o (p), i)
is redundant, that is G reduced to A is the principal groupoid A x A. We
freely avoid it whenever convenient. As an algebraic object G can be thought
of as the reduction of G(Xx,Tx) X G(Xper, Tper) to X. But G does not have
the induced topology which is rather odd. A basis for the topology is given
by the sets {(\, 1)}, A, u € A and

B\, Nop') = {(Aap, Nop') : 2 € A} U{((Az, py), (0(X) — o (X)),
o(p) —o(p), Na, 1'y)); (A 1), (N, 1) € A x AP, (z,y) € A x (AP)>}.

This groupoid may not be Hausdorff, the non-Hausdorffness appearing
from periodic infinite paths. To see it, we construct a sequence which converges
to two distinct points. Start with A € A*, o(A\) = t(\). Then the sequence
(A", A"),, converges to (A, A®), (a(A\F), —a(\¥), (A, 1)) for any k € N.
Nevertheless, the topology induced on the sets B(\, u, N, ') is Hausdorff.
Indeed, it is clear that the points (A, u) are separated being open sets. Let
(x,2,y) # (2',2,y') € B(A\, u, N, it/) such that z € A x (A°?)*>°. Here z =
(0(\) = o(N), o) — o (1)) Let us suppose that = = (z1,3) # &' = (24, 7}),
the case y # ' being similar. Assume 1 # 2| the case xo # 2, being similar.
Then there exist v #+' € A, a,b € A% such that v > \, 7/ > X, o(y) = o(v)
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and 21 = Aa, 2} = +'b. The sets B(7, 0, u, p') and B(y', ¢, u, p’) are disjoint
for any 6,6’ € A, 6,8’ > X, 0(8) = o(8') = o(N) +0(y) —a(N). Therefore, G is
a non-Hausdorff locally compact groupoid. The correspondence 1p(\ 0.0,0) —
Ly @ sy extends to an isomorphism from C*(G) to C*(Ly @ sy, Ry ® ty).

4. DUALITY IN BIVARIANT THEORIES

K-theory and K-homology are particular cases of the Kasparov groups.
The product in K K-theory provides the analogue of the cup and cap products
in algebraic topology. Therefore K K-theory and other bivariant theories are
the framework for notions of duality. K K-theory is suitable when geometric
classes are available Ext-theory was used in [15, 9, 10]. The novelty in [20] is to
use Ext” but a technical condition of semisplitness leads to F-theory. We give
first a general notion of duality analogous with the Spanier-Whitehead duality
in algebraic topology. Then we give a condition which implies this duality. It
appeared for the first time in [16], Chapter 4, Theorem 6, but was highlighted
by Connes in [7], Chapter VI.4.3. After that we recall the construction of long
exact sequences starting from an algebra and a tuple of ideals.

Let F' be any of the bivariant theories K K-theory, E-theory, Ext-theory
or KExt-theory. Forz € F(A41®...® A, B1®...® B,;,) we define the flip maps
0;5(z) and 0% (z) the induced maps on F-groups by the flip homomorphisms
of C*-algebras A1 ®...®A4;®...0A;®A4, - A10..04;®... QA;R®...0A,
respectively B1®...QB;®...QB;®...®B, — B1®...0B;®...0B;®...QB,.

Definition 4.1 (Spanier-Whitehead duality, [15], Definition 2.2). Let A, B
be separable C*-algebras, A € F"(A® B,C), 6 € F"(C,A® B). We say that
A and B are Spanier-Whitehead r-dual in F-theory if the maps A; : K;(A) —
Ki+T(B), Az(x) =2 ®4 A and 0'12(A)i : KZ<B) — KiJrT(A), UlQ(A)Z‘({L') =
r ®p A are isomorphisms with inverses §; : K'™"(B) — K;(A), §;(y) = @By
respectively o12(d); : K" (A) — K;(B), 012(0)i(y) = 012(6) @4 v.

The duality classes, A and ¢, are the K-homology and the K-theory
classes.

THEOREM 4.2 ([10], Theorem 11). Let A,B,A,é be C*-algebras and
classes as above such that
§@po(A) =[la], 012(0) ®4 A =][(—1)"15].
Then the maps A; and é; defined above are isomorphisms.
The proof can be found in [10]. We shall call such algebras simply r-dual.
The sign in the second condition comes from the change of sign under flip maps

o. The sign is not given in [16] and [7]. We do not know of any example of two
dual C*-algebras such that the assumptions of Theorem 4.2 are not fulfilled.
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If B is the same as A we say that A is a Poincaré duality algebra. The dual
is not unique since if A has a dual B and A is K K-equivalent to A’ then A’ is
also dual with B.

Bivariant theories work well when the algebra in the first argument is
separable. For K K-theory this is forced by the Kasparov technical theorem.
Since in the definition of duality both algebras appear in the first argument
we are forced to work with separable algebras. For a separable algebra the
K-theory group is countable. For this reason not every algebra has a dual.
For example Ms~, the CAR algebra, does not have a dual. If there was a
dual B for M=~ we would have K;(B) = K'(Ma=) where i is 0 or 1. But
K (Mse) is Z9y/Z ([14]), where Z ) is the group of 2-adic numbers, which is
uncountable. Therefore, B cannot be separable.

In [20] the K-homology class was given as an E-theory class associated
to a long exact sequences. We recall the construction of long exact sequences
starting from an algebra and a tuple of ideals.

Let £ be an arbitrary C*-algebra and Ji, ..., J, be r ideals in it. We shall
describe next a procedure of defining an r-fold exact sequence starting with

B = ﬂgzl J; and ending with A = 8/J1 T+ The motivation comes

from the Zekri’s Yonneda product ([24]) €; ®c €2 of two 1-fold extensions
€1 € EXt(Al, Bl> and ey € EXt(AQ, BQ). Let

0—>Bl—>E1—>A1—>0
0— By — Ey — Ay — 0

be the extensions €; and es. Forgetting for the moment the troubles caused
by tensor products, the product €] ®¢ €2 is computed by tensoring €; with Bo
on the right, e with A on the left and then splicing;:

0—-B1®By, —-FE,®By - A1 QFy — A1 ® Ay — 0.
Define £ = E1 ® Eo, J1 = B1 ® Ey, Jo = E1 ® Bys. We have
Bi® By =J1NJy=J1Jy, FE1® By =Jo,
A@E,=¢/7, A®A=¢/7 4 ],
so the exact sequence is
0—>J10J2—>J2—>5/J1—>5/!]1+J2H0.

For a nonempty subset S C {1,...,r} let us define

JS: ﬂ Jj and JS:ZJj'
JES jeS
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We shall use the abbreviation {k,k+1,...,l} = k,[. Define
gonlﬂ...ﬂJr:Jﬁ, 51:J2ﬂ...ﬂ!]r:<]2’r,

gk:Jk+1ﬂer/(J1++Jk_1)ﬂjk+1ﬂﬂ<]r:

. Jk—i—l,r _
= ‘]1 — N Jk—l—l,r,

for any k € {2,...r — 1} and

5T:8/J1+...+JT_1:E/J”7‘1’

5r+1:5/J1+...+JT:5/JW-

& C & so we can define ig : & — &1. Since & C J3N...N J,, there is a
map i1 : &1 — &3 given by the inclusion composed with the quotient map. For
ke{2,...,r—2} we have

JEELT = 0 N C Jiga NN T = JEERT

and

k+1, r k+2,
Jomp N C e R

so that we can again define a map iy : & — Ery1 as the bottom line of
the diagram

Jk‘-‘rl,?”cﬁ Jk+27r

iﬂk lﬂ'k+1

ik
gk - Ek—i-l

where the vertical arrows are projections. Using the isomorphism J / NI~

J+I/[Wewrite

griIJT/JLHMJl+...+JT_2+JT/J1+.__+JT_2-

Therefore, there is also a natural homomorphism i,_1 : &1 — &, since J; +
oot Jp o+ CEand 1+ -+ Jp2 C Ji+- -+ Jp—q. Finally, i, : & — &
is defined since J; +---+ Jr—1 C J1 + -+ J;.

THEOREM 4.3 (]20], Proposition 3.1). The r-fold sequence

ir—l

0 B—2sg —ts ... E I A 0

15 exact.
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Such sequences define Ext” classes provided they are semisplit. In [20]
this technical condition was avoided using E-theory, that is thinking of such
a sequence as an FE"-theory class. However, as a consequence of the fact
that Ext!(A4,B) = ml(A,B) is a group and the Yonneda product is bi-
linear, we can prove that Ext"(A, B) is a group. Indeed, we can decompose
any € € Ext"(A, B) as a Yonneda product (e, ez) with € € ml(A, Ap).
Since Ext!(A, A;) is a group, we can find an extension, ¢, € Ext*(A, A1) such
that €; @ €} is a null (i.e., split) extension in ext!(A4, A;). The inverse of € is
now (e}, €2). As a consequence, if A is nuclear then ¢; is always semisplit so
(€], €2) provides an inverse for € in Ext (A, B). Therefore, Ext (A, B) is a
group which contains Ext" (A, B). We conjecture that they are equal if A is
nuclear. More generally, we can define a group if in the semisplitness condition
we only require that €., the rightmost 1-fold exact sequence, is semisplit. We
believe that this is equal to Ext" (A, B). In any case it factors through KK as
a consequence of abstract characterizations ([8]).

For example if G is a groupoid and Xi,...,X, are r open invariant
subsets of GV, we get a tuple of ideals of C}(G) (C/(G|x,),Ci(Glxy),- -,
Cy(Glx,))- The algebras &, corresponds to C;(Gly,), where

Yo=XiN...N0X,, Yi=XsN...0X,,
Y, = (X]H_lﬂ...ﬂXT)\(Xlu...UXk_l),
Y;ZX\(XlU...Uerl), Kn+1:X\(X1U...UX7»).
In particular, if (X,T) is a MGDS with (DC) condition and X; are the set
used in the proof of the amenability of G(X,T) we have

YVi={zreX:0(x); <ooforj>k+1ando(z); =00 for j <k—1}.

5. DUALITY FOR ROTATION ALGEBRAS

We begin with the simple example of the circle. We give here two ap-
proaches, using extensions and operators. Ideas in the computation below
appear again and again for more complicated algebras so it is worth having in
mind this simple example. The K-homology class A € KK!(C(T)® C(T),C)
is the pull-back of the Toeplitz extension by the diagonal morphism, that is
the top row of the diagram,

0 K E‘ C(T)®C(T) —0
0 K T C(T) 0
where £ = C*((S, z1),(5,22)) C 7 & C(T) ® C(T).
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The K-theory class § € KK'(C,C(T)®C(T)) is given by the unitary Z®z
but we would like to view it as a morphism 6 : S — C(T) ® C(T) given by the
restriction to S of the morphism C(T)sz—z®ze C(T)®C(T) . We have to
compute the product 5®C(T)U 2Ain KKY(C,C(T)®C(T))®c KKl(C(']I')(X)
C(T),C), that is in KK(S ® C(T),C(T) ® C(T) ® C(T )) ® KKI(C(T) ®
C(T) ® C(T),C(T)). We use the underline in order to highlight the fact that
C(T) — C(T) is the identity homomorphism. Since ¢ is a morphism, this
product is given by a pull-back, the top line of the following diagram pulled-
back further by the inclusion S ® C(T) C C(T) ® C(T):

A 0—=C(T)®K & C(T) ® C(T) 0
| [t
0 CMIK—C(T)®& — C(T) ® C(T) @ C(T) —0

Here &' = C*(Z®(S, 21), 1®(S, 22)) with Z®(S, 21) — 2®1 and 1®(S, 22) — 1®
z. Informally, this shows that C'(T) of C(T)®K acts on C(T) of C(T)®C(T) in
the top row of the diagram above. We want to have it act on C(T). We do this
formally by applying a pull-back with a rotation morphism on the right. This is
called an untwist in [15]. Namely, let © : C(T)® C(T) — C(T) @ C(T) defined
by z®@1+—z®1and 1® 2z — zZ® 2. If we view C(T) ® C(T) as C(T — C(T)),
O can be expressed in terms of the gauge action v as O(f)(z) = v.(f(z)). This
is important since © restricted to S ® C(T) is given by O(f)(t) = yeonit (f(t))
so it is homotopic to the identity by Os(f)(t) = Yemist (f(1)).
Now we pull back A’ with © but it is enough to notice a subsequence:

0 K® C(T) —> T ® C(T) — C(T) ® C(T) —— 0
| | g
A 0—=C(T)®K & C(T) ® C(T) ——0

Indeed, by the pull-back construction O(z ® 1) = 2 ® 1 «— 2R (S,21) = W
and O(1®z) =2®z — 2® (1,Z122) = W*(1® (S, 22)). Then C*(W, W*(1®
(8,22))) =T ® C(T). The inclusion K ® C(T) C C(T) ® K is given by a full
corner since C(T) ® P, is a full corner in both. Therefore, § ®(r) o'*(A) =
7o(r)(7T) so by Bott periodicity this is the same with [1¢r)].

It is shown in [7], Chapter VI.4.8 that Ay, the irrational rotation alge-
bra, is a Poincaré duality algebra. This was one of the first non-commutative
examples. In fact one can notice that Ay is in the bootstrap category so its
K K-theory is given by the K-theory. The 2-torus T? has the same K-theory.
By a consequence of the universal coefficient theorem ([4], Corollary 23.10.2)
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they are K K-equivalent and the dual of Ag can be taken Ay. But the interest
is to give an explicit description of A and 4.

The dual of Ay constructed in [7] is Azp , the opposite algebra, which is
isomorphic to A_g and Ag. Indeed, let A = €™ and u, v, @, T be the canonical
generators of Ay respectively A_p, that is uv = Mvu and W0 = A\vu. An
isomorphism between Ay and A_g is given by u +— T, v — u. The arguments
given below work for € arbitrary if we consider Ay as the universal C*-algebra
generated by the commutation relation uv = Avu. The K-homology class is
similar to the K-homology class of the torus T?. It is most easily defined by
an unbounded Fredholm operator. It is known that an orthonormal basis in
L?(7), T the canonical trace on Ay, is given by u™v™ which we shall also denote
by &n.m. The algebra Ag acts on L?(7) by left multiplication UWmn = Em+1,ns
V&mn = A"Emnt1 and the algebra A_g = AgP acts by right multiplication
Wmn = A "Emt1,ns 0émmn = Emmnti1. The action of Ay commutes with the
action of A_y so we have an action of Ag®@A_y on H. On L?(7) there exist two
canonical unbounded operators D1, .m = nénm and Do&, m = m&pm. These

come from the canonical derivations of the gauge action, é 1z = 8%1%1 () and
dox = 8%2%2 (v). Let H = L?(7) ® L*(7) with the natural grading and

B 0 D1 +1iDo
D_<D1_iD2 ) )C]L(H).

Then D is an essentially selfadjoint unbounded operator with D? = D? + D3.
Therefore, (1 + D?)71¢,,,, = m%w so (14 D?)~! is compact. We could
pass to a bounded operator by a standard procedure: F = \/DD27+1
prefer to use the unbounded Kasparov triples ([4], Definition 17.11.1). What
is crucial for the computation below is that D is the Dirac operator of T? if
we identify L%(7) with [2(Z?). It is easy to check that [D,u], [D,v], [D,u],
[D,v] are bounded operators since this is true if we replace D by D; or Ds.
Therefore, the pair (H, D) gives an element A in KK(Ap ® A_p,C). The
K-theory class is defined by a homomorphism § : S®2 — Ay ® A_g. First
define 6 : C(T?) — Ag® A_g by §(21) = u®1, §(22) = v®7v and then restrict
to 8¥2 = Cy((0,1) x (0,1)) C C(T?). The definition makes sense since u @ u
commutes with v ® V.

To compute the product we use an untwist morphism, an idea from [15]
which is a rotation argument. Let © : C(T?) ® Ay — C(T?) ® Ay defined on
generators by z; ®1 — z;®1, 1®u — Z1Qu, 1®v — Zz®v. We denote also by
O the restriction to S®2. If we use the identification C(T?)® Ay ~ C(T? — Ay)
then O is given by O(f)(2) = v.(f(z)). The restriction to S¥? = Cy((0,1) x
(0,1)) is O(f)(t1,t2) = Y(e2mits e2mita) (f(t1,22)). There is an obvious homotopy
between © and the identity, ©4(f)(t1,t2) = ’}/(e2wist17e2ﬂ-ist2)(f(t1, t2)), s € [0,1].

but we
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Therefore, the product [0] ® 74, (8) @ 74¢(c'2(A)) is equal to § @ 012(A). This
is given by the Kasparov module (4g® H, 1,14, ® D). The homomorphism 1) :
S®?® Ay — L(Ag® H) is given by the restriction to S¥? of the homomorphism
C(T?) ® Ag — LL(Ay ® H), which we shall denote again by 1,
U U, 2m—v* R,
U= UuRUuU Qu, v—UIRT ®W,

where the first component acts as an operator on Ay while the second and
the third component act on H. We shall define a unitary operator in U €
L(Ag) ® H such that (Ag® H,UypU*,1® D) is the class 74(T®2) ¢ KK(Ag®
C(T)?, Ag). By Bott periodicity this is the same as 14,. Let U(a ® &Emp) =
AT u™a @ &y, p when restricted to Ay ® S8%2. Then Ut(a ® &mn) =
ATy G @ 6 . We have U(21 @ 1)U (@@ mn) = a@ i, Uth(20®
DU*(a @ &mpn) = a @ &nnt1, UP(1 @ w)U*(a @ &) = ua @ &y pn and
Up(1@v)U*(a®@&mn) = va®@E&mnpn. Then UP(1@u)U* = u® 1, UPp(1@u)U* =
v® 1 and U(l ® D)U* = 1 ® D. Therefore, the cycle (4g ® H,1¢,1 ® D) is
unitary equivalent to 740 (7®2).

We give next another approach using exact sequences. More exactly,
we express the Dirac class as a four term exact sequence. Let s1,s92,51,52 :
I12(N?) — [?(N?) be the operators 516mn = &mtins 26mmn = A " Emnt1s
51&mn = A "emt1m, 526mn = Emn+1. To define a Toeplitz algebra &£, a kind
of pull-back, let S; = s1Qu®1, So = s0Pv®1, S1 =5101®U, So =352 D1RT
in L(l2(N2)) B Ay ® A_g. Let

&= C*(Slu 32751552)5
Py = SiS1 — S18f = 5181 — S15] = Py, .. nens
Py = 8585 — 8285 = 5585 — S35, = P, o men,
and Ji,Jo the ideals generated in £ by P respectively P». Then J; =
(K(13(N)) @ L(I2(N))) N € and Jo = (L(I*(N)) ® K(I?(N))) N €. Tt is easy
to see that J; and Jy are nuclear. Indeed, Py J; P, = C*(P1s2Py) is a Toeplitz
algebra generated by an isometry and at the same time a full corner in Ji.

PROPOSITION 5.1. We have J1Jy ~K(12(N?)) and £ /(J1+J2) ~Ag@A_g.

Proof. For the first isomorphism we show that Pyz Py is a finite rank
operator for any z,y finite products of S}, S;, S;‘,?;-. Indeed, if Poy&mpn # 0
then n is bounded by a constant depending only on y and if Pz, , 7# 0 then
m is bounded by a constant depending only on x. Therefore if Pz Poy&p, n # 0
then m and n are bounded by a constant depending only on z and y so
J1J2 C K. The opposite inclusion follows from PP = P, ,. For the second
isomorphism we have the following commutation relations (the hat means

modulo Jy + Jo) 5195 = AS5S51, 5282 = S5 92 = 1, 5192 = A5251, S152 =
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AS»S1, Sigj = ngi, S gj = FJ-S;‘. By the universality of Ay we can define a

morphism Ag @ A_y — E/J1 + J2 by u — :5’\1, v 3‘;, w— S1, 0+ Sy. This
is injective since the diagram

Ay RA_g——=E/J1 + Jo

e
Ag R A_y

is commutative, where the vertical arrow is the restriction to £ of the projec-
tion L(I?(N?)) @ A4g ® A_y — Ay ® A_y. Surjectivity is obvious. [

The above proof shows that if 6 is irrational we do not have to consider
that kind of pull-back since the algebra Ay ® A_y is simple. By Theorem 4.3
we have a 4-term exact sequence

0—K(I*](N?*)) = Jy = E/J1 — Ag @ A_g — 0.

The nuclearity of £ follows from the nuclearity of J; + Jo Therefore, we have
a class A € Ext?(A4g ® A_y,C). This is our K-homology class. The K-theory
class and the morphism © is defined as in the Fredholm operator approach
above. The product [0] ® T4,(8) ® 74 (c12(A)), which is equal to § ® o2(A),
is given by a pull-back:

00— A4y K & & C(T?) ® Ag —0
l@
C(T") ® Ay
lé@id
00— A ®K &1 & AgRA_gR Ay ——=0

Thinking of the 2-fold exact sequence as 2 splices of 1-fold exact sequences
this pull-back is constructed inductively. In fact, only &l is changed.
Let W1 =u*® 51, Wy = 0v* ® 59, u = Wl*(l ®Sl), v = W;(l ®52).

PROPOSITION 5.2. One has

(i) WiWs = WalWq;

(ii) Wl*WQ = WQWl*;

(iii) Wj(l ®S)=(1® SZ)WJ for any i, j € {1,2};
(iv) Wr(1®S;) = (1@ S)W; for any i,j € {1,2};
(V) W;Wj — I/VjI/V;k =1® Pj,’

(vi) Wi = 'W;, W' = o'W for j € {1,2};

(vii

vii) u'v" = M.
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Proof. (i) and (ii) follow from the relations u*v* = Av*u* and S153 =

1-
(iii) and (iv) follow from the commutation between C*(S;) and C*(S;).
(iv) follows from P; = ?;f?j - gjg;.

(v) is an immediate consequence of (i)—(iv).

(vi) and (vii) follow from S;S3 = AS2S;. O

A consequence of Proposition 5.2 is that there is a morphism 7%?® Ay —
C*(Wp, Wa,u/,v") with S®@ 1 +— Wy, 1® S +— Wa, u— v/, v— . Indeed,
T2 — C*(Wp,Ws) is a morphism by the universality of Toeplitz algebra,
W =u®8,S1, v =v® 8,5, §151, 555, are unitaries with u/v/ = Av'u/ so
C*(u/,v') is an image of Ay.

Now, we have the diagram

0 K® Ag TROKRA)g—C(T) 7T ® Ag —
0 — Ag ® K(I2(N2)) & &

—C(T)® Ag—=0

By Proposition 5.2(v) we have Ag ® P, ) C C*(Wj,u',v") so the leftmost
vertical arrow in the diagram above sends a full corner onto a full corner.
Therefore, the two sequences give rise to the same Ext-theory class.

6. A GRUPOID PICTURE OF THE DUALITY
FOR HRG ALGEBRA

One can improve the result of [20] for any higher rank graph A with the
following finitness condition

(F) the set {\: 0(\) = n} is nonvoid and finite for any n € N"

such that 0 < #A,(v) < 0o and 0 < #A™(v) < oo where n € N, v € AY. One
direction is to give up the aperiodicity condition. Inspired by the example of
rotation algebras, we can replace the Toeplitz algebra £ with the subalgebra
£ of £ C*(A) ® C*(AP) generated by Ly = Ly @ (sy ® 1) and Ry = Ry ®
(1 ®ty). We refer to £ as the first summand of £ and to C*(A) @ C*(A%)
as to the second summand. This trick will give rise to a kind of pull-back
for long exact sequences. The constructions are the same as in [20] with
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O\ replaced by C*(A) and Opop replaced by C*(A°P). In this way we avoid
aperiodicity conditions.

Another way to improve the result is to change one Cuntz-Krieger rela-
tions which define the graph algebra. We want it in order to include rotation
algebras. We want a map c¢: A x A — T and isometries sy such that

sxSu = (A, 1) Sxu-

For associativity we must have

804(8/88’7) = SaC(ﬁ7 7)8ﬁ7 = C(ﬁa V)C(a, ﬁf}/)saﬂ’yv
(Sasﬂ>3’y = C(Oz, 6)Saﬂ37 = c(a, ﬁ)c(aﬁ7 V)Saﬁﬂ/a

so ¢ must satisfy the condition

c(o, B)e(af, ) = e(a, f7)e(B,7),
where s(a) = t(5), s(8) = t(7). An example is

e\ 1) = Hc?j()‘)ig(“)j,
1<J
where ¢;; € T. When A is the monoid N”, we get the universal rotation algebras
generated by n unitaries uq,...,u, subject to the relations w,u; = c;juju;,
1< 7.
The K-theory class is the same as in [20]. It is given by n partial unitaries

wy, = Z 5§\®t>\.

o(N)=ey,

More exactly, 6 € E"(C,C*(A) @ C*(A?))KK(S%",C*(A) @ C*(A)) is de-
fined by restricting the morphism C(T") — C*(A) ® C*(AP), z — wy to
S%". We note that the condition (F) we imposed on A at the beginning of
this section is crucial for these operators to be well defined (the sum must be
finite) and partial unitaries.

To define the K-homology class we twist the creations

L6, = { (C]()mu)fhu if s(\) = t(u)

otherwise,

otherwise.

Ras, — { s N)ar it (1) =)

L\Q=R\Q =6, forany A e A",

One can check that LyL,0q = c(p, a)c(, pa)dyua and Ly, 0a = c(Ap, )dxrua-
Using the relation c(A, p)c(Ap, o) = c(p, a)c(X, par) we get LyL,, = c(A, ) L.
Similarly, one has RyR,, = c(u, A) Ry
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The closed linear span of a set S in a normed linear space is denoted by
[S] and the projection onto a closed subspace L of a Hilbert space H by Pr.
For any j € {1,...,r} and a € A° we define
P, = P[Q,5>\|o(/\):a]a de = P[Q,5>\|o(>\):a and o(\);=0]»
Qo = Plasyt)=a) @2 = P06\ [t(A\)=a and o(\);=0];
P? = P s\lo(r);=0-

Define Lo = 1 = Rg and for a € A° let L, be the projection P, and R, the
projection Q. It is easy to check that for any p € A*, j € {1,...,r} and
a € A° we have

L'Ly= Py, P.=La > LyL% + P,
t(N)=a;0(N)=e;

RiRy=Quu, Qa=R. Y. R +Q)
t(N)=a;o(N)=e;
Note also that
Y L\My=P =1- ) R\R;
o(N)=e; o(N)=e;

and for all k¥ € N” we have

Y LaLi= ) RaRS = Pyjoquzh
o(N)=k o(N)=k

We have similar relations in the algebra € if we replace L with L and R with R

L= Y LRIt Re= Y Ri+al
t(N)=a;o(N)=e; t(N)=a;0(N)=e;
Z LAL/\_PJ_l— Y R\R;
a(N)=e a(X)=e;
As in [20], the Toeplitz algebra & contains a tuple of r ideals (J1,...,J;),

J; = (P7) the closed two-sided ideals generated by P’ in €. Note that the
ideals Jj, are in the first summand.

As in [20], Lemma 2.1 we have ();_; J; = K(F) and as in [20], Theo-
rem 2.2, there is a morphism C*(A) ® C*(AP) ~ S/J{l,...,r} given by s\ ® 1 —
IN/A and 1 ® ty — R,\. The pull back construction, more exactly the second
summand, is used to prove the injectivity of the above isomorphism which
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used the uniqueness of the Cuntz-Krieger relations associated to the graph.
Indeed, since Jy; . ;3 C m1(€) we have the diagram

C*(A) ® C*(A?) ———=E/ T

I
C*(A) ® C*(A°)

where the vertical arrow is the projection onto the second summand £/J¢; .
5@y —y e C*(A)®@C*(A). From the construction in Section 4 we get a
long exact sequence

0—-K(F) =& — ... =& = C*(A) @ C*(A?) — 0,

therefore, an E-theory class A € E"(C*(A) ® C*(A?),C) = K"(C*(A) ®
C*(A°?)). To compute the product § @c«(por) 012(A) = T+ (2)(d) ® T,
(o12(A)), which is a class in E°(S®" @ C*(A),S®" @ C*(A)), we find [0] ®
TC*(A)(5)®TC*(A)<012<A)) = [Tc+(4)(6) 0 O] @7 M (015(A)), where © : S¥ ®
C*(A) — 8®" ® C*(A). This is defined by restricting the morphism © :
C(T") @ C*(A) — C(T") @ C*(A), ©(f)(2) = v:(f(2)), v the gauge action, to
S®"@C*(A). This restriction is in turn homotopic to the identity. Our product
is a pull-back ([13], Proposition 5.8), that is the top row of the diagram

0—=C*(A) ® & & &l

0—CN)R&H—CN)es — - ——C (N2 é& —

C(T") ® C*(A)

|o

C(T") ® C*(A)

ié@id

— =~ C*(A) ® C*(AP) © C*(A) —= 0

0

To show that it gives the same element as 7cx(0)(7®") € E"(S¥" @
C*(A),C*(A)) (which is 1¢«(p) € E(C*(A),C*(A)) by Bott periodicity), we
shall identify a subsequence which gives 7o« () (7®7). This is done by identify-
ing in C*(A) ® & an image £’ of the algebra 7®" @ C*(A) which preserves the
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canonical tuple of ideals of 7®" @ C*(A). Therefore, it gives a commutative
diagram

0——=C*(A)®& &l & —

| | |

0—THRC*A) —T1®C*(A) — - — T, C*(A) —

— = C(T") ® C*(A) — 0

—C(T") @ C*(A) —=0
In addition, the leftmost vertical arrow gives an E-theoretic equivalence since

the algebras C*(A) @ Py C C*(A) ® & and Py ® C*(A) C 7o ® C*(A) are full
corners. To construct the algebra £ we define

Wi= Y si®Ry Va= W1y,
0’()\):6]'

where for a tuple of r commuting operators z = (z1,...,2,) and k € N we
define 2% = 2% . 2%, One can prove as in [20], Proposition 6.4 that C*(A) ~
C*(V\ | A € A*), the isomorphism being given by sy — V). The pull-back
construction replaces the uniqueness of O invoked in [20], Proposition 6.4
and gives the injectivity. The isometries (W}); commute with each other and
with V)’s. So we have a morphism 7®" @ C*(A) — C*(W}, V)) which is the
identity on the full corner Po ® C*(A). All these statements follow exactly as
in [20].

We want to give this duality a groupoid interpretation. First we make
some comments about our twisted algebras which include rotation algebras.
We do not know a 2-cocycle a on G(X,T) as in Section 2 which gives the
twisted algebra given by a cocycle c¢. However, for the particular cocycles

e w) =11 TP m); , which include the rotation algebras we can define

1<j “1J
al(z, %), @, 2, y) = [[ e
1<J

Let us start with the K-theory class. More precisely, from the groupoid picture
of the algebra C*(A) ® C*(A) the partial unitaries wy are two-sided shifts on
the double infinite paths space. Indeed, conform [20], Proposition 4.1

WEW], = WEwy = g Sq @ tg.
ach°
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In the groupoid G(A®°,T) x G((A°)>°,T°P), this projection corresponds to
the set 17 where

Z = {(x,y) € A x (A)>; s(z) = s(y)}-

The isometry wy, is given by the bisection

D Haw) D@}
G’()\):ek

. (17_1) A

Identifying the set Z with the set of two-sided infinite words, we can say that
wy, is the two sided shift in the direction k. The transformation group of the
n shifts on Z, Z x Z™ is an open subgroupoid of G(A*,T) x G((A°P)>,TP).
Note that here one can see clearly the necessity of the condition (F) on A.
Without it the space Z may not be locally compact or the two-sided shifts on
the double infinite path space may not be well defined on Z (when the graph
has sinks or sources). The morphism C(T") — C*(A) ® C*(AP), 2z — wy
is given by the inclusion of C*(Z") — C(Z) x Z". The twist morphism © is
given by the topological isomorphism of groupoids

7" x G(A®,T)> (z,2) — (z+ b(x),z) € Z" x G(A*>,T),

where b is the cocycle which gives the gauge action b(z, z,y) = z. The restric-
tion morphism is R” x G(A®,T) 5 (t,x) — (t + b(x),xz) € R" x G(A>*,T).
The homotopy of this morphism and the identity is obtained by multiplying
b(x) with a parameter s € [0, 1].

To give a groupoid description of the K-homology class it would be
ideal to have a conceptual groupoid description (like semidirect product) of
the two-sided Toeplitz algebra £. We have not been able to do it but we
can still use a groupoid of germs. Let X;, X,, X be the Gelfand spectrum
of the commutative unital algebras & N 1°°(A), & N I*°(A) respectively € N
1°°(A) where [*°(A) C L(I?(A)) is the algebra of diagonal operators. There
is an isomorphism from L3L\C(X)LiLy to LyL3C(X)LyL} given by f —
Ly fL3. Therefore, the isometries {Ly : A € A} give rise by Gelfand duality to
partial homeomorphisms of X;, so they generate a pseudogroup G;. Similarly,
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{R) : X\ € A} give rise to partial homeomorphisms of X, and they generate
a pseudogroup G,. The set of partial isometries {Ly, Ry : A € A} gives also
partial homeomorphisms {lx, 7y : A € A} of X which generate a pseudogroup
G. We denote by G;, G, G the corresponding groupoids of germs. It is
important to have in mind that the maps [ and r) extend the maps s(A\)A >
x — Ax € AA respectively At(\) 3 z +— zA € AN so we shall freely use the
notation Az = [y and yA = r\y whenever x € dom(ly), y € dom(r)y). Here
our convention is that Qx = x for any =z € X.

X is easily described since the algebra & N I*°(A) is generated by the
projections LyL3. It is the space appearing in Example 2.2(i) of [12]. X, is
the same space when we replace A with A°?. However, the space X seems
to be much more complicated. The difficulty appears from the projections
PyLA\R, R L, P; with 0(\) = o(u) = e; which are not in the algebra generated
by the projections L)L} and RyR}. This projection is the domain of the
partial isometry R}, L, P; which is not given by shift equivalence.

I
R}, Ly
. _ 2
A

This does not happen in the rank one case since left and right creations com-
mute up to compact operators.

LEMMA 6.1. (i) The set A is an open dense discrete subset of X (X is a
compactification of A).

(ii) The algebra & is the image of the canonical representation m of Ci(QG)
on I>(A) =F.

Proof. (i) € contains the ideal of compact operators K(F) so & N1*°(A)
contains the diagonal algebra K(F) NI®(A) = Cy(A) as an essential ideal.
Therefore, X contains the discrete set A as a dense open subset. X is compact
since it is the spectrum of an unital algebra.

(ii) The set A is invariant with respect to the partial homeomorphisms
Ix, Ty so it is invariant for the groupoid G. It is also open so it gives rise to an
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ideal of C}(G). Since the reduction G|y is the transitive groupoid, this ideal
is the ideal of compact operators. We have a representation 7w of C(G) on
I2(A) induced by the canonical representation of the ideal K(I2(A)): 7(T)6y =
m(TPs,)0x, T € Ci(G). The image 7(C;(G)) in L(I*(A)) is exactly the
algebra £. Indeed, a basis for the topology of the groupoid G is given by (Y, w)
where 1y is a projection in & N I°°(A) and v is a finite word in [y, l;l,m,r;l
such that v~! is a homeomorphism on Y. Therefore, T(Lyw) = lyw € &,
where w is the word in Ly, L}, Ry, R} obtained by replacing [ and r with L
and R. Therefore, the image of the representation 7 is contained in £ and it
is clear that Ly, Ry are in this image so n(C}(G)) =&. O

We want now to identify the morphism 7®" @ C*(A) — £ @ C*(A),
S; — W; and sy — V). In the following proposition we give the main properties
of X. The continuous map o defined on X; and X, is the extended shape given
in Example 2.2(i).

PROPOSITION 6.2. (i) There are canonical continuous surjective maps py,
pr and o such that the diagram

Xi
RN
X N
X

is commutative where p;(\) = p.(\) = \ and o extends the shape on A.

(ii) The source and terminal maps s and t on A extends to continuous
maps on X.

(iii) X has the factorization property: if x € X, o(x) > k+p, k,p € N
then there exists unique \,u € A with o(X\) =k, o(pu) = p and y € X with
o(y) =o(x) — k — p such that x = Ayp.

(iv) Jp = 7(C(Glx,)) where X ={z € X : o(x) < oo}.
(v) Let Z ={(z,y) € X x A® : s(x) =t(y)}. Then the map

= (0,1): (AXxA®)NZ 3 (z,y) — (0(z),zy) € N' x A®

extends to a continuous surjective map ¢ : Z — N x A,

Proof. (i) We have the inclusion of algebras & NI*(A) C £€NI>®(A),
that is C'(X;) € C(X), with identity on Cp(A) hence there is a continuous
surjection X — X; which is the identity on the set A. Similarly, there is a
continuous surjection X — X, which is the identity on the set A. The diagram
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is commutative because op; = op, on A which is a dense set. We denote by o
the shape extended to X;, X, or X.

(ii) X is a disjoint union of dom(l,) so we can define s(z) = a if x €
dom(l,) and t(x) = a if x € dom(r,). s and ¢ are continuous since s~ ({a}) =
dom(l,) and t~!({a}) = dom(r,).

(iii) We have a disjoint union

X = U dom(ly) = U dom(ry).
o(N)=k o(N)=k

Therefore, there is one and only one A with o(\) = k such that « € dom(l)).
We can take 2/ =[5! (z) and then z = A\a’. Moreover, o(z') = o(z) — k. This
can be checked on the set {A\u : p € A} which is a dense set in dom(l}) =
ran(ly). We repeat now this reason for right factorization of z’.

(iv) The projection Py corresponds to the open set {z € X : o(z); = 0}
which generates the open G-invariant set Py is {z € X : o(2); < 00}.

(v) We have to show that the maps (A x A®°) N Z 3 (z,y) — o(z) e N
and (A X A®)NZ 3 (z,y) — zy € A extend to continuous maps. The first
claim is proven in (i) above. To prove the second let (A, yy) be a convergent
sequence in Z. We have to prove that (A,y,)(0,m) is eventually constant.
Since y,, is convergent in A we know that y,,(0,m) is eventually constant so
we can suppose it is g. We know that the sequence (A, ), converges in X since
R,, is continuous so it converges also in X;. This implies that (A,u)(0,m) =
(Anyn)(0,m) is eventually constant. For the surjectivity of ¢ we use the density
of the set N” x A% in N x A°. This dense set is in the image of ¢ which is
closed since Z is compact. [

From the factorization in (iii) of the proposition above, we can define
commuting left and right semigroups of shifts (L, R) on X with dom(Lg) =
dom(Ry) ={z € X :0(z) > k}

Lyx =12/, Ry, = 2" where x = A2’ = 2"y with o(\) = o(u) = k.

These shifts are continuous since their restrictions to dom(ly) respectively
dom(ry) are l;l and 7’;1. We believe that our desired conceptual description
of the groupoid G comes from these two shifts but we have not been able to
find it.

Of particular interest is the set Xoo = X \ Uj_; Xj-.

LEMMA 6.3. We have Xoo C A x (A?)* and G|x_ C Germ(A> x
AP Ty x Ty) where Ty and Ty are the MGDS on A% and (A°P)>° given in
Ezample 2.2 (i).

Proof. From the previous proposition (iv), we have

C(Xoe) =E0M) (14 4 1) (@)
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From [20], Theorem 2.2 the left and right creations and their adjoints com-
mute modulo J; + ... + J,. Therefore the algebra C'(X) is generated by

LALiRuRZ/(JI o) There is a surjection C*(sysy ® 1,1 ® £xt3) —
C(Xso), which sends

538k @1 to L,\LX/J1+...+JT and 1@ 1t} to RuR;/J1+...+JT.

By Gelfand duality this map gives rise to an injective map from X, to A x
(A°P)>°. Moreover, the restrictions to X, of [y and r) is in the restriction to
s of the pseudogroup generated by 77 and T on A x (A°P)>*. O

PROPOSITION 6.4. (i) The maps
.1

T :{(x,y) € Z:x=2"2" 0(2")=m} > (x,y) — (2',2"y") € Z
Vin:Z — 2, Vin(z,y) = (L (2(y(0,m))), Lin(y))
define a MGDS (T,V) on Z which satisfies the condition (DC').

(ii) The exit time map o defined in Section 2 is the same as the map o in
Proposition 6.2.

Yy
Y Yoo
Tm ’ — 5 ! Y
L L (y)
i N - "
. Lo.m) . | k (y) N k (y)
z :
Lun(2(y(0,m)))

Proof. (i) We note that dom(7,
dom(V,,) = Z so dom(7T;, Vi) = dom(V;
morphism from Z N (RyR} x A*) to
morphism from {(z,y) € Z : zy(0,m)

m) = {(z,y) € Z : o(x) > m} and
L) = dom(T),). T,y is a local homeo-
Z N (X x sysy) and V;, is a homeo-
€ LyLy} to {(z,y) € Z : t(x) = s(\)}
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with o(\) = m. Using the map ¢ from Proposition 6.2, we can see the map
(Trm, Vi) as a homeomorphism from the set ¢~ ({(p,z) : p > m,z € dom(l))})
to ¢~ ({(p,z) : p > 0,2z € dom(ls))}). The semigroup condition of T' and
V is easily verified. We prove now that 7,,Vi = ViT,,. Let (z,y) € Z with
o(z) > m. Write x = 2’2", y = vy, 2"y = af with o(2”) = o(8) = m,
o(y) =o(a) =k.

z" y' Y s
T : Yok Ve | =
o Y " a
, q ,
o(@”)y=m oly) =k ola) =k
o(8) = m

One has

T Vie(x,y) = Tn(Li(2'2"y'),y") = Ton(Li(2'aB), ")
= Tn(Li(z')3,y")) = (Li(z'), By"),
VkTm(xv y) = VkTm(xlmlla y,y//) = Vk‘ xlv x"y’y”)
= Vi(a', aBy") = (Li(2'), By").

The (DC) condition is satisfied since dom(7},V},) Ndom(T,,,/ V) = dom(T},) N
dom(Ty) = A{(z,y) € Z : o(z) > mVm'} = dom(Tym)-

(ii) Recall that the map o in Section 2 was o(z) = sup{m : z €
dom(T;,)}. In our case this supremum is sup{m : m < o(z)} = o(z). O

There is a natural equivariant map between MGDS (Z, (T, V)) and the
MGDS which gives the algebra 7®" @ C*(A). Here, an equivariant map be-
tween two MGDS (X,T) and (Y,S) means a map ¢ : X — Y such that

(bOTm:SmOQS'

PROPOSITION 6.5. Let (N, S), (A, W) be the MGDS of Example 2.2 (i),
(ii). The map ¢ of Proposition 6.2 is an equivariant map between (Z,(T,V))
and (N" x A®, S x W)

Proof. Regarding domains, it is enough to check that dom(Sx¢) =
dom(¢T}) since Wy, and Vj, are everywhere defined. We have

o(dom(Ty) = 6({(z,) € Z; o(2) > k}) = {(n,2); n > k} = dom(Sy)o.

Now, it remains to to check that Sxo(x,y) = ¢Tk(x,y) and Wio(z,y) =
dVi(z,y) for (z,y) € Z with o(x) € N" since A is a dense set in X. If
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x = 2’2" with o(2”) = k one has
Sk(o(2,y)) = S(o(z),2y) = (0(x) — k, zy)
= (o(a'),2'2"y) = ¢(a',2"y) = $(T"(x,y)).
If y = ¢y and a2y’ = af with o(y') = o(a) = k (so o(z) = o(8) = k) one has
Wi(é(z,y)) = Wi(o(z), 2y'y") = Wi(o(x), aBy")
= (0(2),8y") = (0(8),8Y") = ¢(8,") = ¢(Vie(,y)). O

The next theorem gives a condition for a morphism of r-discrete groupoids
to induce a morphism of the corresponding reduced algebras.

LEMMA 6.6. Let ¢ : G1 — G2 be a proper morphism of two r-discrete
groupotids such that ¢ : G7 — G(f(x) is a bijection for any v € GY. Then the
map Ce(G1) 3 f — fo¢ € Cu(Ga) extends to a morphism ¢ : C*(Go) —
Cr(Gh).

Proof. We have to show that the map C.(G2) > f — L(f o ¢) €
L(L*(G1)) is a bounded representation, where L?(Gy) is the Hilbert module
given by the field of Hilbert spaces GY, I>(G%). Indeed,

Frog)y=fxglet) = > f(o()s)g(s7).

eGP

We use now the assumption that ¢ : G7 — G‘f(x) is a bijection and we get

Frat)= " f(@®)p()gld(v)™!) = Fxg(t). O

GG;“)

PROPOSITION 6.7. The previews lemma holds if Gy = G(Z,(T,V)) and
Gy = G(N" x A%, S x W).

Proof. First let us prove that the lemma holds for the map ¢ and the
pairs of groupoids G; = G(Z,T) and Go = G(NH,S). To prove the surjec-
tivity let (\,z) € Z, (0(\),n —m, k) € G(N', S) such that n < o(\), m < k
and o(A\) —n = k —m. We construct (N,z') € Z such that o(\) = k
and T,(\,z) = T,,(N,2’). Since n < o(\) one can decompose A\ = «f
with o(3) = n. Then X = «a((82)(0,m))) and 2/ = (Bx)(m,oc0) have the
properties required To prove the injectivity let (A\,z) € Z, (N,2') € Z,
N 2"y € Z, n,m,p,q € N" such that n —m = p —¢q, o(N) = o(\)
Tn(N\, z) =T (N, 2') and T,(A, ) = To(N”, 2”). Because of the condition (DC)
of T'we have Tvp(A, ) = Trgnvp—n (N, 2") and Typ (A, ) = Tornvp—p(N’, 2”)
so T (N,2') = Tp(\',2") where k = m+nVp—n=qg+nVp—p, hence
N =af', N =af"” with o(f') = o(8) = k and 2’ = 3"2". The uniqueness
of the factorization of a word in A implies that X' = )\ and ="
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We prove now that the above lemma is true for ¥, G; = G(Z,V) and
G2 = G(A*>®°,W). To prove the surjectivity, let (Axz,n —m,y) € G(A>®, W)
with o(a) = n, o(f) = m, \x = az, y = [fz. One has A\z(0,n) = ay so
TN\, 2) = (7,2(n,0)). Let X be given by the factorization Sy = N3" with
o(B) =m and 2’ = f'z(n,00). Then T,,(N,2") = (v,2(n,0)) = T),(\, z) so
(AN z),n—m,(N,2")) € G(Z,V) and N2z’ = N 'x(n,00) = Byz(n,o00) = Bz =
y. To prove the injectivity let (A, z),n —m, (XN, 2")), (A, z),p —q, (N, 2")) €
G(Z,V) such that n —m = p —q, Na’ = N'2". As for G(Z,T) we have
Vi(N,2") = Vi (N, 2") where k = m+nVp—n=qg+nVp—p. From the
definition of V one has the factorizations Na = o'y, \'8 = 'y, 2/ = ay,
2" = By where o(«a) = o(a’) = o(8) = () = k. Then we have /vy = vy,
hence o/ = ' and 2/ = 2”. We also have Nao = \'3 =o'y so X = \".

We show now that lemma holds for ¢, G; = G(Z,(T,V)) and Gy =
G(N" x A%, S xW). First we show the injectivity. Let (A, z), (N, z'), (N, 2") €
Z, ny,m,n',m' p'q,p',¢d € N such that V,(T,,(\,z)) = V(T (N, 2")),
Vo(Ty(N ) = Vy (Ty (X', 2")), n—n' =p—p/, m—m’ = q—¢', o(X) = a(X"),
Na' = N'z". As before we have V,,(Tinvg(\, 2)) = Vir (T 4mvg—m (N, 2')) and
Vo Tavg 0 2) = Vi (Tyeamva—a(X,2)) 50 Va(Tg(M2)) = Var(Th(N, ')
and Vp(Trvg(N, x)) = Vi (Tp (N, 2")) with k = m/ +mVg—m = ¢ +mVg—q.
As (T (A, z)) = (A, x) the injectivity result proven above for ¢, G(Z,V') and
G(A>, xW) shows that Tj (N, 2’) = T(N\’, 2”). Now we apply the injectivity
result for o, G(Z,T) and G(N", S) to get (X, z') = (N, z").

To prove the surjectivity let (A\,z) € Z and ((o()\),\z), (n — n/;m —
m'), (k,y)) € GN" x A%, S x W). We apply the surjectivity proven above for
¥, G(Z,V) and G(A*°, xW) in the point T,,(A, z). There is (a, 3) € Z such
that a8 =y and V(T (A, 2)) = V(e B). Tt follows that o(a) = o(A) —m =
k—m/. We define now X' = a3(0,m’) and 2/ = 5(m/,00). One has o(\') = k,
Na! =y and T,y (N, 2') = (o, B) s0 Vi Trn (N, ) = Vg Ty (N, 27). O

From Lemma 6.6 we have an induced homomorphism ¢ : 79" ®C*(A) —
C*(Z,(T,V)). Proposition 2.9 gives a homomorphism 7 : 7%" @ C*(A)
to Germ(Z,(T,V)). But Germ(Z, (T,V)) is an open subgroupoid of G x
Germ (A, W). The MGDS (A*, W) is essentially free so by Proposition 2.7
we have a map from C*(Germ(Z, (T,V))) to £€® C*(A). Composing these ho-
momorphisms we get the map from 7%"® C*(A) to £ ®C*(A). Schematically,
we view this in terms of groupoids by the diagram

G(Z,(T,V)) —¢ G(N x A®. S x W)

lﬂ

Germ(Z, (T,V)) Copen G x Germ(A>®), W
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¢ restricted to the set €2 x A gives an identification between G(Z, (T,
V))l{ayxa= and G(N" x A®, S x W)|{oyxace, S0 an isomorphism between
full corners.

7. CONCLUSIONS

As a conclusion we want to draw the attention to the results in [9, 10].
Our groupoid approach to the duality between higher rank graph algebras can
lead to a notion of higher rank hyperbolic groups. The higher rank version
of a tree is a Euclidean building so the A,-groups in [5] and [6] have to fall
into this class. One can then think of the one-sided and two-sided Toeplitz
algebras as subalgebras of L(I?(T")), where T is such a group. For example the

left-sided Toeplitz algebra associated to the free group F,, is C(F,,) xF,, where
F, is a compactification of F,, using the left-sided distance d;(a, 3) = I(a™'33),
I the word length. Then the right-sided Toeplitz algebras is given by the
same algebra C(9F,,) x F,, but the compactification is given by the right-sided
distance d,(a, 3) = l(af~'). The two-sided Toeplitz algebra is the algebra
generated by these two in their canonical representation on L(I*(F,,)).

Acknowledgement. The work of the first author was supported by Grant 2-CEx06-11-
34/2006.

REFERENCES

[1] C. Anantharaman-Delaroche and J. Renault, Amenable groupoids. Monographies de
L’Enseignement Mathématique, Vol. 36, I’ Enseignement Mathématique, Geneva, 2000.

[2] Victor Arzumanian and Jean Renault, Ezamples of pseudogroups and their C*-algebras.
In: Operator Algebras and Quantum Field Theory (Rome, 1996), pp. 93-104, Int. Press,
Cambridge, MA, 1997.

[3] S.K. Berberian, Borel spaces. In: Functional Analysis and its Applications (Nice, 1986),
pp- 134-197, ICPAM Lecture Notes, World Sci. Publishing, Singapore, 1988.

[4] Bruce Blackadar, K -theory for Operator Algebras. 2nd Ed., Cambridge University Press,
Cambridge, 1998.

[5] Donald I. Cartwright, Anna Maria Mantero, Tim Steger and Anna Zappa, Groups acting
stmply transitively on the vertices of a building of type Az. 1. Geom. Dedicata 47 (1993),
2, 143-166.

[6] Donald I. Cartwright, Anna Maria Mantero, Tim Steger and Anna Zappa, Groups acting
simply transitively on the vertices of a building of type Az. I1. The cases ¢ = 2 and ¢ = 3,
Geom. Dedicata 47 (1993), 2, 167-223.

[7] Alain Connes, Noncommutative Geometry. Academic Press Inc., San Diego, CA, 1994.

[8] Alain Connes and Nigel Higson, Déformations, morphismes asymptotiques et K -théorie
bivariante. C.R. Acad. Sci. Paris Sér. I Math. 311 (1990), 2, 101-106.

[9] Heath Emerson, The Baum-Connes conjecture, noncommutative Poincaré duality, and
the boundary of the free group. Int. J. Math. Math. Sci. (2003), 38, 2425-2445.



240

Tulian Popescu and Ionel Popescu 36

(10]
(11]
(12]
(13]

(14]
(15]

[16]
17]
18]
[19]
[20]
[21]
[22]
23]

(24]

Heath Emerson, Noncommutative Poincaré duality for boundary actions of hyperbolic
groups. J. Reine Angew. Math. 564 (2003), 1-33.

R. Exel and J. Renault, Semigroups of local homeomorphisms and interaction groups.
Ergodic Theory Dynam. Systems 27 (2007), 6, 1737-1771.

Cynthia Farthing, Paul S. Muhly and Trent Yeend, Higher-rank graph C*-algebras: an
inverse semigroup and groupoid approach. Semigroup Forum 71 (2005), 2, 159-187.
Erik Guentner, Nigel Higson and Jody Trout, Equivariant E-theory for C*-algebras.
Mem. Amer. Math. Soc. 148 (2000), 703.

T. Hadfield, K-homology of the CAR algebra. ArXiv Mathematics e-prints (2001), 4.
Jerome Kaminker and Ian Putnam, K-theoretic duality of shifts of finite type. Comm.
Math. Phys. 187 (1997), 3, 509-522.

G.G. Kasparov, The operator K -functor and extensions of C*-algebras. Izv. Akad. Nauk
SSSR Ser. Mat. 44 (1980), 3, 571-636, 719.

Alex Kumyjian and David Pask, Higher rank graph C*-algebras. New York J. Math. 6
(2000), 1-20 (electronic).

Paul S. Muhly and Jean N. Renault, C*-algebras of multivariable Wiener-Hopf opera-
tors. Trans. Amer. Math. Soc. 274 (1982), 1, 1-44.

Alexandru Nica, Some remarks on the groupoid approach to Wiener-Hopf operators. J.
Operator Theory 18 (1987), 1, 163-198.

Tulian Popescu and Joachim Zacharias, E-theoretic duality for higher rank graph alge-
bras. K-Theory 34 (2005), 3, 265-282.

Jean Renault, A groupoid approach to C*-algebras. Lecture Notes in Math. 793,
Springer, Berlin, 1980.

Jean Renault, Cuntz-like algebras. In: Operator Theoretical Methods (Timisoara, 1998),
pp. 371-386, Theta Found., Bucharest, 2000.

Jean-Louis Tu, Non-Hausdorff groupoids, proper actions and K -theory. Doc. Math. 9
(2004), 565-597 (electronic).

Richard Zekri, A new description of Kasparov’s theory of C*-algebra extensions. J.
Funct. Anal. 84 (1989), 2, 441-471.

Recetved 19 February 2009 “Simion Stoilow” Institute of Mathematics
21 Calea Grivitei
010702 Bucharest, Romania
wlian.popescu@imar.ro

Georgia Institute of Technology
School of Mathematics
Atlanta, GA 30332-0160, USA

“Simion Stoilow” Institute of Mathematics
21 Calea Grivitet
010702 Bucharest, Romania
ipopescu@math.gatech.edu



