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Abstract: We find a Lax pair equation corresponding to the Connes-Kreimer Birkhoff
factorization of the character group of a Hopf algebra. This flow preserves the locality of
counterterms. In particular, we obtain a flow for the character given by Feynman rules,
and relate this flow to the Renormalization Group Flow.

1. Introduction

In the theory of integrable systems, many classical mechanical systems are described
by a Lax pair equation associated to a coadjoint orbit of a semisimple Lie group, for
example via the Adler-Kostant-Symes theorem [1]. Solutions are given by a Birkhoff
factorization on the group, and in some cases this technique extends to loop group
formulations of physically interesting systems such as the Toda lattice [9,13]. By the
work of Connes-Kreimer [2], there is a Birkhoff factorization of characters on general
Hopf algebras, in particular on the Kreimer Hopf algebra of 1PI Feynman diagrams.
In this paper, we reverse the usual procedure in integrable systems: we construct a Lax
pair equation % = [L, M] on the Lie algebra of infinitesimal characters of the Hopf
algebra whose solution is given precisely by the Connes-Kreimer Birkhoff factorization
(Theorem 5.9). The Lax pair equation is nontrivial in the sense that it is not an infinites-
imal inner automorphism. The main technical issue, that the Lie algebra of infinitesimal
characters is not semisimple, is overcome by passing to the double Lie algebra with the
simplest possible Lie algebra structure. In particular, the Lax pair equation induces a
flow for the character given by Feynman rules in dimensional regularization. This flow
has the physical significance that it preserves locality, the independence of the charac-
ter’s counterterm from the mass parameter. The flow also induces Lax pair flows for the
B-functions of characters.

In Sects. 1-4, we introduce a method to produce a Lax pair on any Lie algebra from
equations of motion on the double Lie algebra. In Sect. 5, we apply this method to the
particular case of the Lie algebra of infinitesimal characters of a Hopf algebra, and prove
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Theorem 5.9. Although we focus on the minimal subtraction scheme for simplicity, the
main results hold in any renormalization scheme.

In Sects. 6-8, we discuss physical implications of the Lax pair flow. These implica-
tions are of two types: results in Sect. 7 which say that local characters remain local under
the flow, and results in Sect. 8 which compare the Lax pair flow to the Renormalization
Group Flow (RGF) usually considered in quantum field theory.

As discussed in the beginning of Sect. 6, the RGF is a flow on the group G¢ of scalar
valued (i.e renormalized) characters on the Hopf algebra of Feynman diagrams, while
the Lax pair flow is on the Lie algebra g 4 of infinitesimal characters with values in
Laurent series. There are several ways to compare the RGF to the Lax pair flow, all of
which involve some identifications of the different spaces for the flows.

Working at the group level, we can consider an unrenormalized character ¢
(e.g. before dimensional regularization and minimal subtraction) as an element of the
corresponding group G_4. Manchon’s bijection [12] R : G 4 — g4 transfers ¢ to an
infinitesimal character R(¢); this bijection has better behavior than the logarithm map.
This infinitesimal character has a Lax pair flow, which we can then transfer back to G 4
to obtain a flow ¢;. Finally, we can compare the flow of the renormalized scalar valued
characters (¢;)+(0) in Connes-Kreimer notation to the RGF of ¢, (0). However, even in
simple examples these two flows are not the same.

Working at the infinitesimal level, we consider the B-function of a renormalized
character, since the S-function is essentially the infinitesimal generator of the RGF. The
B-function of a character is an element of the Lie algebra gc of scalar valued charac-
ters, so in Sect. 6 we extend the B-function to a S-character in g 4. (This extension has
previously appeared in the literature in a different context.) This material is used in the
main results in Sects. 7-8.

In preparation for the study of the RGF, in Sect. 7 we discuss “how physical” the Lax
pair flow is. We first show that the Lax pair flow is trivial on primitives in the Hopf alge-
bra. We then prove the main result (Theorem 7.3) that local characters for the minimal
subtraction scheme remain local under the Lax pair flow, so the flow stays inside the set
of physically plausible characters. We also discuss the dependence of this result on the
renormalization scheme, and identify characters for which the Lax pair flow is trivial.

From the results in Sect. 7, it seems unlikely that one can directly identify the RGF
with a Lax pair flow, so in Sect. 8§ we track how the RGF changes under the Lax pair
flow. For example, even if the Lax pair flow is nontrivial for a given initial physically
plausible character, one might hope that the RGF is unchanged. In Sect. 8, we give a
criterion (Corollary 8.4) for when the RGF is fixed under the Lax pair flow. We show
that the B-character and the B-function satisfy Lax pair equations, and briefly discuss
the complete integrability of Lax pair flows of characters and S-functions.

We would like to thank Dirk Kreimer for suggesting we investigate the connection
between the Connes-Kreimer factorization and integrable systems, Dominique Manchon
for helpful conversations, and the referee for valuable suggestions.

2. The Double Lie Algebra and its Associated Lie Group

There is a well known method to associate a Lax pair equation to a Casimir element on
the dual g* of a semisimple Lie algebra g [13]. The semisimplicity is used to produce an
Ad-invariant, symmetric, non-degenerate bilinear form on g, allowing an identification
of g with g*. For a general Lie algebra g, there may be no such bilinear form. To produce
a Lax pair, we need to extend g to a larger Lie algebra with the desired bilinear form. We
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do this by constructing a Lie bialgebra structure on g, whose definition we now recall
(see e.g. [10]).

Definition 2.1. A Lie bialgebrais a Lie algebra (g, [, -]) witha linearmapy : g — g®g
such that

(a) 'y : g* ® g* — g* defines a Lie bracket on g*,
(b) yisa l-cocycle of g, i.e.

ad® (y () — ad? (y (1)) = y (lx, y)) = 0,

where adY” 1 g® g — g® g is given by ad” (y ® 2) = ad (y) ® 2+ y ® ad, (2) =
[x,y]®z+y®I[x,z]

A Lie bialgebra (g, [, -1, v) induces an Lie algebra structure on the double Lie
algebra g @ g* by

[X, Y]geBg* =[X, Y],
[X*, Y ]geg = V(X ®Y),
[X, Y*] = ad% (Y™,

for X, Y € gand X*, Y* € g*, where ad™ is the coadjoint representation given by
ady (Y*)(2) = —=Y*(adx(2)) for Z € g.

Since it is difficult to construct explicitly the Lie group associated to the Lie algebra
g @ g*, we will choose the trivial Lie bialgebra given by the cocycle y = 0 and denote
by § = g @ g* the associated Lie algebra. Let {Y;,i = 1,...,[} be a basis of g, with
dual basis {¥;*}. The Lie bracket [-, -15 on 8 is given by

Vi Yy =Y. Y;1, [V, Y71 =0, [V Y715 = = ) ch¥i,
k
where the cl-jk are the structure constants: [¥;, Y;]1 =), cfj Y).. The Lie group naturally
associated to § is given by the following proposition.

Proposition 2.2. Let G be the simply connected Lie group with Lie algebra g and let
0 : G x g* — g* be the coadjoint representation 0(g, X) = Ad;(g)(X). Then the Lie

algebra of the semi-direct product G = G X9 g* is the double Lie algebra 8.
Proof. The Lie group law on the semi-direct product G is given by
(&, X)- (g, X) = (8¢, X +6(g. X)).
Let § be the Lie algebra of G. Then the bracket on § is given by
[X,Y*lg=do(X,Y"), [X,Y]g=I[X,Y], [X*,Y*]3=0,

for left-invariant vector fields X, ¥ of G and X*,Y* € g*. We have d6(X,Y*) =
dAdG(X)(Y*) = [X, Y*]s, since dAdg = adg. O

The main point of this construction is existence of a good bilinear form on the double.
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Lemma 2.3. The natural pairing (-, -) : § ® § — C given by
((a,b"), (c,d")) =d*(a) +b*(c), a,ceg, b d*eg"
is an Ad-invariant symmetric non-degenerate bilinear form on the Lie algebra §.

Proof. By [10], this bilinear form is ad-invariant. Since G is simply connected, the
Ad-invariance follows. As an explicit example, we have

Adg((g,0) (¥, 0) = (AdG(9)(Y), 0), and Adg((g,0))(0, Y}) = (0, Adg () (Y})),

from which the invariance under Adg (g, 0) follows. 0O

3. The Loop Algebra of a Lie Algebra
Following [1], we consider the loop algebra

N
L§=S L) =Y MLj|M.NeZ Ljes
=M

The natural Lie bracket on L4 is given by
[ i/ | k . /
DTS SIS P Sl ANTs!
k i+j=k
Set

N
LS, = L(A):ZMLJ|NGZ+U{O},LJG8 ,
j=0
L) = Z ML |MeZ* L;es
j=—M

Lé_

LetP, : L5 — Léyand P_ : L6 — L§_ bethenatural projectionsandset R = P.—P_.
The natural pairing (-, -) on § yields an Ad-invariant, symmetric, non-degenerate
pairing on L§ by setting

N N’
<Z/\iL,-, Z AjL/J~> = Z (Li. L).
i=M j=M’ i+j=—1
For our choice of basis {Y;} of g, we get an isomorphism
I:L(% — LS (3.1)
with
1(> i) =YLyt

We will need the following lemmas.
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Lemma 3.1 [1]. We have the following natural identifications:
Lsy = L(§%)_ and L§_ = L(8%),.
Lemma 3.2 [13, Lem. 4.1]. Let ¢ be an Ad-invariant polynomial on 5. Then
@mnlL(A)] = Res=o(A "9 (A" L(})))
is an Ad-invariant polynomial on LS for m,n € Z.

As a double Lie algebra, § has an Ad-invariant polynomial, the quadratic polynomial

YY) =(Y,Y)
associated to the natural pairing. Let Y;4; = Yi* fori € {1,...,1 = dim(g)}, so elements
of L& canbe written L(A) = Zil: 1 Z,N:— w LY ;). Then the Ad-invariant polynomials
Vm.n(L(1) = Res;—o(A ™" ¥ (A" L(1))), (3.2)

defined as in Lemma 3.2 are given by

l
VLGN =23 > it (3.3)

j=1li+k—n+2m=—1

Note that powers of ¢ are also Ad-invariant polynomials on §, so

Y (L) = Resj—o (A" Y (A" L (L)) (3.4)

are Ad-invariant polynomials on L§. It would be interesting to classify all Ad-invariant
polynomials on L§ in general.

4. The Lax Pair Equation
Let P;, P_ be endomorphisms of a Lie algebra h and set R = P, — P_. Assume that
[X,Y]gr =[P X, PY] - [P_X, P_Y]
is a Lie bracket on . From [13, Theorem 2.1], the equations of motion induced by a
Casimir (i.e. Ad-invariant) function ¢ on h* are given by
dL

o= —adyM - L, 4.1

for L € h*, where M = %R(dga(L)) e h.
Now we take h = (L§)* = L(§*), with § a finite dimensional Lie algebra and with

the understanding that (L§)* is the graded dual with respect to the standard Z-grading
on L§. Let Py be the projections of L§* onto L3} . After identifying L§* = L§ and

ad* = —ad via the map [ in (3.1), the equations of motion (4.1) can be written in Lax
pair form
L _ (M, L] 4.2)
a7 ’

where M = %R(I(d(p(L()»)))) € L§, and ¢ is a Casimir function on L§* = L§
[13, Th. 2.1]. Finding a solution for (4.2) reduces to the Riemann-Hilbert (or Birkhoff)
factorization problem. The following theorem is a corollary of [1, Th. 4.37] [13, Th. 2.2].
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Theorem 4.1. Let ¢ be a Casimir function on LS and set X = I(fl(p(L(X))) e L,
for L(A) = L(0)(A) € L§. Let g1 (t) be the smooth curves in LG which solve the
factorization problem

exp(—1X) = g (1)~ g+ (1),
with g+ (0) = e, and with g+ (t) = g+(t)(A) holomorphic in A € C and g_(t) a polyno-

mial in 1 /) with no constant term. Let M = lR(I(a’(p(L()»)))) € L§. Then the integral
curve L(t) of the Lax pair equation

dL (L. M]
E - )
is given by
L(1) = Ad; z8+(1) - L(0). 4.3)

This Lax pair equation projects to a Lax pair equation on the loop algebra of the
original Lie algebra g. Let m; be either the projection of G onto G or its differential
from § onto g. This extends to a projection of L§ onto Lg. The projection of (4.2) onto
Lgis

d(mi (L(1)))

o7 = [m1 (L), 1 (M)], (4.4)

since w1 = dm; commutes with the bracket. Thus the equations of motion (4.2) induce
a Lax pair equation on Lg, although this is not the equations of motion for a Casimir on
Lg.

Theorem 4.2. The Lax pair equation of Theorem 4.1 projects to a Lax pair equation on
Lg.

Remark 4.3. The content of this theorem is that a Lax pair equation on the Lie algebra
of a semi-direct product G x G’ evolves on an adjoint orbit, and the projection onto g
evolves on an adjoint orbit and is still in Lax pair form. Lax pair equations often appear
as equations of motion for some Hamiltonian, but the projection may not be the equa-
tions of motion for any function on the smaller Lie algebra. We thank B. Khesin for this
observation.

When v, , is the Casimir function on L§ given by (3.2), X can be written nicely in
terms of L(A).

Proposition 4.4. Let X = I (dYy, n(L(A))). Then
X = 227" L. (4.5)

Proof. Write L(.) =Y, ; Lijki Y;. By formula (3.3), we have

(4.6)

L, 2L ! if t> 1.

t+l ;
0 _ [ 2L e i1 <1
n—1-2m—p->
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Therefore

MWmn . _1_pys
X = 1Y (L0 = 3 5 -1ry,
Pt p

l

— 2)\7n+2m Z (Z L;ﬂl_z;n_th+l)¥n7172m7p
p

t=1

21
t—l n—1-2m—p
+ Z Ln—l—2m—pr—l)L >

t=I+1

=272 (). 4.7

5. The Main Theorem for Hopf Algebras

In this section we give formulas for the Birkhoff decomposition of a loop in the Lie
group of characters of a Hopf algebra and produce the Lax pair equations associated to
the Birkhoff decomposition. We present two approaches, both motivated by the Connes-
Kreimer Hopf algebra of 1PI Feynman graphs. First, in analogy to truncating Feynman
integral calculations at a certain loop level, we truncate a (possibly infinitely generated)
Hopf algebra to a finitely generated Hopf algebra, and solve Lax pair equations on the
finite dimensional piece (Theorem 5.4). We also discuss the compatibility of solutions
related to different truncations. Second, we solve a Lax pair equation associated to
Ad-covariant maps on the full Hopf algebra (Theorem 5.9). These results are proven for
the minimal subtraction scheme, but apply to other renormalization schemes.

In Sect. 5.1, we introduce notation and prove a Birkhoff decomposition for the loop
group associated to a doubled Lie algebra. In Sect. 5.2, we introduce the truncation
process and prove Theorem 5.4. In Sect. 5.3, we treat the Feynman rules character and
prove Theorem 5.9. In Sect. 5.4, we note that the methods of this section apply to any
renormalization scheme given by a linear projection satisfying the Rota-Baxter equation.

5.1. Birkhoff decompositions for doubled Lie algebras. Let H = (H, 1, u, A, €, S) be
a graded connected Hopf algebra over C. Let A be a unital commutative algebra with
unit 1 4. Unless stated otherwise, .4 will be the algebra of Laurent series; the only other
occurrence in this paper is A = C.

Definition S.1. The character group G 4 of the Hopf algebra 'H is the set of algebra
morphisms ¢ : H — A with ¢ (1) = 1 4. The group law is given by the convolution
product

(Y1 xY2)(h) = (Y1 @ Y2, Ah);
the unit element is €.

Definition 5.2. An A-valued infinitesimal character of a Hopf algebra 'H is a C-linear
map Z : H — A satisfying

(Z, hk) = (Z, hYe(k) + e(h){(Z, k).
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The set of infinitesimal characters is denoted by g 4 and is endowed with a Lie algebra
bracket:

(2,Z1=2%x7 —Z'xZ, for Z, Z' € ga,
where (Z x Z',h) = (Z ® Z', A(h)). Notice that Z(1) = 0.

For a finitely generated Hopf algebra, G is a Lie group with Lie algebra g, and for
any Hopf algebra and any .4, the same is true at least formally.

We recall that § = g¢ @ g is the double of g¢ and the gg. is the graded dual of gc.
We consider the algebra Q28 = § ® A of formal Laurent series with values in §

o0
Qs={ L) = Z ML;j|Lje8,NeZ
j=—N

The natural Lie bracket on 6 is

{inLi,foL;} =3 S L L)
k

i+j=k
Set

o0
Q8 = L(A):ZAij|Lj68 ,
Jj=0
—1
L) = Z MLj|Lje8 NeZt
j=—N

Q6

Recall that for any Lie group K, aloop L(X) with values in K has a Birkhoff decom-
position if L(A) = L(A)~'L(A)4 with L(A)~" holomorphic in A~! € P! — {0} and
L(%), holomorphic in A € P! — {oo}. In the next lemma, G refers to G xg g* as in
Prop. 2.2.

We prove the existence of a Birkhoff decomposition for any element (g, &) € QG.

Theorem 5.3. Every (g,a) € QG = G A X Adg 9% has a Birkhoff decomposition

(g, ) = (g—, oz,)_l(g+, o4) with (g4, ay) holomorphic in X and (g—, a_) a polyno-
mial in .~ without constant term.

Proof. We recall that (g1, @1)(g2, @2) = (g1g2, @1 + Ad*(g1)(x2)). Thus (g, ) =
(g—,a_) gy, ay) ifand only if g = g:lg+ anda = Ad*(gil)(—a_ + y). Let
g = g:1g+ be the Birkhoff decomposition of g in G4 given in [2,6,12]. Set
oy = Pi(Ad*(g-)(@)) and a— = —P_(Ad*(g-)(«)), where P, and P_ are the ho-
lomorphic and pole part, respectively. Then for this choice of oy and o_, we have
(g, ) = (g—, a_)~! (g+, a+). Note that the Birkhoff decomposition is unique. 0O
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5.2. Lax pair equations for the truncated Lie algebra of infinitesimal characters. For
a finitely generated Hopf algebra, we can apply Theorems 4.1, 4.2 to produce a Lax
pair equation on L§ and on the loop space of infinitesimal characters Lg. However,
the common Hopf algebras of 1PI Feynman diagrams and rooted trees are not finitely
generated.

As we now explain, we can truncate the Hopf algebra to a finitely generated Hopf
algebra, and use the Birkhoff decomposition to solve a Lax pair equation on the infini-
tesimal character group of the truncation. A graded Hopf algebra H = @,,cyH,, is said
to be of finite type if each homogeneous component H,, is a finite dimensional vector
space. Let B = {T;}; <N be a minimal set of homogeneous generators of the Hopf algebra
H such that deg(T;) < deg(7}) ifi < j and such that 7o = 1. For i > 0, we define the
C-valued infinitesimal character Z; on generators by Z;(T;) = §;;. The Lie algebra of
infinitesimal characters g is a graded Lie algebra generated by {Z;};~o. Let g**) be the
vector space generated by {Z; | deg(7;) < k}. We define deg(Z;) = deg(7;) and set

(Zi Z 1w = [Zi. Z;] if deg(Z;) +deg(Z;) <k
b 4jlgh =190 if deg(Z;) +deg(Z;) > k

We identify ¢ € G¢ with {¢(T})} € CN and on CN we set a group law given by
(o1 (TN} {02 (T} = {(@1 *@2)(T1)}. G = {@(T)}i | dew()<k) | ¢ € G} is afinite
dimensional Lie subgroup of G¢ = (CN, @) and the Lie algebra of G® is g®). There
is no loss of information under this identification, as ¢(T; T;) = @(T;)¢(T}).

Let ) be the double Lie algebra of g and let G*) be the simply connected Lie
group with Lie(G®)) = 8% as in Proposition 2.2. The following theorem is a restate-
ment of Theorem 4.1 in our new setup.

Theorem 5.4. Let H = ®,H, be a graded connected Hopf algebra of finite type,
and let ¥ : L8% — C be a Casimir function (e.g. ¥ (L) = Ym.n(L(L)) = Res;—g
A"y (ATL(L))) with - 8K x §® 5 C the natural paring of 8K, Ser X =
1(dy(Lg)) for Lo € L8®. Then the solution in L§% of

dL 1
s (L, M] 500, M= ER(I(dlﬁ(L))) (.1
with initial condition L(0) = Ly is given by
L(1) = Ad; zag+(1) - Lo, (5.2)

where exp(—t X) has the Connes-Kreimer Birkhoff factorization
exp(—1X) = g— (' g+(1).

Remark 5.5. (i) If Ly € L8, there exists k € N such that Ly € L§®©. Indeed Lo € L§
is generated over C[2, A1 by a finite number of {Z;}, and we can choose k >
max{deg(Z;)}.

(i) While the Hopf algebra of rooted trees and the Connes-Kreimer Hopf algebra of

1PI Feynman diagrams satisfy the hypothesis of Theorem 5.4, the Feynman rules
character does not lie in LG, as explained below.

In the next sections, we will investigate the relationship between the Lax pair flow
L(t) and the Renormalization Group Equation. In preparation, we project from L§® to
Lg® via 7y as in Sect. 4.
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Corollary 5.6. Let v be a Casimir function on L§%®. Set Lo € Lg® c L§®, X =
m1(I(dy(Lo))). Then the solution of the following equation in Lg(k)

dL

1
i (L, Ml g0, Mi=m <2R(I(dlﬂ(L)))> (5.3)

with initial condition L(0) = Ly is given by
L(1) = Adpgwg+(1) - Lo, (5.4)
where exp(—t X) has the Connes-Kreimer Birkhoff factorization in Lg%

exp(—1X) = g (1) g+ (0).

Remark 5.7. (1) For Feynman graphs, this truncation corresponds to halting calcula-
tions after a certain loop level. From our point of view, this truncation is somewhat
crude. g® is not a subalgebra of g, and if k < £, g*) is not a subalgebra of g(©.
Although the Casimirs v, , and the exponential map restrict well from g to g®,
the Birkhoff decomposition exp(—X) of X € Lg% is very different from the
Birkhoff decompositions in Lg, Lg'®. In fact, if ¢ € G has Birkhoff decompo-
sition g = gil g+in G, there does not seem to be f (k) € Nsuchthat g. € G0,

(i) It would interesting to know, especially for the Hopf algebras of Feynman graphs
or rooted trees, whether there exists a larger connected graded Hopf algebra H’
containing  such that the associated infinitesimal Lie algebra Lie(G{) is the
double 4. This would provide a Lax pair equation associated to an equation of
motion on the infinitesimal Lie algebra of H’. The most natural candidate, the
Drinfeld double D(H) of ‘H, does not work since the dimension of the Lie algebra
associated to D(H) is larger than the dimension of §.

5.3. Lax pair equations in the general case. In [2], Connes and Kreimer give a Birkhoff
decomposition for the character group of the Hopf algebra of 1PI graphs, and in particu-
lar for the Feynman rules character ¢ (1) given by minimal subtraction and dimensional
regularization. The truncation process treated above does not handle the Feynman rules
character, as the regularized toy model character defined in [5,7,11] of the Hopf algebra
of integer decorated rooted trees and the Feynman rules character are not polynomials
in A, A~!, but Laurent series in A. Thus Corollary 5.6 does not apply, as in our notation
log(p(r)) € Qg\Lg. This and Remark 5.7(i) force us to consider a direct approach
in Qg as in the next theorem. However, we cannot expect that the Lax pair equation
is associated to any Hamiltonian equation, and we replace Casimirs with Ad-covariant
functions.

Definition 5.8 [14]. Let G be a Lie group with Lie algebra g. A map f : g — g is
Ad-covariant if Ad(g)(f(L)) = f(Ad(g)(L)) forallg € G, L € g.

Theorem 5.9. Let ‘H be a connected graded commutative Hopf algebra with g 4 the
associated Lie algebra of infinitesimal characters with values in Laurent series. Let
f 194 — 94 be an Ad-covariant map. Let Ly € g4 satisfy [ f(Lo), Lol = 0. Set
X = f(Lo). Then the solution of

dL

1
7 =Ml M= ER(f(L)) (5.5
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with initial condition L(0) = Ly is given by
L(t) = Adgg+(?) - Lo, (5.6)

where exp(—t X) has the Connes-Kreimer Birkhoff factorization
exp(—1X) = g (1)~ g4 (0).

Proof. The proof is similar to [13, Theorem 2.2]. First notice that

4 <Ad( O 'gs() - L ) = 4 (exp(—1X) Lo exp(tX))
pT 8- 8+ 0 a1 p 0 €Xp

= —exp(—tX)XLoexp(tX) +exp(—tX)LoX exp(tX)
= —exp(—tX)[X, Lolexp(tX) = 0,

which implies Ad(g_ (1) "' g+(1)) - Lo = Lo and Ad(g_ (1)) - Lo = Ad(gs+(t)) - Lo. Set
L(t) = Ad(g+(1)) - Lo = g+ (1) Log+(t)~". As usual,

d7L _ | dg+(®) 1

= { T g+(t)” L(t)]

SO
dL 1 [dg.+() 1, dg—(1) 1
i) { T g+()~ dt g-(t)” L(t)}

The Birkhoff factorization g, (1) = g_(f) exp(—tX) gives
dg+() _ dg—(1)
dt

exp(—tX) + g_(t)(—=X) exp(—1X),

dt
and so
dg, d
gd(” () = gd(”g O g ((=X)g ().
Thus
2M = R(f(L(1))) = R(f(Ad(g_ (1)) - L)) = R(Ad(g_(1)) - f(Lo))
= R(Ad(g_ (1)) - X)) = —R( g+()g+(t> haR(EEE g () g (71
dgo(t) ., dg_(t) . _
- di g+(1) _4dt g,(t) .
Here we use (dgi(t)g )~ 1) (x) € Ay forx € H. Thus =[L,M]. O

Remark 5.10. In a particular case of Theorem 5.9, we get a Hamiltonian system. First,
since the proof of Theorem 5.9 depends on the splitting g4 = g4 ® g4, of the Lie
algebra and the Birkhoff decomposition of the Lie group, and since this splitting and
Birkhoff decomposition exist (see Theorem 5.3) on L8, Theorem 5.9 extends to LS¥.
Lety : L8k — CbeaCasimir function on L8*. For f(L) = (V)(L) the gradient of i,
f is an Ad-invariant function on L&, Since Y is a Casimir function, [L, (Vi)(L)] =0
for all L (see [1,14]), so in particular [ f(L¢), Lo] = 0. Thus, the Hamiltonian system
(5.5) satisfies (5.6). Since I(dy) = Vi, Theorem 5.4 is a particular case of the L&k
version of Theorem 5.9. It is natural to ask if the Hamiltonian system (5.1) is completely
integrable; this is discussed briefly in Sect. 8.
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If f: g4 — g4 is given by f(L) = 2A7"*?"[L_ then f is Ad-covariant and
[f(Lo), Lol = [2A7"**" Lo, Lol = 0.

Corollary 5.11. Let H be a connected graded commutative Hopf algebra with g 4 the
Lie algebra of infinitesimal characters with values in Laurent series. Pick Lo € g 4 and
set X = 207"*2" Lo Then the solution of

dL —n+2m
L =IL.M]. M =RG L) (5.7)

with initial condition L(0) = Ly is given by
L(t) = Adg ,g+(t) - Lo, (5.8)

where exp(—tX) has the Connes-Kreimer Birkhoff factorization
exp(—1X) = g (1) g, (1)

Remark 5.12. Let ¢ be the Feynman rules character. We can find the Birkhoff factor-
ization of ¢ itself within this framework by adjusting the initial condition. Namely, set
Lo(A) = 22" exp~! (¢(1)). Then exp(X) = ¢ by Prop. 4.4, so the solution of (5.7)

involves the Birkhoff factorization ¢ = g_(—1)"'g,(—1). Namely, we have

n—2m

L(—-1)= Adg g+ (—1)exp(g).

5.4. Other renormalization schemes. Although the renormalization scheme considered
so far is the minimal subtraction scheme, the results on Lax pair equations are valid for
any suitably defined renormalization scheme. Roughly speaking, different renormaliza-
tion schemes correspond to different splittings of A, as we now briefly explain. However,
for simplicity in most sections we will treat only the minimal subtraction scheme.

Let A be the algebra of Laurent series. Let 7 : A — A be a Rota-Baxter map [6],
which by definition is a linear map satisfying the Rota-Baxter equation:

1 (ab) + w(a)m(b) = w(amw (b)) + w(w(a)b)

fora,b € A.Let R : g4 — g4 given by R(X) = X — 27 o X for any infinitesimal
character X : H — A. By [6, Prop. 2.6], R satisfies the modified classical Yang-Baxter
equation (mCYBE)

[R(X), R(Y)] = R([R(X), Y] +[X, R(Y)]) = —[X, Y],

which implies that R is an R-operator, i.e. the bracket [, -]g is a Lie bracket (cf. [13]). If
additionally we assume that the Rota-Baxter map is a projection, 7> = 7, then A splits
into a direct sum of two subalgebras A = A_ & A, with A_ = Im(sr), and the Birkhoff
decomposition is unique. As a consequence, the results of this section extend to any
Rota-Baxter projection 7. For the minimal subtraction scheme, 7 is just the projection
of a Laurent series onto its pole part.

In summary, in Sect. 5 we have presented methods for applying the Connes-Krei-
mer renormalization theory to produce Lax pair equations for both truncated and
full character algebras. This theory both encodes the traditional Bogoliubov-Parasiuk-
Hepp-Zimmermann procedure and emphasizes the pro-unipotent complex group of
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characters associated to the commutative Hopf algebra of Feynman graphs (see [4, Ch. 1,
Sect. 6]). This pro-unipotent group is by definition a projective limit of finite dimen-
sional unipotent Lie groups, and has an associated pro-nilpotent Lie algebra, a projective
limit of nilpotent Lie algebras. In our case, the finite dimensional nilpotent Lie algebras
are the double of the infinitesimal characters of the truncated Hopf algebras, and the
corresponding unipotent groups are the exponentials of the nilpotent algebras.

6. The Connes-Kreimer 8-Function and the 8-Character

6.1. Overview of Sects. 6-8. The next three sections are devoted to studying “how phys-
ical” the Lax pair flow is. This vague question can be approached in at least two ways:
(i) given a property of a physically plausible character, we ask if this property is pre-
served under the Lax pair flow (see Sect. 7); (ii) we compare the Lax pair flow to the
renormalization group flow (RGF) which is fundamental in quantum field theory (see
Sect. 8).

Before addressing either topic, we have to recall where various flows live. A character
for us is an element of G 4, the homomorphisms from the Hopf algebra of Feynman
diagrams to the algebra A of Laurent series (although many of our results hold in more
generality). A renormalized character, such as Feynman rules given by dimensional reg-
ularization and minimal subtraction, is an element of G ¢, the homomorphisms from the
Hopf algebra to C. The RGF is a flow on G¢. In contrast, the Lax pair flow is on the Lie
algebra g 4 of infinitesimal characters, which is formally the Lie algebra of G 4.

As an example of topic (i), in Sect. 7 we ask if the physically necessary property of
locality (see Def. 6.2) of an unrenormalized character ¢ € G 4 is preserved under the
Lax pair flow. To make sense of this question, we must choose a bijectiona : G 4 — g4,
take () € g4, let () flow to L(¢) under the Lax pair flow, and set ¢, = a Y (L®)).
The question, “If ¢ is local, is ¢; local,” is now well defined but depends on the choice
of « and a choice of Casimir function for the Lax pair flow. A natural choice of « is the
logarithm, the inverse of the exponential map, but it turns out that another bijection due
to Manchon has much better behavior.

As an example of (ii), we can ask to what extent the RGF is related to the Lax pair
flow. Since these flows live on different spaces, there are several ways to interpret this
question, and each interpretation involves a choice of identification. For example, we
can ask if the family of renormalized scalar characters [~ ! (L(¢))]+(A = 0) € G ever
coincides with the RGF of a character ¢ € G 4. The answer to this is negative for the
bijections mentioned above.

Since the RGF does not equal the Lax pair flow under these identifications, it is
better to ask how the RGF is affected by the Lax pair flow. In particular, we consider
the B-function B = B, € gc, the infinitesimal generator of the RGF. We can extend
B to an element B € g4, and ask for the behavior of 8 under the Lax pair flow. We
show in Sect. 8 that 8 and hence f satisfy a Lax pair flow. This allows us to give a fixed
point equation (Corollary 8.4) which has a solution iff the RGF of (suitably identified)
¢; coincide.

In summary, we will see in Sect. 7 that the physically important property of locality is
preserved under the Lax pair flow. After preliminary work in Sect. 6 on the S-character,
we will see in Sect. 8 that the RGF of a family of characters ¢; given by a Lax pair flow
is itself controlled by a Lax pair flow.
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6.2. The B-character. As mentioned above, we extend the (scalar) B-function 8, € gc
of a local character ¢ to an infinitesimal character ;&p € ga (Lemma 6.6). This

“B-character” has already appeared in the literature: ,B}, = AR(p), in the language
of [12] explained below (Lemma 6.7).

To define the B-character, we recall material from [3,7, 12]. Throughout this section,
A denotes the algebra of Laurent series.

Let H = € H,, be a connected graded Hopf algebra. Let Y be the biderivation on

‘H given on hc;lmogeneous elements by
Y H,—>H,, Ykx)=nx forx eH,.
Definition 6.1 [12]. We define the bijection R : G 4 — g4 by
R@)=¢ " x(poV).

We now define an action of C on G 4. For s € C and ¢ € G 4 we define ¢*(x) on an
homogeneous element x € H by

¢* (00 = el (), (6.1)
for any A € C, where |x| is the degree of x.
Definition 6.2. Let

d
Gh=lpeGal|(¢)-=0) 6.2)

be the set of characters with the negative part of the Birkhoff decomposition independent
of s. Elements of Gj are called local characters.

The dimensional regularized Feynman rule character ¢ is local. Referring to [3,7],
the physical meaning of locality is that the counterterm ¢_ does not depend on the mass

parameter u: aa(’f = 0, and this in turn reflects the locality of the Lagrangian.
Proposition 6.3. ([3,12,7]) Let ¢ € G. Then the limit
Fyp(s) = lim 9™ () % ¢* (1)
exists and is a one-parameter subgroup in G o4 N G¢ of scalar valued characters of 'H.
Notice that (¢~ 1 (1) x * (W) (T') € A, as
9T ) x @’ () = o x oo (@) % (@")h = 01 % ()
Definition 6.4. For ¢ € Gi, the B-function of ¢ is defined to be B, = —(Res(p-))oY).
We have [3]

By Fi(s),

B % s=0
where F o1 the one-parameter subgroup associated to @~!, also belongs to Gi.

To relate the B-function B, € g¢ to our Lax pair equations, which live on g 4, we
can either consider g¢ as a subset of g 4, or we can extend B, to an element of g 4. Since
gc is not preserved under the Lax pair flow, we take the second approach.
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Definition 6.5. For ¢ € G, x € H, set

~ d
Py = | _ @7 %))

The following lemma establishes that 8 is an infinitesimal character.
Lemma 6.6. Let ¢ € Gfl.

(1) B(p is an infinitesimal character in g 4.
(i1) ﬁ(p is holomorphic (i.e. ,g(p (x) € Ay for any x).

Proof. (i) For two homogeneous elements x, y € H, we have:

' (xy) = € o(xy) = Mo P o(y) = ¢* ()¢ ().
Therefore ¢! x ¢° € G 4. Since ¢! » ¥ = ¢ we get
d _
i AR A Ve

(ii) Since 4 (¢*)— = 0, we get

Bo= 2| (@ ro @0 5 @))) =0 s L )
) ds |, + — - + + ds |, +-
Then
Fo = @0 @) | @90 = 0N L] @)
¢ * ds ls=0 " " ds ls=0 " '

Therefore ,B~(p x)e Ay. O
Lemma 6.7. If ¢ € Gi then
@) By = 1R(p),

(i) By = Ad(e+(0)(By|,_y),
(iii) By_(1) is independent of 1 and satisfies By, (x)(h = 0) = — B, (x).

Proof. (i) For A(x) = x’ ® x”, we have

Q / d s "
Po(0)(0) = (@ YD) =7 ()| @D

%]
ds |s=0

669

= ¢ (A - deg(xNp(x") = 2o (NP o Y (x") = A9 * (9 0 V) (x)

= AR(p)(x).

(i1) The cocycle property of R [71, 1§(¢1 * (o) = R(¢2) + ¢2_1 * Ié(cjn) * ¢pp, implies

that

AR(p) = AR(¢=" % ¢1) = AR (1) + ¢ % AR(pZ") * gs.

(6.3)

Since R(¢+) = %—1 * (g4 oY) is always holomorphic and since kﬁ((p:]) = Res(<p:1) o
Y = —Res(p_) o Y = B by [12, Th. IV.4.4], when we evaluate (6.3) at A = 0 we get

B@)|,_, = Ad(p; 1 (0))B.
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(iii)) The Birkhoff decomposition of ¢ = (¢-)=" + (p_) is given by (p_)— = ¢_'
and (¢_)+ = &. By definition, 8, = —Res((¢—)_)o¥ = —Res(p_")o¥ = Res(p_)o
Y = —B,. Applying (ii) to ¢_, we get

—Byo =By = Ad(e‘x:o)(léw— ’x:o) = 'gw— ‘A:O’

By part (i), Bwf = Aﬁ(w_), which by [12, Th. IV.4.4] belongs to gc, i.e. it does not
dependon A. O

These results will be used in Sect. 8.

7. The Lax Pair Flow and Locality in Minimal Subtraction
and Other Renormalization Schemes

The Lax pair flow lives on the Lie algebra g 4 of infinitesimal characters. As described in
the Introduction, the bijection R~! : g4 — G_4 of [12] transfers the Lax pair flow to the
Lie group. The main result in this section is that using R !, local characters remain local
under the Lax pair flow (Theorem 7.3). This would not be true if we used the exponential
map from g 4 to G 4. We also discuss to what extent these results are independent of the
choice of renormalization scheme.

This section is organized as follows. In Sect. 7.1, we prove that the Lax pair flow is
trivial on primitive elements in the Hopf algebra, and prove the locality of characters
under the Lax pair flow. In Sect. 7.2, we describe how the results of this section carry
over for renormalization schemes other than minimal subtraction, and identify certain
characters which are fixed points of the Lax pair flow.

7.1. The Lax pair flow: the role of primitives, pole order, and locality. In this subsection,
we use the minimal subtraction scheme for renormalization.
We first show that the Lax pair flow is trivial on primitive elements.

Proposition 7.1. If x is a primitive element of 'H, then the solution L(t)(x) of the Lax
pair flow does not depend on t.

Proof. We first compute the adjoint representation in terms of the Hopf algebra coprod-
uct. We use Sweedler’s notation for the reduced coproduct A(x) = x' ® x”, where
A(x) = A(x) —x ® 1 — 1 ® x. Notice that deg(x’) + deg(x”) = deg(x) and 1 <
deg(x’), deg(x”) < deg(x). Forx # 1 and A(x") = (x')’ ® (x), we have

(P19 @) = (P ® 9y L x @1+ 1@x +x' ®x)
= (p192) () + 07 (0) + (192) (N py ' (x7)
= 01(x) + () + 91 ()2 () + 97 L () + (91 (X)) + 2 (x)
+ 1 ()2 o1 ()
= 020) + 912 + (0100 + 07 (@) + 1 (D ()
+2() o () + 01 () ) () ey L ().
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Differentiating with respect to ¢, and setting L = ¢, gives the adjoint representation:

Ad(pD)(L)(x) = L(x) + o1 (L") + L(x )1 (Sx™)
+ o1 () )L )1 (Sx™), (7.1)

where S is the antipode of the Hopf algebra.
For a primitive element x, the reduced coproduct vanishes, A(x) = 0, thus by relation

(7.1), L(1)(x) = (Ad(g+(1))(Lo)) (x) = Lo(x). O

Thus everything of interest in the Lax pair flow occurs off the primitives.
The following lemma will be used in the proof of the locality of the Lax pair flow.

Lemma 7.2. (i) Ifthe initial condition Lo € g 4 is holomorphic in A, then the solution
L(t) = Ad(g+(t)) Lo of the Lax pair equation is holomorphic in A.
(ii) If Lo € g has a pole of order n, then L(t) = Ad(g+(t))Lo has a pole of order at
most n.

Proof. By (7.1), we have

Ad(g+(1))(Lo)(x) = Lo(x) + g+ () (x") Lo(x") + Lo(x") g+ (1)(Sx")
+g+ (D (X)) Lo((x")") g+ (1) (Sx"). (7.2)
Notice that g;(¢)(x) is holomorphic for x € H. If Lg is holomorphic, then every term
of the right hand side of (7.2) is holomorphic, so Ad(g+(#))(Lo) is holomorphic. Since

multiplication with a holomorphic series cannot increase the pole order, L(¢) cannot
have a pole order greater than the pole order of Ly. O

We now show that local characters remain local under the Lax pair flow.

Theorem 7.3. For a local character ¢ € Gj, let L(t) be the solution of the Lax pair

equation (5.5) for any Ad-covariant function f, with the initial condition Ly = R(p).
Let ¢; be the flow given by

¢ = RN (L®).
Then ¢, is a local character for all t.

Proof. Recall from [12, Th.IV.4.1]that AR : G 4 — g_4 restricts to a bijection from Gj
to g 4+, Where g 4. is the set of infinitesimal characters on H with values in A, = C[[A]].
This can be rephrased to R is a bijection between Gi and the set of Laurent series with

the pole order at most one. In particular, Lo = R(¢) has a pole of order at most one. By

Lemma 7.2, L(¢) has the pole order at most one, which implies that ¢; = R™! (L(1)) is
alocal character. O

Corollary 7.4. If x is a primitive element of H, then ¢;(x) = @(x) and By, (x) = By(x)
forallt.

Proof. By its definition, ¢; = R~'(L(r)). By Proposition 7.1, for x primitive we have
L(t)(x) = Lo(x) for all ¢, therefore ¢;(x) = ¢(x) for all ¢. Thus

By (x) = (=Res(¢r)— oY) (x) = —|x[Res ((¢1) - (x)) = —[x|Res (¢ (x)) = By (x).

O
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7.2. Lax pair flows for arbitrary renormalization schemes. In this subsection, we prove
that Theorem 7.3 on the locality of the Lax pair flow holds for an arbitrary renormal-
ization scheme, i.e. for any Rota-Baxter projection 7 : A — A as in Sect. 5.4. Recall
that for such projections the Birkhoff decomposition is uniquely determined and that
Theorem 5.9 holds.

We first need to establish two lemmas. The next lemma proves that the key result [12,
Th. IV.4.1] holds for any Rota-Baxter projection. Manchon’s proof seems to work only
for the minimal subtraction scheme, so we rework the proof.

Lemma 7.5. The map AR: G A — @A restricts to a bijection from Gj t0 g A+, Where
9.A+ is the set infinitesimal characters on H with values in A,

Proof. The definition of R : G 4 — g_4 is independent of the renormalization scheme
and by [12], R is bijective (see also the scattering map in [3]).

It is sufficient to show that AIé(Gi) = g4+ First, we point out that the proofs of
Lemma 6.7(i), i.e. AIé((p)(go) = ,B(p, and of Lemma 6.6, i.e. B(p € g.4, remain identical
for any Rota-Baxter projection. This implies that if ¢ € Gi, then )»Ié((p) €gA,-

Let Mé((p) € gA,,with ¢ € G 4. We prove the converse of Lemma 6.6(ii).

")+
s=0

d
(@) xpr+ ()7 x -
s=0 s

AR(p) = B, = -1 d
(9) = By = (¢4) * P o

which implies

) (o) = AR@) — (o) %S| o)) * (@)
€0f*dsS:0 ¢ )- =@+ x ®) — @+ *dsxzo(p + | * (P4

€ g4, Nga = {0}
Thus (¢*)_ does not depend on s, so ¢ € Gj. O

The following lemma is due to Manchon [12, Lem. IV.4.3], and its proof extends to
any renormalization scheme (i.e. Rota-Baxter projection).

Lemma 7.6. Let 9 € G9.

(1) Then (p-)~' € GY.
(2) Ifh € G ay, then @ x h € G9.

We can now show that locality of characters is preserved under the Lax pair flow via
the R identification of any renormalization scheme.

Theorem 7.7. For a local character ¢ € Gi, let L(t) be the solution of the Lax pair

equation (5.5) for any Ad-covariant function f, with the initial condition Lo = R(p).
Let ¢; be the flow given by

o = R™Y(L()).

Then ¢; is a local character for all t.
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Proof. By [7],
R(p*&) = R(E)+& » R(p) *&.
Taking & = g, (1)~ and multiplying by A, we get
AR(p * g+()™") = AR(g() ™) + g+ (1) x AR(9) % g (1) .

Since ¢ € G% and g(1);! € GY,, by Lemma 7.6, ¢ » g(t)i~! € GY. Thus AR(¢ %

g He g4, Since g(t);1 € G g4, by definition of R we get Mé(g(t):l) cgy,. It
follows that

¢ = R71(Ad(g+(1)Lo) = AR~ (L Ad(g+ (1) R(9))
= (AR (g+(1) x R () x g+(N™1) € GY. (7.3)

We can also show that for certain initial conditions, the flow ¢; is constant.

Proposition 7.8. If ¢ € Gj and ¢, = ¢ (i.e. ¢ has only a pole part), then the flow ¢; of
Theorem 7.7 for the Ad-covariant function f(L) = L"""*" L has ¢; = ¢ for all t.

Proof. If we show that either g1 (t) = ¢, then

o =R (2% R@) #2207 ) =R (e Ry we™") = .

g4 (t) are given by the Birkhoff decomposition of

o0

g(t) = exp(=2:A""" L) = Z
k=0

(_zt)\—n+2m—l )k(XL())k

0 , (7.4)

where ALy = )Jé((p) € gc [12, Th. IV44]. If —n+2m — 1 > 0, then g(#)(x) € A, for
any x, which implies g_ (t) = . Similarly, if —n +2m — 1 < 0, then g(¢)(x) € A_ for
any x, which implies g.(¢#) = ¢. Notice that the right hand side of (7.4) is a finite sum,
namely up to k = deg(x) when evaluatedonx € H. O

Starting with a local character, we can produce examples of the previous theorem.

Corollary 7.9. If ¢ € Gi, then the flow ¢; associated to the Ad-covariant function
F(L) = A7 L has ((p—)" ") = ¢ forall t.

Proof. Since ¢ € Gf\’ by Lemma 7.6, (p_)~! € Gf‘. By the previous proposition, it
follows that ((¢—)~1), = ¢. O

Remark 7.10. Lemma 6.7(ii) and the results in the next section cannot be extended to
an arbitrary renormalization scheme (with the same proofs). This comes from the fol-
lowing simple fact. If R is a Rota-Baxter map, then Id — R is also a Rota-Baxter map.
In particular, when R is the minimal subtraction scheme, Id — R, the projection to the
holomorphic part of the Laurent series, is also a Rota-Baxter projection and thus if we
renormalize with respect to Id — R, then ¢ id “Rix) = —@ R(x) for any primitive element

x. Therefore gpid_R (A = 0) might not be defined.
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8. The f-Function, the Renormalization Group Flow, and the Lax Pair Flow

It is natural to ask if the Lax pair flow can be identified with the more usual Renormal-
ization Group Flow (RGF). As mentioned above, the RGF (¢’), (A = 0) lives in the Lie
group of characters G¢, while the Lax pair flow L(z) lives in the Lie algebra g 4. To
match these flows, we can transfer the Lax pair flow to the Lie group level using either
of the maps R~! and exp, namely by defining

¢ = R7Y(L(t)) and y; = exp(L(1)) (8.1)

and then setting A = 0. However, it is easy to show that even on a commutative, graded
connected Hopf algebra H, ¢; # ¢’ and x; # ¢', where A is the algebra of Laurent
series.

In Sect. 8.1, we give a criterion (Corollary 8.4) under which the RGF is independent
of the Lax flow parameter ¢. Strictly speaking, we compare RGFs translated back to the
identity in the character group in order to make the comparison. In Sect. 8.2, we show
that both the B-function and the B-character satisfy Lax pair equations (Proposition 8.5,
Lemma 8.6, Theorem 8.7). Finally, in Sect. 8.3 we make some preliminary remarks on
the complete integrability of the Lax pair flows for characters and for S-functions.

Throughout this section we work with the minimal subtraction renormalization
scheme.

8.1. Relations between the Renormalization Group Flow and the Lax pair flow. Local
characters satisfy the abstract Renormalized Group Equation [8], which we now recall.
For a local character ¢ € Gj with ¢* given by (6.1), the renormalized characters are
defined by @ren(s) = (¢*)+(A = 0).

Theorem 8.1. For ¢ € Gj, the renormalized characters @ren(s) satisfy the abstract
Renormalized Group Equation:

a0
gﬁoren(s) = By * Yren(s).

Here our parameter s corresponds to e* in [8].

The abstract RGE of a local character ¢ can be written as (d/ds)(@ren(s)) *
Dren (s)_1 = Py, thus the renormalized group flow ¢, is in fact the integral flow
associated to the beta function and in consequence

@ren(s) = CXP(S,Bga)%en 0).

We now give an expression for the B-function of a character under the Lax pair flow
from Theorem 7.3. This will be put into Lax pair form in Proposition 8.5.

Proposition 8.2. In the setup of Theorem 5.9, we have By, = Ad(A(t))(By) with A(t)
given by

A@) = (9)+(0) g+(1)(0) ;' (0) € G,
and where g.(t) is given as in Theorem 5.9.

Proof By Lemma 6.7, we get ,3% = AR((p,) = AL(t), which by Theorem 5.9 becomes
Bo = MAd(g+(1)Lo = g+(1)(AL0)g+(1) ™" = g4(1)(By)g+(1)~". Since B, and g, (1)
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are holomorphic, evaluating at A = 0, we get that B, (0) = Ad(g+(1)(0))(B,), which
by Lemma 6.7 implies that By, = Ad ((¢;)+(0)g+(1)(0)¢; ' (0)) (By). O

Exponentiating the formula of s8,, given in the previous proposition, a straightfor-
ward computation gives the RGF of the local character ¢; in terms of the RGF of the
character ¢:

@ren(s) = @0+(0) * Ad (@)Y O) (0 gren(s) ).

We can now relate the RGF (¢;),¢, (s) to other flows in this paper.
Assume as usual that ¢ is a local character. To compare the flows (¢;)en(s) and
@ren(s), we introduce the translated RGF 2, (s) of (¢1)ren(s) by

4, (8) = ((@)+(0) " (@r)ren(s).

A natural question is to find the values of ¢ where the translated RG flows 4, (s), €24 (s)
coincide. Notice that £, (s), L2, (s) coincide at s = 0. We set

Bo(t) = By,

A=0"

By its definition, ¢; satisfies L(t) = I%((pt), so by Lemma 6.7,

Bo(t) = AR (1)

= AL(I)‘A:O — Res(L(1)).

Lemma 8.3. If ¢ is a local character, then Q g, (s) = exp(s ,30 0).
Proof. We consider the Taylor expansion of Q, (s) at s = 0:

d*Q,, (0) sk
6 =D i
k>0 ’

By the abstract RGE Theorem 8.1 and Lemma 6.7, we have

d*Q,, (s)

= (Ad 0)~! *
ds* o= (Ad@r 0 B)

$=0 = (((p;)+(0))_1 * .B:;f * (@1)ren(s)

§=

Therefore Qy, (s) = exp(sfo(t)). O
Recall that L(¢) = Ad(g+(t))(§(w)) and that, by its definition, ﬁ(@t) = L(t). Thus

Bo = AR(¢r) = Ad(g+(1) (AR (9)) = Ad(g+(1))(By),

which evaluated at 1 = 0 gives

Po(1) = Ad(g+(1)(0))(Bo(0))).
This implies the following equation for €2,.

Corollary 8.4. For fixed t, the translated RGF Q,(s) equals Q,(s) iff

Ad(g+(1)(0)) - Bo(0) = Bo(0). (8.2)
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By Theorem 5.9,

g+(1) = (exp(—1f(Lo)))y = (exp (—tf (ﬁ‘p>>)

depends only on the initial character ¢ and the choice of an Ad-covariant function f.
Thus we can consider (8.2) as a fixed point equation for the # flow of ¢. This equation
is satisfied for a cocommutative Hopf algebra (for which the adjoint representation is
trivial), in the setup of Proposition 7.8, and in Theorem 8.8 below. However, for the
Hopf algebra of integer decorated rooted trees and the regularized toy model character
defined in [5,7,11], the only value of 7 for which Qg = Q, ist = 0.

8.2. Lax pair equations for the B-function. We now show that the B-functions and
B-characters of ¢; also satisfy a Lax pair flow.

Proposition 8.5. In the setup of Theorem 5.9, we have

dBy, [d((cpt)+(0))
dr d

((@)+(0) ™" + Ad((¢1)+(0)) (M4(0)), ,B(p,:| ;

where M comes from the Lax pair equation dL/dt = [L, M, and M is the projection
of M into g .

Proof. In the notation of Proposition 8.2, B, = Ad(A(t))(B,), which as usual implies
that

dﬁ(ﬂt _ dA(t) _
7 —{ A ﬂw,}-
‘We have
dA d +(0 .
d(’)A(r M(( D+(0)!
+(¢1)+(0) g+( )( )<g+<t>(0>> Y@+ 0) 71

By proof of Theorem 5.9, we have

d
7 8+ (0O(©) (&+(@)(0) 1) = M4(0).
O

Since ﬁ(p, and its value at A = 0 are simpler and carry better geometric properties,
we now restrict our attention to them.

Lemma 8.6. For a local character ¢ € Gf‘, let ¢; be the flow from Theorem 7.3. Then

d'g(/’t

P (Bo» M]. (8.3)
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Proof. By Lemma 6.7, we get B(p, = AR(¢;) = AL(t). Then

dBy, _ dOR(p) _ AdL(1) _ 5
= = T = ML), M1 =By, M.

Let the Taylor expansion of B(p, be
o0
IB(P[ = Z ﬂk(t))"k'
k=0
In the setup of Corollary 5.11, we get a Lax pair equation for Bo(r) = ,3(/,[

=0
Theorem 8.7. For a local character ¢ € Gi, let L(t) be the Lax pair flow of Corol-
lary 5.11 with initial condition Lo = R(w). Let ¢ = R™Y(L(1)). Then

(i) For —n+2m > 1, ¢; = ¢ and hence By, = B, and Bo(t) = Bo(0) forall 1.
(i) For —n+2m <0, By, € gc satisfies

dpo ()

- = 20B0(1), Bu—ams1(0)]. (8.4)

Proof. By Theorem 7.3, ¢, are local characters, so by [12, Th. IV.4.], B(p, = AL(t) =

kﬁ(w,) is holomorphic.
() If —n +2m > 1, then A "*2" L(z) is holomorphic, which implies

—n+2 —n+2 —n+2m—173
M — R(}\, n+. mL(t)) — )\' n+. mL([) — )\, n+zm ,Bgo,-
L(t) satisfies the Lax pair equation

dL
o= [L,M]=[L,A""" "] =A""*"[L,L]=0.

Thus L(r) = Lo for all ¢, which gives ¢; = R~1(L(1)) = R~ (L¢) = ¢ for all 1.
(i) For —n +2m < 0, we have

M= ROT"L@)) = A L(t) — 2P (AT L(1))
— )\_n+2m_15(pl _ 2P—()\_n+2m_15(p1)~

Equation (8.3) becomes

dB(/’r

= —2[By,, P-(A B ]

_2[P+()"_”+2m_ll§(pt), )Ln—2m+1 Pf (A._”+2m_1,l§¢t)].

Expand Bwr as

B = > Bk,
k=0
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Then
d,g 00 n—2m
=2 Y BTN B
dt k=n—2m+1 j=0
and evaluating at A = 0 gives
dB . . . _
P 21t 0, Bo0) = 2o, Fo-amss 0] (8.5)

In the setup of Corollary 5.11, Proposition 8.5 can be restated as follows.

Corollary 8.8. Let H be a connected graded commutative Hopf algebra with g 4 the Lie
algebra of infinitesimal characters with values in Laurent series. Pick Ly € g 4 and set
X =202 Lo Then

dy, 8 _d((¢)+(0))
e """ dt
Proof. A gauge transformation X — X’ = £X£~! changes a Lax pair equation of the
form (d/dt)X = [Y, X] into (d/dt)X" = [Y', X] with Y = EYE~! 4+ (dg/dr)E .
Taking X = Bo(1), Y = —2B,—om+1(t), & = (¢;)+(0) and using Lemma 6.7(ii), (8.4)
becomes (8.6). O

(@0+(0)™" +2Ad(@)+(0) (Bo-2ms (t)))} . (8:6)

8.3. Complete integrability for the flows of infinitesimal characters. We end with a brief
discussion of the complete integrability of our Lax pair equations. We first discuss the
complete integrability of the flow of infinitesimal characters L(¢) using spectral curve
techniques as in [13] for a specific truncated Hopf algebra. We then give an example
of a truncated Hopf algebra for which complete integrability can be shown by classical
techniques. These results will be discussed more completely elsewhere.

8.3.1. Spectral curve techniques Let H? be the Hopf subalgebra generted by the trees

to=17, 11 =, t2:I, t3=£ l4=A, I5 = .

For T € {t1,...,1s}, let Zr be the corresponding infinitesimal character. The Lie
algebra g, of scalar valued infinitesimal characters of 2 is generated by Ziys ooy Zis.
Let G be the scalar valued character group of H2, and let G be the semi-direct product
G x C given by

(8.0 (g, 1) =(g-0i(g), 1 +1),

where 6;(g)(T) = etdeg(T) g(T) for homogenous T. Define a new variable Zy with
[Zo, Z;;] = deg(t;) Z;;, so formally Zy = ;T)- The Lie algebra go of G is generated by
Zo, Zy, ..., Zss. Let§ = go @ g(; be the double Lie algebra associated to an arbitrary Lie
bialgebra structure. The conditions a) and b) in Definition 2.1 of a Lie bialgebra can be
written in a basis as a system of quadratic equations. We can solve this system explicitly,
e.g. via Mathematica. It turns out that there are 43 families of Lie bialgebra structures y
on go. In more detail, the system of quadratic equations involves 90 variables. Mathem-
atica gives 1 solution with 82 linear relations (and so 8 degrees of freedom), 7 solutions
with 83 linear relations, 16 solutions with 84 linear relations, 13 solutions with 85 linear
relations, 5 solutions with 86 linear relations, and 1 solution with 87 linear relations.



Lax Pair Equations and Connes-Kreimer Renormalization 679

To any Lax equation of matrices with a spectral parameter, one can associate a spec-
tral curve and study its algebro-geometric properties (see [13]). In our case, we consider
the adjoint representation ad : § — g/(8) and the induced adjoint representation of the
loop algebra. Applying ad : L5 — gl(LJ) to the Lax pair equation (5.1) of Theorem 5.4,
for the Hopf algebra > we get a Lax pair equation in gl(L3§),

ad(L)
dt

= [ad(L), ad(M)]. (8.7)

The spectral curve of (8.7) is given by the characteristic equation of ad(L(A)): ['g =
{(A,v) € C—{0} x C| det(ad(L(r)) — vId) = 0}.

The theory of the spectral curve and its Jacobian usually assumes that the spectral
curve is irreducible. For all 43 families of Lie bialgebra structures that gives &, the spec-
tral curve itself is the union of degree one curves. Thus each irreducible component has
a trivial Jacobian, and the spectral curve theory breaks down. We do not know if spectral
curve techniques work for more complicated truncated Hopf algebras.

8.3.2. A completely integrable Lax pair equation We give an example of a completely
integrable system associated to the Lax pair equation of Theorem 5.4. Let 7> be the
Hopf subalgebra generated by the trees

to=17, L =o t2=I, t4=A,

let g3 be the Lie algebra of infinitesimal characters, and let § = g3 @ g3 be the double Lie
algebra (associated to the trivial Lie bialgebra structure). Let Ly = [ A2y €
L§. By Lemma 7.2, L(t) = Ad(g+(t))(Lo) has a pole of order at most two. By (7.1) and
arguing as in Lemma 7.2, we conclude that L(t) = Ad(g—(t))(Lo) has no terms ¢;A',
with i > 1 in its Laurent expansion. Thus L(¢) € L_ 06 = {22=72 L)k, Lk e 5.

Let{Y1, Y2, Y3, Y], Y5, Y} be abasis of § and writex = ) xé)\iYa +Zx&*)\iY; c
L_5 oé. The truncated Poisson bracket {-, -} g is given by

i+j

i _ c
{xa’ xb}R = Si,jca,bxc* ’

with 1) &; j = 1ifi, j > 0, ; = —1ifi, j < —1, & j = 0 otherwise; (i) [E4, Ep] =
C§ , Ee; (iii) xe! =0ifi+j > 0orifi+ j < —2. The rank of this Poisson bracket
is four. Since the dimension of L_5 o6 is 18, we need a set of 18 — (4/2) = 16 linearly

independent functions in involution to get a completely integrable system [1].
For (i,k) € {(=2,k) |1 = k =3} U{(=1,3),(0,3)} and (i,r) € {(=2,r) [l <r

<3}U{@i,r)| —1=<i <0,1 <r <2},inthe coordinates {x;, x;, }{—2<i<0, 1<k<3} set
) (xi)Z ) (xi )2
Hix) = 3=, His(0 = =50,
0 0 0 0 0
Hl()(x) _ (xl)z + (xz)z’ Hﬁ()(x) _ (X1)2 + (x2)2 + (x3*)2’
2 2 2 2 2

—1 —1.-2, —1_-2 -1 1,2, -1 -2, —1_=2

H (x)=x] x;"+xy X7, Hg (X)) =x1 X +x5 x5 " +x3, %3,
The set S = {H;?, 1 < j < 6)U{H{, H'JU(H}, -1 <i <0,3<j<6)
is a set of sixteen linearly independent functions in involution. If ¥ from Theorem 5.4
is a nonconstant Casimir function with respect to the truncated Poisson bracket {-, -}
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on L_3¢é, then S U {¢/} is in involution with respect to the truncated Poisson bracket
{-, -}r- There then exists a function F' € S such that {y/}US\ {F'} is linearly independent
(in the sense that their differentials are linearly independent on a dense open subset of
L_506). Therefore Eq. (5.1) of Theorem 5.4 is completely integrable with respect to the
truncated Poisson structure {-, -} g on L_3 (8.

Remark 8.9. We can apply these techniques to the Lax pair flow for S-characters. For
certain Hopf subalgebras, the equation

dpo(t)
dt

from Theorem 8.7 is a Hamiltonian system. In some cases, (8.8) is an integrable system
on the corresponding double Lie algebra &.

= 2[Bo(t), Bu—am+1(1)] (8.8)
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