Forum Math. Galley Proof, 13 pages Forum Mathematicum
DOI 10.1515/forum-2012-0085 © de Gruyter 2012

Faithful representations of
infinite-dimensional nilpotent Lie algebras

Ingrid Beltitd and Daniel Beltita

Communicated by Karl-Hermann Neeb

Abstract. For locally convex, nilpotent Lie algebras we construct faithful representations
by nilpotent operators on a suitable locally convex space. In the special case of nilpotent
Banach-Lie algebras we get norm continuous representations by bounded operators on
Banach spaces.
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1 Introduction

The aim of this short note is to provide an affirmative answer to a question raised in
the seminal paper by K.-H. Neeb [13, page 440, Problems VII.2 and VIIL.6 (b)], re-
garding suitable versions of Birkhoff’s embedding theorem in infinite dimensions.
In particular, we prove that every nilpotent Banach-Lie algebra has a bounded
faithful representation by nilpotent operators on a suitable Banach space; see
Corollary 2.14 below.

In order to put this result in a proper perspective, we recall a few classical facts:

* Every finite-dimensional nilpotent Lie algebra can be realized as a Lie algebra
of nilpotent matrices, by Birkhoff’s embedding theorem; see [4].

* In a more general situation, every finite-dimensional Lie algebra can be faith-
fully represented by matrices, by Ado’s theorem; see [1].

¢ The above statement of Ado’s theorem cannot be directly extended to the Ba-
nach category, by replacing the finite-dimensional vector spaces by Banach
spaces. In fact, it has been long known that there exist Banach—Lie algebras
that cannot be faithfully represented by Banach space operators; see [8] and
also [13, page 438, Remark VIIL.7] for a broader discussion.
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Besides this old open problem concerning the extension of Ado’s theorem to in-
finite dimensions, there also exists a current interest in questions regarding the
finite-dimensional situation. Thus, one has been interested in finding good esti-
mates for the size of the matrices that have to be used in order to realize a given
nilpotent Lie algebra; see [6,7, 10], and the references therein. Among the various
methods developed in [6], the second one is in some sense related to the setting
of the present paper, inasmuch as the dual of the universal enveloping algebra of
any Lie algebra is closely related to the space of polynomial functions on that Lie
algebra. Our point here is to provide an analytic version of that method which
is eventually applicable to some (infinite-dimensional) topological Lie algebras,
namely to locally convex, nilpotent Lie algebras ([11, 13]).

The main result of our paper is Theorem 2.13 and provides faithful represen-
tations for algebras of this type by nilpotent operators, and for the corresponding
locally convex Lie groups by unipotent operators. In the special case of Banach—
Lie algebras, we get in Corollary 2.14 bounded representations.

We conclude the introduction by pointing out that the aforementioned corollary
provides a partial solution to a more general problem which was raised in [15]
and is still open in its full generality: A quasinilpotent Banach-Lie algebra is a
Banach-Lie algebra g with the property that for every x € g the bounded linear
operator adgx: g — g is quasinilpotent, in the sense that its spectrum is equal to
{0} or equivalently lim;, . || (adgx)"|| 1/n — (), where the operator norm is com-
puted with respect to any norm which defines the topology of g. With this termi-
nology, it was asked in [15, Question 2] whether every quasinilpotent Banach-Lie
algebra admits a faithful continuous representation on some Banach space. It is
clear that if a Banach-Lie algebra is nilpotent then it is also quasinilpotent, hence
Corollary 2.14 in the present paper solves in the affirmative the above question in
the special case of the nilpotent Banach—Lie algebras.

2 Main results

Notation 2.1. We will work in the following setting:

* Unless otherwise stated, g is a Hausdorff, locally convex, nilpotent Lie algebra
over K € {R, C} with the nilpotency_ index denqted by N + 1, where N € N.
Thus, if we define ¢ = g and g/ := [q.qU~V] for j > 1, then we have
g(N) £ {0} = g(N+1)_

* G = (g, *) is the corresponding simply connected, locally convex, nilpotent
Lie group, whose group operation * is defined by the Baker—Campbell-Haus-
dorff formula on g (see [13, Example IV 1.6.6]). Note that in this case there
exists a smooth exponential mapping, which is in fact the identity. Therefore

Note 1:
Red parts
indicate
major
changes.
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carefully.
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we use the same letters to denote elements from g and G, and use the notation
G only when it is useful to emphasize the group structure.

¢ We denote by €(g, K) the space of K-valued continuous functions on g en-
dowed with the topology of uniform convergence on the bounded sets, and by

A:G — End (€(g.K)).  (A(x)$)(y) = ¢((—x) * y)

the corresponding left-regular representation of G. If ¢ € €(g,K), x,y € g,
then we define

d((—1x) x y) — P(y)
t

(dA()$)(y) = lim 2.1

whenever the above limit exists. (Compare [3, Definition 2.1].)

* For every locally convex space ¥ over C and every integer m > 0 we denote
by Pm (g, ¥) the linear space of ¥-valued, continuous polynomial functions
of degree < m on g and by (g, ¥) its subspace consisting of the homoge-
neous polynomial functions of degree m (see [5]). We endow £y, (g, ¥) with
the topology of uniform convergence on the bounded sets. We have a topolog-
ical direct sum decomposition

Pm(@,Y) = P%a.Y) + P1@.Y) + -+ P (. Y), (2.2)

and then it easily follows by [5, Theorem A, Theorem 2] that #, (g, ¥) is a
closed subspace of € (g, K).

Remark 2.2. Assume here that g is a Banach-Lie algebra and let m € N. The
space #"(g,K) is a Banach space and one norm defining its topology can be
described as follows. For ¢ € £™(g,K) we denote by ¢: g x ---x g — K the
symmetric m-linear bounded functional satisfying ¢(x) = @(x, ..., x) for every
x € g. Then we set ||| pm (g, k) := ll¢]l. (See [5, Proposition 1].) Here we use the
norm

||<]3|| = sup{|¢~>(x1,...,xm)| | xX1,....xmeg, x| <1, j=1,...,m}.

The norm || - || pm (g Kk) is equivalent (see [5, Proposition 1]) to the norm

¢ = sup [p(x)].

lxll<1

We have the following formula for the directional derivatives:

(Vx.y €q) ¢p(x) =mp(x.y.....y)
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and this implies that the estimate

195Gl < mllx || - 11y 1™l o o )

forevery x, y € g.

Remark 2.3. 1t is not clear in general that if ¢ € €(g,K), then the mapping
G — €(g.K), x — A(x)¢ is continuous. However, it is easily checked that this
is the case if g is finite-dimensional or if it is a Banach—Lie algebra and

¢ | Pmia.K).
m=>0
It then follows by [14, Proposition 5.1] that if 'V is a closed subspace of 5y, (g, K)
for some m > 0 (hence V is a Banach space) such that A(G)V C 'V, then the
mapping
GxV—->V, (x,¢) > A(x)¢

is continuous. As we will see by Corollary 2.14 below, the representation of G on
V defined by A is actually norm-continuous.

Lemma 2.4. [fm € N, ® C £, (g, K), and we denote
Vo 1= span (A(G)D)

then Vg is an invariant subspace for the regular representation A and moreover
we have Vo C Py (g, K).

Proof. Since A is a group representation, it follows at once that 'V is an invariant
subspace. Furthermore, let x € g arbitrary and define

Lyig =g, Lx(y)=(=x)x*y.

Since g is an (N + 1)-step nilpotent Lie algebra, it follows that L, € (g, g),
and then for ¢ € Pp,(g,K) we get A(x)¢p = ¢ o Ly € Prun (g, K) by [5, Propo-
sition 2, Corollary 1, page 63]. Thus A(G)® <€ P, n(g,K). Since £, n (g, K)
is a closed subspace of €(g, K), we get Vo € P, n (g, K), which concludes the
proof. |

Remark 2.5. If dimg = n < oo, then it follows by Lemma 2.4 that every poly-
nomial function on g is a finite vector for the regular representation A, in the
sense that it generates a finite-dimensional cyclic subspace. Even more precisely,
if ¢ € Pru(g,K) and @ := {¢}, then

(mN + n)!

dim Ve < dim Py (g.K) = '
im Ve < dim mN(q ) ”!(lnN)!



Faithful representations of infinite-dimensional nilpotent Lie algebras 5

We recall how the latter formula is obtained: The linear space of real polynomial
functions in n variables of degree at most m N is naturally isomorphic (by using
homogeneous coordinates) to the space of real homogeneous polynomial functions
in n 4+ 1 variables of degree precisely m N, and the dimension of the latter space
is %, see for instance [12, Theorem 1.7.5].

From the point of view of the question we address here, the drawback of the
above estimate on dim Vg is that it depends on the dimension of g. Lemmas 2.6,

2.7,2.10 and 2.11 below are aimed to fix this problem.

The following observation is well known, and the simple proof is included for
the sake of completeness. We will need this result below in Lemma 2.7, in order
to get a uniform estimate for the dimension of the subalgebra generated by a finite
subset of a nilpotent Lie algebra.

Lemma 2.6. Let w1 be an arbitrary Lie algebra over K and denote by mg the Lie
subalgebra generated by some subset S C m. Then

mg = spang (S U {(admv;)--- (@dmv)w | v1,...,0,,w e S, r =1,2,...}).

Proof. Let us denote the right-hand side by ). We have S C [ and it is clear that
if some subalgebra of m contains S, then it also contains §.

Therefore, the proof will be completed as soon as we have proved that } is
a subalgebra of m. Since b is by definition a linear subspace of m, we are left
with checking that for every x € §) we have [x, h] C . To this end let us consider
the normalizer of §) in m, that is, Ny (§) := {x € m | [x, §] € m}. By using the
Jacobi identity under the form

(Vx,y €m) adm([x,y]) = [admx, admy] = (admx)(admy) — (adm y)(admx)
(2.3)
and the fact that § is a linear subspace, it follows that if x, y € Ny (), then

adw ([x, yDh S b,

hence [x, y] € N (h). Therefore Ny, (h) is a subalgebra of . On the other hand,
it follows by the definition of § that for every x € S we have [x, §] C §, hence
the subalgebra Ny, () contains S. Then Ny (h) 2 § by the remark at the very
beginning of the proof. By the definition of Ny () we then get [h, h] € b, hence
b is a subalgebra of m, and this completes the proof. |

Lemma 2.7. If ¢ > 1, then the subalgebra g, ... x, generated by any elements
X1,...,Xq € g is finite dimensional and we have an estimate depending only on
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N and q, namely
N-—1
r=0

Proof. We may assume that we have distinct elements x1,...,x; € g, so that
we have a subset with g elements S = {x1,...,x4} C g. By using the fact that
g™+ = (0} we get by Lemma 2.6
Qxp,...,xg = spang (S U {(admvr) -+ (admv)w | vy, ..., v, w € S,
l<r<N-1)}).
Thus gy, ,... x, is linearly generated by a set containing at most Zﬁvz_ol g™t ele-
ments, hence we get the required estimate. o

Remark 2.8. We record the following fact for later use. If xo,x1,...,x4 € g,
ai,...,0q0 € N,and y € €°(g,K), the value ((dA(x1))*! -~-(dk(xq))°“11p)(x0)
depends only on the values of ¥ on the finite-dimensional subalgebra gy x....x,
(see Lemma 2.7). This is a direct consequence of the definition (2.1).

Notation 2.9. We denote by N® the set of all sequences @ = (xg,®q,...) con-
sisting of nonnegative integers such that there exists ky € N with the property
aj=0if j > ky. Ifa € N®™ then for any sequence Xxop, X1,... € g and any
y € g we denote

(adgx0)™ (adgx1)®! -y := (adgxo)™ (adgx1)*" --- (adgxg)** y

for any k > ko, where (adgqx)? := id4 for every x € g, and k4 € N is as above.
Moreover, for every o = (xp, 01,...) € N® we denote la| = Zkzo a.

Lemma 2.10. Let ¢ € g* and xo € g. Forall o, € N® define
Pap:8 =~ K. pap(y) = ¢((adgx0)* (adgy)P (adgx0)* (adg )P -+ ).
If we denote 'V = spang ({pgp | . B € N®LY U (1)), then
() dimg V <2N-1 41,
(i) forall a, B € NN we have
dA(x0)(pap) € spang ({pys | (v.8) € Iop} U{1}),

where Ig denotes the set of all pairs (y,d) € N®) x NN satisfying either
[yl + 18] > lee| + |Bl, or [y + 18] = || + [B] and |y| > |e],

(i) dA(x0)V C V and (dA(x0))>" '+l =0on V.
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Proof. (i) It suffices to show that for at most 2V~ pairs (a, 8) € N »x N
we have pog # 0. For any such pair we must have

lo| + Bl =N —1,
since gVt = {0}. Moreover, if we define k := max{j € N | B; = 1}, then
axy1 > 1. Forevery r € {0,..., N — 1}, it is then easily seen that the set
(@) e NS N o + Bl =r and  peg # 0}

has at most max{1,2"~!} elements. In fact, if («, 8) belongs to the above set, then

Pap(¥) = ¢((T1(y)--- Ty (y))y) where each of T1(y), ..., Tr(y) is either adgxo
or adgqy, and moreover T, (y) # adgy, and there are max{1,2" !} such possible

choices. Consequently there exist at most 1 4+ 1 4+ 2 + -+ 4+ 2872 = 2N=1 pajrg
(a, B) € N®) x NN with pys # 0.
(i1) For every y € g we define
Ry:g—>gq, zrH2zZ%).

Then for every ¥ € €%°(g,K) and y € g we have
(dA(x0)¥)(y) = (¥ © Ry)y(—x0) = =5 ((Ry)g¥o)-

It then follows by the Baker—Campbell-Hausdorff formula that there exist some
universal constants cg, ..., cy € Q such that

N
(V¥ € €2(@.K)(Vy €g) (@A) = Y c;¥)((adgy) x0).  (2.4)
Jj=0

If o = B =0, that is, for p,g = ¢, it follows by the above formula that for all
y € g we have

N
(dA(x0)9)(y) = Y _ ¢;p((adgy)’ xo)

Jj=0

N
= cop(x0) — Y _ ¢;p((adgy)’ " (adgxo)y)
ji=1
hence dA(x¢)¢ is a linear combination of a constant function and of elements in
the set {p,s | |y| = 1}. Thus the assertion holds true fora = g = 0.
Now let o, B € NN with |a| 4+ |8| > 1 and Pap 7 0. Then we may assume
that there exist ¢ € {1} and k € N such that 8¢, a1, B1,...,0,Br = 1, @; =
Bi =0fori >k + 1, and

(Vy €8) pap(y) = 6 ((adgxo)* (adg )P --- (adgx0)** (adg y)P x0)
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(since we have (adgx0)?y = —(adgqx0)?~!(adgy)xo if ¢ > 1, which was already
used above). Then for all y, z € g we have
k Bi—1
(Pap)y(2) =Y > e¢((adgx0)* (adgy)™ --- (adgy)! (adgz)(adgy) P~ 7!
i=0 [=0

X -+ X (adgqxo) ¥ (adgy)ﬂkxo).
Therefore, by using (2.4), we get
N k Bi—1

(@A x0) (Pep)) ) = .5 Y ¢je0 ((adgx0)™ (adg y)P

j=0i=0 [=0
x -+ x (adg )’ (adg((adgy)’ x0))(adgy)Pi =/
X oo X (adgxo)“k (adgy)‘gk Xo).

On the other hand, by using the Jacobi identity (2.3), we see that for every j € N
and s € {0, ..., j} there exists aj; € Z such that

adg((adgy)JXO) = [adgyv ey [adgy7 adgxo] o ‘]
~—— ——

J times
j .
=) ajs(adgy)* (adgxo)(adgy)’ .
s=0

This equality along with the above formula for dA(xo)(pqg) show that this func-
tion is a linear combination of the following polynomial functions of y € g, for

¢ ((adgx0)* (adg ) - (adgx0)™ (adg y)! ** (adg x0) (adg y)/ ~HA =1
x -+ x (adgx0)** (adg y)P¥ xo)
that is,
—¢((adgx0)* (adg )P0 - .- (adgx0)¥ (adg y)'+* (adgxo) (adg )/ ~STAi~1=1
X -+ X (adgx0)* (adgy)ﬁ"_1 (adgx0)y).

The above polynomial function is equal to —p,s, where |y| = |o| + 2 and |y| +
|6] = || + |B] + j. Hence the assertion follows.
(iii) We have already noted in the above proof of assertion (i) that

sup{|ly| + 16| | .6 € N® and Pys FOHEN—1) <0
hence also

sup{ly| |y € N™ and there exists § € N™ with Pys 0N —1) < oo.
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As a direct consequence of assertion (ii), we then see that for every o, § € NV
we have, besides dA(xo)(pag) € V., also (d)t(X()))m(p%,ﬂ) = 0 for sufficiently
large m > 1. Then dA(xo)V € V and, since dimg 'V < 2¥~! 41 by assertion (i),
we also get (dA (xo))sz1+1 = 0 on V. This completes the proof. |

Lemma 2.11. If xg € g, then for everym > 0 and ¢ € P, (g, K) we have
(dA(x0)>" g = 0.
Proof. We have to prove that for every y € g we have

(dA(x0)2" ™ Hlg)(y) = 0.

By using Remark 2.8, we easily see that it suffices to obtain the conclusion un-
der the additional assumption dim g < co. Moreover, we may assume that ¢ is a
homogeneous polynomial (of degree m). Then for every a € N®) with la| = m

there exist ¢g,1. - - ., Pa,m € g* such that
¢ = Z ¢a,1 "'¢a,m-
aeN®)
loe|=m

Now denote Q := 2¥~1m41. Since dA(xg): € (g, K) — €*(g,K) is a deriva-
tion, we get

@ee= Y Y 2

l... |

1! !
aeN®™  ¢g1,....qmeN q m
le|l=m q1++an=0

x (dA(x0))? a1 -+ (dA(x0)) P Py -

Ifq1.....qm € Nand g1 + -+ + gm = Q > 2N "1, then there exists an index
i €{1,...,m)} such that ¢; > 2~ hence (dA(x¢))¥ ¢,i = 0 by Lemma 2.10.
Then (dA(x0))2¢ = 0, and this completes the proof. ]

Lemma 2.12. I[f m € N and ¢ € Py, (g, K), then the mapping
g = Pm-1(8.K), x> di(x)g,
is linear and for x1, x, € g we have
dA([x1, x2])¢ = dA(x1)dA(x2)¢ — dA(x2)dA(x1)¢.

Proof. By using Remark 2.8, it suffices to obtain the conclusion under the ad-
ditional assumption dim g < oo. In this case we see that Vg := span(A(G)¢) is
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a finite-dimensional invariant subspace for the regular representation A, by using
Remark 2.5. Let dAo: ¢ — End (Vy), x > dA(x)|y,, denote the corresponding
finite-dimensional representation. Note that 19: G — End (Vyp), x = A(x)]vy,, is
a finite-dimensional representation of the Lie group G, whose derived representa-
tion is just dAg: @ — End (V). Therefore, dA¢ is a homomorphism of Lie alge-
bras, and we are done. O

In the next statement we use a function space which is invariant to translations,
and that appeared in [2] in the case of finite-dimensional nilpotent Lie groups. See
also the proof of Birkhoff’s embedding theorem provided in [9].

Theorem 2.13. If we define
¥ = span (A(G)g™)
then the following assertions hold:

(i) The function space F¢g is a closed linear subspace of Py (g, K) which is in-
variant under the left regular representation and contains the constant func-
tions.

(ii) The mapping Ag: G — End (¥G), x = A(x)|%,, is a faithful smooth repre-
sentation of the Lie group G. Moreover, for every x € G we have

(hg(x) — 12 N+ .

(iii) The mapping dAg:g — End (Fg), x — dA(x)|g,, is a faithful representa-
tion of the Lie algebra g and for every x € g we have

dAg(x)2" N+ = g,

Proof. For assertion (i) note that g* C £;(g, K), hence it follows by Lemma 2.4
that £g € £y (g, K) and Fg is invariant under the representation A. Moreover, if
3 denotes the center of g and we pick v € 3and & € g*, then A(v)§ = —£(v)1+&.
We thus see that the constant functions belong to ¥g.

We now prove assertions (ii)—(iii). Note that dA g is a homomorphism of Lie al-
gebras by Lemma 2.12. The representation A g is smooth (that is, its representation
space consists only of smooth vectors) since every continuous polynomial func-
tion on g has arbitrarily high Géteaux derivatives (see for instance [5, Section 3]).
Moreover, Lemma 2.11 shows that for every x € g we have

(dAg(x))>" N+ =,

By considering the Taylor expansion of the function K — Fg, t — Ag(tx)¢, for
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arbitrary ¢ € Fg, it then easily follows that
Ag(x) = %6 ¢ End (Fg). (2.5)

We then get (Ag (x) — 1)2" 'N+1 =0,

In order to prove that Ag is a faithful representation, it suffices to check that if
xo € G and Ag(xg) = 1 € End (F3), then xg = 0 € g. In fact, since g* C Fg,
it follows that for every £ € g* we have Ag(xo)é = £. By evaluating both sides of
this equation at 0 € g we get £(xg) = 0 for every £ € g*. Since the locally convex
space underlying g is a Hausdorff space, it then follows by the Hahn-Banach
Theorem that xo = 0 € g.

Finally, since the smooth representation A is faithful and the Lie group G has
a smooth exponential map, it follows that also the derived representation dAg is
faithful. In fact, if xo € g and dAg(xo) = 0, then by (2.5) we get

Ag(xg) = e*6(*0) = 1 € End (Fg).
Therefore xg = 0 € g. |

Corollary 2.14. Each connected, simply connected, (N + 1)-step nilpotent Ba-
nach-Lie group has a faithful, unipotent, norm continuous representation on a
suitable Banach space, with the unipotence index at most 2N "'N + 1. Every
(N + 1)-step nilpotent Banach—Lie algebra has a faithful bounded representation
by nilpotent operators on some Banach space, with the nilpotence index at most
INZIN 4 1.

Proof. Using Theorem 2.13 (iii) in the special case when g is a nilpotent Banach—
Lie algebra, we are only left with proving that A is a norm continuous represen-
tation and dAg is a bounded linear map. It follows by Remark 2.2 that the space
of polynomials £y (g, K) is a Banach space, hence so is its closed subspace F¢.
By using (2.4) and then Remark 2.2 we get for suitable constants Cy, C, and C3

IA(xo)V | pm—1 (g ) < Ci Sup |(A(x0)¥) ()]
Y=

<C; sup  [Yy((adgy)’ xo)|

Iyl<1,0</<N
<C; sup 1V | pm(q.x) - I (adgy) xoll - 3]
yll<1,0<j<N
= G||[¥llpm g ) [ Xoll
for every m = 1,..., N. By using the direct sum decomposition in (2.2) we eas-

ily see that /.\(xo) is a bounded linear operator on ¥ and the representation
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dAg:g — End (¥£¢) is norm-continuous. It then integrates to a norm continuous
representation of G, which coincides with Ag since G is connected. O

Remark 2.15. The second part of Corollary 2.14 is implied by the first part by
using a more general argument. In fact, it is easily seen that if a homomorphism
of locally convex Lie groups with smooth exponential maps is injective, then its
derivative is also injective. Moreover, a bounded linear operator on a Banach space
is nilpotent of index < ¢ if and only if it is the infinitesimal generator of a one-
parameter group of unipotent operators with unipotence index < q.

Acknowledgments. We wish to thank the referee for several useful remarks and
suggestions that helped us improve the exposition.
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