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COHOMOLOGY ALGEBRA OF PLANE CURVES, WEAK
COMBINATORIAL TYPE, AND FORMALITY

J. 1. COGOLLUDO AGUSTIN AND D. MATEI

ABSTRACT. We determine an explicit presentation by generators and relations
of the cohomology algebra H*(P? \ C,C) of the complement to an algebraic
curve C in the complex projective plane P? via the study of log-resolution log-
arithmic forms on P2. As a first consequence, we derive that H*(P? \ C,C)
depends only on the following finite pieces of data: the number of irreducible
components of C together with their degrees and genera, the number of lo-
cal branches of each component at each singular point, and the intersection
numbers of every two distinct local branches at each singular point of C. This
finite set of data is referred to as the weak combinatorial type of C. A further
corollary is that the twisted cohomology jumping loci of H*(P? \ C,C) con-
taining the trivial character also depend on the weak combinatorial type of
C. Finally, the explicit construction of the generators and relations allows us
to prove that complements of plane projective curves are formal spaces in the
sense of Sullivan.

1. INTRODUCTION

The combinatorial type K¢ of a complex projective curve C C IP? consists of the
following list of data: the set of irreducible components Cq,...,C, of C together
with their degrees d := (dy,...,d,), the set of singular points Sing(C) of C together
with their topological types ¥(C), and, for every P € Sing(C), the correspondence
¢p that associates to each local branch at P the global irreducible component it
belongs to.

The combinatorial type of C determines the abstract topology of C itself. This
is not the case for the topology of the embedding C C P2, as shown by Zariski’s
classical work where he established that the fundamental group (P2 \ C) is not
determined by K.

In this paper, we consider a topological invariant of C, called the weak com-
binatorial type W¢ of C, which is coarser than K¢, and yet it contains enough
information to determine the cohomology algebra H*(P? \ C,C). Roughly speak-
ing, W¢ consists of the following pieces of data: the set of irreducible components
Ci,...,C. of C together with their degrees d := (dy,...,d,) and genera, the set of
singular points Sing(C) of C, the correspondence ¢p as above, and the intersection
numbers of every two distinct local branches at each singular point of C. Note that
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5766 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

the Betti numbers of S¢ depend only on the number, degrees, and genera of the
irreducible components of C.

In [B], the first author proves that H*(Sc,C) depends only on We, in the case
where C is an arrangement of rational curves. Here we extend that result to arbi-
trary curves. The result follows from an explicit presentation of the cohomology
algebra H*(S¢,C) which is obtained by means of the Poincaré residue operators
of [I2} [TT]. For other interesting attempts to describe a presentation of H*(S¢,C)
via differential forms, see [16].

An outline of the construction proceeds as follows. Fix a resolution 7 : S — P?
of the singular locus of C in P2 such that C, the reduced divisor associated with 7*C,
is a simple normal crossing divisor in S. Denote by C*), k = 0,1,2, the disjoint
union of the codimension k intersections of the components of C. Let Wém] be
the weight filtration on the sheaf of logarithmic forms on C™ with respect to the
divisor Clm+1 Consider ZRLZ] as the residue operator on Wém]. Note that these
filtrations are compatible with the exterior differential d and that the residues ZRLZ]
defined on Wl[m] / ng]l induce isomorphisms in d-cohomology. In particular, for
k = 1,2 one has the residue operators R := kRgC] mapping the sheaf Wy := W,E:O]
of logarithmic forms of weight k£ on S with respect to the divisor C to the sheaf
of differential forms W([Jk]. Considering the complexes (W, d), the exact sequence
0= W1 = W, = W;/W;,_1 — 0, and using the resolution m and deRham
isomorphisms, we can construct from the coboundary maps the following residue
maps:

Resl! : H(Se,C) — HO(CY), i=1,2.
They are key to our approach in understanding the cohomology groups H*(S¢, C),
i=1,2.

First of all, Res!!l : H!(S¢,C) — H(C!Y) turns out to be an injection. Then a
basis for H!(Sc,C) can be chosen to be the cohomology classes of the logarithmic
1-forms o; = d(log c(::’ ), 1 < i < r, where C; are the irreducible components of C
and C is a transvers%l line at infinity. This condition is not strictly necessary, but
we use it for technical reasons. For a general description see Remark

The map Res!? : H2(S¢,C) — H(C2) will not be an injection in general, unless
all the components of C are rational. Nevertheless, we can find a decomposition
of H?(Sc,C) of the form Vg ® Ke ® Ke, where ker Res? = Ko @ Ke, with Ke
a g-dimensional vector space of classes of holomorphic 2-forms of weight 1 such
that 1RBI]ICC exhausts the holomorphic 1-forms on ClY and K¢ is the conjugate
of K¢. Note that K¢ will necessarily consist of classes having non-holomorphic
representatives. The vector space Vg will be generated by the classes of certain log-
resolution logarithmic 2-forms which are constructed by the same method employed
in [5] for the rational arrangements case. The basic ingredients are logarithmic
ideals associated with the resolution trees appearing in the construction of 7 and
ideal sheaves associated to pairs of branches at the singular points of C. The
choice of the log-resolution logarithmic 2-forms is made by imposing appropriate
normalizing conditions.

An important feature of the decomposition H?(S¢,C) = VCQ @ Ke @ K¢ is that
VZ D H'(Sc,C) U H'(S¢,C), the cup product of 1-forms. Moreover, by a residue
computation we determine the map H'(S¢,C) x H(S¢,C) = V2 in terms of the
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COHOMOLOGY ALGEBRA OF PLANE CURVES... 5767

above constructed generators and see that it depends only on the degrees of the
components of C and the intersection numbers of the local branches at the singular
points of C. By another residue computation, we determine the relations among the
generators of V3. Finally, adding the trivial relations H!(Sc, C) U H?(S¢,C) = 0,
we obtain a presentation for the cohomology algebra H*(S¢, C).

After normalizing the generators in V2 appropriately, the relations imposed by
H'(Sc,C)U H'(S¢,C) C V2 will be satisfied as differential forms. We thus derive
an analogue of the Brieskorn lemma in the theory of hyperplane arrangements,
thereby obtaining an embedding of the algebra of differential forms on S¢ into the
cohomology algebra H*(S¢, C). This immediately implies the formality of Se.

The implications of this description of the cohomology algebra H*(Sc,C) and
the cohomology jumping loci of the space of local systems on C (along the lines
of [8]) will be addressed in an upcoming paper.

2. SETTINGS

2.1. C*° log complex of quasi-projective algebraic varieties. For the sake of
completeness, in this section we will describe an appropriate setting for the study
of the cohomology ring of the complement to plane algebraic curves. This includes
definitions and basic properties of logarithmic sheaves and the definition of a very
useful operator on these sheaves: the Poincaré residue operator. The basic ideas in
this section follow from [I1) Chapter 5], but we present a slight generalization of
their results which will be necessary for the rest of the paper.

Let X be a smooth, quasi-projective algebraic variety of dimension n over C and
X be a smooth compactification of X. We will assume X to be a smooth projective
variety such that X = X \ D, where D is a simple normal crossing divisor, that is, a
union Dy U---UDy of smooth divisors on X with normal crossings. The condition
of normal crossing on D means that locally at P € X, the divisor D is given by

{(z1y---y2n) | 23y - oo r2i,, =0} ={(21,...,20) | z1, = 0},

where Ip = {i1,...,im} C {1,...,n}. Each coordinate of Ip must correspond
locally to a different global component of D (since each component D; is smooth).
We will use a tilde, as in Ip, to indicate the ordered set of such subindices, that is,
jp C {1,,N}

Definition 2.1. Let A be the sheaf of C*°-forms on X. Denote by AOY the sheaf

of C* functions on X. Note that A is a sheaf of graded algebras over A%. The

sheaf of C™ log forms As(log(D)) can be defined locally at a point P € X as the
graded algebra over (AOY) p of C>®-forms ¢ € (Ax)p such that

zrpp and  zr.de

are C*°-forms in (Ax)p.
A form ¢ on U C X shall be called logarithmic on U (with respect to D) if
¢ € Ax(log(D))(U).

The sheaf Ax(log(D)) is a locally free and finitely generated A%—algebra, as
follows from

Lemma 2.2 ([II} Lemma 5.7]). Ax(log(D))(Up) = Ax(Up){ % }icr, .

2z
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5768 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

By definition, As(log(D)) is closed under the exterior derivation d. This lemma
shows that it is in fact closed under the exterior product and generated by
AL (log(D)).

In what follows, a weight filtration is defined in this sheaf of graded algebras
that is compatible with the differential d.

Definition 2.3. If ¢ > 0 we shall define the sheaf of C™ log forms of weight ¢ as
the subsheaf of A(log(D)) given locally as the (Ay)?,—submodule of Ax(log(D))p

of those forms ¢ such that
dZi
ve ¥ ac{P}
% )ier

ICIp,
|71< _
Such a sheaf will be denoted kiy ZVVZ = W, (Ax(log(D))). If £ < 0, we will
assume W, := {0}.

Remark 2.4. Note that W, C Wyy1, dWe C Wy, and Wy AWy C Wy e are obvious
consequences of Definition 2.3]
Notation 2.5.

(1) Let us denote by D™ the disjoint union of the codimension % intersections
of components of D, that is;

"= | | Dy,
|I|=k

]

where D; = Nicr D;.
(2) There is a natural inclusion D; & X for each Dy e 5[k]. Denoting by i
the corresponding map on 5[k], one has the following sheaf on X:
'A%[k] = (Zk)* @ A%I
|I|=k
Definition 2.6. Under the notation above, the Poincaré residue operator
RM - W), (A%(log(D))) — A’g[,ﬁ

can be defined locally by

where:
dz; dzi,c

i) dZ—ZIIdenotesT;A---A Z

and

~ ~ ~ Zk ’ ~ ~ ~ ~ ~
i) it I ={i1,...,0} C{1,..., N}, then o(I) := Sign(ik_,_l,...,l']\/,él,...,ik),
where 4511 < -+ < iy are the ordered elements of {1,..., N} \ I.

Remark 2.7. Note that for any Dy and Dy with [I'| = k+ 1 and |I| = k, one can
define a smooth divisor on Dj as follows:
5 |_ L 5[' lf I - I/,
Dy (0 otherwise.

Moreover, the union

D[ |5[k+1]:: E D] |5I/
|I'|=k+1
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provides a simple normal crossing divisor in D; C 5[k]. Hence, ﬁ[k} can be re-
garded as a disjoint union of smooth compact algebraic varieties, each component
containing a divisor with normal crossings. Therefore, one can consider the sheaf
of C* log forms on each smooth algebraic variety D; with respect to Dj |5[k+1]7

denoted by Az, (log(ﬁ[k—m)).

Definition 2.8. By means of the inclusions Dj & X , one can also define log

=k . =[k .
sheaves on D[ ] relative to D[ 1l as subsheaves of the direct sum of log sheaves,
for each component satisfying certain compatibility relations. That is,

A (log(D" ) ¢ € A, (log(D" ),
|I|=k

defined by the following natural local condition: for any strings Iy, I, I1, I} such
that |I;| = |[I]| = ki, i = 1,2, and {I; + I} = {I] + I}}, and for any pair of forms

dzp, —[k1+1] dzpy —lk1+1]
* (log(D d 2 * (log(D
ar € (A, tos@ ) and spe (A5 10gD"T)
one has
(1) (—1)7 I (1) ap |5, = (-1)700 (-1)7E+H D gp 5,

where I; and 1:1’ are as in Definition and I + I’ denotes juxtaposition of strings.
For simplicity, this sheaf will be denoted by A} (log(D)) and its restriction to Dy

(for |I| = k) by A,’Z’I(log<5>).

There also exists an obvious weight filtration on Ay (log(ﬁ))7 denoted by Wl[k].
Note that WLEO] = W,(Ax(log(D))) and W([)k] = Az . The compatibility relations
described in (1)) allow for a generalization of the Poincaré residue operator to all
the log sheaves relative to D, namely

(2) CRIM il sl R

In order to give a local description of L’RL’Z] let us consider a point P € X and a
(k]

form ¢ € (Aj(log(D))) - Let us denote by (L]R[TIZ]@)I the coordinate of Ry, ¢ on

A,’;J—r’fnyl(log<5>)p, where |I| = m + k. In order to calculate this coordinate take
two disjoint strings I; and Iy such that |I;| = m and Dy = {2y, z1, = 0}, and hence
|I3] = k. The form ¢ can be written as

dZ[2

« € (Alt,h (log(§>))P.

ZI,

Thus one can define

(ER[k](p)l = (—1)7) (=)o zt) 5, -

m

Again by () the definition of (fRLﬁ] 90)1 does not depend on the choice of I; and
Is.
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5770 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

The main result about these generalized residue maps, which will be intensively
used throughout the paper, is the following:

Theorem 2.9 ([11 Theorem 5.15] and [5], Theorem 1.28]). Any generalized residue
mapping
= m],* m],* m+k|,x—k m—+k|,x—k

R W Wy — (i
on the complex of global sections induces an isomorphism on d-cohomology. More-
over,

o i) Rl

2.2. The spaces H*(P?\ C;C) and the residue maps. As a general setting, let
S be a smooth compact surface, C C S a reduced divisor. Let us denote by Sc the
complement of C in S. Consider a resolution m : S¢ — S of C in S such that S¢
is a compactification of S¢ by a simple normal crossing divisor, and let C be the
reduced structure of 7*C. Note that S¢ is isomorphic to S¢ \ C via 7.

Definition 2.10. A log-resolution logarithmic form on C at P € S is a differential
form ¢ € (A%, )p such that 7*(p)p € A*(log(C))p, that is, ¢ € m. A%, . The sheaf

of log-resolution logarithmic forms on C will be denoted by Ag)g(C ) = m A,

Remark 2.11. Consider C C S a simple normal crossing divisor, P € S, and ¢ €
A*(log(C)) p a differential logarithmic form. Denote by 7 : S — S the blow-up of P
in S. Note that 7*¢ is also a logarithmic form on 7~!C at any point Q € 7~ 1(P).
This, together with the fact that any two sequences of blow-ups of S are dominated
by a third one, implies that the notion of a log-resolution logarithmic form on C is
independent of the given embedded resolution of C.

Note that Alb?g(C) C Ag(C), where Ag(C) is the classical sheaf of logarithmic
differential forms on C locally defined as

(As(C))p :={p € (As.)p | Crp € (A5, )P, Cpdp € (A5, )P},

where Cp is a reduced equation of C at P.
In fact, .Alsog((,’) is the largest subsheaf of Ag(C) that is stable under blow-ups.
Moreover, by Lemma [Z2] Algg (C) is locally free.

Construction 2.12. Let C C P2 be an algebraic curve with irreducible components
Co,C1,...,Cr. Fixm: Se — P? as a resolution of the singularities of C so that
the reduced divisor C = (7*(C))req is a simple normal crossing divisor on Se¢, as
described in section 21

Consider the following short exact sequence of complexes 0 — W;_; — W; —
W;/W;_1 — 0, where W, denotes the complex (Wl-[o]’*/lgc (log(C)), d). Let us con-
sider its corresponding long exact sequence of d-cohomology

5k

) .= HF YW /Wily) — HY(Wi_1) — HY(W,) == HY(W;/Wi_1)
— Hk+1(Wi,1) — ...

Using the de Rham Theorem and Theorem 29 one can define the residue map
Resl’! : Hi(S¢;C) — HO (5[Z];C) as the following composition:

DR

X a—1 . _ P i A rli] —[q
(4) HI(Se;C)= Hi(Se \C; C)E HI(Se, Wy) 2 HI (Se, Wi /W) = HO(C" ©).
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Proposition 2.13 ([5, Proposition 2.2]). If C is an algebraic plane curve with
complement Sc, then

H?*(S¢;C) = Hy(C;C), and H'(S¢;C) = Hy(C;C)/C.

Notation 2.14. Let Y be a topological space. In what follows, we will denote by
hi(Y) (resp. hi(Y)) the dimension of the vector space H;(Y;C) (resp. H(Y;C)).
Note that, by the Universal Coefficient Theorem, h;(Y) = h*(Y).

One has the following result.

[1] —
Proposition 2.15. The first residue map Hl(Sc)R& HO(CM) is injective. On the

other hand,
Res!?

ker ((H2(Se)™ HO(E[2])) c H2(W)
has dimension 2g, where g = >_._, g(C;) is the sum of the genera of the irreducible
components of C.

Proof. The injectivity of Res!! follows immediately from () for the casei =k =1,
and H'(Wy,d) = 0. Let us now consider (@) for k =2, i = 1.

(5)
HI(W())—> Hl(Wl)—> Hl(Wl/Wo)—> HQ(W())—> HQ(Wl)—> HQ(Wl/Wo)—) Hs(Wo)
Il I I I I I
H'(Se)  H'(Se)  H'CY)  H2(S¢) m@cty )

I I | I I [
0 Cr (Cr+e+l (Ce+1 (C2g 0

where e is the number of exceptional components in the resolution of C. The
equalities in the second column are a consequence of de Rham and Proposition 2.131
The others are a consequence of H*(W,) = H*(S¢), de Rham, and Theorem
Computing the Euler characteristic of this long exact sequence, one obtains that
H?(W1,d) = C?9, and therefore, using (B]) for the case i = k = 2, one obtains

e o
0= H2(W)) = C2 — HX(W,) = H2(S¢)™ HO(C™) = H3 (W) — ...
2]

)

eS[ ] - wal .
which proves that ker (HQ(SC)R—>2 HO(C )) = H?(Sc; W1) = C*. Finally, by the

Leray spectral sequence, since all these sheaves are flasque, one has the projection
formula H?(S¢; Wy) & H?(P?; 7w, Wy). O

2.3. Classical combinatorics. In this paragraph we just want to give a general
outline of the classical concept of a combinatorial type of a curve. This concept
is generally accepted and used, but is seldom explicitly defined. In [2] there is a
detailed explanation of the matter. For the sake of completeness, we summarize
the main ideas.

Definition 2.16. Let C C P? be a plane projective curve. The combinatorial type
of C is given by a sextuplet

KC = (ra J? Sa 27 g, Aa ¢)7
where:

(7) The elements of r are in bijection with the irreducible components of C,
(ii) d : r — N is the degree map that assigns to each irreducible component of C
its degree,
(791) S := Sing(C), the set of singular points of C,
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5772 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

(iv) X is the set of topological types of the points in S,
(v) o:S — X assigns to each singular point its topological type,
(vi) A :={Ap}pes, where Ap is the set of local branches of C at P € S (a local
branch can be seen as an arrow in the dual graph of the minimal resolution of C
at P; see [I0, Chapter I1.8] for details), and ¢ := {¢p} pcg, where ¢pp : A = r
assigns to each local branch the global irreducible component that contains
it.
We say that two curves C; and Co have the same combinatorial type (or simply the
same combinatorics) if their combinatorial data K¢, and K¢, are equivalent. That
is, if 31 = ¥, and there exist bijections:
(1) @r 11 = 1o,
(2) ps:S1 — Sz, and
(3) wp : A1 p — Ay ,(p)y (the restriction of a bijection of dual graphs) for
each P € S

such that:
(1) Jl = (Zg o Yy,
(2) o1 =020¢ps, and
(3) @rod1,p = d2,,5(P)° PP

In the irreducible case, two curves have the same combinatorial type if they have
the same degree and the same topological types for local singularities. On the other
extreme, for line arrangements combinatorial type is determined by the incidence
graph. In higher dimensions, the concept of combinatorics still makes sense but
becomes much harder to describe, except for the case of hyperplane (or in general
linear) arrangements where the incidence relations are enough to determine the
combinatorial type.

The main interest in (and motivation for) considering combinatorial types of
curves is due to the following (see [2]).

Proposition 2.17. Consider two curves C1,Co C P2, and T(C1), T(C2) as their
reqular neighborhoods with boundary. Then the pairs (T'(C1),C1) and (T'(Cz),C2)
are homeomorphic if and only if C1 and Ca have the same combinatorial type.

Proof. In one direction, the self intersections of the components of C; and the topo-
logical types of the singularities of C; are well defined and preserved under home-
omorphisms of pairs (T(C;),C;). This determines degrees and topological types of
singularities, as well as the incidence of local branches. Therefore their combina-
torial types coincide. Conversely, the coincidence of the combinatorial type allows
one to recover the minimal resolutions of the singularities, together with a homeo-
morphism between them. Since the self intersections coincide, one can extend this
to a homeomorphism of the tubular neighborhoods of each component (including
exceptional components) and glue them along the intersections as prescribed by the
multiplicities of the components. By contracting the exceptional components one
can define a homeomorphism of pairs between (T'(Cy),Cy1) and (T'(C2),C2). O

A pair of plane curves (Cy,Cz), such that (T'(Cy),Cy) and (T(Cz),Cs) are home-
omorphic but (P?,C;) and (P?,Cs) are not (that is, whose embeddings in P? are
not homeomorphic), is called a Zariski pair. The existence of Zariski pairs and the
search for invariants of the embedding of a curve that can tell two combinatorially-
equivalent curves apart has been a very productive field of research started by
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O. Zariski in [21] 22] (see [2] and the references therein for an extended survey on
Zariski pairs).
Alternatively, one can also define a weaker concept of combinatorics as follows.

Definition 2.18. Let C C P? be a plane projective curve. The weak combinatorial
type of C is given by a septuplet
We == (I‘, S, A, ¢, u,d, g)a

where r, d, S, A, and ¢ are defined as above, g : r — N is the list of genera,
( = {/Lp}pes) where wp Z¢ AP — N 22 AP = (APXAP)\(APX¢PAP)
the symmetrlc product of Ap outside the ¢p- dlagonal (that is, the ﬁbered product
{(61,92) | pp(61) = ¢p(d2)}), and pp(d1, d2) represents the intersection multiplicity
of 91 and dy at P.

We say that two curves C; and Co have the same weak combinatorial data (or
simply the same combinatorics) if their weak combinatorial types We, and W, are
equivalent, that is, if there exist bijections:

(1) Pr :T1 —> T2,
(2) ©Ys - Sl — 52, and
(3) wp : A1,p — Ay q(p) (restriction of a bijection of dual graphs) for each
PeS;
such that:
(1) dl - d2 O Pr,
(2) ¢ro¢1 =¢a0pp, and
(3) p1(d1,02) = p2(pp(d1), ¢p(d2)).

It is obvious that K¢ determines W using the intersection multiplicity formula.
The converse is also true for smooth arrangements (a curve whose irreducible com-
ponents are smooth), but not true in general, as Example (5.1] shows.

The question immediately arises as to what extent the combinatorial type of a
curve determines well-known invariants of its embedding in P?. We will refer to
such invariants as combinatorial. Fundamental groups of complements of curves are
known not to be combinatorial, as first shown by Zariski in [21]. The cohomology
ring of the complement of a curve was only known to be combinatorial when the
curve was a line arrangement [Il B] or, more generally, a rational arrangement [5].
The purpose of the upcoming section is to prove that the cohomology ring of the
complement of a curve is a combinatorial invariant.

is

3. COHOMOLOGY RING STRUCTURE

In what follows we will describe generators for H*(S¢). For simplicity, we will
assume Cy is a transversal line. We will consider coordinates [X : Y : Z] in P? such
that Cp := {Z = 0}, and define w := XdY ANdZ +YdZ NdX + ZdX NdY as the
contraction of the volume form in the affine space A® by the Euler vector field.

As in the classical cases, the subspace H'(S¢) is generated by the log-resolution
logarithmic 1-forms o; := c?d’ i =1,...,r, where C; is an equation for the

0

component C;.

Theorem 3.1 ([5l Theorems 2.10 and 2.11]). The 1-forms o;, 1 =1,...,r, defined
above verify the following properties:

(i) 0 € WHARE(C),
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5774 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

(ii) ¥ :={o01,...,0.} generate H'(Sc) as a vector space, and
(=) ifi =7,
(i) (Res[l]m)d =40 ifidj#0,
o=yt dfj=o.

Moreover, (X)c = H*(Sc) = Wi = W1,

In order to obtain generators for H?(Sc) we will define special 2-forms as global
forms of ideal sheaves. Such ideal sheaves are supported on the singular points
of C. Their definition will be given in terms of the logarithmic trees, which are
isomorphic (as directed trees) to multiplicity trees but whose weights are different.

3.1. Logarithmic trees. Local setting. Let us first recall the concept of multi-
plicity trees.

Let f € C{z,y} be a germ of a holomorphic function at P whose set of zeroes
is a curve germ Vy C Sy with an isolated singularity at the point P. Consider the
sequence of blow-ups

Sp 18 €2 Gy & &5, =8

in the resolution of Sy at P, and denote by 7 the composition of the first k& blow-
ups 7y, = epo---oey. The curve germ Vyy = m '(Vy \ {P}) shall be called the strict
transform of V¢ in Sy and its equation denoted by fi. The divisor 7 (V) shall be
denoted by V' and called the total transform of V; in Sy. For simplicity, let us
write f/f = f/f,m and V = Vv t,m- The exceptional divisor in S}, resulting from the
blow-up of a point in Sy_; shall be denoted by Ej, and the points P}, ..., P,ivk in
Ex N f/f,k will be called the infinitely near points to P in Ej. For convenience, the
point P is also considered to be infinitely near to itself. Finally, the multiplicity of
Vi C Sk at the point P{ shall be denoted by I/P]f(f), ie.

vpe(f) = mUItPlf(f/f,k)-

To each resolution of singularities = one can assign the multiplicity tree of @ at
P —denoted by Tp(f, ) or simply by Tp(f) if the resolution 7 of Sy is fixed. Tp(f)
is a tree with weights at each vertex and is defined as follows:

(a) The vertices of Tp(f) are in bijection with the infinitely near points to P.

(b) Two vertices of Tp(f), say @1 and @, are joined by an edge if and only if
one of the points, say @2, belongs to Sy for some k, and the other point, @1,
belongs to Sy_1 and Q- € sgl(Ql).

(¢) For convenience, this tree is considered to simply be a vertex if P is not a
singular point of f. If f(P) # 0, then Tp(f) := 0.

(d) The weight w(Tp(f), Q) of a vertex @ is vo(f).

Example 3.2. Let f = (2% —9°)(x — y?)(y? — 2®)y. The tree given in Figure [ is
the multiplicity tree To(f) of the minimal resolution of {f = 0} at 0.

The set of vertices |Tp(f)| of a multiplicity tree Tp(f) is endowed with a partial
order as follows. Consider P as the root of the tree and direct the edges of the tree
towards P. In this directed tree, a point ()5 is said to be greater than ()1 —denoted
Q2 > @1 — if there is a directed path from @5 to 1. In graph theory this situation
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FIGURE 1. Multiplicity tree of (f,0).

is commonly described by calling Q2 an ancestor of Q1 or Q1 a descendant of Q5.
Given a set of points {P1,..., P,} C Tp(f) one can define

Asc(Pr... P) = {QeTo(f) Q=P i=1,....n)
and
Desc(Py,...,P,) ={Q e Tp(f) |Q< P i=1,...,n}.

Multiplicity trees are quasi-strongly connected trees, which means that the set of
common descendants Desc(Px, ..., P,) is non-empty and inherits a linear order from
Tp(f). The maximal element in Desc(Py,...,P,) is called the greatest common
descendant and is denoted by ged(Py, ..., B,).

The degree of a weighted tree T shall be defined as

(©) deg(T) = 3 (“”’ o 1),

QE|T]

where w(7T, Q) denotes the weight of T at Q.

Note that if T = Tp(f), then deg(T) is the d-invariant of the singularity of f at
P.

In order to simplify, we shall write 7 = 7" for two weighted trees that are iso-
morphic as trees, and 7 = T’ (resp. >, <, < or >) if T 2 7" and w(7T,Q) =
w(T',Q) (resp. >, <, < or >) for any Q € |T| = |T’|, where @(T,Q) :=
2 qrepese(@) W(T, Q') (we are using the isomorphism of trees to identify the ver-
tices). Note that (7, Q) is the multiplicity of the total transform of f at Q. Also,
T — k will denote a tree 7" = T so that w(7”,Q) = max{w(T,Q) — k,0} for any
Q € |T|. Particularly useful will be the tree

(7) Te(f) :=Tp(f) - 1.

Sometimes it will be necessary to compare empty trees. In this case, the conditions
=, <, > are vacuous and hence always satisfied.

Let g € C{x,y} be another germ at P. Then one can consider the restriction
of g to a weighted tree T (e.g. Tp(f)) —denoted by 7|, as a weighted graph
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5776 J. 1. COGOLLUDO AGUSTIN AND D.MATEI

isomorphic to 7 whose weight at each vertex @ is vg(g). One can check that the
set I :={g € C{x,y} | T|y > T} defines an ideal. Note that dim¢ (C{z,y}/m"*) =

(k‘gl) Hence

(8) deg(T) = dime C{? 3

Let C be a plane projective curve and P € SingC. Note that its multiplicity tree
does not depend on the equation of D, hence it can be denoted as Tp(C) or Tp(C, 7)
in case we want to specify the underlying resolution.

In case C is irreducible and has degree d, from (@) and (7)) one can rewrite the
Noether formula for the genus [4] p.614] as follows:

d—1)(d—2
@ZDEZ2) S ae(T(0))

PeSing C

(9) 9(C) =

Now consider 7 as a resolution of singularities for the plane curve C. We define
the basic ideal sheaf of C with respect to 7 as follows:

(10) (Zex)p = 1{h € Op | Tp(C,m)|n = TP(C,m)}

If no possible confusion results from the underlying resolution, the sheaf Zg _ will
be denoted simply by Z5.

Remark 3.3. Since 7 also induces a log resolution of the ideal C' = I(C) at any point
P, one can also see Z¢ as the multiplier ideal sheaf of C, that is, m.Og, (KSC/P2 —F),
where C' - Og, = Og,(—F). Analogously, Z? corresponds to the special ideal of
quasi-adjunction Ay(C') as defined in [I4] [15].

This leads naturally to the idea of a logarithmic ideal of a germ. Let f € C{z,y}
be a holomorphic germ at P and 7 a resolution of V;. We can define an ideal
I C C{z,y} satistying that for any germ h € I the 2-form

dz A dy
f

is log-resolution logarithmic at P —with respect to V¢ and the resolution 7. Such
an ideal will be called a logarithmic ideal for f at P.

(11) h

Remark 3.4. Using Remark 2.1T] it is easy to see that the set of logarithmic ideals
associated with a singularity is independent of the resolution. Hence, from now on,
when referring to logarithmic ideals any reference to a resolution will be omitted.

A very useful way to encode the information required to construct logarithmic
ideals is given by weighted trees.

Definition 3.5. Let (f,0) be a germ and 7T (f) its multiplicity tree. A weighted
tree 7 is said to be a logarithmic tree for (f,0) if it satisfies the following properties:
(i) T=T(f) and
(1) the ideal I :={h € O | T(f)|n > T} is logarithmic.
In addition, if §; and &2 are local branches of (f,0), we say that T is a logarithmic
tree (for (f,0)) relative to 61 and 09 if T satisfies (i), (i¢) above and
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(#it) if ¢ € My, where My :={h € Oy | T(f)|n = T} C I, then

F/q

if and only if @ is a vertex of the unique subtree y(d1,d2) C T joining d;
and ds.

Example 3.6. Note that T5(f) is a logarithmic tree for f, but it is not relative
to any two branches 1, d3. One can check that properties (7) and (i7) are satisfied
but T2 (f) does not satisfy property (ii7). Moreover, if ¢ € C{z,y} is a germ at P
such that ¢ := @% with Tp(f)|, > TE(f), then one can check that ¢ € m, W2,

that is, it has weight one, and hence (Resmw)Q = 0 for any vertex @ of Tp(f).

The main result of this part is the existence of logarithmic trees relative to any
two local branches of any reduced germ f.

Theorem 3.7 ([5l Lemma 2.34]). For any given two local branches 61 and d of f
at P, there exists a logarithmic tree for (f, P) relative to 61 and Js.

Theorem B is constructive. We will denote such a tree by 7';31’52, and it will be
referred to as the basic logarithmic tree relative to 61 and 0s.

3.2. Logarithmic ideal sheaves. Global setting. Let us return to the situation
presented at the beginning of this section, where C is a plane projective curve and «
is a resolution of singularities. The concept of logarithmic ideal translates globally
as follows:

Definition 3.8. We call an ideal sheaf Z on P? a logarithmic ideal sheaf for C if
its stalks Zp are logarithmic ideals for the germs Cp of C at any P € P2

Remark 3.9. By Example B.6] the basic ideal sheaf of C denoted by Z} defined
in (I0) is a logarithmic ideal sheaf for C.

Also note that by Remark [3:4], such sheaves are independent of the given reso-
lution.

Let Cij = CZ‘UCJ'7 dij = degCij, and 9ij ‘= g(C”) We denote by Cij an equation
of C;; (which is C; if ¢ = j and C;C; if ¢ # j). We will first check that the basic
ideal sheaf of C;; has non-trivial sections of degree d;; — 2 except for the obvious
case of lines.

Proposition 3.10. dim H%(P?, 78 (dij — 2)) > di; + gij — #{i, 5}

Proof. To ease the notation let us write Z for I(‘}U. From the exact sequence
0—Z(dij —2) = Op2(dij —2) = O/Z(d;; —2) - 0

and the fact that H*(O(k)) = 0 for any k and ¢ > 0, one obtains that

(12) hO(P2, Z(di; — 2)) > <d2”'> — h°(P%,0/1T).

In what follows, we will assume i # j. The case ¢ = j is analogous. First, we will
calculate h°(P?,O/Z). Note that, by (8), one has

P20/ = > degTECy) = > T I/Q(QCi-)>.

PESing Cy; PeSingCi; Q€|Tp(Cij)|
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Since vo(Cij) = vg(C;) + vo(C;) and (“3%) = () + (3) + ab, one obtains that

weom= S ()4 () +racivalcy),

PeSingCi; Qe|Tp(Cyj)|

and finally, using ([@)), one obtains

(13) KO(P2,0/T) = (d" 2_ 1) + (dj; 1> — gij + did;.

Therefore (IZ) becomes
d; —1 d; —1
(7)) =(27) -] o
= (di— 1)+ (d; — 1) + gi;-

RO(P?, Z(d;; — 2))

v

O

In order to construct global forms we will proceed as follows. First, for each
irreducible component C; of C, we will order the d; = degC; points of C; at infinity
CinCo={Pi,..., Py }.

Definition 3.11. Let P € C;;, and let §; (resp. d2) be a local branch of the
irreducible component C; (resp. C;) at P. The ideal sheaf Ig;f&" associated with 01
and d2 shall be defined as

5 s To(C)ln = ToV*(Cy) Q=P
(Ze; )@ == qh€O0q| Te(Cij)|ln > To(Cij) —2 if Qe {P{, P},
To(Cij)ln = Té(Cij) otherwise

A global section s of Ig;j";"’(d) shall be called essential if sq € My, for every
Q € P2, where s, is the section s localized at Q, Ig = (Igj]?&“)Q and My, is as in
Definition

Analogously to [5, Lemma 3.35] one can prove the following.
Proposition 3.12. degzg;fz = deg I8 +dij — #{i,j} — 1.

Therefore Propositions B.10 and imply the following.
Proposition 3.13. dim HO(P?, 701 (d;; — 2)) > gi;.

One can give a description of a section in such sheaf ideals. In order to do
s0, let us denote by yp(d1,d2) the minimal subtree in 7p(C;;) (see Definition B.0])
containing ¢; and d2. We can consider yp(d1,d2) as a subset of the total transform
C of C (in particular it should contain C; and C;). We also denote by v(yp(d1,d2))
the set of vertices of vp(d1,d2).

Proposition 3.14. Let ¢ be a section in HO(IE"z,Igi_’52 (dij — 2)). Consider the
2-form 90#0” One has the following basic properties:J
(1)
A if @ € v(vp(01,62)),
(Res[z]go “ ) = +ei; A if Qe {P}, P},
C()Cij Q

0 otherwise,
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where

{1 if i # j,
Eij:

0 otherwise.
Moreover, X # 0 if and only if p € M 0 52 is essential (as in Definition B.3]).
(2) The signs of the residues described in (EI]) are such that if D C vp(d1,02)UCy C

Cm is an irreducible component, then

0 if F ¢D,

Awq if F€D,F #Cy,C;,C;,
~ w =
<2R([J1]pr> = 57;]‘)\(4)1 ZfF :Co,
0~ij / p 91,62 ; -C
n; ZfF—CZ‘,

7

77;?1’52 ’LfF = éjv

where wy = w is the Buler 1-form on P! = F that has poles on [0 :
1],[1 : 0] and whose residues are A\ and —\ respectively, and where n;,n; are
1-forms on C; (resp C; ) with only two poles. Moreover, the poles are at the
point on C; (resp. Cj) determined by 8, (resp. d2) and at the point determined
by the branch of C; (resp. C;) at Pi (resp. P} ).

Proof. Since the proof of Theorem B.7] is constructive, one can use such a con-
struction to check part ([Il). Part ([2) is a consequence of the commutativity of the
generalized residue maps (Theorem 29) and the fact that the residues of a mero-
morphic function on a compact Riemann surface add up to zero and the difference
between the number of zeroes and poles is the Euler characteristic 2¢g — 2, where g
is the genus. (Il

By Theorem and the exact sequence () note that

1R([]1 _n

(14) H (W) = H2(Wi/Wo) = H' (W) = (@),
Using the inclusion * f_> Wy, from the complex of global holomorphic forms on 5 g8
to the complex of global differential forms, one has a map H*(C ¢! oY L HY(C It ])
Also note that dim H'(C s ],Ql) = g. In the following, we will describe generators
for HI(E[”, Q).
Proposition 3.15. Let K; == {¢ = o& | ¢ € HO(P2,0(d; — 3)), Te(Ci)|, >
TE(C:)} and Ke = >, K;. One has the following properties:
(1) K W2 (A2(0)),

eb[ ] vzl . . .
(2) K¢ C ker (HQ(SC)R—> HO(CM)), where K¢ is the projection of K¢ on H*(W7)

C H*(Sc),

(3) KC = @;‘:1 Kl and ICC = @;‘:1 ’Ci,
4) "RlVke = itar @, an.
Moreover, if K¢ denotes the conjugate of K¢, then

]CC @EC — ker (HZ(S )Reb (C[2]))
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Proof. Let us start with parts ([I) and ([Z). The result is local, and according to

Example[3.6] it is enough to check it at the points at infinity {P}, ..., P; } = CoNC;.

Since such points are smooth on C; by hypothesis, the condition 7p: (C;)|, = Tp: (Ci)
) k

is vacuous. Hence the local equation of 9 at P} is

du N dv

ol ) =

up to a unit, where {v = 0} (resp. {u = 0}) is the local equation of C; (resp. of
Co). Hence part ([II) follows, as well as the first statement of part (). On the one
hand note that

. dz -1 n
dim K; > ( 9 ) — Z deg 75 (Ci) = gi-
PeSing(C;)

In order to prove the first statement of part (@), note that if ¢y + -+ + ¢, = 0,
1; € K;, then multiplying by C, one has

(15) p1Cy- .- Cr+Crpo-...-Crt+---+C1Co- ... . =0.
Consider {Q1,...,Q4,—2} C C1\ (C2U---UC,) and evaluate such points in (IH).
One obtains that ¢1(Q1) = -+ = ¢1(Q4,—2) = 0. Since C; is irreducible and

deg 1 = dyi — 3, one obtains that ¢; = 0. Proceeding analogously for every ¢;,
one obtains that Ko = K1 & Ko @ - -- @ K,.. This same idea shows that lR([)l]w =0

if and only if ¢ = 0. Therefore dimléglllCc > g = hl(ﬁm,Ql). The inclusion

~ . —[1 . .. .
1R([)1]ICC C lel(C[ ], Q1) forces i* to be an injection, and thus the second statement
of part @) and part () follow for dimension reasons.
The moreover statement is a consequence of Proposition 2.15] (I

Remark 3.16. Note that Proposition BIIB(H]) implies in particular that cohomology
classes outside K¢ do not have holomorphic representatives.

Notation 3.17. One can normalize any log-resolution logarithmic 2-form ¢ &%— as
ij

in Proposition B.14]in such a way that (RGS[Q]‘PCOMCU )Pi =1.
1

Note that if ¥;; € K;; = K; @ Kj, then (Resmgaco“’cij + wij)P{' = 1. The set of

classes of such normalized 2-forms will be denoted by vy := {1/)3531’52 + Kij}ps,.5,-

Analogously, one needs to consider certain 2-forms with residues on the line at

infinity.

Definition 3.18. For any P} € CoNCi, k = 2,...,d;, the ideal sheafIéj’z associated
with P} shall be defined as

Py TaColn > To(Ci) -2 if Q € {P{, P},
(Zef o = {h €Ol i) > T3(C) otherwise '
As above, a global section s of Iéj’z(d) shall be called essential if Tq(Ci)ls, =
To(C;i) — 2 for every Q € {P}, P}}, where sq is the section s localized at Q.

One can also describe such sections in terms of their residues as in Proposi-
tion BI4l Tts analogue reads as follows.
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Proposition 3.19. Let ¢ be a section in HO(]P’z,Ié:’3 (di—2)). Consider the 2-form
YLk = w%. One has the following basic properties:

(1)

0 otherwise.

(RGSD]%,OIC)Q _ {iA if Q € {P{, P},

(2) X#0 if and only if p € szé is essential (as defined in Definition BI8]).
Cq

(3) The signs of the residues described in [Il) are such that if D € {C;,Co} C 5[1],

then ZR([)l]wf,f has exactly two poles along D whose residues are A and —\ so
that they add up to zero.

Proof. The proof follows immediately from Example[3.6land the fact that the singu-
larities at infinity are always nodes. Hence the local trees are as shown in Figure 2
Therefore 7p;(C;) — 2 imposes no conditions on ¢; and thus

(Resmw&’c)p = 4p(P}) = £\
1

The same argument works for P{, and hence ([{))-(2) follow. Finally, part (3] follows
from the same ideas as in Proposition B.I4i[2]). O

2
FIGURE 2. Multiplicity tree of a node.

Notation 3.20. For any P,i € CoNCi k= 2,...,d;, let ¥:F be a log-resolution

logarithmic 2-form as constructed in Proposition B.I9] again, with the extra nor-

malizing condition that (Res[2]wf;f) ~=1. Again, as in Notation B.I7 the set of
Py

all classes of such normalized 2-forms will be denoted by v := {w&k + Ki}ik-

Note that in the line arrangement case, v, is trivial and each class in v; contains
exactly one representative, which is the form % described by Brieskorn [3] and
ity

Orlik-Solomon [I9]. Note that their cohomology classes are not linearly indepen-
dent. In particular, if ¢;,¢;, and ¢ intersect at P, then the 2-form

dé; A dfj n dfj A dly, n dly, N dl;

16

(16) 4l 4ty lil;

is not only cohomologically trivial, but even 0 as a 2-form, as one can easily see
as follows: by the concurrence condition we can assume ¢; = z, ¢{; = y, and

ly = ax+By. Hence dl; \Ndl; = dx N\dy, dl; Ndl, = —adr Ady, and dl, Adl; = —f3.
Thus, after removing denominators (I6) becomes (¢ — ax — Sy)dz A dy, which is
Zero.

The following results will be used as a tool to come up with the relations amongst
cohomology classes. Additionally, we will prove that such relations also hold for
the 2-forms in v; and not just for their cohomology classes.
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Lemma 3.21. Let ¢ := ¢ & € W2, If (1}?([)1](1#))6 = 0, then ¢ = pC; for

some function p. Moreover, if ¢, q, and C; are homogeneous polynomials, then
p € C[X,Y, Z] is a homogeneous polynomial.

Proof. Note that for any P € C; \ SingC, one has that (1R([)1] (w))é lp = op dz; _

4 qp
(that is, at the level of forms, and not only at the level of cohomology classes
by (), where z; is a local system of coordinates around P (note that there is no
anti-holomorphic component). Since C; is irreducible one has ¢ = pC;. O

Analogously to the rational case, consider P € Sing C and three local branches
d;, 65, and Jj belonging to the global components C;, C;, and Cy, respectively.

Proposition 3.22. Let us assume that ¢ := apm is trivial in H*(S¢) for p =
0iCi +¢;Cj+¢rCl, where ¢ is a homogeneous polynomial of degree d; +d;+di—1.
In this case ¢ = 0.

Proof. Since Res!?yp = 0, one has that ¢ € WZ. Furthermore, 1]:3([)1] (¢) =0, and
hence, by Lemma B2l ¢ = fC,;C;Cj, which, by the degree condition, implies
f=o0. O

Finally, one can prove that there is a choice of forms satisfying the desired
relations.

Theorem 3.23. There is a choice of representatives {w?’éz}p)gl,gz in v1 and

{&k}; & in v such that the following equalities of 2-forms hold:

(17) 5Pl;52 + wi}z;% +w}533751 =0
for any P € C;NC;NCy, 01, 02, and 63 local branches of C;, C;, and Cy,, respectively,
and
d; d;

(18) oihog = Y pup(O1, 6P 4 dy Y Wi —di > ik,

P € Sing(Cy;) k=2 k=2

51 € Ap(Cy)

52 € Ap(Cy).

where 01 (resp. 02) runs over the local branches of C; (resp. C;) at P and j1p(01,02)
denotes the intersection number.

Proof. For any P € SingC, one can order the set Ap of local branches and denote

by dp the first local branch under such ordering. Fixing arbitrary representatives
5py0

5" in vy for any § € Ap one can complete the choices of representatives as
follows: 1/13531’52 = ff’éz — 1/)}53’3’51 for any d1,d2 € Ap.

As a consequence of this, if §1, d2, and d3 are local branches of C;, C;, and C, at
P, respectively, then one has

?,52+w%753+w5p&51 :( fDP,lsz_ fjp,lsl)_,'_( }?,53_ fjp,lsz)_f_( 5PP,51_ fjp,%):o‘

In order to prove the second equality we only have freedom on the choice of 1/)‘;;’ 9

and Lk,

First of all, note that
Cix Ciy Ciz
Cix Cjy Cjz
Cox Coy Coz

w

CoCiC;

w

oi ANoj = Jac(C;, Cj, Cp) CoCiCy”
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Denoting by t;; the right-hand side of (I8)), it is easy to check that Res!? oiNo; =
Resmwij (see [Bl, Theorem 2.47] for details). As a consequence of this, o; Ao —1);; €
Kij C W12

By Lemma [3.21] and Proposition [3.22] one only needs to find representatives

6‘“’6 verifying 1R[1] (oi Noj —1b5) = 0.
One can proceed as follows: choose arbitrary representatives 1/) 9 and Pik. We
are lookmg for 2-forms w‘SP’ = 6P’ + cp}fscﬁ and bk = ik 4 Lk L - for certain

npp ,<pP , and p%F satisfying equatlon as).

1 pl1]

Since the projection of Wo(log<(f>)ﬁ>W(£l] — P Og,(C;) is injective (because
it is constant when restricted to the exceptional divisors), one only needs to make
sure that, for a certain choice of representatives, such projections are zero.

This gives rise to an affine system of equations on the vector space @ K;, where
the variables are 903;5 and ¢%* mentioned above. All there is left to do is to check
that such a system is compatible.

Using the relations in (7)) one obtains that

_ ] ,0 )
(19) Eijj=o0iNoj — i = E pp(d1,02) (@%20 @}lc)
PeSing(Cij)
51 € Ap(Cy)
52 € Ap(Cy).

where

d; d;
. Spd 5ps . i
(20) = > up(0, ) (WP ) dy Y R —di Yy
P € Sing(Cyj) k=2 k=2

51 € Ap(Cy)

82 € Ap(Cy).
Therefore, the given system is compatible, if for any linear combination of o; Ao ; —
1;; that maps to zero, then o; A 0; — 1;; = 0.

After a more careful study of (I9), one can prove that a combination of such equa-
tions is zero on the right-hand side if and only if it can be written as a linear combi-
nation of equations of the form Ej; + Ej ; + Ep 5, where B 5 =37, 57, 5 Ei ;.
and where C;, C;, Cj;, form a combinatorial pencil.

All there is left to do is to check that the left-hand side of (I3 is also zero. By
the definition given in (20) it is immediate that z/r + wj i+ wk ;=

In order to check o; ANoj+ 05 ANoj + o Aoz = O one can proceed as follows. By
the Combinatorial Noether Theorem [6] we can assume that aC; + 5C; = C;. In
that case,

COCEOEC;; . (0’3 Aoy) = CoC5 - Jac(Cy, Cj, Cr)w
= CoC; - Jac(Co, C3, aC; + C;)w = —aCoC; - Jac(Co, C;, Cj)w
Analogously,
CQO;C;CE (op Noz) = —BC()Cj - Jac(Cy, C5, C’;)w
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Hence
COCEOEC;; (o7 A 05+ o5 Noj +oi A o;) =0,
which ends the proof. O

We will denote by Vi (resp. V) the subspace of W? (Aﬁ;;g (C)) generated by

the 2-forms in vy (resp. vs) described in Theorem B23] and by Vi (resp. Vo)
their projection on H?(Sc) = W2/d(W1). Now we are in the position to give a
decomposition of H?(Sc).

Corollary 3.24. Under the above conditions
H?*(Se) =V3a Ke d Ke.
Proof. By Proposition it is enough to check that
H?(S¢)/(Ke @ Ke) = H?(Se)/ ker Res!?
is isomorphic to Vg := V1 ® V4. Notice that the residue map Res? is injective on
the quotient. Let us consider ¢ € V4. By Proposition [3.14] (Resmw) - =0 for any

Pl
t=1,...,7r and any k = 2,...,d;. On the other hand, by Propositzfon BI9 it is
immediate that any 2-form 1 € V, satisfies the fact that 22:1 (Res[2]¢> b 0.

k
Therefore, if ¢ € Vi N Vi, (Res[z]w) L =0 k=1,....d;, and thus ¥ = 0. O
k

As a consequence of the previous results one obtains a description of the coho-
mology ring of the complement of a projective plane curve H*(S¢).

Theorem 3.25. The cohomology ring H*(S¢) of Sc¢ can be decomposed as follows:
Ve ® Ke @ Ke,
where H*(S¢) is trivial in degree > 3, K¢ and K¢ are homogeneous subrings of

degree 2 and dimension g each, and V¢ can be described as:

o Generated in degrees 1 and 2 by

(G1) (Generators of Vi) o1,...,0p,

(G2) (Generators of V3 = V1 ® Vo) v1 Uvse from Theorem 323
o The relations given in [I8)), (M), and

(21) Up A up T =0
s a complete system of relations. O

Note that the ring structure depends on some local and global data which will be
described in what follows. Because of the general condition about the transversal
line we will repeat Definition with a slight change in notation.

Let C =C U---UC, C P2, Cy a transversal line, and C := Cy UC. Analogously
to Definition 218 consider the following.

Definition 3.26. The family W¢ := (r, S, A, ¢,d, g) is called the weak combinato-
rial type of C with respect to Cy or simply the weak combinatorial type of C if no
ambiguity seems likely to arise.

Corollary 3.27. The cohomology ring H*(Sc) of Sc only depends on We being
the weak combinatorial type of C. (]
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Remark 3.28. Corollary is also true in the case where the curve does not
contain a transversal line —as we have assumed throughout section Bl In this case
one can add a transversal line and consider C = C UCy. The ring H*(Sg) fits in the
following exact sequence:

T, oRes!!

0 — H*(Sé) — H*(Sc) (Cco — 0,

where Res!! is the residue defined in Proposition 215 and 7¢, is the projection of
HO((Co UC)M) on the coordinate corresponding to Co.

Example 3.29. Consider the two conics C1 := {y(y — 2) + (z + y)? = 0}, Cp :=
{y(ly — 2) + (z — y)* = 0} and the line C3 := {y = 0} (see Figure [3). The weak
combinatorial type of C :=C; UCy UCj is

Wé = ({17 27 3}7 Su {AP> ¢P7 (.7 .)P}PES> (27 27 1)7 (07 07 O))u
where S := {PlaP23P2/7P3}a AP1 = {5%a5%}a AP2 = {5335(%}’ A1‘:’2' = {6,12’51/32}a
Ap, = {63,835}, ép,(85) := j, and (%, 0;)p, = i. The ring H*(Ss) is generated by

. 53 53 52 52 5/2 5/2
the 1-forms w; := 203 — 0, i = 1,2, and the 2-forms ¢y 1= "> + 95" —¢p, ™
51,63 52,62 812,642 C ‘ ’
and ¢ :=p 2+ —¢p,"? . The only relation is given by w1 Awa = 3¢h1 +1a.
2

Hence
H*(S5) = (w1, w2, ¥1, %2 | wi Awa = 3tpy +1b2).

P, Py
2 2 Cs
C 1 CQ

3

F1cURE 3. Projective realization of C and multiplicities of intersection.

Remark 3.30. As in Definition B:26] the curve C C P? will not be assumed to have
a transversal line, and usually we will denote by C the union of C and a transversal
line. In the future, we will always consider this situation unless otherwise stated.

4. FORMALITY OF COMPLEMENTS TO PROJECTIVE PLANE CURVES

All the basic definitions of minimal algebras, minimal models, homotopy, etc.
required in the definition of formality and in the theory of homotopy theory of
algebras can be found for instance in any of the foundational papers [7, 18] [20].

Definition 4.1. Two graded differential algebras (A4,d4) and (B, dg) are called
quasi-isomorphic if there exists a morphism of graded algebras f : A — B such
that the induced morphism f*: H*(A,da) — H*(B,dg) is an isomorphism. Note
that “being quasi-isomorphic” is not an equivalence relation. We will refer to the
quasi-isomorphism class of a graded differential algebra as the minimal equivalence
class generated by the quasi-isomorphism relation.
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A minimal differential graded algebra is called formal if it is quasi-isomorphic
to its cohomology algebra using a zero differential. A differential graded algebra is
called formal if its minimal model is formal. Finally, a complex space X is called
formal if the algebra of differential forms (£(X), d) is formal.

The concept of formal algebra is well defined since any differential graded al-
gebra has a unique (up to homotopy) minimal model (cf. [20, Section §5]). Also
note that a minimal model for (A, d4) consists of a minimal algebra (M(A), dpq(a))
plus a quasi-isomorphism M (A) — A. Therefore, if one finds a quasi-isomorphism
between (£(X),d) and (H(X),0), then X is formal. Moreover, if X is a smooth
complex variety and X is a completion of X by a simple normal crossing divi-
sor, then the minimal model of £(X) and the minimal model of A(log(D)) are
isomorphic (cf. [I8, Section §6]).

Theorem 4.2. There is a well-defined quasi-isomorphism H*(Sc) — A*Ec (log(C)).

Proof. According to Theorem H*(S¢) admits a decomposition
CoVieViokeaKe,

where Vcl is generated by 1-forms VC1 C W' and Vc2 (resp. K¢, K¢) is generated by
2-forms VZ C W# (resp. K¢ C Wi, K¢ C W#). Each cohomology class ¢ € H*(Sc)
can be thus described as the cohomology class of a combination of forms as follows:
o = [z + ' + 2 + ¢2]. The map is defined by ¢ + z + ! + 2 + 2. By
Theorem [3.23] this map is well defined and is obviously a quasi-isomorphism. (Il

As a consequence of the discussion at the beginning of this section one has the
following.

Theorem 4.3. The complement of a plane projective curve Sc is a formal space.

Remark 4.4. Theorem 3] is the global version of the formality of algebraic links
proved by Durfee-Hain in [9]. The result is a consequence of a more general fact
proved paper by A. Macinic in [I7]: a 2-complex X which is 1-formal is also a
formal space.

The 1-minimal model M;(A) of a differential graded algebra (A, d4) is the sub-
algebra generated by the degree 1 part in M(A). Then a space X is 1-formal if
M1 (E(X),d) is quasi-isomorphic to M; (H*(X),0). This condition can be restated
in terms of the fundamental group as follows. A finitely presented group G is 1-
formal if its Malcev completion is filtered isomorphic to its holonomy Lie algebra,
completed with respect to bracket length. Fundamental groups of complements to
algebraic plane curves are known to be 1-formal (see [I3] and [I§]).

5. EXAMPLES

5.1. Weak combinatorics do not determine classical combinatorics. Let
by = {z =0}, £; := {y = 0}, and {3 := {z = 0} be three lines in general position
and consider:
(1) C1 := {(x—y)?— (z+y)z = 0} a conic tangent to /5 at (1,1,0) and passing
through £y N {4,
(2) éél) := {z —y + 2 = 0} the line passing through £, N C; and ¢, N C;, and
(3) C~£2) := {32 — y + 2 = 0} the line tangent to C; at £, N C;.
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The Cremona transformation based on ¢y, ¢1, and /5 transforms Ch) .= C u éék)
into C*), a union of a cuspidal cubic C; and a conic Cék). Note that C*) has
three singular points {Py, Py, P3}, where Acwy p, := {5},5f’k}, be) p, (6}) = (4,
dco p (077) = €5, (81,67 )ew p, = i and (8},67%)cen p, = 0(2,3)(d) (where
0(2,3)() represents the permutation (2,3) applied to i). Figure B represents the
singular points of C*)| the local branches at those points (a solid line for C; and
a broken line for Cék)), and the multiplicity of intersection in brackets. Note that
the bijection ¢ of singular points that permutes P, and Ps induces an equivalence
between W;y and Weey, since Pr.a and ¢p, are forced by their compatibility
with the degrees and with . The combinatorial types K-y and K cannot be
equivalent since the topological types of their singularities do not coincide.

FIGURE 4. Singularities of C") and C(?), respectively.

5.2. An explicit computation of the cohomology ring in the non-rational
case. We will present a simple example of a non-rational arrangement of curves in
order to show how to compute the forms described in section Bl Let C := CoUCy U
Ca UCs, where Cp :={z+y+2 =0}, C1 :={y— 2 =0}, C2 := {zy + 2z + yz = 0},
and C3 := {2%(y + 2) + ¥*(z + 2) + 2%(x + y) = 0}. In this case, for simplicity it is
more convenient to consider the line at infinity Cy with an equation different from
{z = 0}. Consider ¢ a primitive third root of unity (a root of t* + ¢+ 1 = 0) and
denote Comcl = {P()l = [—2 : 1 1}}, ComCQ = {Rl = [—g—l : g: 1],R2 =
[-1—=¢&:6:1]},CNC={Q1=[0:1:-1],Q2=[-1:0:1],Q3 =[-1:1:0]},
CiNCy = {Pl,Plg = [1 =2 —2]}, CiNnCs = {Pl,Plg = [f 01 1],P13 = [5 11 1]},
and CoNC3={P;=[1:0:0],P,=[0:1:0],P3=1[0:0:1]},

Since all the local branches of the irreducible components at any singular point
are irreducible, we will denote by )} the 2-form associated with the singular point
P and the local branches at P of C; and C;. For example, in order to compute

1/’?513 = @?:’fm, one needs a section of H° (PQ,IIQ;IP’(SS)), Note that
{o e Op | Tp(Ca3)|lp = Tay} =mp if P =P,
(72) = e € Op | To(Conlp > T} it P— Py Py,
Op otherwise,

where Figure [ describes the local conditions at the tacnodes P;.
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0,0 0,0

1,1

FIGURE 5. Description of 7, and 7a,, respectively.

Therefore w%lg is the equation of a cubic a(zz + 22 + (1 — &)zy + y2)z + BCHCo.
In order to obtain a normal form one has to require the different residues of 11)?513

at P, and at an exceptional divisor F joining do and d3 to be equal to +1. It is a
simple computation that

Resgz/}?;f = %

and that

1 (1] 2,3) 1

R =-(8-9¢).

(‘RWE) =569
Since ( R([)” dCC; A dCC;)E = —2 and (62,03)p, = 2, one concludes that
@%13 =3(xz+2®+(1— )xy +yz)z + (£ —1)CoCs.
Analogously one can proceed with 1/1 = cp},z CoCU‘Jl &, and g[}f’:,’ll = cp%llm

obtaining <pP1 =2x — &y + (14 &)z and gp = 2(2% + 22+ 2yz — 2) + C’OC'1

Note that ga};1203 + w%lgCl — @}3’1302 O and hence 1/)1132 + 1/) + 7,/)
(equation ([I7) of Theorem B.23)).

The followmg list describes the polynomials <p J for the generating 2-forms

2].7
Yp ‘PP cocc

gop’l = (€ +2) (22 + Eyx? + 222 + &2 + 22y + Ex?),

o = (6 + 2)(YPr + w2 + ya? + 22 + 22y + (1 — &)zay + E297),
o= (= 1)(YPo + 22 + y2® + 22° + 572 + (E+ 2)zmy — (1 +§)27y),
op; =22 — &y + (1+8)z,

Pry = (€= D((E+ Dy +2),

@}3’13 =222 4+ xz + Ty — 22+ dyz — y2,

op. = —(E+2)(xz+ oy + 2% + 22y +17),

gijl?’s = (€= 1)(zz + 2y + 2° — 2( + Dyz + 7).

Finally we also describe the polynomials ¢%* for the generating 2-forms 5F =
szxig c;dc :

P = =3z + y),
o3 = 3(x + 2),
P = — (26 +1).
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One can then easily verify that

Jac(Cy, C5,Ch) = 290?313 + 230%;23 + 290?333 + 33205 — 203920, — 20392,

o0

and hence

o2 Nog = 2050 + 2057 + 2057 + 392 — 29392 — 2939

which corresponds to equation ([I8) of Theorem B.23]

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The same can be checked for Jac(C1, Ca, Cy) and Jac(Cy, Cs, Cp).
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