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Abstract We characterize the existence of the Lebesgue integrable solutions of the
truncated problem of moments in several variables on unbounded supports by the
existence of some maximum entropy—type representing densities and discuss a few
topics on their approximation in a particular case, of two variables and 4th order
moments.
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1 Introduction

In this work we consider the problem of moments in the following context. Let T C R”
be aclosed subset, wheren € Nis fixed. Let I C (Z4)" be finite such that0 € I, where
Zy+ = NU{0}. Fix aset g = (g;)ies of real numbers g; with gg = 1. The problem
under consideration is to establish if there exist (classes of) Lebesgue measurable
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functions f > 0 a.e. (almost everywhere) on T', such that fT [ 1] f(t)dt < ooand

/t"f(r) di =g (i €l) ey
T
and find such solutions f. As usual dt = dt;...dt, and ' = tfl ~~t,i" for any
multiindex i = (i1,...,i,) € 21 where t = (t1,...,1,). In this case we call f a

representing density for g, and g; the moments of f.In general T is unbounded and
usually /7 = {i : |i| < 2k} fork € N, where |i| = i1 + -+ ip.

Generally a problem of moments [5,37], called also T -problem of moments when
T is given (Curto and Fialkow [15]), is concerned with the existence of an arbitrary
Borel measure ;> 0 supported on 7 such that fT t'du(t) = g; fori € I, in which
case one calls  a representing measure of g. The feasibility of (1) characterizes the
dense interior of the convex cone of all data g having representing measures, provided
that all # € T are density points and / is a union of intervals [0, i] := {j € Z : 0 <
Jr < ik, 1 <k <n}, see (Theorems 5, 6, [3], and Junk, Theorem A.1, [23] in a slightly
different context). For our purpose here we only require that the Lebesgue measure of
T be # 0.

Author’s main contributions are contained in the statements 4-9. In particular,
by Corollary 6 for example, for each fixed € > 0 we characterize the feasibility of
(1) by the existence of a (unique) fi minimizing [, f1In fdt + € [} |t[|**T2 f (1) dt
amongst all solutions, which is equivalent to the existence of a (unique) vector A* =
(A;.*)|,-|52k maximizing the associated Lagrangian L(A) = L.(X) = mezk giki —

J7 e2i=ak Mil! _€”t||2k+2dt, in which case fi(f) = eXlil=2 M —eltl*? G here Izl =
(Z;le t%)l/ 2. The more general formulation of the main result Theorem 4 aims to
cover also other cases like 7 =compact with € = 0 [31].

Maximizing the Boltzmann—Shannon’s entropy H(f) = — fT fInfdp on a
probability space (7, u) subject to various restrictions fT aifdpu=gi (i € I)is a
well-known principle in statistical mechanics and information theory [13,20,23,32].
The maximum of H is attained on the unbiased probability distribution f, on a partial
knowledge, of the prescribed average values g; of some random variables [9, 13,20].
Typically f; is obtained by maximizing a function L (the Lagrangian) convex conju-
gate to —H [10,11,27,33,36], which leads to characterizations (sup/maxL < oo) of
the feasibility of the primal problem—in our case (1). One may consider more general
measures 1 > 0 or functionals like H(f)= —tr(f In f), tr(In f) where f = positive
definite matrix for noncommutative moments (Theorems 2,3, [4]), [7].

While the case T =compact was known long before (Lewis [31]), the similar
problems with unbounded support 7' (or unbounded moments a;) are usually difficult
and still studied, see Abramov [1], Borwein [9], Junk [23], Hauck et al. [27] and
others [18,22,24,30,39]. We mention that the feasibility of (1) has been characterized
in Blekherman, Lasserre [12], avoiding entropy maximization but also in Lagrangian
terms. If 7 is unbounded, Corollary 6 cannot be improved to € =0: there are examples
of realizable, but degenerate data g such that the constrained H-maximization fails
for (7, u) = (R", dt), see Junk and co-workers [22,27]. For H(f)=— fT fIn fdt,
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the maximization of L(A) (= Lo(X) € [—00, 00)) always holds, at a unique point
A*—using for instance (Corollary 2.6, [10]), see also [23,27]. It follows, by means of
Fatou’s lemma, for [ ={i : |i| <2k}, that |ti|ez‘f‘§2k = LY(T, dt) for all |i| <2k,
fT tiez‘-f‘SZk Ajﬂdt = g;i (]i] < 2k) but the equality may fail for |i| = 2k. Namely
the dual attainment supL = maxL does hold, but primal attainment sup ¢ ) H (f) =
max re(1)H (f) is also a difficult topic if a; (t) (for instance t) are not in the dual of
L! (T). For these matters we refer the reader to [22,23,27,32] and for applications to
Boltzmann equations we mention also [6,14,18,24,39].

Originated in works by Stieltjes, Hausdorff, Hamburger and Riesz, the area of
moments problems saw extensive development in many directions, that we do not
attempt to cover. There exist also other approaches to the multivariate moments prob-
lems, by operator theoretic or convexity methods [16,17,19,35,38,40], in particular a
truncated version of Riesz—Haviland’s theorem [15], see also [25,34] for other results,
related to sums-of-squares representations of positive polynomials or polynomial opti-
mization theory. These interesting topics are beyond the goal of the present paper, that
is focused on the H/L -maximization.

2 Main results

Fix T, I and g as stated in the Introduction. For any measurable space 7 endowed
with a o-finite measure £ > O and 1 < p < o0, the notations L? (7, ), Lf,’r(T, w)
(sometimes, L? (), Lﬁ(p.)) have the usual meaning. We repeat below an argument
from (Theorem 2.9, [10]), adapted to our case.

Lemma 1 (See [10]) Let u > 0 be a finite measure on T. Let x € L}r(,u)\{O},
and a; € Ll(u) (i € I) be a finite set of functions such that fT laj|xdpu < oo
for all i and (a;); are linearly independent on any subset of positive measure. Then
there is a sequence (yi)i=k, C L*(n) such that x; = min(x, k) + yr > 0 a.e.,
Jraixd = [raixdpforalli € I,|yi| < x and yy — 0 a.e.

Proof Set z; = min(x, k) for k > 1. Using {x > 0} = Uj>1{&x > 1/I}, we find a
8 € (0,1) and 7, C 7 with u(7Z,) > 0 such that x(z) > § a.e. on 7. The linear map
A L®(T,) — RN (N = card I), Ay = (fﬂ a;ydp); is surjective for otherwise
there is a (X;); # 0 orthogonal to its range, such that Zi Ai fﬂ aiydpn = OVy,
whence > ; Aja; = 0 a.e. on 7, that is impossible. Since A has closed range, there is
a ¢ such that infycper 4 |y — wlloo < cl|Ay|IVy € L*°(7,). By Lebesgue’s theorem
of dominated convergence, limy fT a;zxdp = fT a;jx du for all i. There are y; €
L®(T) with supp yv C 7, such that fT aiykdp = fT a;(x — zx)dp and, since
Ayr — 0, we can choose them such that || yx||cc — 0. For large &, || yk|lcoc < §/2. On

Te, x > min(x, k) > 8§ > 8/2 > |ykl|. Then x; > 0 a.e. O

Fenchel duality deals with minimizing convex functions ¢ : X — (—00, oo ] over
convex subsets of locally convex spaces X, in connection with the dual problem of
maximizing —¢* where ¢* is the convex conjugate of ¢, called also its Legendre-
Fenchel transform [10,11,27,33,36]; ¢ must be proper (¢ % 00). Letting the effective
domain of ¢ be domgp = {x € X : ¢(x) < oo}, ¢* is defined on the dual of X by
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@*(x*) = sup{(x, x*) —@(x) : x € dom ¢}. Typically, inf ¢ = sup(—¢*). Briefly
speaking, we set ¢(x) = —H(x) if x > 0 satisfies the equations of moments,
and ¢(x) = 400 outside the set of solutions. Then ¢ is convex conjugate to
@*(x*) = In [; e2iMiai gy — > &iri for x* = 3 Aja;, and ¢*(x*) = 400 oth-
erwise. Thus dom ¢* is the linear span of the ¢;’s and (if a9 = 1) the Lagrangian
[ := —¢*|dgomy* is given by A +— —In [ e2ien0) %@ =8) g, Maximizing [ or L
are equivalent problems. We rely on Borwein and Lewis’ results [10] concerned with
L, providing dual attainment in a point A*. The equality inf ¢ = sup(—¢™*) becomes
here P = D. Although under different hypotheses, L is analogous to the dual func-
tion ¢ from Hauck, Levermore and Tits (Section 4.1, [27]), and would fit the case
when dom L N d(dom L) =¢ in Junk [23] except we do not have here a distinguished
moment a,, such that lim; |- o llfil(r;)(lt) =03 #m).

The following Borwein and Lewis’ result from [10] is the main Fenchel theoretic
tool to be used later on in the proof of our Theorem 4.

Theorem 2 (Corollary 2.6, [10]) Let T be a space with finite measure ;1 > 0, 1 <
p < ooand a;i € Li(n), gi € R fori € I (=finite) where % + 1 =1 Let
¢ : R — (—00, 00] be proper, convex and lower semicontinuous, wit?l 0,00) C
dom ¢. Suppose there exist x € LP () with x(t) > 0 a.e. such that ¢ o x € Ll(,bL)
and fTai(t)x(t) du(t) = gi fori € I. Then the values P € [—00,00) and D €
[—o0, 00 ] defined respectively by

P =inf /¢(x(t)) du(t) :x eLP(w), x = O0ace., pox eL' (), [aixdu=g; Vi
T T

and

D =max Zgi)‘i — /¢* (ZAiai(t)) du@) : 2 €R, q)*oz riai € LY ()

iel T iel iel

are equal, —0o < P = D < 0o and the maximum D is attained.

Remark 3 (a) Let¢ bedefinedby ¢ (x) = xInxforx > 0,¢(0) = 0and ¢ (x) = +o00
for x < 0. Then ¢ is proper, convex, lower semicontinuous, bounded from below,
with effective domain [0, co) and its convex conjugate is ¢p*(y) = e¥~1 for all
y € R; use to this aim that ¢*(y) = sup,~o(xy — x Inx).

(b) For the integrand ¢ defined at (a) and (A)ier = 0, the constant function
(@* 0D ics Xia))(t) = ¢*(0) is in L'(w). Thus for any data a;, g; verifying the
hypotheses of Theorem 2, we obtain that —oco < P = D < oo.

(c) Letx € LY () with xInx € L'(w) and yx € L'(u) (k > 1) such that x; :=
min(x, k) + yr > 0 ae., |[yx] < x and yr — 0 a.e. as k — oo. By Lebesgue’s
dominated convergence theorem, limy f xrInxpdp = f xInxdpu, since on {t :
X (1) =1}, xp <2x = |xg Inxg| < 2x In(2x)| while on {z: xg () < 1}, |xx In x| <
1/e; hence |xx Inxg| <|2xInx 4+ 2In2)x|+ 1/e € Ll(u).
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In Theorem 4 the choice of the norm on R” is unimportant. We call a function a
on T independent of (¢');cy\ (o) if there are no subsets Z C T of positive measure and
constants (¢;)ies\{0} such that a = Z[GI\{O} cit' on Z.

Theorem 4 Let T CR" be closed, I CZY finite, 0 € I and g =(g;)icy a set of numbers

with go=1. Set m =max;cy|i|. Let a, p be measurable functions on T, 0 <a, p < o0
)™ +1 .

a.e. such that fT e «a0 p(t) dt <oo for all a >0, and a is independent of (t')ie\(0}-

The statements (a), (b), (c) are equivalent:

(a) There exist functions f € Lfr(T, dr) such that fT |t f(1)dt < oo and

/ ff@dt =g (i €l); )

T

(b) There exists a particular solution f, € LL(T, dt) of problem 2, maximizing the
entropy functional H=H, , : LL(T, dt) — [—o0, 00) given by

H(f) = _/(ﬂlnﬁ)pdt
o P
T
amongst all solutions;

(c¢) The Lagrangian function L = L, 4 ¢ : RY - [—o0, 00) (N = card I ) associated
to the functional H and the Eq. 2, given by

iel

L) =D giki — / eZiet MO o1y dr (k= (hi)ier).
T

is bounded from above and attains its supremum in a point \* = ()\;")ie I

In this case f, and \* are uniquely determined, —H (f) = L(\*) and
fot) = a7 p(t) eXier IO (1 e 7)),

in particular H # —o0 on the set of all solutions of 2, and
. 1 s
/ 1 eaw et i Ty p(tydt = gi (i € D).
T
Proof Leta;i(t) = ti/a(t) fori € I and ¢t € T. The condition on p and a shows that

the measure  := pdt on T is finite and, by means of the inequalities: [¢;| < ||7]]
(== t]z)l/z) forl1<j<n,

|ti| - |[{l ...tlin| < ||l||i1+m+i" < (”[”m + l)\il/m < ”t”m +1 3)
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m

and D ;o Aiai(t) < D icq Al - ”tﬂ(t)ﬂ, that for every A = (A;);e; € RV

g = /eZiEI MaO=1g, (1) < oo. 4)
T

By writing se*/* < e#$/% for large B (> a/e + 1) and s := (||t]|"" + 1)/a(2),

H™+ 1 1am+
™+ 1N ) < 00 (@ > 0). 5)
a(t)

T

Then for every A = (X;)ies, by the inequalities (3) again,

/(”f”m + Da(r) ™ eZicr MO~ q (1) < oo. (6)
T

Hence fT a; (t)eziel *aiO=1g,(1) < oo, in particular a; € LT, p) fori e I. Any
of the statements (a)—(c) implies that the Lebesgue measure of 7 is strictly positive
(finite or not), due to the condition gg = 1. Then for every f € LL(T, dt),by Jensen’s
inequality for the function ¢ (x) := x Inx (x > 0),

af dp /af du
H(f) = —u(T i I Y A A T .
() u( )T/(p(p)/x(T)S w(T) ¢ / o (D) =u(T)/e < o0

(a) = (c). Suppose that problem (2) has a solution f. The function x := af/p then
satisfies fT lailxdu < oo and fT aixdu = g; fori € I. By the original version
(Theorem 2.9, [10]) of Lemma 1 (if x; = max(x, k) + % + yk), there are functions
X € L®(T, ), x > 0 w-a.e. on T, such that fT ai(t)x(t)du = g; (i € I). Here
L®(T, u) = L°°(T, dt) since u is equivalent to df on T'. For such x, the function
¢oX = X InX belongs to L°°(T'), and hence, to L! (T, ). Then we can use Theorem 2
for ¢ (x) = xInx and p = oo, see Remark 3, (a). Let P = inf, fT x Inx du over the
setof all x € L3°(T') such that

Jawdn=g.ie )
T
and D := supL. Then —oo < P = D < oo with attainment in the dual prob-

lem, see Remark 3, (b). Therefore, L(A) = > ;; &iri — fT ezz‘el)“i“"(’)_ldu(t) is
bounded from above on RY and its supremum D is attained. (c) = (b). Assume
there is a A* such that L(A*) = maxL. As expected, we will derivate under the
integral to show that x,(¢) := eXicr 4ai0=1 qatisfies (7) and moreover maximizes
Hy(x) = —folnx dp amongst all solutions from LL(T, w). Firstly, by (4),
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Jr x(Ddp(t) = g(A*). By (3) and (6), [} lailxsdp < oo (i € I). For any A we
have L(1) < L(A*), that is, by (4),

g0%) < g+ D g — M), ®)

iel

Fix j € I,let () = *a;(t) and set v = (v;);e; Where v; = £6; ; =Kronecker’s
symbol (the signs agree). For any ¢ > 0, set A, = A* + gv, namely A, = (A¢)ics
where A;; = kj fteand Ay = A7 fori # j. Let Fo(1) = %x*(t)(l — 2™ Note
that

lim Fe(f) = —p(0)x. (1) C))

and x,e°¢ = e2iel 4 ai—1+e(a)) — o3ic keidi=1 Then by (4) and (8),

g0 — g0ke) _

/Fa(t)du(t) = = Fgj- (10)

T

By the estimates (3), we may let y = ¢(¢) and z = (||£]|"* + 1)/a(¢) in the inequality:
e‘zlf‘fsy > —|y| where z > 0, yisreal, |y| < z and ¢ < 1. Hence F.(t) >
—x:(D]@@)| - eWI"+D/a®) The right hand side is in L' (T, ) by the estimates:
)] < (IE1™ + D /a(t), x.(1) < ecWI"+D/a@) for a constant ¢ = c(1*), and (5).
Then we may apply Fatou’s lemma for a sequence ¢ = gx — 0 to obtain, by (9) and
(10), that

:F/ ajxydp = —/wx*du:/lir%ngu §limi(1)1f/ng;L < Fg;-
T £— e—
T T T

Hence fT ajxidpu = gj. Since j was arbitrary in I, x, is a solution of (7). The
function fi := px,/a is then a solution of (2). By (4) and (6), x4 Inx, € LT, w),
i.e. (afy/p)In(afi/p) € LT, pdt). Hence there are solutions f of (2) such that
H(f) > —o0o. By the correspondence f <> x = af/p, the fact that f,, maximizes the
functional H given at (b) is equivalent to saying that fT X Inxdu < fT xInx du for
all the solutions x € LLL(T, w) of the problem (7). By Lemma 1 and Remark 3, (c) it
suffices to show that [ x, Inx,.dp < [; x Inx d for any solution x € LL(T) of (7).
This holds by

/xlnxd,u, >P=D= Zkfgi - /ezl')‘?a"_ldp, = /x* Inxd .
T T T

The conclusion P = D of Theorem 2 provides — H (f;) = L(A*). The uniqueness of
A*and f (or, equivalently, x..) follow from the strict convexity of —L, resp. —H,, and
the fact that T is not negligible, whence p|7 = 0 a.e. = p = 0 for any polynomial
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p = Zi cr MX i (the zeroes sets of nonconstant polynomials are algebraic varieties,
and so have null Lebesgue measure). O

Proposition 5 develops an idea from Mead and Papanicolaou [32], that we generalize
to our present context.

Proposition S Let T, I, g and p, a satisfy the hypotheses of Theorem 4. Suppose also
thata(t)=2 ;. cit' and 3 ;. cigi > 0. If supL, 4 ¢ < 00, then there is a X* on which
the supremum is attained, supL, 4 ¢ =L, 4 ¢(A%).

Proof Since a is independent of (ti)iel\{o}, co # 0. Set cio = ¢, cij = bjj

(i €l, j eI\{0}). A change of variables A — A= Zjel ci.,'ij gives L(X) =

LG = >jer & gikj— [re 2jer*4=1p dt where gj =2 e cijganda; =tj/a
forzj(t) =2 i, cljt . Then supL = supL. We prove the attainment for L. Denote A,
aj, g, L by A,aj, g, L, respectively. Now ag = 1, go > 0 and (z;);¢; are linearly inde-
pendent on any subset of positive measure. Let u = pdt. Since supL < oo, u(T) > 0.
Set & = (ho,A") where A’ = (A;)ier\j0}- Maximizing L with respect to A gives
a() = —In [, eXieno X% O=1g, 1) such that maxy,L(ro, 2) = L@(), ).
Consider the (convex) potential f(1') := [} eXienop 4@ (O=8) g w(t) so that supL <
0o & inf f > 0. If inf f is attained at some A/, supL will be attained at («(A}), 1%,).

1
By (3).| Xjepy o) i @i () — )l < V[l “’ﬂ(,j + llgl) where [l =3 oy 121
llgll = max;e;|g;| and c is a constant. Then for every sequence A} = (A;)ier\ (0} Such

o s M
that limg )»;( — ' we have eZiel\{O} A (ai (£)—gi) < SUPHIM NI (e o= +lgl) o Ll(T, 0.

By Lebesgue’s dominated convergence theorem, limy f(1;) = f('). Thus f is
continuous.

There is no A’ = 0 such that py/(t) := Zlel\ Ai(Ti(t)/a(t) — gi) <0 ae. on
T, for otherwise on the subset Z : p,/(t) = 0 of T we have a(t) Zze]\{O} Aigi =
Ziel\{o} AT (2); if Zid\{o} rigi = 0, we get u(Z) = 0 due to ' # O0; if
Ziel\{o} Aigi # 0, we get again u(Z) = 0 since a is independent of (7;);er\ {0}
(= (t")ien\(0})- Hence Z is negligible. Then on T\ Z, py/(t) < 0, "P*® < 1 (r > 0)
and by Lebesgue’s theorem f(rzA') = fT e P Odu(t) — 0 as ry — oo, which is
impossible since inf f > 0. Then for any A" # O there are a constant § = §;; > 0
and measurable subset Ty C T with w(7,/) > 0 such that py/(r) > & for all
t € Ty. Hence f(r\) > ny P Odu(r) > e u(Ty). Then for every 1’ # 0,
lim, s oo f(l’)\/) =00

There is a compact K ¢ RNY~! with inf f = infx f, for otherwise we could find
a sequence of unit vectors Ay, and rx — oo such that limy_, « f(rxA}) = inf f;
we can also assume there is a unit vector A" such that )J — M. Given r > 0,
rh, = s'A + (1 = s)rghy for 5" = ”‘ 7 (= lask — o0o) whence f(ri;) <
s f(A )+ (1 — s/)f(rkk ). Since supk|f(rk)»k)| < oo and f is continuous, lettlng
k — oo we get f(rA’) < f()A) which is impossible because lim,_, o f(rA) =
Since inf f is attained on K, supL will be attained. O

A more explicit outcome of Theorem 4 and Proposition 5 is the Corollary 6 from
below, that for small € is an approximate entropy maximization result.



Multivariate truncated moments problems and maximum entropy 153

Corollary 6 Let T C R" be a closed subset. Let I C 7 be finite with 0 € I. Fix
k € Zy such that max;cy|i| < 2k +2. Let (g;i)ier be a set of numbers with go = 1. Fix
also an arbitrary constant € > 0. The following statements (a), (b), (c) are equivalent:

(a) There exist functions f € L_li_(T, dt) such that fT |t[|f(t)dt < 0o and

/t"f(r)dt =g, i€l (11)

T

(b) There exists a particular solution fy of (11) maximizing the functional

H(f)=H(f) = —/flnfdt —e/ I21%F2 £ dr;
T T

(c) The associated Lagrangian L = L. from below satisfies supL < 0o

L) =) giki _/ez,-emt"—e||rn2’<+2dt 1.
T

iel

In this case: supL is attained in a point A* = (1});e1, both fi and \* are uniquely
determined, —H (fy) = L(\*) and

A?ti—6‘|t||2k+2
s

fiult) = eXiet

in particular

: . wpj 2k+2 .
/ 1l eZier Mt gt gy g (Gel.
T

Proof Use Theorem 4 for a(t) = 1 and p(¢) = g€l (t € T), which provides a

Lagrangian L, 4 ¢ and point A7 , . related to the present ones L, A* by Ly 4,¢(2) =

L(x—29% and A* = )\;a,g — 2% where A0 = (A?)id with A? = §;0. Then Proposition 5

applies, since >, ; ¢ig = go > 0. O

Remarks Considering perturbations H, of the entropy Hy as above might automat-
ically provide enough control in the tails of a maximizing sequence to guarantee
convergence by known arguments [33,36]. More specifically, a maximizing sequence
converges in weak L', and if the dominant moments of order 2k + 2 were bounded,
one could show that moments of lower order <2k converge. For this argument the
author is indebted to the referee, who legitimately suggested that Corollary 6 and The-
orem 4 may have shorter proofs by this standard method, and moreover results like
Corollary 6 are rather known [18], see below. This seems to be true indeed, because
maximizing Hy — € fT [1£11%%+2 f (t)dt should provide a certain brake on the growth
of the moments of order 2k + 2. However, within the quite technical hypotheses
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of Theorem 4 we could not find an obvious argument to get apriori bounds on the
2k + 2 moments, and for the sake of completeness we kept our initial proofs. Theo-
rem 4 can at least unify and cover also other known cases, like T := compact, € = 0
[31], see also [2] (setting a(t), p(t) = 1 on T) or, to some extent, (Theorem 8, [12])
setting a(t) = (|72 4+ DX, p(2) = cllz|>" (]| +1)~3/? (n > 2); we omit the details.
Another application is for example Corollary 7 from below.

In principle, one could numerically maximize such Lagrangian functions L to obtain
a vector A* and so a density fi. Solving such dual problems (usually by Newton’s
method) turns to be the basic technique to this aim. The main effort is then to deal with
the computational cost of approximating multiple integrals (like fT teicr %t p()dt
if a = 1, for instance) needed for the gradient of L [1,8,18,23,27-29].

Versions of Corollary 6 were indeed known, for instance in Groth and McDonald
[18] that used an ansatz like fi(t) = eier Mit' p(t) to derive a moment closure in
the context of kinetic equations, when ¢ € R stands for the gas velocity [14]. Their
density p(r) = ¢”® with a certain negative o (r) of order |o(t)| > ct.|t]|**2,
see (Egs. (51), (52), [18]) can be viewed as a “window” function that attenuates the
distribution at high velocities. This type of modification to the maximum-entropy
moment distribution has been proposed by Au [6], and Junk [21] and prevents the
existence of very small packets of very fast particles that, as mentioned in [24], are
the basic reason for non-solvability of the maximum entropy problem associated with
Euler equations [14].

Our proposed technique has also similarities with the method used in Tagliani, [39]
that deals with the particular case of the Hamburger moments problem for 7 = R.

Corollary 7 Let T C R" be closed, k € Z,, 1 = {i € Z'} : |i| < 2k} and (g;))i|<2
a set of reals with go = 1. The statements (a), (b) are equivalent:

(a) There exists an f € LL_(T, dt) such that

/r"f(r)dr — g (li < 26);

T

i<k Ait'

(b) LQ) = 2 51<ox 8iki — [ € P o= ItP=1gy i bounded from above.
In this case, L attains its maximum in a point A* = (A}))i|<ox and

J
fe@) = ; Z""SQ"A?W e*”fl\zfl
l2]12% + 1

satisfies [, 1' fu(t)dt = g; (li| < 2k).
Proof Use Theorem 4 and Proposition 5 fora = [|t|* + 1, p = eIt m]

Notation For g = (g;)jij<2x having representing densities on R”, let A* = Az =

(A7)}i|<2k denote the vector maximizing Lo(1) = Z|i\§2k giri— [ e2ii=a Ml gy Set
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Pe()=2" i <ox M1'. Then 3y At" <Oforallz € R” (use [, eP#dt < oo and polar
coordinates). Let G be the set of all such g, with the property > ;| _o; Aftl <Ofort #0.
Then (see [27]) G is dense and open in the set of all g having representing densities,
consists of data g for which A* does provide a representing density f,. = e”s of g
maximizing H(f)=— [ fIn fdt, and the map G > g — Ay is C*-diffeomorphic.
Let n, k = 2, whence card {i : |i| < 2k} = 15. Let x = (xi)ieZ%r,li\§4 denote the
variable in R'>. Let Go={g € G : det AL* #0} where A = Ax is the matrix in (16).
Then Gy is dense and open in G. Given g € G, we may set g; = ftjepg(’)dt for
ljl =5.

Proposition 8 from below is reminiscent to Lasserre (Lemma 2, [28]), see also [29]
or (Lemma 2, [26]), where similar recurrences were obtained. The idea in the case
n = 1 is to compute integrals like f %(r f«(2))dt via Leibniz-Newton’s formula. In
our case n = 2 the basic idea is the same, but a careful application of Stokes’ theorem
will be required in the proof. Although such calculation is not a practical method itself
for determining if a moment set comes from an underlying density, it could help to
the approximation of A* when used along with suitable numerical techniques—see
for example the use of Newton’s method as in [28] together with the semidefinite
programming methods for gradient and Hessian computation from [8,29].

Proposition 8 Let n,k =2 and g € Go. The higher order moments (g;),|=5 of the
maximum entropy density ePs can be expressed by relations of the form

gj= > rilMg (jeZi. |jl=9)
lil<4

where rj; = rj;(x) are universal rational functions, see (16)—(19).

Proof Ttsuffices to prove that for any jo € Z%r with | jo| > 5 there are rational functions
Cjoi = Cjoi (A¥),for |i| < |jol,suchthat g, = Zli\<|jo\ ¢ joi & and then proceed induc-
tively. Set | jo| = [+ 1for/ > 4 and denote A* = (A])|i|<4 by x = (x;)}i|<4. Setx, =0
if « 20.Let p = pg, namely p(t) = ZIL\§4 x,t*. We will find a polynomial 7 (¢) =
Z|i|§l cjoiti and a differential 1-form w = e” (udt| + vdty) with u, v polynomials,
depending on jo, such thatdw(t) = 0 — 7 (1))ePDdn Adty. By Stokes’ theorem on
disks D, of center 0 and radius r, fDr dw = faD, w — 0asr — oosince ue?, ve? are
rapidly decreasing (g € G). Hence fRZ (10 —7(1))ePDdtydty = 0 which s the desired
conclusion. The condition on w means that L = L(u, v) := vd1p —udrp+ 01v — dou
where 9,, = /91, (m = 1,2) satisfies L = /0 — 7. We let u(t) = 2=l at/,
v(t) = 22 bjt) with aj = a;(x), b; = b;(x) rational functions to be deter-
mined. Set e; = (1,0), ex = (0, 1). In degree [ + 1, the equation L = th — g gives
Dl =, =1 DX T = 3 i e @jtaXct T = 170, Change
the summation indices by i = j + ¢ — e > and identify the coefficients of ! with
i>0,|i|=1+1.Then

> uxbite-— D, 0Xbie =8 (il=1+1) (12)

[t|=4, (e <t=<i+ey) [t|=4, (e2=t<i+e2)
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where §;j, is Kronecker’s symbol. The summation conditions in the brackets from
above may be omitted, since the terms outside the respective ranges vanish formally
due to either 112 =0, ora;, b;, x, = 0 whenever j, « # 0. Once we have such u, v,
7 is determined from L = #/° — 7 by gathering all terms of degree < [ in —L. We
solve (12) in the Appendix, that provides also an algorithm for computing ¢ ;, rj; via
the formulas (16)—(19). O

Corollary 9 below is an attempt to solve a maximum entropy problem by means of
a system of ordinary differential equations (13) without computing multiple integrals.
However this is rather a theoretic result, since it requires an accurate solution of (13)
- that is, small increments As and so, a large number 1/As of iterations.

Corollary 9 Let n, k =2 and g, go € R" such that sg + (1—s)go € G for all
s €10, 1], where go has a known )»;0. SetTi(x,s) =sgi + (1 —5)(go)i forli| < 4and
Tj(x,8) = X jij<a7ji (X) (sgi + (1= )(g0)i) for | j| = 5 where x = (xi)jij<4 € R
The system of ordinary differential equations

d .
DT @@ L ) =g — (o (i1 =4 xO=1;, (13
[jl<4

has a C* solution x = x(s), defined on a neighborhood of [0, 1], the matrix
[Ty j(x(s), $)]jif,1ji<4 is defined and invertible for all s € [0, 1], and we have
x(1) = kz.

Proof Since Gy is open, the point g(s) := sg + (1 — s)go is in G (in particular, has
representing densities) for every s in a neighborhood of [0, 1]. Set g(s) = (g; (s5))}i|<4-
Since g(s) € G, ithasa A* = k;‘j(s) maximizing Lo, ¢(s). Let x(s) = kz(s). Write
x(s) = (x,(5))};<4- Then pg5) (1) = ZMS“ x,(s)t*. The H-maximization holds and
ePs) is a representing density for g(s),

gi(s) = [ tleXu=s O gr(|i) < 4), (14)

RZ

Denote by g(s); for |j| > 5 the moments of higher order of ¢, namely g(s); :=
f t7ePeo®dr (| j| > 5). Since the map G > g — A% is diffeomorphic, x (- ) is smooth
and so we may apply d/ds to the equalities (14), whence

o L d,X' dX'
gi—(g0)i= / (RO () = D )iy L (5):

ljl<4 ljl=4

of course g(s); = gi(s) if |i] < 4. Also Then we obtain the differential equations
(13) on a neighborhood of [0, 1]. The denominators of r;;(x) do not vanish on the
set {x(s) : 0 <s <1} and so I'; j(x(s), s) are defined for 0 <s < 1. Each matrix
[Tigj (x(s), )jif, ji<a = [[ 17T ePeDdt];) (j1<a is positive definite and so invert-
ible. By (14), g; = [ e21=+" W gt (Ji| < 4). Due to the uniqueness of the critical
point of the Lagrangian Lo , we derive x(1) = )‘; O
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Remark 10 Since I'j(x(s), s) = g(s); for |j| > 5 where g(s) = sg + (1 — 5)go, all
the entries of the matrix I' = [I';4; (x(s), $)]ji|,jj<4 of the system (13): I"(x(s), s) -
% (s) = g — go are moments and can be computed inductively by linear recurrences
g(8)j, = Zlilsl Cioi (x(8))g(s)i (Ijol =1+ 1), see (18), using the concrete formulas
(16), (17) of ¢}, ;; the explicit formulas of 7;; from (19) are not needed to this aim.
Moreover, for each [ the calculations of g, (|jo| = [/ + 1) are independent of each
other. We may consider any go € Gy, for instance the set of moments up to the 4th
order of e_’?_’g . Also fast inversion algorithms exist for such Hankel matrices I'.
Then for problems of reasonable size one can use numerical methods for systems of
ordinary differential equations to obtain X;“, (= x(1)).

The author is indebted to one of the referees for Remark 11 from below.

Remark 11 Due to the accuracy needed for its solution the system (13) is not a very
practical way of computing 1*, comparing to the more efficient Newton’s method or
its many variants [8,23,27-29] for the dual problem of maximizing L. Actually, one
could use (13), written in the form dx/ds = H(x(s))(g — go), to iteratively find x (1)
as follows. Let the increment As = 1. Then a forward Euler solve of the ODE gives
x1 = x(0) — H(x(0))(g — go)- The value x is an estimate of x (1), but not exactly, so
one can repeat the process with x| as the new initial condition and a new moment g1
which is computed from x;. Doing this k times gives x; = x;—1 — H (xx)(g — gk). If
we identify H with the Hessian of the dual problem, then this is just Newton’s method.
When is well conditioned, a standard Newton method for the dual problem will take
only a handful of such iterations.
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Appendix: The functions 7 ;

We give an algorithm to recurrently compute r;, ¢, in particular solve (12) to finish
the proof of Proposition 8. Set 8y = 641k ) jo for0 < k < I+1.Letag = ag—2—k ),
Bk =bg—2—k k) for0<k <I—2.Thus oy, By =0fork <0,k >1—1. Alsox, =0if
k # 0.Change the summation indices in (12) by j =i4ej 2— (>0). Then (12) becomes
2j1=1-2,Gazin) U1 = 1 + DXicjrerbj = 2j1m12, (i) 2 = T2+ DiXicjentj =
dij, where the (redundant) condition j» < iy follows from j < i, that comes from
t>eyp. Foreveryi = (I +1—k, k) withO < k <[+ 1, we have the equivalence
(j=0,jl=1-2,/p<i)) & j=(10—-2—p,p) for0 < p < k and hence the
[ + 1 equations in (12) become now, respectively,

k

Z[(4+p_k)x(4+p—k,k—p),3p_(k_p+1)x(3+p—k,k—p+1)ap] =8, O0=<k=<I+L
p=0
(15)
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Ifl > 5, let ap,...,y—5 = 0 and define By, ..., Bi—5 inductively bydxsofr =
- 22;5(4 + P — k)Xt p—k. k—p)Bp + 8 (0 < k <[ —5) where 3", := 0. Note that
x40 < 0 since g € G. This fulfills (15) for 0 < k <[ — 5. Last six equations in (12)
[l —4 <k <[+ 1in(15)] will provide oy, B I —4 <k <1 —2).If ] = 4, skip
this step and go directly to the linear 6 x 6 system [(in this case (16) for y, z, w = 0].
In any case, we letnow i = (I + 1 —k,k) for 0 < k <[+ 1 in (12). We have
i+teg—t=U+2—k—v,k—wv)andi+ey—t=U+1—k—1t1,k—tr+1).Last6
equationsin (12) become Z|L|:4L1xlﬁk—tz_ZM:4[2xtak—L2+1 =6 (-4 <k <I+1),
see below. The brackets () border quantities already known in terms of Sy, ..., f;—s.
The markers | ] border sums of terms that are null due to t;2 = 0, ax, B = 0
k>=1l—Doraz=00=<k=<I[-5):

4x40B1-4 + (Bx3181—5 + 2x2281—6 + 1x13B1—7 + 0x048/—8)
[—Oxg00;—31 — 1x3107—4 | —2x200 5 — 3x1301 6 — 4X0401 7] = 84

Ax40B1-3 + 3x31B81-4 + 2x22B81—5 + 1x1381—6 + Ox0481—7)
[—Oxgoa1—21 — Ixz1e1—3 — 2x0004—4 | —3x1301—5 — 4x040—6 | = 83

4Ax40B1-2 + 3x3181-3 + 2x00B1—4 + (1x13B1—5 + Ox04B1—6)
[—Oxgoa;—1 1 — 1x31002 — 2x0007 -3 — 3x1300 4 [ —4x040; 51 = 82

[4x40B81—1+13x3181—2 + 2x2081-3 + 1x1381—4 + [Ox04 85
[—Ox400 — 1x31ay—1 71 — 2x2002 — 3x1304 -3 — 4xp40)—4 = 81

[4xa081 + 3x3181—1+12x2281—2 + 1x13B8/—3 + [Ox04 B1—4]1
[—Oxg00t141 — 1x3100 — 2x000 1 | — 3x130 2 — 4xp40; -3 = §;

[4x40B1+1 + 3x31 81 + 2x228 -1+ 1 1x138—2 + [ 0x04 813
[—O0x40042 — 1x31ap41 — 2x000y — 3x1304 -1 | — 4xp407-2 = 8141.

Set y=—3x31B1-5—2x202B1-6—x1381-7, 2=—2x22B1—5—x13f1—6 and w=—x13 B/ 5.
We easily read from above that o, B for k=1 —4, [ — 3, [ — 2 are given by

[ 4xq0 O 0 x33 O 0 ArBi—4 7 [y+di-aT
3x31 4x40 O 2xp x31 O Bi-3 Z+68-3
2x20 3x31 4xa0 3x13 2x20 X3 Bi—2 w~+ 82
= (16)
x13 2x22 3x31 4xos 3x13 2x22 —0_4 81—1
0  xi3 2x2 0 4dxps 3xi13 -3 i
L O 0 x3 O 0 d4xo4a JL —ay—2 1 Lo i
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(note also thatg € Go). Wehave a;, bj, and so u, v such that deg (L (u, v) — 10y < 1.
Now 7 = /0 — L is determined by summing the terms of degree < / in —L. For
m=1,2setK,, ={(j,0) : |j|=1—-2,|t] <3,u, > 1}. Then

T = Z ajtgx[tj*‘*"z— Z bjtlxttj+‘7el+ z jzczjtj*e2

(Jj,veKr (J, VeK; lj1=1=2, jp=1

— z j]bjl‘j_el.

lJ1=1=2,1=1

For any i > 0 with |i| < [, the coefficient of ' in the sum X K, from above is
Z(j’ Dekq (i) 42X where K2(i) = {(j,1) € Ko : j+t— ey =1i}. The map K7(i) >
(j,v) — i — jis bijective onto I; := {k > 0 : « < i, || = |i| +2 — I}. Then
we may use it to change the summation index by k = i — j and get the coefficient
of t' in Xk, as Zkeh (k2 + 1)a; i Xic+e,. Similarly, the coefficient of ! in Xk, is
erli (k1 + 1)b; i Xic1e,. The coefficient cj,; (=a rational function cj,; (x) of x,
actually) of ¢/ in 7 (¢) is then

Cjoi = Z[(KZ + l)xk+ezaiﬂ( — (k1 + 1)xk+elbiﬂ<] + djoi (il =D (17

kel;

where dy; = (i2 + D)ajye, — (i1 + Dbiye, if |i| =1 — 3, and 0 otherwise. We have

gjo= D i@ g (Lol =1+1,1>4). (18)

li|<l

Successive compositions of the mapping (g:)ij<t = ((&j)1jol=i+1> (&)i|<)) =
(gi)jij<i+1 given by (18) forl =4, 5, ... provide us with r;; (x) such that

gj= > rjitg (jl=5). (19)

li|<4

Thus (16)—(19) provide cj;, r;;. Since det Ax #0 and x40 = Z|i|:4 Xt lr=e; <0, the
denominators of the rational functions r;; do not vanish at x = A*. O

It would be interesting to generalize Proposition 8§ to arbitrary n and k, for a class of
simple domains 7 including R", [0, c0)" and get rid of assumptions like g € Gy, G, for
Lagrangians L, with € > 0. Also, numerical tests of systems like (13) could be tried.
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