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ABSTRACT. The paper is concerned with the equation —Aju = f(u) on S¢
where A} denotes the Laplace-Beltrami operator on the standard unit sphere
(S%, k), while the continuous nonlinearity f : R — R oscillates either at zero
or at infinity having an asymptotically critical growth in the Sobolev sense. In
both cases, by using a group-theoretical argument and an appropriate varia-
tional approach, we establish the existence of [d/2] + (—1)%t! — 1 sequences of
sign-changing weak solutions in H 12 (S?) whose elements in different sequences
are mutually symmetrically distinct whenever f has certain symmetry and
d > 5. Although we are dealing with a smooth problem, we are forced to use
a non-smooth version of the principle of symmetric criticality (see Kobayashi-
Otani, J. Funct. Anal. 214 (2004), 428-449). The L and H?-asymptotic
behaviour of the sequences of solutions are also fully characterized.

1. Introduction. We consider the nonlinear elliptic problem
—Apu = f(u) on S% (P)

where Ajpu = divy,(Vu) denotes the Laplace-Beltrami operator acting on u : S% —
R, (S9,h) is the unit sphere, h being the canonical metric induced from R4+1.

Denoting formally 07 or +occ by the common symbol L (standing for a limit
point), we assume on the continuous nonlinearity f: R — R that

(ff)  —oo <liminf,_p, FS(QS) Fs(;)

(fF)  liminf,_, £ <o,

S

<limsup,_,, = o0

where F(s) = [; f(t)dt. One can easily observe that f has an oscillatory behaviour
at L. In particular, a whole sequence of distinct, constant solutions for (P) appears
as zeros of the function s — f(s), s > 0.

The purpose of the present paper is to investigate the existence of non-constant
solutions for (P) under the assumptions (f{) and (f#). This problem will be
achieved by constructing sign-changing solutions for (P). We prove two multiplicity
results corresponding to L = 0% and L = +o0, respectively; the 'piquancy’ is that
not only infinitely many sign-changing solutions for (P) are guaranteed but we also

2000 Mathematics Subject Classification. Primary: 35J65, 49J40.

Key words and phrases. Laplacian on the sphere, oscillatory term, asymptotically critical
growth, symmetrically distinct solutions, sign-changing solution, Szulkin-type functional, non-
smooth principle of symmetric criticality.

Research supported by Grant PN II, ID_527/2007.

919


http://dx.doi.org/10.3934/dcds.2009.23.919

920 ALEXANDRU KRISTALY

give a lower estimate of the number of those sequences of solutions for (P) whose
elements in different sequences are mutually symmetrically distinct.

In order to handle this problem, solutions for (P) are being sought in the standard
Sobolev space HZ(S%) which is the completion of C°°(S?) with respect to the usual

norm
1/2
|u|Hz—( / Vuldon + / uzdah) |
! Sd gd

We say that u € HZ(S?) is a weak solution for (P) if
/ (Vu, Vv)doy, = f(w)vday, for all v € HE(SY),
54 54

where (-,-) denotes the scalar product associated with the Riemannian metric h
for 1-forms, and doy, is the Riemannian measure.

Since we are interested in the existence of infinitely many sign-changing solutions,
it seems some kind of symmetry hypothesis on the nonlinearity f is indispensable;
namely, we assume that f is odd in an arbitrarily small neighborhood of the origin
whenever L = 07, and f is odd on the whole R whenever L = +oc0. In the case
L = 0" no further assumption on f is needed at infinity (neither symmetry nor
growth of f; in particular, f may have even a supercritical growth). However,

when L = +o00, we have to control the growth of f; we assume f(s) = O(s%)
as § — oo, i.e. [ has an asymptotically critical growth at infinity. In both cases
(L =0% and L = +00), the energy functional € : H?(S%) — R associated with (P)
is well-defined, which is the key tool in order to achieve our results.

The first task is to construct certain subspaces of H?(S%) containing invariant
functions under special actions defined by means of carefully chosen subgroups of
the orthogonal group O(d+1). A particular form of this construction has been first
exploited by Ding [7]. In our case, every nontrivial element from these subspaces
of H?(S?) changes the sign. The main feature of these subspaces of H?(S?) is
based on the symmetry properties of their elements: no nontrivial element from one
subspace can belong to another subspace, i.e., elements from distinct subspaces are
distinguished by their symmetries. Consequently, guaranteeing nontrivial solutions
for (P) in distinct subspaces of HZ(S?) of the above type, these elements cannot be
compared with each other. We show by an explicit construction that the minimal
number of these subspaces of HZ(S9) is sq = [d/2] + (—1)?*! — 1. Here, [] denotes
the integer function. For details, see Section 3.

We roughly describe the strategy to construct infinitely many distinct sign-
changing solutions for (P) in a fixed subspace of HZ(S%) of the above type; for
the sake of simplicity, we denote by W such a subspace of HZ(S%). Now, we re-
strict the energy functional £ to W, denoting it by £y, and we fix certain L>°-level
sets in W, say W, C W, k € N; the sequence {W}} is decreasing (resp. increas-
ing) whenever L = 01 (resp. L = +oc). Up to a subsequence of {Wy}, C W,
the relative minimizers of &y to Wy have different energy levels; so their set is
uncountable. The non-smooth principle of symmetric criticality for Szulkin-type
functionals (see Kobayashi-Otani [11] and Akagi-Kobayashi-Otani [1]) and a careful
truncation argument imply that the relative minimizers of £y on the sets Wy, are
actually weak solutions of (P). In some respects, this approach is quite unusual:
dealing with a problem in a pure smooth context we are forced to use a proper
non-smooth principle. Moreover, the L>-norm and H?-norm of the sequences of
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solutions for (P) tend to L € {0", 400} whenever f oscillates at L; this fact fully
reflects the oscillatory behaviour of f at L.

Elliptic problems involving oscillatory nonlinearities have been studied in Omari-
Zanolin [15], Ricceri [16], Saint Raymond [17], subjected to standard Neumann or
Dirichlet boundary value conditions on bounded open domains of R™, or even on
unbounded domains, see Faraci-Kristély [8], Kristaly [12]. Results in finding sign-
changing solutions for semilinear problems can be found in Li-Wang [13], Zou [19]
and references therein. The strategy in these last papers is to construct suitable
closed convex sets which contain all the positive and negative solutions in the inte-
rior, and are invariant with respect to some vector fields. Our approach is rather dif-
ferent than those of [13], [19] and is related to the works of Bartsch-Schneider-Weth
[2] and Bartsch-Willem [3], where the existence of non-radial and sign-changing so-
lutions are studied for Schrodinger and polyharmonic equations defined on R™. For
further results concerning sign-changing solutions, see [4], [6], [14] and references
therein.

The plan of the paper is as follows. In the sequel we state our main theo-
rems. In Section 3, by using a group-theoretical argument, we explicitly construct
sq = [d/2] + (—1)%*1 — 1 subspaces of HZ(S9) with special symmetrical properties.
In Sections 4 and 5 we prove our main Theorems 2.1 and 2.2, respectively, while
Section 6 contains a list of concluding remarks.

2. Main results. In the sequel, we denote by | - || the usual sup-norm on S.
Let f: R — R be a continuous function and F(s) = [; f(t)dt. We assume that
(fY)  —oo < liminf, o+ % < limsup,_, o+ FS(;) = +o0;

(f9)  liminf,_g+ £ <0,
The first result can be formulated as follows:

Theorem 2.1. Let d > 5 and f: R — R be a continuous function which is odd in
an arbitrarily small neighborhood of the origin, verifying (f2) and (f9). Then there
exist at least sq = [d/2] + (—1)4T1 — 1 sequences {ul}r, C HZ(S?), i € {1,..., 84}, of
sign-changing weak solutions of (P) distinguished by their symmetry properties. In
addition,

lim [|ul|leo = lim |Julllgz =0 for every i€ {1,...,s4}.
k—o0 k—o0 1

Ezample 1. Let o, 3,7 € R such that « + 3> 1> a > 0, and v € (0,1). Then,
the function f : R — R defined by f(0) = 0 and f(s) = |s|* 1s(y + sin|s|~”) near
the origin (but s # 0) and extended in an arbitrarily way to the whole R, verifies
both (fP) and (f9).

We have a counterpart of Theorem 2.1 when the nonlinear term oscillates at
infinity. Instead of () and (fY), respectively, we assume

(ff°) —oo <liminf, . % < limsup, . FS(;)

(fs°)  liminf,_o L& <o.
Unlike in Theorem 2.1 where no further assumption is needed at infinity, we have
to control here the growth of f. We assume that f has an asymptotically critical

growth at infinity, namely,

(fs°)  limsup,_, 1_!_1;(;)11 < 00, where 2% = 24
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Our next result can be formulated as follows:

Theorem 2.2. Let d > 5 and f : R — R be an odd, continuous function which
verifies (f2°), (fs°) and (£5°). Then there exist at least sq = [d/2] + (—1)+! —1
sequences {Ui}y C HE(SY), i € {1,...,84}, of sign-changing weak solutions of (P)
distinguished by their symmetry properties. In addition,

lim ||} )lco = lim ||GL|| g2 =00 for every i€ {1,...,5q4}.
k—o0 k—o0 1

Example 2. Let d > 5 and a, 3,7 € R such that % >a>1,|la—p] <1, and
€ (0,1). Then, the function f : R — R defined by f(s) = |s|* !s(y + sin|s|?)
verifies the hypotheses (1), (f$°) and (f5°), respectively.

3. Subspaces of H?(S?) with special symmetries: a group-theoretical ar-
gument. Let d > 5 and sq = [d/2] + (=1)%*! — 1. For every i € {1,...,s4}, we
define

G- Oli+1)x0(d=2i-1)xO>i+1), if i# 4=l
T O < 05, if i= 45t

Let us denote by (Gq.; Ga, ;) the group generated by Gg; and G4 ;. The key result
of this section is

Proposition 3.1. For every i,j € {1,...,sq4} with i # j, the group (Ga.; Ga ;) acts
transitively on S<.

Proof. Without loosing the generality, we may assume that ¢ < j. The proof is di-
vided into three steps. For abbreviation, we introduce the notation 0y = (0, ...,0) €
RF ke {l,...d+1}.
Step 1. The group (Gai;Ga ;) acts transitively on ST=771 x {011}

When j = %, the proof is trivial since O(%) acts transitively on S ‘3", Assume
so that j # %. We show that for every o = (01, 09,03) € S99~ with oy € R+,
o2 €RITH 03 € R and w € S7 fixed arbitrarily, there exists g;; € (Ga,i; Ga,j)
such that

9ij(w, 04—;) = (0,0j41). (1)

Since O(j + 1) acts transitively on S7, for every 6 € R/~* with the property that
(01,52) € S7, there exists an element g; € O(j + 1) such that

gjw = (01,02). (2)

Note that |01|2 + |52|2 =1 and |0’1|2 + |0’2|2 + |03|2 =1;s0 |5’2|2 = |02|2 + |0’3|2.
If 5’2 = Ojfi then g9 — Ojfi and g3 — Od72j71; thus, g = (al,Od,j,i,l). Let
Gij = g; X itdga—j € Gq j. Then, due to (2), we have

gij(wvodfj) (gjw Od J) (Ulvoj lvod J) (Ulvod*i) = (Ua OjJrl)a
which proves (1).
If 6o # 04, let 7 = |G2| > 0. Since O(d — 2i — 1) acts transitively on S9-2:~2
(thus, also on the sphere S?=2"=2), then there exists g; € O(d — 2i — 1) such that
gi(ﬁg, Od—j—i—l) = (02, 03, Oj_i) (S Tsd_2i_2. Let

§i = idgi+1 X g; X idgi+1 € Gg; and §; = g; X idga—; € Gg ;.
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Then gi; = §:§; € (Ga,i;Ga,j) and on account of (2) and i +1 < d — j (since
1< j < sq4), we have

i3 (w, 0a—5) = Gi(gjw, 0d—;) = Gi(01,62,0a—;) = (01, 9i(F2,0a—j—i-1), Oi1)

= (Ul’ 02,03, Oj*i’ Oi+1) = (Uv 0j+1),
i.e., relation (1).

Now, let 7,6 € S% 71 Then, fixing w € S7, on account of (1), there are
g1,92 € <Gd,i§Gd,j> such that gl(w,Od_j) = (E, 0j+1) and gg(w,Od_j) = (5’,0j+1).
Consequently, gogy ' € (Ga,i;Ga,5) and 9297 (@, 0j41) = (,0j41), i.e., the group
(Ga.i;Gaj) acts transitively on S¥=7=1 x {041}

Step 2. The group (Gaq;Ga,;) acts transitively on ST~ x {0;41}.

We can proceed in a similar way as in Step 1; however, for the reader’s convenience,
we sketch the proof. We show that for every o = (01, 02,03) € Sl with oy €
RiFL gy € RITI77L g3 € RITH and w € S99 fixed arbitrarily, there is g;; €
(Ga,;Gaq,j) such that

9i5(w, 0j41) = (0,0411). (3)
Let 6o € R4777i~1 be such that |o1|? + |52|? = 1. Then, due to Step 1, there exists
Gij € (Gai;Ga,j) such that gij(w,0541) = (01,52,0;41).

If 52 = Od—j—i—l then g9 = Od—j—i—l and 03 = Oj_i; thus, (3) is verified with
the choice g;; := Gij € (Ga,i; Ga,j)-

If 69 # 0q—;—i—1 then let r = |G2| > 0. Since O(d — 2i — 1) acts transitively on
S§=2=2 (thus, also on the sphere rS¢~2=2) then there exists g; € O(d — 2i — 1)
such that gi((~72,0j7i) = (09,03) € rS4-2-2 Tet gi = tdgi+1 X g; X idgi+1 € Gg;.
Then

9i9i5(w, 0j41) = Gi(01,02,0541) = (01,9i(52,0;-i), Oiv1) = (0, 0i41).
Consequently, g;; := §iGij € (Ga,i; Ga,;) verifies (3). Now, following the last part of
Step 1, our claim follows.
Step 3. (Proof concluded) The group (Ga;; Ga, ;) acts transitively on S9.
We show that for every o = (01,09,03) € S with 01 € R*! gy € RII7i71
o3 € Rt and w € S9! fixed arbitrarily, there is gij € (Ga,i; Ga ;) such that

9ij(w, 0i41) = 0. (4)
Let 3 € R77% such that |G3] = |os]. Then, due to Step 2, there exists g;; €
<Gd,i; Gd7j> such that gij(w, 0i+1) = (0’17 g9, 53, Oi—i—l)'

If 535 = 0j_; then o3 = 0;41 and (4) is verified by choosing g;; = gi; €
(Gai;Ga,j) ‘

If 65 # 0j_;, let r = |G3] = |os| > 0. Since O(j + 1) acts transitively on S7,
there exists g; € O(j + 1) such that g;(63,0;+1) = 03 € rS7. Let us fix the element
gj = ide—j X g; € Gd_’j. Then

G;9ij(w, 0i41) = gj(01,02,53,0i41) = (01,02, 9;(53,0i+1)) = (01,02,03) = 0.
Consequently, gi; := §;9i; € (Ga,i; Ga,;) verifies (4).

Now, let 7,6 € S9 Then, fixing w € S~ on account of (4), there are
91,92 € (Ga,;Gq ) such that g1(w,0;41) = 7 and g2(w, 0;41) = 6. Consequently,
gzgf1 € (Gq,i;Gq,j) and gggfl(E) =0, l.e., the group (Gq; Gq,;) acts transitively
on S?. This completes the proof. O

Let d > 5 and fix G4 ; for some i € {1, ..., s4}. We define the function 7; : S — S¢
associated to Gg4,; by
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(03,01),if i = Ll and o = (01,03) with 01,03 e R 2.

{ (03,02,01),if @ # %, and o = (01,02,03) with 01,03 € R, gy € RT7271,
Ti(0) = d+1
2

It is clear by construction that 7; ¢ G, nGd_’iTi_l = Ga,; and 72 = idga+1.

Inspired by [2], [3], we introduce the action of the group GJ;, = (Gq,i,7) C
O(d+1) on the space HZ(S?). Due to the above properties of 7;, only two types of
elements in G’; can be distinguished; namely, § = g € Gq,;, and § = 719 € G7';\Ga,;
(with g € Ga,3), respectively. Therefore, the action G7; x Hf(S%) — H7(S?) given
by

gu(o) =u(g~'0),  (rig)ulo) = —u(g~ ' o), (5)

for g € Gai, u € H*(S?) and o € S9, is well-defined, continuous and linear. We
define the subspace of HZ(S%) containing all symmetric points with respect to the
compact group G7';, i.e.,

HG;Z_(Sd) ={u € H}(S?) : gu = u for every g € Gyt
For further use, we also introduce
He, (8" = {u € H}(S%) : gu=u for every g € Gy},
where the action of the group G4; on HZ(S?) is defined by the first relation of (5).

Remark 1. Every nonzero element of the space HG;iv(Sd) changes sign. To see
this, let u € HG;ib(Sd) \ {0}. Due to the G7,-invariance of u and (5) we have
u(o) = —u(r;] ') for every o € S?. Since u # 0, it should change the sign.

The next result shows us how can we construct mutually distinct subspaces of
H?(S?) which cannot be compared by symmetrical point of view.

Theorem 3.1. For everyi,j € {1,..., 84} with i # j, one has
a) He,,(SY) NHg,,(S%) = {constant functions on S%};
b) Heg, (5°) 1 Hyr (5% = {0),

Proof. a) Let u € Hg, ,(5%) N Hg, ,(S). In particular, u is both Gg - and Gg ;-
invariant, i.e. g;u = gju = u for every g; € Gg; and g; € Ggj, respectively.
Consequently, u is also (G4, Gq, j)-invariant; thus, u(o) = u(g;;0) for every g;; €
(Ga,i,Ga,j) and o € S¢. Due to Proposition 3.1, for every fixed o € S%, the orbit
of gi;o is the whole sphere S¢ whenever g;; runs through (G4, G4 ;). Therefore, u
should be constant.

b) Let u € HG;ii(Sd) N HG;jV(Sd). The second relation of (5) shows that

s
u(o) = —u(r; o) = —u(ijla), o € S But, due to a), u is constant. Thus, u

should be 0. O

To conclude this section, we construct explicit functions belonging to HG;ii(Sd)
which will be essential in the proof of Theorems 2.1 and 2.2, but it is of interest in
its own right as well. Before we give the class of functions we are speaking about,
we say that a set D C S%is G;fi—invariant, if gD C D for every g € G;fi.
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Proposition 3.2. Leti € {1,...,s4} and s > 0 be fized. Then there exist a number
C; > 0 and a G} ,-invariant set D; C S with Voly,(D;) > 0, both independent on

the number s, and a function w € HG;;_(S”Z) such that
i) e < 5

ii) |Vw(o)| < Cis for a.e. o € S%
ili) |w(o)| = s for every o € D;.

An explicit function w : ¢ — R fulfilling all the requirements of Proposition 3.2 is
given by

w(o) = %sgn(lall—\US\)maX <0’min<R§;T’R;r_
RL3 R+3
,max< lo1| + |os| 7# o] = losl] — % ))) (6)

where R > r, and 0 = (01, 09,03) € S% with 01,03 € R, g9 € R172~1 whenever

i+ %7 and 0 = (01,03) € S with 01,03 € R whenever i = %. The G -
invariant set D; C S% can be defined as

R+ 3r <R—r <R—r .

- 8 - 8

The geometrical image of the function w from (6) is shown by Fig. 1.

R+ 3r
4

|o1] + |os| = lloa] = los]| =

Di:{UGSdl

4

FIGURE 1. The image of the function w : S — R from (6) with parameters
r = 0.2, R = 1.5,s = 0.4; the value w(o) is represented (radially) on the line
determined by 0 € R4t1 and o € S, the ’zero altitude’ being co, i.e., the
sphere ¢S%, with ¢ = 1.3. The union of those 8 disconnected holes on the
sphere S where the function w takes values s and (—s) corresponds to the
G;ffinvariant set D;. (Note that the figure describes the case i # 451, When

2
i = % the coordinate oy vanishes and the figure becomes simpler.)
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4. Proof of Theorem 2.1. Throughout this section we assume the hypotheses
of Theorem 2.1 are fulfilled. Let § > 0 be so small that f is odd on [-§, §], and
let f(s) = sgn(s)f(min(|s|,5)). Clearly, f is continuous and odd on R. Define also
F(s) = [ f(t)dt, s € R.
On account of (fY), one may fix ¢y > 0 such that
lim inf /s < —¢p < 0. (7)
s—0+t S

In particular, there is a sequence {3y} C (0, §) converging (decreasingly) to 0, such
that

fk) = f(5k) < —cosk- (8)

Let us define the functions

U(s) = f(s)+cos and W(s) = /OS Y(t)dt = F(s) + %082, seR. (9)

Due to (8), ¥(35) < 0; so, there are two sequences {ax}x, {br}r C (0,5), both
converging to 0, such that by < ap < Sk < by for every k € N and

P(s) <0 for every s € [a, bg]. (10)

Since ¢g > 0, see (7), the norm

1/2
g = ( [ wudon oo | uzdah) a1
Sd Sd

is equivalent to the standard norm || - [[zz. Now, we define & : H2(S%) — R by

() = lull, - [ W),

which is well-defined since 1 has a subcritical growth, and H?(S?) is compactly
embedded into LP(S?), p € [1,2%), see Hebey [9, Theorem 2.9, p. 37]. Moreover, £
belongs to C1(H?(S%)), it is even, and it coincides with the energy functional asso-
ciated to (P) on the set B®(3) = {u € L=(59) : ||ullc < 5} because the functions
f and f coincide on [—3, 3].

From now on, we fix i € {1, ..., s4} and the corresponding subspace Hegri (8% of

H?(8%) introduced in the previous section. Let us denote by & the restriction of
the functional £ to Hgri. (S?) and for every k € N, consider the set

Ti = {u e Hep (59) ¢ Julloo < i}, (12)

where by, is from (10).

Proposition 4.1. The functional &; is bounded from below on T} and its infimum
mt on T} is attained at ul, € T}. Moreover, mi = &;(u}) <0 for every k € N.

Proof. For every u € T} we have
1
Ei(u) = =|jul? —/ U(u(o))do, > — max ¥ - Vol,(S?) > —oo.
2 0 Sd [—bk,bk
It is clear that 7} is convex and closed, thus weakly closed in HG;_(Sd). Let

m}C = infTé Eiy and {un}y C T,ﬁ be a minimizing sequence of &; for m};. Then, for
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large n € N, we have

lunll, < mh + 1+ max @ Voly(5°),
thus {uy },, is bounded in H, G, (S4). Up to a subsequence, {u,}, weakly converges
in Her (S%) to some uf € Tf. Since ¢ has a subcritical growth, by using the
compactness of the embedding HG;fi (8% ¢ H?(SY) — LP(S%),1 < p < 2*, one can
conclude the sequentially weak continuity of the function u — [g, ¥(u(0))doy, u €
HG;fi(Sd)- Consequently, &; is sequentially weak lower semicontinuous. Combining
this fact with the weak closedness of the set T}, we obtain &;(u,) = mj, = infr; &;.

The next task is to prove that m} < 0 for every k € N. First, due to (9) and
(fY), we have
v
— o0 < liminf L;) < limsup
s—0+t S s—0+

U(s
5(2) = +o00. (13)

Therefore, the left-hand side of (13) and the evenness of ¥ implies the existence of
>0 and g € (0, 3) such that

U(s) > —1s? for every s € (—0,0). (14)

Let D; ¢ 8¢ and C; > 0 be from Proposition 3.2 (which depend only on Gg;
and 7;), and fix a number [ > 0 large enough such that
C2

Vol (D;) > (; + %0) Vol ($7) + -, (15)

¢p > 0 being from (7). Taking into account the right-hand side of (13), there is a
sequence {sg}r C (0,0) such that s, < by and WU(sg) = ¥(—sy) > Isi for every
keN.

Let wy, := ws,, € Hgri. (S) be the function from Proposition 3.2 corresponding

to the value s, > 0. Then wy € T,ﬁ and one has
1
sl = [ w(o)don

Sd

< % (CZ2 + CoVOlh(Sd)) Si —/
D;

gi (wk)

\If(wk(o))dah —/ \I/(wk(a))doh.

Sd\Di

On account of Proposition 3.2 iii), we have
/ U (wy,(0))doy, = ¥ (sk)Voly(D;) > IVoly,(D;)ss.
D;
On the other hand, due to (14) and Proposition 3.2 i), we have

/ U (wy,(0))doy, > —1 / w(o)doy, > —IVoly,(S%)s?.
Sd\Di Sd\Dl

Combining (15) with the above estimations, we obtain that mfC = infT)i & <
Ei(wg) < 0, which proves our claim. O

Proposition 4.2. Let u, € T} from Proposition J.1. Then, ||u}llcc < ak. (The
number ay, is from (10).)
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Proof. Let A= {o € S%: ui (o) ¢ [—ay,ar]} and suppose that meas(A4) > 0. Define
the function v(s) = sgn(s) min(|s|, ax) and set wy = o u}. Since v is Lipschitz
continuous, then wy, € HZ(S), see Hebey [9, Proposition 2.5, p. 24].

We first claim that wy € Hegr (S9). To see this, it suffices to prove that gwy = wy,
for every g € G7,. First, let § = g € Gq,;. Since guj, = u},, we have

guwi(o) = wi(g o) = (youp) (g~ o) = v(ui(g~'0)) = v(ui(0)) = wi(0)

for every o € S. Now, let § = 7,9 € G\ Ga; (with g € Gg,;). Since 7 is an odd
function and (7;9)ul = ul, on account of (5) we have

(riglwr(o) = —wi(g™ 1T 1U)= —(youp)(g'ri o)
= 7((U)k( o)) = ((rig)ui (o)) = y(ui(0))
= wi(o

for every o € S%. In conclusion, the claim is true, and wy € HG;i,(Sd). Moreover,

We introduce the sets
Ay ={oecA: ui(o) < —ar} and Ay ={o € A: uj(o) > ar}.

Thus, A = A;UAs, and we have that wi(0) = ul(o) for all o € S\ A, wy(0) = —ay,
for all o € Ay, and wy (o) = ay, for all ¢ € Ay. Moreover,

|wk||oo < aj. Consequently, wy € T}.

&-(wk) - Sz(uﬁg) =

= 5 [ Vel + 5 [ ok = o~ [ (@) - VLo
= 5 [ Vi) Pdon + G [ (0 = (wi0)?ldon
- [ o) - vkl - [ (Vo) - V(o))
A As

Note that [, [w} — (u,)?]doy, < 0. Next, by the mean value theorem, for a.e. o € As,
there exists 0y (c) € [ax,bg] such that ¥(ax) — ¥(ul (o)) = Y (0k(0))(ar — ul(0)).
Thus, on account of (10), one has

[ e - wuiopjdon > o
Az
In the same way, using the oddness of ¥, we conclude that
[ (e~ ¥wio)ldon > o
Ay

In conclusion, every term of the expression & (wy) — &;(ul,) is nonpositive. On the
other hand, since wy € T}, then & (wy) > &(u}) = infr; &. So, every term in
Ei(wg) — &i(ul) should be zero. In particular,

/A Vi (o) do, = /A (02 — (ul(0)))dor, = 0.

These equalities imply that meas(A) should be 0, contradicting our initial assump-
tion. 0

Proposition 4.3. limy_, mj, = limy— o [|uf [loo = limg— oo [|u}[ g2 = 0.
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Proof. Using Proposition 4.2, we have that ||ullc < ar < § for a.e. o € S
Therefore, we readily have that limy_.c ||ul|/ec = 0.
Moreover, the mean value theorem shows that

mj, = Elup) > —/Sd W (ut (0))doy, > —

- mgi)g] 4| Voly, (ST)ay.

—5,5

max 0] [ fuj (o)l don
[—3,3] gd

P

Y%

Since limy_, o ar = 0, we have limy_ ..o mi > 0. On the other hand, m; < 0 for
every k € N, see Proposition 4.1, which implies limy_, mi = 0.
Note that
uillZ,
2

= [ W o))don < i+ s VO (S,
S -3,
thus limy—oo ||ul o = 0. But || - ||, and || - | 2 are equivalent norms. O

Now, we prove the key result of this section where the non-smooth principle of
symmetric criticality for Szulkin-type functions plays a crucial role.

Proposition 4.4. u} is a weak solution of (P) for every k € N.

Proof. We divide the proof into two parts. First, let
Ty = {ue HASY) : ulloe < b}
Step 1. &' (ul)(w — ui) > 0 for every w € Tj.
The set Ty is closed and convex in HZ(S?). Let (7, be the indicator function of
the set Ty, (i.e., {7, (u) = 0 if u € Ty, and (7, (u) = 400, otherwise). We define the
Szulkin-type functional 7, : HZ(S?) — R U {+o00} by ), = € + (1, see [18], i.e.,
& is of class CY(H?(S%)), and (7, is convex, lower semicontinuous and proper. On
account of (12), we have that T} = T, N Hgr (S); therefore, the restriction of (r,
to Heri (S9) is precisely the indicator function (z; of the set T}. Since uj, is a local

minimum point of &; relative to T} (see Proposition 4.1), then u}, is a critical point
of the functional 7}, := & + (r; in the sense of Szulkin [18, p. 78], i.e.,

0€ El(ul) + Oy (uf) in (Hg (S)", (16)
where 8(% stands for the subdifferential of the convex function CT,;’-

Since £ is even, by means of (5) one can easily check that it is G/ -invariant. The
function (7, is also G:lfi-invariant since g7} C T} for every g € G:u (we use again
(5)). Finally, since G; C O(d + 1) is compact, and &; and (7, are the restrictions
of £ and (p, to HG;i_(Sd)7 respectively, we may apply — via relation (16) — the
principle of symmetric criticality proved by Kobayaski—()tani [11, Theorem 3.16, p.
443]. Thus, we obtain

0€ &' (up) + ¢, (up) in (HF(ST))".
Consequently, for every w € HZ(S?), we have

&' (up) (w — u) + ¢r,, (w) = (1, (ug) >0,
which implies our claim.

Step 2. (Proof concluded) ui is a weak solution of (P).
By Step 1, we have
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/ (Vul, V(w — ul))doy, + co/ ul (w — ul)doy,
Sd Sd

— | Yl (w —ul)doy, >0, YweTy.
Sd
Recall from (9) that 1(s) = f(s)+cos, s € R. Moreover, f and f coincide on [—3, 3]
and u} (o) € [—ax,ax] C (=3, 3) for a.e. o € S¢ (see Proposition 4.2). Consequently,
the above inequality reduces to

/ (Vui, V(w —u}))doy — fuh)(w —ub)doy >0, YV we Ty. (17)
54 Sd
Let us define the function 7(s) = sgn(s) min(|s|, by), and fix e > 0 and v € HZ(S4)

arbitrarily. Since v is Lipschitz continuous, wy, = v o (u}, + €v) belongs to H?(S%),
see Hebey [9, Proposition 2.5, p. 24]. The explicit expression of wy, is

- by, if oe{uj+ev< by}
wi(o) = ¢ u(o) +ev(o), if o€ {-by <uj+ev<by}
by, if o€ {br <uj +ev}.

Therefore, wy € T). Taking w = wy, as a test function in (17), we obtain

o< [ Vi [ £ () b+ )
{u}, +ev<—by} {u}, +ev<—by}
—i—s/ <Vu§€,VU> —5/ f(uﬁg)v
{7bk§u}'c+5'u<bk} {7bk§u};+sv<bk}

[P [ )b ).
{br <uj +ev} {br <ul +ev}

After a suitable rearrangement of the terms in this inequality, we obtain that

0 < E/Sd<Vu};,Vv>—s/Sdf(u};)v

-/ Vi - | Vi
{u} +ev<—by} {br <ui+ev}

+/ fu)(by + uh + ev) + / F(uh)(=by, + ul + v)
{u};+sv<7bk} {b, Su}CJrsv}

—5/ (Vuy, Vo) — 5/ (Vuy, Vo).
{uj +ev<—by} {b <uj+ev}

Let My, = max(_q, q,) |f|- Since uj(0) € [—ak, ar] C [~bk, bi] for a.e. o € ¢, we

have
/ f(u}c)(bk + u}c +ev) < —sMk/ v
{ui +ev<—by} {ui +ev<—by}

and

/ f(ul)(=bg +uj +ev) < sMk/ v.
{bp<ui +ev} {bx<u} +ev}
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Using the above estimates and dividing by € > 0, we obtain

0 < / (Vuli,Vu)doy, — / f(u)vdoy,
Sd Sd

—Mk/ vdoy, +Mk/ vdoy,
{ui +ev<—by} {bx<uj +ev}

- / (Vul, Vo)doy, — / (Vul, Vo)doy,.
{ul +ev<—by} {bx <uj +ev}
Now, letting e — 0T, and taking into account Proposition 4.2 (i.e., —a < ul (o) <
ay, for a.e. o € S%), we have

meas({u}, + v < —by}) — 0 and meas({by < uj +cv}) — 0,

respectively. Consequently, the above inequality reduces to

0 < / (Vuy, Vo)doy, — f(ul)vdoy,.
54 54
Putting (—v) instead of v, we see that uf, is a weak solution of (P), which completes
the proof. O

Proof of Theorem 2.1. Fix i € {1,...,s4}. Combining Propositions 4.1 and 4.3,
one can see that there are infinitely many distinct elements in the sequence {uf }.
These elements are weak solutions of (P) as Proposition 4.4 shows, and they change
sign, see Remark 1. Moreover, due to Theorem 3.1 b), solutions in different spaces
HG;ii(Sd), i €{l,...,sq4}, cannot be compared from symmetrical point of view. The

L~ and H?-asymptotic behaviour of the sequences of solutions are described in
Proposition 4.3. 0

5. Proof of Theorem 2.2. Certain parts of the proof are similar to that of The-
orem 2.1; so, we present only the differences. We assume throughout of this section
that the hypotheses of Theorem 2.2 are fulfilled. Due to (f5°), one can fix s > 0

such that
lim inf /(5)

85— 00 S
Let {35} C (0, 00) be a sequence converging (increasingly) to +oo, such that f(5x) <
—Cso5k- We define the functions

P(s) = f(8) + cos and V(s) = /05 Y(t)dt = F(s) + %0327 s € R. (18)

By construction, ¥(5x) < 0; consequently, there are two sequences {ax}x, {br}r C
(0, 00), both converging to oo, such that ay < 3 < by < axy1 for every k € N and

< —Coo < 0.

P(s) <0 for every s € [a, bg]. (19)
Since ¢oo > 0, the norm || - ||... defined in the same way as (11) with ¢, instead of
co, is equivalent to the standard norm [| - || 2. Now, we define the energy functional

€ : H?(S%) — R associated with (P) by
1
£ = 5llul. - [ ¥ulo))don.
Sd

Since HZ(S?) is continuously embedded into LP(S%), 1 < p < 2*, see [9, Corollary
2.1, p. 33]), using hypothesis (f$°), the functional £ is well-defined, and it belongs
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to C*(H2(S%)). Moreover, since f is odd on the whole R, the functional £ is even.

We fix i € {1,...,s4} and the subspace HG;i_(Sd) of H?(SY). Let & be the
restriction of the functional £ to Hem (S) and for every k € N, define the set

Z = {u € Ha (5 ulloo < be),

where by, is from (19).

Proposition 5.1. The functional &; is bounded from below on Z}. and its infimum
my, on Zj} is attained at uj, € Z;,. Moreover, limg_ o ™), = —00.

Proof. 1t is easy to check that & is bounded from below on Z;. In order to see
that it attains its infimum on Zj we show that the function u — [g, ¥(u(0))dop,
uwe Hgm (89) is sequentially weak continuous; in such case, & is sequentially weak

lower semicontinuous and we may proceed in the standard way. On one hand, due
to (f5°), (18) and the oddness of v, one can find ¢; > 0 such that

lh(s)] < er(1+ 15271, seR. (20)

On the other hand, the definition of G4 ; shows that the G4 ;-orbit of every point
o € S% has at least dimension 1, i.e., dim(G4;0) > 1 for every o € S%. Thus

dg = min{dim(G4,0) : 0 € S} > 1.

Applying [2, Lemma 3.2], we conclude in particular that Hg dyi(Sd) is compactly

embedded into L9(S?), whenever ¢ € [1, %‘51%32) . Since % > 2% the embedding
HG;ib(Sd) C Hg,,(S%) — L*(S?) is compact. Combining (20) with the above
cornbactness property, we conclude the sequentially weak continuity of the function
u— [g0V(u(o))don, u e Hgn (S?). Consequently, we may assert that the infimum

m4 on Z} is attained at the point a} € Z}.

We will prove limg_.o m} = —oo. First, due to (18) and (f{°), we have
LG LG
— oo < liminf Lj) < lim sup @ = +o00. (21)
s—00 S s—oo S

The left inequality of (21) and the evenness of ¥ implies the existence of [, 0 > 0
such that

U(s) > —1s? for every |s| > o. (22)

Let D; ¢ 8¢ and C; > 0 be from Proposition 3.2 (which depend only on Gg;
and 7;), and fix a number [ > 0 large enough such that

2
Vol (Dy) > (L+ %") Vol (5%) + % (23)

Taking into account the right-hand side of (21), there is a sequence {5} C (0, 00)
such that limg_. §x = 0o and ¥ (5) = ¥(—5;) > 75% for every k € N.

Let {by,, }x be an increasing subsequence of {by } such that 55, < b, for every k €
N. Let wy, = ws, € HG;ii(Sd) be the function from Proposition 3.2 corresponding
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to the value 55 > 0. Then w;, € Z,ilk and one has
) 1, )
g = ol - [ W)
Sd

< %(Cf+cwvolh(5d)) 5 — /D i\I/(u?k(U))doh— /S d\Di\If(u?k(o))dah.

On account of Proposition 3.2 iii), we have
/ U (wy,(0))doy, = ¥ (5x)Voly(D;) > IVoly,(D;) 3.
D;
Due to Proposition 3.2 i) and (22), we have

/ U(wy(0))doy, = U (wy(0))doy,
S\ D,

‘/(Sd\Di)ﬁ{wkSQ}

+ / U (wg(o))doy,
(SUI\D;)N{|wx|> 0}

— (max |v|+ L§i> Voly, (59).

[~o,0]

Y

Combining these estimates, we obtain that
~ ~2 7 Coo d 012 d
51(71};9) < s; —lVOlh(Di) + (£+ 7) VOlh(S )+ > + [max] |\I/|V01h(5' )
—o.0
Taking into account (23) and that limg_,o § = 00, we obtain limg_,o & (Wg) =
—o0. Since ml, = &(ul, ) = infzi & < E(wy), then limy_o M), = —oo. Since
"k

the sequence {7} }x is non-increasing, the claim follows. O
Proposition 5.2. limy e || [lec = limy—oc [|T}] g2 = o0

Proof. Assume first by contradiction that there exists a subsequence {@f, }j of
{@} }x such that [|i, [|oc < M for some M > 0. In particular, {a!, } C Z] for some
[ € N. Therefore, for every ny > [, we have

my >y, = inf & = & (ah,) > inf & = mj.
Zi, z
Consequently, m,, = m; for every n, > [, and since the sequence {rh}c}k is non-
increasing, there exists kg € N such that for every k > ko we have m) = mj,

contradicting Proposition 5.1.
It remains to prove that limy_.o [|@} || z2 = 0o0. Note that (20) and the continuity

of the embedding H?(S?) into L? (S%) implies that for come C' > 0 we have

R

Similarly as above, we assume that there exists a subsequence {a/, }r of {@]}x

< O(lullgz + llullFe), Vu € HF(S?).

such that for some M > 0, we have Hﬂ;kHH% < M. Since || - |lc., is equivalent
wi_th (RIP?E: , due to the above inequality, the sequence {&;(af,, )}« is bounded. But
my, = &(uy,, ), thus, the sequence {m;, } is also bounded. This fact contradicts
Proposition 5.1. g

Proof of Theorem 2.2. Due to Proposition 5.1, we can find infinitely many distinct
elements 4y ; similar reasoning as in Propositions 4.2 and 4.4 show that uj, are weak
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solutions of (P) for every k € N. The L~ and H?-asymptotic behaviour of the
sequences of solutions are described in Proposition 5.2. The rest is similar as in
Theorem 2.1. O

6. Final remarks. A. (Asymptotically critical problems on R¥*1) Theorems 2.1
and 2.2 can be successfully applied to treat equations of the form

— Ao =[2]*2f (2] ®v), x € RMI\{0} (a<0) (24)

whenever f : R — R is enough smooth and oscillates either at zero or at infinity
having an asymptotically critical growth. Finding solutions of (24) in the form
v(z) = v(r,0) = ru(o), (r,0) = (|z|,2/|z]) € (0,00) x S¢ being the spherical
coordinates, we obtain

—Apu+a(l —d—a)u= f(u) on S (25)
Assuming (f£) and liminfs ., @ <a(l —d—a) with L € {0", +oc}, and (f$°)
whenever L = 400, we may formulate multiplicity results for (25), so for (24). Note
that the obtained solutions of (24) are sign-changing and non-radial.

B. The minimal number of those sequences of solutions of (P) which contain
mutually symmetrically distinct elements is sq = [d/2] + (—1)?*! — 1. Note that
$q ~ d/2 as d — co. However, in lower dimensions, our results are not spectacular.
For instance, s; = 0; therefore, on S* we have no analogous results as Theorems
2.1 and 2.2. Note that s3 = 1; in fact, for G531 = O(2) x O(2) we may apply
our arguments. Hence, on S? one can find a sequence of solutions of (P) with the
described properties in our theorems.

We may compare our results with that of Bartsch-Willem [3]; they studied the
lower bound of those sequences of solutions for a Schrédinger equation on R*!
which contain elements in different O(d + 1)-orbits. Due to [3, Proposition 4.1, p.
457, we deduce that their lower bound is s/, = [log, ©3] whenever d > 3 and
d # 4.

C. Let a, 8 € L*(5%) be two G -invariant functions such that essinfga3 > 0
and consider the problem

— Apu+a(o)u = B(o)f(u) on S% (26)
If f:R — R has an asymptotically critical growth fulfilling (f{) and
f(s)

liminf —= < essinfsdg,
5— S ﬁ

problem (26) admits a sequence of Gy -invariant (perhaps not sign-changing) weak
solutions in both cases, i.e. L € {07, 00}. The proofs can be carried out follow-

ing Theorems 2.1 and 2.2, respectively, considering instead of HG;fi(Sd) the space

He, ,(5%). Note that o : §¢ — R may change its sign. In particular, this type of
result complements the paper of Cotsiolis-Tliopoulos [5].

D. The symmetry and compactness of the sphere S% have been deeply ex-
ploited in our arguments. We intend to study a challenging problem related to (P)
which is formulated on non-compact Riemannian symmetric spaces (for instance,
on the hyperbolic space H¢ = SOq(d,1)/SO(d) which is the dual companion of
S? = SO(d+1)/SO(d)). In order to handle this kind of problem, the action of the
isometry group of the symmetric space seems to be essential, as shown by Hebey
[9, Chapter 9], Hebey-Vaugon [10]. This problem will be treated in a forthcoming



ASYMPTOTICALLY CRITICAL PROBLEMS ON SPHERES 935

paper.
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