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Abstract. Any Axiom A holomorphic map on P>C has a natural ergodic measure . The
set K~ is the set of points which have arbitrarily close neighbors with prehistories not
convergent to supp (.

This set is the analogue of the set of points with bounded backwards iterates from
the case of Hénon mappings. For Hénon diffeomorphisms it was shown by Bedford and

Smillie that K~ either has an empty interior or ]o{ ~ = union of the basins of finitely many
repelling periodic points. For s-hyperbolic holomorphic endomorphisms of P2, we show

here that the only possibility is K~ = #J. This answers a question of Fornaess.

We also prove that K~ is the union of finitely many repelling basins when the
endomorphism is a perturbation of a Hénon mapping.

Several non-trivial examples of s-hyperbolic maps are discussed as well, some of them
coming from perturbations of product maps and others from solenoids.

1. Introduction and statements

In [BS], Bedford and Smillie have studied the dynamics of the Hénon map on CZ,
g(z, w) = (w, p(w) — az), where p is a monic polynomial of degree d > 2 and a # 0.
This map defines a diffeomorphism of (CZ, of constant Jacobian.

By definition, K~ (g) := {(z,w) € C?: (g7"(z, w)), is bounded in C?} and
K(g) = {(z,w) € C?: (g*(z, w)), bounded in C2}. It can be shown [BS] that
K= (g) = W“(K(g)),i.e. K~ (g) = the unstable set of K(g) = union of global unstable
sets of points from K (g), and also that K ~(g) is pseudoconvex.

In the case of diffeomorphisms, hyperbolicity over an invariant set is defined as a
continuous splitting of the tangent bundle into stable and unstable bundles.

One then says that g is hyperbolic if g is hyperbolic on its Julia set 7. In this case,
W) = T \{s1,...,sk}, where J~ = 0K~ and sy, ..., s; are the sinks (attracting
periodic points) of g.

Bedford and Smillie [BS] also showed that if p is a saddle point of a hyperbolic
polynomial diffeomorphism, then J T := 3KT is the closure of W*(p) and J~ is the
closure of W (p).
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THEOREM. [BS] If g is hyperbolic, then we have the following possibilities for Io{’:

(1) if la| < 1, then K~ = 0;

Q) iflal=1then K~ = K =0

3) if|a|l > 1, then IO(_ = UL, B(pi), where p1, ..., py are repelling periodic points.
Here B(pi) = {z: f7"(z) = O(pi) orbit of p;}.

Let us look now at the case of hyperbolic endomorphisms on P2. Since the map is not
invertible anymore, the set K~ is not defined as in the case of diffeomorphisms. However,
we can define it indirectly if f is holomorphic.

First, let us note that any holomorphic map f : P2 — P2 can be lifted to F : C3\{0} —
(C3\{0}, with F = (Fy, F;, F3), where F; are homogeneous polynomials, i = 1, 3.

The common degree d of Fy, F2, F3 is called the degree of f.

Definition 1. The non-wandering set Q¢ := {x € P2 : (V) neighborhood U, of x, 3n > 1
such that /" (U,) N U, # @}.

Q2 is a compact set in P2 which will be denoted by £ when no confusion arises.

Definition 2. The hyperbolic cover Q= {(xnn<o : xp € Q, Mn and f(x,) = Xp41,
n<-—1}.

Qisa compact metric space with the metric d(x, ) = Zifod(x,-, yi)/2|i‘. Q is also
called the inverse limit of 2.

Definition 3. f is hyperbolic on Q if there exists a continuous splitting of TgZ]P>2 =
{(Z,v) v e TP L% e Q) T;P?* = EY, ® EY, such that Df(E}) C Ef .,
Df(EY) C E’; and 3C > 0, 2 > 1 with [[Df"(x0)()|| < C- 17" - |jv|| forv € E}
and ||Df”(xo)(v)|| >C-A" - |lv|| forv € EY. Givenx € Q, % € Qi= (Xx_p)n>0, € > 0,
we then define

Wi(x) :={y e P2 :d(f"y, f"x) <&,n >0}

Wix):={ye P? which has a prehistory  with d(y_,, x_,,) < &, n > 0}

Wi(x) = {y:d(f"y, f"x) — 0}

WH*(x) = {y : 39 prehistory of y with d(y_,, x_,) — 0}.
If ¢ > 0 is small enough, the sets W (x), W (X) are complex manifolds.

If f is hyperbolic on its non-wandering set €2, then Q = Sop U S1 U S5, with §; = set
of points from  with unstable index i, i = 0,2. If w is the Kihler form on P? (with
f w A w = 1), Fornaess and Sibony [FS2] showed that (f")*w/d" converge as currents to
a positive closed current 7 whose support is equal to the Julia set of f.

From [FS2] it also follows that 4 := T AT is well-defined as a measure, it satisfies
f* = d*u and is a measure of maximal entropy log d?.

THEOREM. [FS2] If f holomorphic of degree d is hyperbolic on 2, then:
0O Q#ETr, Jr # 82

(i)  So is the union of finitely many attracting periodic points;

(iii) if S, :=suppp, then S, C Sa, f~1(Syu) = Sy
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Definition 4. A holomorphic map f of degree d (the set of such maps is denoted by H,),

is said to be s-hyperbolic if:

(i)  f has Axiom A, i.e. f is hyperbolic on 2 and the periodic points of f, Per f, are
dense in 2;

i) f71(S2) = 8

(iii) Cy NSy =@, where Cy = critical set of f;

(iv) 3U neighborhood of S; such that f’l(Sl) NnNU =3S;.

THEOREM. [FS3] Given f € Hq s-hyperbolic, S = S, and the unstable set of S,
W (S>) is open with locally pluripolar complement.

Note. In [FS3], s-hyperbolicity is defined with slightly fewer restrictions; in (iii) they
require an analytic set outside Sy, not necessarily equal to C .

For our purposes, however, we prefer to work in the case Cy N S = @. Consider now
a Hénon map on C?, fz,w) = (w, w? +az + c),a # 0 and f[z Tw o] = [w2 :
w? + azt + ct? : 2] its rational extension to P2.

It is proved in [FS] that (f")*w/2" — @* and that i+ A @t = &, , where
p— = [1 : 0 : 0] is the only point of indeterminacy for f. it is the analogue of the
current 7 from the case when f : P2 — P2 holomorphic.

p— appears as the only ‘repelling’ point of f in the sense that (V)U neighborhoods of
p—and x # p_,x € U, dny > 1 such that f”’f ¢ U,n > ny. So for the Hénon map
f:C?>— C?% K~ =CA\U", with

U™ :={zeC? (f7"(2))n converge to p_ = suppé,_}.
However, §,_ = it At so it makes sense to have the following definition.

Definition 5. Let f € Hy, a holomorphic endomorphism of P2, Then U; = {z0 € P2,
d(f"(z), supp ) — 0, uniformly in a neighborhood of z¢}.

Let K; = PZ\U;. K; will also be denoted simply by K~ when there is no
danger of confusion. When f is s-hyperbolic, K~ = U£e§] WH"(x) U Sy and for
small ¢ > 0, Ux cs, W} (X) contains a neighborhood of S; in W* (§1) [FS3]. Also, the
set K~ is connected. Consider now a hyperbolic Hénon mapping of C? of the form
g(z, w) = (z* +aw, ), |a| > 1, and a perturbation of f, f:(z, w) = (z> +aw, z + ew?).
Let us define the following decomposition [FS4]:

R =10|a] +3
V ={( w),l|z| =R, |w| <8R}
VI ={(z w), Izl > R, lw| <8z}
V7 ={(z w), lw| >8R, 8|z|] < |wl}.
PROPOSITION 1. With the above notations, we have:
i  fe(V)cvuvt,
(ii) f(VT) C V* and f. multiplies the z-variable by at least three in V;
(i) if (z,w) € V7, |w| > 2/¢, then (z, w) € basin of attraction of the line at infinity;
(iv) if (z,w) € V7, |w| < 3/4e, then (z, w) is iterated forward until it lands in VUV T;
(v) every point in V has at most one preimage in V.
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COROLLARY 1. For a perturbation f, as above, the repelling periodic points are either
in{(z,w) e V7,3/4e < |w| < 2/e}orinV.

Proof. Indeed, if (z, w) € V7, |w| > 2/¢, then (z, w) is attracted to (r = 0), so it cannot
be periodic.

If (z, w) € V7, |w| < 3/4e, then Im such that f™(z,w) € VU VT = (z, w) again
cannot be periodic.

From Proposition 1, no periodic point belongs to V*. Also (+ = 0) contains no
repelling periodic point. So we can only have repelling periodic points in {(z, w) € V—,
3/4e < |w| < 2/e}orin V. Now, if

Izl = R = |z* +aw| > R* — 8|a|R = R(R — 8|a|) > 3R,

hence no periodic point from V can have |z| = R.
Similarly no periodic point can have |w| = 8R. In conclusion, the repelling periodic

points of f; belong either to {(z, w) € V~, 3/4e < |w| < 2/¢e} or to \3 . O
PROPOSITION 2. Let
Ky = {(zw): f"(zw) € (&, w), 2] < |w|/8,3/4e < [w'| < 2/s}, (V)n}.

Then f; is expanding on Ky and supp(e) = Kz (here pg is the canonical measure of
maximal entropy for f¢).

PROPOSITION 3. [FS4] The non-wandering set Q2 of f. is the union of two disjoint closed
sets Q1 := Qg NV and supp ue. The set Q. does not intersect the critical set C. Also, fe
is bijective on Q1 and if g(z, w) = (z* + aw, z) is a hyperbolic Hénon map, then f; is
Axiom A on Q.

COROLLARY 2. If fo(z,w) =
hyperbolic Hénon map g(z, w)
is not s-hyperbolic.

(z2 +aw,z + 8w2), lal > 1, a perturbation of the
= (2> + aw, 2), then f. is with Axiom A on Q, but f;

Proof. The fact that f; is with Axiom A follows from Proposition 3. Because |a| > 1, g

will have a finite number of repelling periodic points {p1, ..., pk}-
If &¢ > 0 small enough, then f; has repelling periodic points pi,..., p; close to
D1, - - -, Pk, respectively, so Sz . D { p’l, R p,i}. However, from Proposition 2,

supp ie =Sy, C{(z,w) € V7,3/4e < |w| < 2/e}.

Hence, if ¢ is small enough, {p|,....pp} N Sy, = ¥ = S2c # Sy, = fe is not
s-hyperbolic (according to the theorem from [FS3] cited above). a

In the case of small perturbations of hyperbolic Hénon mappings we will prove the
following.

THEOREM 1. For a perturbation f.(z, w) = (z*> + aw, z + ew?) of a hyperbolic Hénon
map g(z,w) = (22 + aw, z), we have that Ule B, C K, C Uf:] B,. The line at
infinity (t =0) isin 0K .
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This theorem, together with the next, will imply that there is a profound difference
between perturbations of Hénon maps and s-hyperbolic maps, which translates in the
structure of the set K .

THEOREM 2. If f is an arbitrary s-hyperbolic holomorphic map on P2 (in the sense of
Definition 4), then K~ = (.

Proposition 4.3.2 of [Mi] gave a partial result in this direction, which is now improved
by Theorem 2.
In [Mi2], using the concept of topological pressure we showed the following.

THEOREM. [Mi2] Let f be an s-hyperbolic holomorphic endomorphism of P* of degree
d such that
sup |Df 1y | - IDf g« |~ < inf |Df ]I,
$ €§] ; Y xX€S)
then both HD(W” (§1)) and HD(Kf_) are no greater than 2 + t° /0, with t° being the only
t such that the topological pressure P(t¢®) = 0.

In particular, if

1 _ .
sup |Dflez| <y and  sup [[Df ey |- |1 Df |gxl ' < inf IDf g,
X€S| $e8; ) X€ES)

then HD(K™) < 4.

So, if the conditions in the theorem hold, then, besides the conclusion IO( _f = {J, we also

have an estimate for HD(K f_). We will end this section with some examples of Axiom A
maps.

Example 1. Let f[z : w : 1] = [P(z,t) : Q(w,1) : t9], P,Q hyperbolic on their
Julia sets Jp, Jg (P, Q are taken to be polynomials of degree d in one variable). Then
S =Jp x Jp.

The basic sets of Sy are, in ¢ = 1, {periodic sinks of P} x Jp and Jp x {periodic sinks
of Q}; the basic set in (¢t = 0) is the Julia set for [P(z,0) : Q(w, 0) : 0]. Then f is clearly
s-hyperbolic.

In this example the unstable manifolds for all prehistories in S; coincide. However,
in general one would expect the unstable manifolds for different prehistories of a certain
point to be distinct.

Example 2. If ¢ : P' x P! — P2, ¢ ([z0 : wol. [z1 : w1]) = [z021 : wow1 : Zow; + woz1],
then ¢ gives a two to one cover of P2.
Let fy : P! — P! rational hyperbolic map of degree d. Then f € H, such that

¢ (fo, fo) = f o ¢ and f is hyperbolic also. S2(f) = ¢ (Jo, Jo) and the basic sets for
S1(f) are ¢ (sink xJp) so f is s-hyperbolicif Cy N S; = @.

Example 3. The next example is a solenoid in P2, f[z : w : 1] = [z% : wt/10+zt/2+ew? :
2] (see also [Ro] for the original solenoid example in the real case).
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The line at infinity (#+ = 0) is totally invariant and an attracting set. S; has three basic
sets: a circle in (r = 0), a quasicircle in (z = 0) and a solenoid in {|z| = 1, |w| < 1 + §},
6 > 0, small.

Now S> C {|z] = 1, t = 1} and the eigenvalues r of the derivative Df (z, w) are 2z and
1/10 4 2ew.

If |z| = 1, then |2z| = 2. If |w| < 0.9/2¢, then |[1/104+2ew| < 1/104+2£(0.9/2¢) = 1
hence f not expanding on S, thus a contradiction.

On the other hand, if |w| < 3/4e = |w/10+z/2 + swzl < |w|(1/10+e|w]) + 0.5 <
0.85]w| + 0.5.

Now, for small enough ¢, |w| > 4 = 0.5 < |w|/8 = |wi| < 0.85|w| + |w|/8 =
0.975|w|, where we used the notation f(z, w) = (z1, w1). So, in this case (z, w) ¢ Q.
Therefore, if (z, w) € S7, then |w| > 3/4e, |z] = 1.

Assume also that for (z, w) € S, |[w| > 1.5/& = |[w/10 + z/2 + ew?| > elw|? —
lw|/10 — |z|/2 > 1.3|w], so (z, w) ¢ €2, a contradiction.

Hence, we have shown that S, C {(z, w) € C2, |z| = 1,3/4e < |w| < 1.5/¢}.

Also, one can notice immediately that S, # @, because the point p = (1, (0.9 +
2/0.92 — 2¢)/2¢) is a repelling fixed point. The eigenvalues of the derivative of f at p
are, in absolute value, two and 1 + +/0.92 — 2¢ and both of them are larger than one for
small e.

Now denote A := {(z, w) € C?, [z, w) € {|z| = 1,3/4e < |w| < 1.5/¢},Vn > 0}.
It is obvious that f(A) = A. Also, if (z, w) is such that f(z, w) € A, then |z| = 1 and if
lw| < 3/4e¢, then |w1| < 0.975|w| < 3/4¢, a contradiction. It was also shown before that
if jw| > 1.5/ = |wy| > 1.2|w|, again a contradiction. In conclusion, f~1(4) = A = A
is totally invariant.

Our goal is to show that A = S,. First, we will prove that f is expanding on A.
Df(z, w)(u,v) = Qzu,u/2 + (1/10 4+ 2ew)v), and for (z, w) € A, ||Df (z, w)(u, v)||
> 2ul.

Assume first that 2|u| > 1.1|v| = ||Df(z, w)(u, v)|| > 1.1|v|. If, on the contrary, it
happens that 2|u| < 1.1|v| = |u/2 + (1/10 + 2ew)v| > [1/10 + 2ew| - |v| — |u|/2 =
[1/10 4+ 2ew] - |v] — 1.1|v|/4 = |v|(J]1/10 + 2ew| — 1.1/4).

However, |w| > 3/4¢ = 2¢ejw| > 1.5 = [1/10 4+ 2ew| > 1.4, hence |u/2 + (1/10 +
2ew)v| > 1.1|v] and |2zu| > 1.1|u|. This shows that f is expanding on A.

So we have S,, C S2 C A and A is a totally invariant set on which f is expanding.
Hence, if we show that S, = A, S, will also be totally invariant.

In order to do this, we will prove that A C Per £, in other words that the repelling
periodic points are dense in .A. This is proved by a classical argument, which is detailed in
[FS4]. The only part which is different in our case is the fact that there is a neighborhood
U of Asothat U N (CU f(C)U f2(C)U---) =@, with C the critical set of f.

Indeed, since f expanding on A and f~!(A) = A, it follows that 3U, a neighborhood
of Awith f~1(U) cc U. We can arrange to have U N C = ) because clearly C N A = @.
So, if fX(C)NU # W = CNU # @, a contradiction.

The rest of the argument consists of showing that any limit of iterates of a given point
is itself a limit of repelling periodic points and then that preimages of repelling periodic
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points can be approximated by periodic orbits like in Theorem 3.8 of [FS4]. In conclusion,
since repelling periodic points are dense in A, A = S5.

Let us notice that S; = {circle in + = 0} U {quasicircle in z = 0} U {solenoid in
{lz| = 1, l[w| < §}}. Hence, the set A := {z = 2t} does not intersect S;. Also, since f is
injective in a neighborhood of the solenoid, it follows that 3V a neighborhood of S; such
that f~1(S)) NV = 5.

Recapping, we showed that f satisfies the following conditions:

(i) fis Axiom A;

() f7NS) = S

(iii) 3 an algebraic variety A such that AN S; = @;

(iv) 3 aneighborhood V of S; such that f’1 SNV =8.
Hence f is s-hyperbolic in the sense of [FS3].

Example 4. The last example is a perturbation of (z2 +oc, w?+ d), ¢, d small.

If ¢, d are small enough, then P(z) := 22+ cand O(w) = w? + d are both hyperbolic
on their Julia sets and these Julia sets are quasicircles close to the unit circle.

Let fo(z, w) := (P(z) + ew + £z, Q(w)). The fixed points of P are (1 + +/1 —4c)/2
and (1 — /1 —4c)/2. Denote by pg a fixed attracting point of P. f; will have a basic set
close to { po} x Jg. Denote K := SUPye /g lw| 4+ 2|po| and @ := SUP(; w)eA, |z — pol and
assume the supremum in the definition of « is attained at zo. Hence 3(z, w) € A, such
that zg = 2 +c+ew+ ez

In this case, zo— po = z2+c—p(2)—c+£w+sz = (z—p0)*>+2po(z— po) +ew+ez =
o < a® 4 2|pola + Ke. Now @ must be very small, so from the quadratic expression it
follows that

1= 2|pol — V(1 = 2|po])> — 4K
2
2Ke ,
= < K'e,
1—2[pol + /(1 —2[pol)?> — 4Ke ~
with the constant K’ close to K /(1 —2|po|) < 2.
We will prove that f, is injective on A.. Indeed let us assume that f;(z_1, w—_1) =
fe(@_;,w" ). Then P(z—1) + ew_y +ez_1 = P(z_|) +ew’ | + ez’ , therefore

O<a<

(21— D@+ ) +ezor — 2L ) = el —woy).

Denote K* :=sup |w_; — w’ || when w_; # u/_l are two points in Jp with Q(w_1) =
Q(w”_,); since ¢ is small, K* is close to two.

So eK* < [(z—1 — 2 )(z—1 + 7)) +ez—1 — 2" )| < 5polK’e + 2e2K’, which is
a contradiction if ¢ is chosen in the beginning such that K* > 6|pg|K’. (po depends on
¢ and if ¢ is small, then py will be small too and at the same time, K, K’, K* are smaller
than 1.5, 2 and 2.5, respectively.) In conclusion w_; = w’ ;.

However, we assumed that P(z_1) +ew_1 +¢ez—1 = P(z" ) +ew’ | +&z’ |, therefore

Z2,1 - ZE] = 8(1/,1 —2-1) = |z241 +ZL1| =é,
which is again a contradiction because for very small ¢ in comparison to po, z—1 and z’,
are both close to po, hence |z_1 + z’_1| close to 2| pg| which would give 2|po| close to €,

a contradiction. Therefore, on the basic set A, f; is injective.
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The other basic set in (t = 1) is Az 2 = J2 x {qo}, with go an attracting fixed point
for Q and J, the Julia set of the rational function z — P(z) + eqo + €z. However, from
the one complex variable theory [CG], J; is totally invariant, therefore fg_l (Ag2) = Ag 2.
This implies that condition (iv) of Definition 4 is satisfied.

The condition f{l (S2) = 7 is satisfied because the map (2% + ¢, w? + d) is Axiom A
without cycles; the fact that there exists a neighborhood W of S, such that f~1(W) cc W
is invariant to small perturbations and because it holds for (zZ + ¢, w? + d), it will hold
also for f; [Mi2]. Therefore f; is s-hyperbolic.

Finally, note that while for f(z, w) = (P(z), Q(w)), the unstable manifolds are easy
to find, this is not the case for a general perturbation f.

The results of the general theorem will still apply for maps for which the
individual unstable manifolds are impossible to find analytically. A priori, a hyperbolic
endomorphism will have an uncountable collection of unstable manifolds going through
each of its saddle points, corresponding to the different prehistories of those points.

2. Proofs of main results
First we will make clear the definition of a basin of a repelling periodic point for an
endomorphism.

LEMMA 1. Assume f : P2 — P2 holomorphic map which has a repelling periodic
point at p; O(p) := orbit of p. Denote B, = {z € P2 . z has a prehistory
(Z—n)n=0 : Zn —>n—00 O(p)}. Then B, is open in P2,

Proof. Without loss of generality, we can assume p is fixed. 3, VW neighborhoods of p
such that W  V and f~'(W)NV cc W. Now, if z € B, = 3ng withz_,, € W,
Z-ny € f7"(z). However, then 3U small neighborhood of z such that (V)z' € U,
Elz’_n0 € f7™(z') N W; then we use the fact that f~1(W) NV CC W to obtain that
U C B,. i

In the case of endomorphisms, B, and B,y might intersect, even if O(p) # O(p’).

We now consider a Hénon map g(z, w) = (Z2 + aw, 7), la] > 1 and a perturbation
fe(z,w) = (22 + aw, 7 + ew?) which extends as a holomorphic map on P2

We have the partition V, V*+, vV~ for C? given in §1.

LEMMA 2. fo(V) C V UA, where A := {(z,w) € C* : |z| > R, |w| < 8|zl
lz| > de|w|?), if € is small enough. The set A is invariant by f.. Hence V) CVUA,
M)n > 0.

Proof. We already know from Proposition 1 that f,(V) c VU V™. If (z,w) € V =
|lw| <8R, |z| < R and if it happens that f,(z, w) = (z1, w1) € VT = |z1] > 1/8|wi| >
4¢|wi|? for small enough &. Hence f(V) C V U A.

It remains to prove that f;(A) C A. If (z, w) € A, then

122 + aw| > |z|* — law| > |z|* — 8lal|z]

and
Iz + ew?)? < |z|> + 2 w|* + 2¢z||w|>.
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So, the conclusion follows if we show that

|zI* — 8lallz| > 4e(Iz]* + e*lw|* + 2ez]|w]?)

1zI7(1 — 4e) — 8lallz] > 4e3|w|* + 8&|z||w|>. (1)

However,
delw)? < |z| = 166 |w|* < |z|?

and

8e2|z[|lw|? < 2¢|z|? = 43 |w|* + 8¢2|z||w|?

2
elz 1 9
< % +2¢z)? = ez (Z + 2) = Zg|z|2 <0.1z)%,
fore < 0.1(4/9).
Now |z|?(1 — 4¢) — 8la| |z| > 0.1|z|, since |z|(0.9 — 4¢) > 8]a| due to the fact that
lz| > R = 10]a| + 3.
So this shows that inequality (1) is true = f.(A) C A. a

Proof of Theorem 1. Itis obvious that, if ¢ > 0 is small enough, then f; will have repelling
periodic points p}, ..., p; close to the repelling periodic points of g (p1, ..., px), and they
do not belong to S, ¢ (Corollary 1 and Proposition 2).

Also, if & € Bl’f-’ then 3(§_,),>0 prehistory of &, &_, — B; and the same is true for &’

in a small neighborhood of £. So U¥_, B,y C K ;.

Now let U be a small open set C K. From Proposition 1, K; C V U V*.
However, f;(K;) = K_. U is covered by f;(K.;). Now f‘l(U) N K_ has a non-
empty interior, because f(f_l(L{) N K. ) = U. However, points in f‘l(U) NK;- N v+
have smaller z-coordinates than their images in &/ N A. In general, I/ is covered by
K= " (f"UNK,)=U= f"U) N K_ has a non-empty interior.

However, if Y C K, N ‘3+, then f~"(U) N K is attracted towards V (since from
Proposition 1, f. multiplies the z-coordinate of a point in VT by at least three).

Note also that if |z] = R, (z, w) € V, then

fo(z,w) = (22 +aw, 4+ ew?) = |2 + aw| > R? — 8|a|R = R(R — 8la|) > 3R,

so in fact f7"(U) N K, would eventually be in V. Hence we would have a non-empty
open set in K. N V. Without loss of generality, again denote this open set by I/; hence
UCK NV, U#D. Letustake&o ed C K, NV.

Suppose that for some ng > 1, f7"0(&y) C V. In this case 3U* small neighborhood
of & such that U* C U and (V)§ € U*, f7"0(§) e V™ = f~"(&) — S, acontradiction
told C K. Soforeachng > 1, f7"0 (&) NV # 0.

Now, from property (v) of Proposition 1, | f~!(£9) N V| = 1; there is only one point,
denoted by £_1,in f~1(&) N V. If

2 fAENY = AR =6 = f(f@) =8 = f@ e ) = f@)=E,1€V

and, by the same property, there is only one z in f~1(&_) N V.
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We denote this by £_». Inductively, one shows that &y has a unique prehistory (§_,),>0
contained in V. Therefore, on U/ we can define inverse iterates (f, "*),>0 which take values
in V. However, V is bounded = (f,"),>0 is a normal family. Assume that 3¢ € U/ such
that f; " (£) — Si,e. By eventually taking a subsequence, f; "' — h, h holomorphic
on U. So, it follows that for any tangent vector v at &, (||(Df8_"i)g(v)||),- is bounded.
However, this is a contradiction to the existence of stable cones in the tangent bundle
near Sy, therefore

k
f7E — Jowh.
i=1

SoKz NV UL, By

In general, if I{ is a small open set in 10{; = f" (ﬁ) N K. C V for large enough n
and we prove that int(f ") N K. ) C Uf;l B,. Using that f is an open map it will
now follow that K 2 C Uf:l B, (here we also use the fact that in our case K~ does not
have isolated points).

It remains to prove that (t = 0) C 0K, = K\ ]O( %. First of all (+ = 0) is totally
invariant and because S, o N (t = 0) = ¢, it follows that (# = 0) C K, . Assume that 3
apoint[z: w:0] € IO(; with w # 0. Since K, C VU VT, we have |w| < 8|z|, hence
lz| # 0.

However, f;(K;) = K. and f; is open = f/'[z : w : 0] € K, n > 1. However,
fHMz:w:0] = [1:0:0]= Fapoint [1 : Wy : 0], wo # 0 small, belonging to Io{;.

Consider a small neighborhood of [1 : Wy : 0] in K ; points in this neighborhood from
C will be of the form [1 : wy : t], ¢ # 0 small and wq close to wgy # O.

So [l : wo : t] = [1/t : wo/t : 1] =: [z0 : w(’) : 1]. Assume now that
(z.w) € £ (0, wp)

2
" taw =29
{ 2 / (*)
Z+ew” = w,.
Since zg = 1/t is very large, (z, w) ¢ V. Assume that (z, w) € A = |z| > 48|w|2. From

() it will follow that
%|z| > |wy| > %|Z|. 2

Also, |zo| = 2% + aw] < |z + 8la| |z] < 1.1]z|?, because if |zo| < |zI* + 8lallz| = |z]
is large enough such that 8|a| < 0.1|z]. So |z9] < 1.1|z|2.
Also, |22 + aw| > |z|* = |a|lw| > |z|* — 8al|z| > 0.9|z]* by the same argument as

above. So
|zol |zol
0.9|z|% Llz)? = /== =,
|z]” < lzol < 1.1]z]" = 0.9 > |z| > 11

From (2) it follows (5/(4 - v/0.9)v/Tzol > |wjyl > (3/(4 - V/1.1)){/Iz0]. Writing that

w(, = wo/t and

1 5 1 3
g ‘?‘ 2111 > lwol > 0.6{/]7].  (3)

1
n=-= — > [—,
t 7 409V It 411 ]
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However, wy is arbitrarily close to wog # 0, which is fixed. So the above inequality (3)
gives a contradiction because 7 is arbitrarily small (for example |¢| < lwol?/4 is enough).
In this case, fg_l[l two @ t]N (AU V) = 0. From Lemma 2, however, f/'(V) C AUV,
n>1,

Fllrwe: N fr(Vy=0= £ 1:wo: DNV =0, n=>1.

Using that f,"([1 : wo : t]) NV = ¢ and the fact that, on V7T, f. multiplies the
z-coordinate by at least three, hence f, "*[1 : wo : #] cannot accumulate in VT, it follows
that locally, f,"[1 : wo : t]—>, S,. Hence [1 : wo : ¢t] € U_, a contradiction to
[IT:wo:t]€e K, .So(t=0)\[1:0:0]CIK,.

Finally, let us assume [1 : 0 : 0] € IO( % and consider nearby points of the form
[1:0:¢],¢small[1:0:¢]=[1/t:0:1]andif

1
1 2 = -,
(z,w>ef—1(—,o):> ¢ aw=y
4 74+ ew?=0=z = —sw?.

If ¢ is small enough, (z,w) ¢ V. If (z,w) € A = |z| > 4e|w|? a contradiction to
7= —sw>.
So
000 fi(v)y=0= £"1:0:41NV =0, n>2.

However, f,"[1 : 0 : t] cannot accumulate in VT either, which implies S0
t] = Sy If fo"™[1:0:¢] C V™, then f, "*(W) C V~ for a small neighborhood W
of [1:0:¢] = f;"(W) C V™, (¥n >=nyg= W C U_, acontradiction to the fact
[1:0:t] e K.

In conclusion, we obtain that the entire line at infinity (# = 0) isin K. O

We are now ready to prove Theorem 2 for s-hyperbolic maps. The idea of the proof is
to show that if 12* # @, then (Y)x € A, a basic set of Sy, there is a small complex disk
contained in A, going through x. By Kontinuitétsatz, this would imply that the complement
of A, P2\ A is a domain of holomorphy in P?. However, we know that because f is
s-hyperbolic,C; NS =0 = Cy C P2\ A and we can use now a theorem of Takeuchi [Ta]
saying that a domain of holomorphy in P? cannot contain an analytic variety of dimension

> 1. This gives the contradiction, therefore I% ~ = (). This is detailed below.

Proof of Theorem 2. If f is s-hyperbolic, f : P> — P2, then a theorem of Fornaess and
Sibony [FS3] states that K~ = | ;.5 W*(X) U Sp.

€S

So K= = WS USo. If K~ # & = int(W*(S1)) # . However, W*(S) =
Upso fH(WE (§1)), & > 0. Then, from the Baire Category Theorem it would follow that
for some n > 1, int( f" (W} SN)) # 0 = int(W} S1) # ) because f is open.

Denote by A a basic set of S; such that W (f\) has an interior. Then let xg € A and
U open, U C K~,U C B(xp, ¢). Denote by Fy := (E;)J- the orthogonal of the stable
space at a point x € A and by px | the projection on W] (x) along F,. Assume also that
Pxo.L(U) D By(x0, €), where B (xo, €) is the ball of radius ¢ inside W5, (xo).
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Wi(xg

©

FIGURE 1.

Now take a small V = B(yo, ¢’) open inside W3, (x0) such that d(xo, yo) < /100, for
example.

Our goal is to prove that V N A # (. In this way, it would follow that A is dense in
W (x0) hence W} (xo) C A.

There exists a point zg € U such that py, | (z0) = yo and since zg € Wg‘([\) this implies
3 an unstable local manifold going through 20, which intersects WS (xp) at a point x

From the local product structure, x! € 8 = x! € A. Let us assume that x! ¢ Vv,
otherwise we are finished. In general, the map Asi—> W} (X) is continuous and A s
compact, so the inclination of unstable manifolds w.r.t. stable spaces is always bounded
away from zero and infinity.

So Jo > 0, fixed constant such that d(x!, yo) < « - d(zo, Wzse (x0)). Without loss of
generality, we assume that « - d (2o, WZS‘8 (x0)) < d(xo, yo); if not, by taking preimages, this
will eventually happen.

We consider now all the points in £~ (x!) N Sy, together with their stable sets. Denote
by ff] the branches of f~! near x! (remember that C NS =9

1 _ _
dy_ri,xL; ) < X—d(xl, yo), wherex! = £, yori = 7 Go)
S

with
0 <Ay < inf |[Dflgsll (since Cy N A = 0).
XEA *

Now, although not all ff](U) are in K—, Ji such that Eizl.l € W;‘([A\) with
Py l(zl.l) = y_1;. Then an unstable local manifold containing zl will intersect
Wzsg(xil’i) in)ci2 € A, and d(xiz, y-1,i) < a&/hy, where I < Ay <inf;_z ||Df|Eu Il

We do this for all j, z! € W¥(S}) such that Pyt _L(z ) =y_1,;. HU_1; == f71U),

—LJ
then Pyl (U 1)) D B(x! Lis B-(1/As)(e— B'd(xg, y0))), where 8, B’ > 0 fixed constants

determlned by the maximum inclination of unstable vector spaces w.r.t. stable spaces.
We repeat the above procedure, taking now {xfl j}., ={f" (xl.z)}, N A, for all xiz’s and

v=2i}i = f72(vo) N A.
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FIGURE 2.
If U_5; = f*(U), then
dU_r1, W) < — . d(x?, y_2, &
(U-2,i, "12) < g ~d(x7, y-2,i) < a)»u)\s

and .
pL(U-2:) DB (x%l,,-, B —(d —pd-1i, x‘_l,,-») :
)

where d; is the diameter of U_j ;, in the sense that d; is the radius of the projection of
U_,,; along the respective unstable manifold.

We take now all the preimages of points x> 1.; Which are in A.

Over some of the y_j ;’s there are points zl.z € K~ such that pxzmL (zl-z) = y_p. This

is true since f2(U) is extending in the stable direction at the same rate as f “2(V).

We take all these points ziz € K~ which exist over points in f~2(yg). So, at the third
step, d(y_3,j,xilyj) < ozs/)»ﬁ)\s, d(U_3,;, Wzsg(xilyj)) < 8/)\3, and py (U_3,;) covers
v—3,j(¥)j. However, in this way we have considered all the points in f “3(y0) N A and so
3j and z? € K~ with pl(z?) = y_3,;j and clearly z? € Wé‘/p (§1).

The procedure is repeated for large enough n uz 1, inductively, hence
dU_,,;, Wji] /_) < &/A! and

diam V
fﬁn(v) 2 UBS <.Vn,j: T)
J
(B; denotes the ball in the stable local manifold).
The last inclusion will hold for all n for which Bs(y—,, j, diam V /1Y) makes sense, i.e.
until the diameter of this stable ball is between 2¢/As and 2¢.
Also, by definition y_, ; € A and E!z? € K~ over some of the y_, ; (in the sense
of orthogonal projection on the stable manifolds); also z;? € Wg‘//\ﬁ (§1). From the

construction, x;.’

Wzse(xf])j); z? was chosen such that pL(z?) = Yy_nj. Sox

*+1 is the intersection between an unstable manifold going through z’;, and
n+1 '
J
structure and since pL(z';) = y_n,j, we obtain that d(x;.’“, Y-n,j) < ag/Al. But this
implies that eventually, for some n appropriate, n = n(V),

€ A since Sp has product

1
x?“ € By <y,,,j, o - diam V) N Si.

N
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FIGURE 3.

However, f~(V) 2 Uj By(y—p,j, (diam V /AY)). Hence we can find a point § :=
x;’“ € S1 N f7(V), therefore

& esinyv.

In conclusion, given V as an arbitrarily small open set in W (xo) we can find in it a point
from A, therefore
A is dense in W (xo).

However, A = A = W2 (x0) C A. The same argument will also show that W (x(’)) C A,
(V)x(’) € B(xp, €/2). It only remains to prove that W (x) C A, (Y)x € A.

Indeed, let x € A be arbitrary and m > 1. Let B(x, 1/2™); because f|A is mixing,
3N (m) such that fN (B(x, 1/2™)) N B(xo, £/2) # @.

So 3x,, € B(x,1/2™), such that fN" (x,) € B(xo,&/2); then f¥N™ (W (x,)) <
WE(NM on)) C A

Now we know that f is s-hyperbolic which implies 3eg > 0 such that g9 > 4e
and f=1(A) N B(A, &) C A. Therefore, if f¥™ (W!(x,)) C A it follows that
fNem-—1 (Wi (xm)) C A;inductively W; (x,,) C A. However, m was chosen arbitrarily, so
if we take a sequence x,, — x, then (V)m, W] (x,,) C A.

Because the local stable manifolds depend continuously on their base point, W} (x,,) —
W (x) and since W (x,,) C A, Vm, = W(x) C A. Hence, througheach pointx of A, Ja
small complex disk, W, (x) contained in A and then, by Kontinuitétsatz, PZ\A is a domain
of holomorphy. Now a theorem of Takeuchi [Ta] says that a domain of holomorphy in P”,
n > 2, cannot contain a compact complex variety of positive dimension.

In this way we will obtain a contradiction; indeed by the definition of s-hyperbolic
maps, Cr N A = §J, hence the complex variety C is a subset of P2\ A, which was shown
to be a domain of holomorphy, therefore a contradiction with Takeuchi’s result.

o
So we arrive at the conclusion of the theorem, K~ = ¢. O

It would be an interesting open problem also to study the change in the structure of
K. where t — f; is a path connecting a small perturbation of a Hénon map with an
s-hyperbolic endomorphism.

Another problem would be to see whether the dimension estimates in the Theorem from
[Mi2], stated before the examples, are still true if one drops the additional assumptions on
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the stable derivative and to find out what makes the equality between HD(W} (x) N A) and
t* break down for s-hyperbolic endomorphisms.
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