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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY

MICHEL LEDOUX AND IONEL POPESCU

ABSTRACT. In this paper we discuss the natural candidate for the one dimen-
sional free Poincaré inequality. Two main strong points sustain this candidacy.
One is the random matrix heuristic and the other the relations with the other
free functional inequalities, namely, the free transportation and Log-Sobolev
inequalities. As in the classical case the Poincaré is implied by the others. This
investigation is driven by a nice lemma of Haagerup which relates logarith-
mic potentials and Chebyshev polynomials. The Poincaré inequality revolves
around the counting number operator for the Chebyshev polynomials of the
first kind with respect to the arcsine law on [—2,2]. This counting number
operator appears naturally in a representation of the minimum of the logarith-
mic energy with external fields discovered in Analyticity of the planar limit
of a matriz model by S. Garoufalidis and the second author as well as in the
perturbation of logarithmic energy with external fields, which is the essential
connection between all these inequalities.

Classically, Poincaré’s inequality for a probability measure ;1 on R? states that
there is a constant p > 0 such that for any compactly supported smooth function

2
(0.1 pVar($) < [ 197Pdu,

with the notation Var,(f) = [ f2du— (J fdp)?. This is in fact a statement about
the spectral gap of the operator L, whose Dirichlet form is I'(f, f) = [ |V f|?du
(and invariant measure p). This inequality is actually one member of a family
of functional inequalities which are connected by implications among them. For
example, among others, the transportation and Log-Sobolev inequalities always
imply the Poincaré with the same constant (see e.g. [1I, 17, [4] 20]).

With the boom in the interest of large dimensional phenomena, one natural
question is to ask what happens with the functional inequalities in the limit. This
was studied in various forms for various measures in infinite dimensions, as for
example the Wiener measures with a few samples [I1], [9], [2I], [8], [I4]. The
important part in dealing with these infinite dimensional objects was due to the
dimension independent constants in the finite dimensional approximations.

Important interesting limiting objects are obtained in free probability by consid-
ering random matrices. It is well known that properly normalized, the eigenvalue
distribution of the Gaussian Unitary Ensemble converges (in mean and almost
surely) to the semicircular law. On the other hand, applying classical functional
inequalities to the distribution of random matrices in dimension n and taking their
limits, one obtains various functional inequalities for the semicircular law. This
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4812 MICHEL LEDOUX AND IONEL POPESCU

was done in a more general situation for the Log-Sobolev by Biane [2] and the
transportation inequality by Hiai, Petz and Ueda [I3] and [15].

The interesting part of this limiting procedure is that the obtained functional
inequalities in the framework of free probability have a life of their own. As such,
the goal is then to understand them from a perspective which does not appeal to
their finite dimensional approximation. There are indeed some cases where the
approximation seems hard or very unnatural. This was the main theme of the
paper [16] where several techniques from mass transportation were introduced to
deal with the (one dimensional) free Log-Sobolev, transportation, HWT and Brunn-
Minkowski inequalities.

Using random matrix heuristics one can add a new member to the family already
described. This is a free Poincaré inequality, the natural limit of the Poincaré
inequality applied to random matrices, which was discussed in [16]. The statement
for such an inequality in the case of the semicircular law a(dx) = 1j_s 9 (1)7“1*2232(“
is that for any smooth function f on the interval [—2, 2],

(0.2) i (%ﬂ”)?wm i) < [(de.

where
(4 — zy)dxdy
w(dzdy) = 1;_ x)lj_ .
( Y) (—2,2( ) [ 2’2](y)47r2 G- -
Notice here that this statement has a different flavor from its classical counterpart.
In the case of the standard Gaussian measure for example, inequality (0.I]) is the
expression of the spectral gap of the Ornstein-Uhlenbeck operator. In the free case,

it was shown in [I6] that ([02) is equivalent to
N <L,

where (Lf)(z) = —(4 — 22)f"(z) + zf'(x) and N are respectively the Jacobi op-
erator and the counting number operator for the orthonormal basis of Chebyshev
polynomials T,,(z/2) of L*(f), where 8 is the arcsine law 1[_ 5 (dx) m/%' At
least at a first look, we are not comparing a second order operator with a projection,
as in the classical case, but with an integro-dfferential operator. However, for this
particular case, it is true that £ = N2, and thus the above comparison is essentially
the spectral gap for N.

Another natural interpretation of ({I.2) is that the L? norm of the classical deriv-
ative f’ with respect to « is greater than the L? norm of the non-commutative deriv-

ative Df = %{:(y) with respect to a suitable measure w. This non-commutative
derivative is very natural in free probability theory, and it is not the first time it ap-
pears in some form of Poincaré’s inequality. In fact, Biane in [2] sets up a Poincaré
inequality in several non-commuting variables which in the one dimensional case
amounts to

(0.3) Var,(f) < // <L§<y)>2a(dx)a(dy)

T

for any C! function f on [—2,2]. This is more in the classical spirit, with the role of

the derivative played by the non-commutative derivative f@=FfW)  ag any rate this

o
inequality can be translated into the spectral gap for the counting number operator
M associated to the scaled Chebyshev polynomials of the second kind for the
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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY 4813

semicircular law a. This fact makes ([0.2]) and (03] formally the same. However,
this argument does not show a more structural tie between the two versions of
Poincaré. A more organic appearance of the counting number operator M in the
life of ([02) is revealed in Section Bl However, the only spectral property of M
which contributes is the mere non-negativity.

The main investigation of this work is actually to demonstrate that the operator
point of view emphasized towards the description of the Poincaré inequalities (0.2))
and (03) and their relationships may be pushed forward to similarly study Poincaré
inequalities for large classes of equilibrium measures and not only the semicircular
law. In particular, this analysis reveals the suitable Poincaré inequality in the free
context and allows for the connections with the other functional inequalities.

It is well known that (Q.I) is valid for measures p(dx) = e~V (@ dz, where V is
strong convex. In fact, if V is strong convex, say V" (x) > p for some p > 0 and
all z € R, applying Poincaré’s inequality (1) to the measure e """V (X)dX on
Hermitian n x n matrices and functions of the form ®(X) = Tr(¢(X)) (for details
see [16]) leads to

(0.4) 2pc? // (L&j(y))zwb,c(dxdy) S/(f’)zduv

X

for any C'* function on the support [—2c+b, 2c+b] of py . Here py is the equilibrium
measure (i.e. the minimizer) of

(0.5) Bv(n) = [V~ [ [ 1ol = ylutdz)utay)

over the sef of all probability measures on R. It is well known (see for example [19])
that the support of py is one interval in the case where V' is convex. The measure
wp, on the left hand side of ([0.4) is just a linear rescaling of the measure w defined
above, precisely

wp,c(dz dy) = Li—2c+b,2c4b] (x)l[—2c+b,2c+b] (y)
(0.6) y (4¢® — (x = b)(y — b))dzdy
12724 — (- 0P — (y b))

The point is now that ([04]) is a well-defined notion on its own for any given prob-
ability measure p on the interval [—2c¢ + b,2c¢ + b]. It defines the canonical free
Poincaré inequality which will be investigated in this work. As it is in the case of
([02) for the semicircular law, this inequality gravitates around the counting num-
ber operator A. The investigation is driven by a lemma of Haagerup which was
extensively used in [10] to deal with the minimization of the logarithmic energy
with external fields, providing an analytic description of the number operator N as

Wola) = [ v wistan) + [ o - -t [ LD gay)

which connects with free derivatives. In particular, this description produces concise
and efficient interpretations of the equilibrium measure ;1 and logarithmic energy
FEy associated to an external field V' of independent interest. With these tools, the
free Poincaré inequality for a measure p may then be described at the operator
level as the comparison of A with the operator with Dirichlet form [(f’ )2dju.
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4814 MICHEL LEDOUX AND IONEL POPESCU

In [I6], another version of Poincaré’s inequality inspired by Biane’s version of
([@3) was presented, which states that for u with compact support, there is a con-
stant p > 0 such that

(0.7 (1) < [[ (wyu(d:ﬂ)u(dw

T

as long as f is C1(R). Besides the example of the semicircular law, we do not
know however if there is any (interesting) connection between the two Poincaré
inequalities (04) and ([07). As we will show, Poincaré inequality (04]) will be
justified by its connection with the transportation and Log-Sobolev inequalities
(which does not seem of the same nature for ([07)).

Indeed, once the proper free Poincaré inequality (0.4) has been identified, the
next purpose is to investigate its relationships with the traditional free functional
inequalities such as transportation and Log-Sobolev inequalities. The free trans-
portation inequality associated to a potential V' claims that there is a p > 0 with
the property that

(0.8) pW3 (v, pv) < By (v) — By (uv)

for any other probability measure v on the real line. Free Log-Sobolev states that
there is a p > 0 so that for any other (sufficiently nice) probability measure v,

(0.9) Ev(v) — By (uv) < ﬁ / (Hv — V')d,

where Hv = p.v. [ I%yl/(dy) is the Hilbert transform of the measure v. In this paper
we show that under some mild assumptions, the transportation and Log-Sobolev
inequalities imply the free Poincaré inequality (4. It should be pointed out that
these implications are easy or standard in the classical case. That the Poincaré
inequality follows from the Log-Sobolev is obtained by a simple Taylor expansion
on (classical) entropy (see e.g. [II, 20]). The implication from the transportation
inequality is a bit more involved, the simplest argument going through Hamilton-
Jacobi equations ([4, 20]). Actually, what the classical case puts forward is the
necessity of suitable perturbation properties of both the logarithmic energy and
equilibrium measure in the free context. This will be achieved in the second part
of this paper. At the heart of the argument is a perturbation argument for the
logarithmic energy Ey,, which is given by the counting number operator N, the
same one which plays the key role in understanding the free Poincaré inequality.
Again, this perturbation property might be of independent interest.

Here is how the paper is organized. In Section [I] we introduce the preliminary
material, namely, the logarithmic potentials and Chebyshev polynomials, and we
briefly discuss Haagerup’s Lemma. We also introduce and study several related
operators, the most important one being the counting number operator N and its
analytic description.

Section Plis the one introducing the Poincaré inequality ([0.4) and several associ-
ated properties, while Section [3] investigates various equivalent characterizations of
this. The main ones are equivalent via some sort of duality, which is somewhat rem-
iniscent of the duality associated to the Monge-Kantorovich distance in the theory
of mass transportation.
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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY 4815

In Section[d] we give the perturbation results which are the backbone for the con-
nection between the other functional inequalities and Poincaré. This last connec-
tion is discussed in Section [l together with a discussion about why the perturbation
used in the classical case to go from the Log-Sobolev and why transportation is not
enough.

1. PRELIMINARIES

In this section we introduce some basic notions we are going to use in this paper.
A potential on a closed subset S of the real line is simply a function V' : § — R.
For our investigation of the logarithmic potentials with external fields, we will
assume that V is of class C2 on the interior of S and that if S is unbounded,
lim V(z)—2loglz| = +o0.
|z|—o00
We will call such a potential admissible.

For a probability measure p the logarithmic energy with external field V is given
by

(1.1) Ev(n) :/Vdu—//log\x—ylu(dfﬂ)u(dy)'

It is known that given a closed subset S and an admissible potential V' (see [19]
or []), there is a unique minimizer py in the set of probability measures on S.
In addition, this measure also has compact support. We will denote for simplicity
Ev = Ey(py). The support of the measure u is denoted by suppp.

The equilibrium measure py of ([I) on the set S (cf. [19, Thm. 1.1.3]) is
characterized by

V(z) > 2/10g | — y|lu(dy) + C  quasi-everywhere on S,
(1.2)
Viz) = 2/10g | — ylp(dy) + C  quasi-everywhere on suppp.

For the definition of the notion of quasi-everywhere, we refer the reader to [19].
What we will need from this is in particular that the equality on suppy is almost
surely with respect to any probability measure of finite logarithmic energy.
If (X, X), (Y,)) are two measurable spaces, p is a measure on X and ¢ : X —» Y
is a measurable map, we set ¢4 to stand for the push forward measure

(¢41)(A) = (o' (A4))

for any A € ).

It is easy to verify that changing the variable of integration to z — cx 4+ b and
y — ¢y + b with ¢ # 0 and by setting ¢, .(x) = (x — b)/c and pcp = (p,c)4p, the
following holds:

By (i)

/V(Cm + O)ts.eldz) - // log ez — cy|pp,c(dz) v, (dy)
- Ev(eb_,i)*log(c) (v,c) = EV(Z;i)(Mb,c) —logc,

(1.3)
which in turn results in

LBy = EV(@;i)—log(c) = Ev(z;i) — log(c).
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4816 MICHEL LEDOUX AND IONEL POPESCU

1.1. Connection with Chebyshev polynomials. Recall that the Chebychev
polynomials of the first kind T,,(x) are defined by

(1.4) T, (cosB) = cos(nd).
Alternatively, they are given by the recursion relation
Tni1(x) = 22T, (x) — Th—1(x), To(z) =1, Ty(x) ==

with the generating function

o0
1—rx
1.5 T, = e (—1,1).
(15) 2@ = Ty TECLY)

If we take Ty = Ty and Tn(x) = /2T, (), then {Tn}nzo is the sequence of orthog-
onal polynomials for the arcsine law 1(_171)(‘%)7#%'
The Chebyshev polynomials of the second kind U, are defined by
sin(n + 1)0
1. n 0) = ———"—.
(1.6) U, (cos®) g
These satisfy the recurrence
Uni1(x) = 22U, (2) — Up—1(2), Uy=1, U =2z,

and the generating function is

o

1
1. "Uolzx) = ——— —1,1).
(17) D rUn(@) = 5 TE(-LD)

n=0

These are the orthogonal polynomials for the semicircular distribution
]l[ 1] (il?) 2v1—x2dx
_1, SR,

The main connection between the Chebyshev polynomials of the first and second
kind is given by
(1.8) T! (z) = nU,_1(x).

In the sequel we will use the notation

tn(z) =T, (g) and ¢, (x) =U, (;) for n > 0.

We mention that these are the orthogonal polynomials for the arcsine and semicir-
cular on [-2,2].
It is easy to check the following relations between ¢,, and ,,:

(1.9)
20, (2)pm(x) = ¢|n—m\ (%) + Pngm(x), n,m >0,
2¢n($)¢m($) = sign(n +1- m)w|n+1—m\—1(x) + wner(l')a n,m 2> 0,
4 — 2
O @) on0) = Gy () ~ Do), mm >0,
where here and throughout this paper, sign(z) = 1 for > 0, sign(z) = —1 for

x < 0 and sign(z) = 0 for x = 0.
The following lemma, which will play an important role in the subsequent anal-
ysis, appears in some seminar notes of Haagerup [12].
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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY 4817

Lemma 1 (Haagerup). (1) For any real x,y € [—2,2], x # y, we have
N 2

1.10 1 —qyl = — Zon

(1.10) og |z -y ,L§=1n¢ (@) ¢n(y)

where the series here are convergent on x % y.
(2) For x> 2 andy € [-2,2], a similar expansion takes place,

n
x+ Va2 —4 =2 (z—Va22—4
log |z — y| = log — s _ZE <f) on(y),
n=1

where the series is absolutely convergent.
(3) The logarithmic potential of a probability measure p on [—2,2] is given by

(1.11) /log|x—y|u (dx) Z oz /qﬁn

where this series makes sense pointwise. Therefore, the logarithmic energy
of the measure u is given by

(1.12) //1og|x — ylp(dr)p(dy) = i (/ On () p(dx) )

In  particular,  [[logle — ylu(dz)u(dy) is finite if and only if
220:1 % (f ¢n($),u(dx))2 is finite.

Proof. A full scale proof is given in [I0]; here we only outline the main calculation
leading to (LI0). Write z = 2cosu and y = 2 cosv, and observe

x —y =2(cosu — cosv) = 4sin <u—;—v> sin <ugv> .
2sin (uT—H))‘ + log |2 sin (U;U)‘

= ]Og ‘1 _ ei(u+v)| + log |1 _ ei(u—v)‘
= Re (log(l — ei(u-‘rv)) + log(l _ ei(u—v)))

_ Z l Re (ein(quv) + ein(ufv)>
n

n=1

Hence

log |z — y[ = log

8

__ 10% (u+v)) + cos(n(u — v)))

3

o 2
=— — cos(nu) cos(nv)
n

n=1

-3 2 6@)onty)
n=1

Notice that in the middle of this we used the fact that for a complex number z,
with |z] = 1, z # 1, the usual logarithmic formula which computes the logarithm is
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4818 MICHEL LEDOUX AND IONEL POPESCU

still valid:

ok
log(l—z):—zz.

k>1
O

It is this simple lemma which gives the theme of dealing with logarithmic energies
of measures by reducing them via rescaling to measures on the interval [—2,2]. The
next statement is a simple consequence.

Corollary 1. If B(dr) = 1_3 g (x)m/% is the arcsine law of the interval [—2, 2],
then

0, x| <2,
(1.13) Jrogle = ulptan =3 " 1

log =—5—, |z|>2.

If 1 is a signed measure on [—2,2] with finite total variation and finite logarithmic
energy, then

(1.14) /log |z — y|lp(dy) = ¢ almost everywhere for all x € [—2,2]

if and only if p(dx) = B(dx). Here, “almost everywhere” is understood with respect
to the Lebesgue measure. Additionally, the constant ¢ must be 0.

We define the following probability measures related to the interval [—2¢+b, 2c+
b] which are used throughout this note:

4c? — (x — b)?dx
2mc?
dz

(1.15) 6b,c(dx) ]1[725+b,20+b] (J?) W\/mv
wpe(drdy) = L_ocqb2e48) (T)L[—2e1b,2040) (Y)
L (S (- b)(y — b)dudy
10 JGF — (@ - b)EE - (3 - b))

We mention that oy, respectively 3., is semicircular, respectively arcsine, on
[—2c+b,2c+ b]. To be completely consistent, ay, . is defined on the closed interval
[—2¢ + b, 2¢ + b], while 5, . and wp . are properly defined on the open sets (—2c¢ +
b,2c + b) and (—2c + b,2¢c + b) x (—2¢c + b,2¢ + b), respectively. On the other
hand, as we will integrate functions on [—2c¢ + b,2c + b], and all these measures
are absolutely continuous with respect to the Lebesgue measure on the real axis,
it does not matter if the integrals are on the open or closed intervals (or products
of such). Henceforth, we set the scene for all these measures to be defined on the
closed interval [—2c¢ + b, 2¢ + b] (or [—2¢ + b, 2¢ + b] X [=2¢ + b, 2¢ + b] for wy,¢).

For simplicity set o« = ag,1, 8 = Bo,1 and w = wp,1, which are probabilities on
[—2,2] or [-2,2] x [-2,2]. Notice the simple rescaling shows that ap . = (Zbicl)#a
and similarly Sy = (Z;g)#ﬂ, while ((6%)0)_1)#%6 = w with Zic : R? — R?
05 o(@,y) = (lp.e(@), bo.c(y))-

Throughout this paper we use (,-), to denote the scalar product in L?(v) and
reserve (-,-) for the inner product in L?(f3).

Using Lemma [Il we prove the first result of this note which appears partially in
[10]. Tt will naturally lead to the operator formulation of the Poincaré inequality.

)

ape(dr) = T—gctp 2045 ()
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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY 4819

Theorem 1. Assume that V is a C? function on [~2,2] and A € R a constant.
Then, there is a unique signed measure p on [—2,2] of finite total variation which
solves

(1.16) 2 [log|z — ylu(dy) = V(x) + C  almost everywhere for x € [—2,2],
. M([_27 2]) =A,
where almost everywhere is with respect to the Lebesgue measure on [—2,2]. The

solution p is given by p(dx) = u(x)B(dz), where
(1.17)

IR r [* d—a? (2 V'(z) - V'(y)
ua) = A= [ wVwsan-3 [ ViS5 [ Bdy).

) r—y

In addition, the constant C must be given by C = — fEQ V(z) f(dx).

Moreover, for any C* function ¢ on [—2,2] we have that
(1.18)

/ aut) = 4 [ o(wyatan) — [ D=L INEDZC0N 4o ay),

Proof. In the first place, the uniqueness is clear. To prove the rest we first write
the function V' in terms of Chebysev polynomials of the first kind:

Vi) = [ Vs +2 ﬁ_oj ([ vos.wa) o),
Assuming (1, V') solves (LI6) and invz;ing Haagerup’s representation now results
- 22% (/ cbn(y)u(dy)) Pn ()
~ o v dy+22</ A3(a) ) 60 (2)

Thus, equating the coefficients, we must have C' = — [ V(y)B(dy) and

/qbn p(dx) ——/V Von(x)B(dx) n>1,

which means that p(dz) = u(x)B(dz) with

= 4= S0 ([ Visasta) ) e

n=1

To prove equality (ILIT), our task is therefore to show that
(1.19)

—gn(/V(y)%(y)ﬁ(dy)) bn(x) = _%/_ YV () B(dy) — _/ vi(

+4—2x /_2 V'(z) —V'(y) B(dy).

r—y
Notice that both sides of this equation are linear functions of V', and thus by a
simple approximation argument it suffices to check it for the case of V(x) = ¢, (x)
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4820 MICHEL LEDOUX AND IONEL POPESCU

for some n > 1, which boils down to

(1.20)
n¢n<x>:[y¢ B(dy) +x/ 81,(y) Bdy) — (4— 22 / @) = Onl0) g

r—=y

There are several ways of doing this. The straightforward way is to look at the
generating functions of both sides and use ([LA). We now pause and give a more
general statement which will be used later.

Lemma 2. Define the operator U ., which for a C' function f on [—2c+b,2c+ b]
outputs the function Uy f,

When@) = [ L= 5, ay)
As usual, for simplicity we denote U = Uy,1. Then

1
Up, = 51%—17 n=>1, and
(1.21)

_ 1 2- 2¢n+1 (:L‘), n 0dd>
Uon) () = 4 — 2 {x —2¢p11(x), n even, =0

Proof. The idea is to use the generating functions (L) and (7)) and compute the
operator U of these generating functions. To carry this out, let

1—ra/2 1
1.22 Pl Sl d h(z)=— "
(1.22) gr(x) 1—rz+r2 0 (z) 1—rz+r?

which are the generating functions of ¢,,, respectively v,,. Then it is easy to com-
pute

r rhy ()

(1.23) U9)() = 5 =

which immediately implies the first half of (T2I)). On the other hand,

(1.24)

r 1 2r T 1—2r_xmr2 -2
(uhr)(x)_(1—r2)(1—7“x+r2)_4—x2<1—r2+1—r2_< +r )>
1 ( 2r x 2(gr(z) — 1)>

44— g2

1—72  1-—192 T

which clearly resolves the other half of (T21)). O

Coming back to the proof of Theorem [Il and armed with (L2I)) and (L8)) and
the simple fact that

2 _Jn (n=even), 0 (n = even),
/2y¢n(y)ﬁ(dy)—{0 oy and / o ( {m o
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THE ONE DIMENSIONAL FREE POINCARE INEQUALITY 4821

it is now an easy task to verify (L20)), and in turn (IL.I9). To prove equality (LIg]),
we need to check that

Z/ (1)5(d) [ 6(a)on()31ce)

1 / / (V(2) = V)((x) — 6(y) (4 — ay)dady
v y)? VI—2Ji— g

(1.25)

To this end, notice that for —1 < r < 1,
(1.26)

St [ Vet [ owen()stin)

Y R (x)V (y)dady
/2/2;"’" Mo e iy

L iy v () (V@) = V) (6(2) — 6(y))dady
2/2/2; ) e e

Now to compute the kernel inside the integration, notice that (here we inspire from
[B]) with £ = 2cosw and y = 2 cos v,

> " bn(@)n(y)

o0 o0 n

= Z r" cos(nu) cos(nv) Z T— (cos(n(u 4+ v)) + cos(n(u — v)))
n=1 n=1 2
X .n

— TZ (ein(quv) + efin(quv) + ein(ufv) + e*in(ufv))

n=1

1 1 n 1 n 1
4\ 1—ret “*”) 1 —re—ilutv) © 1 _peilu—v) * ] _pe—i(u—v) |~

Taking the derivative with respect to r gives

> " () dn(y)

1 ei(utv) e—i(utv) pilu—v) o—i(u—v)
= 4 ((1 — Tei(u+v))2 + 1- Te_i(u+v))2 + = Tei(“—v))Q + = re—i(u—v))z)

Using Lebesgue’s dominated convergence combined with (L26]), after letting r 1 1,
the rest follows from

1 ei(u+v) e—i(u+v) ei(u—v) e—i(u—v)
1 ((1 _ ei(u+v))2 + (1 _ efi(u+v))2 + (1 _ ei(ufv))Q + (1 _ ei(uv))2>
1 — cosucosv 4 —xy
= - = - . (]
2(cosu — cosv)? 2(x — y)?

Theorem [I] motivates the introduction of the following operators.
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Definition 1. For a C? function ¢ : [-2,2] — R, set
(1.27)

(Ed)(x) = - / log | — ylé(y)B(dy),
(N¢)(z) = /w’(y)ﬁ(dy)+w/¢’(y)ﬁ(dy) - (4—962)/%5/@5(@)-

Using the above theorem it is clear that N'¢ is the unique solution 1 which

satisfies
Jlog |z — y|v(y)B(dy) = —d(z) + [¢dB  almost everywhere for z € [—2,2],
J¥dB=0,

where almost everywhere is with respect to the Lebesgue measure on [—2,2].
We collect the main properties of the operators £ and N in the following.

Proposition 1. The inner product (-,-) is the one of L*(3), where 3 is the arcsine

law on [—2,2] (see (II3)).
(1) For any C? function ¢ on [—2,2],

swzas—/asdﬂ,
N5¢:¢—/¢d5.

(2) One has Edg = 0, while for n > 1, E¢p,, = %Q% and N¢, = n¢, for
any n > 0. In other words, N is the counting number operator for the
Chebyshev basis in L?(j3).

(3) For any, ¢,, C! functions on [—2 2],

(1.29) No, ) = // (15)(296) —¢) w(dz dy).

(1.28)

In particular, (N'¢,v) = (¢, ./\fz/)>
(4) If we take Lé = N?¢ for C? functions, then

(1.30) (o.0) =2 [ $v'da.
The operator L is actually the Jacobi operator

(Lo)(z) = —(4 — 2*)¢" (z) + 2¢/ ()

with invariant measure the arcsine law . Moreover, L has a unique self-
adjoint extension, still denoted by L and defined on

H=(6:1-2.2 R0 12(3) and 6(a) = [ vl
for B— a.s. x € [~2,2] with ¢ € L*(a)}.
[—2,2], the solution p to (LI6) is
() = (4= V() ) Bldo)

(5) For a C? potential V on
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(6) If the minimizer of Eyv on [—2,2] has full support, then

(1.31) EV:/VdB—iQ\/V,V):/Vdﬂ—%// (W)Qw(dxdy).

Proof. (1) We need to settle the fact that if ¢ is C? on [—2,2], then ¢ is
again C? on [—2,2]. This is needed to give consistency to the second line
of (L2]). To this end, we try to remove the singularity in £ by invoking
(C13) and ([LII)) for the measure u(dy) = yB(dy) to justify the following:

go(a) = - [ logle ~ yl(6(y) ~ 6(x) ~ ' (2)(y — 2)) B(dy)
- ¢'(x) /ylog |z =yl B(dy)

_ / log |2 — yl(6(y) — b() — & () (y — )) B(dy)
+2¢'(x), forall x € [-2,2].

It is obvious from this writing and Lebesgue’s dominated convergence that
E¢ is actually a continuous function on [—2,2]. Taking the derivative with
respect to x it is straightforward to deduce (again using (LI3]) and (TII)
and dominated convergence) that

(d%gG;) (x) = ¢ (x) /(y —a)loglx —y| B(dy)

/ A=) 2 DO =) () + /() + 20" (0
- [ "j“)(‘” = Bay) + o (a)

Again taking the derlvatlve with respect to x reveals that

(o) 0 = [0 ),

which shows that £¢ is actually C’2 if ¢ is C2. The rest now follows from
Definition [[land Theorem [

(2) It is an easy consequence of Lemma [Tl and ([20).

(3) This is infered from (LIS).

(4) Equivalently,

NG, N) =2 / o' da

In turn, it is sufficient to do this for ¢ = ¢, ¥ = ¢,,. Thus we need only
show that using (L),

60 (3) 6 () 009 =0

which is just the orthogonality of the polynomials U, (%) with respect to
«. The formula for £ is just an integration by parts.

The selfadjoint extension can be easily demonstrated by the fact that £
has the eigenvalues {n’},>¢ with eigenfunctions ¢,. Indeed, it is easy to
see that there is an isometry A : L?(8) = (2(N) = {(an)n>0 : Y50 lan|* <
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oo}, which sends ¢ = >° o, an¢, into (an)n>o0. This isometry sends the
operator £ defined on the linear span of ¢,, into the multiplication operator
R(an)n>0 = (n%a,)n>0 on the space of sequences with finitely many non-
zero entries. Since the operator R has a unique selfadjoint extension, the
same is true for £. The domain of R is pushed back by the inverse of A
into H.

(5) Just a rewriting of (LIT).
(6) Since

By = /Vduv - //1og |z — ylpv (dx)py (dy),

where py = (1 — 2N'V) dB, it follows that

By = /Vdﬁ— Lovvvy+ <5(1 - l/\/V), (1- 1J\/V)>

/Vdﬁ——(J\/VV /Vdﬁ )>
— [vas- ;).
which combined with (L29]) gives (L3T]). O

Here we collect some integration by parts properties of the operator A which
will be used later.

Theorem 2. If N is the operator defined in (L27), then for any two C? functions
¢ :[-2,2] >R

N, ¢') + (N, ¢') = TI(¢) T (z¢)") + T (2¢")II(Y),
No,2¢") + N, 2¢') = T(x¢ )I(xy) + ATI(¢")IT(¢).

Here we use the notation II(¢) = [ ¢dB and the convention that z*¢ is a shortcut
for the function f(x) = x*¢(x). In addition,

2N (¢), ¥') + (N, ¢") + (N, 9"
= H(¢")(2¢) + I(z¢")I(4") + T(¢" )T (z1)") + I(2¢")TI(¥"),
2N (x¢"), z¢") + (N, 2%¢") + (N, 2%y")
(1.33) = M(z¢ ) (2y") + M(¢")L(Y') + (2" (2y) + 411(x¢")TL(¥')
+ (g )I(2*") + 4IL(¢") I (xy"),
N, ay") + (N, 2¢") + (N (¢), a)') + N(¥), 2¢')
= (z¢")(x¢) + 41(¢")IL(Y') + (2" )II(21)") + ATI(¢")II(4").
The relation between N and U is that, for any C? function f on [—2,2],

(1.34) Y- x2 - [Vi—2unw)].

Proof. Tt is clear that it is enough to check ([[32)) for ¢ = ¢y, ¥ = ¢y, in which
case the first part becomes

(W1 S+ (G, Y1) = o L)@+ 75 D@t )L ().

(1.32)
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This easily follows from

0 ifn>m or n—m=1 (mod 2),
1 ifn<m and n—m=0 (mod 2).

(1.35) (On, ¥m) = {

To quickly see this, take the generating functions (here 0 < r,w < 1) g, and h,,
already introduced in the proof of Lemma 2lin (T222)) and observe that

1—-rxz/2) A B

gr(@)hu () rwla—z)(b—z) a—2x b—ux
with
1472 1+ w?
a = B b= )
r w
1—7r? r— 2w + rw?

_ B =
2 (w+r2w—r(1+w?))’ 2w (r —w — r2w + rw?)

combined with the derivative of (LI3]) and a little algebra gives

> A B rA wB
™ ny Ym) = Thwd - -
n%;()rw O in) /g g \/a2—4+\/b2—4 1—7“2—’_1—11)2
— 1 _ i ann+2k
(1 —rw)(1—w?2) ’

n,k=0

which yields (L35).
For the second line of ([I.32)), it is again sufficient to look at ¢ = ¢,, and ¥ = ¢,
in which case we need to check that

nm<¢n—1’ x¢m> + mn(xcﬁm wm—1>
= TR (@)W -1) + 200 ()T ().

This also follows from (IZ38]) by observing that ¢1(z) = /2 and x¢,, = dpy1+Pn—1-
To get the rest of the proof, notice that if we set

J(u,v) =2 // [p(uz 4+ v) — ¢(uy 4‘(;1)]_[7251533 +v) — Y(uy + v)]

then a simple scaling argument together with (L29) and (I32) imply

‘;_i - </ ¢’(um+v)ﬂ(dm)> (/ z (uzx +v)ﬂ(dx)>
+ (/x¢/(ux+v)ﬂ(d:1:)) (/w/(uﬁv)ﬂ(dl’)):
g_‘i — (/ x¢/ (uz —I—U)B(da:)) (/ a1 (ux +v)ﬁ(dl‘)>

([ s ppean) ([ ot + 15000

Now differentiation with respect to v at (u,v) = (1,0) of the first equation gives the
first line of (33]), while the other two lines follow by differentiating with respect
to u and v of the second equation above and setting u = 1,v = 0.

w(dz dy),

(1.36)
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To deal with (L34]), it suffices to do this for f = ¢,, and in fact in order to
check the identity for each n, we take the generating functions instead of the left
and right hand sides. Thus we need only check the following:

(Vo)) = —Va— a2 - [VA =22 g, (x)]

Now, since N is the counting number generator for ¢,,, the left hand side is actually

equal to 0,g,(x), while the right hand side, from (23], gives Ug, = rh,(z)/2, in

2 2
which case both sides give the same answer, namely —%W. This completes

the proof of Theorem O

2. POINCARE INEQUALITY, GENERAL PROPERTIES

This section introduces the natural candidate for the free Poincaré inequality
which is investigated throughout this note.

Definition 2. A probability measure p on [—2¢ + b, 2¢ + b] is said to satisfy a free
Poincaré inequality with constant p > 0, denoted P(p), if

(2.1) 2 [ (Lg(”)zwb,c(dx ay) < [

x
holds for any smooth f on [—2¢+ b, 2¢ + b).

It should be observed that the left hand side in (21]) only depends on the measure
1 through its support. Actually, the first assertion of Proposition 2 below shows
that p has support [—2¢+ b, 2¢ + b).

The next statement collects some of the properties of this free Poincaré inequal-
ity.

Proposition 2. Assume p satisfies P(p) on [-2¢ + b,2¢ + b]. The following are
true:

(1) p has support [—2c+b, 2¢+b]. Moreover, if du = w da, with w € C?([—2¢+
b,2c + b)), then w(x) > 0 for all x € [-2c¢+b,2¢c +b].
(2) The constant p in () satisfies

< 1
P=52

with equality if and only if p = oy c.
(3) For any C' function f : [~2c+b,2c+b] — R,

(22) 3 Vars, (< [ (MZ(”YWW y).

X

In fact, this inequality is equivalent to P(1/2) for the semicircular ap..
with equality in 22) or @) only for linear functions f.
(4) If du = wday, e, with w > p on [=2c+ b, 2c + b, then p satisfies P(5%).

Remark 1. ([Z2)) is actually a classical Poincaré inequality (spectral gap) for the
operator N on L?(f3), and it is equivalent (by item (3)) to the free Poincaré for the
semicircular.
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Proof. (1) It is pretty obvious that if J is an interval with the property that
w(J) = 0, then choosing a function f such that f is constant outside the
interval J and is equal to x on some smaller subinterval K C J leads to a
contradiction.

One cannot conclude that there is a density of p with respect to the
Lebesgue measure or for that matter with respect to the semicircular. In-
deed, for instance if we take p = %abﬁc + %'y, with v a singular measure with
respect to oy ¢, then p still satisfies a free Poincaré and it is not absolutely
continuous with respect to ay ..

Thus assume that @ = w oy . with w a continuous function. We assume
that b =0, ¢ = 1. In order to show that w(a) > 0, for any a € (—2,2), we
assume on the contrary that w(a) = 0 for some a € (—2,2). Since w(x) > 0
it follows that @ is a minimum point and thus, from the smoothness of w,
w(z) = w”(a)(x — a)? + O((x — a)?).

Now we choose an approximation of the identity constructed as follows.
First consider

b(x) = {eﬁ, x € [-1,1],

0, otherwise.

Then apply the free Poincaré inequality to the function f(z) = ¢((z—a)/d)
to obtain that

2
o ey (A=A

ly—al<d Ty
2
< [ (a0 Ho=alDY'
< 5 [ @@ - /5 u@aldo).

Now, changing the variable x = a + dz’ and y = a + dy’, for small enough
4, results with

Ca //[_171]2 (M)zdmdy < %/1 (¢'(z))*w(a + éx)dx

r=y

< 00) [ (¢/()2ds,

where C; > 0 is a constant depending on a and p. Hence we get a con-
tradiction as we let 6 — 0. Therefore on (—2,2), the density w must be
positive.

Now we deal with the behavior at the edge. Assume w(—2) = 0. The
vanishing of w near —2 is no longer of order 2, but of order 1. Thus
w(z) = (7 4+ 2)w'(=2) + o((x + 2)?). Again take f(z) = ¢((z + 2)/J) and
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4828 MICHEL LEDOUX AND IONEL POPESCU

apply the free Poincaré to obtain

Bl(+2)/8) — dlly+ 2)/5)>2w(d:c dy)

—2<r<—2406 ( T—y
—2<y<—2+6

< o f (Mot - s 2)/6>>2w(dx )

r—=y

< 5 [@a+2/8) u@alda).

Make the change of variables z = —2 + dz’, y = —2 + §y’ and deduce that
for a constant C' > 0,

//[01 < . (y)>2dxdysO(x/S>/01(¢/(x)>2dx,

where we used the fact that
4— (=24 0z") (-2 4+ 0y")

VA= (=2+0)2)(d - (-2+0y)?)
uniformly for 2’,y" € [0,1] and small §. Consequently, letting § — 0, we
arrive at a contradiction.

(2) Taking in 1) f(x) = a, it is immediate that 2pc? < 1. Now, conversely,
assume that p = 1/(2¢?). We may assume that b =0, c =1, p = 1/2 and
that the measure p is supported on [—2,2]. Take f(z) = rz + ¢(z). Then
the Poincaré implies that for any r € R,

// (—¢($;_¢(y)) (dz dy) +7‘//¢ ) o(der dy) +
< /(¢ du+2r/¢ (d) + 2.

Consequently,

J[ 2= staway) =2 [ o @putan).

In particular, we can rewrite this in terms of the operators N’ and £ and
the notation from Proposition [T}

(N, 1) =2 / ¢du.

On the other hand, since N¢y = ¢; combined with (L30) gives

[odu= [ oaa
this shows that yu = a.

(3) It suffices to do this for the case of b =0, ¢ = 1. From Lemma 2] we know
that U¢, = 31b,, and then writing f = 7" | a,¢, and keeping in mind
(29), 2] becomes equivalent to

o0

oo

2 2

g a, < E na
n=1 n=1

C>0
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which is obviously true. Written in terms of the operator N, [2.2)) is equiv-
alent to

Varg(f) < (Nf, f)
for all f € C?([-2,2]), or this is just the spectral gap of N'. Equality is
attained in (22) only for f linear. The free Poincaré is actually equivalent
to the statement ' < A2, As N is a non-negative operator, this is in fact

equivalent to (Z2)).
(4) Follows from P(1/2) for a. O

Remark 2. Poincaré’s inequality and the C? condition on the density w imply that
w must be positive. Also, if w is positive everywhere and continuous, then P(p)
holds for some p. It is interesting to see what happens if the C? condition on w is
dropped. Is it still true that there is a Poincaré inequality satisfied for some p > 07
If so, under what are the regularity conditions on w?

Remark 3. A natural question in this context is about the extension of the Poincaré
to the case where the measure p has more than one interval support. These arise
naturally as equilibrium measures py for potentials V' with several wells. Indeed,
it was shown in [I§] that if V' is analytic near the support of py, then the support
of py must be a finite union of intervals. If a probability measure p is supported
on a finite number of intervals, say I; U I; U--- U Iy, and satisfies

f@) =)\’
C/ ( ( q);_ y( N sdady) < [ (£)2dn
for all smooth functions on R, then it can be shown that each restriction of u., to
each connected component [, satisfies an inequality of the form

2
o [ (P2 sy < [Pan,
with v,, supported on I,,, x I,,.

3. EQUIVALENT FORMS OF POINCARE’S INEQUALITY

In this section we discuss the various equivalent forms of the free Poincaré in-
equality (2ZI)). Before we do this, let us introduce some operators.

For a given measure u = wda, with w € C1([-2,2]), let £, be the operator
acting on L?(3) with the Dirichlet form given by 2 [(f")?u. Then an integration
by parts gives

2
d
o) = 2 [ vrwda =~ [ v (@wvi= )

/ (—(4- ) we" + (zw — (4 — :vz)w’)qb') ¥ B(dx),

from which
Lo =—(4—2Hwe" + (zw — (4 — 2*)w')¢'.
Notice that for the case w = 1, the operator £,, becomes £ given in part (4) of
Proposition [II
Here is a statement which will be used in the sequel.

Proposition 3. Ifw > 0 on [-2,2] and in C?([-2,2]), the operator L., extends to
a selfadjoint operator on L*(B) with domain H, defined in part (4) of Proposition [l
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Proof. 1t is clear that £, sends the constant functions to 0, and thus we restrict
our attention to the restriction of £, on the orthogonal to constants in L?(f3)o,
which is the set of functions in L?(3) of mean 0.

There is another way of representing this operator as

Lof=LA,f
with
(&ﬁ@=/&@m@@ihfywm@@mm

for any C? function f on [—2,2]. It is not hard to check that the operator A,
can be extended to a bounded operator on L3(3) due to the fact that w is C. In
addition, it maps Ho = H N LZ(B3) into itself and has the inverse on L3(/) given by
A1/ In particular, we can use this to extend the operator L., to Ho.

The claim is now that this operator is actually selfadjoint. Indeed, if 1 € L3(8),
which is in the domain of £, then by definition, ¢ — (LA, ¢,1)) extends to a
bounded functional from L3() into R. Thus, there is a constant C' > 0 such that
(LAL0,0) < Cll¢|, say, for any C? function ¢ € C?([-2,2]) N L3(B), and then
replacing ¢ by Ay /,,¢ and the fact that this is bounded, we obtain that (L, 1)) <
C|| Ay l||@]| for any C* function ¢ on [—2,2] in L3(8). Hence ¢ is in the domain
of L*, which is Hg by the fourth item of Proposition [l In particular, this means
that the domain of L} is Ho.

On the other hand, since £,, on H, is the closure of the same operator restricted
to C%([—2,2]) NHo, it follows that £,, and L have the same domain of definition,
namely Hg and thus £,, on H; is selfadjoint. O

Recall the operator U, which is defined in Lemmal[lland for which U¢,, = %1/1n—1~
It is natural to look at this operator between L?(3) and L?(«). In this form,

1
642 = 5 Vars(f).
Now we define the inverse operator of U by
(3.1) Vi), = 2¢p41 for n>0.
It is clear in this case that
VAIIE = 2IIf1I5
or, equivalently,
<V¢, V¢>ﬁ = 2<¢, w>o¢~
Also we have
Uy =1 and YVU=1-1I,

where II is as above the projection on constant functions in L?(/3).
On smooth functions ¢, the operator V has an explicit form as

(Vo)(2) = I1(y) + 211(¢) — (4 — 2*) (U)(x).
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It is easy to see that one has to check this on the generating function of 1,,, which
is hy(z) = —, 0 <7 < 1. For such a particular function (cf. (L24))),

1
1—rx+
z
all(hy) =z [ hedB = 1,2

(yh,) = /yhr(y)ﬁ(dy) = %
(4—I2)(uh7n)(:p) _ 137"7‘2 i 1:E{r2 _ 2(97"(3;) - 1>7

which gives the formula. The point of the formula is that for a C? function f on
[—2,2], Vf is at least C'.
Now take

M=UNV -1,
where [ is the identity operator. It is very easy to check that M is the counting
number operator for the {t,, },>0 basis of L?(«) for the semicircle law. Indeed, on
the basis 1, both sides give ni,. With this definition, it is easy to check that
(3:2) NV =V(M+1I).

We also have

(53) g g = [ (£222) ooty

which stems from the fact that

wn(— Z% J¥n—k-1(y)

(a consequence of the generating function for t,’s), used in conjunction with the
orthogonality of {¢,,},>0 with respect to the measure a.

The next theorem describes an equivalent description of the free Poincaré in-
equality P(p) which follows from the preceding operator-theoretic tools. Recall
that U, . appearing below is the one defined in Lemma 21

Theorem 3. Assume that p = wayp. with w € C*([—2c¢ + b,2c + b]) and p > 0.
Then the following are equivalent:

(1) P(p) for p (€I))-
(2) For any f € C*[—2c¢ +b,2c + b],

(3.4) gy [ Lotk D) 4o, < <[/ ( )2wb,c<da: ay).

We call this alternative version Ps(p).
2
(3) For any f € C?[—2c+b,2c+ V], [ % dop e < 00 and

] (F) ntina
< o furran [ e a3y [ o8 e,

We call this inequality Ps(p).

(3.5)
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4832 MICHEL LEDOUX AND IONEL POPESCU

(4) For any g € C*([—2c + b,2c + b)),

(3.6) Zp/gdoqw <c? // (wf%c(dm)abﬁ(dw+/92dab,c,

which is referred to as Py(p).

Proof. We prove that (1) implies (2) implies (3) implies (1) and that (2) is equivalent
to (4). In addition, even though it is not needed, we will also prove that (2) implies
(1) with the duality argument which shows (1) implies (2). This last implication
makes more transparent the duality behind P(p) and P»(p). By scaling, it can be
assumed that b =0,c = 1.

(1) = (2) From Proposition 2] we learn that w > 0 on [—2,2]. Write P(p) in
the equivalent form

20N < L.,

as (unbounded) selfadjoint operators on L?(3). Since w > 0, then we can find two
positive constants c1,co > 0 such that

Clﬁ S Ew S 62[,.

Notice that the kernel of both N' and L, is the space of constant functions and
therefore the restrictions of NV, £, to L3(f3), the orthogonal to constant functions,
are invertible. We will assume for the rest of this implication that the operators
N, L, are taken on L3(53). As the inverse of A is £ and this is bounded, it follows
that £,! is also bounded.

After these preliminaries, we use some sort of duality. More precisely, the main
idea is that for each fixed f € L3(8) N C?([-2,2]),

sip {Nf.g)— pNgg)} = fp VT £).

geLE(B)NC2([-2,2])

swp AW - g s} = LN,

gELZ(B)NC2([~2,2)) 2

(3.7)

Indeed, the first equality is a consequence of (N'(f — 2pg), f — 2pg) > 0 for each
f,g € L&(B) N C%([-2,2]), while the second follows from (L *N(f — ELwY),
N(f — ELyg)) > 0, with equality for ¢ = £, AN f. This last equality may not
be attained for g € L3(8) N C?([-2,2]), but L, N f can be approximated by such
functions.

Poincaré’s inequality P(p) implies in this case that

WINLIN, Y < (NS, f).

A simpler argument of this inequality was suggested by the reviewer of this paper
and is based on the fact that from 2pN < £, on L3(8), we first get 2pL,! < N1
and then 2oN LN < NN TN = V.

To get to ([B.4), it suffices to observe that for f € C%([-2,2]) N L3(B),

/%da = (uf.oup) = <V$uf,f>ﬁ -

It now remains to show that NLy'NV = V1itf on C?([-2,2]) N LE(B). Passing to
the inverses, this follows from the following result which is remarkable enough to
be called a lemma.
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Lemma 3. For any w € C%([-2,2)),

(3.8) Vuld = ELL,E on C*([-2,2]) NL3(A3).

Proof. Tt suffices to do this for w = ¢,,. Therefore we need to check that
Vorlhpm = ELy, EPm

for all m > 1 and n > 0. It is clear that

.2
Lop=duto— "y g

Now we can continue with
Volhpy, = ELy, Edm

or

1 1 1
5 V(bnwmfl = - g£¢n¢m = g¢n£¢m - n8(4 - $2)¢n71¢m71
m m

2
= MEnm — nE %wnflwmfl.

From (9], this is equivalent to

iV(SIgn(m - n)’(/}\mfn\fl +1/Jn+m—1) = % g(¢\n7m| +¢n+m) - g g((b\nfm\ - (anrm)a

which becomes obvious based on [B.]) and part (2) of Proposition [l Just as a
clarification, sign(x) is —1 for x < 0, 0 for x = 0 and 1 for x > 0. O

(2) = (1) We present two proofs for this implication. The first one is a duality
argument such as the one used in the previous implication, and the second one is
based on ([334) and integration by parts.

Before we launch into the proofs, let us point out that if [ % da is finite
for any C? function f, then w(a) > 0 for a € (—2,2) and either w(—2) > 0 or
w(—=2) = 0 and w'(—2) > 0. Similarly, w(2) > 0 or w(2) = 0 and w'(2) > 0.
Indeed, if w(a) = 0 for some interior point a € (—2,2), then, since w > 0 and in
C?, it means that w(z) = O((x — a)?) near a. On the other hand we can find an
n such that U¢,, = 1,,—1/2 is non-zero in a neighborhood of a. To see this, recall
that 1, (2 cos@) = sin((n+1)0)/ sin(#); thus for any 6 € (0, ), there is n such that
sin((n + 1)0) # 0. Combining these two facts, it easily leads to a contradiction
of B4). If w'(—2) = 0, then w vanishes quadratically near —2 and, for instance,
picking f(x) = x leads to a contradiction.

The first proof is based on the following duality similar to 8X). For any f €
13(8) N C2([-2,2)).

1
swp  {AWEa -5 Waa} oW E D,

gEL(B)NC2([-2,2

(3.9) sup {(Nf, 9) — % (NE;1N979>} == (Luf, f),

9€L3(ANC2(|-2,2)) 2
1,1 1
swp  {(Nfog)— 5 (V=g g) } = 5 (Luf. f):
9ELF(HNC2([~2,2]) w
The first two equalities can be justified as in the previous proof, the last line being
just the consequence of the above lemma. As the second form in Theorem [ is

written as 2p(V1lUg, g) < (Ng,g), P(p) is immediate.
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The second proof is based on the idea that from (L29) and ([34]), a simple
integration by parts yields

2//<K%E§Q»2MMMM—CNﬁﬁ—Z/fﬂﬁm-

Therefore, [B.4]) implies P(p) from the sequence

5.10) // <%§(y)>2w(dazdy) /fufd /( N

< 5 [t = 5o [ () an

where the second inequality is justified by 2ab < a* + b* with a = f'/,/p and
b = 2,/pUf/\/w. Notice here that we need to know that w does not vanish on
(—2,2) and we have the suitable integrability of 1/w at £2 to ensure the integrals
are well defined.

(2) = (3) The first inequality of (B.I0) gives, after an application of the
integral Cauchy-Schwarz inequality,

// (%i(y))z(dwdy)ﬁ /f’ufd gp/(uf)
2\//(f/)2d“\//%d“—2p/@d

(3) = (1) It is just an application of the Cauchy Schwarz inequality. More
precisely, in 2Vab < a+b, a,b > 0, take a = 1 J" zdﬂ and h = 2pf wsf)? do.

We need to point out here that for all C*? functlons I f (GEIRP < 00, hence, as it
was shown in the implication (2) = (1), w must be posrmve 1n51de (-2, ) and
is such that 1/w is a-integrable.

(2) = (4) Now take g =Uf, with f = Vg. Therefore, if we replace f in (34)
by Vg, then

IN

IN

2
4p/ %da < (NVg,Vg)g = (VM +1)g,Vg)5 = 2(M+1)g,9)a,

which is exactly (B.6)).
(4) = (2) Take g =Uf in [B0), and from the last equation and VU = I —1II,

2<NVZ/{f,VUf> = 2<Nf’f> = <(M+I)gvg>ou

where we used the fact that II is the projection onto the constant functions which
is also the kernel of N, thus NI = IIN = 0. O

Remark 4. 1t is interesting that the equivalence of the first and second parts of
Theorem [B] can be seen as some sort of duality.

As we will see in Theorem [7, the second form of Poincaré Ps(p) is naturally
derived from the transportation inequality, and this is the reason why we discuss
this equivalent form. At first we arrived from the transportation inequality to

(3.11) // (%?‘j(y))zw(dxdy) < 2/f’ufda—2p/@da,
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which is a rewriting of P»(p) from which a straightforward application of the Cauchy
inequality implies P(p). This makes one believe that the second form is actually
stronger than P(p), but the above theorem says that they are equivalent.

The third form is BI1]) plus Cauchy-Schwarz. This actually appears naturally
from the HWI inequality discussed in Section

The fourth form is closer in spirit to the classical form of Poincaré as a spectral
gap, though a little different. For example, in the case of the semicircular on [—2, 2],
w = 1, and this inequality becomes

lgll3 < (Mg, g)a +9]3,

which is nothing but non-negativity of M on L?(«). This is to be put in contrast

with Biane’s version (0.3) of Poincaré, which is actually a measure of the spectral
gap of M.

Remark 5 (The optimality of the constant p in P(p)). P(p) becomes 2pN < L,,.
This inequality gives in particular that if 0 = Ag < A\; < Ag... are the eigenvalues
of L,, ordered non-decreasingly, then 2pn < \,. The optimal p is the infimum
of A\p,/n over n > 1. On the other hand, if infw > 0, then A, grows at least
quadratically and as such, there is a finite n, for which A\, = 2pn, A,, > 2pm for
m=1,2....,n—1and \,, > 2pm for all m > n+ 1. In some sense, the optimality
constant is fitting the best linear growth for the spectrum of L,,.

From the point of view of P»(p), we are looking at the best constant of something
which resembles a classical Poincaré inequality, as the left hand side of ([B4]) is some
sort, of variance. However, unless w is constant, the isometric property of U between
L?(B) and L?(«) is disturbed.

Py(p) is comparing M + I with respect to the identity on a different L2.

4. PERTURBATION OF LOGARITHMIC POTENTIALS

In this section we provide some results related to logarithmic potentials which
are the building blocks for the connection of transportation and Poincaré. The goal
is to study the result of a perturbation of V' on Ey . First recall the following result
from [I0] which gives an expression for Ey, rewritten here within the notation
introduced so far.

Theorem 4. Assume V is a C3 potential. Then the equilibrium measure on R
associated to V' has support the interval [—2c + b,2¢ + b] if and only if (c,b) is the
unique absolute mazximizer of

1
(4.1) H(e,b) :=1logc— 3 / V(z) B,c(dz)
and
(4.2) Up.o(V') >0 on a dense subset of [—2c+b,2c+ b].

The equilibrium measure in this case is duy = Uy (V' )dayp ..
If this is the case, (b,c) is a solution of

{f cxV'(cx + b)p(dx) = 2,

(43) [V (cx+b)B(dzx) =0
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and

(44)  Ey =—logc+ / V(z)Bp,c(dx) — %// (@)2 wb,c(dx dy).

T

The first part of the theorem is well known and can be seen for example in [19]
Theorems 1.10 and 1.11, Chapter IV], while [@4]) is a combination of ([3]) and
(T30).

For the rest of this paper we will use the perturbation result for which the
following assumptions on the potential V' suffice.

Assumption 1. (1) V is C3.
(2) There is a unique mazimizer (c,b) € (0,00) x R of the function H defined
by @.).
(3) Up.(V') >0, on [-2c+b,2¢c+ D).

Remark 6. The first two conditions plus ([{.2]) are part of the existence of a single
interval for the support of the equilibrium measure py as we presented here, while
the third assumption is an improved version of (£2). Moreover, in order to obtain
a Poincaré inequality, we must have this third condition satisfied as was shown in
Proposition 2l Thus what is written here is just the minimal conditions in order to
assure the well-posedness of the Poincaré inequality.

Under the conditions of Assumption [Il if we perturb the potential V by V;, =
V +tf+t2g+o(t?) (uniformly on R), where f, g are C? functions with all bounded
derivatives, then V; itself, for small ¢, satisfies the conditions in Assumption [I] and
thus its equilibrium measure has a one interval support [—2¢; + bs, 2¢; + b;], where
¢; and b, are of C? class in t.

The fact that the support of the equilibrium measure for the perturbed potential
is still one interval follows roughly from the fact that the associated H; in Theorem ]
does not change much with ¢, and thus it still has a unique maximum which is close
to the one at time ¢t = 0. Also, the positivity condition [@2]) with V replaced by V;
is satisfied for small .

The fact that the endpoints of the support of the equilibrium measure, or oth-
erwise stated, ¢; and b; are C?, follows from the implicit function theorem applied
to the system (@3] with V replaced by V;. For a detailed argument on this pertur-
bation, the reader is referred to the perturbation section in [10].

The main result in this section is the following description of how Ey, behaves
under perturbations.

Theorem 5. Let V : R — R be a potential on R such that the equilibrium measure
v has support [—2c+b, 2¢+b]. In addition, assume Vi, t € (—¢,€), is a perturbation
of V' such that

V, =V 4 tf(x) + t2g(x) + o(t?),

where f,g: R — R are C® on R with bounded derivatives and o(t?) is uniform on
R. If E, = Ey,, then
(4.5)

E, _E0+t/fduv+t2</gd,uv— %// (%z(y)fwb,c(dzdy)) + o(t?).
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Proof. Assume for simplicity (without loss of generality) that ¢ = 1, b = 0. The
critical point system (3] reads as

JaV'(x B(dx) =
JV'(z) O

To simplify the writing in this proof, for any smooth functions h,k : [-2,2] — R,
set II(h) = [ hdp as in Theorem 2] and

(4.6) Q(h, k) = % (Nh k) = // (h(z) = h((i/)z(];)(f) = kWD) (da dy).

Recast the critical point system in this notation as
I(zV') =2
Now, we notice that for small ¢, the equilibrium measure of V; has support [—2¢; +
b, 2¢; + by, where ¢; and b; depend C? on t. Thus we can write
ct = 14tey +t2co +o(t?), by = thy + t2by + o(t?).

Continuing, from (@A),

E; = —logct—i-/‘/}(ctx—l-bt)ﬁ(da:)—% //(Vt(ctx—’— be) = ‘/t(cty+bt)>2w(da: dy).

T—y
Next, a simple Taylor expansion gives

Vi(eww +by) = V(e + by) 4+ tf (e + by) + t2g(cix + by) + o(t?)
=V (x) +t(c1z + by + t(caw + b2)) V' () + t*(crw + b1)* V" (2) /2
+tf(x) + 3 (c1z + by + t(caz + b2)) f'(z) + t2g(z) + o(t?)
— V(@) + t(erz + b)V' (@) + £()]
+ 2 [(cax +b2) V' (2) + (c12 + 01)* V" (2) /24 (12 + b1) f(2) +9(2)]
+ o(t?).

Expanding E; to second order yields

Ey =Ey —ter — (2 — ¢1/2)82 + tey H(aV') + th IL(V') + ¢II( f)
+ 2 [eoIl(2V") + boII(V') + G (2 V") /2 + byed I (zV”) + BIII(V") /2
+ell(zf) 4+ biTI(f) 4+ T1(g)]
—t[a Q(V,2V") + 0. Q(V, V') + Q(V, f)]
— 2 [Q(c1z + b))V, (rz + b)V') 2+ Q(erz + b))V, f) + U, £)/2
+ QV, (cax + b)) V') + QV, (cr + b1)2V") /2 + Q(V, (crz + by) f)
+Q(V,9)] +o(t?),
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and after regrouping the terms according to the power of ¢, it becomes
4.8
(Et):EO +[IL(f) = V. )] + 2 [I(g) — V. g9) — S, ) /2]
+tle(T(xV') — 1= QV,zV")) + by (II(V') — Q(V, V)]
+ 2 [er (V') = 1= QV, V7)) + ba(II(V') — (V. V"))
+ 21 (1 + I(2*V") — QaV',2V') — Q(V,2°V"))
+O{(II(V") = V', V') =V, V"))
+ 2c1b1(I(zV") = Q(V', 2V') — Q(V, zV"))] /2
+ [ (W f) = QaV', ) = QVoaf) + b () = V', f) =V, )]
+ o(t?).

Equation (LI8) gives
() - V) = [ fduy and i)~ 2(V.g) = [ gy,

and thus the first line of (&) is precisely ([@F) modulo o(¢?). Our remaining task
is to prove that the rest of ([A8) is zero (up to o(t?)).

Taking ¢ = ¢ = V in the second line of ([[32)), together with (A1), leads to
Q(V,zV’) = 1 and thus I(zV’) — 1 — Q(V,2V’) = 0. Now using the first line of
([C32) with ¢ = =V leads to Q(V, V') = 0 which, combined with (1), leads to
the conclusion that the second and the third lines of ([.8]) are 0.

For the fourth line, take ¢ = 1) = V in the second equality of ([33)) plus (41
to conclude that

QzV', 2V + Q(V, 2°V") = 1 + TI(2*V").
Similarly, using the third line of (L33]) with ¢ =t = V in addition to (&7]), yields
Q' xV) + QV,zV") = (zV"),

while using the first equality in (L32) for ¢ =V’ and ¢ = V, combined with ({@7),
provides

OV, V') + QV, V") = TI(V").
These show that the fourth and fifth lines of (48] are 0.

Finally, using (I32]) for ¢ = V and ¢ = f together with ({{1) yields that

(4.9  QV', H+QV, f)y=10(f") and QV',f)+QV,zf")=U(zf"),
which concludes that the last line in ([A.8) is o(t?). This completes the proof. [

Remark 7. Notice that Theorem [l has a simpler proof in the case where the equi-
librium measure of V; has a support which is independent of . Assuming b = 0,
¢ =1, and conforming to ([@3]), this amounts to

{f f'(@) Bld) =0, {fg’(x)ﬁ(d:v) =0,
Jxf'(2) Bdz) = 0 [ zg'(x) B(dz) = 0.

The simpler proof alluded to in this case follows directly from formula ([L31]) with
V replaced by V; plus an expansion in t.

(4.10)
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The content of this theorem says that in fact the same formula holds true even
without the constraints from (€I0]), but one has to go through a careful examination
of the dependence on the coefficients ¢, ¢2, by and by in ({8) and notice that their
contributions disappear due to some remarkable and non-trivial cancellations.

Next we study how the equilibrium measure changes under perturbation of the
potential.

Theorem 6. Let V satisfy Assumption [l and let f € C3(R). Then, in the sense
of distributions,

dpyyip = duy + tdvy + O(?),
where vy is the (unique) signed measure on [—2c¢ + b, 2¢c + b] which solves

2 [log |z — ylvs(dy) = f(z) + C  for almost every = € [—2c¢ + b, 2¢c + b],
vi([—2c+b,2¢+b]) =0,

where “almost every” is with respect to the Lebesgue measure. If b =0, ¢ =1, this
can be written in simpler terms as

t
(4.11) Anvaes = dy — SNF) 48+ O(2),
In addition, for x € [—2c + b,2c + b,

wia) = [ uptay = V0

42 — (= b)* [ flzx) — f(
27 / r—y

Up,cf)(z)
(4.12)

y) dﬂb,c (dy) .

Proof. As in the proof of Theorem [l for small ¢, the equilibrium measure of V +tf
has a one interval support [—2¢; + by, 2¢; + by] and ¢4, by both depend C® on t.
In addition, assuming for simplicity that ¢y = 1 and by = 0, then we know that
¢ =1+ cit + O(t?) and b, = thy + O(t?), for some c1,b; € R.

For a smooth function, ¢, using equation (I.I8]), one gets

[ odursis= [ dlere +) slao)

_ // (V(CtI + bt) — V(Cty +(Zt)_)(y¢;(26tiﬂ + bt) — (b(cty + bt)) w(dl‘ dy)
B (flerx +b) — fleww +be))(Pleew +be) — Pleey +be) 0o
t/ / (z —y)? (d dy).

Using Taylor’s expansion in ¢, after a little calculation and with the notation from
([#8) we continue the above identity with

/ by e = T1(8) — AV, 6)

+t[er(I(@g) — QaV’,¢) — UV, 2¢")) + b1 (1I(¢) — V', )
—Q(V,¢) = Q(f,0)] + O(#).
After using (LI8]), (I36) and ([@I) the latter can be simplified further into

/¢duv+tf :/qﬁduv +t/¢duf+0(t2).
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Furthermore, from (LI7), we have

1
vy(de) = 3 N () Bld).
Now, [@I12) follows from ([.34]). The proof of the theorem is complete. O

5. POINCARE’S INEQUALITY AND OTHER FUNCTIONAL INEQUALITIES

This section is devoted to the relationship of the free Poincaré inequality with the
transportation and Log-Sobolev inequalities on the basis of the perturbation prop-
erties developed in the preceding section. As mentioned in the Introduction, the
implications from the transportation and Log-Sobolev inequalities to the Poincaré
inequality in the classical case are standard (cf. [T, [I'7, [, 20]). Their analogues in
the free case are surprisingly more involved.

First recall the main functional inequalities to be compared with the free Poincaré
inequality (see [16]).

Definition 3. (1) The probability measure py, or more appropriately, V', sat-
isfies a transportation inequality with parameter p > 0, if for any other
measure i,

(5.1) pW3 (v, pv) < Ey(v) — Ev(uv),

where Wa(v, 1) is the Wasserstein distance defined as

Walv. o = int { [ 1o = yPn(aody)}.

where the infimum is taken over all probability measures 7, with marginals
wand v (ie. w(dz,R) = v(dz) and 7(R, dy) = p(dy)). In short we refer to
the inequality (B.I]) as T'(p), which was introduced by Biane and Voiculescu
[3] for the semicircular and in this form by [I3].

(2) Similarly we say that py satisfies a Log-Sobolev, for short LSI(p), p > 0,
if for any other (sufficiently nice) probability measure v,

(5.2) 4p(Ev (v) — Ev(pv)) < Iv(v|pv),
where
Iy ) = [ (#y = V72
with

(5.3) Hy(z) = p.v./ Py

taken in the principal value sense. This inequality was introduced in this
form by Biane [2].

(3) At last we say that uy satisfies an HWI(p), p € R, if for all sufficiently
nice probability measures v,

(5.4) E(u) = E(uv) < Vv (plpv) Walp, pv) = p W3 (i, v ).

We should mention that Log-Sobolev implies transportation [I5] and that HWI
implies Log-Sobolev for p > 0. In particular, although the theorem below pro-
vides independent proofs, one main implication is the one from the transportation
inequality to the Poincaré inequality.

v(dy)
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A short description of the transportation map is in place here. For any prob-
ability measures, u, v on the real line, with u absolutely continuous with respect
to the Lebesgue, then Wi (u,v) = [(8(z) — )?u(dz) with 6 being the unique non-
decreasing transportation map of p into v. In addition, if 4 and v have densities
gu and g, then

(5.5) 0'(2)g,(0(x)) = gu(x) for all x € supp(u).

Before we proceed to the proof of the main theorem, we want to give a result
about the behavior of the transport map of the equilibrium measure of a perturbed
potential.

Proposition 4. Assume that V is a potential satisfying Assumption [, let V; =
V 4+ tf, where f is a C® function with all bounded derivatives, and let wy, p: be
the equilibrium measures of V, respectively Vi. If 0; is the transport map from uy
into g, then there is a C1 function ¢ on the support of py such that

(5.6) Oi(x) = x + t(x) + o(t)
uniformly in x on the support of uy .

Proof. By rescaling, we may assume that the support of py is [—2,2]. As we
pointed out in the remark following Assumption [, the support of the measure p;
is [—2¢; + by, 2¢; + by, where ¢; and b; are of C? class in t.

From the above presentation of the transportation map, it is clear that 6; maps
[—2,2] into [—2675 + bt,QCt + bt] with Gt(—2) = —2675 + bt and 9t(2) = 2Ct + bt. In
order to remove the varying endpoints, we rescale 6;(z) = 2¢ip(z) + by, and with
the help of (&.0)), Assumption [[] and Theorem [ we learn that

(5.7) Yy (x)w(t, Yr(x))1/4 — P2 (z) = w(0,2)\/4 — 22 for x € (—2,2),

where w(t, ) is the density of the equilibrium measure of V(¢ x + b;) with respect
to the semicircular law. The important fact to be spelled out here is that w :
[—to,t0] X [=2,2] — (0,00) is of C? class for some small enough .

Now, if we set U;(x) = dyipe(z), then

(5.8) Ui(x) = o(z) + /o Ue(x)ds =z + tWo(x) + /0 (Us(z) — Uo(x))ds,

and we get the claimed expansion as soon as we prove that ¥y can be extended to a
continuous function on [~2,2] and also that sup,¢(_s 2 [Vs(x) — Yo(x)| converges
to 0 when s converges to 0.

If we take the behavior of the solution ¢, to (51 at points x € (—2,2), then
standard results of perturbation of ordinary differential equations tell us that the
perturbation with respect to t is of class C?. However, at the endpoints £2 this
becomes problematic, and for this case, one needs a separate analysis. At least we
know that 0y (x)|i=o is well defined and uniformly continuous on compact sets of
(=2,2). In particular this justifies the writing of (5.6]) uniformly on any compact
interval in (—2,2) for some continuous function ¢ on (—2,2).

To deal with the behavior at the endpoint —2, the other endpoint, 2, must begin
to be treated similarly. To this end, we want to remove the square root behavior
at —2, and for this purpose, we counsider ¢ : [0, 00] — [—2, 2], given by

2
€ oy = 2 =1
u? 41
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Its inverse is ¢~ (z) = gf—i, and one of the main reasons for introducing ¢ is that

(+%) VI @) = 2 and () =

14wl (1+u2)?
Now we take the function & = ¢~ o1, 0 ¢, and hence ¢, = ¢po& 0 ¢!, which then
gives
/ Y] / 1 ! gt(u) (1+u2)2
This, plugged into (7)) with x = ¢(u), yields
2
(5.9) (1) = gy Pt &(w)
where
Pt g) — 000 (L)

—w(te(y)(1+u?)P

Notice that F is a nice positive and C? function in all variables ¢, u, y. In particular,
standard results in ordinary differential equations guarantee that (¢,u) — & (u) is
a C? function in both (¢, ) on [—tg,to] x (0,1].

With this & replacing v, it suffices to show that the writing (5:6) holds true
uniformly for w in the interval [0, 1]. To do this, set n.(x) = 0:&:(x) and write as in

G3)
awz@wnmmw+AOMM—mmw&

Therefore it now suffices to prove that ny extends to a continuous function on [0, 1]
and sup,,¢ (o 1) [1s(u) — no(u)| converges to 0 as s goes to 0.
We know that & is a continuous function on [0, 1] for any small ¢ with &(0) = 0.

From (£.9),

1/3

(5.10) € (u) = ( /0 ’ UQF(t,U,ft(v))dv) ,

whose first consequence is that & (u)/u has a limit as u converges to 0. Otherwise
stated, the derivative &; is well defined at 0 (for any t € [—tg, tg]) and in particular
can be computed as

£(0) = (F(£,0,0)"/".
What this gives in terms of & is that from (59) and the F'(0,0,0) = 1, there is a
positive constant C' > 0 such that for any ¢t € [~to,to] and u € [0,1], C~! < &h(u) <
C and also C~1 < # <.

Now we look at our main interest, the derivative n;(u) = 9;&;(u). Observe that
from (59), it is easy to deduce that

u2
77;&(“) = —%W(U)F(ta u?ft(u)) + 8yF(t, uaft(u))nt(u) + atF(t’ uaft(u))

for all u € (0,1),t € [—to, to],
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and, due to (5.9), we can rewrite this in the form

() = =20 0, F (w00 + AP (1,4 (0)

- - (B s 0 ) + (),

with a;(u) = 0, F(t,u,&(v)) and by (u) = 0,F(t,u,&(u)). This implies that there
is a constant L; with the property that for ¢ € [—to, o] and u € (0, 1),

e ()2 (1)) — / by ()E () Py = L,
0

with A (u fo at(o)do. Since for any fixed u > 0 the left hand side is continuous
in t, it follows that Lt is also a contmuous function of ¢.
Settlng By(u) = [y be(v et dy, we now write

5t(u):fo(u)+/0 ns(u)ds = /0 stq_/o %ds

from which multiplication by u? and passing to the limit v — 0 with the help of

EI0) yields

t L,
/o TG.0,075% =0

for all small ¢, which in return yields that L; = 0 for all ¢ small enough. Hence, it
is now pretty clear that

1 u
() = gy | BEIE O

can be extended to a continuous function at 0 for each t € [—tg,to]. In particular,
7o is continuous on the interval [0,1]. In fact a stronger statement holds true here,
namely, that
sup i (u)| — 0,
t€[—to,to] u=0

which follows from the fact that there is a constant C > 0 such that

c'< sup M <(C and sup (lag(uw)| + |be(w)]) < C,

te[—to,to] U te[—to,to],u€l0,1]

which in turn yields that for some K > 0,

1 u

(5.11) sup |m(u)] < K—2/ v?dv < Ku/3.
tE[—to,to] u= Jo

What is left to prove here is that sup,cg 1y [ns(u) — no(u)| converges to 0 as s

converges to 0. If this were not the case, then there would be € > 0, s, —— 0

n—oo

and u, € [0, 1] such that |ns, (un) — no(un)| > €. Without loss of generality we may
assume that u,, is convergent to some v € [0, 1] and then if v = 0 contradicts (5.11)),
while v # 0 contradicts the continuity of i at (0,v). O

The following theorem, showing that the free Poincaré inequality is implied by
the transportation or Log-Sobolev inequalities, is one main conclusion of this work.
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Theorem 7. Let V satisfy Assumption [l and the support of wy be [—2c+b, 2c+1b].
Then for the measure py, and p > 0,

(5.12) T(p) = P(p) and P»(p)

and

(5.13) LSI(p) = P(p),

where Py 3.4(p) are defined in Theorem [ and P(p) by ZI). Now, if p € R, then
(5.14) HWI(p) = Ps(p).

In particular, if p > 0, then (cf. Theorem B) HWI1(p) = P(p).

Proof. It p = 0, then (B12)) and (BI3) are trivial so that we assume below that
p > 0. Assume furthermore that b = 0,c¢ = 1. Here we will give two proofs of (512)).
One is inspired by the classical case and uses the Hamilton-Jacobi semigroup and
the dual formulation of the Wasserstein distance, while the other is based directly
on the perturbation of the potential.

For the first proof, we employ the tools from the infimum convolution semigroup
used in [] for the classical case. More precisely, take an arbitrary smooth function
f:1-2,2] — R and extend it to a smooth compactly supported function on the
whole R. Now use the dual formulation of the Wasserstein distance, which now
makes the transportation inequality equivalent to

p (/ng - /fd/tv) < Ev(v) — Ev(uv)

for any pair of functions with g(z) — f(y) < (z — y)?. For a given f, the optimal
choice of g is given by g = Q f, where

(5.15) (@)(@) = WL () + (@ = )%}
Then
[ fawy < [V = pQ)v ~ [ [10gle ~ slotanviay) - Ev
for any measure v. In particular, minimizing over all measures v, one obtains that
—P/fd/w < Ev_,qr — Ev.

Next, we point out that if we set

. (z —y)?
Q) = inf {F) + ==},
then (cf. [7, Chapter 3]) h(t,z) = (Q+f)(x) satisfies the Hamilton-Jacobi equation
(5.16) @h+iUﬂQ=&

Replacing f by ¢f and using the fact that Q(tf) = tQ.f = tf — %(f’)2 + o(?)
combined with the result of Theorem [, one is led to

(5.17) 2 [[ (%@";(”)zwx dy) < [(Pauv,

which is exactly P(p) from 2I)) for py.
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Now we turn to the second proof. We apply the transportation inequality (G.])
with p replaced by py 44y and write it as follows:

(5.18) t/fd,UV+tf + pW3 (v sig pv) < Evigy — Ev.

Now if 6, denotes the transportation map of p into py 1+¢, using Proposition [
we learn that 6;(x) = = + t((z) + o(t), and from here, for any C! function ¢ on

[_27 2]5
/ o(60(x)) v (dr) = / @)y s,

whose expansion in ¢t near 0 and Theorem [0] gives

[ o @@ == [ olaptdn) =~ [ @

Since ¢ is C*, this means that there is a constant C' € R such that ((z)gy(z) =
C — Uy(x) for all x € [-2,2]. This equality at # = £2 and the continuity of ¢ at
+2 yields that C = 0. Hence

Uy(x) uf

=" = Tuvy

This means that
(5.19) W3 (b tef, pv) = t2/

Now invoking ([@II)) and (@A), the result is

t2p /Z(Zf))d +t2/fd <——//( )2w(dxdy)+o(t2).

Finally, since (cf. [@I2)

[ savy =2 [sncras = [[ ({20 iavay),

we arrive at

which is actually the second equivalent form of P(p) from Theorem [3

Now, to prove (5.13), we proceed in the same vein. Take the measure py, the
equilibrium measure associated to the potential V+tf, apply (52) to it and rewrite
it, for small enough ¢, in the following way:

4p (EV+tf - By — t/fdﬂt> <t /(f/)zd,ut,
where here we used the fact that for small ¢,
(5.21) Huy(x) = V'(z) + tf'(z) for z in the support of p;.
Therefore, invoking ([@h]) and [@II]), we obtain

g/fodﬁ—g// (%‘i(y)fw(dxdy)—l—o(f) < %/(f’)QMv(dl’),

which, combined with ([.29), gives (5.13).
Now, from HWI(p), (19) and (&21)), (EI4]) follows at once. O

ufr)?
)

da + o(t?).

(5.20) 2p
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Remark 8. It is interesting to point out that the dual formulation of the trans-
portation implies P(p), while working with the transportation itself (basically the
Wasserstein distance) yields P(p) which, as we noticed after the proof of Theo-
rem[3d] is in some sense the dual form of P(p). This is reminiscent of the discussion of
Otto-Villani [I7] regarding the Poincaré inequality in the classical case. We should
also mention that HWI(p) for a real p gives some sort of “defective” version of
Poincaré.

Remark 9. We know that the transportation and the Log-Sobolev are satisfied in
the case of potentials V' which are convex. The natural question is to see other
cases where these functional inequalities are satisfied. As was pointed out in [2],
there are examples of double well potentials V' for which the Log-Sobolev does not
hold. These are cases where the equilibrium measure is supported on two intervals.
It is not clear (at least we do not have any example) if the functional inequalities
hold for cases where the measures are supported on several intervals.

Remark 10. Note that in [I7], the linearization of classical HWI(p) with p > 0
implies a seemingly stronger inequality than Poincaré’s with constant p > 0. Even
though Otto and Villani do not point this out, this is in fact equivalent to Poincaré’s
with constant p > 0.

Remark 11. We pointed out in [I6], Theorem 2] that if the potential V' is such that
V(x) — plz|P for some p > 1, then the following transportation inequality holds:

(5.22) epp WE (1, pv) < E(p) — E(py),

where ¢, = infyer (|1 + [P — |#|P — psign(z)|z[P~!). Unfortunately, it turns out
that for 1 < p < 2, ¢, =0, and thus this inequality does not say anything. On the
other hand, for p > 2 it implies Poincaré’s inequality with p = 0. Indeed, due to
the fact that W2 (uvief, pv) = o(t?), for p > 2 this order is higher than 2, thus
nothing interesting is seen from this inequality as ¢t goes to 0.

The reader might wonder why the classical perturbation argument does not work.
This is what we discuss in the remainder of this section.

The standard perturbation used in the classical case to linearize the Log-Sobolev
or the transportation inequalities in order to reach the Poincaré inequality is v; =
(1 + tF)py for small ¢ and a function F with [ Fduy = 0. We show here that
while this gives the free Poincaré’s for a large class of functions, it is not the whole
story.

For simplicity we will assume that b = 0, ¢ = 1. Take a continuous function
F on [-2,2] such that [ Fduy = 0. This in particular means that for small ¢,
vy = (1+tF)dpy is again a probability measure. Thus applying the transportation,
we get

W2 i) <t [ VEdpy —2t [ [oglc =yl (o) ()

g / / log [z — y|F () F () v (d) ey (dy)

which, after the use of the fact that V(z) = 2 [log |z —y|uv (dy) +C on the support
of py, leads to

62 o [ Pmtin) < - [[ogle —ylF@ @y (@)
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Here in between we used that 6, the transport map of py into p, is given by

0i(z) = = + 1¢(z) + o(2),
using essentially the same proof as in Proposition @l Now we proceed as in the

second proof of TCI(p) == P(p) from Theorem [7 to deduce that for any C?
function on [—2,2],

/ o(6,(x) v (dr) = / 6(2)(1 + tF () v (da),

and so expansion in ¢ produces

/¢ D)y (dz) = /¢ )y (dz) = /¢

with G(z) = [*, F(y)uv(dy). Consequently, ((z)gv(x) = C + G(z), from which
t —2 and the contmulty of ¢, we produce C = 0. Thus,
f F(y)pv (dy)
(=Cr(z)= """
()= gv(x)
where here gy = /(4 — 2?)U(V") is the density of puy with respect to the Lebesgue
measure.

In order to make this look like (3.4) (P2(p)), we should now take I such that
Fduy = vy = %6 or, equivalently,
W)
(4 —2?)(UV")(z)

Hence, for those F' which can be represented in this form, the right hand side of

(E23) becomes

(5.24) F(z) =

(ENFNF) =N,
where we used the first equation of Proposition [[I Furthermore, now appealing to

([C29) and [34), it results with

(5.25) 2p/1(/lu‘];)/j da < // (%g(y))zw(dxdy),
which is ([B.4).

However, in order to make sure that F with the choice (5:24)) is continuous, we
need to guarantee that N f(4+2) = 0, which otherwise stated (cf. Definition [I) is
the same as

(5.26) / F(2)B(dz) =0 and / +f' () B(dz) = 0.

This means that we obtain Poincaré’s inequality, however, on a set of functions f
satisfying two constraints. It is not clear to us how to extend (5.20]) from functions
obeying (5.26)) to any C* function.

Perhaps a more interesting remark here is that the obstructions from (G.20)
guarantee that the potential V; =V + tf satisfies

[vi@ stz =0 wd [ aViia)slde) =2

These two equations ensure that (cf. (£3))) the endpoints of the equilibrium mea-
sure of V; are —2 and 2; in other words, we are just in the situation discussed in
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4848 MICHEL LEDOUX AND IONEL POPESCU

Remark [7 It seems that in order to overcome this obstruction, a non-trivial argu-
ment is needed, and this is to some extent the content of Theorem [l which is also
reflected in the different perturbation we used in Section Ml

A similar argument applies to the implication of free Poincaré by the free Log-
Sobolev.
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