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1. Introduction

The relationship between the Weyl calculus of pseudo-differential operators on R" and the Heisenberg group R**! x R"
is a classical topic (see for instance [1,2], or [3]). In fact, the Weyl calculus provides a quantization of a nontrivial coadjoint
orbit for the Heisenberg group. On the other hand, a magnetic gauge-covariant pseudo-differential calculus on R" has also
been recently developed by using techniques of hard analysis; see [4,5]. As our alternative approach has shown [6], this
magnetic calculus can be set up for any nilpotent Lie group G and can be understood as a quantization of a certain coadjoint
orbit for some Lie group ¥ x G, which is infinite dimensional unless the magnetic field is polynomial. More specifically, by
adapting ideas of [7], the cotangent bundle T*G has been symplectomorphically realized as a coadjoint orbit of # x G and
the pseudo-differential calculus has been constructed as a Weyl quantization of that orbit. (We refer to [8] for a discussion
on Weyl quantizations.) In our case, the semidirect product is needed in order to deal with rather general perturbations of
invariant differential operators on G. The semidirect products have also turned out to be an important tool in mechanics;
see for instance [9].

In the present paper we investigate some uncertainty principles for the magnetic Weyl calculus developed in [6]. The
uncertainty principles have been an active area of research. We refer to the survey [10] for a comprehensive introduction
to this circle of ideas, to [11] for the case of families of pseudo-differential operators, and to [12,13] for Hardy’s uncertainty
principles on Lie groups. The main point of the present approach is that the aforementioned Weyl quantization allows us to
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obtain versions of Heisenberg’s inequality —taking into account magnetic momenta— and Lieb’s uncertainty principle [ 14]
for a certain wavelet transform associated with the coadjoint orbit T*G of £ x G.

Let us describe the contents of our paper in some more detail. Section 2 is devoted to establishing Heisenberg's
uncertainty inequality in the magnetic setting on nilpotent Lie groups. In Section 2.1, after describing the necessary notation
used throughout the paper, we introduce the ambiguity function and the cross-Wigner distribution in the present framework
and prove some of their main properties including Moyal’s identity (Theorem 2.8). Preliminary material on magnetic Weyl
calculus from [6] is provided in Section 2.2 along with additional properties in connection with the Wigner distribution.
Thus, in Proposition 2.18 we indicate the significance of its marginal distributions for the functional calculus with both the
position operators and the “noncommutative magnetic momentum” operators. Let us point out that using the usual Fourier
transform does not seem very natural in the present context. This is due both to the presence of the magnetic potential and
to the fact that the invariant vector fields on a nilpotent Lie group may not have constant coefficients (see Example 4.2).
Versions for Heisenberg’s inequality are established in Theorem 2.19 and Corollary 2.20.

Section 3 deals with a version of Lieb’s uncertainty principle in the present setting. The main result is Theorem 3.5 and is
stated in terms of magnetic ambiguity functions and mixed-norm Lebesgue spaces on the cotangent bundle of a nilpotent
Lie group. In the case of abelian Lie groups and no magnetic potential we recover one of the results of [ 15]. (See also [16,17]
for related results in this classical case.) Among the consequences of Theorem 3.5 we mention an embedding theorem for
the natural versions of the modulation spaces in our setting (Corollary 3.6).

Finally, in Section 4 we illustrate the main ideas by considering the special case of two-step nilpotent Lie algebras.

2. Heisenberg’s uncertainty inequality in the magnetic setting on nilpotent Lie groups

2.1. Moyal’s identity on nilpotent Lie groups

In this subsection we introduce the ambiguity function and the cross-Wigner distribution in the present setting and
prove some of their main properties including Moyal’s identity (Theorem 2.8). This property occurs in connection with a
finite-dimensional coadjoint orbit of a semidirect product which is in general an infinite-dimensional Lie group (see Prop. 2.9
in [6]). It corresponds to the orthogonality relations proved in [ 1] for the matrix coefficients of any irreducible representation
of a nilpotent Lie group. Let us also note that other wavelet transforms associated with semidirect products of locally compact
(or finite-dimensional Lie) groups appeared in [18,19].

Setting 2.1. Throughout the present paper we work in the setting of Section 4 in [6]. Let us briefly recall the main notation
involved therein.

e A connected, simply connected, nilpotent Lie group G is identified to its Lie algebra g by means of the exponential map.
We denote by * the Baker-Campbell-Hausdorff multiplication on g, so that G = (g, *).
e The cotangent bundle T*G is a trivial bundle and we perform the identification

T*G>~gxg* (2.1)
by using the trivialization by left translations.

e ¥ is an admissible function space on the Lie group G (see Def. 2.8 in [6]); in particular, # is invariant under translations
to the left on G,

M:F = F, ¢ d((—X) %)

for all X € g, and ¥ is endowed with a locally convex topology such that we have continuous inclusions g* — F —
C*°(G). For instance # can be the whole space ¢*°(G) or the space egg, (G) of smooth functions with polynomial growth.
See however Example 4.1 below for specific situations when dim # < oo.

e The semidirect product M = ¥ x; G is an infinite-dimensional Lie group in general, whose Lie algebra is m = ¥ x; g.
We refer to [20] or [21] for basic facts on infinite-dimensional Lie groups.

e We endow g and its dual space g* with Lebesgue measures suitably normalized such that the Fourier transform L?(g) —
L?(g*) is a unitary operator, and we denote # = L*(g).

e We define a unitary representation 7: M — B(#) by

(3, X)) () = e?F(=X) + Y)
for (¢, X) e M,f € #,and Y € g.
e The magnetic potential is a smooth mapping A: g — g*, X — Ay, with polynomial growth such that for every X € g we
have (A,, (Re)X) € F.
e We also need the mappings
Bo:g x " — F, 6(X,§) =&+ (A, (R)pX)
and
O:gxg" > m  (X,8) > (00X, £),X).
HereRy:g — g,Z — Z % Y, is the translation to the right defined byanyY € g. O
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Remark 2.2. We wish to explain here the relationship between the objects introduced in Setting 2.1 and the magnetic field
B := dA € 22%(g), where the magnetic potential is thought of as a 1-form A e 2'(g). Specifically, for arbitrary ¢ € # and
X € g, let us define the function 96‘((;5, X) € F by

(VY €g) (@@ X)) = ¢(Y) + (Ay. (Ry)oX).
Now consider the continuous linear mapping

0 Fxjg=m—>m, 04, X) = 6(¢.X).X)
and the differential 2-forms &, B € 2%(F x g) defined by

Do xo) (D1, X1), (92, X2)) = ($2)x, (X1) — ($1)x, (X2)
and

Bigo.x0) (91, X1), ($2, X2)) = By, (X1, X2),
respectively. Then the following assertions hold:

(1) The operator 8%: m — m is invertible and (6%)~" = §—.

(2) We have d& = 0 and (8%)*(®) = & + B. If we restrict the latter equality to g* x g (C F x g), then we see that
the magnetic perturbation (@ + B)lg*Xg of the canonical symplectic form w|g«, € £22(g x g*) can be recovered as the
pull-back of the universal form @ € £22%(F x g) by a mapping constructed in terms of a magnetic potential, namely
§A|g*xg: g* x g > F X g.(The 2-form @ is universal in the sense that it does not depend on the magnetic field.) Note
that #4(£,X) = 6(X, &) whenever & € g* € F and X € g.

(3) Here is a way to describe the mutual relationship between the aforementioned mappings constructed out of different
potentials of the same magnetic field: If A;, A, € £2'(g) are magnetic potentials then there exists my € M such that
041 = Ad), (mg) o 6”2 if and only if dA; = dA,.

We refer to Prop. 3.3 and Rem. 3.5 in [6] for some more details. O
Notation 2.3. We shall denote for every X € g,
1
Uxig —> g, W(Y) =/ Y * (sX)ds
0
(see Prop. 3.2 in [6]) and also
1
X, Y) = exp(i/ (A—sx)y» (R(st)*y)é)X)dS)
0

forX,Yeg. O

Remark 2.4. We note that for arbitrary (¢, X) € mand f € L?(g) we have
7 (expy (6* (¢, X))f () = a(X, )7 (expy (¢, X))f (),
since

1 1
expM(é/‘(qs,X)):( / Asxpds + [ »\sx<A.,(R.>g><>ds,X)
0 0

while expy (¢, X) = ( f01 Asx@ds, X). It follows by associativity of the multiplication and the above formula that the mapping

X +— 14(X, -) gives rise to a cocycle with values in the multiplicative group {e® | ¢ € F}. We refer to [4] for a discussion of
this circle of ideas in the case when g is abelian. O

Lemma 2.5. Forevery (X, £) € g x g* and f € [?(g) we have
(7 (expy (O(X, ENI(Y) = Ta(X, YV)e & F((—X) x V), (22)
(7 (expy (=0 (X, EF(Y) = Ta(X, X x ¥) 1&g (x 4 y) (2.3)

for arbitrary Y € g.
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Proof. Formula (2.2) follows at once by Remark 2.4, Notation 2.3, and the fact that
1
(eI Y en) [ Gty (V)ds =~ (6, (V)
0

In order to prove the second formula, note that for ¢ € L?(g) we have by (2.2)

(m(expy (OX, ENHY) = ¢(Y)
= X, Y)exp(—i(§, Ix (=Y)Nf ((=X) *Y) = ¢(Y)
= FU=X) xY) = ta(X, Y) " exp(i(§, ¥x (=Y))(Y)

for arbitrary Y € g, which is further equivalent to
(VY €g) f(Y) =1aX, X 5 Y) " exp(i(§, x (=X % V)X % Y)

and this concludes the proof. O

Definition 2.6. For arbitrary ¢, f € L?(g) we define the function
Agfigxg" = C, (Agf)(X, &) = (f | w(expy (0(X, §)))9).

We shall call A4f the ambiguity function defined by ¢, f € %(g). By using the canonical symplectic structure on g x g* given
by

(gxg) x@xg) >R (X8, (X &) > 1. X) — (5. X1)
we also define the symplectic Fourier transform of the ambiguity function

W, $) = Asf € (g x g
and we call it the cross-Wigner distribution (function) of ¢, f € L2(g). The definition of W(f, ¢) makes sense since it follows
by Theorem 2.8 below that 44f € [*(g). O
Remark 2.7. Let¢ € $(g).Formula (2.2) shows that for every (X, £) € gxg* we have 7 (expy (0(X, £)))¢ € $(g). Moreover,
the mapping

gxg"— (), X&) > nexpy(@X,§))¢
is continuous. Thus we can extend the definition of «4f for every f € §’(g) to obtain the continuous function

Apfigx g —> C,  (Af)X,8) = (f, m(expy (0 (X, §)))9),

where (-, -): 8'(g) x 8(g) — C is the usual duality pairing.
We also note that if f, ¢ € $(g), then Ayf € 8(g x g*) as an easy consequence of Lemma 2.5. O

The second equality in Theorem 2.8(1) below will be referred to as Moyal’s identity just as in the classical situation when
the Lie algebra g is abelian (see for instance [2]).

Theorem 2.8. The following assertions hold:
(1) Forevery ¢, f € [*(g) we have A4f € [?(g x g*) and

(Agf1 | Apf)2gegry = 1 1212 - (2 | 1)12(q)
= (W(f1, ¢1) | W2, $2))12(gxg%)

whenever ¢1, fi, ¢2, f> € L*(g).
(2) If ¢ € [2(g) with ||¢o|l = 1, then the operator Agy: *(g) — [*(g x g*), f — Ag.f, is an isometry and we have

/ / (Aauf) X, £) - 7 (XD (O, ) AX, €) = & | dof
oxg*
for every ¢, f € L*(g). In particular,
// (Ago /)X, &) - m(expy(0(X, §))od(X, &) =f
gxg*

for arbitrary f € L(g).
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Proof. (1) We may assume f1, fo, ¢1, ¢2 € 8(g). Let X € g be fixed for the moment. We have by Lemma 2.5

lin}) e el Agf1(X, §) - Ag,fo(X, §)dE

£—> *
g

lim / / / e L Fi(V)) - TalK, V1) - p1((—X) # V1) - Fo(Ya)
axgxg*

[ At &) AT B
g*

e—0

X Ta(X, Y2) - p1((=X) * Yp) - elEX IRy, dyy dg
= lim (U, Fx)

e—0

where (-, -): 8’(g x g) x 8(g x g) — C stands for the usual duality between the tempered distributions and the Schwartz
space. Here we think of the function

Ue(Yy, Yy) = / e el | QilE X (YUK (YD) g
g*
as a tempered distribution on g x g, while the function
Fx(Y1, Y2) = fi(Y1) - a(X, Y1) - 1((—X) x Y1) - o(Y2) - ta(X, Y2) - @1 ((—X) * Y2)

belongs to 8(g x g). Since ¥x: g — g is a polynomial diffeomorphism of g whose inverse is again a polynomial diffeomor-
phism (by Prop. 3.2 in [6]), it follows by standard reasoning that for a certain constant C, > 0 depending on the choice of
the Lebesgue measure on g we have

e—>

in the weak topology of the space 4'(g x g), where §(-) is the Dirac distribution at 0 € g. Specifically, let ¢ € 8(g x g)
arbitrary. Then a change of variables shows that

e—0

lim(U,, ¢) = lim / / / e tlEP e i Z0HIE2) (7, 7,)dZ,dZpdE
e—~0 gxgxg*

lim et (Fy) (€, —£)dE = [ (Fy)(E, —&)dE,
c B* B*

where F: 8(g x g) — $(g* x g) is the usual Fourier transform. Here we have set ¥ (Z;, Z;) =: ¢(—11/X’] (—21), —lI/X’l (—2Z1))
and used Lebesgue’s convergence theorem. On the other hand,

f (F)(E —6)dE = G / VY. Y)Y,
o* g

This can be seen by applying the equality fg* (F x)(&,0)dE = C fg x (0, Y)dY with the function y (X, Y) = ¥ (Y +X, Y =X).
Now (2.4) follows at once by the above computations.
We then obtain by (2.4)

/ ‘Ad)]f](xv 'i:) : r/"4’452.f‘2()<’ S)dé = CO /FX(Y, y) dy
a*

g
=Go /f](Y) < 01((=X) % Y) - oY) - 2((=X) + Y) dY
g

since |t4(X, Y)| = 1. By integrating the above equality with respect to X € g and taking into account our convention on the
relationship between the Lebesgue measures on g and g*, we eventually get

(Amfl | =A>¢2f2)l_2(g><g*) = (fi |f2)L2(g) (2 | ¢1)L2(g)-

This is just the first equation we wished for. The second equality in the assertion follows from this one by using the well-
known fact that the symplectic Fourier transform L?(g x g*) — L?(g x g*) is a unitary operator.

(2) It follows at once by Assertion (1) that the operator g, : [*(g) — L[*(g x g*) is an isometry if ||¢o]| = 1. The other
properties then follow by general arguments; see for instance Proposition 2.11in[22]. O

Proposition 2.9. If f, ¢ € §(g), then the following assertions hold:
(1) Forevery (X, &) € g x g* we have

(Apf) (X, &) = / e EN T (X, — W (=Y))f (0 (Y )DP(—X) * (—¥¢ '(—Y))) dY.

9
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(2) Forevery (Y,n) € g x g* we have

W, )Y, n) = /efim'x)m(X, W (Y (=8 (=Y)P(=X) * (=% '(=Y))) dX.

g

Proof. It follows by Definition 2.6 and Lemma 2.5 that
A 6) = [ S @R D DG KT 2y dz.
g

Since ¥x: g — g is a diffeomorphism with the Jacobian function equal to 1 everywhere, we can change variables and set
Y = —¥y(—Z) in the above integral. Then Z = —IIIX’](—Y) and we get the formula in Assertion (1). Then recall from
Definition 2.6 that

W, $) (Y, ) = / / e X690 (4 £) (X, £) dEdX
axg*

If we plug in the formula of Assertion (1) in the above equation and use the Fourier inversion formula, then we get the
formula for W(f, ¢)(Y, n) asclaimed. O

Remark 2.10. It follows by Proposition 2.9(1) that the function A4f (X, -): g* — C s equal to the inverse Fourier transform
of the function

X, = O (T O)O(=X) * (=¥ '()):g = C. O

Remark 2.11. We can use the above Proposition 2.9 along with Prop. 3.2 in [6] to check that the sesquilinear mappings

AC, ), W(, ) 8(g) x 8(g) — 8(g x g°)

are continuous. 0O
2.2. Magnetic pseudo-differential operators and Wigner distributions

This subsection includes background material from [6] together with some new properties of the magnetic Weyl calculus
on nilpotent Lie groups.

Definition 2.12. For every a € $(g x g*) the corresponding magnetic pseudo-differential operator is defined by

Op(@)f = / / FX, £) - 7 (expy (X, ) d(X. £) (2.5)
gxg*

for every f € 8(g), where 6: g x g* — mis described in Setting 2.1. O
We record in the following proposition some immediate properties of the magnetic pseudo-differential operators con-
structed in Definition 2.12.
Proposition 2.13. The following assertions hold:
(1) Foreacha € 8(g x g*) we have
OP(@f | P2y = @ | ArP)p2(gngry = (@1 W@, )2 (g

whenever f, ¢ € $(g).
(2) If ¢1, P2 € 8(g) and a .= W(¢p1, ¢p2) € 8(g x g*), then Op(a) is a rank-one operator, namely

Op(a)f = (f | d2)12(g) - ¢1 forevery f € $(g).

Proof. Assertion (1) is a consequence of formula (2.5) along with Definition 2.6. Then Assertion (2) follows by Assertion (1)
by taking into account Moyal’s identity (Theorem 2.8(1)). In fact, we get

Op(W(g1, ¢))f | §) = (W(d1,¢2) | W, ) = (¢1 1) - (F | ¢2)
= ((f 920911 ¢)
for arbitrary ¢ € $(g), and the conclusion follows since $(g) is dense in L?(g). O
Remark 2.14. We can use the equations in above Proposition 2.13(1) and Remark 2.11 to define for every a € §'(g x g*)

the corresponding magnetic pseudo-differential operator as a continuous linear operator Op(a): 8(g) — 4'(g). It follows
by this definition that the following assertions hold:
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(1) If limjg; a; = a in the weak*-topology in 4'(g x g*), then for every f € $(g) we have limje; Op(q;)f = Op(a)f in the
weak*-topology in §'(g).
(2) The distribution kernel K, € 4'(g x g) of the operator Op(a): 8(g) — 4’(g) is given by the formula

Ki=as- (1QF, Ha)o X, (26)

where the function a4 multiplies the composition between partial inverse Fourier transform (1 ® F Na € 8 (g x g)
and the polynomial diffeomorphism

1
Sigxg—axg DX Y) = (/ (s(Y % (=X))) *de,x*(—y))
0

whose inverse is again polynomial. In fact, this follows by Th. 4.4 and eq. (4.14) in [6] for a € $(g x g*). Then the general
case can be obtained by the preceding continuity property, since 8(g x g*) is weakly*-dense in 8'(g x g*).

For the sake of completeness, let us write (2.6) explicitly as

1
Ko(X, Y) = aa(X. Y) / ei@'x*(’y”a( / (s(Y % (=X))) % X ds, s) de 2.7)
o* 0

which makes sense whenever a € 8'(g x g*) is defined by a function such that the right-hand side is well defined. Here we
have used the notation

1
n(X,¥) = exp(i [ {ACSOY 5 (=X00) X0, Rrccr X + (=¥} ) (28)
0
forevery X,Y € g(seeeq.(4.13)in[6]). O

Example 2.15. We wish to use Remark 2.14 in order to compute the magnetic pseudo-differential operators defined by
some special types of symbol.

(1) Let a: g — C be a smooth function of polynomial growth and look at it as a symbol in 4’(g x g*) depending only on
the variable in g. Since 4 (X, X) = 1, it the follows at once from (2.6) that Op(a) is the multiplication operator in L2 (g)
defined by the function a.

(2) Let Xp € g and define ax,: g x g* — C, ax,(X, &) = (§, Xo). Then it follows by Th. 4.4(1) (and its proof) in [6] that

Op(ax,) = —ir(Xo) + A(Q)Xo

and this operator is the infinitesimal generator of a 1-parameter group of unitary operators, hence it is essentially
self-adjoint in L?(g). Here A(Xy) is the first-order differential operator defined by the right-invariant vector field X,
on the nilpotent Lie group (g, *) whose value at 0 € g is Xp. On the other hand, A(Q )Xy stands for the multiplication
operator given by the function whose value at an arbitrary point is obtained by applying the 1-form A € 221(g) to the
aforementioned vector field X,. Let us note that an explicit formula for A(Xp) can be easily obtained by Lemma 5 in [23],
namely for every f € C*(g) and Y € gwe have (A(Xo)f)(Y) = (fy. Xo(Y)), which is the first-order differential operator
defined by the vector field Xo: g — g,

_ 1 1
Xo(Y) = R(adgY)Xo = Xo — 5[V, Xol + E[Y’ Y, Xoll +---. (2.9)

2
Here we use the holomorphic function R:C \ 27iZ* — C, R(z) = z/(e/ — 1) whose power series around 0 is
1—1z+ 224

(3) Now assume that the magnetic potential A vanishes. Let a € L'(g*) and think of it as a symbol in §'(g x g*) depending

only on the variable in g*. If we denote by b € L*°(g) the inverse Fourier transform of a, then it follows by (2.7) that
K,(X,Y) = b(X x (—Y)), hence

(Vf € $()) (Op(@f)(X) = /b(X*(—Y))f(Y)dX-

9
Thus Op(a) is a convolution operator on the nilpotent Lie group (g, ). O

Our next aim is to show that the Weyl calculus with real symbols gives rise to symmetric pseudo-differential operators;
see Proposition 2.17 below.

Lemma 2.16. If we define

1
Sigxg— g 21(x,v>=/ (S(Y % (X)) % X ds,
0

then forevery X, Y € gwe have X¥1(X,Y) = X1(Y, X).
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Proof. Note that for every X, Y € g we have

1 1
WX(Y*(—X)):/ Y*(—X)*sts:/ Y % (—(1 — $)X) ds = W_x(Y).
0 0

If we replace X by (—X) * Y, then we get W(_xy.y (Y * (=Y) * X) = W_yy.x(Y), thatis,
VX, Y € 9) Yxpr(X) = Wyyx(Y).

Now the conclusion follows since
21X, Y) = —Wxu(-y) (=X)

foreveryX,Y eg. O

Proposition 2.17. Let a € §'(g x g*) be areal distribution, in the sense that its values on real valued functions are real numbers.
Then the distribution kernel K, € $'(g x g) has the following symmetry property:

vVf. ¢ € 8(g) (Ko.f ® @) = (Ko, ®F).

Proof. First note that for every X, Y € g we have by (2.8)

1
ax(Y,X) = exp(i / (ACSOCE () % V), Resr-vppa ) Y * (X)) ds)
0

=o(X,Y),

where we used the notation X * (—Y) = —Z, hence Y = Z % X. Now the assertion follows at once by using Lemma 2.16 and
formula (2.7). O

The next result shows the significance of the marginal distributions of the cross-Wigner function in our setting. It is worth
pointing out that this is a natural extension of the similar property in the classical case of the Schrédinger representation.
Actually, the functional calculus with both the position operators (see Assertion (1)) and the noncommutative magnetic
momentum operators —iA(Xg) + A(Q)Xp (Assertion (2)) can thus be read off with the cross-Wigner distribution.

Proposition 2.18. If f, ¢ € S(g), then the following assertions hold:

(1) Forevery Y € g we have
FNeY) = /* W, $)(Y, n)dn.
(2) If we define 9
Laia' > € Do) = [ W@ o¥may.
then for every Xy € gand ag € S(R)gwe have

(@0(~i406) + AQX0F | 8) = [ T3.0man (. Xa)

g

where the left-hand side involves the Borel functional calculus for the essentially self-adjoint operator —ii(Xo) + A(Q)Xo
in [*(g).
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Proof. For Assertion (1) use Proposition 2.9(2) along with the Fourier inversion formula to get

f W, $)(Y, n)dn = a0, =¥, ' (=Y)) - F(=¥ ' (=Y)) - $(0 x (=¥, ' (=Y)))
9*
= f(Y)$(Y).

The latter equality follows at once by the formulas in Notation 2.3.
In order to prove Assertion (2), let us denote by 1 ® ag((-, Xo)) the function defined on g x g* by (X, &) — ap({&€, Xo)).
It then follows by Example 2.15(2) that 1 ® ag({-, X)) = ag o ax, and then

ao(—iA(Xo) + A(Q)Xo) = OP(1 ® (-, Xo)))
(see also Sect. 5.1 in [21]). By using this equality along with Remark 2.14 and the formula in Proposition 2.13(1), we get
(ao(—iA(Xo) + AQ)X0)f | $)i2¢qy = 1 ® ao((+, X0)) | W@ ) i2(gng)

_ f [ ao((1, Xo)) - W(F, $)(Y, ) dYdln
axg*

= [ aottnxon( [ wr o)v. mav)en.
o g

and this leads to the asserted formula. O

2.3. Heisenberg’s inequality

In the following statement we shall use the symbols
aXo:ng*_)(Cv aXo(Xvs):@:’XO)’
afo:gxg*_)(ca a{-‘o(Xﬂs):(éOaX)'
for arbitrary Xy € gand & € g*.
Theorem 2.19. Let Xy € g and ¢y € R. Assume that the coadjoint orbit @ C g* is contained in the affine hyperplane {§ € g* |
(§,Xo) = co}. Then
[Op(ax,), Op(ag,)] = ico - idj2(, (2.10)

and

1
10p(ax,)f 1l - 10p(ag,)f Il = = Icol (2.11)

for every & € O, whenever f € L?(g) with ||f|| = 1 belongs to the domains of both operators Op(ax,) and Op(ag,).

Proof. For the sake of simplicity we shall use the convention that the operator of multiplication by some function will be
denoted by the same symbol as that function. Then, according to Example 2.15(1)-(2) we have Op(ag,) = & and Op(ay,)

= —iA(Xo) + A(Q)Xo. Since iA(Xo) is a first-order linear differential operator on €®(g), hence a derivation on €*(g), it
easily follows that

[0p(ax, ), Op(ag,)] = —iA(Xo)&o. (2.12)
Now, by using eq. (2.10) in [6] we get for every X € g

. d
(A (X0)&0)(X) = @

Note that the Baker-Campbell-Hausdorff formula gives that for every t € R

{60, (—tXp) * X). (2.13)
t=0

(—tXo) ¥ X = —tXo + X +t Y _ bj(ad,XYXo + t*P(t, X, Xo), (2.14)

j=1

where {b;};>1 is sequence of real numbers while P: R x g x g — g is a certain polynomial mapping.
On the other hand, for every X € gand t € R we have & o e®%* ¢ 9 hence

t ,
o = (60 0 €™, Xo) = 3 _ (60 © (XY Xo)-
j=0 <°

Thence (& o (ang)f,Xo) = Oforeveryj > 1and X € g. By combining this with (2.12)-(2.14), we get (2.10). Then the
inequality (2.12) follows by general arguments; see for instance Prop.2.1in[10]. O
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In the following statement we use the notation ; for Kronecker’s delta.

Corollary 2.20. Let {Xi, ..., X,} be aJordan-Hdlder basis in g and denote by {&1, ..., &,} thedual basising*. If 1 <k <j <n,
then we have

[Op(ax;), Op(ag,)] = idid;2(y (2.15)
and
8.
10p(ax)f I - 10p(az )f Il = = (2.16)

whenever f e L2(g) with ||f || = 1 belongs to the domains of both operators Op(ax].) and Op(ag, ).

Proof. The hypothesis that {Xy, ..., X;} isaJordan-Hélder basis in g implies thatforj = 1, ..., nwe have [X;, g] € span {X; |
j < 1 < n}. Then we can apply Theorem 2.19 to get the conclusion. 0O

Remark 2.21. It is often the case that a coadjoint orbit of a nilpotent Lie group is contained in an affine subspace, like in
Theorem 2.19. Here are a few specific situations:

(1) When &y € g* vanishes on [g, g], its coadjoint orbit reduces to {&}, hence it is clearly contained in many affine subspaces.
(2) If g is a two-step nilpotent Lie algebra, then every coadjoint orbit is an affine subspace.
(3) For every coadjoint orbit @ C g* and every Z; in the center of g there exists ¢y € Rsuchthat® C {& € g* | (£, Zy) = co}.

We also note that the hypothesis @ C {£ € g* | (£, Xo) = ¢o} in Theorem 2.19 is equivalent to the fact that some (actually,
every) & € O vanishes on the ideal generated by [Xp, g] in g. This implies that if g is a two-step nilpotent Lie algebra in
Corollary 2.20 then the conclusion holds for everyjand k. O

3. Uncertainty principles for magnetic ambiguity functions

In this section we establish a version of Lieb’s uncertainty principle [14] along with some of its consequences in the
present setting. The main result is Theorem 3.5 and is stated in terms of magnetic ambiguity functions and mixed-norm
Lebesgue spaces on the cotangent bundle of a nilpotent Lie group.

3.1. Magnetic modulation spaces

We first introduce the magnetic modulation spaces on a simply connected nilpotent Lie group G. The natural tool for that
purpose proves to be the ambiguity function and not a short-time Fourier transform, as it is customary in the classical case
when the nilpotent Lie group G is the additive group (R", +) (see for instance [2]). Nevertheless, our notion of modulation
space agrees with the classical one because of the well-known relationship between the ambiguity function and the short-
time Fourier transform.

Definition 3.1. Assume 1 < p, g < oo and let ¢ € $(g). For every tempered distribution f € 4’(g) define

p/q 1/p
ige = ([ ([ 1caancx. o11a) ax) ™ e 10,01
g Jg*
with the usual conventions if p or g is infinite. Then the space

M5 (@) == {f € 8'(@) | If s < 00)

will be called a magnetic modulation space on the Lie group G = (g, *). O

Remark 3.2. In the setting of Definition 3.1 let us introduce the mixed-norm space [P-%(g x g*) consisting of the (equivalence
classes of) Lebesgue measurable functions ®: g x g* — C such that

p/q 1/p
10 = ( [ f @, ende ) ax) " < o0
ve= ([ (], ) )
(cf. [2]). It is clear that M{(g) = {f € 8'(g) | A¢f € [P%(g x g)}. O

Example 3.3. For any choice of ¢ € $(g) in Definition 3.1 we have

M?>2(g) := My (9) = L*(a).
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To see this, just note that the operator +A: L*(g) — [*(g x g*) satisfies
||=A’¢f||L2(ng*) = ||¢||L2(g) ) ||f||L2(g)
for every f € L%(g), by Theorem 2.8(1). Therefore

Ifllm22 = @ lli2) - Ifll2(q) € [0, 00]
foreachf € 8'(g). O

Notation 3.4. For every real number p € (1, co) we shall denote

p=p/0—1) €(1,00),
1 1 _
sothatE + 7= 1. O

3.2, Uncertainty principles for ambiguity functions

In the following theorem we extend Lieb’s uncertainty principle [14] to the present setting that takes into account a
magnetic potential on a nilpotent Lie group G. In the special case when the magnetic potential vanishes, the Lie group is the
abelian group (R", +), and the estimate for 4, f1 - Ag,f> is an ordinary L? one instead of a mixed-norm one, we recover
Th. 4.1 in [15], due to the simple relationship between the ambiguity functions and the short-time Fourier transforms on
abelian groups.

Theorem 3.5. Let g be a nilpotent Lie algebra with the corresponding simply connected Lie group G = (g, *).

(1) If the following conditions are satisfied:
(@) p1,p2 € (1, 00);
(b) 13, 55 > max{pj, pj}(= 2) for j = 1,2;
_ (1 1y-1 _ (1 1y-1.
(C)P—(a‘l'?) 1andq_(§+g) ;
_ -1 P
(d) fj—(;}."‘;]/_—p*j) forj=1,2,
then for every f; € LPi(g) and ¢; € L'(g) for j = 1, 2 we have
| Apf1 - Agfallpagxesy < C - fillrrg - 2llpz@) - 11l - 12l g

where C € (0, 1) is a certain constant depending only on p4, p2, 11, 2, S1, S2, and dim g.
(2) Foreveryp > landfi, f», ¢1, 92 € L*(g) we have

g f1 - Agfallpaxesy < @™ fill2g - If2llzg - 111l - Id2lli2q)-
Proof. It is enough to prove these inequalities for f1, f2, ¢1, $2 € $(g). Note that
. - 1/p
Ao fi - ApaPollpaeen = ( f A i, ) - Ao, oy dX) (3.1
g
Since % = i + é we can use Holder’s inequality to get

A f1(X, ) - Ap, 2 X, Iliags < g 1 X, Illis ) « Agfa (X, ) lis2 %) (3.2)

for almost every X € g. Now note that Proposition 2.9 implies that

Asf (X, E) = f e AT (X, U N (=2)f (=¥ (=2)p((—X) * (=W ' (=2)))dZ

9

for f, ¢ € 8(g). Therefore, since s; > 2, we can apply the Hausdorff-Young inequality for the Fourier transform sz’. (g) —
L% (g*) to obtain

45Xl = ( f
g

/ 1/5]5
= (f Ui (= ' (—=2) i ((—X) * (—WX”(—Z)))Pfdz)
g

- s 1/5]’-
T (X, =¥ (2 (2)B((—X) = (¥ (<2))| 2

g 1/5;
= ( f 5N % V)Y )
g9
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where we have performed the change of variables Y = —lI/X_l (—Z) and used the fact that ¥y: g — g is a diffeomorphism
with the Jacobian equal to 1 everywhere on g by Proposition 3.2 in [6]. If we define ¢;(v) := ¢;(—v) for every v € g, it then
follows that for almost every X € g we have

A HX, Misiqry < (LI * 11D XN, (33)

where « stands for the usual convolution product of functions on the nilpotent Lie group G.
On the other hand, by (3.1) and (3.2) we get

1/p
||=A>¢1f1 A,;,zfz”]_PQ(gxg*) /”eAcplf](X )||Ls1(g*)”<f"¢2f2(x )”LSZ(Q*) )

/T1 r 1/ry
/ A i 06 D g dX) /g g X, I gy 0X) (34)

where the latter inequality follows by Hélder’s inequality since % = % + % Now note that by (3.3) we get

177j i s ri/s) 177
([ 1sssgoc )" = ([ =300 ax)
g g

/ ~ 1/5{
IGIT * 100, (3.5)
/
L/ (g)

The Hausdorff inequality on the connected, simply connected, nilpotent Lie group G (see Corollary 2.5'in [24] or Corollary
to Th. 3 in [25]) implies that for a certain constant G; € (O, 1) depending only on p;, 1}, s;, and dim g we have

Ifsj/' ~ Sj{ 1/51/- f
1% % s
(VAR St ”L’f'/sf(g) g || aj(g) K ||

=Gl vo -5l ¢

1% (g) INLID)
- q Ml - 11l g

L"J( )

where ¢; := p;/s; while f; is chosen such that % +1= al] + /5% Itis easily checked thats;B; = t;. It then follows by (3.4) and

(3.5) that the asserted estimate holds for the constant C := C;C, that depends only on p1, pa, I'1, I2, S1, S2, and dim g.
To prove Assertion (2), recall from Corollary 2.5’in [24] or Corollary to Th. 3 in [25] that if we denote

N\ 12
e oo A= () -

@ /5/) <. By considering the special case p1 = p» = 2 and

rn=r1y, =S =S = 2p = 2q > 2, a careful analysis of the constants (which are the same as in the case when g is abelian)
then leads to the conclusion we wish for; see the proof of Th. 4.1 and Cor. 4.2 in [15] for details. O

then for j = 1,2 we have G; = (AyAgA,)"™®, where y; =

With Theorem 3.5 at hand, one can obtain several versions of the uncertainty principle for the ambiguity function on the
nilpotent Lie group G in the present magnetic setting; see Corollaries 3.7 and 3.8 below. Before stating these consequences,
we note the relationship between the magnetic modulation spaces and the [P spaces on the Lie group G. We refer to [26] for
more general properties of this type in the case when G is the abelian Lie group (R", +).

Corollary 3.6. Let G be a connected, simply connected, nilpotent Lie group with the Lie algebra g and assume that the following
conditions are satisfied:

(1) p € (1,00);

(2) r,s = max{p, p'} (= 2);

Bt=G+y—"

Then for every f € IP(g) and ¢ € L'(g) for j = 1, 2 we have
lgf lrstoxg < € If lpy - liece)-

where C € (0, 1) is a certain constant depending only on p, r, s, and dim g. In particular, we have a continuous embedding
[P(g) = My*(g) if r,s > max{p,p'}

forevery ¢ € $(g).

Proof. Just consider the special case of Theorem 3.5 withp; = p,, 11 = 13,51 = S3, 91 = ¢, and fy =f,. O
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The next corollary is the version in the present setting for Th. 4.2 and Remark 4.4 in [15] or Th. 3.3.3 in [2], which were
stated in terms of the short-time Fourier transforms on R".

Corollary 3.7. Assume the setting of Theorem 3.5 (1) withry = s, and r, = s, and denote h = (max{;1,p’1} + max{;lzz,p’z})il' If

the number ¢ > 0 and the Borel subset U C g x g* satisfy the inequality

/ / (Aot - o) (X, £)] dXdE
U

> (1 =a)lfillpig - If2llp2) - 1l -l

1”1 () 1"2(g)°

then the Lebesgue measure of U is at least supy,..,((1 — £)C)P/*~V. If moreover p; = p, = 2, then the measure of U is greater
than sup,.,(1 — )P/ (P=2) (p/2)2dim)/(p=2),

Proof. Use the method of proof of Th. 4.2 in [15] or Th. 3.3.3 in [2], by relying on our Theorem 3.5. O

We now record an estimate for the entropy of the ambiguity function. This is obtained by a method similar to the one
indicated for obtaining (6.9) in [10].

Corollary 3.8. Let f, ¢ € L*(g) such that I lli2¢ - 1#ll;2;) = 1, and denote

pro() = (AN € [P(a x 7).

p=1

Then we have

- // Pf.¢ logpM) > dimg > 1.
gxg*

Proof. For every p > 1 denote
e = [[ sy andxm=p o
axg*

Then Theorem 3.5(2) implies that y (p) < x (p) for every p > 1. On the other hand, it follows at once by Proposition 2.9(1)
that pr ¢(-) < 1ong x g* hence y(-) is a nonincreasing function on [1, 00). Since so is the function x (-), and y (1) = x (1)
by Theorem 2.8(1), it then follows that y’(1) < x’(1), which is just the inequality we wish for. O

4. The case of two-step nilpotent Lie algebras

In this section we are going to point out some specific features of the above constructions in the special case of a two-step
nilpotent Lie algebra g (that is, [g, [g, g]] = {0}). The importance of this situation is partially motivated by the fact that it
covers the Heisenberg algebras, which are characterized by the property dim[g, g] = 1. On the other hand, this class of Lie
algebras contains many algebras which are neither abelian nor Heisenberg. In fact, the classification of two-step nilpotent
Lie algebras is still an open problem although it was raised a long time ago (see [27,28], and the references therein). To
emphasize the richness of the class of two-step nilpotent Lie algebras, let us just mention that in every dimension > 9
there exist infinitely many algebras of this type which are nonisomorphic to each other (see [29]). By contrast, there exists
precisely one abelian Lie algebra and at most one Heisenberg algebra in each dimension.

Example 4.1. Here we show that nilpotent Lie algebras with arbitrarily high nilpotency index can be constructed as
semidirect products of two-step nilpotent Lie algebras and appropriate function spaces thereon. These algebras were
considered in several papers for the study of Schréodinger operators with polynomial magnetic fields; see for instance [30,31]
and the references therein.

Let g be a two-step nilpotent Lie algebra and N > 1 a fixed integer. Denote by £y (g) the finite-dimensional linear space
of real polynomial functions of degree < N on g. Then & := £y(g) is an admissible function space in the sense of Def. 2.8
in [6] (see also Setting 2.1 above). Note that if we think of g as a Lie group with respect to the Baker-Campbell-Hausdorff
multiplication

1
(VX,Y € g) X*Y:X—f—Y—i—E[X,Y],
then £y (g) is invariant under the left translations on g since every left translation Y + X * Y is a polynomial mapping of

degree < 1.
By using the formula for the bracket in the semidirect product of Lie algebras m = ¥ x; g,

[(f1, X1), (F2, X2)] = (XD)fz — A1, [X1, X2])
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it is easy to see that m is a nilpotent Lie algebra whose nilpotency index is at least max{N, 2}. It also follows that the center
of mis R - 1 x {0}. Here we have denoted

. d 1
AONY) = i@ FU=X) xY) = fy (=X — E[X’ Y]
t=0

(compare formula (2.10)in [6]). O

Example 4.2. Let g be a two-step nilpotent Lie algebra again and denote the center of g by 3. It follows by Example 2.15(2)
that for every Xy € g the corresponding right-invariant vector field on g is

_ _ 1
Xoig—> g9, Xo(Y)=Xo— 5[Y,X0].

(In particular, if X € 3, then X, defines a first-order differential operator X(XO) with constant coefficients in any coordinate
system on g.)
On the other hand, for every &, € g* we have

(VY €9) (A(X0)50)(Y) = (50, Xo(Y)) = (£0, Xo) — = (€0, [Y, Xol).

1
2
Since [g, [g, g]l] = {0}, it follows that [Xp, g] is anidealing. O

Corollary 4.3. Let g be a two-step nilpotent Lie algebra and f, ¢ € $(g) be arbitrary.
(1) Forevery (X, &) € g x g* we have

(Asf)(X, &) = / e O T (X, (X/2) % Y) - f((X/2) % Y) - ¢((—X/2) * Y)dY.

g
(2) Forevery (Y,n) € g X g* we have

W, )Y, n) = / e T (X, (X/2) * Y) - f((X/2) x Y) - p((—X/2) x Y)dX.

g

Proof. Since [g, [g, g]] = {0}, it follows at once that for every X,Y € g we have ¥x(Y) = Y * (X/2) and t4(X,Y) =
exp(i fol (Ao, X + 31X, Y])ds).Then use Proposition 2.9. O
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