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ABSTRACT. In this paper we study the existence and multiplicity of radial
solutions for Neumann problems in a ball and in an annular domain, associated
to pendulum-like perturbations of mean curvature operators in Euclidean and
Minkowski spaces and of the p-Laplacian operator. Our approach relies on the
Leray-Schauder degree and the upper and lower solutions method.

1. Introduction. In this paper we present existence and multiplicity results for
the Neumann problem

ov

T(v) +psinv =1(|z]) in A, %20 on A, (1)

where 7 is in one of the following situations:

7 (v) =div (ﬁ) (mean extrinsic curvature in Minkowski space),

3 Vo . .
7 (v) = div (7\/W) (mean curvature in Euclidean space),
T (v) = div(|Vv|P~2Vv) (p-Laplacian).

Here, | - | denotes the Euclidean norm in RY, x> 0 is a constant, A = {z € RV :
Ry < |z| < R2} (0 < Ry, < Rg), l: [R1,R2] — R is a given continuous function and

v
9 stands for the outward normal derivative of v.
v
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Our approach relies upon the idea that setting r = |z| and v(z) = u(r), problem
(1) reduces to

(PN () + Nt psinu = vV (r), W/ (Ry) =0 = u/(Re), (2)
where ¢(v) = —= in the Minkowski case, o(v) = 77— in the Euclidean case

and ¢(v) = |[v[P~2v (p > 1) in the p-Laplacian case. Actually, in what follows ¢ will
be a general increasing homeomorphism with ¢(0) = 0 and which is in one of the
following situations:

¢ : (—a,a) — R (singular),

¢ : R — (—a,a) (bounded),

¢ : R — R (classical).

We prove in Corollary 1, using degree arguments, that the problem

Vv v
div| ————— | +usinv=1[(Jz]) in A — =0 on 0JA, 3
( 1_|W> psinw = I(|z]) - (3)
has at least two classical radial solutions not differing by a a multiple of 27 if
2(R2 — Rl) <
and
N /R2 N=1(r)dr| < pcos (Ry — Ry)
—_— r r)dr — .
RY B Jn, e

Moreover, if
2(R2 - Rl) =T,

then problem (3) has at least one classical radial solution provided that

/R2 N7 (r)dr = 0. (4)

R,
Notice that in Theorem 5.1 from [4], we have proved that if condition (4) is fulfilled
and if 2(Ra — R1) < 1, then one has existence of at least one classical radial solution.
On the other hand for the p-Laplacian, we prove in Corollary 2 that problem
v
o
has at least two classical radial solutions not differing by a multiple of 27 if (4)

holds and Rs is sufficiently small (or N sufficiently large). Moreover the same type
of result holds true for the Neumann problem

div(|Vu|P~2 Vo) + psinv = I(|z]) in A, =0 on 0A, (5)

div(ﬁ)—l—usinv_l(kﬂ) in A, % =0 on JA. (6)

In the case where
Ry >0

(i.e., A is an annular domain) we show in Corollary 3, using again degree arguments
and the upper and lower solutions method, that (3) and (5) have at least two
classical radial solutions, not differing by a multiple of 27, if ||l|| < i, and have
at least one classical radial solution if ||I||oc = p. Moreover, if condition

2/LR2

<1
N
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holds, then we prove in Corollary 3 that the same result holds for the Neumann
problem (6).

It is worth to point out that corresponding results for the periodic problem and
N =1 have been proved in [5, 6]. For existence and multiplicity results concerning
periodic solutions of the classical pendulum equation, see for example [14, 16, 17, 19],
and for other results concerning boundary value problems associated to singular or
bounded ¢-Laplacians, see [2] - [15], [18, 20, 21].

The remaining of the paper is organized as follows. In Section 2 we introduce
the function spaces and the operators which are needed in the sequel. Section 3
presents a fixed point operator and some degree computations in the singular case.
Existence and multiplicity results for problem (2) are given in Sections 4 and 5,
under conditions upon the radius and the mean value of the forcing term or upon
the norm of the forcing term.

2. Notations, function spaces and operators. Let 0 < R; < Ry. We denote by
C' the Banach space of continuous functions defined on [R;, Rz2] endowed with the
usual norm || - ||oo, by C! the Banach space of continuously differentiable functions
defined on [Ry, Rs] endowed with the norm

lull = [Jelloo + [[t']]oc,
and by CTl the closed subspace of C! defined by
C'Tl ={ueC' v/ (R) =0=1u'(Ry)}.
The corresponding open ball with center in 0 and radius p is denoted by B,. For
any continuous function w : [Ry, Ra] — R, we write

wr = min w, wjp = max w.
[R1,R2] [R1,R2]

Let us introduce the continuous projectors

N N
Q:C—C, u:Qqué\]—R{V/R o T u(r)dr,
1

P:C—C, Pu=u(R),

the continuous function

1

’7:(0700)_)]:&7 V(T):TN—fl’

and the linear operators
L : C—C, Lu(r)= 7(7‘)/ tN"lu(t)dt  (r € (Ri, Ra]), Lu(0) =0,
Ry

H : C—C, Hu(r):/Ru(t)dt (r € [R1, Ra)).

It is not difficult to prove that L is compact (Arzela-Ascoli’s theorem) and H is
bounded. Finally, we denote by C! the closed subspace of C{ defined by
éTl ::{uEC’Tl:g:O},
and notice that R
C{ =R C{,

so that any u € C% can be uniquely written as u =u+u, with u e R, u € @3
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3. A fixed point operator and degree computations in the singular case.
Throughout this section we assume that ¢ is singular. The case where N = 1 and
R; = 0 in the results of this section has been considered in [18].

Proposition 1. Assume that F' : CTl — C is continuous and takes bounded sets into
bounded sets. The function u € C'Tl s a solution of the abstract Neumann problem
(o)) =V TF(u), W/ (Ry) = 0= u'(Re) (7)
if and only if it is a fized point of the compact operator Mg defined on C% by
Mp=P+QF +Ho¢ *oLo(I-Q)oF.
Furthermore, one has ||(Mp(u))' |l < a for all u € C}.

Proof. Let u € C{ and v = Mp(u). One has that v € C* and

o) =Lo (I —Q)o F(u).
So, ¢(v'(R1)) = 0 and because QF(u) is constant,
R2

o(v' (R2)) = ! /R2 N (u) (t)dt — #QF(u)/ tN=1at = 0.

N-1
R2 Ry 2 Ry

It follows that M is well defined. Its compactness follows very easily taking into
account the properties of the operators composing M. From the above computation
and since ¢ is singular, we get |[v'||oc < a. Now, let u € C} be such that u = Mp(u).
It follows

QF(u) =0, (8)
implying that
u=Put+Ho¢ 'oLoF(u), u =¢ 'oLoF(u).
Then i,
o) =2() [ PTIF@0d (r€ (1R

Ry
and wu verifies the differential equation in (7).
Conversely, let u be a solution of (7). Then, taking into account the fact that u
verifies (8), after two integrations we deduce that u is a fixed point of Mp. O

Lemma 3.1. Let the continuous function h : [R1, Re] x R? — R be bounded on
[R1, Ro] X R x (—a,a), p# 0 and consider the Neumann problem

(N o)) 4+ prN "t = PN (e us ), W/ (Ry) = 0=/ (Ry). (9)

If M, is the fized point operator associated to (9), then there exists p > 0 such that
any possible fized point of M,, is contained in B, and

dLS[I - M,UJBP)O] = SZg’fL(,U)

Proof. Let us consider say, the case where ;1 > 0, the other one being similar. We
can find a constant R > 0 such that

for all r € [Ry, Ra], v € (—a,a) and |u| > R. One the other hand, consider the
compact homotopy M : [0,1] x C} — C} defined by

M\, )=P+QF,+Ho¢ 'oALo(I—-Q)oF,
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where
Fu:Cl—C, Fyu(u) = —pu+h(-,u,u).
Let (A, u) € [0,1] x C% be such that
u =M\ u).
It follows that
u'=¢ toALo(I —Q)oF,(u)
and
vl < a. (11)
Notice also that
QFy(u) = 0. (12)
Assume that uz, > R. Then, using (10) and (11) we have
F,(u)(r) <0 forall re[Ri,Rs
This implies that
QFu(u) <Q(0) =0,

a contradiction with (12). It follows that u;, < R, and analogously up > —R.
Then, from

R2
up < up +/ |/ (r)|dr
Ry

and (11), we deduce that

—R - G(Rg — Rl) <up <uy <R+ G(R2 - Rl)u
which together with (11) gives

l[ul| < R+ a(Ry — Ry + 1) =: po.
Since
M(lv):M# and M(07)2P+QF#5

the homotopy invariance of the Leray-Schauder degree implies that

dLs[I — M#,BP,O] = dLs[I — (P =+ QF#),BP,O],

for any p > pg. The range of P + QF), is contained in the subspace of constant
functions. Using the reduction property of the Leray Schauder degree we have

dLS[I - (P + QF#)’ BP7 O] = dB[I - (P + QF#)hRa (_p7 p)7 0]7
where dp denotes the Brouwer degree. But,
I—- (P+ QF#)|R = _QF,U.hRa
and we can take p sufficiently large such that
QFL(—p) > 0> QF,(p),
implying that

dB[_QF,LL|R7 (_pa p)a O] =1= SZg’fL(’U)
Consequently,

drs[I — My, B, 0] = sign(u).
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Now, consider the Neumann boundary-value problem (BVP)
Vo)) = VT ('), W (Rh) = 0 =/ (R), (13)
where f: [R1, Rz] x R? — R is continuous.

Definition 3.2. A strict lower solution o (resp. strict upper solution (3) of (13) is
a function @ € C! such that ||o/[| < a, 7N 1¢(a/) € C, &/(Ry) > 0 > o/(R2)
(resp. BE€CL, |8 o < a, TN 7re(B) € C, B'(R1) <0 < B'(Rz)) and
(" oo/ (1)) PN (radr), o (
(resp. (1o (B'(r)) PN, B(r), B(
for all r € [Rq, Ra).

> r))
< r)))

Lemma 3.3. Assume that (13) has a strict lower solution « and a strict upper
solution 3 such that

a(r) < B(r) forall r € [Ry,Rsl,
and if N > 2 assume also that Ry > 0. Then
dps[I — My, Qq5,0] = —1,
where
Qap={ue C'Tl salr) <u(r) < B(r) foral rel[Ri, R, ||[u]leo <a}
and My is the fized point operator associated to (13).

Proof. Let v : [R1, Ra] x R — R be the continuous function given by

Blr)y if wu>p(r)
y(ryu) =4 u if alr)<u
alr) if u<a(r),

< B(r)

and define f : [Ry, Ra] x R? — R by fi(r,u,v) = f(r,7(r,u),v). We consider the
modified problem

(M) = eV Al u ) Fu (), W(R) =0=1d/(Re),  (14)

and let My, be the associated fixed point operator of (14). Then, arguing exactly
as in the proof of Theorem 4.2 from [4], one has that if u is a solution of (14) then
a(r) < u(r) < g(r) for all » € [R1, Ry]. It follows that any fixed point of My, is
contained in €2, g, and using the excision property of the Leray-Schauder degree
and Lemma 3.1 we infer that

drs[l — My, , Q403,00 = dps[I — My, , B,,0] = —1,
for any p sufficiently large. On the other hand
My(u) = My, (u) for all u € Qg p.
Consequently,

dpsl — My, Qa 5,0 = —1.
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4. Conditions on the radius and the mean value of the forcing term. We
consider the Neumann boundary value problem

(rN o)) +rVrg(w) =rVN T H(r), W/(Ry) =0 =u'(Ry), (15)
where g : R — R is continuous and [ € C.
The idea of the following lemma comes from Theorem 2 in [19].

Lemma 4.1. Assume that ¢ is singular and that there exist t < s and A < B such
that either

Qgt+u)<A and Qg(s+u)>B (16)
or
Qg(t+u)>B and Qg(s+u) <A (17)
for any u € éTl satisfying U)o < a(R2 — R1). If
A<l<B, (18)

then problem (15) has at least one solution u such thatt < u < s.

Proof. Let us assume that (16) holds true and let € > 0 be fixed. For any A € [0, 1],
consider the Neumann problem
t
(rN=to(u’)) + AN Lg(u) + (1 — N)erNV -1 (u — —; S) = NL(r)

u’(Rl) =0= ’U,I(Rg). (19)

Let also
M) Cl=Cf (Ae(0,1])
be the fixed point operator associated to (19) by Proposition 1. We will show that
u—M(\u)#0 forany (A u) € (0,1] x 09, (20)
and
u—M(0,u) =0 implies u€Q,
where
Q={uelC}: t<u<s, |[Ullw<alRy—Ri), ||l <a}.

Then, using the invariance by homotopy, the excision property of the Leray-Schauder
degree and Lemma 3.1, one has that

dpsll — M(1,-),9,0] = dps[I — M(0,-),Q,0] = 1.
Hence, the existence property of the Leray-Schauder degree implies the existence of
some u €  (in particular ¢ < u < s) with v = M(1,w) which is also a solution of
15).
| S)o, let us consider (A, u) € (0,1] x Cf such that u = M(X, u). Tt follows that (11)
holds true and u =u+u € R® C*Tl is a solution of (19). As Qu = 0, there exists
ro € [R1, Ro] such that u(rg) = 0, yielding

R2
]| < / @ (r)|dr < a(Rs — Ry). (21)

To

Integrating (19) over [Ry, R2] we obtain

(1—)e (g—t;S)+)\(Q9(u+a)—£):0. (22)
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On the other hand, from (16), (18) and (21) it follows that

(1= (1~

t+s t—s

) +MQo(t+a) — 1) < (1= Ne—— + AMA—1) <0
(23)

t+ s s—t

(1—XNe <s +AXB-1)>0.
Moreover, if u € 99, from (11) and (21) one has u =t or u = s. But u verifies (22),
contradiction with (23). Consequently, (20) is proved. Now, let u € CTl be such

that u = M(0,u). We deduce that u verifies (11), (21) and (19) with A = 0. Hence,

t
U= +Sandu€Q.

If (17) holds true then one takes e < 0. O

) AQgls +7) — 1) > (1-Ne

Remark 1. From the proof above it can be seen that if the assumption “A < B”
is replaced by “A < B” then problem (15) has at least one solution wu such that
t <wu <s, provided that A <[ < B.

Theorem 4.2. If ¢ is singular, | € C, ;>0 and
2&(R2 — Rl) <,

then, the Neumann problem (2) has at least two solutions not differing by a multiple
of 2m, provided that

]| < peosla(Ry — Ry)].

Proof. We apply Lemma 4.1 with g(u) = psin(u) and A = —pcosfa(Re — R1)] =
—B. Taking t = —7/2, s = /2, condition (16) is fulfilled and so, we get the
existence of a solution u; which satisfies —7/2 < u; < 7/2. Then, setting t = 7/2,
s = 3w /2, condition (17) is verified and we obtain a second solution us with 7/2 <
uy < 3w/2. If we assume that there is some j € Z such that us = uy + 2j7 then
necessarily one has 0 < 2j7m < 27, a contradiction. O

Remark 2. Using Remark 1, if in Theorem 4.2 one has 2a(Ry — R1) = m, then
problem (2) has at least one solution for any [ € C' with [ = 0.

Corollary 1. Let 4> 0 andl € C. If 2(Ry — R1) < 7, then the Neumann problem
(3) has at least two classical radial solutions not differing by a multiple of 2,
provided that |l] < pcos(Ry — Ry). Moreover, if 2(Ry — R1) = =, then (3) has at
least one classical radial solution for any l € C with [ = 0.

We give now a second proof of Theorem 4.2, and consider also the classical case.
The main idea of this proof comes from [1] and has been used for the classical forced
pendulum in [14].

Let f : [Ri,R2] x R? — R be a continuous function and Ny : C' — C be
the Nemytskii operator associated to f. We first consider the modified problem of
finding (u, u) € R x éTl such that

(r¥ (@) = r" TN (u+ @) — Qo Ny(u+1)]. (24)
Lemma 4.3. If ¢ is singular or classical, and if there exists o > 0 such that

[f(r,u,0)| < forall (r,u,v) € [Ry, Ra] x R?,
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then the set of solutions of problem (2/) contains a continuum C whose projection
on R is R and whose projection on CTl is contained in

By = {7 € O [l < o llloe < co(Ra — R0},
where ¢y = max (¢~ (£2aRy/N)|).
Proof. Let us consider M : R x C*Tl — éTl defined by
Mwd)=(I-Q)oHod  oLo(l—Q)oNs(u+a).

It is not difficult to prove that M is well defined and compact. Moreover, if (u, u) €
R x C! satisfies 4 = M (u, @), then (u,) is a solution of (24). On the other hand a
simple computation shows that the range of M is contained in By (in both of the
two cases) and the proof follows now exactly like the proof of Lemma 2.1 in [4]. O

Remark 3. The assumption concerning the boundedness of f can be dropped in
the singular case but then

By={uaeC}:|[@]lo < alille < a(Rz — R1)}.

Let ¢ : (=b,b) — (—c¢,c) be a homeomorphism such that ¢(0) = 0 and 0 < b,¢ <
oo. For I € C and p > 0 such that 2(||l||cc + ) R2/N < ¢ we introduce the notation
p(v) = max{[p~! (£2(|[ll|oc + 1) R2/N)I}.

Theorem 4.4. If ¢ is singular or classical, l € C, p > 0 and

2p(¢)(R2 — R1) <, (25)
then, the Neumann problem (2) has at least two solutions not differing by a multiple
of 2, provided that || < pcos[p(¢)(R2 — R1)].
Proof. Consider the continuous function

I''RxC—R, T'(uu)=QoNs(u+u).

For any iy, Uy such that (=%, 1), (5, u2) € C, one has that

P@gﬁﬂ>0>mfﬁﬁ
Hence, using that C is a continuum and the continuity of I', we deduce the existence
of (u,u) € C such that —F < u < 5 and I'(w,u) = 0. Then, u = u + u is a solution

of (2). Analogously, (2) has a solution w satisfying § < w < 37” Clearly, u — w is
not a multiple of 27. O

Remark 4. (i) If in (25) one has equality, then we have only existence in Theorem
4.4.

(ii) In Theorem 4.4, if ¢ is singular, then p(¢) < a. Hence Theorem 4.2 follows
from Theorem 4.4.

The following result is a direct consequence of Lemma 2.5 from [4].

Lemma 4.5. Let ¢ : (=b,b) — (—c,¢) be a homeomorphism such that ¥(0) = 0
and 0 < b,c < oo. Let p> 0 and l € C be such that (||l||cc + u)R2/N < c. Ifu is a
possible solution of the Neumann problem

(rN ) +rVN tpsinu = PN (), W/ (Ry) =0 =/ (Ry) (26)
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then
[t/ ||oo < max{]p™ (£(][l]|cc + 1) R2/N)[}.

Theorem 4.6. Assume that ) : R — (—¢,c) is a homeomorphism such that 1(0) =
0and 0 <c<oo. IfleC, u>0,2(|l||c +p)Re/N < ¢ and

2p(¢)(Ry — Ry) <,
then, the Neumann problem (26) has at least two solutions not differing by a multiple
of 2m, provided that

1] < peos[p()(Re — R
is satisfied.

Proof. Let d = p(v)) + 1 and b = p(¢p) + 2. Consider ¢ : (=b,b) — R a singular
homeomorphism which coincides with ¢ on [—d, d]. Then p(v) = p(¢), and, using
Lemma 4.5, we infer that the solutions of (2) coincide with the solutions of (26).
Now the result follows from Theorem 4.4 (the singular case). O

05) : ; |y p—2 _ _u
Corollary 2. If (25) is satisfied with ¢(u) = |ulP~u (p > 1), (resp. ¢p(u) = W)
then the Neumann problem (5) (resp. (6)) has at least two classical radial solutions
not differing by a multiple of 2w for anyl € C with 1 =0 (resp. 1 € C withl =0
and 2(||l]los + ) Ra/N < 1).

5. Norm conditions on the forcing term. In the proof of the following theorem
we adapt to our situation a strategy introduced in Theorem 3 from [19].

Theorem 5.1. Assume that ¢ is singular and let p > 0, Ry > 0 in the case N > 2,
and assume that | € C satisfies

lloo < pe
Then problem (2) has at least two solutions not differing by a multiple of 2w. More-
over, if

Hloo =
then problem (2) has at least one solution.
Proof. Assume that ||I||loc < p. Then a = —2F is a constant lower solution for (2)
and 3 = —7% is a constant upper solution for (2) such that o < . Hence, using

Theorem 4.2 from [4], it follows that (2) has a solution u; such that o < u; < S.
Notice that if ||I||cc < i, then a, 8 are strict and o < uy < 3.

Now, let us assume that ||I||oc < u, let M, be the fixed point operator associated
to (2), and let

Q:Q_s%r737ﬂ\(ﬁ_%w)_% UQx sx). (see Lemma 3.3)

27 2
Then using the additivity property of the Leray-Schauder degree and Lemma 3.3,
we deduce that

drs[l — M,,Q,0] = 1.
Hence, the existence property of the Leray-Schauder degree yields the existence of
a solution ug € Q of (2). If we assume that us = uq + 2j7 for some j € Z then, as
—37/2 < wuy < —7w/2, one has

3
—77T+2j7r<uQ=u1+2j7r<—g+2j7r.

This leads to one of the contradictions: ug € )
for 7 =0.

zaliszloru2:uleﬂ_3l
272 5

IS
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Using Lemma 4.5, Theorem 5.1 and arguing exactly as in the proof of Theorem
4.6 with p(v)) replaced by max{|)~!(+2uRy/N)|} we obtain the following result.

Theorem 5.2. Let ¥ : R — (—c¢,c) be an increasing homeomorphism such that
¥(0) =0 and 0 < ¢ < oo. Let also 1 > 0, Ry > 0 in the case N > 2 and | € C be
such that % < e If|[lllee < p, then (26) has at least two solutions not differing
by a multiple of 2r. If ||l||cc = p, then (26) has at least one solution.

Corollary 3. Let u >0, R1 > 0 andl € C be such that % < L Iflllee < p, then
the Neumann problem (6) has at least two classical radial solutions not differing by
a multiple of 2m. Moreover, if ||l||cc = p, then (6) has at least one classical radial
solution. The same conclusion holds also for (3) and (5) without the assumption
2l .

N

Acknowledgments. Support of C. Bereanu from the Romanian Ministry of Ed-
ucation, Research, and Innovation (PN II Program, CNCSIS code RP 3/2008) is
gratefully acknowledged.

REFERENCES

(1] H. Amann, A. Ambrosetti and G. Mancini, Elliptic equations with noninvertible Fredholm
linear part and bounded nonlinearities, Math. Z., 158 (1978), 179-194.

(2] P. Benevieri, J. M. do O and E. S. de Medeiros, Periodic solutions for nonlinear systems with
mean curvature-like operators, Nonlinear Anal., 65 (2006), 1462-1475.

[3] C. Bereanu, P. Jebelean and J. Mawhin, Radial solutions for some nonlinear problems in-
volving mean curvature operators in Fuclidean and Minkowski spaces, Proc. Amer. Math.
Soc., 137 (2009), 171-178.

[4] C. Bereanu, P. Jebelean and J. Mawhin, Radial solutions for Neumann problems involving
mean curvature operators in Fuclidean and Minkowski spaces, Math. Nachr., 283 (2010),
379-391.

[5] C. Bereanu, P. Jebelean and J. Mawhin, Periodic solutions of pendulum-like perturbations of
singular and bounded ¢-Laplacians, J. Dynam. Differential Equations, to appear.

[6] C. Bereanu and J. Mawhin, Existence and multiplicity results for some nonlinear problems
with singular ¢-Laplacian, J. Differential Equations, 243 (2007), 536-557.

[7] C. Bereanu and J. Mawhin, Multiple periodic solutions of ordinary differential equations with
bounded nonlinearities and ¢-Laplacian, NoDEA Nonlinear Differential Equations Appl., 15
(2008), 159-168.

(8] C. Bereanu and J. Mawhin, Periodic solutions of nonlinear perturbations of ¢-Laplacians
with possibly bounded ¢, Nonlinear Anal., 68 (2008), 1668-1681.

[9] C. Bereanu and J. Mawhin, Boundary value problems for some nonlinear systems with sin-
gular ¢-Laplacian, J. Fixed Point Theory Appl., 4 (2008), 57-75.

[10] C. Bereanu and J. Mawhin, Nonhomogeneous boundary value problems for some nonlinear
equations with singular ¢-Laplacian, J. Math. Anal. Appl., 352 (2009), 218-233.

[11] D. Bonheure, P. Habets, F. Obersnel and P. Omari, Classical and non-classical solutions of
a prescribed curvature equation, J. Differential Equations, 243 (2007), 208-237.

[12] J. Chu, J. Lei and M. Zhang, The stability of the equilibrium of a nonlinear planar system
and application to the relativistic oscillator, J. Differential Equations, 247 (2009), 530-542.

[13] J. A. Cid and P. J. Torres, Solvability for some boundary value problems with ¢-Laplacian
operators, Discrete Contin. Dyn. Syst.-A, 23 (2009), 727-732.

[14] P. Drdbek and S. Invernizzi, Periodic solutions for systems of forced coupled pendulum-like
equations, J. Differential Equations, 70 (1987), 390-402.

[15] L. Ferracuti and F. Papalini, Boundary-value problems for strongly nonlinear multivalued
equations involving different ®-Laplacians, Adv. Differential Equations, 14 (2009), 541-566.

[16] G. Fournier and J. Mawhin, On periodic solutions of forced pendulum-like equations, J. Dif-
ferential Equations, 60 (1985), 381-395.

[17] R. Kannan and R. Ortega, Periodic solutions of pendulum-type equations, J. Differential
Equations, 59 (1985), 123-144.


http://www.ams.org/mathscinet-getitem?mr=MR0481498&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2245517&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2439437&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2371799&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2408349&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2388840&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2447962&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2499899&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2371786&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2523690&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2461823&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0915495&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2502704&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0811773&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0803090&return=pdf

648 CRISTIAN BEREANU, PETRU JEBELEAN AND JEAN MAWHIN

[18] J. Mawhin, Boundary value problems for nonlinear perturbations of singular ¢-Laplacians,
in “Differential Equations, Chaos and Variational Problems” (Aveiro 2007), (ed. V. Staicu),
Progr. Nonlin. Diff. Eq. Appl., 75, Birkhauser, Basel, 2007, 247-256.

[19] J. Mawhin and M. Willem, Multiple solutions of the periodic boundary value problem for
some forced pendulum-type equations, J. Differential Equations, 52 (1984), 264-287.

[20] P. J. Torres, Periodic oscillations of the relativistic pendulum with friction, Physics Letters
A, 372 (2008), 6386-6387.

[21] P. J. Torres, Nondegeneracy of the periodically forced Liénard differential equation with ¢-
Laplacian, Comm. Contemporary Math., to appear.

Received January 2010; revised April 2010.

E-mail address: cristian.bereanu@imar.ro
E-mail address: jebelean@math.uvt.ro
E-mail address: jean.mawhin®@uclouvain.be


http://www.ams.org/mathscinet-getitem?mr=MR2409109&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR0741271&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR2462407&return=pdf

	1. Introduction
	2. Notations, function spaces and operators
	3. A fixed point operator and degree computations in the singular case
	4. Conditions on the radius and the mean value of the forcing term
	5. Norm conditions on the forcing term
	Acknowledgments
	REFERENCES

