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Abstract

In this paper we prove the Morse inequalities in the non-degenerate and degenerate cases. Like
the approach of J.-M. Bismut, ours is based on the idea suggested by Witten. In fact, if anything, our
approach is closer to Witten’s original idea than Bismut’s.
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0. Introduction

Let M be a d-dimensional compact manifold and #: M — R a Morse function. Set ind,,
the index of / at the critical point ¢ to be the number of negative eigenvalues of hess. /.
If my is the number of critical points of index k and by is the kth Betti number, i.e., the
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dimension of the kth cohomology group with real coefficients, the statement of the Morse
inequalities in the non-degenerate case is

my—mg_1+-+(=D¥mo=by —by_1 +---+(=D*by, 0<k<d, (0.1)

with equality for k =d.

We describe now our analytic approach for proving this result. By the Morse lemma one
can find a local coordinate chart around each critical point so that % is quadratic in each of
these. We choose a metric on M which is flat in these coordinate charts. Following Witten
[11], we define for @ > O the operators

doth — e_ahdeah, 60{/1 — ea/’lae—(xh’ (02)

DO{ — d(xhaoth 4 Sahdah’ (03)

where d is the usual exterior differential operator and § its dual.
We consider p (¢, x, y) the kernel of the operator e~'0%/2 acting on k-forms and take

0%(1) = /Trpg(z,x,x)dx, (0.4)

M

where Tr stands for the trace on /\k (M) and dx is the volume measure on M.
The starting point in the proving Morse inequalities is the following inequality due to
Bismut [1, Theorem 1.3]

0% (1) — Q% () + -+ (=X QY1) = by — b1 + - + (= 1)k by (0.5)

for t > 0, a > 0, with equality for k =d.
Our main result is the following:

lim QF(t)=my for0<k<d, andallr > 0. (0.6)
o—>00

This and (0.5) imply (0.1).

Before discussing the general case, let us show how one can prove this in the simple
situation when the manifold M is R and h(x) = —%(xl2 +-- —i—xf) + %()CSZJrl + - —|—x§).
The only critical point is 0 and its index is s. Using Mehler formula, and performing simple
computations, one gets

fTr Pr(x,x)dx = Z exp(—at(Iq +5— kz)).
ki+hko=k

R? 0k Sd—s
0k <Ks



1. Popescu / Journal of Functional Analysis 235 (2006) 1-68 3

Therefore

1 ifk=s,

lim Tr p% (x, x)dx =
o—>00 / Pi(x. ) {0 otherwise,

R4

which is the proof of (0.6) for this basic model.

In the general case, we try to localize the proof of (0.6) to ones similar to the above for
each critical point.

Our approach is based on a function space representation of py(t, x, x). We write
p} (¢, x, x) via the Malliavin calculus and we analyze separately the cases for x away from
the critical points and for x close to the critical points.

e When x stays away from the critical set, p} (¢, x, x) is exponentially decaying to 0 as
o — 00. Using elementary analysis, the Markov property and estimates on exit times
from balls of M, we reduce the analysis to one involving an integral over paths in an
Euclidean ball. Finally, the estimate of this last integral comes down to estimates on
the solution to a linear PDE problem (cf. (2.14) and (2.16)) in balls of R4, which is
done in Section 2.2.

e When x is close to the critical set, pz (t, x, x) is, up to an exponentially decaying term
in «, an integral over paths staying up to time ¢ inside a small neighborhood of the
critical set. Finally, replacing the manifold M by R¢ and reversing the localization
procedure described above, the computation of limy—, o QF (¢) is reduced to one de-
scribed above for the case of RY.

The degenerate case is more involved because the geometry near the critical set is in
general non-trivial.

Let & be a Bott—-Morse function on the compact manifold M with critical connected
sub-manifolds Ny, Na, ..., N;. The degenerate Morse lemma says that there are disjoint
tubular neighborhoods Bi, By, ..., B; of N1, N2, ..., N; in M, open sets Vi, Va,..., V],
N; CcV;CB;,i=1,...,1, and Euclidean bundles Bl.jE of dimensions vii, such that B; =
B;r @ B; with the property that / restricted to V; is given by

1
h(z)=h rNi+§(|y+|2—|y‘|2), 0.7)

where yﬂE are the EljE components of z seen as a vector in (E;),(z), and p; : B; — N; the
canonical projection.
The statement of the degenerate Morse inequalities is

mi —mg—1+ -+ (—=Dmo = by — by + - (=D¥bo, 0<k<d,  (0.8)
with equality for k = d, where

l
mg =Y _dim H*" (Nj: o(B;)). 0.9)
i=1
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and HX(N;; o(B;")) is the kth cohomology group of N; twisted by the orientation bundle
of B;".

In order to do analysis we need a metric on M. Using standard procedures, in Section 3.1
we construct a metric and a compatible connection, called the Bismut connection, on each
T (B;). Once this is done, we take any metric on M whose restriction to V; is the metric
on B;.

We point out that in the non-degenerate case, the only connection we work with is
the Levi-Civita connection. In the degenerate framework, the Bismut connection on B;
fits better for computational purposes than the Levi-Civita connection. For example, the
parallel transport along paths in B; with respect to the Bismut connection sends fibers into
fibers, while the Levi-Civita connection does not. This is one feature that makes the Bismut
connection more appropriate for fiberwise computations. On the other hand the Bismut and
the Levi-Civita share a number of important features. For instance with respect to either
connection, the Laplacians on functions coincide and the Hessian of the function # is the
same.

The Brownian motion on the bundle B; is given as the parallel transport of the Brownian
paths in the fiber along the Brownian paths on the basis. This appears in Bismut’s paper [1],
and we discuss it in Section 3.3.

With the same definitions and notations as in the non-degenerate case (cf. (0.2), (0.3)
and (0.4)), the inequality (0.5) holds. Our main result in this context is

tirgoalirrgoQi‘(t):mk for0 <k <d, (0.10)
with my defined in (0.9). Then, (0.8) follows from this and (0.5).

The program of proving (0.10) is the same as the one in the non-degenerate case. That

is, we estimate p (¢, x, x) for x away or near the critical set.

e For x away from the critical set, one can prove that pf (¢, x, x) is decaying exponen-
tially fast to 0 as @« — oo. The idea is basically the same as in the degenerate case
outlined above. The only technical issue is due to the fact that one needs to use the
representation of the Brownian motion on B; we mentioned above. With this one can
reduce the analysis to a PDE estimate on a ball in the fibers of B;.

e Following the same route as in the non-degenerate case for x near the critical set,
say near N;, leads one to a comparison between p{ (¢, x, x) and the heat kernel of the
operator 0% on B;. We would like to reduce the computations to computations for
harmonic oscillator in fibers of B;, but the operator 0% does not preserve horizontal
and vertical forms on B;. Nevertheless, comparing the heat kernel pg (t,x,x) on M
with the heat kernel of various other operators (based on the Bismut connection on B;,
which does preserve the horizontal and vertical forms), we show how one can reduce
the computations to one for harmonic oscillators in fibers. This comparison analysis is
done in two parts of Section 3.4. The first part consists in proving that the heat kernel
of a more general class of operators is bounded by a quantity which is based on the
harmonic oscillator in fibers. The second part is carried out in Theorem (3.42) and uses
the first part to compare the heat kernels of various operators.

Given this analysis, the proof of (0.10) is given in Section 3.5 and is straightforward.
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We mention here one technical subtlety which appears in the degenerate case. Integra-
tion by parts on the path space over a compact manifold or in Euclidean space is well
known, but in our case the vector bundles B; are non-compact manifolds. Nonetheless,
the Ricci curvature is bounded from below and from above in terms of the square of the
distance function, and this turns out to be enough to prove the integration by parts on the
path space.

The paper is organized as follows. In Section 1, we describe various facts from geome-
try, probability, and estimates on the exit time from balls on Riemannian manifolds.

Section 2 is the analysis of the non-degenerate case. The main theme of the paper is
in Section 2.1, which shows how one can estimate the heat kernel p¥ (¢, x, x) for x away
from the critical case. The heart of the matter is Section 2.2 which is dedicated to proving
Theorem 2.14, achieved by constructing a super-solution to the PDE (2.16). In Section 2.3
we analyze py (¢, x, x) when x is close to the critical case, and in Section 2.4 we give the
proof of the Morse inequalities.

Section 3 deals with the degenerate case. Section 3.1 discusses the metric and the Bis-
mut connection on a vector bundle over a compact manifold. Section 3.2 contains the
representation of the Brownian motion on a vector bundle. Section 3.4 is the backbone of
the degenerate case. First we analyze the boundedness of the heat kernel of a general oper-
ator described in (3.28). In Theorem 3.42 we show that the traces of the heat kernels of the
two operators we are primarily interested in are close to each other. The degenerate Morse
inequalities are proved in Section 3.5.

The first part of the appendix is about geometric computations needed in the degenerate
case. The second part is a general discussion on the existence, representation and basic
estimates of heat kernels of operators acting on forms. The third part is the justification of
integration by parts on the path space of a Riemannian manifold with the Ricci curvature
satisfying bounds given by (B.1), and the applications we use in the degenerate case.

1. General facts
Differential geometry

Given a d-dimensional compact Riemannian manifold M and a function 7: M — R,
we denote by Crit the set of critical points and set

dozh — e*dhdeolh’ 80{h — eahsef(){h’ DO( — doth8dh + 80[/16101117 (11)

where d is the usual exterior differential operator on smooth forms and § its adjoint.
We consider the kernel p‘,f (t,x,y): /\]; M) — /\]; (M) of the operator e 182 acting
on k-forms, and take

Q%(l):/TrpZ(t,x,x)dx, (1.2)

M

where Tr stands for the trace on /\k (M) and dx for the volume measure on M.
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Bismut, [1, Theorem 1.3] proved the following basic fact.
Theorem 1.3 (The basic inequality). For any « > 0, t > 0 we have

QF (1) = QF () + -+ (=D QF (1) > by — b1 + -+ (=D*by,  0<k<d,
with equality for k = d.

Definition 1.4. (1) If V is a connection on M and X € T (M), define Vx to be the derivation
on A (M) so that

(a) if f is a function, Vy f = Xf’;
(b) if w is a 1-form, Vyw is the 1-form given by

(Vxo)(¥) = X(w(Y)) — o(VxY) foranyY e T(M).

(2) Given a connection V on M, we define AV, the corresponding Laplacian on forms
by

d
(AVw)(x) = Z(V(E_,.)X V0= V) E0),
j=1

where w, (E j)?:l are, respectively, a smooth form and a smooth local orthonormal basis

defined in a neighborhood of x.
(3) If S is a 2k-tensor, we define D*S, its action on /A (M), by

d
D*Se= Y S(Ej.Ejp ... Ep)(ES Aigy) oo (EY,  Alg, ),

J2k—1

where (Ej)jg=1 is any orthonormal basis in 7y (M), and for X € T\ (M), ix is the usual

contraction operator determined by X. We call a tensor Sevenif S=S;+---+S,, where
S; is a 2k; tensor fori = 1,...,r. We denote by D*S its extension to forms by linearity.
(4) If S is a (2k + 1)-tensor, we define (D*S), : T (M) — End(/\, (M)) by

d
(D*S)X(Xx)z Z Sx(Xx,Ejl,Ej2,...,Ej2k)(Ej] AiEj2)0~--o(E72k_] AiEjZk)
Jtseees 2k =1

where (E j)?zl is any orthonormal basis in T, (M). We call a tensor S oddif S =8, +

-+++ S,, where S; is a 2k; + 1 tensor fori =1, ...,r. D*§ denotes its extension to forms
by linearity.
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For the remainder of this section we work only with the Levi-Civita connection and A
is its associated Laplacian.
The Hessian of 4 is the 2-form given by

hessy h(Xy, Yy) = (Vx, gradh, Yy),

for any X, Yy € Tx(M). D*hessh and D*R are the extensions to /\ (M) of the Hessian
hess & and the curvature tensor R.
With these notations, we have the following decomposition (cf. (A.5))

0% = —A +o?| grad h|? — « Ah + 2a D* hessh — D*R. (1.5)
Probabilistic preliminaries

For a detailed discussion of things presented here, we refer the reader to [8], especially
to Chapter 8 in there. However for the reader’s convenience we present here the main ideas.

In order to describe our representation of pg (t,x,y), we first introduce the Wiener
measure W; on P(RY) and describe the map w € PRY) — p(,x,w) € P(M), whose
distribution is the Wiener measure on M based at x. Here and elsewhere, for a manifold N,
we set P(N) := C([0, 00); N).

The measure W, is the measure on P(R?) with the following properties:

e W;(w(0)=0)=1;

o if IT,(w) = w(t), then for 0 < s < ¢, the Wy-distribution of IT, — I is a centered
normal (i.e., Gaussian) with covariance (t — s)1;

o if 0< 1y <1 <:-- <1y, the random variables I1;, [T, — I1y,...,IT;, — I, | are
W;-independent.

Consider the orthonormal frame bundle over M given by
OM) = {f = (x, (Ej)?zl): (Ej)‘ji,=1 orthonormal basis in TX(M)}

with the canonical projection 7w :O(M) — M, n(f) = x. Fixing an orthonormal basis
(e j)‘f.: | in R4, one can naturally interpret f as an isometry from R? to T, (M) which sends
ej to E;. Using parallel transport one can define the horizontal lift of a vector X, € T, (M)
to a vector X; € T;(O(M)) with 7 (f) = x. For § € R?, we define the canonical vector field
&(&); to be the lift of the vector & € T (5 (M).

We explain now the construction of w € P(RY) — p(-, x,w) € P(M). First, for § €
O(M) and a piecewise smooth w € P(R?), we construct the path p(-, f, w) by the following
prescription

p(t,f,w)= (’;‘(W(t))p(t’f’w) with p(0, f, w) = 1. (1.6)
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To extend this map to any W;-almost every path w, consider w,,, the piecewise linear path
on each interval [k/2", (k+1)/2"] with w,,(k/2"") = w(k/2"), k > 0 integer. Then, for any
Wgy-almost every path w,

p('v fv wl’l) - p(v fv W)
uniformly on any interval [0, T']. Set
plt,x, w)=mp(t.fw) forfenlx, (1.7)

and /Li” , the Wiener measure on M based at x, the Wy-distribution of w € P(R?) —
p(-,x,w) € P(M). There is a natural notion of parallel transport along p(-, x, w) given
by Ty x,w 0,01 =P, T, w)f‘l. Therefore, the parallel transport 7, [0,;] is well defined for
uM -almost any path p € P(M).

Theorem C.3 gives the representation of the heat kernel of 0% acting on k forms by

t

2 t
pg(t,x,y):]EWd|:exp<—%/‘gradh(p(v,x,w))]zdv—i-%/Ah(p(v,x,w))dv)
0

0

X V]g (l‘, p(,x, W))‘Ep(.,x,w)[[[,()](sy(p(l‘,x, W))j|, (1.8)

where the integration is interpreted via a repeated integration by parts on path space, and
for /LQ’I -almost any path p € P(M), V¥ is the solution to the ODE on End( /\];(0) (M))

[ VE(t, p) =Vt p)(Tpir0)(—aD* hess ) b + 3 D* Rp) Tppi0.0))- (1.9)

o _
Vi ©.p)= Id/\i(O)(M)‘
About exit times

‘We record here some estimates on the exit times from balls useful in various situations.
The following result follows easily from [8, Theorem 8.62].

Theorem 1.10. Let M be a complete Riemannian manifold, and assume that for a fixed
point o and some y > 0,

(Ricy Xy, Xy) = —y (1 +dist(x, 0)?)|Xs|* forx e M, Xy € Te(M).

Then, for each compact set K C M, there exists a constant C = C(K, y) > 0 such that

2
M r
f:%ux ({,gr)gCexp<—m> foranyr,t >0 (1.11)

where &, is the first exit time from the ball B(x,r).
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If M is a compact manifold or R¢, there is a constant C > 0 so that

2
My(ggt)éCexp(—Z—t) foranyr,t >0, x e M. (1.12)

What we will need is the following.

Corollary 1.13. Let M be a complete Riemannian manifold so that for a fixed point o and
y 20,

(Ricy Xy, Xx) > —y (1 +dist(x, 0)?)|Xc|* forx € M, X, € T,(M).
Then, for each compact set K C M, there exists a constant C = C(K) such that

sup B4 [ PN < exp(—1B) + Cexp(—re €'\ /B/2) forallr,t,8>0. (1.14)
xek

If M is a compact manifold or R¢, there is a constant C > 0 so that

£ [e P07 <exp(—tB) + Cexp(—ry/B/2) forallr,t,f >0, xeM. (1.15)

Proof. First,
]E/,Lﬁ/l [efﬂ(t/\gr)] — efﬂfﬂ)/(v](;r > [) + Elliu [efﬁfr, ;r < t]

t
=e P yp / e P76 <o) do.
0

By (1.11),

t

t
2
/e_ﬁaﬂiw(ir <o)do éc/exp<_ﬁa_ 4;7) do
0 0

x 2o—Ct
<C [ exp| —Bo — ) do.
o
0
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For given a, b > 0, use the change of variable & = ao''/? — bo~1/? to justify that

o0 o
2 b2 e~2ab 52 2
e de = / <,/§2+4ab+7>es d&
O/ 2a2 ) VEL +dab
ef2ab ® 2
<4 /(,/.s32+4ab)fS de
a

o-2ab T
<— /(|§|+2\/E)e*E
72ab
(1+x/E) (*)

Taking a = /B and b = %re‘crﬂ, for another constant C, we get (1.14). For the second

part, by (1.12),
t 00
2
/e—ﬁcuy(;r <o)do gC/ex < Bo — E)da.
0 0

Taking, a = /B and b =r/2 in (%), we get (1.15). O

2. Non-degenerate Morse inequalities

In this section M is a d-dimensional compact manifold and 2 : M — R a Morse function
with the critical set Crit = {c1, ..., c;}. For each ¢ € Crit, by the Morse lemma, one can
find coordinate charts (U, ¢.), with ¢ € U, such that ¢.(c) =0 and

md(c) d
e URLCRED YRR AP M
k=ind(c)+1

where ind(c) is the index of c¢. Using these coordinate charts we choose a metric on M
which is flat in each U,.

For r > 0, set Crit, = {x € M, dist(x, Crit) <r} and A, = {x € M, dist(x, Crit) > r}.
We fix r > 0, small enough so that B(c, 5r) C U,, the balls { B(c, 5r); ¢ € Crit} are disjoint
and the metric on each of them is flat. All the constants appearing in this section may
depend on this fixed r.

Although for the purpose of this section it suffices to analyze the heat kernel for t = 1,
for further study we will analyze this for arbitrary ¢ > 0.
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2.1. Away from the critical set
Our goal here is to prove the following.

Theorem 2.1 (The away case). There exist constants C1, Co, C3 > 0 so that for t > 0 and
a > Ceft,

“pz (t,x,y) || < 17420 (exp(—Cztoz2) + exp(—Cza)) for (x,y)e A, x M,

where the norm || - || is the Hilbert—Schmidt norm on the space Hom(/\y (M), \,(M)) of
linear maps from /\ ,(M) to /\ . (M).

The first step is to estimate the contribution of V;* (cf. (1.9)). Choose a smooth function
fx so that,

fr(x) =ind(c) forc € Crit and x € B(c, 4r),
—D*hess, h < fi(x) Id/\i(M) forall x e M. 2.2)

By Lemma B.24 and Proposition C.5 we know there is a constant C > 0, depending on the
size of the curvature, so that,

t
Ipft,x, »)| < CEWE |:exp(/H,f‘(p(v,x,w))dv)Sy(p(t,x,w)):|, (2.3)
0

where
a? 7
Hi (y) = <—7|gradh(y)\ + EAh(y) +Oéfk(y)>- (24)

Now we need to estimate the expectation in (2.3).

Proposition 2.5. Given 0 < n < 1, set

o 012 2 o
H(y) = (1+n) (-7 lgradh(y)|” + EAh(y) + Otfk(y))- (2.6)

Then, there is a polynomial P (o, t) so that fort,o > 0

eCtP(a l) Iy ! 1/(1+n)
IHAGER] B W{E“ [exp</H,f”’(p(v))dv>“ ., @D
0

uniformly on M in x, y.
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Proof. By repeated application of integration by parts (see Corollary B.26 and Theo-
rem B.19 for details) we have

t
EWd |:exp</H,f‘(p(v,x,w)) dv)éy(p(t,x,w))j|
0

d t
<Y gtV |:HA,-(t,x, ¥y, W) H exp(/ HE (p(v,x,w)) dv>:|,

i

each A; (¢, x, y, w) being a linear combination of products of End( /\x (M))-valued iterated
Itd or Riemann integrals. Using Holder’s inequality (see for instance [9, Exercise 7.2.15]
for precise constants), (2.7) follows. O

Set

t
gyt x) =B [exp(/Hf’"(p(v))dv>}
0

As (2.7) makes clear, estimates on py (¢, x, y) will follow from estimates on qz""(r, x). If
the path is staying in A, /2, then the quadratic term in « in the expression of H,f""(v, p)
dominates. Thus the contribution of these paths to the integral should be exponentially
small. On the other hand, the contribution of the paths that are getting close to the critical
points requires a more careful analysis.

To carry out this heuristic argument, we first define the following sequences of stopping
times. Set 01 = o to be the first exit time from A, /2, { = ¢ the first exit time from Crit,
and

Jn(p) | P(f) € Ar}a
& (p) | p(t) € Crityn}. (2.8)

tn(p) = inf{t
on+1(p) = inf{t

VoWV

Using the continuity of paths, we have o,, /' 0o, and therefore,

tAOy,
gy "6, %)= lim B [exp( f Hﬁ’”(p(v))dv)}-
0

The following theorem shows that the expectation in the above expression is non-increasing
as n increases.
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Theorem 2.9. There exists C > 0 such that, for t > 0, e € > n=0 o> CeC' andn>1,
l..f'x € Ary

INOp 4] tAOy
B |:exp< / H,f"n(p(v))dv>:| gIE“QI |:exp< / H,f""(p(v))dv)], (2.10)
0 0

and if x € Crity 3,

t/\é-)l

IAEpt1
Eﬂy[exp< / H,f""(p(v))@),F} <EM |:exp( / H/fl’"(P(”))d”)F} 210
0 0

for ' e Fr ={I"; I'N{¢ <t} €F forany t > 0} where F; is the sigma-algebra gener-
ated by {p 1 [0,t], p e P(M)}.

Before proving these, we will show how Theorem 2.1 follows from them.

Proof of Theorem 2.1. There is a constant ¢; > 0 so that | grad, k| > 4c; dist(x, Crit) for
all x € M. On the other hand, if p(0) € A, 2, then

H,f""(p(v)) < —202}'2052 + ca < — 2 rla?

forO<v<o(p)anda > 0<n<l, (2.12)

22’
1

with ¢, a constant depending only on the bounds of the Hessian and the Laplacian of &
on M. Hence, by (2.8) and (2.10),

tAo(p)
q; 20t x) < EM |:exp( / H,?’"(p(v)) dv):| <IE“JICW [exp(—rzc%az(t/\o))].
0

Theorem 2.1 follows from this, (1.15) and (2.7). O
Now we return to
Proof of Theorem 2.9. We prove only (2.10), since the proof of (2.11) is similar.

Step 1. Here we show that

tAG1(p) AL ()
B |:exp< / H,f"n(p(v))dv):| g]E“y |:exp( / H,f’”(p(v))dv)i|. #)
0 0
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To see this, first apply the Markov property to justify that

t/\‘7n+l(p)
B [exp( / H" (p(v)) dv)}
0

o (YINE—IAL(P))
(o

tAu(p)
xexp( / H,?’"(p(v))dv)ui”(dp).
0

H (¢ () dv)uﬁ,{g)ww)

0

Now we remark that the path i starts at p(¢,) and runs till o () A (t —t A §(p)), thus it

stays in A,/2. By (2.12) we get that H,"" (% (v)) <0 for 0 < v < o () A (t — 1 A §u(p))

and o > %’ 0 < n < 1. This shows that the inside integral in the double integral is less
1

than 1 and so (#) follows.

Step 2. Now we show that

tAL(p) tAon(p)
B |:exp( / H,f’"(p(v))dv)i| gEW |:exp< / H,f"n(p(v))dv>:|. (##)
0

0

To this end, use the Markov property to justify that

tALn
M
E#x |:exp(/ H,f""(p(v))dv)]
0
SWIN(t—tAou(p))
e

tAo,(p)
xexp( / H,f""(p(v))dv>uy(dp). (%)
0

H (¢ (v)) dv) uj‘,ﬂ%)(dw)

0

Notice now that the point p(o,) is on one of the spheres {S(c, r/2); ¢ € Crit}. Also notice
that each of the balls B(c, r) is just an Euclidean ball with the corresponding Euclidean
metric on it and H,f""(w(v)) = (1 +nad — (1 +n)a|y@))?)/2if ¥ (v) € B(c, r). Let’s
fix a critical point ¢ € Crit. Because the inside integral in () runs up to the exit time from
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the ball, the translation invariance of Brownian motion in the Euclidean space allows us to
take ¢ = 0. Now define the function u‘,’; :[0,00) x B(O,r) > R

cW)As
1
u‘;;(s,y)zfe,)q;(5 / (1+n)ad—(1+n)a2|y+xp(v)|2dv>wd(d¢). (2.13)

0

At this stage, what we need is the following estimate, which will be proved in the next
section.

Theorem 2.14. There exists C > 0 such that for any t > 0,

sup u‘,’;(s,y)gl fora > Ce!, e =n>0.
s€l0,2], r/2<yI<r

Clearly Theorem 2.14 is all that we need to complete the proof of (##) and consequently
of 2.11). O

2.2. The proof of Theorem 2.14
The following is a standard result in stochastic analysis.

Proposition 2.15. uj is the solution u = uj, to the initial-boundary problem on [0, 00) x
B(0,r)

dsua(s,x) = 2 Au(s, x) + $((1 + mad — (1 +mea|xPuls, x),
u©,x)=1 ifxeB,r), (2.16)
us,y)=1 1ifs >0, yeaB(0,r).

Next we want to get estimates on the solution to Eq. (2.16). We will do this by construct-
ing a supersolution. The bound of the solution in terms of a supersolution is contained in
the following result, which is an extension of the classical comparison for the heat equa-
tion.

Proposition 2.17. Let V € C(B(0,r)) be a continuous function which is bounded above,
A C B(0,r) a closed set, and two functions

ue C2((0,11x B(0,r)) N C((10, 1] x B(0,r)) U ((0, 7] x dB(0, r))),
ve Ch2((0,11 x (B0, )\ A)) N C(([0, 1] x B(0,r)) U ((0,] x 3B(0,r))),

be given. Assume that



16 1. Popescu / Journal of Functional Analysis 235 (2006) 1-68

(1) for any a € A there exists a unit vector w, such that for any s € (0, t], the function
o — k(o) =v(s,a + ow,) defined around 0 has left and right derivatives and

k] (0) > K (0); (%)

(2) on (0,t] x B(O,r)\ A,
1 1
8Xu=§Au~|—Vu, o5V > EAv—va; (k%)

(3) forany x € B(0,r) and (s, y) € (0,¢] x aB(0,r)
u(0, x) <v(0,x), u(s,y) <v(s,y). (k%)
Then, u <vonl0,t] x B(O,r).

Proof. By taking the difference v — 1, we may assume u = 0. After taking v(s, x) =
eCSu(s, x) with C > sup, . B0, V (x), we may also assume, without loss of generality,
that SUPy e B(0,r) V(x) < 0. Now we prove that v > 0 on [0, ¢] x B(0,r — €) for small €.
The idea is the same as the proof of classical minimum principle given in [3, Theorem 9,
Chapter 7].

Replacing v(s, x) by v(s, x) + s, § > 0, we may assume that

s v(s, x) > %Av(s,x) 4+ V(x)v(s,x) forall (s,x) €[0,¢] x B(0,r)\ A. #)

For € > 0, choose a point (s¢, x¢) to be a minimum point of v on the set [0, 7] x B(0, r — €).
We claim that
(v A0). (##)

V(Se, Xe) = min
([0,t]1x 9 B(0,r—€))U(0x B(0,r—¢))

If this were not the case, then from (##), v(se, xe) < 0 and we would be in one of the
following three cases:

(1) (se,xe) € (0,1) x B(O,r —€) \ A. In this case, d;v(sc, xe) =0 and Av(se,xc) =0
which contradicts (#).

(2) (Se,xe) € {t} x B(O,r —e)\ A. We have that 9;v(s¢, x¢) < 0and Av(se, x¢) = 0, again
contradicts (#).

(3) If xc € AN B(0,r — €) then certainly the point (s¢, x¢) cannot be a local minimum
because, if it were, then the function « associated with (s., x.) would have a local
minimum at 0 and then

Kk, >0k

in contradiction with the assumption made in (k).
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To end the proof, we let € tend to 0 in (##) to get that v > 0in [0, 7] x B(0,r). O

We are now prepared to begin the proof of Theorem 2.14 which will be done in two
separate lemmas. In order to simplify the notation, remark that, by rescaling, it suffices to
deal with the case r = 1. Also, for the following two lemmas we will replace « by a/1 + 1
and will take € = /T + 1 — 1.

Lemma 2.18. Let it = u? be the solution in (0, 00) x B(0, 1) to

dsit(s,x) = FAii(s, x) + 3(d(1 + €)a — o?|x[Pia (s, x),

_ _ 2_

(0, x) = 1 —exp(C=BUBE=D) - for x] < 1, (2.19)
u(s,y)=0 fors>0, |y|=1.

Then, forany t >0, 1 A 4% >e€>0, and o > 156d,

sup uZ(s,x) <1—ex
s€[0,1]

((a —73d)(|x* = 1)
p

5 ) for12< x| < 1. (2.20)

Proof. For simplicity of calculations we set § = « — 73d. Consider the following func-
tions:

=1 B(x|? = 1) @ W)= 2ecas \4/2 atanhas| 2
x)= exp > and w(s,x)= =T exp > x|7).

A simple computation shows that w is the solution on [0, c0) x R? to the equation
1 1 2
osw(s, x) = EAw(s,x) + E(d(l +e)a —a”|x| )w(s,x), (%)

with the initial condition w (0, x) = 1.

Let t, be the unique solution of tanhat = %. The idea is to show that for the time

interval [0, 7,], u is bounded above by kw and for the time interval [#y, ¢], & is bounded
above by w itself.

Claim 1. For s € [0, t,] and x € B(0, 1)
u(s, x) <k@)ws, x). @)

Proof. We check that the right-hand side of (i) is a supersolution on [0, #,] x B(0, 1). This
comes down to checking

35 (kw) (s, x) > %A(kw)(s,x) + %(d(l + ) — a?|x )k (x)w(s, x)
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which, because of (x), becomes
(AR (x)w(s, x) +2(Vk(x), Vw(s, x)) <O or [x|*(2etanh(as) — B) <d,

which is true for |x| < 1 and 0 < s < f. Since both # and kw have the same initial-
boundary values, the claim follows by a simple application of the classical maximum
principle. O

Claim 2. For s € [t,,t] and x € B(0, 1) we have
u(s, x) <w(s,x). (i)

Proof. Because w satisfies (*) and on the parabolic boundary it dominates u, this is again
a simple application of the classical maximum principle. O

With these two claims at hand, we now check (2.20).

Case (s € [0, 1,]). By Claim 1, we need to verify that for 1/2 < |x| < 1, k(x)w(s, x) <
k(x) or equivalently, w(s, x) < 1. In view of the expression for w, what we need to check

is
2ecs N\ o tanh(as)
(1 +e—2as) CXP<—T) <1 fors e[0, 1] (%)

Because s € [0, #,] and tanh(aty) = dziaﬂ, we know tanh(as) < % We claim that for 1 >

€ > 0and a > 10d, (*%) is true. To see this, take o = tanh(as). Then e~20s — i;—g and the
expression on the left-hand side in (k) is

(1 + U)d(e+2)/4

—ao/8

Now,

, [« de+2) de
Qw)‘( 8 4(1+0)+4(1—0)>Q(0)

and for o € [0, %] this is negative for 1 > € > 0 and « > 10d. Therefore p(0) < 0(0) =1
which proves (k).

Case (s € [t,,t]). Claim 2 says u < w. At the same time, for |x| € [1/2, 1], %dt >e =0,
and o > 156d

(5.2) < 2e€%S a2 o tanhas
)< | —— exp| ———
w(s, x [Ep=_T P 3

<2[,/2(3)(I)(c17(>;et B d—:ﬁ) gexp(—a —;48(1) <ol
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and further,

e l<1—¢7! <1 — e 383 <k(x),
which implies u (s, x) < k(x) for s € [ty,¢]. O
Lemma 2.21. Let u = u? be the solution in (0, 00) x B(0, 1) to

dyu(s, x) = 3Au(s, x) + 3 (d(1 + o — o xPus, x),
u(0, x) = exp( PO - for ) < 1, (222)
u(s,y)=1 fors>0,|y|=1.

Then, foranyt >0, e~ 24" > ¢ > 0 and a > 190de’*4,

sup uZ(s,x) <exp

s€[0,7]

(@ —73d)(Jx|> = 1)
(=29

), for1/2< x| < 1, (2.23)

and

o ot|x|2 o
sup u, (s, x) <exp| — — =1, forO<|x|<1/2. (2.24)
s€[0.1] 2 2

Proof. The strategy for proving this lemma is to make use of Corollary 2.17 and to con-
struct the supersolution on subregions of the ball B(0, 1).

To simplify the writing, we set 8 =« — 73d. Take § > 0 a small number and the set A
in Corollary 2.17 to be {x € B(0, 1), |[x| =1/2} U {x € B(0, 1), |x| =1/6}.

Region 1 ({x: 1/2 < |x| < 1}). In this region we take

(B —28)(|x|> — 1))_

vl(s,x)zexp< >

(1) Checking d;v1 (s, x) > %Avl(s, x)+ %(d(l +e)a —a?|x|?)vi (s, x) is equivalent to
checking

(@—B+28) @+ B —28)x>>d((1 +e)a+p—25) forl/2<|x|<1.

This is true for any 1/2 < |x| < 1 iff

47 2(73d + 28)a — (73d + 28)%’

I dQ@+ea—d(73d+25)

which is certainly the case for 1 >§ > 0,1 > € > 0, and o > 40d.
(2) The initial-boundary condition is satisfied for s =0, 1/2 < |x| < 1 and also for any
s>0and |x| =1.
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Region 2 ({x: 1/6 < |x| < 1/2}). In this region we take

1 3(B—26
va(s, 2) = exp((ﬁ - 6>|x|(|x| - 5)) exp(—%).

(1) Checking d5v2(s, x) = 3 Ava(s, x) + 5 (d(1 + €)a — a?|x[*)va (s, x) is equivalent to

0> d—1 ) 1\? -
>(B—-98)|2d - ] + (B —9) 2|x|—§ +da(l+¢€)—a|x|

which will be fulfilled if
0>8d(B—8)+ (B —8)*(4lx] — 1)2 +4da(l +€) —4a’|x|? for1/6 < |x| < 1/2.

Observe that the right-hand side of this is quadratic in |x| with dominant coefficient 16(8 —
6)2 — 4. Hence, for o > 1484, this coefficient is positive and so it suffices to check that
the expression is less than O for |x| = 1/2 and |x| = 1/6. This comes down to verifying the

following inequalities:
e For |x|=1/2:0>8d(8 —8)+ (B —8)* +4da(l + €) — o> which is equivalent to

I _ dG+ea —d(146d +25)

47 2(73d + 8)a — (73d + 8)2

Thisistruefor 1 >§ >0,1>¢ >0and o > 148d.
e For x| =1/6:0>72d(B —8)+ (B — 8)%+36da(l + €) — a? is equivalent to

1 _ dG3+e)a—d(146d +29)

36 7 2(73d + 8)a — (73d + §)2

which is again true for 1 > 6 > 0,1 > ¢ > 0 and o > 1484.
(2) The boundary condition reduces here to checking that

B(xI> = 1)

. ) for 1/6 < x| < 1/2, ()

12(0,x) > exp(
which comes down to

4B — 8)Ix|(2lx| — 1) = 3(B —28) = 4B(1x> = 1), or
B2lx| —1)° = 45(1x|(21x| — 1) — 1/2),

and is certainly satisfied for any o > 73d, 5 > 0,0 < |x| < 1/2.
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(3) We need to check the conditions required in Proposition 2.17. We start by pointing
out that vy (s, x) = v (s, x) for any s > 0 and x with |x| = 1/2. For a with |a| = 1/2, we
choose w, = |Z—‘ and

vi(s,a+ow,) ifo >0,
k(o) =

w(s,a+ow,) ifo <O0.
Then
11(0) = (Vua(s, @), wa) = (1/2)(B — §)va(s, a),
K/(0) = (Vui(s, a), wa) = (1/2)(B — 28)vi(s, a)
which shows that «;(0) > «;.(0).

Region 3 ({x: 0 < |x| < 1/6}). In this region we take the function

v3(s, x) = exp(%(l - e_nds) (% — |x|2>)v2(s, 1/6).
(1) Checking 35v3(s, x) > 3 Avs(s, x) + 3 (d(1 + €)a — ?|x[*)v3(s, x) is equivalent to
de™ T _704d1x2e 7 > de — 2a|x|Pe T2 4 xR 144
If e7724" > ¢, the above inequality is satisfied if the following is true:
a(2—e ) ~72d >0 forall0<s <1,

which is indeed the case if « > 73d.
(2) The initial-boundary comparison in this case is

-1
%) for 0 < |x| < 1/6,

v3(0,x) > exp(

and is fulfilled because (cf. (x))

1 -
v3(0, x) = v2(0, 1/6) > exp(%) > eXP(M)

(3) We now verify the conditions of Proposition 2.17. Observe that v3(s, x) = va(s, x)
for s € [0, ¢] and x with |x| = 1/6. Now for a given a with |a| = 1/6 we choose w, = IZ_I
and the function

n(s,a+ow,) ifo >0,
k(o) =

v3(s,a+ow,) ifo <O.
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Then
K/(0) = (Vi (s, a), we) = —(1/6)ar(1 — e ) vy (s, a),
K1(0) = (Vva(s, a), wa) = —(1/6)(B — 8)va(s, a).

Thus «/(0) > k/(0) iff a(1 — e~ 7?%) < g —§ for all s € [0,¢]. This last one is true if
a > (14 73d)e’® for s € [0, t], which is obviously the case if « > 74de??".

Now define
vi(s,x) if1/2< x| <1
v(s,x) =14 vals,x) if1/6 < x| <

v3(s,x) if |x| < 1/6.

1/2,

Then v satisfies all the requirements in Proposition 2.17, and this gives an upper bound
on u. Because this is true for all small § > 0, we finally get for 0 < s <¢

exp(£LL=D) if 1/2
u(s, x) < | exp(&(8Ix|> — 8lx| — 3)) if1/6
exp($5 (1 — e 725) (1 — 36|x|2)—ﬂ) if 0 < |x] < 1/6.

From this, (2.23) and (2.24) follow easily. O
2.3. Near the critical set

In this section we analyze the heat kernel p¥ (¢, x, x) for x close to the critical set. We
show here that the heat kernel is exponentially close to the heat kernel of an harmonic
oscillator type operator on R¢ described in the introduction. Since the analysis is based
on the same ideas as in the away case, we will only point out the basic steps, leaving the
details to the reader.

Using integration by parts on the path space (see Corollary B.26 and Theorem B.19 for
details), we can write

py(t,x,y) =EV 0%, x,y, W], (2.25)

where @*(t, x, y,-) is Hom( /\y (M), \,(M))-valued Wiener functional with the prop-

erty that there exist a measurable map (¢, w) € [0, 00) X PR — RT. y(t, W) € R and a
polynomial P(z, o) so that with H,f‘ given by (2.4),

t
|, x, vy, w)| ns SRE (W) exp(/ HE (p(v,x,w)) dv) and
0

" PPt )
||Rm(t,w)“mwd)<[(le forallp>1,1t>0, x,ye M. (2.26)
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Moreover, if {r(w) =inf{r > 0: p(t,x,w) € I'}, x € I" and I C M an open set, then
the map @“(¢, x,y,-) on {¢r >t} depends only on the curvature, its derivatives and &
inside I".

We now fix ¢ € Crit, take ¢ to be the first exit time from B(c, 2r), and set

12t ) =BV [0, x, y. W), £ (p(.x. w) <1],
(o) =E™ (%, x, y. w). £ (p(x.w) > 1].

The next result describes the behavior of 1 fx\t, (1, ).

Theorem 2.27. There exist constants C1, Co, N > 0 so that fort > 0 and o > Cef,

alx|?

e’“(t a) <t~ /2aNexp< Cra — > forallx € B(c,r),ye M. (2.28)

Proof. We follow the same route as we did in proving Theorem 2.1. First, from (2.26),
a simple application of Holder’s inequality shows that for another polynomial P (¢, «) and
O0<n<l,

P(t. ) N ! 1/(1+m)
Iext(t a) < W{Eﬂx |:exp</ H:”’(p(v)) dv),{(p) < ti” ,
0

where H;"" is defined by (2.6). By (2.11),

P |:exp</H (v) ) Z(p) <t:| <u(t,x) foranyx e B(c,r),

where

¢(p)
u(s,x):E“)lfw |:exp</ H,f"n(p(v))dv>,§(p)<sj|.
0

Using a coordinate chart to identify B(c, 2r) with the Euclidean ball B(0, 2r), we have
2
H"(p)) = (1 +mad — (1+me?[p)|” forv<(p),
and u is the solution to the initial-boundary problem in (0, co) x B(0, 2r):

dsu(s, x) = %Au(s,x) + %(1 + n)(ad — a®|xP)u(s, x),
u(0,x)=0 forx e B(0,2r),
u(s,y)=1 fors >0, yedB(0,?2r).

Rescaling and using (2.24), one gets (2.28). O
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‘We now turn to the integral / }Cn; (t, ), with x € B(c, r). Using a coordinate chart near c,
we can identify B(c,2r) with the ball B(0,2r) in R4 and the metric with the Euclidean

metric on R?. Define 4. :R? — R by

ind(c) d

1 1
he(y==2 ) xj+5 Y,
j=1

k=ind(c)+1

Notice that the function & on M coincides with i, on B(c, 2r). The main point here is the
fact that the expression for / )‘Cmy (t, o) depends only on the curvature, its derivatives and the
function % inside the ball B(c, 2r). Now, we take the starting manifold to be RY, the Morse

function /., the operator O% on AR?) given by
0% = —A +o?|x|* — a(d — 2ind(c)) +2D* hess i,

and denote its heat kernel by [')‘Zf’ «(t,x,y). In estimating the heat kernel on the compact
manifold M we needed two important ingredients. One was the boundedness of the curva-
ture to justify (2.3), and the other was the exit time estimates (1.15) used in the proof of
Theorem 2.1. Both these key ingredients are available if we replace the manifold M by R?.
Indeed, the curvature is 0 and the estimates on the exit time in (1.15) are valid. Running
the same argument for the heat kernel f)‘z," (&, x, y) we see that the results in Theorems 2.1

and 2.27 hold true. Moreover, if x,y € B(0, r), the integral I )i(m. (t, @) corresponding to

. ,)/
P (t, x,y) is exactly 1"

(t, @). Consequently, we have
Theorem 2.29. There exist C1, Co > 0 such that fort >0, o > Cre©?,

alx|?

Ipg (. x, y) —p% (k. x, y)|| <792 exp(—Cla - T) forx,y e B(c,r). (2.30)
Therefore, (cf. (1.2) and (2.1)) there are K1, K2 > 0, so that fort >0, o > KyeK2t,

‘Q‘,f(t)— Z Trp? (¢, x, x) dx| < Kot~ (exp(— K 10?) + exp(—K)).

ceCritB(C’r)

2.4. The proof of the non-degenerate Morse inequalities

We are now ready to give the proof of the Morse inequalities.
Because

/\k (Rd) _ @ /\kl (Rd—ind(c)) A /\kz (Rind(c))’

ki+ko=k
0<ky <d—ind(c), 0<ky <ind(c)



1. Popescu / Journal of Functional Analysis 235 (2006) 1-68

and the Hessians of /. is diagonal, the representation in (1.8) yields

Trpg (¢, x, x)

ky+ko=k

25

2 t
_ Z (k1o —ind(©) g W |:exp<—% /|x + (o) ’2 da)s(w(t))},
0

0<k <d—ind(c)
0<ks <ind(c)

where § is the delta function at 0. The integral above can be identified with the heat kernel

of the operator %A — "‘—22 |x|2 on L2(R?), which, by Mehler’s formula, makes the expression

above equal to

dj2

Z ( o e @ tanh(t(x/Z)\x|2+tot(—k1+k2—ind(c))

1 — e 2t :

k1 +ka=k m( ¢ )

0<k; <d—ind(c)
0k <ind(c)

Taking the integral over B(0, r), and changing x — Wx, we get that

/ Trp?, (. x, x) dx = > exp(—atk; — at(ind(c) — k2))A(a)
ki+ko=k
0<k; <d—ind(c)
0<ky <ind(c)

B(0,r)

where

1 d/2 i
A(O[) = <7‘[(1——ew‘)2> / e dx.

B(0,r /o tanh(ree/2))

Because limy_, o A(a) = 1, the integral above tends either to O or 1. It tends to 1 only in
the case k1 = 0 and ky = ind(c) which is equivalent to k = ind(c). Taking the sum over all

critical points we arrive at the following theorem.
Theorem 2.31. For t > 0, limy_. o QF (t) = my.
From this and Theorem 1.3 we get
Theorem 2.32 (Non-degenerate Morse inequalities). For 0 < k <d,
mi —mi—1 + -+ (—=DFmo = b — by + -+ + (= 1)* by,

with equality for k = d.

(2.33)
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3. Degenerate Morse inequalities

Let i be a Bott—-Morse function on the d-dimensional compact manifold M with criti-
cal connected submanifolds {N;: 1 <i <[} such that Crit = Uf~=1 N;. By the degenerate
Morse lemma, for eachi =1, ..., [, there are v;-dimensional embedded vector bundles B;
in M endowed with a metric on fibers, vl.i -dimensional vector sub-bundles Bii C B; so that
Bl.+ and B, are orthogonal to each other, and open sets V; C M, such that N; CV; C B;
and

1
@) =h N+ (5[ =[5 [F) forzi e Vi

Foreachi =1,...,[,and z € B;, T,(B;) has a natural vertical subspace TZV(Bi), which
is identified with the fiber (B;),, where x is the projection of z onto N;. Naturally, one can
move the metric from (B;), to TZV(Bi). We will define also a horizontal subspace TZH(Bi)
which is constructed by a standard procedure using a vertical connection (i.e., a connection
on sections of B; which is compatible with the metric). Once this is done, we choose a
metric on N; and lift it to the horizontal subspaces TH(B;), therefore, by declaring the
vertical and the horizontal spaces orthogonal, we get a well-defined metric on 7' (B;).

Given the metric on 7T (B;), the Levi-Civita connection is a natural connection to work
with. Unfortunately the parallel transport with respect to this connection along curves in
B; does not preserve the horizontal and vertical subspaces. For this reason, we will define
the Bismut connection, whose parallel transport does preserve the horizontal and vertical
components and is more useful for fiberwise computations.

We choose a metric on 7' (M), so that on each T (V;) it is the metric on T (B;). Forr > 0,
set Crit, = {x € M, dist(x, Crit) <r} and A, = {x € M, dist(x, Crit) > r}.

In Section 3.2 we show that the Brownian motion on B; has a representation as the
parallel transport of the vertical Brownian motion along the Brownian paths on N;. In
Section 3.4 we discuss the heat kernel estimates, and give a comparison between the heat
kernel of the operators 0% and another operator computed in terms of the Bismut connec-
tion. Section 3.5 is dedicated to proving the Morse inequalities in the degenerate case.

3.1. Bismut’s connection on a vector bundle

In this section we will construct and analyze Bismut’s connection, as defined in [1], on
a vector bundle over a Riemannian manifold.

Let B be a v-dimensional vector bundle over a Riemannian manifold N of dimension
m with the projection map p: B — N.

Convention. We will use z to denote a generic point on B, x a generic point on N, and y
a generic point in a fiber of B. Thus, the point z will be identified with its corresponding
coordinates (x, y), where x = p(z), and y its identification as a vector in the fiber B;.

Assume that the bundle B has a smooth metric on fibers and a compatible connection
VV:T(N)x I'(N, B) — I'(N, B), where I' (N, B) is the set of sections in B. V" defines
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the notion of parallel transport TV of fibers along curves in N. Given a smooth curve
c:[0,a] — N and a point y € B, we define its lift, ¢:[0,a] — B starting at y by the
prescription

c(t)= (C(t)v TCVH(),;])’)-

Using this lift we define the lift of vectors in T (N) to vectors in T (B). For Xy € T, (N)
take a curve such that ¢(0) = x, ¢(0) = X, and its lift ¢ starting at y € B,.. Then the lift of
X, is defined to be

X" =¢0),

and is called the horizontal lift of X,. In fact if we choose a local coordinate system
{xizi=1,....m}on U CN and {y;: j=1,...,v} a trivialization of B over U and
determine T'} ; by

d d
v, e 3.1
(%)x 8}’/‘ l,j(-x) 8)’q ( )

where we used Einstein’s summation convention, then

3\ 3 . 3
<—> :<_> — YT 5 (3.2)
ax; ), ax; / ’ yp

Denote by TZH(B ) the space of all horizontal lifts from 7, (N) to T,(B) and by TZV(B)
the space of vertical vectors at z in 7;(B), i.e., the set of vectors in T, (B) tangent to the
fiber B,. Then

T.(B)=T(B)® T, (B). (33)

For a vector X € T,(B), we use X H and XV to denote its horizontal and vertical com-
ponents and we will identify these vectors with vectors in Ty (N), respectively By. For a
vector X which is already in either (B;), or T (N;) we will drop the superscript V or H
for their identifications with vertical or horizontal vectors.

Using the decomposition (3.3), we construct the metric on 7, (B) by lifting the metric
from T\ (N) to a metric on TZH(B), the metric on the fiber B, to one on TZV(B), and
declaring the spaces TZH(B) and TZV(B) orthogonal to each other.

We describe Bismut’s connection by describing the associated parallel transport. For a
curve ¢:[0,a] — B and Xg € T¢()(B), take c(t) = p(e(t)) and xH X(\)/ the horizontal
and vertical components of X¢. The parallel transport X; of X along ¢ is the vector
whose components X, X ,V are obtained by parallel transport in N along c, respectively
by vertical parallel transport along c. We set 13[0) nXo = X;. We will use the notation

Tg[t 0] for the parallel transport along the curve ¢ from c(z) to ¢(0).
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Definition 3.4 (Bismut’s connection on T (B)). For X, € T,(B), a curve ¢ such that
¢(0) =z, ¢(0) = X;, and Y a vector field along ¢, we define

d
VRY =—

B
7 Telre,01Ye(o)-

Proposition 3.5. If Y is a smooth vector field defined in a neighborhood of z, {(Fj)x: j =
1,...,v} is any basis in By, Y)y = Z;Zl fi(Fj)x is the representation of the vector YV
restricted to By, then,

VEY = Vi YT+ ViV + XY (rY), (3.6)

where X;’(YV) = Z;Zl X;/(fj)Fj. Moreover, VB is a covariant derivative which is com-
patible with the metric on T (B).

Proof. Using the definition of the parallel transport we have

B H H v v
et 01 e) = Tepir,01Ye(ry T Tepie,01 Y el (%)

with ¢ = p o c. Fix a geodesic ball B(x,r) in N and an orthonormal basis (E;)y, i =
I,...,m in Ty(N). We identify the fibers of B over B(r, x) with the fiber By by using
parallel transport along geodesics radiating from x. In particular the basis (F;), is naturally
extended to a section F; in the bundle B defined on B(x,r). Now we extend each (E;)y
to a vector field E; defined on B(r, x) by parallel transport with respect to the Levi-Civita
connection along geodesics starting from x. Notice that we can write Y =Y /* | g; E; +
Z;zl f; F;, for some functions g; : B(x,r) — R and f;: B(x,r) x By — R. Thus we can
write ¢(f) = (c(1), ¥ (t)), where y is the curve in B, with y(0) = [¢(0)]Y and

oo Yen =Y &i(c®)(Edey + Y fi(c®), v () (Fjew-
i=1 j=1

From this, taking derivative with respect to ¢ at 0, one gets (3.6). The compatibility with
the metric on B follows from (x) and the fact that both horizontal and vertical parallel
transports preserve the length of vectors transported. 0O

Define the vertical curvature by RV (X,Y)Z = VYyVYZ — VYVYZ — V}} ,,Z for
X,Y e T(N) and Z € I'(N, B). Set RY for the curvature of the Levi-Civita connection
vHon N.

Theorem 3.7.
(1) The torsion of the connection V® at z = (x, y) is given by
TBX,v)=RY (X" YRy forX,Y e T.(B), (3.8)

where y is interpreted as a vector in TZV(B).
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(2) The curvature of VB is given by
RB(X,v)Z=RU(X" YN ZH + RV (X", Y™)ZV for X, Y. Z e T.(B). 3.9)

(3) If N is compact and R™C is the curvature of the Levi-Civita connection V*C on B,
then, there is a constant C > 0 such that

IRECX.NZ|, < C(1L+1yP)IXLIYILZI, for X, Y, ZeT.(B). (3.10)

Moreover, for each n > 1, there is a constant C, > 0 so that for any X1, ..., X, X, Y,
Z eT;(B),

|(V)];1C ... (v}(ffl (V)];SRLC)(X, NZ)..)|,
<Cu(1+ |y|)2+"|X1 2o A X1 Xn | XY || Z) (3.11)

(4) The Laplacians (cf. Definition 1.4) on functions with respect to V® and V*C on B are
the same.

(5) If h: B — Ris given by h(z) = |y|2, then its Hessian (cf. Definition A.2) with respect
to either connection VB or V€ is

(hess; h) X, = 2X;’ for X, € T,(B). (3.12)
On forms (cf. Definition 1.4)

(D*hess; h)o! A oY =2deg(w) )0l Aw) ((3.12))

for any horizontal form w? and any vertical form a);/, where deg stands for the degree
of the form.

Proof. (1) and (2). It suffices to prove these for vertical and horizontal vector fields. For
this purpose, take local coordinates in U C N, a trivialization of the vector bundle over U
and the vectors aivy j=1,...,v,and (aix,-)H’ i=1,...,m, given by (3.2). The rest is a
straightforward cémputation and is left to the reader.

(3) First we show that for any coordinate system on N and a corresponding trivialization

of B there is a constant Cy; such that
|REC (X, V)Z| < Cu(1+ IyP)IXI|YI;1Z]; forzep '(U), X,Y,Z € T.(B).

H
z°

1,..., v, as the basis vectors for the space T (B). To simplify the writing we will index
them as Z,, « = 1,...,m + v. Consider F"x” L the Christoffel coefficients of the Levi-
Civita connection given by

Given a coordinate system on N, we take the vectors (%) i=1,...,m, %, j=
L J

LC ald
ViCzy=T1,27,.
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We study how these coefficients depend on y. For this purpose remember that

Lc 1 B
(Vi2p. 2,) = 5{2alZp. 2,) + 252,y Za) = Z,(Za Zp)
+([Za: Zp). Zy) — (25 Zy). Zo) + ([ Zy. Za). Zp)},

and so

1
5
Lop = E{Zagﬂ,y +Z2p8y.0 — Zy8a,p

+(Za: 2p), 2y) = (125, Zy), Za) +(12y, Za), Zg)} 27",
where gop = (Zo, Zp) and (g% )gj’fil is the inverse of the matrix (gaﬁ)Z’,E”=1~ We look at
the dependence on y of each term in the above sum. In the first place, one has to notice that
by construction, g, does not depend on y, and is a smooth function of x, thus the same
is true for g%#. Secondly, by (3.2), the vector field Z, is at most a first order polynomial
in y. Hence, if we write [Z,, Zg] = AIO”6 Z;, then, by, each coefficient A‘l)l/S depends linearly

on y. Hence, all 1:‘2 5 are first degree polynomials in y. Now,

RY(Z4, 25)Z,
= VIZ‘SVIZJ,EZy - V%EVIZSZV - V[cha,zﬁ]zy
= vgffgly Zon — vgfff;"y Zn— AlgV5CZ,
=Za(T,) Zn + 7§, V5 Zin — Z5(C, ) Zn — fg”yvgﬁczm — AlgT), Zs

= - 3 = - =1 I 16
= za(rg"y)zm + T, CanZs — Zg (rgly)zm — Ty TgnZs — Aggl), Zs, (%)

which shows that (R-C(Z,, Zg)Zy, Zs) is a second order polynomial in y with smooth
coefficients in x. Hence, there exists a constant Cyy > 0 such that,

(RYC(Za, 28)Zy, Z5)| < Cu (1 +1y1%).

Since N is compact, this implies (3.10). To deal with the estimates on the derivatives, first
observe that again, by compactness, it suffices to do this locally. We do this when the X;’s
are Z, . To carry this out, we apply induction and to pass from step n ton 4 1 we take n + 1
derivatives in (x) and use the estimates from step 7.

(4) On functions, we have AVBf = Z?Zl EE;f — (VgiEj)f, for any local ortho-
normal basis {E;: j=1,...,d}in T (B). Therefore, in order to prove that the Laplacians
are the same on functions, it suffices to check it for a particular choice of E;. Take a
basis consisting of either vertical or horizontal vectors. For such a choice we have that
VE/_EJ- = V]E/CEj, j=1,...,m+v.Indeed, because of

(VE-VE)r, z)= %{(TB(X, V), Z)— (TR, 2), X)+(T%(Z,X),Y)}, (3.13)
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and (3.8), we get
B LC\ 1 . _ 7B . N _
((VE, = VE,)Ej. Ex)=(T°(Ex. Ej), Ej) =0 fork=1,....m+v.
(5) We start by computing the gradient of the function 4 (z) = |y|* as
grad, h =2y. (3.14)

If X is a horizontal vector field at z, then (grad, &, X) = 0. Indeed, if ¢ is a curve on N
starting at x such that ¢(0) = p, X, and c its lift starting at y, then

=0

d
(grad, h, X) = Xh = —h(c(1))
dt t=0

d
= le@l’

=0

since ¢() is obtained by parallel transport and is of constant length in fibers. If X is a
vertical vector at z, then take its identification as a v € B, and consider the curve c(¢) =
y + tv. Then,

=2(y,v) =2(y, X),

d
(erad, h, X) = Xh = = h(e(n))
' dt =0

d 2
=— t
dt|y+ v|

=0
hence (3.14). Returning to the Hessian, we have by definition,
((hessz h)X,Y)= (V}% gradh,Y) and <(hessVLC h)X,Y)= (V)L(C gradh, Y)

and by (3.13), the difference between these is
1, B 1, B 1, B
E(T (X,7), gradh) — E(T (Y, grad h), X) + §<T (gradh, X), Y).

Since gradh is vertical, the last two expressions are zero. Now (TB(X,Y), gradh) =
(RV(XH, YH)y, y) which is 0 because of the skew-symmetry of RY. Moreover, by
Viuy =0 and (3.6) we get

((hess™" h).X..Y.) = (VE gradh, ;) =2(VE y. V.) =2(xY (7)., ¥2) =2(x}. Y2
The rest is straightforward. O
3.2. Frame bundle and Brownian motion
3.2.1. Orthonormal frame bundle
In this section we first discuss the orthonormal frame bundle over a complete Rie-

mannian manifold endowed with a compatible connection. We then specialize to the vector
bundle case and show how the Bismut connection is manifested there, in particular we
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prove Proposition 3.21, which is the key ingredient in the representation of the Brownian
motion given in 3.24.

Assume M is a d-dimensional complete Riemannian manifold endowed with a compat-
ible connection V. The orthonormal frame bundle is given by

OM) = {f=(x,e(x)), e(x) = (ey,..., eq) orthonormal basis of Ty (M)}.

7w :O(M) — M stands for the canonical projection given by 7 ((x, e(x))) = x. Fixing an
orthonormal basis in RY, we can naturally identify f with the isometry from R onto
Tr(r)(M) sending the basis from R into the basis {ei: i=1,...,d} in Ty (M). For
0 € 0(d), we define Rp : O(M) — O(M) by

(RoD(E) =f(08), feOM), & R

For a in the Lie algebra o(d) of O(d), we define A(a) € T;O(M) by

d
)L(a)f = ERexp(la)f 0-
t=

Set ViO(M) = {A(a)j; a € o(d)}, the vertical subspace of TO(M). This subspace is
canonically defined and is independent of any connection.

Given a compatible connection V, we construct a complement of the vertical subspace
in TO(M). For the case of the Levi-Civita connection this is described in [8, Chapter 8].

Using the parallel transport with respect to V, one can define the horizontal lift to
fe 7~ Yc(a)) of the smooth curve ¢ € [a, b] — ¢(z) € M to the smooth curve ¢ € [a, b] —
c(t) = (c(t), e(c(t))) € O(M) starting at § such that the frame e(c(¢)) is obtained by paral-
lel transport of e(c(a)) along ¢ [ [0, ¢]. For a vector X, € T, (M), take a curve ¢ such that
c(0) =x,¢(0) =X, cits lift to | € 77 (x), and set $; Xy = ¢(0). This is a well-defined
notion, in the sense that the lift of X, depends only on X, and not on the curve c¢. Now
define HfVC’)(M ), the subspace of horizontal lifts at f. The following decomposition holds

TO(M) =H O(M) & ViO(M).
We denote by XH and XV the horizontal and vertical components of the vector X given by
this decomposition.

The canonical vector field ¢V (6)j is the horizontal lift to f of f&. The V-Bochner Lapla-
cian is

d
Ay =) €V(e)),
j=1
for any orthonormal basis {e;: j=1,...,d}in R?. For f € C2(M) we have

AV f =AY (f om). (3.15)
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Orthonormal frame sub-bundle. An interesting situation arises when we take the mani-
fold to be the bundle B with the Bismut connection VB constructed in Section 3.1. In this
case we define the sub-bundle O™V (B) of O(B) by

O™ (B) = {f=(z.€'(2). ¢"(2))}.

with ¢’(z) = (e, ..., e;,), an orthonormal basis of TZH(B) and €”(z) = (¢}, ...,e}) or-
thonormal basis of TZV(B). Recall that m is the dimension of the base space N and v is
the dimension of the fibers of B. Taking orthonormal bases in R” and R" and the corre-
sponding natural orthonormal basis in R? =R™ x R”, one can interpret f € O™Y(B) as an
isometry from R? into T (B) which sends the orthonormal basis of R” into an orthonormal
basis of TZH(B) and the orthonormal basis of R" into an orthonormal basis of TZV(B).

In terms of principal bundles, the structure subgroup of O™V(B) is the subgroup
o(m) x o(v) of o(d), and so the vertical subspace Vth"’(B) is the subspace {A(a)s; a €
o(m) x o(v)}. Due to the fact that the parallel transport with respect to Bismut’s connection
preserves the horizontal and vertical subspaces 7H(B) and 7'V (B), the horizontal subspace

H)-,VB OMY(B) is the same as the horizontal subspace H‘.,VBO(B) atany f € O"V(B). Thus,
T (B) =HY O(B) ® V;O™"(B).
We denote XH, XV the horizontal and vertical components of the vector X given by this
decomposition.
The canonical vector field €V (£) is given at { by the horizontal lift to § € O™"(B) of f&.
The o(m) x o(v)-valued canonical 1-form w:TO"Y(B) — o(m) x o(v) is given by the
prescription

a)(%f) =a,

where a € o(m) x o(v) with A(a); = 3{;/ Otherwise stated, this is completely characterized
by the relations

w(ra))=a and o(€V(E);)=0 foraeo(m)xo(v), &eR™.
The R?-valued canonical 1-form 6 : TO™Y(B) — R? is given by
0(X) =f" (m.Xy).
We have for any vector X € T O"Y(B)
xX=¢Y(00); + M), (3.16)
For X,9) € TOMY(B) the torsion form is defined by

7(x, ) =x%0(") — 9o (xM) —o([x", 9M]) (3.17)
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and the curvature form by
R, D) = —o([x", D)) (3.18)
Note that these definitions depend only on the values of X, %) at f.

The relationship with the usual torsion and curvature tensors on B is the following. If
X,9) € T{O™(B), and Z € Ty(j)(B), then

TP (1%, 1.2) = (T (X.9)) (3.19)
where TB is the torsion of the connection VB,
RE(. X, m ) Z = {(R(X, D)f ' Z) (3.20)

where R is the curvature of the connection VE. For a proof of these, see [4, Chapter 3,
Theorem 5.1].

Proposition 3.21. If £ € R™, 5 € RY, then [€V" (£), ¢V" ()] = 0.

Proof. Using (3.19) (3.20), (3.8) and (3.9), one gets that 7(¢V" (¢), "' (1)) = 0 and
R(EV" (&), €V’ (i) = 0. By (3.17), (3.18) and the fact that 0(€B(&)) = £, 6(€B () =1,
one obtains

o([e" ©), eV’ ]) = —T (" &), e"" () =0.

In the same way,

B B B B
o([€7 ), €V ]) = —R(e¥ ), " () =0,
and the conclusion follows from (3.16). O
3.3. Parallel transport and Brownian motion

In this section we discuss parallel transport notions along Brownian paths. The first
case is for a complete Riemannian manifold with a compatible connection which has the
same Laplacian as the Levi-Civita connection. We specialize this to the case of a vector
bundle endowed with the Bismut connection and prove the representation of the Brownian
motion given in Proposition 3.24, as the parallel transport of the vertical motion along the
horizontal motion.

The general setup is the following. The manifold M is a complete Riemannian manifold
with the growth condition on the Ricci curvature of the Levi-Civita connection

(RictC X, X,) > —C(1 +dist(x, 0)?)|X,|* for Xy € T (M), (3.22)
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where o is a fixed reference point and C > 0 is a constant. We choose a connection V which
is compatible with the metric on M. Our main assumption about V is that on functions, the
Laplacian AV is the same as the Laplacian AMC for the Levi-Civita connection.

When the connection V is the Levi-Civita connection, in Section 1 we defined
w e P(RY) — p(-,f,w) € P(O(M)), and its projection p(t,x,w) = mp(t, f, w), where
fe 7~ 1x. The distribution of w — p(-, x, w) is the Wiener measure on M and the parallel
transport along Brownian paths is given by

Tp(,x,w) 0,01 = P, w)f L.

Given the connection V on M, we can define a map w € P(R?) — pV(-,f,w) €
P(O(M)) so that for any piecewise smooth path w € P(R?),

BY (@ fow) =€V (WD) v iy Withp (0.F. W) =1, (3.23)

As in the Levi-Civita case, one can extend pv(-, f, w) to almost any W, path w € PRY).
The only concern is the explosion.

We show that almost sure there no explosion. To this end, first define pV (¢, x, w) =
npv(t, f, w) if x = 7 (). The distribution of the map w — pv(~, f, w) is the solution to the
martingale problem of AIY starting at §. From (3.15), one deduces that the distribution of
the map w — pV (-, x, w) is the solution to the martingale problem starting at x associated
to the operator AV Since AY = ALC, it follows, from the uniqueness of the solution to
the martingale problem and the non-explosion of p(-, x, w), that the distribution of w —
pV (-, x,w) is /LQ’I, hence, pV (-, x, w) does not explode.

Therefore, pY (z, f, w) is well defined for all r > 0. We define the parallel transport along
the path p¥ (-, x, w) by

\Y .V —1
Tp¥iaamon =P @ H W

Since the distribution of w — pv(-, X, W) is /LQ’I , this shows that the parallel transport is
well defined along ,u,fc” almost any path p € P(M).

For the case of a vector bundle B endowed with the Bismut connection VB, we point
out that for any f € O™V(B), and any piecewise smooth w € P(R?), the uniqueness of
ordinary differential equations guarantees that pVB (¢, f, w) lives in the sub-bundle OMV(B).
Hence, pVB (¢, f, w) lives in O™Y(B) for any f € O™Y(B), t > 0 and W,-almost any path
w e P(RY).

For a given f € O™V(B) and a piecewise smooth path w = (W', w’) € P(R") x P(R"),
where m is the dimension of the base manifold N and v is the dimension of the fiber of B,
we set

PR wW)=p" (L F WL 0) and pYCL W) =p" (L (0, W).

Notice that pP(-, f, w') is the solution to a differential equation involving only the canon-
ical vector fields ¢V° (&), £ e R™ and p" (-, f, w”) is a solution to a differential equation
involving only the canonical vector fields eV’ ), neR".
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Now, invoking Proposition 3.21, and the non-explosion of pVB (-, f, w), one can prove
that ([8, Section 3.4.2] for a more detailed discussion)

PG Fow) = PG R w) and PV, W) — R W)
and
PV (1 (WL W) = (1 (L W), W) = PV (1 R L L W) W),
If fe 771 (z) c OMY(B), we set

PV W =apY oW, PG w) =aph (LR W),

p oz, W =mp¥ (-, f,w).

We say that pVB (t, z, w) is the Wiener process or the Brownian motion on B starting at z,
while p(r, z, w') and pY(z, z, w’) are the horizontal and the vertical Brownian motions on
B starting at z.

Next we want to identify the horizontal and vertical motions. Given the horizontal
and vertical motions, we can define the parallel transport along them. For f € 7~!(z) C
O"V(B), the natural choice is the following

B h Ng—1 B yg—1
Tph(,’z’w/)r[o’t] :p ([, fs W)f and Tp"(~,z,w”)[[0,t] :pv(tv fvw )f .

As the name suggests, the horizontal Brownian motion ph(', z, W) should be the Brownian
motion on the base manifold N if z € N. And this is indeed the case since for a piecewise
smooth w' € P(R™),

-h N _ B ./ . h N
pit,x,w)= Tph(-,x,w’)r[o,z]fw (r) with p"(0,x,w)=ux,
PN X, W) =T, cwh10.0fW (1) with py(0,x, W) =x,

where py (-, x, w') is the corresponding map constructed for the manifold N and t stands
for the parallel transport with respect to the Levi-Civita connection there. Because of the
definition of the parallel transport with respect to the Bismut connection and uniqueness
of the solution to ODE’s, it follows that p"(z, x, w,) = py(t,x, W) and p"(t,x,w') =
pn(t, x,w') for W, -almost any path w’.

A similar argument works for the vertical direction. Namely, given a point z = (x, y),
identify the fiber B, with R” using { € 7~ !(z) ¢ O™V(B). Then, one can prove that
p¥(t,z,w") =y +w" for W,-almost any path w”.

The next step is to elucidate what happens with the horizontal motion which does not
start at a point on the base manifold N. For this purpose, for a given vector XV € B, we
define the vertical parallel transport of XV along the Brownian motion on the base by

v V_ _B v
Ton ) 110.0%X = Db ewy o X -
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Notice that this is consistent with the definition for the case w’ is a piecewise smooth path.
At this point one can check that

ph(tv va/) :T[YN(',X,W/)F[(),t]y fOrZ: (.X, y)v

where y is interpreted here as a vertical vector. This can be seen by first checking it for
piecewise smooth paths and, by approximation, for almost any path. This representation of
Pz, z, W) says that the horizontal Brownian paths starting at 7 are obtained by vertical
parallel transport of y along the Brownian paths on N.

We summarize in the following proposition.

Proposition 3.24. The distribution of w — pVB (-,z, W) is uf. Moreover, using | €
771 (z) Cc OMY(B) to identify B, with R, then we have

vB \Y
p (t’ Z, W) = (pN(3 X, w/)v tpN(-,X,W’) [[0’[] (y + W//(t)))
3.4. Heat kernel estimates

In this section we turn to the analysis of the heat kernel of operator O0“. In the non-
degenerate case, the main idea was to show that the heat kernel of O is close to the heat
kernel of an harmonic oscillator operator. The situation here is complicated by the fact
that the geometry near the critical submanifolds is not flat as it was in the non-degenerate
case. Thus, the flat Euclidean space, where the harmonic oscillator was defined, must be
replaced here by the non-compact bundles B; near each N;.

Recall that

0% = —A + o?| grad h|> — a Ah + 20 D* hessh — D*R, (3.25)

where R is the curvature of the Levi-Civita connection on M. The first step is to show that
the heat kernel p} (¢, z1, z2) decays exponentially as & — oo when z; or z; is away from
the critical set.
Now on each /\ (B;) we define the operator
0% = —AP + o?|y]* —a(v; —v]) +2aD*hessh — D*RY (3.26)

where AP is the Laplacian on forms on B; with respect to the Bismut connection VB, RH
is (see (3.9)) the curvature of the Levi-Civita connection on N; extended to 7H(B;) and

o
hz) = §(|y+|2— Iy 1), (3.27)

p;(’“ (t, z1, zo) will be the heat kernel of %Df‘ on k-forms. For z1, 72 near N;, our main goal

is to compare p{ (¢, 21, z2) with pﬁ(’“ (t, z1, 22).
Set B(N;,r) ={z=(x,y) € B;: |y| <r} C Bj, the ball bundle of radius r around the
critical submanifold ;.
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In this section, the manifold we are working on is either the original manifold M, or one
of the bundles B;, and the function % considered is either the original function on M or the
function / defined by (3.27). To deal with both situations at the same time, we introduce
and study operators of the form

d
L£%=—AY +a? gradh|> — a Ah + 20 D* hess h + Z AI(E))VE, + Ay, (3.28)
j=I

where the obvious components satisfy:
(1) The connection V:

(a) compatibility with the metric of the manifold,;

(b) V-Laplacian on functions is the same as the Levi-Civita Laplacian;

(c) the Hessian of the function & with respect to the connection V (cf. Definition A.2)

is the same as the Hessian with respect to the Levi-Civita connection.
(2) In the notation introduced in (3) of Definition 1.4

Ay =D*S and A, =D*T

where S is an odd tensor and T is an even tensor with the condition that (A1),(X;) is
skew-symmetric for z € M, X, € T.(M).

Denote by pkﬁa (t,z21,22): /\1;2 (M) — /\];1 (M) the heat kernel of the operator %L‘” act-
ing on k-forms. Using Proposition C.5 and Lemma B.24, one knows that there is a constant
C > 0 depending on A| and A; so that for any t > 0, o > 0,

t
IpE" (t, 21, 22)|| < "BV [exp( f H(p(v,z1,W)) dv)azz(pa,m,w))], (3.29)
0

where
o o? 2 o
H*(y) = == [grad k()" + S AR ) +af ()
and f is a smooth function satisfying

f(z)=v; for zclose to the critical submanifold N;,

—hesszhl/\if(M) gf(z)ld/\?(M) foranyze M, k=1,...,d. (3.30)

If the manifold is B;, we can choose this function to be f(z) =v; .
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Set

t
P, 21, 20) = BV |:exp</ H“(p(v,z1,w))>6z2(p(t,zl,w))]. 3.3D
0

The first result of this section is the following.

Theorem 3.32. For small enough r > 0, there exist C{ = C1(r) >0, C, = Ca(r) > 0 and
C3 > 0, such that for t > 0 and o > C1e€V,

Po(t, 21, 22) <t~ 22 (exp(—Cata?) + exp(—Ca)),  for (z1,22) € Ar X M.

Proof. Because the proof is just a repetition of the argument we gave in the non-degenerate
case, we will only point out the main steps. Using integration by parts on pathspace and
Holder’s inequality, one can show that there is a polynomial in P («, ), such that for 0 <
n<1,for(z1,z2) € Ay x M

Pat) | ; 1/a+n
P*(t,z1,22) < W{EMZI |:exp</(1 + U)H“(p(v)) dv)]} .
0

Next, we need to estimate

t
q*(t, z) = E* |:exp</(1 + ) H* (p(v)) dv)]. (3.33)
0

As in the non-degenerate case (cf. Theorem 2.9 and its proof), we use the Markov property
to segregate the contribution from the paths which stay away from the critical set from that
of paths which stay close to the critical set. The only difference from the non-degenerate
case comes from the contribution of the paths staying inside a neighborhood of a critical
submanifold N;. We replace here the balls around the critical points used in the proof of
Theorem 2.9 with the ball bundles B(N;, r), and the corresponding function u there with
u:[0,00) x B(Nj,r) — R given by

¢(p)As

ul(s,z) = / exp( / (1+n)H“(p(v))dv)M§” (dp).
0

with ¢ the exit time from the ball bundle B(N;, r). Since when r is small enough, for any
2€ B(N;, ), h(z) = 5(IyT 1> — [y™[?), we get (cf. (3.12))

2 .
H*(p(v)) = (—"‘7|pv<v)|2 + %) for v < £(p).
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At this point, we identify the fiber (B;)y, with RY, and then use the representation of
the Brownian motion on the bundle B; given by Proposition 3.24, which, because parallel
transport is an isometry in fibers, yields

LWAs

2 ,
M%[(S,Z):MZ(S,_)/)ZEW\’I' [exp( / (1+T})(_%|y+w//(v)|2+%)dl})}’
0

where ¢ becomes the exit time from the ball of radius » in R". From here, the argument
runs the way it did in the non-degenerate case. 0O

This result gives the exponential decay of P in « when one of the points z; or z3 is
away from the critical set.
When z; and z; are both close to one of the critical submanifold N;, set

t
2
- o atv;
PE(t, 21, 22) = EM [exp(_T / i +w's)|*ds + T>5 (p(t. 21, wﬂ} (334)
0
where w” stands for the Brownian motion starting at 0 on the fiber (B;)y, identified

with R". Then we have the following result.

Theorem 3.35. For small enough r > 0, there exist C{ = C1(r) > 0, Co = C2(r) > 0,
C3 > 0, such that fort >0, o > C1e%, and 71,720 € B(N;, r) (cf- (3.31)),

2
|79°‘ (t,z1,20) — P{(t, 21, zz)| <1742 exp(—acz — a%). (3.36)

Proof. The proof is based on the same idea outlined in Section 2.3. Using integration by
parts on the path space (cf. (B.26)), write

P(t,21,22) =B [0 (1, 21, 22, W)],

where ®%(t, 71, 22, +) is Hom(/\Z2 (M), /\Zl (M))-valued Wiener functional with the prop-

erty that there exist a measurable map (7, w) € [0, 00) x P(R?) — RZ ., (t,w)eRanda
polynomial P (¢, o) so that

t
||<D°‘(t,z1,zz,w)||H'S SRg‘l’zz(t,w)exp</H“(p(v,x,w))dv) and
0

s4P(t, @)

IR €W oy < — a7 —

21,22

foralls > 1,7>0, z1,22 € M.

Take ¢ the first exit time from B(N;, 2r) and set
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Izelx,tzz(t»a) = EWd [¢Ot(t’ 21532, W)s ;(p(» 21, W)) < t]’

(e, 0) =BV [@%(t, 21,22, W), ¢ (P21, W) > 1]

As in Theorem 2.27, there are constants C1 = C1(r), Cy = C2(r) > 0 so that for any
t>0,a>Cre,

_ alyi?
Izelezz(t,a) <1742 exp(—Cla — T) (%)

The proof of this is basically the same as the one for Theorem 2.27, the only differ-
ence is that we replace the ball B(c, 2r) there with B(NV;, 2r) here and the corresponding
function u there has to be replaced here with

¢(p)
u‘,’,’(s,z):]E“y |:exp( / (1~|—77)H°‘(p(v))dv>,§(p)<s:|.

0

Identifying the fiber (B;), with R" and using the representation of the Brownian motion
on the bundle B; given by Proposition 3.24, and the fact that the parallel transport is an
isometry on fibers, we get that u‘,’; (s,2) = u%‘(s, y), with

cw"
2 ,
u%’(s,y):EWv,- |:exp( / (1+’7)<_%})’+W”(v)|2+O%)l)dv),g“(w")<s:|,
0

where now ¢ is the exit time from the ball of radius 2r in R". From here, the rest goes as
in the proof of Theorem 2.27.

Now, we turn to the integral ;™ (o). The main point is that this integral can be computed
also as the integral coming from the quantity 7519‘ (cf. (3.34)). One can see this by replacing
the manifold M with the manifold B;, the function 4 with the function h, and write P as

the sum of I_Zi?fzz (t, ) and I_Zel"fzz (¢, «). The same exponential decay holds for i;f(,tzz (t, o) as
in (%), while the factors @%(z, z1, z2, W)’s in the expressions of 7™ ,(t, o) and It (1, ),

21,2 71,22
are equal (cf. (B.19)). The rest follows. O
Next we want to estimate ?2“ (t,z1,22)-

Proposition 3.37. If pn, (t, x1, x2) is the heat kernel of the Laplacian acting on functions
on the submanifold N, then

_ o vi/2
Pi(t, z1,22) < pw (l,xl,xz)<m)

o coth(ta) b [y11ly2] 2
it it - . 3.38
X eXp< > (Iyll cosh(ra) + 12 (3-38)
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In particular, there is a constant C(t, N;) depending only on t and the submanifold N; so
that for all a > 0,

PE(t, z,2)dz < C(t, Ny). (3.39)
B(Nj,r)

Proof. Recalling the representation of the Brownian motion given by Proposition 3.24,
one can prove that for a compactly supported function f: B; = R,

fﬁf(r,zl, u) f(u)du

B

_ﬁ t /()12 arv;
:IEWd[e = Jo I1+w' () ds+= f(pr(t’xl’wl)’T;/Ni(.,xl,w’)r[o,z](yl —I—W”(t)))]

:EWd7U[ [ / Q‘ly(tv ylvé)f(le (t,.xl, W/)yT;]Ni(.’xl’w’)r[o’[](g)) dé}
(Bi)xl

. N 2 .
where QF(t, ¢, &) is the heat kernel for the Hermite like operator %A - % yI>+ % on

RV, To get the estimate for 75:" (t,z1, 22), we will estimate Q;’ (t,¢,&) when £ is near yj
and then we will replace f with an approximation of §_,.
We can use the formula (see for example [10, p. 390])

U,'/2
Q¥ (1, 0,8) = <L> exp(—&h(”‘)(m2 - 2“—5)) + |§|2)), (3.40)

(1l — e—2te) 2 cosh(ta

to show that, for any & € B(y», €),

" o l),‘/2
Qi (t,y1,6) < <m)

a coth(t) 2ly1l(y2] +€)
xexp| ——————( Iy1]> = =+ nml? —elyl —€*) ).
2 cosh(ta)

In particular, if f > 0 has support in B(z3, €), then, by the fact that the parallel transport is
an isometry in fibers, we have the inequality

/ﬁ?(z,zl,u)f(u)du

Bi

Ui/2
Wa—y; o
SE™ |: [ f(pNi (t, x1, W/)’ T[YN,« (~,x1,w/)F[0,t]($)) dé—'{l <7T(1 _ e2ta)>

(Bi)xl

a coth(t) 2ly1l(ly2] +€)
xexp| —————( Iyi]> = =+ m? —elyl —€*) ).
2 cosh(ta)
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Now, we choose a geodesic ball centered at x; in N; and identify the fibers of B; with
(B;)x, by parallel transport along geodesics in N; radiating from x;. Then, we can choose
a smooth compactly supported approximation f,/ of 8,, in the fiber (B;)x, and we extend
this in an obvious way to nearby fibers. Next we choose an approximation f,fl with support
in a small neighborhood of x, for 8., on N;. Finally, if one takes f,(x,y) = f,f‘ @) Y
in the above inequality, after letting n tend to infinity and then € to 0, one gets (3.38). To
prove (3.39), one has to integrate (3.38) and make a change of variable. O

Now we will carry out the program outlined at the beginning of this section, namely the
comparison of the heat kernels of 0% and Of . Before stating the next result, we introduce
the following notation. We define

/\Zsﬂﬁ,qi(Bi) = /\q(T(Bi)?) /\/\Z+(Bi+) /\/\Zi(Blf),

and observe that there exists the following natural decomposition

Ner= @ A e (3.41)

g+q*+q =k
0<q <dim(N;)
0<gT <" 0<g~ <

Since B; = Bl.Jr @ B;, the Bismut connection on B; is the direct sum of the Bismut
connections of Bi‘|r and B; . Moreover, because the Bismut connection of B; preserves
the horizontal and vertical subspaces of T(B;), the operator OY, and consequently its

heat kernel, preserve the spaces /\g’qu”f (B}). If k =q + g + q—, we will denote by
pi’q‘qur (1 21.22) the restriction of the heat kernel pz’“ (t,z1,22) to /\‘Z”q+’q_ (B;).
The main result is contained in the following theorem.

Theorem 3.42. For every t > 0, there exist constants C1 = C1(r) > 0 and C»(t) > 0, such
that for a > C1e€V,

!
/Trpi‘(t,z,z)dz—z / Trpl(}{“_ui_’o!v;)(t,z,z)dz <rCy(t). (343)
M =lgN;,r)

Proof. The proof of this result in given in several steps, and each step will involve a com-
parison of heat kernels of various operators.

Assume rq is a number so that B(N;, 4rg) C V;. Choose a cut-off function ¢ : M —
[0,1] on M which is 0 outside | J'_,; B(Ni, o), i =1,...,1, and 1 on U'_, B(Ni, ro/2).
For small enough r > 0, define

or(zi) = go(x,-, &) for z; close to Nj;, (3.44)
r
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and the connection V" on M by
V' =@, VB + (1 —¢,)VEC. (3.45)

Notice that (cf. Theorem 3.7(4)), the Laplacian on functions of this connection is the same
as the Laplacian on functions of the Levi-Civita connection and (cf. (3.12)), the Hessian
of the function A is the same as the Hessian computed with respect to the Levi-Civita
connection. Now set

SN dV',ahSV’,ah + avr,ahdvr,ah
where the operators dV"eh and V'@ are defined in (A.0). From (A.5), we have

o4 = — AV 4 o?|gradh|? — a Ah 4 2ahessh + D*RY
d
+or Y _(TP(E}, Ev), E|)E Nig VE,,
Jik,l

where RY' is the curvature of the connection V" and T8 is the torsion of the Bismut
connection.

The next observation is that, by combining (A.1), (3.13) and (3.8), one can prove that
there is a constant C > 0 such that for any form w and « > 0,

(@7 —a)o| <rCorlo] and |(6¥ " =8 )o| <rCerlel.  (3.46)
Now we define ¥ on B; by

0% = —AB 4 | gradh|> — a AR + 2 hessh
d
+ D*R® +¢Z<TB(Ej,Ek),El)E;f Nig V. (3.47)
Jok,l

where AB, TB and RB are the Laplacian on forms, the torsion, respectively the curvature
of the Bismut connection on B;. Notice that both of &*” and O¥ are in the form (3.28),
therefore inequality (3.29) holds (eventually with a different constant C) and one can get
upper bounds on their heat kernels on forms using Theorems 3.32, 3.35, and 3.37. Because

the operator &Y leaves the spaces A7 447 () 1nvar1ant so does its heat kernel. We

will denote by p (q
g+qt+q.

The proof of the theorem will be given in three steps. First, we compare the integral
of the traces of the heat kernels for 0% and &%”. Second, near the submanifold N;, we
compare the heat kernels of &%” with the one of &, At last, we compare the heat kernel
of &¥ and O; on B;.

o+ .q— (1 21, 22), the restriction of pk (t z1,22) to AT AR (B;) if k =
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Claim 1. For every t > 0, there are constants C1 = C1(r) > 0 and C(t) > 0 so that for
a>Cre€l,

<rC(). (3.48)

'/Trpg(t,z,z)dz—[Trp,?a’r(t,z,z)dz
M M

Proof of Claim 1. Using standard arguments, one can show that

o0
/Trp%(t, 2,2)dz =Tre "Tk/2 = Ze—t/\j(a)/{

M j=0
o
/‘Trp;?a'r(t, z,2)dz =Tre "(©“/2 = Z(f“.’/ @/2
M j=0

where A;(a) and A’/. (o) are the eigenvalues, arranged in non-decreasing order, of the

operators %7 and O% acting on H 2, the completion of /\k (M) in the norm [lull2x =

Jldull s + lul7,.

For any operator which is bounded bellow, the min—max formula gives

rj(Ly= " inf maX{/((LM)(Z),M(Z))dZ ‘ ueV, |ull= 1}, (%)
VCH,
dim(V)kzj M
where || - || is the L2 norm of sections in L2(AX(M)). From

(O%u, u)= |a’o’hu’2 + |8°‘hu|2 and (0w, u)= }dvr""hu|2 + |8vr'“hu|2,

and the elementary inequality,
(@457 = (2 +d*)"?|<la—cl+|b—d| fora,b,c,d real numbers,
we get
(O, u)? = (0%, u)' P < |d¥" " — d®u| + 8V u — 5% u],
which combined with (3.46) give
(0% u,u)'? = (0%, u) | < rClul.

Hence, () now implies that for any o > 0,

’ fil @) = /1 (@) ’ <rC.
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Now, for f(a) = e’“2/2, one has | f/(a)| < 1 and then |e"’2/2 — e’bz/zl < |a — b|, which
implies that for x, y > 0, e ™ —e™Y| < |/x — \/§|(e’x/2 + ¢7¥/2). From this, one gets

o]

9]
Ze—m,(a)/z _ Ze—n\;w)/Z

j= Jj=0

<rC i(e—m_,- (o) /4 + e—n\§ (oz)/4)
j=0

:rC</Trpﬁ(t/2,z,z)dz+/Trp,?a‘r(t/2,z,z)dz),

M M

which combined with (3.29), (3.32), (3.35) and (3.39) ends the proof of the claim. O

Our next step is to compare the heat kernel for &% with the heat kernel of the operator
<>i on Bi.

Claim 2. There exist C1 =C1(r) >0, Co =Car(r) >0, C3=C3(r) >0 and C4 > 0, such
that for t > 0 and a > C1e€"?,

[0 (.21 22)]| <1720 (exp(=Cata?) + exp(=Ca)  for (z1.22) € Ay x M.
Ipg™ (¢ 21.22) — p,?? (t,21,22)

2
< t=2pCa exp(—aCz — a%) forz1,z20 € B(N;,r).

Proof of Claim 2. The first part follows from (3.29) and (3.32). The proof of the second
part is based on the same ideas as the ones in the proofs of Theorems 3.32 and 3.35. Using

a o
integration by parts, one can write the heat kernels p,?’ (t,z1,22) and p,?i (t,z1,22) as
regular integrals (i.e., without the delta functions). Then, split the resulting integrals into
the ones on paths leaving B(N;, 2r) before time ¢, and the others on paths staying inside
B(N;,2r) till time ¢. The integrals over paths which leave decay exponentially. On the
other hand, since near B; the connections V' and VB are the same, the other two integrals
are equal, and from this the second part follows. O

Next we compare the heat kernel for the operators % and O on B;.

Claim 3. There exists a constant C > 0, independent of r and t, so that for any t > 0 and
a > 0 (cf. (3.34)),

. _ _ o PP _
if 0<q® or g <v, B i,z z)| < T TP 2y ),

. - - q,0,v;” oY i)
if q"=0 and g~ =v7, on NN B, 2 =R, (0 21,2).

(3.49)
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i ’
and the Hessian on /\;’"ﬁ”’_ (B;) is the multiplication by (g™ — ¢ ™). Therefore the first
part is a consequence of Proposition C.5 and the definition of 7519‘ (t,z1,22) in (3.34).

For the second part, we show that the operators O and O are the same on

,0,v;” . . . . .
Z u (B;). This amounts to verifying two claims. The first one is that the action of

Zl‘;’k’l(TB(Ej,Ek),El)E}’.‘ AigVE in (3.47) on ALY (By) is 0, and the other is

Proof of Claim 3. The first part follows from the fact that the Laplacian of  is vl.+ —v

. L0,
that the actions of D*RB and D*RY are the same on /\Z i (B;). To see these, one

has to use (3.8) and a choice of the basis {E;: j =1,...,d} containing only vertical
or horizontal vectors. Fix a point z € B;, a horizontal basis {Fi: k = 1,...,dim(N;)},
in a neighborhood of x, and a vertical basis {F]i: j=1,..., vii} in a neighborhood

. 0,07 . . .
of y. Then every form in /\Z i (B;) can be written as a linear combination of forms
w= fF,j‘1 A A F,:I ANFEDFAN-A (F;__)*, where f:B; — R is a smooth function.
Now, the term (TB(EJ, Ey), E;) is non-zero only if E; and Ej are horizontal and Ej is
vertical, in which case, (3.6) and the fact that FJ’F Nif, Vg_a) = 0 imply the first claim.
1

For the second claim one has to look at the formula that gives the curvature of the Bismut
connection in (3.9) and observe that

dim(N;)
D*RPw= Y (RM(F; F)F. Fu)(F} Ain)o (F Air,)o
J.k,l,m=1
dim(N;) v
+ 2 RV FOFT EINES Ain) e (F) Aips)o
Jk=1 l,m=1
dim(N;) Vi
+ 2 DR FOFT )] i) o (F7) AigyJo
Jk=1 l,m=1
= D*RYw,

where the second line above is 0 (there is no part involving FT-vectors in @) and the third
line, ((F;)* A iF’;)a) is non-zero only if [ = m, in which case (RV(E,-, FOF, ,F,)=0
by the skew-symmetry of the curvature RY. O

After combining these claims and estimates, (3.32), (3.35) and (3.37), one can easily
complete the proof of Theorem 3.42. O

3.5. The proof of the degenerate Morse inequalities

In this section we prove the Morse inequalities in the degenerate case. Theorem 3.42
provides the estimates which allow us to reduce everything to studying the asymptotic

behavior of the heat kernel pi’k"_v (t,z1,22) on /\k*"f’o"’f(Bi).

,0,v7)
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Set T, (N;) = Tu(N)) @ A" ((Bi)y), Vi~ = VEC ® VV the connection on T~ (N;),
T~ and R;, the parallel transport, respectively, the curvature associated to Vi—. Also, set
FI= AL(Ni) @ A" ((B;)x). Using Definition 1.4, we extend the Levi-Civita connection
VL€ to forms on N; and extend V>~ naturally to Y. The parallel transport also has a
natural extension from 7~ (N;) to Fy.

Topologically, the bundle F7 is the same as AY(T(N;) ® o(B;)), with o(B;") the
orientation bundle of B;, therefore (cf. [5, Chapter I, Section 7]) the differential d;” is
well defined and the cohomology groups of the sequence

0> F—Fl—... FlimWD _
- d; - d;

are H(Nj; o(B;")). Analytically, one can write

dim(N;) .
(di_)x = Z F';< A V;'j_’
j=1

for any orthonormal basis {F;: j =1,...,dim(N;)} at T (N;). The bundles F¢ can be

endowed with a natural metric inherited from A%(M) and NG ((B;)x). This allows one
to define §; , the adjoint of d;”. Next we set

0"~ =d; 8 +8; d;, (3.50)

with the convention that Df]’_ is its action on F4. The Weitzenbock formula in this frame-
work is

0b~ = —Ab" — D*R™,

where A"~ is the Laplacian associated to the connection V'~ by the recipe given in Defi-
nition 1.4. We will denote the heat kernel of O; ™ by p; (7, x, y).

We recall that py, (-, x, w) € P(N;) stands for the map associated to the Riemannian
manifold N; with the property that the distribution of w € P(RIMN)) — py (-, x, w) €
P(N;) is the Wiener measure on N;. For uy,-almost any path ¢ € P(N;) the parallel
transport 1:1/7 115,01 is well defined, consequently, for 1y, -almost any v € P(N;), one can

define Wq’ (z, ¥) to be the solution to the ODE on }72(0)’
. _ _ 1 — —
Wy (s, 9) = Wg (.9 (T 115,003 P Ry ) Ty 110,51)

Wy (0.9)=1d SN

(3.51)

Using this map (cf. Theorem C.3), the heat kernel of ij_ has the representation

P (. x1,x2) = Wm0 [W (2, py, -, W) Ty, o 10,0105 (PN (05 31, W) -
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. . ,0,v:7 . -
For any z € B;, one can naturally identify /\Z " (B;) with Fa=NLN) @ N\ ((Bi)x),
therefore, we can write

t
2
i _ Wi e 2 atv;
P(q,o’v;)(t,m,zz)—IE |:exp< > /|p(v,zl,w)’ dv + 5
0

x (W, (1,7 (pC, 21, w)))tﬂ_(p("zw))[[I’O])(S22 (p@t.z1, w))},

where 7 : B; — N; is the projection from B; onto N;. To estimate pi’:o v_)(t, 21, 22), We

follow the same line of reasoning as the one in proving Proposition 3.37. First, for a com-
pactly supported function f: B; — R, we write (cf. Proposition 3.24),

/ P (t.z1.u)f(u)du

(4,0,57)
B

o? arv; _
— W [e—Tfo’ Ip(v,z1, W) 2 dv+ 251 Wq_ (t, n(p(-, 71, W)))Tn(p(»,xl,w))r[t,OJf(p(t’ 71, w))]

Weiim(N; — —_
= [ Vdim®;) |:Wq (t, pw; (X1, w’))rpNi Cx1, W) 112,0]
X / Q;'y(tv yl,g)f(PN,-(ta X1, W/), ‘CIYNi(',Xl,W/)f[OJ](g)) d§:|7 ()

(Bi)xl

where Q% is defined in (3.40), and w’ stands for paths in P(RY™)) Then we get the
estimates for p’(’:o v‘_)(t,ZhZz) by estimating Q% (r, y1, &) and then replacing f with

an approximation of the delta-function §,,. Indeed, elementary estimates show that for
Iyil <rand|§]|=nl<r,

" a , ar? a vil2
|Qi (tv )’l»é—) - Qi (tv )’2’ 7])| < 2Slnh<2s1nh(f(¥))<7’[(l _ezta))

( acoth<ra>(|y1|2+|n|2)>
x exp| — . (b))

2

Then, choosing an approximation f}, to §,, as in the proof of Proposition 3.37, and recalling
that vertical parallel translation along Brownian paths on N; is an isometry on fibers, one
can deduce from (x) and (xx) that for a constant C > 0, independent of ¢ and r, and any
21,22 € B(N;, r),
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Ned

”pl(q,o,vn

<2y, (t Jsinh( —2" “ "
< 2e (t,x1,x2)sin :
P {f, X1, %2 2sinh(ta) / \ (1 — e~2t)

( acoth(la)(|y1|2+|y2|2)>
XeXp - )

(t,z1,22) — Qf (¢, y1, y2)Pf,’7(l,X1,x2)||

2

where py; (¢, x1, x2) is the heat kernel of the Laplacian on functions on N;. After integrat-
ing this last inequality on B(N;, r) and performing elementary computations, one gets

< K (1) sinh ar’
< inh( ———
s 2sinh(za)

i, _ i,—
‘ f Trp(q’o’vi,)(t,z,z)dz A(r,a)/Trpq (t,x,x)dx
B(Ni,r) Ni

for a constant K (¢) > 0, depending only on ¢, and with

1 vi/2 Iy[2
- - -y
A(r.a) = (m - e_m)2> [ e
B(0,r/atanh(tet/2))

This combined with the result from Theorem 3.42 and the fact that

fTrp;—(t,x, x)dx =Tre "% |

N;

proves that for some constants, K (1) > 0and C = C(r) > 0, any a > Ce“’, and any integer
ke{0,1,...,d},

i,—

! —tob T 2
‘ /Trpg(t, 2.9dz—A(ra)Y Tre | <K@Or+K(@) sinh(i).
M

ar
2sinh(ta)

i=1

Because limy_, oo A(r, @) = 1, one can argue that

! —roh” _
—K@)r —i—ZTre k—v; glliln_l)gf/Trp‘;(t,z,z)dz
i=1 i
! i
—roh” _
<1imsup/Trpg(t,z,z)dz < K(I)V+ZTre kv

o—> 00 .
i=1

Finally, this is true for any r > 0, and therefore, it yields

l i,—
-0t
lim | Trp%(t,z,2)dz = Tre Vi,
i [t o=y
M i=1
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From this, when ¢ tends to infinity, using standard arguments in Hodge theory one can
prove the following.

Theorem 3.52 (Degenerate Morse inequalities).
mi —mi—1 + -+ (=1 mo = by — b1 + - + (=1 *bo (3.53)

where

l
me =Y dim H™" (M 0(B;")).
i=1

with H*(M;; o(B;")) the cohomology group of N; twisted by the orientation bundle of E; .
This inequality becomes equality for k = d.
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Appendix A. Geometric computations

In this section, M is a d-dimensional Riemannian manifold, V a compatible connec-
tion, i.e., (VxY, Z) + (Y, VxZ) = X(Y, Z) for any vector fields X, Y, Z € T(M), and
h: M — R a smooth function.

Define the operators on forms (cf. Definition 1.4)

o dY =Y 9_|(E%). A Vg, and §V its adjoint,
edV=e¢"dVel and 8V =8V, (A.0)

eV =dVsV +8VaY and oVt = gV-hsVh 4 §VhgVeh,

Notice that the definition above does not depend on the orthonormal basis {(E),: j =
1,...,d} and all operators send smooth forms into smooth forms.
We collect a number of basic facts in the following proposition.

Proposition A.1. Let T be the torsion of the connection V. Then,

(1) Vxiy —iyVx =ivyy, for any vector fields X, Y.
2) (Vxw,n) + (w, Vxn) = X{w, n), for any vector field X and any forms w, 1.
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3) 8Y ==X iep, ViEp, + X et (TWEDx. (Ej)x). (EQ)x)i(E)),, for any ortho-
normal basis {(Ej)y: j=1,...,d} of T,(M).
@) dV'"o=dwo+dhAwand V"o =5V w + igradh for any form w.

Proof. We choose an orthonormal basis {E;: i =1,...,d} in a neighborhood of x € M.

(1) Because both sides are anti-derivations on /\ (M), one needs only check the equality
on functions and 1-forms. For functions both are 0. For 1-forms, it suffices to do this for
o = fE} and this is straightforward.

(2) It suffices to prove it forw = fEf AES A - ANEf,n= gEl’/‘.‘1 A Ef/‘.‘z Ao A E;fk. The
rest consists in direct computations and is left to the reader.

(3) Since V is a derivation, Vg, (E.’; A @) = (VE; E.’;) Aw+ E;‘ A (VEg;w) for any
form w, hence (E;.‘ A VEj)* =g, VEI_ + lzzszﬁij EOE Now using (2), one can jus-
tify that Vi = —Vx — div(X) for any vector field X. The rest follows from the fact that
div(Ej) = 34—y (Ex. [Ex. E;1). \Ex. VE, Ej) = (Ex. Vi, Ex + [ Ex. Ej1+ T (Ex. E;)) and
(Eg, VEjEk) =0.

(4) This is straightforward. O

We now want a decomposition of the operator 01V"*. For this purpose, set
Ly =d"ix+ixd".
A simple computation gives
*

0V =0Y + | gradhl> + Lapn + (Lgaan) "

Definition A.2. The Hessian hess", respectively the symmetric Hessian Shess", with re-
spect to the connection V are prescribed by

((hessy h) X, Y¢) = (Vx, gradh, Yy),
((Shessy h) X, Yy) = %((vxx gradh, Yy) + (X, Vy, grad ).

Proposition A.3. We have

d
LY+ (LY)" = —div(X)+ Y (Ve X. Ex) + (Vi X, E))) E} Aig,.
jok=1
Therefore,
oV'" =0V +|gradh|> — Ah +2D* Shess” h,

where D* Shess h is the extension of the symmetric Hessian given by Definition 1.4.
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Proof. Choose a local orthonormal basis {E;: i = 1,...,d} and use Proposition A.1 to
get,

Il
M=

LY (E AVEjix +ixEf AVE;)

~.
I
—_

Il
M=~

(ES AVEjix + (X, Ej)VE; — Ejix A VE;)

~.
Il
—_

d
(Ef Nivg,x + (X, E))VE,) = D (Ve X, E)E} Aig, + Vx.

Il
'M*‘

j=1 Jjk=1
Since V§ = —div(X) — Vy,
d d
(LY) =Vi+ Y (Ve X.E)E; Nig; =—div(X) = Vx + Y (Ve X. E)Ef Aig;.
jk=1 k=1

which ends the proof. O

Theorem A4. If T and R are, respectively, the torsion and the curvature of the connec-
tion V, then for any local orthonormal basis {E;: i =1,...,d} in a neighborhood of a
point x, we have

d
0V =—AY = D*R+ ) (T(Ej. Ex). EI)E} Aig, VE,
J.k.l
d d
+ Y (T(Ex Ep.EqVE; + ) Ej Nivy (7 (EE).EQED
jok=1 JkiI=1

where D*R is defined by Definition 1.4. In particular, if for any X € Ty(M), the torsion T
satisfies Z?ZI(T(E]', X),E;) =0, then

gV = —AY + | gradh|> — Ah +2D* Shess" h
d
+ Z(T(Ej, Ep), E,)E;? Nig, Ve — D*R. (A.5)
J.k,1

Proof. For simplicity we are going to use the summation convention in which any time an
index appears twice it is summed from 1 to d. Now,
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dV8¥ +68VdY =—E3 AVE;(ig,VE) + E} AVE 5. E).EVE

—ie, VE(E} AVE;) + i@ By, E0E E] A VE;

(A.D(D) . -
= —E;’-‘ NiEVE;VE, — E;k A lVEjEkVEk

— i (VEES) A Ve, —ig (EF AVEVE,)
+Ej A IV, (T (Ex.ED.EQ) En) T ET AT (B E),EQE VE,
+(T (Ex. Ej). Ex)VE, — ES Ni(T (B, ), E0E VE,
(notice that E} Aig, + ik EjA=6k)
=—Vg,;Ve; — E; Nig,(VE;VE, — VEVE))
— (Ve Ex, ENE} NiE, VE,
—(VEE}, Ef)VE; +(VEET, Ef)Ef NiE,VE,

+Ej A iij«T(Ek,E,),Ek)E,) +(T(Ex, Ej), Ek>VE_,~-

The last line in this computation is the last line in the formula we want to prove. Since
(VEj E;, Ey) = —(VEJ.Ek, E;), one gets
~VE;VE; — EF Nig,(VE;VE, — VE,VE;) = (VE, Ek, E)E] NiE, VE,
=—AY = Vy, £, — Ef Nig R(Ej, Ex) — E} Nig,Vig;. B
— (Vg Ex, ENE} Nig Ve +(VE,Ej, Ex)VE, — (VE Ex, Ej)E[ Nig, VE,
=—AY —D*R—(E;, Ex]. E\)E} N ig, VE,
+ (Ve Ex, ENE} Nig,VE — (VEEj, ENE] Nig, VE,

d
=—-AY —D*R+ Z(T(Ej, Ey). EIE* Nig Vi,
Jik,l

which ends the proof. O

Appendix B. Integration by parts on the path space of a Riemannian manifold
B.1. Integration by parts

Integration by parts on the path space of a compact Riemann manifold is well under-
stood (see for example [2] for a detailed exposition). In this paper we need an integration
by parts on a vector bundle endowed with a particular metric. The bundle is not a compact
manifold but the metric has enough properties to guarantee the integration by parts on its
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path space. For example, the condition given by (3.10) turns out to be sufficient for what
we need.

We will assume in this section that M is a d-dimensional Riemannian manifold so that
for a fixed reference point 0 on M, and C and m positive constants, the Ricci curvature
satisfies

—C (1 +dist(x, 0)%)|X|2 < Ricy (X, Xy) < C(1 +dist(x, 0)")| X |2, (B.1)

forany x e M, X, € T\ (M).

The idea outlined in [7] for the proof of the integration by parts on the path space of
a compact manifold is based on a perturbation scheme. Recall the map w — p(-, f, w),
defined in Section 1. Since f will be fixed throughout this section, we will simply drop it
from our notations. Our perturbation is driven by h : [0, co] — R?, with the property that
there is a function h € L2([0, 0o]; R9) such that h(o) = fog ﬁ(v) dv foro > 0.

The perturbation w — p; (-, w), s € [0, 1], for a piecewise smooth path w is prescribed
by

0(po(t,w)) =w(r) and 6(p.(t,w)) =h(r) (B.2)

for any ¢t > 0 and any s € [0, 1], where here the superscript dot and the prime denote the
differentiation with respect to ¢ and s, respectively. Here 6 is the connection 1-form (see
for example [8, 8.16]).

Assume for the moment that M is a compact manifold. We will characterize w —
ps(r,w) as the integral curve of a time dependent vector field. In order to do this, we
first introduce some spaces. For a Hilbert space V, we denote by L2([0,1]; V) the
space of L2—integrable functions with values in V. H([0, 1]; V) will be the space of
absolutely continuous functions s € [0, 1] — ¥, € V so that ¥ € L2([0,1]; V). We set
L%([0, 1]; O(M)) to be the set of s € [0, 1] — p; € O(M) so that O (p,) € L>([0, 1]; RY)
and w(ps) € L%([0, 1];: 0(d)), where w is the o(d)-valued 1-form (see for example
[8, 8.18]). H([0, 1]; O(M)) is the set of absolutely continuous functions s € [0, 1] — p; €
O(M) with 0 (py) € H([0, 1]; RY) and w(p,) € H([0, 1]; o(d)).

Given & € R?, we define X(z, £) : H([0, 1]; O(M)) — L([0, 1]; O(M)) by

s

(X1, 6)p.](s) = €<05(P-)<§ +/ OU(Pv)Tlll(t)dv>>

0 Pt

where s € [0, 1] — O;(p.) € O(d) is the solution to the ODE
O;(p.) +0(p)) Os(p.) =0 with Op(p.) = 1. (B.3)

For a given piecewise smooth path w, the perturbation w — p, (¢, w), s € [0, 1], is the
integral curve of the time dependent vector field X (¢, w(z)),

p.(r,w) = [X(t, W(t))p,(t,w)] with po(t, W) = p(t, w).
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One can prove that p (¢, w) can be extended from piecewise smooth paths w to generic
Brownian paths and that (cf. [7, 4.14]), for continuous functions F:P(O(M)) — R of

p [0, 1],

EVYA[F (ps (-, W) Es(t, W) ] = E[F (p(-, W) ] (B.4)
where
1 t
Eg(t,w) =exp|:—/(bs(0, w),dw(o)) — %/ybs(a, W)|2da:|, (B.5)
0 0

and, Wlth Os(t, W) = 03(p(t9 W))’

N

by (1, w) = / OU(I,W)T<f1(t) + %mpug,w)h(l‘)> dv (B.6)

where the superscript T is standing for the transpose of a matrix.
Now, for a bounded smooth F:P(O(M)) — R, which depends only on the path p |
[0, t], we define

d
[X () F](w) = ﬂF(p‘(" w))

s=0

Considering F' = F| F>, with F1, F, bounded smooth functions depending only on the path
p 1[0, ¢], and taking derivatives with respect to s at 0 in (B.4), we get the integration by
parts formula

EY[[X () F1 ] (W) Fa(p(, w))]
= —EY[Fi(p(-, W) [X ) /2] (W)]

'
+ EWa |:F1 )2 (p(.7 w)) / (h(a) + %Ricp(g,w) h(a)) do].
0

If the manifold is not compact, the main idea is to prove a localized version of this inte-
gration by parts formula and then pass to the full version by using the integrability of the
Ricci curvature. Here, there are two key facts. The first is that (cf. (B.2)) the perturbed path
is staying in finite distance from the original path. To be more precise, let g (W) be the
exit time of the path p(-, w) from 7! B(o, R) (recall 7 : O(M) — M is the projection).
Then, for large enough R, and any (s, o) € [0, 1] x [0, Lg(W)], ps(o, W) € n_lB(o, 2R).
The second fact is a version of the integration by parts for the stopped path p(- A Lg (W), W).

Now we assume M is a complete Riemannian manifold whose Ricci tensor satisfies the
condition (B.1). The perturbation scheme for the path p is the one given in (B.2). However,
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for the application we have in mind, we will have to consider the joint distribution of p, w
and another map which we will describe now.

Assume we are given & € C*®°(O(M); Hom(R?; so(d))), where so(d) is the Lie algebra
of the group o(d), i.e., the set of skew-symmetric d x d-matrices. This will be used to
construct a map which will be considered part of our perturbation.

First, for a smooth path w, define W;(¢, w), its perturbation, given by WS (t,w) =
0 (ps(t, w)). Now define o(z, w) to be the solution to

o1, w) = o(t, WSp,.w)(W(1))  witho(0, w) =1,
and its perturbation D (¢, w) € O(d) to be given by the solution to the equation
O (t, W) = O5(t, WSp, (1.w) (W (t, W) with O,(0, w) = I. (B.7)

Notice that, since &;(&) is skew-symmetric, both o(¢, w) and Oq(t, w) are in o(d). The
map w — 35(-, W) := (Ws(-, W), ps (-, W), D5 (-, w)) is the perturbation we will consider
here.

Let Oy be given by the prescription in (B.3), and construct the following time dependent
vector fields sending smooth functions s € [0, 1] — p, € O(M) into smooth functions by
the following recipe,

[A0(1)p.](5) = O (p.) / 0u(p)TR() dv,
0

[Ak(®)p ](s) = Os(p)ex for 1 <k <d, (B.8)

where (ex)k=1.q4 is an orthonormal basis of R? which will be fixed for the rest of this
section. For a smooth map s — (v, py, O5) € R x O(M) x 0(d), we set

[X0()v..p..00] () = @agmp 160w + (E([A0(1)p.](9))),,, + B0, & 1001600,
[ v.p.09]6) = @racp1)ve + (E([AkDp.]))),,, + B, &A1, 160) 9, -

Then, for a piecewise smooth w, the map ¢ — 3.(¢, w) is the unique solution to the follow-
ing differential equation:

d

d3.(t, W) = X5, 0w + Y Xk, 0.m (WD), ex),  with 3.0, w) = (0, f, 1.
k=1

Using an approximation scheme with piecewise smooth paths, one can prove that 3.(z, w)
is well defined up to a set of WW;-measure zero and satisfies the Stratonovich stochastic
differential equation,

d

d3.(t. W) =Xo(0;. 0w dt + Y Xk (;.0.m 0 d(W(D). ex). 3.0, w)=(0.f.1). (B.9)
k=1
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For details on proving this, we refer to [6, Corollary 10.28]. However, we should mention
two key ingredients needed for the argument. One is the non-explosion of Brownian motion
and the associated estimates on the rate at which Brownian motion leaves balls, which are
consequences of the quadratic lower bound on the Ricci curvature. The other is the fact,
alluded to earlier, that the perturbed paths stay close to the unperturbed (i.e., Brownian)
paths.

We now define the vector field given by

DE)(f.v,0) = EE)f + (F)v + (dos(6))

forfe O(M),veR? oco(d). Forany ¢ € C?(Rd x O(M) x o(d)), one can prove (using
1t6’s formula and the idea in the proof of [6, Corollary 10.28]) that for each s € [0, 1],

t

d
1
(351, W) — f (m(bsw, W)+ 5 Zm(ewz)q)(zs(a, w))do,  (B.10)
k=1

0

is a Wy-martingale with b, (¢, w) defined in (B.6).
Now we can state and prove the main result of this section.

Theorem B.11 (Integration by parts on path space). Under the growth condition on the
Ricci curvature given by (B.1), for any bounded smooth function F : P(R?) x P(O(M)) x
P(o(d)) — R, depending only on the path 3 | [0, t], define

d
[X()F](w) = d—F(;,S(-, L) (B.12)
S s=0
If 3(t, W) = 30(t, W), then, for bounded smooth functions Fi, F»:P(R%) x P(O(M)) x
P(o(d)) — R depending only on the path 3 | [0, t], we have
EY[[X () F1](w) Fa (5, w))]
= —EY[Fi(3¢, W) [X (W) F2](w)]

t
+ EWa |:F1 F(3¢,w) / (li(a) + %Ricé(mw) h(a)) da:|, (B.13)
0

provided that w — [ X (h) F1]1(w) F2(3(-, w)) and w — F1(3(-, w)[X (h) F>](w) are Wy-
integrable.

Proof. The difficulty here, which is not present in the compact case, is caused by the
unboundedness of the Ricci curvature, which leads to the possibility that the E; (¢, w) in
(B.5) is not integrable and so (B.4) no longer holds. To get around this difficulty, we use a
localization procedure based on stopping times.
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Take a large R > 0, and consider a compactly supported function ¥z : O(M) — [0, 1],
which is 1 on Upg = 7' B(0, 2R). Then set

t

t
Ef(t,w):exp(— /(bf(a, w), dw(o)) — %/!bf(a, w)|2da>, (B.14)
0

0

where
R A ) 1
bs t,w)= / YR (pv(t, W)) Oy (t,w)T( h(r) + Empv(z,w)h(t) dv.

Now, ER(¢, w) is integrable since bR is bounded. Let .F; be the o-algebra generated by
{(p110,1], p € PRY) x P(O(M)) x P(End(R?))} and take ¢g : P(RY) x P(O(M)) x
P(o(d)) — [0, 00), so that g(W, p, ) is the first time the path p(-, w) exits the set Ug =
71 B(0, R). Note here the crucial fact that (cf. (B.2)), for large R, ps(t, w) € Usg for all
(s,1) €10, 1] x [0, g (W, p, O)].

Define the probabilities P and QR on P(RY) x P(O(M)) x P(End(R?)) by

P(C) =EM[3(t,w) e C] and QR(C)=E™/[ER(t,w), 35, w) € C].
Now, for any ¢ € C2(RY x O(M) x P(End(R¢))

IAER d

@(W( ALR), P( AER), 0(t ALR)) — / > @(ek) ¢(W(0),p(0),0(0))do
o k=l

NIH

isa Qf -martingale. On the other hand, one can see that

I da
(W(l) p(0), O(I) ——/Z @(ek) W(G),P(U),O(G))dff
k=1

is a P-martingale. Therefore, invoking [8, Theorem 3.10], we conclude that

QSR rfCR/\t:]Prf{R/\t»

which implies that for large enough R, s € [0, 1], and any bounded JF;-measurable function
F:PRY) x P(O(M)) x P(End(RY)) — R,

]EWG’[E?*RC AEACRWF (3¢ At A LR, W) =]EWd[F(5(~ AEACRW))].

From this, taking derivatives with respect to s and using the bounds on the Ricci curvature
and the estimates in [8, Theorem 8.62], one gets (B.13). O
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B.2. Application

The main motivation for this application is given at the end of this section for conditional
expectations coming from heat kernels. In the next section we will apply these things to
real heat kernels. Throughout this section, unless explicitly specified, we will drop the
dependence on | from p(z, f, w). We begin with a definition.

Definition B.15. If N is a smooth Riemannian manifold and (V, || - ||) is a normed vector
space, we say that a smooth map A:O(M) x N — V, has at most polynomial growth
in all its derivatives if for any positive integer n, there exist N,, C, > 0 so that for any
vector fields X1, X2,..., X, € {(X,Y) e TOM) x TN ||m: X| < 1L, |Y| <1} and (f, y) €
OM) x N,

|GG %2 - XnA| < Ca(1 + dist(rf, 0) ™. (B.16)

For a given normed vector space (V, || ||), consideramap 2 : O(M) x O(d) — End(V),
and for (p, 0) € P(O(M)) x P(O(d)), define LI; (p, 0) to be the solution to the ODE

{ilz(p, 0) = (p, 0)AP(), 0(1)), (B.17)

Uo(p,0) =1y.

Also, recall the map & € C®(O(M); Hom(R%; 0(d))) used in defining Eq. (B.7). Here £2
is the o(d)-valued 2-form defined by [E(£), E(n)] = —A(82(&, n)) (see [8, 8.44]).

Assumption. We assume that G, §2 and 2( are of at most polynomial growth in all their
derivatives and there is a smooth function ¢ : O(M) — R, and a constant C > 0 such that,

(AT, 0)&, &) < p(DIEI* < Cdist(rf,0)[E]* forfe OM), &€ V. (B.18)

The main result is the following.
Theorem B.19. For f € C°(M; R), G € C*(0(d); End(V)), and any horizontal vector
fields X1, ..., %, there exist 1(t), T2(¢), ..., T (t) products of multiple End(V)-valued

classic or stochastic integrals with the integrands bounded polynomially in terms of the
distance function and ¥ (¢, -) € ﬂp>1 L? Wy, End(V)), so that

t
e w|<(|Zi¢.w|+-+ ||‘Il(t,w)||)exp</¢(p(a, w))da), (B.20)
0

and

EW[(%1... Xa(f 0 m)) (p(t, W)L (p (. W), 0(, W) G (02, W) ]
=B £ (m (p (e, W) ¥ (2, W)]. (B.21)
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Moreover, if I' C O(M) is an open set, and {r(w) = inf{t > 0, p(-, w) € I"°} the first
exit time of p(-, W) from I", then W (t) on the set {1 > t} depends only on the support of f,
the vectors X1, ..., X, and the restrictionto I’ and I’ x O(d) of f, S, §2, respectively 2.

Proof. The idea is to use Theorem B.11 to move the derivatives off of f oz to the other
side.

Because the function f o 7w has compact support, we may assume that the vector fields
X;,i=1,...,m, also have compact support. Next, notice that a compactly supported hor-
izontal vector field X, can be written as X = Zzzl ar€(ex) where ar, k=1,...,d, are
compactly supported functions. Therefore, one can reduce the problem to one in which all
vectors fields X;, i =1,...,m — 1, are of the form &(ej;), and X, = a&(e;,) with a a
compactly supported function. If a: O(M) — R, hi(s) = %ek and @, (p) = a(p(t)), then

d t
[X (he)®a] (9. W) = E(et)pama + Zx( f oo (€1, 1(0)) 0 dWy (o))a.
0

=1
Applying this to f o 7, one gets
(€ (f om)(p(t. W) = [X ()P for | (P(-. W)).

and consequently, one can use Theorem B.11 to move all the derivatives of f o . After
doing this, all that one has to do is to estimate derivatives of solutions to stochastic integral
equations.

For a purely stochastic or classical integral, the estimates are obtained by simply com-
puting the derivatives. For example, in the case of an integral involving the Ricci curvature,
we point out that

t
. 1
Xy)... X)) /<hk(0) + E%p(a,w)hk(o), dW(G)>
0

t
1
=3 /((ez(el,)p(a,w) .. €(e)R)hi(0), dw(o)). (B.22)
0

Similar equalities can be obtained for other integrals involving the full curvature.

For the estimates of X (h;,)... X (h;)G or X (h;,) ... X (h;)&l;, we use induction.

First observe that the estimates of X(h;)...X(h;,)G are reduced to estimates of
X (hy)... X (hy,)o. For this purpose, notice that, since & is skew-symmetric, o(f, w) is
an orthogonal matrix. Set

o"=X(My,)... X (hy))o.
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From (B.7), O,(t, w) satisfies
dO (1, w) = Oy (1, WS, 1, w) (cd Wi (£, W)),
with O;(0, w) = I, thus the equation for ol is
do'(t,w) = o' (t, W)Gp(1.w) (cdW) + Z(t, W) (B.23)

with the initial condition 0! (0, w) =0, and Z(¢, w), a multiple classic and stochastic inte-
grals involving the curvature, 0, canonical vector fields and &. In general, the solution to
the Stratonovich stochastic differential equation

dYt = Yl‘Gp(t,W) (OdW) + OdZt

with the initial condition Yy = 0, is given by

t

Y; :/(ong)o(a, w)* o(t, w).

0

In the same way we can estimate higher derivatives. The equation satisfied by o is written
in terms of the action of X (h;)...X(h;), 0 <s <k —1, on 0, G and the curvature, we
already know how to control.

We point out the general structure of these derivatives, namely they are iterated
Stratonovich integrals where the integrands are polynomially bounded in terms of the dis-
tance function on M.

For the case of il;, set

=Xy, ... X )L
The following lemma is needed here and has a standard proof, therefore will be omitted.
Lemma B.24. Let (H, (-,-)) be a finite-dimensional vector space with an inner product.
Let t € [0,00) = X;,Y; € End(H) be two continuous maps, and t :[0,00) — ¥ (t) € R

a locally integrable function with the property that (X,&, &) < Y ()|€)? for any t > 0. If U,
is the solution to

U[ZU[X[+Y1

then,
t
Ul <ef5*”<s>‘“‘(||uo|| +/|m||e—f5*““>"° ds) fort >0,
0

where || - || is the operator norm.
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From this lemma, with ¥ =0 and Wy = I, one gets
t
ul(p('v W), 0('1 W)) < Cexp(/ ¢(p(o.v W)) dU) .
0

Next, write the equation for 4!

dy =4 Ap@, w), o(t, w) + LA (p(t, W), 0(t, W), o
Uy =0,
where, 2A! is given in terms of the action of the vector fields X (h;), i =1,...,m on 2,

the curvature and o. To estimate 4!, we use again Lemma B.24 with ¥ = LAl (p(t,w),
o(t, w)) together with the estimate on i1 to arrive at

t
<zt [ ol mar ),
0

where ‘B} is the sum of norms of product of multiple classical or stochastic integrals with
each integrand polynomially bounded in terms of the distance along the path p(-, w) =
wp(t, w). Similarly, one can estimate higher derivatives. For the kth derivative, we get

t
|4 | < o7 exp( f o (p(o, w))do>,
0

where Q]f is the sum of norms of product of multiple integrals, each integrand being poly-
nomially bounded in terms of the distance along the path p(-, 7w). From here, (B.20)
follows.

Finally, using [8, Theorem 8.46] one can justify the integrability of

t

exp(/ C dist(p(o, W), 0) dcr)

0

for any positive constant C. Using Burkholder’s inequality one can prove that ¥ (t) €
N po1 L?(W,,End(V)). The rest is straightforward. 0O

Next we want to describe the application of this theorem to the conditional expectations
and in the next section we will apply these considerations to heat kernels analysis. Take
a complete Riemannian manifold M with a compatible connection V which has the same
Laplacian on functions as the usual Laplacian. We assume that the torsion of V and the
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curvature of the Levi-Civita connection have at most polynomial growth at infinity in all
their derivatives. Our interest is in the conditional expectations of the form

EVU (2, W)Y w108y (P x. W), (B.25)

where 7V is the parallel transport with respect to the connection V extended to forms, and
U satisfies the differential equation

Ut x, W) =U(t,x, Wty o g AP, W)TH o s
U(O,X, W) :Id/\X(M)7

where A € End(/A\(M)) G.e., A(x): \,(M) — /\,(M)) is a smooth tensor which has at
most polynomial growth at infinity in all its derivatives and there exists C > 0 such that for
any x € M, (A(x)&, §) < Cdist(x, 0) £, & € A\ (M).

Next we want to interpret the integral in (B.25) as an integral at the frame bundle level.
To this end, take the tensor SxY = VxY — V]);CY and its lift &5(§) = f‘l Ssef, and extend
(cf. Definition 1.4) S and & to act on forms. Then notice that this tensor is given entirely
in terms of the torsion of V, therefore they have at most polynomial growth at infinity. Fix
f € O(M) so that f = x, identify R? with T, (M) by f, and set

o(t, w) = f_lf,Y(-,x,w) 111,01 TpC.x.w) 110,11
Extend this to a map on forms, and observe that
do(t,w) =o0(t, W)Gp,w) (cdw).
Now, in distributional sense, one can write &, as a linear combinations of the form
X1X>...X4f, with f a bounded measurable function and X;, i = 1,...,d, compactly

supported vector fields. Taking X1, X5, ..., Xy, the horizontal lifts of Xy, X2, ..., X4, we
can rewrite the integral (B.25) as

EVI[(X1X2... Xa(f o 1)) (pt, W)8h(z, w)o(r, w)],
where A(g) = g~ 'A(rg)g and

{ﬂ(;, w) = U(t, wyo(t, WAPp(r, w)o(r, w)*,
4(0, w) = Idga .

Therefore we have,
Corollary B.26. Under the assumption (B.1) on the Ricci curvature of the Levi-Civita

connection, and if the torsion of the connection V and the curvature of the Levi-Civita con-
nection have at most polynomial growth at infinity in all their derivatives, then, there exists
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a progressively measurable map W (¢, x, y, -) € ﬂp% LP(Wy; Hom(/\y (M), \,(M))) so
that,

EVi[U(t, x, W) (w1018 (P X, W) ] = EVe[ f(p(t, x, W (t,x,y,W))].
In addition, if ' C M is an open set, x € I’ C M, ¢ (w) =inf{t >0, p(-, x,w) € ['“} the
first exit time of the path p(-,x,w) from I', then ¥ (t, x, y, W) on the set {{r > t} depends
only on the support of f, the vectors X1, X, ..., Xqg and f, S, R (the curvature), T (the
torsion of V) and A restricted to I.
Appendix C. About semigroups and heat kernels
In this section we assume that M is a complete Riemannian manifold with the curvature

having at most polynomial growth in all its derivatives and satisfying, for a certain constant
C > 0 and a fixed reference point o,

—C(1 +dist(z, 0)?)|X|? <Ric, (X, X;), forallze M, X, € T;(M).

We will analyze the existence, basic properties and estimates for heat kernels of opera-
tors on /\ (M) of the form

d
L=~AY+) BI(E)Vg, +Ba, €.
j=1
where E;, j =1,...,d,is any orthonormal basis and the various components satisfy:

(1) V is a connection which is compatible with the metric on M and its Laplacian on
functions is the same as the Laplacian of the Levi-Civita connection.

(2) In the notations of Definition 1.4, B| = D*S and B, = D*T where S is an odd tensor
and T is an even tensor. Also we assume that (B1),(X;) is skew-symmetric for all
zeM, X, eT,(M).

(3) There exists a constant K > 0 such that

d
<((Bz>z + ZBI<E,->§) Xz, Xz> <KIX:* foranyzeM, X;eT(M).
i=l1

The next lemma gives estimates on the size of solutions to certain stochastic differential
equations.

Lemma C.2. Let (H , (+,-)) be a finite-dimensional vector space endowed with an inner
product and X;, Y}, i =1,...,d, locally bounded progressively measurable End(H )-
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valued processes such that Yti is skew-symmetric fori =1, ...,d. Let V; be the solution to
the stochastic differential equation

{dV, = Vi(Xedt + Y0 Yidw; (1),
Vo =1d,

where dw; stands for the It6 stochastic differential. If T; is the solution to the Stratonovich
equation

{dn =T,0d Y4, [3 Yidwi(o),
To =1d,
and W; is the solution to the ODE
{ Wi =W T(X, — 3 XL, oHH) 1,
Wo =1d.
Then T; is unitary for any t > 0 and
Vi = Wi T;.

Therefore, estimates on the size of V; reduces to estimates on the size of W;.
Proof. Rewrite the equation for V in the Stratonovich form:

{dv, =ViX;dt+Viod Y, [ Yidwi(o) — 1d(V, f3 XL, Y dwi (o)),

Vo =1d,

where for two End(H )-valued martingales A and B, ((A, B)) is the End(H )-valued process
with bounded variation such that AB — {(A, B)) is an End(H )-valued martingale. Notice
that if A and B are two End(H )-valued semimartingales, then {(A, B)) is the corresponding
process associated to their martingale parts. Since

t t

d
Vt=1d+/VGZY;dw,-(a)Jr/Vgxgda,

0 i=1 0
we obtain
! q ! d I g
<<Vt,/ZY;dw,-(a)>>=<</UUZY;dwi(a),/ZYgdwj(a)>>
o i=1 0 i=1 0 J=l
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Then, the equation for V becomes

d ! d

i=1 0 i=1

Now, because (Y, é)* =-Y é , an easy computation shows that od(7;7;*) = 0, which proves
that 7; is an isometry. Further,

OdW[T[ = (OdW[)T[ + WI Oth

d ! d
:WtTt<OdZ/YédW,(O‘)+(Xt_§ (Ytl))dt>
i=1 0 i=1

with WyTp = Id. Hence, by uniqueness V; = W;T;. O

Theorem C.3. The operator L in (C.1) determines a semigroup {PtL: t > 0} whose action
on compactly supported forms is given by

(PLw)(z) =EVi[U (1,2, Wi @(P. 2. w)] (C4)

where the parallel transport ©V is the parallel transport with respect to the connection V
defined in Section 3.3, and U is the solution to the equation

dU (1,2, W) = U (t,2, W) (Bo(t, 2. Wy dt + Y 9_ (B1) j(t. 2, W) AW, (1)),
U(O, Z, W) = Id/\:(M),

with Ej, j =1,...,d, an orthonormal basis of T,(M), and

\% \%
By(t,z,w) = Tp(-,z,w) r[t,()](BZ)p(t,z,w) Tz, W) 0,11
_ v v , v
(BD)j(t.2.W) =Ty w0 BT 2w 10,1 Ef)p(t,z,w) Tp(.zw 0.1

Moreover, if the tensors By and B> have at most polynomial growth in all their derivatives
(cf. Definition B.15), then the heat kernel p-(t,z1,z2) /\Iz‘2 M — /\’Zc1 M of L exists and
can be written as

pL (t7 21, 12) = EWd [U(tv 21, W)T[Y(~,Zl W) f[t,O](SZz (p(t’ 21, w))]’
interpreted via integration by parts on the path space.
Proof. The proof of (C.4) is standard and therefore will be omitted. We point out that

in order to justify the integrability in (C.4), one can use Proposition C.2 together with
Lemma B.24 to show that U is a bounded map.



68 1. Popescu / Journal of Functional Analysis 235 (2006) 1-68

For the existence of the heat kernels one can follow the proof outlined in [8, Theo-
rem 6.25], which extends to this case as well since the semigroup here has all the essential
properties needed in the proof there. O

The following proposition is a basic tool for heat kernels estimates.

Proposition C.5. Assume there is a smooth function ¢ : M — R bounded from above such
that

n
(B)) X:+ ) BI(E)IX:, X; ) <SOQIX forze M, X, € T.(M).
i=1

Then
"t 21, 22)| <P%(t, 21, 22)
where the last quantity is the heat kernel of the operator A + ¢ on functions.

Proof. Using the expression for the semigroups given in Proposition C.3, the estimates
in Proposition C.2 and Lemma B.24, we get the bounds on the semigroups. By taking an
approximate identity of the delta function in distributional sense, one gets from estimates
on semigroups to the estimates on the heat kernels. O
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