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1 Preliminaries

Let F be a Riemannian foliation on an m-dimensional compact Riemannian manifold (M, g).
We denote by L and Q = L' the tangent and normal bundles of F, and that gives the
decomposition of the tangent bundle TM = L@ L*. Let Ay be the Laplace operator associated
to g and let V be the Bott connection of the normal bundle Q = TM /L (see [16, pp. 20-21]).
The Jacobi operator Jv of F, defined by Jvs = (dgdv — pv)s for any s section of the normal
bundle, is a second order elliptic operator (see [15]). The compactness of M implies that the
spectra of A, and Jy are discrete. Using Gilkey’s theory ([8, 14]), one can write their associated
asymptotic expansions:

Tre'So=3 ™ o (4% Y rai(dy)
= s=0

m

o o0
Pt =St a0 S
i=1 s=0

where

as(Ag) = /M as(x, Ag)dug

*Stere Ianug passed away on April 8th, 2010.
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be(Te) = /M bo(X, J)dv,
are invariants of A, and Jv depending only on their corresponding discrete spectra
Spec(M,g) ={0 <A\ <X <...<\ <. T oo}
Spec(F,Jv) ={p1 <p2 <...<p <...7 o0}

We restrict our attention to the first coefficients a and by for s € {0, 1,2} which encodes certain
properties of the spectral geometry of (M, F). We recall the following theorem from [8, 11].

Theorem 1.1. Let F be a Riemannian foliation of codimension g > 2 on a compact Rieman-
nian manifold (M, g). Then

ao(Dy) = ao = Voly (M)
wld,) =ar =& [y rdv, )
az(8g) = az = g55 [, QIR = 2|lpl]* + 57%)dv,

bo(Jv) =bo=qVoly(M)

bi(Jv) =b1=qa+ [, vdyg (2)

ba(Jv) =ba=qaz + 55 [, (2779 + 6[lpv|* — | Rel*)dvy ,

where R, p are the Riemann and the Ricci tensor fields, T is the scalar curvature of g, and
Ry, pv,Tv are those associated to the Bott connection V of the transverse bundle @ = TM /L.

The following theorem, due to Nishikawa, Tondeur and Vanhecke [11], is fundamental for
the spectral geometry of a Riemannian foliation.

Theorem 1.2. Let (M,g) and (Mg, go) be two compact Riemannian manifolds endowed with
Riemannian foliations F and Fy of codimensions q and qo, respectively. If F and Fo are
isospectral, that is

Spec(M, g) = Spec(Mo, go),  Spec(F, Jv) = Spec(Fo, Iv,),
then the following hold:
i) dim M =dim My, Vol(M) = Vol(My), ¢ = qo,
i) [, Tdv, = fMo Todvg, , [y Tvdvg = fMo v, dUg, s
i) [y IR = 200112+ 572)de, = [, 2N R = 2ol + 572,
iv) [y 277y +6lpv|® = | Ry|*)dvy = [y, 2707w, + 6]pv,|1* — [ Rv, [|*)dvg,-

We recall that in the one-codimension case the isospectral Riemannian foliations are com-
pletely determined by the spectrum of A, and for this reason we shall assume throughout the
paper that the codimension g > 2.
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2 Spectral Invariants of a Riemannian Legendre foliation

In this section we compute the spectral invariants as, bs, for s € {0, 1,2} of a Riemannian Legen-
dre foliation with minimal leaves on a Sasakian manifold M of constant ¢-sectional curvature
and then we obtain certain geometric properties of two such isospectral Riemannian foliations.
First, we recall the notion of Riemannian Legendre foliation.

Definition 2.1. Let M be a (2n + 1)-dimensional compact manifold endowed with a Sasakian
structure (p,&,7n,9) and let D = Kern = Imy be the 2n-dimensional distribution on M
orthogonal to the 1-dimensional distribution generated by £. A Riemannian foliation £ on M
is said to be a Riemannian Legendre foliation if the leaves are n-dimensional and L, C D,,
for each = € M. Note that p(L) C L*.

Let (M, p,&,n,g) be a Sasakian manifold of constant y-sectional curvature ¢ and of dimen-
sion 2n 4+ 1 > 5. We recall that ¢ is an endomorphism of tangent bundle, ¢ is a vector field on
M, n is the 1-form dual to & with respect to g, satisfying:

P =—I+n®& nE) =1, o€ =0, X)) =0,
9(X,Y) = g(p(X),0(Y)) +n(X)n(Y),
VYE=—p(X), (VX)) =g(X,Y)¢ —n(Y)X,
for any vector fields X, Y. By [3], its curvature tensor is given by
RX,Y)Z= {9V, 2)X - g(X,2)Y}
+H{9(Z, oY )X — 9(Z, pX)pY

+29(X, 0Y)pZ — g(Y, Z)n(X)§ + g(X, Z)n(Y)§

—n(Y)n(2)X +n(X)n(2)Y},
and its Ricci tensor and scalar curvature satisfy
nc+3)+c—1 n+1l)(c—1
p(xy) = My CEDEED e, ()
T:g(2n+1)(0+3)+g(c—1). (5)
Let £ be a Riemannian Legendre foliation on M and (e;, ve;,§), i € {1,...,n} be a local
orthonormal basis of TM adapted to the foliation £, which means that (ey,...,e,) is a local
basis of L and (peq, ... pe,) is a basis of ¢(L). The curvature tensor writes as

R(eivgaekag) = R(Qoei»ga‘ﬁ@k»f) = 5ika

R(ei7 6]‘, €k, em) = R(QDBZ‘, Qoej> ek, (pem) = %(61165‘]777, - 6im5jk)7

R(ei7 eja Pek, QOem) = R(Q‘)ei, (peja €k, em) = 621 (67,/66]771 - azm(s]k);

R(ei, pej, €k, 0em) = G20k 0im + T 0imjk + 5 8ij0km,
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the other expressions being equal to zero. The Ricci tensor is given by

p(ei>£) = p(goezﬁé-) = p(eiaQO@j) = 07

p(§,§) = 2n,

plese;) = plper, pej) = MArels,

The square of the Hilbert-Schmidt norm of R, defined to be

IRI> = > g(Rea: ev)ec, ea)g(R(eas en)ec, €a),
a,b,c,d

in any orthonormal basis, writes, in the fixed adapted basis, as

IR

=2[(2)° + ()% i ke OikOjm — Oim ) + 832, 0
T4 ko (200 im + F0imbjk + S510i50km )

= (L2 4 (0002 — 2m) + 8+ 4{ 2 4 (2

2 p 12
+HETn? 22 (G + e5hn) + )

(oW In(n=l) 4 (k8 2 4 (o1 (52 | gy 4 Bekd)(eln | g,

(c+3)27i(2n71) + (671)21(6%3) +3(c+3)2(cfl)n+8n.

Furthermore, for the norm of the Ricci tensor, computing

HpH2 = Zp(eaa eb)p(eav 6[)),
a,b

in the adapted basis, one has

Summarizing the above computations, by Theorem 1.1 we get the following proposition.

n(c+3)+c—1\7
Ioi? =2 (ML)

(10)

Proposition 2.2. If L is a Riemannian Legendre foliation on a compact (2n + 1)-dimensional
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Sasakian manifold of constant p-sectional curvature c, then the spectral invariants satisfy:

ao(Ay) = ap=Voly(M) (11)

(A, = ar = n((2n + 1)(c1;r 3)+c— 1)V0lg(M) (12)

ax(D,) = az= 12740 (64 — 320+ (c+ 3)2(—=2 + 9n + 16n2 + 20n°) (13)
e+ 3)(c—1)(12 + 2n +20n%) + (c — 1)2(2 + 17n))Volg(M)

bo(Jw) = bo=(n+1)Voly(M) (14)

bi(Jw) = bi=(n+as+ /M rodu, (15)

b(Te) = b=+ et 35 [ (@rre + 6l = ||, (16)

Since the foliation £ is assumed to be Riemannian, there exists, locally, a Riemannian
submersion whose vertical and horizontal distributions are L and L+ = ¢(L) @ [£], respectively.
Let A and T be the O’Neill tensors (see [7], [16, p. 49]).

Proposition 2.3. Let L be a Riemannian Legendre minimal foliation on a Sasakian manifold
with constant p-sectional curvature c. Then

a) 7¢ =3[ A[I> + F((c+3)(n — 1) +8);
b) JIAI? =T + n(c+1).
Proof: Let X,Y € I'(¢(L) @ [£]). From the theory of Riemannian submersions [7] we have
K(X,Y) = Ky(X,Y) =3[ AxY|]?, (17)

where V is the connection associated to TM /L ~ (L) @®[£], which in the case of a Riemannian
foliation coincides with the connection induced by the Levi-Civita connection of M on the
horizontal distribution.

Fixing an adapted local orthonormal basis of the foliation, by [15], we see the transverse scalar
curvature can be written as

v = ; K(<p6¢7<pej)+2ZlK(sDei,f)+3llAll2
i#j=1 i=

n

= #Z ) R(pe;, pej, pei, pej) + 2 21 R(pei, & pei, ) + 3| A2
1F]= 1=

(18)

3n(n — 1) + 2n + 3| A2,
which implies a).
Denoting by 7#*¢? the mixed scalar curvature, defined by

n 2n n

Tmixedzz Z R(ei,fj7€i;fj)+ZR(ei’€’ei’£)’ (19)

=1 j=n+1 i=1



140 Gabriel Baditoiu, and Anna Maria Pastore

where f,1; = @e;, we obtain:

Fmived _ Z cdij +n=(c+1)n. (20)

2]
We denote by H the mean curvature of the leaves. We recall Ranjan’s formula ([13])
7ol = div(H) + || H|I* + | A|? — |7 (21)
Specializing to the case H = 0, the relations (21) and (20) simply imply b). 0
Theorem 2.4. Let L and Ly be two Riemannian Legendre minimal foliations on compact

Sasakian manifolds (M, ¢,&,m,g) and (Mo, o,%0,M0,90)- If (M,g) and (M, go) have constant
p, and pg-sectional curvature ¢ and co, and if L and Ly are isospectral, then

a) dim M = dim My, Vol(M) = Vol(My), ¢ = ¢y,
b) [ur 1AIPdvg = [y, 1Al dvg,, and
¢) [a IT1Pdvg = [y, 1 Tol*dvg, -

Proof: By Theorem 1.2i) and ii), we see that n = ng and Vol(g) = Vol(go) and

/Tdvg:/ To gy, and/ Tvdvg:/ Tov,dVg, -
M MO M MO

Therefore by (5), we get ¢ = ¢g, which by Proposition 2.3a) simply implies a). Now, by
Proposition 2.3b) we get b) . O

Corollary 2.5. Under the hypotheses of Theorem 2.4, the following statements hold:
(a) If o(L) @ [€] is integrable, then so is w(Lg) & [€].

(b) If L is totally geodesic, then so is L.

Proof: It is sufficient to observe that A=0= Ag=0and that T =0= Ty =0. O

3 The invariants b; and bs

We shall explicitly compute by, by of Proposition 2.2. By Theorem 1.1 and Proposition 2.3 we
get

bi(JIv) = %[(c—i— 3)(2n? 4 6n —2) +3(n + 1)(c — 1) + 2n] + 3/M | All2dv, . (22)



Spectral geometry

141

Now, we proceed to the computation of each term involved in (16) of by. Let (X, U;) be an
orthonormal basis adapted to the foliation with X; horizontal and U; vertical. We introduce

the notations from [2]

(Ax,Ay) = Y g(AxXi, Ay X)) =Y g(AxUj, AyUj),

J

(TX,TY) = Y g(Ty, X, Ty,Y).
J

Since L is assumed to be minimal, by Proposition 9.36 in [2], we have
pV(X7 Y) = p(X7 Y) + 2(AX7 AY) + (TX7 TY)7

Setting f; = @e;, for ¢ € {1,...,n}, and f,+1 =&, we have

vl = > pv(fis i) + po (&, €)?

i,j=1
and we obtain
n+1 n+1
lolP = S ol £ +2 2 plfin F)R(AL Ag) + (TS TS))
i,j= i,j=
n+1
+ _21[2(Afi7Afj) + (Tf%Tfj)]Q :
i,j=

We easily see that

Te6 =0, Tepej=o(Teies),  Apeipe; = p(Ageies),  Acper = ei,

2(Ag, Ag) + (TE,TE) =2 (Acpes, Acpes) = 2n.

i=1
We also know from (7) that
p(&:€) =2n

= s [nlc+3)+c—1 2
3 prop- et
Setting

n+1
L= olfi, £5)

ij=1

(25)
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we obtain:
lpwl? =1+2%, MLy [2(Ay,, Ap) + (T, Tf5)]

fan)+ S [2Ag, Ap) + (TF.TH))

ij=1
= (14 8n?) + (n(c+3) +c—1) [2]|A]* + || T|1?]
n+1 9
+ ’Zl [Q(AfwAfj) + (Tfianj)]
)=
Proposition 3.1. If £ is a Riemannian foliation on (M, g), then

ZR()Q e, Y, e;) = %(g(vvaX) +9(VXH,Y)) + (Ax, Ay) — (TX,TY), (29)

i=1

where VM s the Levi-Civita connection of (M,g), H is the mean curvature of the leaves,
(e1,...,€en) 1s a local basis of the vertical distribution L, and X,Y are horizontal.

Proof: From the theory of Riemannian submersions, for any horizontal vectors X,Y and ver-
tical vector U, we have

R(X,U,Y,U) = g(V¥T)uU,Y) - g(Tu X, TuY) + g(VM A)xY,U) + g(AxU, Ay U).
Therefore

(g((vé\gT)eiei? Y) - g(TeiX’ Teqy)

=

R(Xa ei7Y5 ei) =

1 %

2 1

+g((VMA)xY,e;) + g(Axe;, Aye;)).

The covariant derivative of T' satisfies

Y a(VED)eenY) = o(VYHY) =Y g(TygueyenY) =D g(Te0(Vie),Y)

g(V%H’ Y) - QZQ(T&U(V%GZ—),Y) ’

since TyW = TwU and ), Te,e; = H.
Setting

’U(Vé\gez) = Z hij(ij
J
we note that

hij = g(v(V¥ei), e5) = X(g(es e5)) — glei, V¥e;) = —gles, v(V¥ e;)) = —hji;
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> 9(Tehijes, Y) = hijg(Te,e;,Y) = 0;
4,J 4,J

1
Y9V AxY ) = 5 (o(VYH, X) = g(VYH.Y)).
Therefore
Y R(X.e,Y,e;) =g(VMH)Y)— (TX,TY)+ (Ax, Ay)
(30)
+3(9(VV H, X) — g(VY H,Y)),
and (29) follows. d
From (30), one can obtain the following proposition.
Proposition 3.2. If £ is a Riemannian foliation with minimal leaves then
ZR(fivekafj7ek): (AfwAfj)_(Tfi7Tfj)- (31)

k=1

Now, we consider a Riemannian Legendre foliation with minimal leaves on a Sasakian ma-
nifold M of constant ¢-sectional curvature ¢ and we fix a local orthonormal basis (e;, fi, fnt1)
adapted to the foliation, that is f,+1 = & and f; = we; for any i € {1,...,n} and {e1,...,e,}
is a local basis of a leaf L.

Setting

n

S(fi. £;) =Y _R(fi ex: firex)

k=1
and using relations (6), we obtain that

n

S(QO@Z7£) = ZR(¢eiaek7§76k) = 07

k=1
S & =n, S(fi, f;) = S(pei, pej) = ddij,
where d = %?WL + @.
By Proposition 2.3b) and equations (28) and (31), it follows:
lovll> = (1 +8n®) + [n(c+3) + c — 1B A[]* — ¢(n + 1)]
n+1 (32)
+ 30 [3(Ag. Agy) = S(fis 7))

i,j=1
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Denoting by E the last sum of the previous relation, we have:

B = S5 Age) ~ 4P + 2Ae, A9 + (TETOR +2 5 34y, A7)
(33)
=9 zn:l(AwewAsaeiV +d*n — 6d zn:l(AwemAwei) +4n” + 18 nil(AfmAfj)Q-
i= i= i<y
Summarizing, we conclude:
Proposition 3.3. Under the hypothesis of Proposition 2.2, the following holds

n nt1

lowl? = 9 (Ape, Ape)* +18) (Ag,, Ap,)? (34)
i=1 i<j

+nd(d + 6) — 6d||A||* + 16n>
+(n(c+3)+c—1) (34> — e(n+1))

n(n(c+3)2+c—1>27

where d = %n—i— @.
To compute || Rv||?, we notice that
RV(fivfj7fk7fl) = R(fiufjafkvfl) + 2g(Af1fj7Afkfl)
_g(Af]fk?Afzfl) _g(Afkfi?Afjfl)7

we consider the following tensor of type (0,4) associated to the horizontal distribution

V(X, K Z, Z’) = 2g(AXy, Azz/) — g(AyZ, szl) — g(AZAX7 AyZ/)

and we set
n+1
VIP = > V(fifis frr )
i,k,1=1
We can write:
n+1
IRv|> = > (Rv(fi, fi, fe: J1))?
i7,k,1=1
n+1 9 n+1
= o~ (R(fzafjafkvfl)) +2 %:l 1R(.fl?f_]7fkafl){zg(AfzfjﬂAfkfl)
i,k,1=1 i,d,k,1=

—9(Ay, fu, Ap f1) = 9(Ap fi, Ag f)} + V2
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Then

n+1
> R(fir fis fr )° (35)
ik, =1
n n
= Z R(@ei,gﬁej,@@k,@@l)z +4 Z R(ﬁpei,§7§0€k,§)2
1,5,k,1=1 ik=1

s

l/

D

<

iZ)

n

+3
= (C502NT (Gubu— bndi)® + 4> 6%
= i,k

4 o
i,5,k,l=1

(c+3)% _ 5 (c+3)%(n—1)n
= 16 [2n —2;6ij]+4n=#+4n,

and thus,

" ¢+3
R[> = V+2 > — bt = 0udji)[29(Ape, pej, Ape, per)
ij k=1

79(14@,98]' PYek, Aapei Qael) - g(Acpek e, Aapej 9061)]
+8)  R(wei, & per, €)[29(Ape &, Aper &) — 9(Agiper, Ages)]
i,k

= U+ |V|*+2

c+3
4 2[29(‘4@61’ PEej, A@‘?i cpej)
0,J
_g(Aapej- PEq, Al,Dei gpej) - g(Agaei e, Agae]- ©pe; )]
c+3
—2 2[29(149061: pej, Age; pei)

i,J

_Q(Aapej ¥Ej, Avei pe;) — Q(Asaej Pei, Acpej we;)] +24n
= 1'+24n —3n(c+3)+3(c+3)|A|* + |V]>.
Therefore

3)2(n—-1
|Ry|* = W —3n(c+3) +28n+3(c+3)|AI% + |V]?. (36)

On the other hand, we get
2 Vi £t f3) = 22129(Ag f5, Apc fi) — 9(Ag fi, A f5) — 9(Ag fis Ay, 1))

= 323‘ g(Afifj’Afkfj) = S(AfwAfk) )

and thus
(024V)(fi7fk) = 3(Afi7Afk)’ (37)
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where C5, denotes the contraction of the tensor with respect to the indices 2 and 4. The
Hilbert-Schmidt norm of the (0,2) tensor Co4V along the horizontal distribution satisfies

n n+1
IC24VI? = 9 (Age, Ape,)® +18) (Ap,, Ap)* +9n°. (38)
i=1 i<j

Summarizing, by Proposition 2.2, we obtain that
1
by = (n+1ax+ 1—2/ 277y + 6| pv|* — || Ry ||*dv, (39)
M

1
— (n+1)a2+ﬁ/ 6[[(CaaV)|1> = | V|[*dug
M

+((C + 3)(—3 + 12n + 6112) + (C - 1)(_9 + Sn)) /M ||A||2d’l}g

L(M
Volgi;) (4202 = 280 + (¢ + 3)n(3 + 11n + 4n?)
1
+gle+ 3)%n(—11 — 15n + 13n? + 4n?)

+(c—1)n(27 4 2n) + %(c — 1)%(=36 + 3n)
+%(c +3)(c—1)(=6 — 24n + 2n2 + n3)).

By (39) and Theorems 1.1, 1.2, 2.4, we now get our main result.

Theorem 3.4. Let (M?*"* ¢ €. n,9) and (Mg”‘”’l, ©0, &0, M0, go) be compact isospectral Sasakian
manifolds with constant @-sectional curvature ¢ and constant @g-sectional curvature ¢y respec-
tively. If L and Ly are Riemannian minimal Legendre foliations on M and My such that
Spec(L, Jv) = Spec(Lo, Tv,), then

1) dim M =dim My, Vol(M)=Vol(My), c¢=cy,
2) Ju |A[[*dvy = fMo [ Ao|I*dvg, , Jur 1T |Pdvy = fMo 1 To |1 dvgs,

3) [ul6lIC2aVI* = [VI[PJdvg = [y, [6]C2aVoll* = [[Vol[*]duvg, -

4 Concluding remarks

Let £ be a Riemannian Legendre foliation with totally geodesic leaves on (M, ¢g) and assume that
M has the constant curvature ¢ = 1 and that 2n+1 = dim M. In this particular case, we would
like to point that the condition 3) of Theorem 3.4 is implied by 1). Indeed, for any Riemannian
totally geodesic foliation £ on a constant curvature space M with dim @) = dim L 4 1, one can
see that

g(Ay W, Ay W) = g(Y,Y)g(W, W), for any W € L and for any Y € Q,
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Ax L = Q¥ ={Y € Q| g(Y, X) = 0} is a bijection for any unit vector X, and Ry has the
constant curvature 4 (see the argument of [1, Prop. 4.6]). Thus, we simply have

(Atpei7A<p€7;) = Zg(‘peu @ei)g(ekv ek) =n,
k=1
n+1
(Ag,Ap) = Y g(fi, f)glex, ex) =0, for any i < j,
k=1

and therefore, by (38), ||C24V||?> = 18n?. We easily see that

n+1 n+1
Vi = Z V(fis fis fr 1)? = Z (Ry (fi £, fus 1) = R(fis [, frs 1))?
ikl =1 irjokod=1
n+1
= Z [(4 — 1)(0ir6j1 — 0ud;1))* = 18n? + 18n.
ikl =1

This concludes that

/M[6||024V||2 VIPldu, = (900 — 180)Vol(M). (40)

Example 1. Let (S3,¢,£,m,9) be the standard contact metric structure on S3, which we now
recall. Let H = {z1 +izo+ jas +kxy | x1, 2, 3,24 € R} be the algebra of quaternion numbers,
where i2 = j2 = k2 = —1, ij = —ji = k. The set of unit quaternions is identified with S2. Let
(I, J, K) be the quaternionic structure on H given for I, J, K : HH — H, by I(h) = ih, J(h) = jh,
K(h) = kh for any h € H. Let N be the unit outer normal vector field on S* and let g be
the Riemann metric with constant curvature ¢ = 1. We set £ = —IN, 7 the dual form of &;
©(Z) the projection of I(Z) onto tangent space of S3, for any vector field Z of S®. Note that
(p,€,m,9) is the standard contact metric on S* and the its (-sectional curvature is ¢ = 1.
Let (21,72, 73,24) be the Cartesian coordinate system on R* = H. It is easy to see that

E=Tor— 17— +Ty7— — T3—.
0x1 s

Setting W = —JN and Y = —K N, we have

W=z i—x ifx — +x2—;
01, 492y L ous 20xy’
N I R R
- 6:1:1 3 6:52 2 81‘3 ! 8334 '
One can easily compute the Lie brackets between these vectors: [W,¢] = =2Y, [V, &] = 2W,

[W,Y] = 2 (see [10]). The distributions L = span{W} and L’ = span{Y'} define two non-
degenerate Legendre foliations (see [10, Example 7.1]). Since [W,Y] = 2¢ and (W) =Y, by
[10, Lemma 6.6], L and L’ are Riemannian Legendre foliations on the Sasakian space form S3
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and both of them are totally geodesic. By theorem 3.4, any Riemannian minimal Legendre
foliations on a compact Sasakian space form M, with ¢g-sectional curvature cg, isospectral
to the foliation £ (defined above) on the standard Sasakian space form (S2,¢,&,7) is totally
geodesic, ¢g = 1, dim My = 3, and

/ 6/|CoaV[1% = [V [2]dv, = 72Vol(My) = 72Vol(M),
M

/ Al|2dv, = 2V ol(M).
M

It is well known that a typical example of a Sasakian space form is a D-homothetic defor-
mation of the standard contact metric structure of an odd-dimensional sphere S?"+1, which we
now recall (see [4, Example 7.4.1]). For a contact metric structure (p,&,n,g), one defines the
D-homothetic deformation (@, &,7,g) by

_ 1 _ B
P =, €=5§, n=an, g=ag+ala—1)nmn,

where a is a positive constant (see [4, p. 114]). By [4, Theorem 7.15], a compact simply connected
Sasakian space form with ¢-sectional curvature ¢ > —3 is a D-homothetic deformation of the
standard contact metric structure on $2"*1 and ¢ = 373 (for some a > 0). Since Ker 7 = Kern,
the problem of finding Riemannian Legendre foliations on such a compact Sasakian space form
(with ¢ > —3) reduces to the one on the standard sphere S?"*! (i.e. c=1).

Case n = 1. One can apply a D-homothetic deformation to Example 1 to obtain an example
for any ¢ > —3.

Case n = 2. From [9], there are no Riemannian foliations with two-dimensional leaves on a
standard sphere, which in particular means that there are no Riemannian Legendre foliations
on S°.

Case n = 3. By [9, Theorem 5.3|, we get, in particular, that any Riemannian foliation with
3-dimensional leaves on S7 is given uniquely (up to equivalence) by a direct sum of irreducible
unitary representations of SU(2), namely p; @ p1, or by ps, where py, is the action of SU(2) on
the set of complex homogeneous polynomials in two variables of degree k.

Note that p; @ p; corresponds to the Hopf fibration S7 — S* (see [9]), which is not a Legendre
foliation. In fact, no leaf of p; @ p; is Legendrian, simply because L, the tangent distribution
of the leaves, is generated by —¢ = IN, JN, KN, where (I, J, K) is the standard quaternionic
structure on H? = R® and N is the unit outer vector field to S” (see [6, p. 265]).

In [12, p. 365], Ohnita constructed a unique minimal Legendrian orbit on S7 under the action
of p3, which means that only one leaf of the Riemannian foliation given by ps on S7 is both
minimal and Legendrian. This concludes that ps3 does not provide a Riemannian Legendre
foliation with minimal leaves.

Finally, another typical example of a Riemannian Legendre foliation with totally geodesic
leaves is given by the tangent sphere bundle 7 : TP — P of a Riemannian manifold (P, h).
Assume that T P is endowed with the standard contact metric structure.
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If dim P > 2, then T3 P is never a Sasakian space form (see [5]). Note that if P has constant
curvature, then 77 P admits a non-Sasakian contact metric structure of constant (-sectional
curvature ¢? if and only if ¢ = 2 £ /5 (see [4, Theorem 9.9]).

If dim P = 2 and if T} P is a Sasakian space form, then P has constant curvature ¢ = 1
(see [4, Theorem 9.3]). Note that T75% ~ RP3 (see [4, p. 142]) and the Riemannian Legendre
foliation on the universal cover of 1752 is equivalent to Example 1.
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