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ABSTRACT. We deal with a class of functionals I on a Banach space X, having
the structure I = ¥ + G, with ¥ : X — (—o00, +00] proper, convex, lower semi-
continuous and G : X — R of class C!. Also, I is G-invariant with respect to
a discrete subgroup G C X with dim (span G) = N. Under some appropriate
additional assumptions we prove that I has at least N + 1 critical orbits. As
a consequence, we obtain that the periodically perturbed IN-dimensional rela-
tivistic pendulum equation has at least IV + 1 geometrically distinct periodic
solutions.

1. Introduction. In the recent paper [4], Brezis and Mawhin show that the forced
pendulum like problem

(6(u)" = f(t,u) +(t), u(0) —u(T) =0=u'(0) —u(T), (1)

has at least one solution, provided that f :[0,7] x R — R is a continuous function
for which there exists w > 0 such that

Flt,u) = Flt,u+w),  ¥(tu) € [0,7] xR,
where F : [0,T] x R — R is defined by

F(ta) = [ Fe9ds Vi) € 0.7 xR
0
h:[0,T] — R is a continuous function satisfying

T
/ h(t)dt =0,
0

and ¢ : (—a,a) = R (0 < a < 00) is an increasing homeomorphism with ¢(0) = 0
and there exists ® : [—a,a] — R a continuous function with ®(0) = 0, ® of class C*
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on (—a,a) and ® = ¢. They consider the action functional Z : Ky — R associated
to (1), given by

I(u) = /O (B() + F(t,u) + hu}dt,  (ue Ky),

where
Ky ={u€ Lip(R): |u'(t)| <aforae. te€R, uisT — periodic},

and prove that 7 has at least one minimizer u in Ky satisfying the variational
inequality

T T
/ [®(v') — ®(u)] —|—/ [f(t,w) + hl[v—u] >0, Yo e Ky. (2)
0 0

Then, using (2) and a topological result from [1], they show that any minimizer of
Z on Ky is a solution of (1). Hence, (1) has at least one solution. Notice that the
corresponding classical result (¢ = idr) was proved by Hamel [13] and rediscovered
independently by Dancer [7] and Willem [26]. Also, Brezis and Mawhin extend their
result from [4] to systems in their subsequent paper [5].

In [2] it is emphasized that Szulkin’s critical point theory [24] is an appropriate
functional framework for problems of this type. More precisely, set

K ={ueW"(0,T) : |[u'|o < a, u(0) = u(T)}
and let ¥ : C0,T] — (—o0, +],

~

U(u) = /Tcp(u’) ifue K, U(u) =+ooifuecCl0,T]\K,
0
and F : C[0,T] — R,
T
F(u) = /0 {F(t,u) + hu}dt, (uw € C[0,TY)).

Then, ¥ is a lower semicontinuous, convex functional and F is of class C'. Hence,
the action Z : C[0,T] — (—o00,+0c] defined by Z = W + F, has the structure
required by Szulkin’s critical point theory. In this context, a critical point of 7
means a function v € K such that (2) holds true. Then, using some ideas from
[4], it is shown that any critical point of Z is a solution of (1). Note that C[0, 7] is
not reflexive, so the direct method in the calculus of variations cannot be applied.
Nevertheless, a substitute for this is provided, namely, it is shown that if there exists
p > 0 such that inff(p 7= inf » f, where
T
/ ”
0

then Z is bounded from below on C' [0,7] and attains its infimum at some u € K P
which solves (1). The Brezis-Mawhin result is an immediate consequence of this
result.

I?p:{uef?: <p},

Another proof of Brezis-Mawhin result is given by Mandsevich and Ward in [15].
The main idea is to introduce the change of variable ¢(u’) = v. Then, problem (1)
becomes

' = ¢ w), v = f(t,u)+h(t), u(0)—u(T)—0=uv(0)—uvT). (3)
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Letting

o) = [ o7 )ds w= (o)
0
with the Hamiltonian function H(t, w) = —¢(v) + F(t,u) + h(t)u, system (3) takes
the Hamiltonian form

w' = JV,H(t,w), w(0) = w(T),

where J is the standard symplectic matrix. The classical saddle point theorem of
Rabinowitz is then applied to a sequence of approximating problems, obtaining a
sequence of critical points. A subsequence of these critical points converges to a
solution. Notice that the action functional associated to the above Hamiltonian
system is strongly indefinite and the classical saddle point theorem does not apply
to it.

A second geometrically distinct solution of problem (1) is obtained in [3] using
the functional framework introduced in [2] and a mountain pass type argument
(Corollary 3.3 from [24]). We note that the corresponding classical result was proved
by Mawhin and Willem in [21] using a modified version of the Mountain Pass
Theorem. Another proof of the Mawhin-Willem result was given by Franks [12]
using a generalization of the Poincaré -Birkhoff theorem. Very recently Fonda and
Toader [10] prove the results from [3, 21] in a unified way, using Ding’s version of the
Poincaré -Birkhoff theorem (see [8]). Using Franks’s generalization of the Poincaré
-Birkhoff theorem, Maré [16] give another proof of the main result from [3].

In the very recent paper [19], Mawhin obtains multiplicity of solutions for the
N-dimensional analogous of (1):

(6(u)" = VuF(t,u) + h(t), u(0) —u(T) =0=1u'(0) — u'(T), (4)
under the following hypotheses:
(Hy) ¢ is a homeomorphism from B(a) C RY onto RY such that ¢(0) = 0,

¢ = V@, with ® : B(a) — R of class C! on B(a), continuous, strictly convex on
B(a), and such that ®(0) = 0;

(Hp) F:[0,T) x RN — R is continuous, w;—periodic (w; > 0) with respect to
each u; (1 <i < N) and V,F exists and is continuous on [0,7] x RY;

(Hp) h:[0,T] — RY is continuous and

/O "yt =0

Under the above assumptions, Mawhin shows that (4) has a Hamiltonian formula-
tion, then applies a generalized saddle point theorem for strongly indefinite func-
tionals due to Szulkin [25] (see also [9, 14]) in order to prove that (4) has at least
N + 1 geometrically distinct solutions. The corresponding classical result has been
proved independently, using Lusternik-Schnirelman theory in Hilbert manifolds or
variants of it, by Chang [6], Mawhin [17] and Rabinowitz [23]. The case N = 2 has
been discussed by Fournier and Willem in [11]. It is interesting to note that the
Hamiltonian system associated to (4) is spatially periodic like in [9], but the results
in [9] cannot be applied to it because the superlinearity condition (H3) in [9] with
respect to the spatial variable is not satisfied in this relativistic case.
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For a nice presentation of the classical forced pendulum equation we refer the
reader to the paper [18].

The aim of this paper is to give a different proof of Mawhin’s result in [19],
based upon a Lusternik-Schnirelman type approach for Szulkin functionals. More
precisely, we will consider functionals I : X — (—o00, 400] in a Banach space X such
that I = U+G, ¥ is proper, convex, lower semicontinuous and G is of class C!. Also,
I will be G-invariant with respect to a discrete subgroup G with dim (span G) = N
and bounded from below. Under some additional assumptions, which are auto-
matically satisfied by the Lagrangian action associated to (4), we prove that I has
N + 1 critical orbits (Theorem 7.1). With this aim, we use a Deformation Lemma
(Proposition 5.2) together with Ekeland’s variational principle and the classical
Lusternik-Schnirelman category in order to prove that one has critical value at the
levels (introduced in [23] for C!-functionals),

cj:Aig;st‘pI (1<j<N-+1),
where
Aj ={AC X: Ais compact and cat,x)(m(4)) > j},

and 7 : X — X/G denotes the canonical projection. The corresponding abstract
result for C!-functionals is proved in [22]. We point out that we use also some ideas
from the proof of Theorem 4.3 in [24], but the deformation obtained in Proposition
2.3 from [24] can not be employed in our case because it is not “G-invariant” (see
Proposition 5.2 (ii)).

The paper is organized as follows. In Section 2 we show that the action functional
associated to problem (4) has the structure required by Szulkin’s critical point
theory and present the main properties involved in the proof of the existence of at
least N + 1 geometrically distinct solutions for (4). In Section 3 we introduce some
notations and the hypotheses. In Section 4 we prove a technical result (Proposition
4.9); this is the key ingredient in the proof of the deformation lemma (Proposition
5.2) which is given in Section 5. The next Section is a resume of the main tools
of the proof of the main result: Ekeland’s variational principle and the classical
Lusternik-Schnirelman category. In the last Section we prove the main result of the
paper (Theorem 7.1).

2. A nonsmooth variational approach for problem (4). Consider the peri-
odic boundary value problem (4) under the hypotheses (Hy), (Hr) and (Hp). The
following variational setting is taken from [2] when N = 1 and [20] in the general
case.

We set C = C([0,T],RY) and Wt = W1°(]0, T], RY). The usual norm || - ||
is considered on C' and L™>. Setting

T
C:={uecC: / u(t)dt = 0},
0
we can split
C=R"a&C
and each v € C' can be uniquely written as

u=u+u, withueR", aeC.
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Also, note that setting

N
Gp;: {Zkiwiei : kiEZ, 1§Z§N}a
k=1

one has that G, ~ Z" and span G, = RY. Putting
K={veW": [|[t|le < a, v(0)=v(T)},
we have that K is a convex and closed set in C.

Let ¥, : C' — (—00, +00] be defined by
T
\Ilp(v):/ P(v') ifv e K, U,(v) =+xifveC\K.
0

and G, : C' — R be defined by

T T
Gp(v) = / F(t,u)dt Jr/ h(t)u (ue ).
0 0
The following hold true.
(p1) G € CYC,R) and G, takes bounded sets into bounded sets; ¥, is convex,

lower semicontinuous and D(¥,) = {u € C: ¥,(u) < +oo} = K is a closed set in
C. Note also that

Gp(u+g) =Gp(u) and V,(u+g)=V,(u) Yuel, geGp.
(p2) One has that ¥,(0) = 0 and
U,(u) =¥,(u) foral weC.
(ps) There exists p > 0 such that
[@lloo < ps [®(u)|<p forall uwek.

(ps) Any sequence {u,} C K with {, } bounded, has a convergent subsequence.

With ¥, and G, as above, we define I, := ¥, 4+ G,,.

Proposition 2.1. Ifu € C is a critical point of I, i.e.,
(Gp(u),v —u) + ¥p(v) — ¥p(u) >0, Yo € C,

then u is a solution of problem (4).

3. Notations and hypotheses. The space R (N > 1) will be endowed with the
norm

lu| = I?Za1x|uz| for all w = (uq,...,un) € RY.

Let (X,]||-|/x) be a real Banach space with the dual denoted by X* and G be a
discrete subgroup of X. We denote by 7 : X — X/G the canonical projection. The
following definitions are taken from [22] and are classical. A set A C X is said to
be G-invariant if
A =71"Yn(A)).
Notice that a set A is G-invariant if and only if u+ g € A for all u € A and g € G.
If M is an arbitrary set and f : X — M is a function, then f is called G-invariant
if
flu+g)=f(u) forall we X,geq.
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For any G-invariant functional G € C1(X,R), one has that G’ : X — X* is G-
invariant. In what follows we assume that

dim (span G) = N.
Then, we have
G~17V, X~RNVN gy,
where Y is a closed subspace of X. So, any v € X can be uniquely decomposed as
u=Tu+u, withueRY, ey,
and the mappings u +— @, u — u are bounded linear projections. We will consider
on X the equivalent norm
ull = [a] + [l lx  (u€ X).
In the sequel we assume the following hypotheses.

(Hy) The functional G € C1(X,R) is G-invariant and G’ takes bounded sets
into bounded sets. On the other hand, ¥ : X — (—o00,400] is G-invariant, convex,
lower semicontinuous and D(¥) = {u € X : ¥(u) < +oo} is a closed nonempty

set.
(H2) One has that ¥(0) =0 and

U(u) =T(u) foral weX.
(H3) There exists p > 0 such that
ull <p, |¥(u)|<p forall we D(T).
(Hy) Any sequence {u,} C D(¥) with {@,} bounded, has a convergent subse-
quence.
Note that from (Hs) it follows that ¥ is G-invariant and
U(@) =0 forall weRY,
With ¥ and G as above, we shall consider the functional
I=v+g. (5)
According to Szulkin [24], a point u € X is said to be a critical point of I if u € D(T)
and it holds
(G (u),v —u) + U(v) — ¥(u) >0 forall veX. (6)
For any ¢ € R, we shall use the notations:
K ={ue€ X : uis a critical point}, K.={ue K: I(u)=c}.
Since G’ and ¥ are G-invariant, it follows immediately that if u € K, then 7= (7 (u))
C K. In this case the set 7=1(7(u)) is called a critical orbit of I. Moreover, using

that I is G-invariant, it follows that if u € K, then 7=1(7(u)) C K..
If A/ is an open neighborhood of K. and ¢ > 0, we denote

Ne={ue X\N: |ul <2, I(u) <c+e}.

If K. = (), then we will consider N' = (). Notice that A, is a compact set. Indeed,
using that I is lower semicontinuous, it follows that A is closed. If {u,} is a
sequence in N, then {u,} C D(¥) and {u,} is bounded. Hence from (Hy) it
follows that {u,} has a convergent subsequence. So, if N, # (}, we can define

a = max [(G'(u), 7)]. (7)
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4. Some auxiliary results. Below, all the neighborhoods will be assumed to be
open.

Lemma 4.1. Let c € R and N be a G-invariant neighborhood of K.. Then, for each
€ > 0, there exists € € (0,€| such that for any ug € X \N with c—e < I(ug) < c+e,
there exists vg € X satisfying

(G’ (uo),vo — uo) + ¥ (vo) — ¥(ug) < —3e.
Proof. By contradiction, assume that for any positive integer n there exists u,, €
X\ N with
c—1/n<I(u,) <c+1/n,
and
(G (un), v —up) +V(v) — U(u,) > -3/n, YvelX. (8)

Clearly, one has that {u,} € D(¥). On the other hand, using that G', ¥ and N
are G-invariant, we may assume that {%,} C [0,1)". So, using (H,), passing if
necessary to a subsequence, it follows that {u,} converges to some u € D(¥). We
deduce that

G(up) = G(u) and ¥(u,) = c— G(u).
As ¥ is lower semicontinuous, it follows that
¢—G(u) = liminf U(u,) > ¥(u).
n—oo
On the other hand, taking in (8) v = u we obtain
lim sup ¥ (uy,) < ¥(u).

n—oo
Hence,
U(u,) = U(u)
and using (8), we infer that v € K. But, I(u,) — I(u) and I(u,) — ¢, hence
I(u) = ¢ and u € K,. This is in contradiction with u,, — u, {u,} C X \ N and N/
is a neighborhood of K.. O

Lemma 4.2. Let ¢ € R and N be a G-invariant neighborhood of K.. Then, for
each € > 0, there exists € € (0,€| such that for any up € X \ N with I(ug) < ¢+,
there are €y € (0,¢€], vg € X and Uy a neighborhood of ug, satisfying

(G'(u),v0 —u) + V(vg) — ¥(u) <1, Vu e Uy, (9)
and
(G'(w),v0 — u) + ¥(vg) — ¥(u) < —2¢9, Yu € Uy with I(u) > c—e. (10)

Proof. Let € > 0 and the corresponding € € (0,€] be given in Lemma 4.1. We have
to consider the following three cases.

Case 1: ug € K. In this case, we shall prove the assertions with vy = ug. We have
(G'(ug)yu — up) + ¥(u) — V(ug) >0 forall ueX.
Then, from the continuity of G’, we infer that

(G'(w),uo — u) + ¥(ug) — ¥ (u)

(G' () = G'(uo), 1o — )
16" (u) = G" (wo) || |u — uoll
1

IAINCIA

)



54 CRISTIAN BEREANU AND PETRU JEBELEAN

for all u € Uy, where U; is a sufficiently small neighborhood of uy. On the other
hand, using Lemma 4.1, it follows

weK, c—e<I(u)<c+e=ueN,
which ensures that
I(ug) < c—e.

Next, we prove that there exists Us a neighborhood of ug and ¢y € (0, €] such
that
U(u) — ¥(ug) > 3eo, Yu € U, I(u) > c—e.
Assume by contradiction that there exists a sequence {u,} converging to ug, with
I(up) > c—¢, U(u,) — U(ug) <1/n

for all n > 1. This, together with the lower semicontinuity of ¥ imply that ¥(u,) —
U(ugp), hence I(u,) — I(ug). But I(ug) < ¢ — e and I(u,) > ¢ — €, which give a
contradiction. Note that, as G’ takes bounded sets into bounded sets, we may
assume

G @)l e — ol < 0, Vue U
It follows that
(G (u),uo —u) + T(uo) — ¥(u) < [|G"(w)]] |lu— uol| — 3e0 < —2e0,
for all u € Uy with I(u) > ¢ — e. So, in this case we take Uy = U N Us.
Case 2: ug ¢ K, I(ug) < ¢ —e. Let vg € D(¥) be with the property
(G (ug),v0 — ug) + ¥(vg) — ¥(ug) < 0. (11)

We may assume that vg is arbitrarily close to ug. Indeed, consider ¢ € (0, 1) and
wg = tvg + (1 — t)ug. Then, from (11) and the convexity of ¥, it follows that

(G' (), wo — ug) + ¥(wo) — ¥(ug) < 0.

The assertion follows by taking t — 0.
First, we deal with (10). Using that I(up) < ¢ — € and arguing exactly as in the
previous case, there exists Us a neighborhood of uy and ¢y € (0, €] such that

U(u) — Uug) > 4eo, Yu € Us, I(u) > c—e.

Using that G’ takes bounded sets into bounded sets, it follows that there exists
My > €9/2 with

[1G' (u)]] < Mo, Vu € X, ||u—ugl| < 1.
Now, let us consider vy satisfying (11) and ||vg — ug|| < €9/(2Mp). From the choice
of My, it follows

/ €0 €0
(; — < = —

for all w € X with |Ju — uo|| < €/(2My). Set Uy = Us N B(uo, €0/(2Mp)). One has
the following estimates:

W(vo) — ¥(u)

and  [|G"(w)|] [Ju — uol| <

(¥(vo) — ¥(ug)) + (¥(uo) — ¥(u))
(G (uo), 1o — vo) + (¥ (uo) — ¥(u))
I1G" (o)l [lvo — uol| + (¥ (uo) — ¥ (u))
€0/2 — 4ep < —3ep,

ININ A
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for all u € Uy with I(u) > ¢ — e. We infer
(G'(u), vo — u) + ¥(vg) — ¥(u)

A

< G @I ([lvo — uoll + [luo — ull) = 3eo
S E()/2-|-6(3/2—36():—2607

for all w € Uy, I(u) > ¢ —¢, and (10) is proved.
Next, we have in view (9). Let dp > 0 be such that

(G (ug),v0 — ug) + ¥(vg) — ¥(ug) = —26.

Using the continuity of G’, it follows that there exists a neighborhood of ug denoted
by Us such that

1G" (1) = G'(uo) |l [[vo — ull < do/4 and |G (uo)l| [[u— uol| < do/4,
for all u € Us. We get
(G' (), v0 — u)

(G'(u) — G'(uo),v0 — u)

(G'(u0),v0 — uo) + (G (uo), uo — u)
16" (w) — G'(wo)l| [lvo — ul|

(G (o), vo — uo) + ||G" (uo)|| |Ju — wuol|
80/2 + (G’ (ug),vo — ug),

for all u € Us. On the other hand, by the lower semicontinuity of ¥, there exists Us
a neighborhood of ug such that

\I’(UO) — \I/(U) < 50/2, Vu € Us.

IN + IN +

Consequently, taking U; = Us N Uy, one has

(G'(u),v0 —u) +¥(vo) — ¥(u) < do/2 + (G'(uo), vo — uo) + ¥(vo) — ¥(uo)
+W(ug) — ¥(u) < —do,

for all u € Uy, and (9) is proved. Therefore, in this case Uy will be Uy N Uy.

Case 3: ug ¢ K, I(up) > ¢ — €. From Lemma 4.1, there exists vy € X satisfying

(G'(ug),v0 — uo) + ¥(vg) — ¥(up) < —3e.

Now, arguing exactly as in the proof of (9) in Case 2, it follows that there exists Uy
a neighborhood of ug such that

(G' (1), v —u) < €/2+ (G (ug),vo —ug) and Y(ug) — ¥(u) < e/2,

for all u € Uy. Also, an argument similar to that used in the proof of (9) in Case 2
yields

(G'(u),v0 —u) + U(vg) — U(u) < =2 Vu e Up.
O

Lemma 4.3. Let ¢ € R and N be a G-invariant neighborhood of K.. Then, for
each € > 0, there exist € € (0,€], M. > 0, € € (0,€] such that: Yuy € N, Jvg € X
with ||vol|] < M, Uy a neighborhood of ug satisfying (9) and

(G'(uw),vg —u) + ¥(vg) — ¥(u) < —2¢, Vu € Uy with I(u) > c— e (12)
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Proof. Let € > 0 and the corresponding ¢ € (0, €| be given by Lemma 4.2. For each
ug € N, let €y, v and Uy constructed in Lemma 4.2. The sets Uy cover N,. Using
that A, is compact, it follows that there exists (Uj)é-=1 a finite subcovering. Let
uj, €5, v; be related to Uj; in the same way as wg, €9, vg are related to Uy. We set

l
M, = max llvj]] and € =mine;.
j=1 j=1

Then, for uy € N, there exists Uj, such that ug € Uj;,. We take v9 = v;, and
Uy = Uj,. The proof follows now from Lemma 4.2. O

Lemma 4.4. Let ug € D(V) be such that

G'(uo) g~ # 0. (13)
Then, for any r > 0, there exists v, € X and Uy a neighborhood of ug such that
(G'(utg)vr = (utg)+¥(vr) = T(u+g) < -, (14)

for all g € G with |g| < 6 and u € Uy.

Proof. Since G’ is bounded on bounded subsets of X, we can fix some py > 0 such
that
G (u),9)| < po, Yu € Blug,1) and g € G with |g| <6.

On the other hand, one has that there exists some e; = (0,...,1,...,0) € RY with

(G (uo), ;) # 0.
We may assume that

<gI(U0),€j> > 0.
Let r > 0 and consider v, = ug + 9, € D(¥), where v, = (0, ..., w,, ..., 0), (w, € R).
We have

(G'(u0), vy — uo) = (G’ (u0), 0r) = wy(G' (uo), €5)-
It follows that there is some w, < 0 such that
(G'(uo), vy —uo) < —1—2(po +2p),
with p entering in (Hs). Then, for u € X, we write
(G'(u),vr —u) < |G () = G'(uo)l| [[vr — ull + [IG" (o] [luo — ul|
+ (G (u0), v — uo).

Using the continuity of G, it follows that there exists U, C B(ug, 1) a neighborhood
of ug such that

+ 2p
() — G (uo)|| < 2T e,
19/) = G ()] < A2
Also, we may assume that
+ 2
16 (o)l [juo — l| < 55, Vu € U,

Then, from
|[or = ul| < fw, +1

we obtain

+ 2
16/ (w) = G’ (wo) | o, — ull < 5=, vueU,.

Hence,

(G'(u),v, —u) < —r—(po+2p), Yu€U,.
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Now, the result follows immediately from the G-invariance of G’ and ¥ and from
(Hs). [

Lemma 4.5. Letc € R and N be a neighborhood of K.. Then, for any e, r > 0, there
exists Mc, > 0 such that Yug € N, satisfying (13), vy € X with ||vo|| < M,
Uy a neighborhood of ug such that (14) holds true, for all g € G with |g| < 6 and
u € Uy.

Proof. Using that the set N C D(¥) is compact, the argument is similar to that
employed in the proof of Lemma 4.3, but with Lemma 4.4 instead of Lemma 4.2. O
Remark 4.6. Let U be an open subset of X ug € U. Using that G is discrete, there
exists po € (0, 1] such that the square
D(UO,,U()) = {u e X: ‘ﬂ—ﬂ(ﬂ < U, ||1~L— ﬂo” < ,U()}

satisfies D(ug, po) C U and

u € D(uo, po) = u+g ¢ D(uo, o) Vg € G\ {0} (15)
It follows that Uy in the above Lemmas 4.2 - 4.5 can be supposed to be such a
square.
Remark 4.7. (i) Let ug € X be such that

G'(uo)|ry = 0. (16)
From the continuity of G’ in ug, we infer that for any n > 0, there exists d,, > 0 so
that
(G (u),v)| <nlv], YveRY, Vue X with ||u— ug|| < 4,.

(ii) Let Uy = D(ug, tto) be as in Lemma 4.3 (see also Remark 4.6) with € < 1.
Assume that wug is such that (16) holds true. Let n = €/12 and d,, > 0 be the

corresponding number associated to 7 by (i). Consider also vy € (0, min{uo, 6,/2}),
and note that D(uo,vo) C B(uo, 6y) N D(ug, po). It is clear that

(G (u+g),v)| < (¢'/12)]], (17)
for all g € G, v € RY and u € D(ug,vp). Then, for all g € G with |g| < 6 and
u € D(ug, ), one has

(G (u+9g),—g) < €/2.
This, together with Lemma 4.3 and the G-invariance of G’ and ¥, imply that

(G'(u+g),v0 = (ut9)) + (o) = ¥(u+g) <2, (18)
for all g € G with |g| < 6 and u € D(ug, vp). If, moreover, I(u) > ¢ — €, then
(G'(u+g),v0 = (u+g)) + ¥(vo) — ¥(u+g) < —¢. (19)

Remark 4.8. Let a be defined in (7) and ¢ > 0. Then, taking in Lemma 4.5,
r = € + «, we obtain that there exists M/ := M, .4, > 0 such that for any ug € N
satisfying (13), Jvg € X with |[|vg|| < M., 3D(ug, o), such that

(G'(u+g),v0 — (u+g)) +¥(vg) — ¥(u+g) < —(e+ ), (20)
for all g € G with |g| < 6 and w € D(uq, po).
The main result of this Section is the following

Proposition 4.9. Let ¢ € R and N be a G-invariant neighborhood of K.. Then,
for each € € (0,1] there exist € € (0,€], me > 0 and € € (0,¢€] with the following
properties.
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19 For any ug € N with G'(uo)|gy = 0, Jvg € X with |Jvo|| < me, Jpuo > 0, such
that
(i) (17) holds true for all g € G, v € RN and u € D(ug, uo);
(11) (18) holds true for all g € G with |g| < 6 and u € D(ug, po);
(11i) (19) holds true for all g € G with |g| < 6 and u € D(ug, o) with
I(u) > c—ce.
20 For any ug € N with G'(ug) gy # 0, Jvg € X with ||vo|| < me, Fuo > 0, such
that (20) holds true for all g € G with |g| < 6 and w € D(ug, o).
Note that g above is taken such that (15) holds true.

Proof. For 1° one applies Lemma 4.3 and Remark 4.7, while 2° follows from Lemma
4.5 and Remark 4.8; one takes m, = max{ M., M!}. O

5. A deformation lemma.

Lemma 5.1. Let ¢ € R and N be a G-invariant neighborhood of K.. Then, for
each € € (0,1] there exist € € (0,€], dc > 0, € € (0,¢] and n: [0,f] x Ne = X a
continuous function, with the following properties.

(1) 1(0,-) = idy.

(it) n(t,u+ g) = n(t,u) + g, V(t,u) € [0, t} xM, Vg € G with u+ g € N..
(i) ||n(t, u) —ul| < det, V(t,u) € [0,7] x
(iv) I(n(t,u)) — I(u) < dct, Y(t,u) € [0, t} X N

(v) I(n(t,u) — I(u) < —€t/2, ¥Y(t,u) €[0,f] x N with I(u) > c—e.
(vi) If A is a closed subset of N with ¢ < sup 1, then

sup I(n(t,u)) — sup I(u) < —€'t/2, vt € [0,¢].

ucA u€eA
Proof. Covering. Let € € (0,1] and the corresponding ¢ € (0,€], me > 0 and
¢ € (0,€] be given in Proposition 4.9. Also, for each uy € N, let vy, po and
D(ug, o) be as in Proposition 4.9. Since the sets D(uq, pg) cover the compact set
N, it follows that there exists (Dj)é-:1 a finite subcovering. Below, u;,v;, pt; will
be related to D; in the same way as g, v, fto are related to D(uo, f1o)-

Partition of unity. Let p! : X — [0,00) be a continuous function (we can take
the distance function d(-, X \ D;)) such that

pH(u) >0, Yue D; and p}(u) =0, Yu€ X\ D;.
Consider the G-invariant set
Vi = U (Di + g).
geG

Note that, from the choice of the squares D; (see (15)), one has that the sets D; +g¢
(9 € G) are mutually disjoint. It follows that, the function p? : X — [0,00) given
by p2(u+g) = pi(u) for all u € D;, g € G, and p?(u) = 0 for all w € X \ V; is
correctly defined, continuous and G-invariant.

Now, let us define

and
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One has that o; is correctly defined, continuous and G-invariant in the sense that
oi(u+g)=o0i(u), YueD, geGwithu+geD.

Also, we have

and
oi(w) #0 & w=w; + g; with some w; € D;, g; € G. (21)
Deformation. Consider the function 7 : [0,1] x A; — X given by

l
n(t,u) = (1 —t)hu+ tzgi(u)vi +tu ((tu) €[0,1] x No).

It is clear that n is continuous and n(0, -) = id. .
To prove (ii), let (¢t,u) € [0,1] x N and g € G be with u+ g € N.. Then, we have

l

(1=t)(u+g)+tY oi(u+g)v+tutg]

i=1

n(t,u+g)

l
= (I-tu+1—t)g+tY_ oi(wo +tu+tg
1=1

= n(t,u)+g.

In order to prove (iii), let us consider (¢,u) € [0, 1] x A;. Using (H3) and denoting
d! =m. + p, one has:

l
It u) —ull = 8y oi(u)o; —all
=1

l
<t [Zai(U)HviH + [[al]
i=1

= td!.

!
<t [mGZ(ji(u) +p

i=1

Estimations. Let us consider (¢,u) € [0,1] x N¢. Setting

l
w = Zai(u)vi —u,
i=1

we have ||w|| < d! and
n(t,u) = u+ tw.
By the mean value theorem, we can write
Glu+tw) — G(u) = (G (u+ Otw), w),
with some 6 € (0,1). Hence,
I(n(t,u)) = G(u) + G (u + Otw), w) + ¥(u + tw). (22)



60 CRISTIAN BEREANU AND PETRU JEBELEAN

On the other hand, from (Hs) and the convexity of ¥ we get

1
U(u+tw) = W ((1 —tu —&—tZai(u)vi + tu)

l
= v ((1 —t)u +tzai(u)vi>

l
< (1-t)U(u)+ tZUi(u)\P(vi).

Then, using (22), it follows

I(n(t,u) —I(u) < tzgi(u) [(U(v;) — ¥ (u)] + (G (u + Otw), w)

= > ai(w) [(G' (w), v; — u) + U(v;) — T(u)]
+ t[{G (u+ Otw), w) — (G’ (u), w) + (G (u), W)
< tidi(ﬂ) (G (u),vi = u) + U (v;) — U (u)]
+ 1 l[?lllg'(u +0tw) — G'(u)]))de + (G (u), 7)]

Next, as G’ is continuous and N, is compact, there exists § = §(e,€’) > 0 such
that

[|G'(v) — G'(u)|| < €/(4d}), Vue N,ve X with |jv—ul| <4
Then, denoting
ty :=0d/d},
it follows
|G/ (u + 0tw) — G'(u)|| < €'/(4dL), Vte[0,11], Yue N..

So, we obtain

l
I(n(t,u) = I(u) < tzw(U) (G (W), vi — ) + W (i) — W (u)]

+ t[e'/4+ (G (w),1)] (23)

for all t € [0,¢1] and u € N..
Let us prove (iv). Consider (¢,u) € [0,¢1] x M. From (21), if o;(u) # 0 then
u=u; + ¢;, with u; € D; and g; € G. In this situation we have

|96l < ] + Juil < [@] + [uf — | + @] <24 p; +2<6
and, from Proposition 4.9 (ii) it follows
(G (u),v; —u) +¥(v;) — U(u) < 2.
This, together with (7) and (23) yield
I(n(t,u)) — I(u) < tla+3).

To prove (v), let (t,u) € [0,%;] x Ne be such that I(u) > ¢ — e. We rewrite (23)
as follows
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I(n(t,w)) - I(u) < (24)
1
£ i@ (G (W), v — ) + (o) — U(w) + (G (), )] + ¢ /4.

As above, if 0;(u) # 0 then u = u} + g;, with u; € D;, g; € G and |g;| < 6. From
Proposition 4.9, if G'(u;)|gr~y = 0, then
(G"(u),vi = u) + W(v;) = ¥(u) < €,
and
(G (u), m)] < €'/6,
while, if G'(u;)|gn # 0, then
(G (u),v; —u) + U(v;) — ¥(u) < —€ — .
In both cases, one has that
(G (u), vi = u) + W (vi) = T(u) +(G'(u), 1) < —€ + (¢'/6).
This, together with (24) give

l
I(n(t,u)) — I(u) < tz oi(u)[—€ 4 (¢/6)] +te' /4 < —€'t)2.

In order to prove (vi), we set ¢ := min{#1,1/2, } and let A C N; be closed

2(0(6-&-3)
such that ¢ < supI. For t € [0,%], we have two cases.
A
If

sup I(n(t, u)) < ¢ — (¢/2),
u€A

then, using that ¢ < 1/2, it follows

sup I(n(t,u)) — sup I(u) < —et < —€'t.
u€A u€A
If

sup I(n(t, u)) > ¢ — (¢/2),
u€A

then, putting
B:={ueA: I(u) > c—¢},
it follows
I(tu) <Iw)+ (a+3)t<c—e+ (a+3)t<c—(¢/2),
for all u € A\ B. We infer that

sup I(n(t, u)) = sup I(n(t, w)).

ucA u€EB
Consequently,

sup I(n(t,u)) —sup I(u) < supI(n(t,u)) — sup I(u)

u€eA u€A u€EB u€B
< sup[I(n(t,u)) — I(u)]

ueB
< —€t)2.
Now, to finish the proof it suffices to take d. := max{d}, o + 3}. O

The main result of this Section is the following
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Proposition 5.2. Let ¢ € R and N be a G-invariant neighborhood of K.. Then,
for each € > 0 there exist d > 0, €’ € (0,€] with 2de’ <€, and n: [0,t] Xx Neow — X
a continuous function, with the following properties.
(Z) n(ov ) = id/\/Fu-
(ii) n(t,u+g) =n(t,u) + g, V(t,u) € [0,t] x New, Vg € G withu+ g € New.
(iii) ||n(t,u) —ul| < dt, V(t,u) € [0,¢] x New.
() If A is a closed subset of Now with ¢ < supy I, then

sup I(n(t,u)) — sup I(u) < —€''t, vt € [0,¢].
ucA u€A

Proof. The result follows immediately from Lemma 5.1 taking
0 < ¢’ < min{e'/2,¢/2d.}.
Note that No» C Ne. O

Lemma 5.3. Let n be as in Proposition 5.2. Then 7 : [0,t] X 7(Nev) — 7(X)
defined by

n(t,T)=n(n(t,v), forveNs withm(v)=T (t€]0,t])
is well defined and continuous.

Proof. Let (t,T) € [0,t] x w(Nev). It follows that there exists u € N such that
m(u) = I'. Assume that uy,us € Nov are such that w(u1) = I' = 7(ug). It follows
that us = u1 + g, for some g € G. Then, using Proposition 5.2 (ii), we get

77(157@62) = U(t»m + g) = n(tvul) + 9,

which means that 7(n(t,u1)) = 7(n(t,u2)) and 7 is well defined.

For the continuity of 7, consider a sequence {(tx,'x)} C [0,¢] x m(Ne) converging
to some (t,T) € [0, ¢]xm(Ne). It follows that there exists {ux} C X with w(uy) = T
such that uxy — v € X and 7(u) = I'. Note that Uy — @ and Ty — @. On the other
hand, uy = vk + g with some vy € N and g, € G. So, using that I is G-invariant,
we deduce I(ug) < c+¢”. Similarly, u = v+g withv € Mo, g € G and I(u) < c+¢”.
Consider ¢’ € G with u + ¢’ € [0,1)". Then, we may assume that [u; + ¢'| < 2 for
all k € N. Using that A" and I are G-invariant, it follows that wy := ug + ¢’ € New
and w := u + ¢’ € Ngv. By the continuity of n and m, we have

Ntk L) = 7(n(te, wi)) = w(n(t,w)) = (¢, T)
and the proof is complete. O

Remark 5.4. If A C [0,1)Y + Y is compact, b € X and inf,e4 ||b — a|| < 1, then
|b] < 2. Indeed, using the compactness of A, it follows that there exists ag € A such
that |[b— ao|| = infaca ||b — al|. As ||b— ao|| = |b— @o| + ||b — @o||x, one has that
|b —@o| < 1. It follows that |b| < [b— @ + |a@o| < 2.

6. Main tools. The results in this section are proved in [22].

1. Lusternik-Schnirelman category. Recall, a subset C' of a topological spaces
E is called contractible in E if there exists a continuous function b : [0,1] x C — E
and e € F such that

h(0,-) = idc, h(l,-) =e.
A subset A of a topological space E is said to has category k in E if k is the least
integer such that A can be covered by k closed sets contractible in E. The category
of A in E is denoted by catg(A).
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The main properties of the Lusternik-Schnirelman category are given in the fol-
lowing
Lemma 6.1. Let E be a topological space and let A,B C E.
(i) If A C B, then catg(A) < catg(B).
(ii) catg(AU B) < catg(A) + catg(B).
(i1i) If A is closed and B = n(t, A), where n : [0,¢] x A — E is a continuous
function such that n(0,-) = ida, then catg(A) < catg(B).

Remark 6.2. In the functional framework from the previous section, if A =
[0,1]Y 4+ {0} (C X =RN @Y), then cat,(x)(7(4)) = N + 1.

2. Ekeland variational principle. Let (E,d) be a complete metric space and
v: E — (=00, +00] a proper, lower semi-continuous function bounded from below.
Given 0, > 0, and x € E with

<
v(z) < 1gf’y + 9,

there exists y € E such that

Y(z) —(y) > —dAd(y, 2), Yz € E.

3. Hausdorff distance and a complete metric space. On account of Remark
6.2, it follows that, for 1 < j < N + 1, the set
Aj ={AC X: Ais compact and cat(x)(m(A4)) > j}

is nonempty. In order to apply Ekeland’s variational principle, we need the following

Lemma 6.3. Let 1 < j < N+1 be fized.
(i) The space A; with the Hausdorff distance

0(A, B) = max{sup dist(a, B),sup dist(b, A)}
a€A beB

is a complete metric space.
(it) If I + X — (—o0,+00] is lower semicontinuous, then the function v : A; —
(—00, 400, defined by

v(A) =supl (A€ Aj) (25)
A
is lower semicontinuous.

7. Main result. The main abstract result of the paper is the following

Theorem 7.1. Under the assumptions (Hy) — (Hy), the functional I defined in (5)
is bounded from below and has at least N + 1 critical orbits.

Proof. First, let us note that, D(¥) closed and (Hy) imply that {u € D(V) : [u] <
1} is a compact set. This, together with the G-invariance and the continuity of G,
imply that G is bounded on D(¥). So, from (H3), we deduce that I is bounded from
below on X.

For 1 <j< N+1,lety:A; — (—o0,+00] be defined by (25) and

¢j = Alélﬁj v(A).
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Using also that A1 C Aj, one has that

—00 < lgl(fl <ci <...<CN+1-

Moreover, from Remark 6.2 one has A = [0, 1] + {0} € An41, and using (Ha), we
have that I(u) = G(u) for all u € A. This together with the continuity of G and the
compactness of A imply that

CN4+1 < OQ.

We will show that K., # . By contradiction, assume that K., = (). Then, let
d,€”,n be given by Proposition 5.2 with A" = () and € = 1/2. Consider B € A; with
¥(B) < ¢j+¢"”

Using the G-invariance of I, we may assume that B C [0,1)"V + Y. Using Ekeland’s
variational principle (see Lemma 6.3) with § = ¢”* and A = 1/2¢"d, it follows that

there exists Cp € A; such that

Y Cp) <A(B) < ej+ €7, (26)
5(B,Cp) < 2¢"d < 1/2,

"

WD) = ¥(Cr) 2 ~,6(Cu. D), VD€ A;. (27)

In particular, one has that §(B,Cg) < 1 and v(Cp) < ¢; + €”, which together with
B C [0,1)Y +Y and Remark 5.4 imply Cg C N.». So, we can consider the compact
set Dp :=n(t,Cp). Then, with 7 introduced in Lemma 5.3, we have

m(Dp) =1(t, 7(Cp))
and from Lemma 6.1 (iii) it follows
Cat’ﬂ'(X) (W(DB)) 2> CatTr(X)(ﬂ-(CB)) 27

showing that Dg € A;. So, y(Dg) > ¢;. On the other hand, from Proposition 5.2,
one has

§(CB,DB) S dg, ’y(DB) - ’}/(CB) S 76”%.
Consequently,

1 "

—"t > — > _c > _&
€'t = 'V(DB) ’V(CB) = 2d5<CB,DB) = det,

giving 1 < 1/2, a contradiction.

It suffices to prove that, if ¢, = ¢; = c for some 1 < j < k < N 41, then K,
contains at least k— 7+ 1 critical orbits. By contradiction, assume that K. contains
at most n < k — j critical orbits denoted by 7~ (7 (u1)), ..., 71 (7 (u,)). Note that,
from the above step it follows that n > 1. Let p € (0,1) be such that 7 restricted
to B(um, p) is injective. We introduce the G-invariant set

M, = J | Blum+g.p),

m=1g€eG

which, clearly is an open neighborhood of K.
Let d,€”, and 7 be given by Proposition 5.2 with N' = M, /5 and € = p/2. Pick
A € A, such that

Y(A) <c+ "
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Using the G-invariance of I, we may assume that A C [0,1)V + Y. Setting B =
A\ M, and using Lemma 6.1, we have

k< catrx)(m(A))
< catgrxy(m(B) Um(M,))

< Cat‘n'(X) (W(B)) + Ca‘tﬂ'(X)(Tr(Mp))'

Since from the injectivity of m on B(um,p) and Lemma 6.1 (ii), one has that
catr(x)(m(M,)) < n, it follows

k< CatTr(X)(ﬂ-(B)) +n< Cat‘n'(X) (W(B)) +k— .jv
hence B € A;. It is clear that
v(B) <~(A) <c+ .

By Ekeland’s variational principle with § = ¢/* and A = 1/2¢”d, there exists Cg €
A; such that (26), (27) hold true and

3(B,Cg) < 2e"d < p/2.

Note that BN M, =0 and §(B,Cp) < p/2 imply CgNM, /5 = 0. Then Cp C N,
and reasoning as above we arrive at the same contradiction (1 < 1/2), and the proof
is completed. O

Corollary 7.2. Under the hypothesis (Hy), (Hr) and (Hy,), the differential system
(4) has at least N + 1 geometrically distinct solutions.

Proof. Tt follows immediately from the Theorem 7.1 and the results of Section 2. [
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