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In this paper we study the existence of radial solutions for Neumann problems in a ball and in an annular
domain, associated to mean curvature operators in Euclidean and Minkowski spaces. Our approach relies on
the Leray-Schauder degree together with some fixed point reformulations of our nonlinear Neumann boundary
value problems.

© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim

1 Introduction

The study of hypersurfaces in the Lorentz-Minkowski space with coordinates (x1,...,2x,t) and the metric
SV (dz;)? — (dt)? leads to partial differential equations (PDE) of the type

. Vo(z) .
div| —————=——= | = H(z,v(x in
( — |W(m)|2> (z,v(x))

where  is a domain in RY and H : © x R — R is a nonlinearity prescribing the mean curvature of the
hypersurface. A first essential result concerning the above PDE was proved by E. Calabi [7] in the case 2 = RY
and N < 4. This was later extended to arbitrary dimension by S. Y. Cheng and S. T. Yau in [8]. On the other
hand, if H = ¢ > 0and Q = RY, then A. Treibergs [21] obtained an existence result about entire solutions for
the above PDE in the presence of a pair of well ordered upper and lower-solutions, and the Dirichlet problem
with H bounded has been considered by Bartnik and Simon [2].

In the paper [3] we studied the existence of radial solutions for nonlinear Dirichlet problems in the unit ball
and in an annular domain from R", associated with the mean curvature operator in Euclidean space

Ev = div L
V14 |Vol?
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380 Bereanu, Jebelean, and Mawhin: Radial solutions for mean curvature operators

and with the mean extrinsic curvature operator in Minkowski space

Mo = div L .
V1—|Vu|?
Here | - | stands for the Euclidean norm in RN . The results from [3] were extended to the case of systems in [4].
The approach in [3] and [4] relies on Schauder fixed point theorem.

The aim of this paper is to present existence results of radial solutions for Neumann problems in a ball and in
an annular domain, associated with the operators £ and M. To formulate these problems, let Ry, R € R, 0 <
R; < Rj and let us denote by A the annular domain {z € RY : Ry < |z| < Ry}. For f : [R1, Ro] x R? — Ra
given continuous function, we consider the following Neumann boundary-value problems:

Mo = f le,v,@ in A, D _o on 04 (1.1)
dr ov
and
Ev=f |$|avad—v in A, @ZO on OA. (1.2)
dr v

As usual, we have denoted by % the radial derivative and by % the outward normal derivative of v. It should be

noticed that for R; = 0 one has Neumann problems in the ball of radius Rs.

Setting r = |z| and v(z) = u(r), the above problems (1.1) and (1.2) become

<7"N_1 1 - | /|2> =N f(ru),  W/(Ry) = 0=u'(Ry), (1.3)
— U

respectively,

<7"N_1 /1—1:|u/|2> =N f(ru),  W/(Ry) = 0=u/(Ry). (1.4)

Clearly, the solutions of (1.3) and (1.4) are classical radial solutions of (1.1), respectively (1.2).

Our approach for problem (1.3) relies upon a Leray-Schauder type continuation theorem, that we recall here
for the convenience of the reader (see e.g. [16] and references therein). Let (X, | - ||) be a real normed space,
2 be a bounded open subset of X and S : Q — X be a compact operator such that 0 ¢ (I — S)(0€2). The
Leray-Schauder degree of I — S with respect to §2 and 0 is denoted by dps[I — S, 2, 0] (see e.g. [11]). We set
B,={reX: || <p}

Lemma 1.1 Let S : R x Ep — X be a compact operator such that

z# S\ x) forall (M\z)eRxIB,
and such that
drs[I —S(Xo,-), By, 0] #0 for some Mo € R.
Then the set S of solutions (\, z) € R x E,, of the problem
=S\ )
contains a continuum (closed and connected) C whose projection on R is R.

The existence result obtained for (1.3) is then employed, via a cutting method, to derive the existence of
solutions for problem (1.4). In particular, we extend the method of (not necessarily ordered) lower and upper
solutions to problem of the type (1.3), and give some applications and several examples. In the last section we
deal with pendulum-like nonlinearities.

For interesting results concerning radial solutions for Dirichlet boundary value problems associated to some
nonlinear perturbations of the operators £ and p-Laplacian we refer the reader to [9, 12-14]. The Neumann
problem associated to some nonlinear perturbations of the p-Laplacian is considered for example in papers [19,
22].

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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2 A class of Neumann boundary-value problems

Consider the Neumann boundary-value problem (BVP)

(TN—1¢(UI))

where ¢ is a homeomorphism such that ¢(0) = 0, belonging to one of the following classes (0 < a < 00):

!’

=V (ru,), W' (Ri) =0 =u/(Ry), @D

¢ : (—a,a) — R (singular),
¢ : R—R (classical),
¢ : R— (—a,a) (bounded),

and f : [R1, R2] x R? — R is continuous. By a solution of (2.1) we mean a continuously differentiable function
w such that ' € dom(¢), ¢(u’) is differentiable and (2.1) is satisfied.

We denote by C' the Banach space of continuous functions defined on [R;, Rs] endowed with the usual norm
| - ||so, by C! the Banach space of continuously differentiable functions defined on [R;, R2] endowed with the
norm

ull = lulloo + [u'lloo,
and by C‘rl the closed subspace of C! defined by
C’Tl ={ueC' v/ (R)) =0=1u(Ra)}.

The corresponding open ball with center in 0 and radius p is denoted by B,. For any continuous function
w: [R1, Re] — R, we write

wr = min w, wys = max w.
[R1,R2] [R1,R2]

Let us introduce the continuous projector

N fz N-1
QZC—>C, QUZW/RIT U(T)d’l",
the continuous function
1
7:(0500)—>R5 ,Y(T‘):TN—fl’

and the linear operators

L : C—C, Lu(r) = ~(r) /T tNlu(t)dt (r € (R1, Rs)),

H : C— (', Hu(r):/ u(t)dt (r € [Ry, Ra)).
Ry

It is not difficult to prove that L is compact (Arzela-Ascoli) and H is bounded. Finally, we associate to f its
Nemytskii operator

Ny:C*— C, Ng(u) = f(-,u(-),d'()).
It is known that N is continuous and takes bounded sets into bounded sets.
Let us decompose any function u € CTl in the form
u=u+u (w=u(R1), u(R)=0),
and let
5}1 ={u € C} 1 u(Ry) =0}
We first study an associated modified problem.

www.mn-joumal.com © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



382 Bereanu, Jebelean, and Mawhin: Radial solutions for mean curvature operators

Lemma 2.1 If ¢ is singular, the set S of the solutions (u,u) € R X @1 of problem
(PN Lo@)) = rN TNy (@ + @) — Q o Nyp(T + )] (2.2)

contains a continuum C whose projection on R is R and whose projection on C’,fl is contained in the ball B )

where p(a) = a(l + Ry — Ry).
Proof. Consider the nonlinear operator
M:RxC} — C, M@u)=[Ho¢ ' oLo(I—-Q)oNf(@+a).

Let (w,u) € R x 5% and ¥ = M (u, ). It follows that 5 € C*, 5(Ry) = 0, |[t"||se < a and
¢(v'(r)) =~(r) /R NNy @+ @) (1) - QNp(@+a)ldt (r € (Ry, Ra). (2.3)

Moreover ¢(v'(R;)) = 0 and

67 (R2)) = 1(R) / N LN (T 4 B) () — QN + )] d

Ro Ry
= o(Ra) | [N+ )t - QN+ ) |

Ry

tN_ldt] =0

Hence, M is well defined and it is clear that M is compact. Now, using (2.3) we infer that (u,u) € R x 5]3 is a
solution of (2.2) if and only if

a = M(u,u). (2.4)

So, it suffices to prove that the set of solution of the above problem contains a continuum of solutions whose
projection on R is R and whose projection on CT is contained in the ball B,,). Note that if (7, u) € R x CT
satisfies (2.4), then

||al||oo <a, ||a||oo <G(R2—R1).

We deduce that

U# M(u,a) for all (@a) € R x dBy). 2.5)
Consider the compact homotopy

M:[0,1] x C} — C}, M(\@)=[Ho¢ L orLo (I —Q)o Ny (@)
Note that

M(0,-) =0, M(1,-) = M(0,").
It is clear that

U # M\ a) for all (A7) € [0,1] X 9B, ().
Hence from the invariance under a homotopy of the Leray-Schauder degree [11] we deduce that

dps[I —M(0,-), Bpa),0] = drs[l, Bya),0] = 1. (2.6)
The result follows now from Lemma 1.1, (2.5) and (2.6). O

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Remark 2.2 Assume that ¢ is classical or singular and let us consider the nonlinear operator
N:Cl—Cf, N=P+QNj+Ho¢ 'oLo(I—-Q)oNy,

where P : C — C' is the continuous projector defined by Pu = u(R1). Using the same strategy as above, it is
not difficult to prove that N is well defined, compact and for any u € C’,f1 one has that « is a solution of (2.1) iff
u is a fixed point of \V.

In the singular case we have the following existence result.

Theorem 2.3 Assume that ¢ is singular and there exist ¢ € {—1,1} and p > 0 such that
e(sgn u)@QNys(u) >0 2.7

for any u € C} satisfying |u|r, > p and |[u'||oc < a. Then the BVP (2.1) has at least one solution.

Proof. Let C be the continuum given in Lemma 2.1 and @; € @1 be such that (p + p(a),u1) € C. Taking
u1 = p + p(a) + Uy, one has that u; > 0, |ui|r, > p and ||uf|lec < a. Hence, from (2.7) it follows that
eQNy(u1) > 0. On the other hand, let uy € 5]3 be such that (—p — p(a), uz2) € C. Taking us = —p — p(a) + Ua,
one has that us < 0, |uz|r, > p and ||ub||c < a. Hence, from (2.7) it follows that eQN(uz) < 0. Using the
intermediate value theorem, we infer that there exists (@, %) € C such that QN (@ + u) = 0. This implies that
u = T + u is a solution of (2.1). O

The following very useful result is a direct consequence of the above theorem.

Corollary 2.4 Assume that ¢ is singular and let h : [Ry, Ro] x R?> — Rand g : [R1,Ra] x R — R be
continuous, with h bounded on [Ry, Ra] X R X (—a,a), and g such that

lim g(r,u) = +oo, 1i1_£1 g(r,u) = —o0
(2.8)
(resp. lim g(r,u) = —oo0, hI—P g(r,u) = —l—oo)

uniformly in r € [Ry, Ra]. Then the BVP
(rN_1¢>(u'))l + N Yg(ru) = PN h(r u, ), W/(R1) =0 = u'(Ry)

has at least one solution.
In particular, the problem

(rN71¢(u'))/ + Ny = PN (e u,u)),  W/(Ry) = 0 = u'(Ry)

has at least one solution for each i # 0.
We now consider the bounded and classical cases.
Lemma 2.5 Let ) : (—a,a) — (—b,b) be a homeomorphism such that ¥(0) = 0 and 0 < a,b < co. Assume

that there exists a constant k > 0 such that k§2 < band

|f(r,u,v)| <k for all (r,u,v) € [R1, Ra] x R% (2.9)
If u is a possible solution of the Neumann BVP

(rN_lw(u'))/ =N f(ruu’),  Ww'(Ry) =0=u(Ry), (2.10)
then

[t/ ]|oe < max(|tp~" (£kR2/N)|) = p1(¥)). (2.11)

www.mn-journal.com © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Proof. Ifu e C’Tl solves (2.10) then
u'(r) =t (’y(r) / tle(t,u(t),u’(t))dt) (r € (R1, Rs]). (2.12)
Ry

Using (2.9) we get

‘v(r) [ et o)ar

Ry

kR
’ < TQ (r € (R1, Ra)),

which, together with (2.12), gives (2.11). O

Theorem 2.6 Let ¢ : R — (—b,b) be a homeomorphism such that $(0) = 0 with 0 < b < oo and let | be
like in Lemma 2.5. Assume that there exist a € (p1(¢),00), € € {—1,1} and p > 0 such that (2.7) holds for any
u € C‘rl satisfying |ulr, > p and ||u'||co < a. Then the BVP (2.1) has at least one solution.

Proof. Letd € (p1(¢),a) and ¢ : (—a,a) — R be a homeomorphism which coincides with ¢ on [—d, d].
Then, p1(¢) = p1(¢) and using Lemma 2.5 one has that the solutions of (2.10) coincide with the solutions of
(2.1). Now the result follows from Theorem 2.3. O

Lemma 2.7 Let Ry > 0and ¢ : (—a,a) — (=b,b) be a homeomorphism such that 1(0) = 0and 0 < a,b <
00. Assume that there exists ¢ € C such that 2RI ||¢™ /~||p1 < band

f(r,u,v) > c(r), for all (r,u,v) € [Ry, R] x R (2.13)
If u is a possible solution of the Neumann BVP (2.10) then
o]0 < max (|15~ (£ 2RIVl /Al150)|) = o). 2.14)
Proof. First of all, let us note that

¢ (r)

‘erlf(T,u,v)| §TN71f(T,u,’U)+2,y(r) (2.15)
for all (r,u,v) € [R1, Ra] x R2. If u solves (2.10) then
QNy(u) = 0. (2.16)
From (2.15) and (2.16) we get
R2
[ ) e < 2l @17)
Now the result follows from (2.12) and (2.17). O

Theorem 2.8 Let Ry > 0and ¢ : R — (—b,b) be a homeomorphism such that $(0) = 0 with 0 < b < o0
and f be like in Lemma 2.7. Assume that there exist a € (p2(¢),00), € € {—1,1} and p > 0 such that (2.7)
holds for any u € C} satisfying |u|z, > p and |[v'||sc < a. Then the BVP (2.1) has at least one solution.

Proof. See the proof of Theorem 2.6. O

Remark 2.9 In the particular case N = 1, Theorem 2.3 was proved in [17] (see also [6] for the periodic case),
while Theorems 2.6 and 2.8 were obtained in [5].

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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3 Existence of radial solutions

The results of the previous section can be used to derive the existence of radial solutions for the Neumann
problems (1.1) and (1.2).

Theorem 3.1 Assume that there exist e € {—1,1} and p > 0 such that

Ra2
e(sgn u) /R N7 (e u(r), W (1)) dr > 0 (3.1)

forall u € C} such that [u|, > p and |||l < 1. Then problem (1.1) has at least one classical radial solution.

Proof. Theorem 2.3 applies with

¢:(-1,1) — R, ¢(y) = (3.2)

¥
1— 92
O

Corollary 3.2 Let h : [Ry, Rz] x R? — Rand g : [R1, Rz] x R — R be continuous, with h bounded on
[R1, R2] X R x (—=1,1), and g such that condition (2.8) holds. Then the Neumann BVP

dv . ov
Mv+g(|m|,v)—h(|m|,v,%) in A, 5_0 on OA

has at least one radial solution.

Example 3.3 For any p > 1 and any [ € C, the Neumann problems

0

Mo+ [Pt = i(|z) in A a—“ —0 on 94
v

have at least one radial solution.

As another example of application, let us consider the Neumann problem

0

Mo+ g(v) =1(|jz]) in A, a—z =0 on 8A, (3.3)
where g : R — R is continuous and [ € C. Tt is not difficult to check that Theorem 3.1 with f(r,u,u’) =
I(r) — g(u) yields the following Landesman-Lazer-type existence condition.

Corollary 3.4 If either
N Rz

imaupo(v) < g [0 dr < Ut a0

or

N fia
lirilertiopg(v) < m /Rl TN () dr < nglliolgg(v),

then problem (3.3) has at least one classical radial solution.

Example 3.5 The Neumann problem

@:O on O0A
1%

Muv + arctanv + sinv = I(Jz]) in A, 3

has a radial solution if [ € C'is such that

T N Ra T
l-—< ——+ N=11(r)d ——1.
2<R§VR{V/31T (7’)7’<2

Let ¢ be defined by (3.2). For a constant ¢ € [0, 1), we set
p(q) == ¢(q).

www.mn-joumal.com © 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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Theorem 3.6 Assume that there is some k > 0 such that kRy < N and (2.9) holds true. If there exist
constants a > p(kRa/N), e € {—1,1} and p > 0 such that the sign conditions (3.1) are fulfilled for all u € C‘rl
such that |u|p, > p and ||u']| e < a, then problem (1.2) has at least one classical radial solution.

Proof. Theorem 2.6 applies with ¢ : R — (=1, 1), ¢(y) = \/1317 O

Theorem 3.7 Let Ry > 0 and assume that there is some ¢ € C such that k = 2R; “/Yller < 1 and
(2.13) holds true. If there exist constants a > p(k), € € {—1,1} and p > 0 such that the sign conditions (3.1) are
fulfilled for all u € C} such that |u|r, > p and ||| < a, then problem (1.2) has at least one classical radial
solution.

e

Proof. It follows from Theorem 2.8. O

Remark 3.8 It is worth to point out that Theorems 2.6 and 2.8 also can be employed to derive existence results
of radial solutions for Neumann problems in an annular domain, associated to p-Laplacian operator.

4 Upper and lower solutions in the singular case

In this section, we extend the method of upper and lower solutions (see e.g. [10]) to the Neumann boundary value
problem (2.1).

Definition 4.1 A lower solution « (resp. upper solution 3) of (2.1)is a function € C* such that ||o/||0 < a,
rNlg(a) € CY ' (Ry) =2 0 > o/(Ry) (resp. B € CY, [|B]lec < a, PN 719(B) € C*, B/(R1) <0 <
B'(R2)) and

(P (1) = PV (ra(r), o (1)
(resp. (r¥10(8' ()" < P11 B(r), 8'(1) )

for all r € [Ry, Rs).
Below we shall invoke the hypothesis:

@.1)

(H) Ry > 0and ¢ : (—a,a) — R is an increasing homeomorphism such that ¢(0) = 0 with 0 < a < co.

Theorem 4.2 Assume that (H) holds true. If (2.1) has a lower solution o and a upper solution (3 such that
a(r) < B(r) for all v € [Ry, Rs], then problem (2.1) has a solution u such that o(r) < u(r) < ((r) for all
re [Rl, Rg]

Proof. Let~: [Ry, R2] X R — R be the continuous function defined by
B(r) if w> B(r),
y(r,u) = u if a(r) <u<p(r),
alr) if u<afr),
and define F' : [R1, Ra] x R? — R by F(r,u,v) = f(r,v(r,u),v). We consider the modified problem
(PN ro)) = N Y E(ru ) +u— (), W/(Ri) =0 =/ (Re) 4.2)

and first show that if w is a solution of (4.2) then a(r) < u(r) < B(r) for all r € [R1, Rs], so that u is a solution
of (2.1). Suppose by contradiction that there is some 7o € [Ry, Ra] such that [a — u]pr = a(rg) — u(rg) > 0.
If ro € (Rq,R2) then o/(rg) = u/(r¢) and there are sequences (1) in [ro — &,7¢) and (r},) in (ro,to + €]
converging to rg such that o’ (ry) — u/(ry) > 0and o/ (r,) — /(r},) < 0. As ¢ is an increasing homeomorphism,
this implies

e o(d! (k) — g T e(a! (r0)) Z 1y T (u! (k) — g (u (o)),

rro(a! () — i oo (1)) < 7w (1)) — 1 T (u! (o))

(© 2010 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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and hence

(N (1)), 2, < (VTR (),

Hence, because « is a lower solution of (2.1) we obtain

(¥t (1)), _,,, < (P (),

=15 (f(ro, a(ro), ' (ro)) + u(ro) — a(ro))

< rgilf(TOa 04(7“0), al(TO))
N-1 / /
< (’I" ¢)(Oé (T)))r:ro’
a contradiction. If [a — u]pr = a(R1) — u(R1) > 0, then o/ (Ry) — v/(R1) = &/(R1) < 0. Using the fact that
o/(Ry) > 0, we deduce that o/ (R1) = o/(R1) — «/(R1) = 0. This implies that ¢(c/ (R1)) = ¢(u'(R1)). On the
other hand, [ — u]ar = a(R1) — u(Ry) implies, reasoning in a similar way as for rg € (Ri, R2), that
I

(PN (), g, < (VTR ()],

Using the inequality above and o’ (R1) = w/(Ry), since Ry > 0, we can proceed as in the case ro € (R1, Rg) to
obtain again a contradiction. The case where ry = Rp is similar. In consequence we have that o(r) < u(r) for all
r € [R1, Ra]. Analogously, using the fact that 3 is a upper solution of (2.1), we can show that u(r) < 3(r) for all
r € [R1, Ra]. We now apply Corollary 2.4 to the modified problem (4.2) to obtain the existence of a solution. [

Remark 4.3 (i) We remark that if in theorem above «, 3 are strict, then a(r) < w(r) < B(r) forall r €
[R1, R2]. Moreover, let us consider the open set

Qap={ue C’Tl a(r) <wu(r) < B(r) forall v € [Ry, Ro], ||u/||oc < a}.
Then, arguing as in the proof of Lemma 3 [6] one has that
drs[I —N,Qq.,0] = —1,

where N is the fixed point operator associated to (2.1) introduced in Remark 2.2.
(i1) In contrast to the classical p-Laplacian or Euclidean mean curvature cases, no Nagumo-type condition is
required upon f in Theorem 4.2.

We now show, adapting an argument introduced by Amann-Ambrosetti-Mancini [1] in semilinear elliptic
problems, that the existence conclusion in Theorem 4.2 also holds when the lower and upper solutions are not
ordered. See [6, 17] for the case where N = 1.

Theorem 4.4 Assume that (H) holds true. If (2.1) has a lower solution o and an upper solution 3, then
problem (2.1) has at least one solution.

Proof. Let C be given by Lemma 2.1. If there is some (@, u) € C such that

Ro
/ TN_lf(T,ﬂJrﬂ(T),ﬂ'(r))dr:O,

Ry
then w + w solves (2.1). If

R2
/ TN (a4 a(r), @ (1) dr > 0
Ry

for all (w,u) € C, then, using (2.2), u + u is an upper solution for (2.1) for each (u,u) € C. Then, for
(apr +a(l+ Ry — Ry),u) € C, apr +a(l + Ry — Ry) + u(r) > «(r) for all » € [Ry, Ro] is an upper
solution and the existence of a solution to (2.1) follows from Theorem 4.2. Similarly, if

R2
/ TNilf(T,ﬂ#*ﬂ(T),’l’Z/(T))dT’ <0
Ry

forall (w,w) € C, then (8, —a(14+ Rz — R1),u) € C gives the lower solution 8, —a(1+ Ra— Ry ) +u(r) < 5(r)
for all r € [Ry, R2] and the existence of a solution. O
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Remark 4.5 Assume that ¢ : R — R is an increasing homeomorphism with ¢(0) = 0 and the nonlinearity f
is bounded from below by a continuous function ¢ € C)| thatis (2.13) holds. Using Lemma 2.5 and the same strat-
egy as in the proof of Theorem 2.6, it can be shown that Theorem 4.4 also holds for classical homeomorphisms
under the additional condition (2.13).

The choice of constant lower and upper solutions in Theorems 4.2 and 4.4 leads to the following simple
existence condition.

Corollary 4.6 If (H) holds true then problem (2.1) has at least one solution if there exist constants A and B
such that

f(r,A,0)- f(r,B,0) <0

forallr € [Ry, Ra).

A simple application of Theorem 4.4 provides a necessary and sufficient condition of existence of a solution of
(2.1) when f = f(r,u) and f(r,-) is monotone. We adapt an argument first introduced for semilinear Dirichlet
problems by Kazdan-Warner [15].

Corollary 4.7 Assume that (H) holds true. If f : [R1, R2] X R — R is continuous and f(r,-) is either non
decreasing or non increasing for every r € [Ry, Ra), then problem

(PN o)) = rN T (), W/ (Ry) =0 = u'(Ry) 4.3)
is solvable if and only if there exists ¢ € R such that
R2
/ TN f(r ) dr = 0. (4.4)
Ry

Proof. Necessity. If problem (4.3) has a solution u, then, integrating both members of the differential equa-
tion in (4.3) and using the boundary condition, it follows that

R2
/ TN u(r)) dr = 0. 4.5)
Ry

Assuming for example that f(r, -) is non decreasing for every r € [R1, Rz, we deduce from (4.5) that
R2 RZ
/ TNflf(T,uL)drg()S/ rN=LE(r ) dr,
Rl Rl

so that, by the intermediate value theorem, there exists some ¢ € [uy, ups] satisfying (4.4). The reasoning is
similar when f(r, -) is non decreasing for every r € [R1, Rs).

Sufficiency. If ¢ € R satisfies (4.4), then the problem
(TN—1¢(UI))

has a one-parameter family of solutions of the form d + w(r) with w € 5‘% There exists di < ds such that, for
allr € [Rl, RQ],

!’

= rN"1f(rc), W' (Ry)=0=u(Ry) (4.6)

a(r) :=di +w(r) <e<dy+w(r) =:6(r).

Hence, if f(r,-) is non decreasing for each r € [R;, Rs], then

(PN o () = (PN @ () = N e) = N ()

and « is a lower solution for (4.3). Similarly 3 is an upper solution for (4.3). A similar argument shows that, if
f(r,-) is non increasing for every r € [R1, Ra], « is an upper solution and 3 a lower solution for (4.3). So the
result follows from Theorem 4.4. o

The results above can be applied to classical radial solutions of the Neumann problem (1.1).
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Corollary 4.8 Let R; > 0. Problem (1.1) has at least one classical radial solution if there exist constants A
and B such that

f(T,A,O)'f(T,B,O) <0

forallr € [Ry, Ra].
Corollary 4.9 Let Ry > 0.If f : [R1, R2] x R — R is continuous and f (r,-) is either non decreasing or non
increasing for every r € [Ry, Rs|, then problem

ov
5—0 on O0A

has a classical radial solution if and only if there exists ¢ € R such that (4.4) holds.
Example 4.10 Let f(v) = eV or f(v) = |[v[P~vT with p > 1. If Ry > 0 then the Neumann problem

Mov = f(lz|,v) in A,

Mo+ f(v) =1(|z]) in A, %ZO on OA
(resp. Muv— f(v) =1(|z]) in A, %ZO on 8A)

has a classical radial solution if and only if [ € C' is such that

R2 R2
/ TN () dr > 0 resp. / TNy dr <0 .
Rl Rl

The same result holds true if we replace the operator M by the p-Laplacian operator.

Remark 4.11 Multiplicity results of the Ambrosetti-Prodi type similar to the ones obtained in [6, 17] for
N =1 can be deduced in a similar way from Theorem 4.2 and Remark 4.3 (i).

5 Pendulum-like nonlinearities

Consider the Neumann problem

Muv+bsinv=1(]z|]) in A, % =0 on OA, (5.1
where b > 0 and!/ € C.

Let us suppose also that Ry > 0. Then, using Theorem 4.2, Remark 4.3 (i) and the method introduced in [18],
one can prove that (5.1) has at least one radial solution if ||I||o, < b and at least two radial solutions if ||/||oc < b.
The following result shows that one has existence even in the case R; = 0 for any / with Q! = 0, under an
additional condition concerning the distance between R and Rs. We adapt to our situation an argument used
in [20].

Theorem 5.1 If Q! = 0 and 2(Re — R1) < 1, then (5.1) has at least one classical radial solution.
Proof. Itis clear that it is sufficient to prove the existence of at least one solution for the Neumann problem
(rN71¢(u/))/ + N sinu = rN (), W/(Ry) =0 =u'(Ry), (5.2)
with ¢ given in (3.2). Let us make the change of variable
U = arcsinw.

Then, we obtain the Neumann problem

(TN% (\/—1w—l 2)) + ¥ hw =N (r), W' (Ry) = 0= (Ry). 5-3)
—w
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Consider the closed subspace of C' defined by

C={weC:Quw=0}

and denotes by N the Nemytskii operator N; associated to f(r,w) = [(r) — bw. Consider also the nonlinear
operator

T:K—C, Tw)=(I—-Q)oHo\/1—w?¢""oLoN(w),

where

K={weC:|[w|]|e <2(Rs — Ri)}.

One has that 7 is well defined and compact. It is clear that

|7 (w)]|oe < 2(Ra — Ry) <1 for all we K.

Using Schauder’s fixed point theorem, we infer that there exist w & K such that w = T (w), and because
[|lw||eo < 1, it follows that w is a solution of (5.3). Therefore u = arcsin w is a solution of (5.2). O
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