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Abstract In this paper we study the existence and multiplicity of periodic solutions of
pendulum-like perturbations of bounded or singular φ-Laplacians. Our approach relies on
the Leray-Schauder degree and the upper and lower solutions method.
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1 Introduction

In this paper we present existence and multiplicity results for the periodic problem
( u′

√
1 ± u′2

)′ + μ sin u = h(t), u(0)− u(T ) = 0 = u′(0)− u′(T ), (1)

where μ > 0 and h is continuous on [0, T ].We denote by h the mean value of h over [0, T ].

This manuscript is dedicated to Professor Jack Hale on the occasion of his 80th birthday.

C. Bereanu (B)
Institute of Mathematics “Simion Stoilow” of the Romanian Academy, 21, Calea Griviţei Str., Sector 1,
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Considering first the case where the minus sign is taken, which occurs in questions of
special relativity, we prove in Theorem 1, using degree arguments, that problem (1) has at
least two solutions not differing by a multiple of 2π if

T < π
√

3, |h| < μ cos

(
T

2
√

3

)
,

Moreover, if

T = π
√

3,

then problem (1) has at least one solution, provided that h = 0. Theorem 1, which deals with
the more general equation

(φ(u′))′ + f (u)u′ + μ sin u = h(t) (2)

where φ : (−a, a) → R is an increasing homeomorphism with φ(0) = 0 (so-called singular
φ), and f is an arbitrary continuous function, improves some very recent results from [14]
and [15] (see Remark 3).

Then we show in Theorem 2, using again degree arguments and the upper and lower
solutions method developed in [2], that equation (2) has at least two solutions not differing
by a multiple of 2π if ||h||∞ < μ, and at least one solution exists if ||h||∞ = μ.

Finally, in the case where the plus sign is taken in problem (1), which deals with curvature
problems, a result corresponding to Theorem 2 is obtained for problem (1) under further
restrictions upon μ (Corollary 1).

For existence and multiplicity results concerning periodic solutions of the classical pen-
dulum equation, see for example [10,11,13]. Although the literature devoted to problems
involving the 1-curvature operator with Dirichlet boundary conditions is quite vast, the one
devoted to the periodic solutions of problems associated to singular or bounded φ-Laplacians
is much more limited. See [1–9,12,14,15].

2 Notations, Operators and Function Spaces

Let C denote the Banach space of continuous functions on [0, T ] endowed with the uniform
norm ‖ · ‖∞,C1 denote the Banach space of continuously differentiable functions on [0, T ],
equipped with the norm ‖u‖ = ‖u‖∞ +‖u′‖∞. The usual norm in L1(0, T ) will be denoted
by ‖ · ‖1.

Let P, Q : C → C be the continuous projectors defined by

Pu(t) = u(0), u = Qu(t) = 1

T

T∫

0

u(s) ds (t ∈ [0, T ]),

and define the continuous linear operator H : C → C1 by

Hu(t) =
t∫

0

u(s) ds (t ∈ [0, T ]).

If u ∈ C , we write

u+ = max{u, 0}, u− = max{−u, 0}, ũ = u − u,
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and we shall consider the following closed subspaces of C1:

C1
# = {u ∈ C1 : u(0) = u(T ), u′(0) = u′(T )},

C̃1
# = {u ∈ C1

# : u = 0}.

3 The Case of a Singular φ

We deal with the periodic boundary value problem

(φ(u′))′ + f (u)u′ + g(u) = h(t) u(0)− u(T ) = 0 = u′(0)− u′(T ), (3)

where f, g : R → R are continuous and h ∈ C. Throughout this section we assume that
0 < a < +∞ and the mapping φ satisfies the hypothesis :
(Hφ) φ : (−a, a) → R is an increasing homeomorphism such that φ(0) = 0.
We first recall the following technical result given as Lemma 1 from [2].

Lemma 1 For each h ∈ C, there exists a unique α := Qφ(h) ∈ Range h such that

T∫

0

φ−1(h(t)− α) dt = 0.

Moreover, the function Qφ : C → R is continuous.

We also need the following fixed point reduction given in Proposition 2 from [2].

Lemma 2 Assume that F : C1 → C is continuous and takes bounded sets into bounded
sets. The function u is a solution of the abstract periodic problem

(φ(u′))′ = F(u), u(0)− u(T ) = 0 = u′(0)− u′(T )

if and only if u ∈ C1
# is a fixed point of the operator M# defined on C1

# by

M#(u) = Pu + Q F(u)+ H ◦ φ−1 ◦ (I − Qφ) ◦ [H(I − Q)F](u).
Furthermore, M# is completely continuous on C1

# and ‖(M#(u))′‖∞ < a for all u ∈ C1
# .

Combining Lemma 2 with Leray-Schauder degree, we obtain the following existence
result.

Lemma 3 Assume that there exists r < s and A < B such that

1

T

T∫

0

g(r + ũ(t))dt ≤ A and
1

T

T∫

0

g(s + ũ(t))dt ≥ B (4)

for any ũ ∈ C̃1
# satisfying ||̃u||∞ < aT

2
√

3
. If

A < h < B, (5)

then (3) has at least one solution u such that r < u < s.
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Proof Let us fix ε > 0 and, for any λ ∈ [0, 1], consider the periodic problem

(φ(u′))′ + λ f (u)u′ + λg(u)+ (1 − λ)ε

(
u − r + s

2

)
= λh(t)

u(0)− u(T ) = 0 = u′(0)− u′(T ).
(6)

Let also

M(λ, ·) : C1
# → C1

# (λ ∈ [0, 1])
be the fixed point operator associated to (6) (see Lemma 2). Setting

� =
{

u ∈ C1
# : r < u < s, ||̃u||∞ <

aT

2
√

3
, ||u′||∞ < a

}
,

we will show that

u − M(λ, u) �= 0 for any (λ, u) ∈ (0, 1] × ∂�, (7)

and

u − M(0, u) = 0 implies u ∈ �.
Then, using the invariance by homotopy, the excision property of the Leray-Schauder degree
and Lemma 3 from [2], one has that

dL S[I − M(1, ·),�, 0] = dL S[I − M(0, ·),�, 0] = 1.

Hence, the existence property of the Leray-Schauder degree implies the existence of u ∈ �
(in particular r < u < s) such that u = M(1, u) which is also a solution of (3).

So, let (λ, u) ∈ (0, 1] × C1
# be such that

u = M(λ, u).

It follows that u is a solution of (6) and

||u′||∞ < a. (8)

Using (8) and the Sobolev inequality

||̃u||2∞ ≤ T

12

T∫

0

|u′(t)|2dt,

we infer that

||̃u||∞ <
aT

2
√

3
. (9)

Integrating (6) over [0, T ] we obtain

(1 − λ)ε

(
u − r + s

2

)
+ λ

⎛
⎝ 1

T

T∫

0

g(u + ũ(t))dt − h

⎞
⎠ = 0. (10)
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On the other hand, from (4) and (5) it follows that

(1 − λ)ε

(
r − r + s

2

)
+ λ

⎛
⎝ 1

T

T∫

0

g(r + ũ(t))dt − h

⎞
⎠

≤ (1 − λ)ε
r − s

2
+ λ(A − h) < 0;

(1 − λ)ε

(
s − r + s

2

)
+ λ

⎛
⎝ 1

T

T∫

0

g(s + ũ(t))dt − h

⎞
⎠

≥ (1 − λ)ε
s − r

2
+ λ(B − h) > 0.

(11)

Then, if u ∈ ∂�, from (8) and (9) it follows that either u = r or u = s. But u verifies (10),
contradiction with (11). Consequently, (7) is proved.

Now, let u ∈ C1
# be such that

u = M(0, u).

We deduce that u verifies (8), (9) and (6) with λ = 0. Hence, u = r+s
2 and u ∈ �. �

Remark 1 From the proof above it follows that:
(i) Relation (4) can be replaced by the following one

1

T

T∫

0

g(r + ũ(t))dt ≥ B and
1

T

T∫

0

g(s + ũ(t))dt ≤ A

for any ũ ∈ C̃1
# satisfying ||̃u||∞ < aT

2
√

3
. Note that in this case one takes ε < 0 in the above

proof;
(ii) If we assume that A ≤ B, then (3) has at least one solution u such that r ≤ u ≤ s,
provided that A ≤ h ≤ B.

An immediate consequence of Lemma 3 and Remark 1 is the following

Theorem 1 Let f : R → R be continuous, h ∈ C and μ > 0. If

aT < π
√

3, |h| < μ cos

(
aT

2
√

3

)
,

then the periodic problem

(φ(u′))′ + f (u)u′ + μ sin u = h(t), u(0)− u(T ) = 0 = u′(0)− u′(T ), (12)

has at least two solutions u1, u2 such that −π
2 < u1 <

π
2 < u2 <

3π
2 .

Proof A simple computation shows that we can apply Lemma 3 and Remark 1 (i) with

r = −π
2
, s = π

2
and A = μ sin

(
−π

2
+ aT

2
√

3

)
= −B;

r = π

2
, s = 3π

2
and A = μ sin

(
−π

2
+ aT

2
√

3

)
= μ sin

(
3π

2
+ aT

2
√

3

)
= −B.

�
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Remark 2 If in Theorem 1 one assumes

aT = π
√

3,

then problem (12) has at least one solution for any h ∈ C with h = 0.

Remark 3 Using Schauder fixed point theorem P.J. Torres [15] has proved Theorem 1 under
the more restrictive assumptions

aT < 2
√

3, |h| < μ

(
1 − aT

2
√

3

)
.

We now prove an existence result where the condition upon h is replaced by a condition
upon ‖h‖∞. In this view we need a result (Lemma 4 below) which is proved in [2, Theorem
3] and concerns the more general periodic problem:

(φ(u′))′ = f (t, u, u′) u(0)− u(T ) = 0 = u′(0)− u′(T ), (13)

where f : [0, T ] × R
2 → R is a continuous function.

Recall that a lower solution α (resp. upper solution β) of (13) is a function α ∈ C1 such
that ‖α′‖∞ < a, φ(α′) ∈ C1, α(0) = α(T ), α′(0) ≥ α′(T ) (resp. β ∈ C1, ‖β ′‖∞ <

a, φ(β ′) ∈ C1, β(0) = β(T ), β ′(0) ≤ β ′(T )) and

(φ(α′(t)))′ ≥ f (t, α(t), α′(t))
(resp. (φ(β ′(t)))′ ≤ f (t, β(t), β ′(t)))

(14)

for all t ∈ [0, T ]. Such a lower or upper solution is called strict if the inequality (14) is strict
for all t ∈ [0, T ].
Lemma 4 If (13) has a lower solution α and an upper solution β such that α ≤ β on [0, T ],
then problem (13) has a solution u such that α(t) ≤ u(t) ≤ β(t) for all t ∈ [0, T ]. Moreover,
if α and β are strict and α < β on [0, T ], then α(t) < u(t) < β(t) for all t ∈ [0, T ] and
dL S[I − M f ,�α,β, 0] = −1, where

�α,β = {u ∈ C1
# : α(t) < u(r) < β(t) for all t ∈ [0, T ], ||u′||∞ < a}

and M f is the fixed point operator associated to (13).

Theorem 2 Let μ > 0 and assume that h ∈ C satisfies

||h||∞ ≤ μ.

Then the periodic problem (12) has at least one solution. Moreover, if

||h||∞ < μ,

then (12) has at least two solutions not differing by a multiple of 2π .

Proof Assume that ||h||∞ ≤ μ. Then α = − 3π
2 is a constant lower solution for (12) and

β = −π
2 is a constant upper solution for (12) such that α < β. Hence, using Lemma 4, it

follows that (12) has a solution u1 such that α ≤ u1 ≤ β. Note that if ||h||∞ < μ, then α, β
are strict and α < u1 < β.

Now, let us assume that ||h||∞ < μ and let Mμ be the fixed point operator associated to
(12) and let

� = �− 3π
2 ,

3π
2

\ (�− 3π
2 ,− π

2
∪�π

2 ,
3π
2
).
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(see Lemma 4). Then using the additivity property of the Leray-Schauder degree and Lemma
4, we deduce that

dL S[I − Mμ,�, 0] = 1.

Hence, the existence property of the Leray-Schauder degree yields the existence of a solution
u2 ∈ � of (12). If we assume that u2 = u1 + 2 jπ for some j ∈ Z then, as −3π/2 < u1 <

−π/2, one has

−3π

2
+ 2 jπ < u2 = u1 + 2 jπ < −π

2
+ 2 jπ.

This leads to one of the contradictions : u2 ∈ �π
2 ,

3π
2

if j = 1 or u2 = u1 ∈ �− 3π
2 ,− π

2
for

j = 0. �

4 The Case of a Bounded φ

To obtain the same type of result for the case of bounded φ-Laplacians, i.e. when φ : R →
(−a, a) is an increasing homeomorphism such that φ(0) = 0,we need the following a priori
estimate result.

Lemma 5 Let 0 < b, c ≤ ∞ and ψ : (−b, b) → (−c, c) be a homeomorphism such that
ψ(0) = 0 and f : [0, T ]×R

2 → R be a continuous function. Assume that there exists e ∈ C
such that 2‖e−‖1 < c and

f (t, u, v) ≥ e(t) for all (t, u, v) ∈ [0, T ] × R
2. (15)

If u is a possible solution of problem

(ψ(u′))′ = f (t, u, u′), u(0)− u(T ) = 0 = U ′(0)− u′(T ), (16)

then ‖u′‖∞ ≤ Mψ, where Mψ = max(|ψ−1(±2‖e−‖1)|).
Proof Let us denote by N f : C1 → C the Nemytskii operator defined by

N f (u)(·) = f (·, u(·), u′(·)).
Let u be a solution of (16). This implies that

QN f (u) = 0. (17)

Using the fact that f is bounded from below by e, we deduce the inequality

| f (t, u, v)| ≤ f (t, u, v)+ 2e−(t) for all (t, u, v) ∈ [0, T ] × R
2. (18)

From (16), (17) and (18) it follows that

‖(ψ(u′))′‖1 = ‖N f (u)‖1 ≤
T∫

0

N f (u)(s) ds + 2‖e−‖1 = 2‖e−‖1. (19)

Because u ∈ C1 is such that u(0) = u(T ), there exists ξ ∈ [0, T ] such that u′(ξ) = 0,which
implies ψ(u′(ξ)) = 0 and

ψ(u′(t)) =
t∫

ξ

(ψ(u′(s)))′ ds (t ∈ [0, T ]).
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Using the equality above and (19) we have that

|ψ(u′(t))| ≤ 2‖e−‖1 (t ∈ [0, T ]),
and hence ‖u′‖∞ ≤ Mψ. �
Corollary 1 Assume that ψ : R → (−c, c)(0 < c ≤ ∞) is an increasing homeomorphism
such that ψ(0) = 0 and

||[h − μ]−||1 < c/2.

If ||h||∞ ≤ μ then

(ψ(u′))′ + μ sin u = h(t), u(0)− u(T ) = 0 = u′(0)− u′(T ), (20)

has at least one solution. Moreover, if ||h||∞ < μ, then (20) has at least two solutions not
differing by a multiple of 2π .

Proof Let Mψ be the constant given in Lemma 5 with e = h − μ. Let b = Mψ + 1 and
consider an increasing homeomorphism φ : (−b, b) → R such that φ = ψ on [−Mψ,Mψ ].
It follows that Mψ = Mφ and applying Lemma 5, we deduce that u is a solution of (12) with
f = 0 if and only if u is a solution of (20). Now the result follows from Theorem 2. �
Example 1 If h ∈ C is such that

h = 0, ||h||∞ < μ < 1/2T,

then the periodic problem
( u′

√
1 + u′2

)′ + μ sin u = h(t), u(0)− u(T ) = 0 = u′(0)− u′(T ),

has at least two solutions not differing by a multiple of 2π .
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