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where 2 ¢ RN (N > 2) is an open bounded domain with smooth boundary, and f,g:R — R are
continuous functions.

In the particular case when g(s) =sP, f(s) =s? (p,q> 1) and N > 3 (here and in the sequel,
we use the notation s% = sgn(s)|s|*, a > 0), system (S) has been widely studied replacing the usual
criticality notion (i.e., p,q < %) by the so-called “critical hyperbola” which involves both parameters

p and g, i.e., those pairs of points (p,q) € Ri which verify

1 1 2
———=1-= (CH)
p+1  gq+1 N

Points (p,q) on this curve meet the typical non-compactness phenomenon of Sobolev embeddings
and non-existence of solutions for (S) has been pointed out by Mitidieri [7] and van der Vorst [11]
via Pohozaev-type arguments. On the other hand, when

1 1 2
1>——+—>1——, (1)
p+1 q+1 N
the existence of nontrivial solutions for (S) has been proven by de Figueiredo and Felmer [2], Hulshof,
Mitidieri and van der Vorst [5]. Note that the latter results work also for nonlinearities g(s) ~ sP and
f(s) ~s% as |s| - oo with (p,q) fulfilling (1). The points verifying (1) form a proper region in the
first quadrant of the (p, q)-plane situated below the critical hyperbola (CH). Note that (1) is verified
for any p,q > 1 whenever N = 2.

In spite of the aforementioned results, the whole region below (CH) is far to be understood from
the point of view of existence/multiplicity of solutions for (S). By exploiting the Trudinger-Moser
inequality and elements from critical point theory, de Figueiredo, do O and Ruf [3] considered sys-
tem (S) when £ is a bounded domain in R2, and the nonlinearities f, g have maximal growth like
exponential. Moreover, via a Mountain Pass argument, de Figueiredo and Ruf [4] proved the existence
of at least one nontrivial solution to the problem

—Au=vP in £2;
—Av=f@) ins; (S)
u=v=0 onads2,

when

0<p, ifN=2; -
0<p<+X, if M
p<y§y=. UNZ=3,

and f:R — R has a suitable superlinear growth at infinity, formulated in terms of the Ambrosetti—
Rabinowitz condition. Later on, Salvatore [10] guaranteed via the Pohozaev’s fibering method the
existence of a whole sequence of solutions to (S) in a similar context as [4] assuming in addition that
the nonlinear term f is odd. Note that in the latter two papers (i.e., [4] and [10]) no further growth
restriction is required on the nonlinear term f other than the Ambrosetti-Rabinowitz condition. This
latter fact is not surprising taking into account that (1) is actually equivalent to

2
1>——>1-2,
p+1 N

which is nothing but a “degenerate” case of (1) putting formally q = oo, i.e., the growth of f may be
arbitrary large.

The aim of the present paper is to complete the works [3,4] and [10] by guaranteeing the existence
of infinitely many pairs of distinct solutions to the system (S5) when (1) holds and the nonlinear term
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f has an oscillatory behavior. Moreover, the nonlinear term f may enjoy an arbitrary growth at infinity
(resp., at zero) whenever it oscillates near the origin (resp., at infinity) in a suitable way. In addition,
the size of our solutions reflects the oscillatory behavior of the nonlinear term, see relations (2) and
(3) below; namely, the solutions are small (resp., large) in L°°-norm and in a suitably chosen Sobolev
space whenever the nonlinearity f oscillates near the origin (resp., at infinity). We emphasize that no
symmetry condition is required on f.

In the sequel, we formulate our main results. Before doing that, note that system (S) is equivalent
to the Poisson equation

{—A(—Au);’ =f(u) ing; (P)
u=Au=0 onods2.

The suitable functional space where solutions of (P) is going to be sought is

p+1

E=w2" (Q)mW’P (2)

endowed with the norm

2
||U||E—</|Au| ; dx> .

As we anticipated, two different cases will be considered; namely, the nonlinear term has a suit-
able oscillatory behavior either near the origin or at infinity.

1.1. Oscillation near the origin

Let f € C(R,R) and F(s) :fosf(t) dt, s € R. We assume that:

F( < limsups_, g I(,Jr)l =400,
|s\ Is| P

(H ) there exist two sequences {ay} and {by} in ]0, oo[ with by < ax < b, limg_, » by =0 such that

(HO) —o00 < liminfs_,¢

sgn(s) f(s) <0 forevery |s| € [ax, bx]l, and

. max—q,.a,] F
(H ) llmk_,Oo B = 0 and limy_, oo ——47— =0.

p
bk

Theorem 1. Assume that (1) holds and f € C(R, R) fulfills (H )- (H ). Then, system (S) possesses a sequence
{(ug, vi)} C E x E of distinct (strong) solutions which satisfy

lim |lugllg = lim [[vgllp = lIm [uglloo = lim [[vglloo =0. (2)
k—o00 k—o00 k—o00 k—o00

Remark 1. Hypotheses (H )- (H ) imply an oscillatory behavior of f near the origin while (H ) is a
technical assumption whlch seems to be indispensable in our arguments.

In the sequel, we provide a concrete example when hypotheses (H(l))—(Hg) are fulfilled. Let a, =

k" and b, = k"‘k, k>2,and a; =1, by =2. It is clear that by < ag < by, limg_, o ax /by =0, and

limy_, o0 by =0. Let f:R — R be defined by
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Pr( DLy

ag—by41

fio=10
0

)

g(s),

where g :[2, oo[ — R is any continuous function with g(2) =

of continuous functions such that ¢ (0) =
such that

1
2p+2

€1 (bk ’

2p+2
by )k — b)) !
0

Note that F(s) =0 for every s € ]-00,0] and F is non-decreasing on [0, 2], while c1b, b

p+2
max|_g,q F < czb

1.2. Oscillation at infinity

p+2 p+2
/§0k(3) ds < CZ(ka - bkil)(ak -
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s € [brg1.axl, k> 1;
s € lag, bl, k> 1;

s e ]—o0,0];
se[2,o00],

0, and ¢ : [0, 1] — [0, oo is a sequence

@r(1) =0 and there are some positive constants ¢; and c;

bk+1 )71

2p+2

< Flap) =

. Due to these inequalities, the hypotheses of Theorem 1 are verified.

In this subsection, we state a perfect counterpart of Theorem 1 when the nonlinearity f has an

oscillation at infinity. We assume that:

.. F .
(Hl)) —oo < liminfjs)— oo % <limsupg_, o

Is| P Isl

F(s
1()+1 = +00,
=5

(Hgo) there exist two sequences {ay} and {by} in ]0, oo[ with ay < by < ax+1 and limy_, o, by = 0o such

that

sgn(s) f(s) <

MaXx[—q,,a;] F
p+1

p
bk

(H3,) limg_s oo g—: =0 and lim_ oo

0 forevery |s| € [ak, by],

=0.

and

Theorem 2. Assume that (1) holds and f € C(R, R) fulfills (H )- (H ). Then, system (S) possesses a se-
quence {(uy, vi)} C E x E of distinct (strong) solutions which satisfy

lim [luglle = lim |lvgllg = lim [Juglloc = lim [[v]leo = 00. (3)
k—o00 k—o00 k—o00 k—o00

Remark 2. Assumptions (H )- (H ) imply an oscillatory behavior of f at infinity. A concrete example

is described in the sequel when hypotheses (H},O)—(Hgo) are fulfilled. Let a; = kK¢

Kk+1

and by =k

(k >2) and a; =5, b1 = 10. Clearly, one has ay < by < a1, limg_ oo ax/bx =0, and limy_, o by = 00

Let f : R — R be defined by

s—b
(pk(ak_H _kbk )7

fi&=10
g(s),
0,

where g :[—5,5] — R is any continuous function with g(£5) =
quence of continuous functions such that ¢y (0) =

such that

s € [bg, agy1l, k> 15
selag, bl, k> 1;
se[-5,5];

s € ]—o0, —5[,

0, and ¢y : [0,1] — [0, 00 is a se-

@r(1) =0 and there are some constants cy,c3 >0
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1

B A 1 e 1
ci(bey —b” )@ —b7 < / Pr(s)ds < ca(byy — b )@k — b7

0

Note that F(s) =0 for every s € ]|—oo, —5] and F is non-decreasing on [5, co[. Moreover, for k € N
large enough we have

5 5

3p+1 3p+1 2p+1 2p+1
P p

c1(b,”” —103_)+fg(s)ds<F(ak):[_rg,i?l(k]Fgcz(bkzp —102_)+fg(s)ds.
0 0

Now, an easy computation shows the hypotheses of Theorem 2 are verified.

The proofs of Theorems 1 and 2 are based on a general variational principle of Ricceri (see [8] and
[9]). As far as we know, the present paper gives the first application of Ricceri’s variational principle
to coupled systems of non-gradient type.

The paper is organized as follows. In the next section we first describe the variational framework
we are working in, then the abstract form of Ricceri’s variational principle is recalled. In Sections 3
and 4 we prove Theorems 1 and 2, respectively, while in the last section we are going to formulate
two open problems related to system (S).

2. Preliminaries

- pt1 _
Due to (1) one has p’# >1+ % = % therefore W2 (£2) CC C(£2), so

E cc C(R). (4)

For further use, we denote by ko > 0 the best embedding constant of E cC C(£2). The energy func-
tional associated to the Poisson problem (P) is I: E — R defined by

p+1

lullg” — F (),

=2

where

Fu) = / F(u(x)) dx.
2

Due to (4), the functional I is well defined, is of class C! on E and

I’(u)(h):/(—Au)%(—Ah)dx—/f(u)hdx, u,hekE.
2 2

Note that if u € E is a critical point of I then it is a weak solution of problem (P); in such a case,
1 ~
the pair (u, (—Au)?) € E x E is a weak solution of system (S). See also [4, Subsection 3.1] and [10,

Proposition 2.1]. Moreover, standard regularity arguments show that the pair (u, (—Au)%) eEXEis
actually a strong solution of system (S), see [4].

On account of the above facts, in order to prove Theorems 1 and 2, it is enough to find sequences
of critical points for the functional I with the required properties, i.e., to fulfill relations (2) and (3).
To do that, we apply a general variational principle of Ricceri, see [8] and [9], that can be stated as
follows:
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Theorem R. (See [8, Theorem 2.5].) Let X be a reflexive real Banach space, @, ¥ : X — R be two sequentially
weakly lower semicontinuous, continuously Gateaux differentiable functionals. Assume that ¥ is strongly con-
tinuous and coercive. For each s > infy ¥, set

@ (u) —infy, s @

s—¥(u) ’ (5)

©(s) = br/lgf
where WS := {u € X: ¥ (u) < s} and cly, ¥ is the closure of ¥* in the weak topology of X. Furthermore, set

§:= liminf ¢(s), y :=liminfg(s). (6)
s—+4o00

s—(infy @)+
Then, the following conclusions hold.

(A) If 8 < 400 then, for every A > 8, either
(A1) there is a global minimum of ¥ which is a local minimum of @ + AW, or
(A2) there is a sequence {uy} of pairwise distinct critical points of @ + AW, with limy_, ;o0 ¥ (ug) =
infy ¥, weakly converging to a global minimum of ¥.
(B) If y < oo then, for every A > y, either
(B1) @ + AW possesses a global minimum, or
(B2) there is a sequence {uy} of critical points of the functional @ + AW such that limy_, , o ¥ (uy) =
+00.

In our framework concerning problem (P) (thus, system (S)), we choose X =EF, and ¥, ® : E > R
are defined by

V) =ullg” , ®(u)=—-Fu), uekE.

pt1
P

Standard arguments show that ¥ and ¢ are sequentially weakly lower semicontinuous. The energy
functional becomes I = p%lll + &. Moreover the function from (5) takes the form

s> 0.

sup{F(v): vIIPt! < sP) — Fu)
— ,
s—llullg’

@(s)= inf

+1
full B <sp

To conclude this section, we are going to construct a special element in the space E which will
play a crucial role in our proofs. Let xo € £2 and R > 0 be such that B(xg, R) C £2; here and in the
sequel, B(xp,a) = {x € RN: |x —xo| <a}, a> 0. Let 0 <r < R be fixed. We consider the function
w: 2 — R defined by

[l ey dt

7
[ra@dt @

w(x) =

where « : R — R is given by

1
Ot(t) — e (t+R)(t+n) N lft S ]_R, —T'[,
0, ift ¢ ]—R, —1[.

It is clear that w € C§°(£2) C E; moreover, w >0, ||w| =1 and



A. Kristdly / ]. Differential Equations 249 (2010) 1917-1928 1923

RS if x € B(xp,1);
W(X)_{o, ifx € 2\ B(xo, R). (8)

Throughout the proofs of Theorems 1 and 2 we will use the following useful observation whose
assumptions come from (H(z)) and (Hgo), respectively.

Lemma 1. Let {ai}, {by} C 10, oo[ be two sequences such that ai < by, limy_, o, ax/bx = 0, and sgn(s) f (s) <
+1
0 for every |s| € [ay, by]. Let s, = (bk/Ko)pT. Then,
(@) max(_p, b1 F =max|_q, q, F = F(S) with 5 € [—ay, ai].
pt+1

(b) ||§kw||ET < sy for k € N large enough.

Proof. (a) It follows from the standard Mean Value Theorem and from the hypotheses that
sgn(s) f(s) < 0 for every |s| € [ay, b].

(b) Since limg_, o, ax/bxy =0, we may fix ko € N such that a, /by < K61 ||w||E1 for k > ko. Then, one
has

) Pl 4 p+1 p+1 p+1 pil
ISkwllg” =18l 7 wllg” <@’ Iwlg” < (br/ko) P =s¢. O

3. Proof of Theorem 1
Let {ax} and {by} be as in the hypotheses. We recall from (6) that § =liminf,_, o+ ¢(5).
Lemma 2.5 =0.

Proof. By definition, § > 0. Suppose that § > 0. By the first inequality of (H})), there exist two positive
numbers ¢p and g such that

p+1
p

F(s) > —{ols| for every s € ]—00, 0ol.- 9)
Furthermore, let s, S, be as in Lemma 1 and let W, = Syw € E, where w is defined in (7). By (Hg)
and condition limy_, 5 Z—’; =0 (|Sk| < ag), there exists kg € N such that for k > kg we have

P+l
FGy (8 15\ 7 8
m(s2)— +(5||w||5” +m(2) bl <— (10)
b,” k 2, "

p+1
Let v € E be arbitrarily fixed with ||v]|z”
IV]loo < bk. Due to Lemma 1(a), we obtain

< sg. Thus, due to the embedding from (4), we have

Fv() < [ max ] F =F(5,) foreveryxe £2.
—Dk, Dk

Since 0 < |[wi(x)| < |Sk| < 0o for large k € N and for all x € £2, taking into account (9) and (10), it
follows that
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sup F(v) —F(wg)= sup /F(v)dx—/F(Wk)dx
p+1

p+1 p prl
IVIE™ <si ”V”Ep <5 2 o

_ _ b1

SM(L2)F(S) +m(£2)Lolsk| P

) p+1
< E(Sk — Wkl " ).

pl
Since ||wll;" < sk (cf. Lemma 1(b)), and sy — 0 as k — oo, we obtain
SUP||v||p+1<SP F(v) — F(wy) S
8 < liminf¢(sg) < liminf E =% - <=,
k— 00 k— 00 _ B 2
Sk — |Willg

contradiction. This proves our claim. O

Lemma 3. 0 is not a local minimum of I = # v+,

Proof. Let {p > 0 and gp > O from the proof of Lemma 2, and xp € £2 and r, R > 0 from the definition
of the function w, see (7). Let £y > 0 be such that

p+1

N p N N
r wNﬁo—mHWHE” — (RY =rM)wnto >0, (11)

where wy is the volume of the N-dimensional unit ball. By the right-hand side of (Hé) we deduce
the existence of a sequence {s,?} C ]—00, 0ol converging to zero such that

p+1
F(sy) > Lolsp| 7. (12)

Let w) =sYw € E. Due to (8), (9), (11) and (12), we have

0 p oy 5 0
1(wd) = 2wl — [ F(wD)

2
p 5o Bt
= oI sl = F(wi) - F(wy)
B(xo,1) B(x0,R)\B(xo.1)
L pil ptl
< Wl [ — FDm(Boo.n) +to(m(BO, B)) —m(B.1)) 5| 7

o5t (_P BN N _ N
<|sp ” (m”W”E —rNwnLo+ (RN =7 )a)N&))

<0=1(0).

Since ||W2||E — 0 as k— oo, 0 is not a local minimum of I, as claimed. O

Proof of Theorem 1. Applying Theorem R(A), with A = # (see Lemma 2), we can exclude condition

(A1) (see Lemma 3). Therefore there exists a sequence {u} C E of pairwise distinct critical points of

__p
I= mllf—{—d) such that
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lim [lukllg =0. (13)
k—o00

Thus, {(ug, vi)} = {(u, (—Auk)%)} C E x E is a sequence of distinct pairs of solutions to the sys-
tem (S).

It remains to prove (2). First, due to (4) and (13), we have that limy_,  ||ukllcc = 0. For every
k e N let my € [—|luglloo, lluklloc] =: Ji such that | f(my)| = maxse, | f(s)|. Note that diam J, — 0 as
k — oo; thus limy_, o, mg = 0 which implies that limy_, ., f(mg) = 0. On the other hand, from the
second equation of system (S) we have that

p+1
p

p+l ptt pt1
lIviell g =/|Avk| » dx:/|f(uk)| Pdx < | fmp)| P m($2),
2 2

which implies that limy_, o ||Vk|l = 0. Using again (4) we have limy_, o || Vklloo =0. O
4. Proof of Theorem 2

The proof of Theorem 2 is similar to that of Theorem 1. Let {aix} and {by} be from Theorem 2 and
y =liminfs_, ;5 @(s) from (6).

Lemma4. y =0.

Proof. It is clear that ¥ > 0. Suppose that y > 0. Due to the left-hand side of (HL,), one can find two
positive numbers ¢, and P such that

+1
F(s) > —(oolslpT for every |S| > 0co- (14)

Let sk, Sy be as in Lemma 1. By the fact that limy_, ., by = oo, hypothesis (Hgo) and condition
limg_ o0 Z_I;( =0 (—ay <S¢ < ag), there exists kg € N such that for every k > kg we have

p+1
MaXx[—p...001 | F| + F(5k) bl 1Skl 7
m($2) e Qpil =+ (%llWHEp +m(£2)l b_; < ):m . (15)
p+L . P+l
bkp 2KOP

Let Wy =Syw € E, where w is defined in (7). A similar estimation as in Lemma 2 gives throughout
relations (14) and (15) that

sup  F(v)—F(wg)= sup /F(v)dx—fF(v_vk)dx
p+1

p+1 p
vl <s
BNk Ivilg P <s $2 2

= sup /F(v)dx— / F(wy)dx

Ivig? <sc 2 {IWe(®)|>000)

- / F (W) dx
{Iwk ()| <000}
p+1
<Sm($2)F (5k) +m(£2)€oolSk| P +m(.(2)[ max ]|F|
—000,Qc0

p+1
< g(sk—nv—vkn;’ ).
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Since s — +0o0,

su v) —F(w
Pyyptt g F(V) = F (W)
ptl

Sk — “Wk”EIJ

y < liminf(sg) < liminf
k—o0 k—o00

<

N

which contradicts y > 0. O

Lemma5. | = p% W + @ is not bounded from below on E.

Proof. Let {», and o be from the proof of Lemma 4, and let £, > 0 be such that

NN Loo — p—||w||E" — (RN =M oyt > 0, (16)

where r and R are from the definition of the function w, see (7). By the second part of (Héo) we
deduce the existence of a sequence {s°} C R with limy_,  |s;°| = 0o and

p+1

F(sp°) > Loo|sp?] 7. (17)
Let wi° =s°w € E. We clearly have that
[ee) p pTT] 00 % 00 N 00
I(wi ):m”WHE [se°] P = F(si%)onr™ — F(wg?).

B(x0,R)\B(xo.1)

For abbreviation, we choose the set X = B(xp, R) \ B(xo,r). Then, on account of (14) we have

[rwm = [ rwRe [ Fw)

X Xn{lw(®)[>000} XN{lwe® (%) <00}
bl N__N
> oo / lwe| » — (RN —r )a)N[ max ]|F|
—0c0,00
XN{IwRP ®)|>000}
N ___N b1
> (RN =)o (toolsi] 7+ max |FI).
[—000,000]
Consequently, due to (17) and the above estimation, we have
Ef P BN N_.N N_ N
I(we?) < |sg°| P <m||w||; — M oNLoo + (RN =71 )a)NEOO>+(R —r )a)Nl max [FL

Since limy_, o [S5°| = 00, due to (16), we have limy_, o [(W(°) = —o0; consequently, infg [ = —oco. O

Proof of Theorem 2. In Theorem R(B) we may choose A = p% (see Lemma 4). On account of Lemma 5

the alternative (B1) can be excluded. Therefore, there exists a sequence {u} C E of distinct critical

; __p
points of I = mlll + @ such that

lim [lugllg = co. (18)
k—o0
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Thus, {(ug, vi)} = {(ug, (—Auk)%)} C E x E is a sequence of distinct pairs of solutions to the sys-
tem (§).

We now prove the rest of (3). Assume that for every k € N we have ||vi|lcoc < M for some M > 0.
In particular, from the first equation of system (S) we obtain that

p+1
llullg” /IAuklpT f|V1|p+ldX<Mp+1m(.Q)

which contradicts relation (18). Consequently, limg_, o || Vk|loo = c0. But, this fact and (4) give at once
that limy, « [|Vk[le = 0o as well. Assume finally that for every k € N we have |Juklco < M’ for some
M’ > 0. The second equation of system (S) shows that

el pt1 p+l pt+1
e’ = [1a00% d= [1ro| 7 dx<m) _max |£0]
se[—-M’,M’]
Q Q
which contradicts the fact that limy_, o, || Vi || = co. The proof is complete. O

5. Further problems related to system (S)

1. We assume (1) holds and consider the perturbed system

—Au=vP in £2;
—Av=fu)+eg(u) in; (Se)
u:v:o on 89,

where g: R — R is any continuous function with g(0) = 0. We predict that for every n ¢ N
there exists &, > 0 such that for every € € [—¢&y, &1], system (S¢) has at least n distinct pairs of
solutions whenever f : R — R verifies the set of assumptions from Theorem 1 or Theorem 2. This
statement is not unexpected taking into account the recent papers of Anello and Cordaro [1] and
Kristaly [6] where a prescribed number of solutions were guaranteed for certain elliptic problems
of scalar type whenever the parameter in the front of the perturbation is small enough. In both
papers (i.e.,, [1] and [6]) the uniform Lipschitz truncation function h; : R — R (a > 0), hq(s) =
min(a, max(s, 0)) plays a key role, fulfilling as well the so-called Markovian property concerning
the superposition operators: for any u € Wg,’r(.Q) one also has hyou € WQ,”(Q), where r > 1.

Note however that a similar property is not available any longer replacing the space Wé’r(.Q)

by a higher order Sobolev space W?27(£2); in particular, the Markovian property is not valid for
p+1

2. p+1 s
E=W>7 (2)NW, ” (2).
2. Based on (1), the embedding E CcC C(£2) is essential in our investigations, see the proof of Lem-
mas 2 and 4. Is it possible to obtain similar conclusions as in Theorems 1 and 2 by omitting (1)
and considering the whole region below the critical hyperbola?
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