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Preface

For since the fabric of the
universe is most perfect and
the work of a most wise
Creator, nothing at all takes
place in the universe in which
some rule of maximum or
minimum does not appear.

Leonhard Euler (1707-1783)

The roots of the calculus of variations go back to the 17th century.
Indeed, Johann Bernoulli raised as a challenge the “Brachistochrone
Problem” in 1696. The same year, when he heard of this problem,
Sir Isaac Newton found that he could not sleep until he had solved
it. Having done so, he published the solution anonymously. Bernoulli,
however, knew at once that the author of the solution was Newton and,
cf. [291], in a famous remark asserted that he “recognized the Lion by
the print of its paw”.

However, the modern calculus of variations appeared in the middle of
the 19th century, as a basic tool in the qualitative analysis of models
arising in physics. Indeed, it was Riemann who aroused great inter-
est in them [problems of the calculus of variations| by proving many
interesting results in function theory by assuming Dirichlet’s principle
(Charles B. Morrey Jr., [219]). The characterization of phenomena by
means of variational principles has been a cornerstone in the transition
from classical to contemporary physics. Since the middle part of the
twentieth century, the use of variational principles has developed into
a range of tools for the study of nonlinear partial differential equations
and many problems arising in applications. Cf. Ioffe and Tikhomirov
[143], the term “variational principle” refers essentially to a group of re-

vii



viii Preface

sults showing that a lower semi-continuous, lower bounded function on a
complete metric space possesses arbitrarily small perturbations such that
the perturbed function will have an absolute (and even strict) minimum.

This monograph is an original attempt to develop the modern theory
of the calculus of variations from the points of view of several disciplines.
This theory is one of the twin pillars on which nonlinear functional
analysis is built. The authors of this volume are fully aware of the limited
achievements of this volume as compared with the task of understanding
the force of variational principles in the description of many processes
arising in various applications. Even though necessarily limited, the
results in this book benefit from many years of work by the authors and
from interdisciplinary exchanges between them and other researchers in
this field.

One of the main objectives of this book is to let physicists, geometers,
engineers, and economists know about some basic mathematical tools
from which they might benefit. We would also like to help mathemati-
cians learn what applied calculus of variations is about, so that they can
focus their research on problems of real interest to physics, economics,
engineering, as well as geometry or other fields of mathematics. We
have tried to make the mathematical part accessible to the physicist
and economist, and the physical part accessible to the mathematician,
without sacrificing rigor in either case. The mathematical technicalities
are kept to a minimum within the book, enabling the discussion to be
understood by a broad audience. Each problem we develop in this book
has its own difficulties. That is why we intend to develop some standard
and appropriate methods that are useful and that can be extended to
other problems. However, we do our best to restrict the prerequisites
to the essential knowledge. We define as few concepts as possible and
give only basic theorems that are useful for our topic. The authors use
a first-principles approach, developing only the minimum background
necessary to justify mathematical concepts and placing mathematical
developments in context. The only prerequisite for this volume is a stan-
dard graduate course in partial differential equations, drawing especially
from linear elliptic equations to elementary variational methods, with a
special emphasis on the maximum principle (weak and strong variants).
This volume may be used for self-study by advanced graduate students
and as a valuable reference for researchers in pure and applied mathe-
matics and related fields. Nevertheless, both the presentation style and
the choice of the material make the present book accessible to all new-



Preface ix

comers to this modern research field which lies at the interface between
pure and applied mathematics.

Each chapter gives full details of the mathematical proofs and sub-
tleties. The book also contains many exercises, some included to clarify
simple points of exposition, others to introduce new ideas and tech-
niques, and a few containing relatively deep mathematical results. Each
chapter concludes with historical notes. Five appendices illustrate some
basic mathematical tools applied in this book: elements of convex anal-
ysis, function spaces, category and genus, Clarke and Degiovanni gradi-
ents, and elements of set—valued analysis. These auxiliary chapters deal
with some analytical methods used in this volume, but also include some
complements. This unique presentation should ensure a volume of inter-
est to mathematicians, engineers, economists, and physicists. Although
the text is geared toward graduate students at a variety of levels, many
of the book’s applications will be of interest even to experts in the field.

We are very grateful to Diana Gillooly, Editor for Mathematics, for
her efficient and enthusiastic help, as well as for numerous suggestions
related to previous versions of this book. Our special thanks go also
to Clare Dennison, Assistant Editor for Mathematics and Computer
Science, and to the other members of the editorial technical staff of
Cambridge University Press for the excellent quality of their work.

Our vision throughout this volume is closely inspired by the follow-
ing prophetic words of Henri Poincaré on the role of partial differential
equations in the development of other fields of mathematics and in appli-
cations: A wide variety of physically significant problems arising in very
different areas (such as electricity, hydrodynamics, heat, magnetism, op-
tics, elasticity, etc...) have a family resemblance and should be treated
by common methods. (Henri Poincaré, [245]).

Alexandru Kristaly, Vicentiu D. Radulescu, Csaba Varga
July 2009

alexandrukristaly@yahoo.com
vicentiu.radulescu@imar.ro
varga_gy-csaba@yahoo.com



PART I

Variational Principles in Mathematical
Physics



1

Variational Principles

A man is like a fraction whose
numerator is what he is and
whose denominator is what he
thinks of himself. The larger
the denominator the smaller
the fraction.

Leo Tolstoy (1828-1910)

Variational principles are very powerful techniques at the interplay
between nonlinear analysis, calculus of variations, and mathematical
physics. They have been inspired and have important applications in
modern research fields such as geometrical analysis, constructive quan-
tum field theory, gauge theory, superconductivity, etc.

In this chapter we shortly recall the main variational principles which
will be used in the sequel, as Ekeland and Borwein-Preiss variational
principles, minimax- and minimization-type principles (mountain pass
theorem, Ricceri-type multiplicity theorems, Brézis-Nirenberg minimiza-
tion technique), the principle of symmetric criticality for non-smooth
Szulkin-type functionals, as well as the Pohozaev’s fibering method.

1.1 Minimization techniques and Ekeland variational

principle
Many phenomena arising in applications (such as geodesics or minimal
surfaces) can be understood in terms of the minimization of an energy
functional over an appropriate class of objects. For the problems of
mathematical physics, phase transitions, elastic instability, and diffrac-
tion of the light are among the phenomena that can be studied from this
point of view.
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A central problem in many nonlinear phenomena is if a bounded from
below and lower semi-continuous functional f attains its infimum. A
simple function when the above statement clearly fails is f : R — R
defined by f(s) = e~*. Nevertheless, further assumptions either on f or
on its domain may give a satisfactory answer. In the sequel, we give two
useful forms of the well-known Weierstrass theorem.

Theorem 1.1 [Minimization; compact case] Let X be a compact topo-
logical space and [ : X — RU{+00} a lower semi-continuous functional.
Then f is bounded from below and its infimum is attained on X.

Proof The set X can be covered by the open family of sets S, :=
{v e X : f(u) > —n}, n € N. Since X is compact, there exists a
finite number of sets S,,,...,S,, which also cover X. Consequently,
f(u) > —max{ng,...,n;} for all u € X.

Let s =infx f > —oo. Arguing by contradiction, we assume that s is
not achieved which means in particular that X = U2 {u € X : f(u) >
s+1/n}. Due to the compactness of X, there exists a number ng € Nsuch
that X = U {u € X : f(u) > s+1/n}. In particular, f(u) > s+1/m
for all w € X which is in contradiction with s = infx f > —o0. O

The following result is a very useful tool in the study of various partial
differential equations where no compactness is assumed on the domain
of the functional.

Theorem 1.2 [Minimization; noncompact case] Let X be a reflexive
Banach space, M be a weakly closed, bounded subset of X, and f: M —
R be a sequentially weak lower semi-continuous function. Then f is
bounded from below and its infimum is attained on M.

Proof We argue by contradiction, that is, we assume that f is not
bounded from below on M. Then, for every n € N there exists u,, € M
such that f(u,) < —n. Since M is bounded, the sequence {u,} C M
is so. Due to the reflexivity of X, one may subtract a subsequence
{tn,} of {u,} which weakly converges to an element & € X. Since
M is weakly closed, £ € M. Since f : M — R is sequentially weak
lower semi-continuous, we obtain that f(Z) < liminfy_ o f(uy,) = —o0,
contradiction. Therefore, f is bounded from below.

Let {u,} C M be a minimizing sequence of f over M, that is,
lim,, o f(un) = infp, f > —oo. As before, there is a subsequence
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{un, } of {u,} which weakly converges to an element Z € M. Due to
the sequentially weak lower semi-continuity of f, we have that f(T) <
liminfy oo f(un,) = infps f, which concludes the proof. 0O

For any bounded from below, lower semi-continuous functional f,
Ekeland’s variational principle provides a minimizing sequence whose
elements minimize an appropriate sequence of perturbations of f which
converges locally uniformly to f. Roughly speaking, Ekeland’s varia-
tional principle states that there exist points which are almost points
of minima and where the “gradient” is small. In particular, it is not
always possible to minimize a nonnegative continuous function on a
complete metric space. Ekeland’s variational principle is a very basic
tool that is effective in numerous situations, which led to many new
results and strengthened a series of known results in various fields of
analysis, geometry, the Hamilton-Jacobi theory, extremal problems, the
Ljusternik-Schnirelmann theory, etc.

Its precise statement is as follows.

Theorem 1.3 [Ekeland’s variational principle] Let (X, d) be a complete
metric space and let f : X — R U {oco} be a lower semi-continuous,
bounded from below functional with D(f) = {u € X : f(u) < oo} # 0.
Then for every e > 0, A > 0, and v € X such that

flu) < igl(ff—i-a

there exists an element v € X such that

a) f(v) < f(u);
b) d(v,u) < 5
c) f(w) > f(v) —eld(w,v) for each w € X \ {v}.

Proof 1t is sufficient to prove our assertion for A = 1. The general case
is obtained by replacing d by an equivalent metric Ad. We define the
relation on X:

w < v <= f(w)+ed(v,w) < f(v).

It is easy to see that this relation defines a partial ordering on X. We
now construct inductively a sequence {u,} C X as follows: ug = u, and
assuming that u,, has been defined, we set

Sp={we X :w<u,}
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and choose uy,11 € S, so that
1
n+1

J(tng1) < igﬂff +

Since upt1 < uy, then S, 411 C S, and by the lower semi-continuity of f,
Sy, is closed. We now show that diamS,, — 0. Indeed, if w € S, 11, then
w < Upy1 < uy, and consequently

1
n+1

. 1 .
ed(w,unt1) < flunt1) — flw) < f f+ = —inff=

This estimate implies that
2

di ] < ————
iamS, 11 < ST 1)

and our claim follows. The fact that X is complete implies that ﬂ Sy =
n>0
{v} for some v € X. In particular, v € Sy, that is, v < ug = u and hence

f(v) < f(u) —ed(u,v) < f(u)

and moreover
1

<
d(u,v) < -

(f(u) = f(v)) <

Now, let w # v. To complete the proof we must show that w < v
implies w = v. If w < v, then w < u, for each integer n > 0, that is
w € Np>0Sn, = {v}. So, w £ v, which is actually c). O

1 . .
B (1§ff+e—1§ff)_l.

In RN with the Euclidean metric, properties a) and c¢) in the statement
of Ekeland’s variational principle are completely intuitive as Figure 1.1
shows. Indeed, assuming that A = 1, let us consider a cone lying below
the graph of f, with slope +1, and vertex projecting onto u. We move
up this cone until it first touches the graph of f at some point (v, f(v)).
Then the point v satisfies both a) and c).

In the particular case X = RY we can give the following simple al-
ternative proof to Ekeland’s variational principle, due to Hiriart-Urruty,
[139]. Indeed, consider the perturbed functional

g(w) == f(w) +eX|Jw—ul, we RN,

Since f is lower semi-continuous and bounded from below, then g is lower
semi-continuous and lim,||— o g(w) = +00. Therefore there exists v €
R minimizing g on RY such that for all w € RY

f) +erv—ul < f(w) +eX|w—wul. (L.1)
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A
\/\

>
X

Fig. 1.1. Geometric illustration of Ekeland’s variational principle.

By letting w = u we find
f) +ex|v—ul < f(u)

and a) follows. Now, since f(u) < infg~y f + &, we also deduce that
[v = ul} < T/A.
We infer from relation (1.1) that for any w,

f(0) < f(w) +eX [lw —ul = flv = ul] < f(w) + eAlw —ull,

which is the desired inequality c).
Taking \ = % in the above theorem we obtain the following property.

Corollary 1.1 Let (X,d) be a complete metric space and let f : X —
R U {oo} be a lower semi-continuous, bounded from below and D(f) =
{ue X : f(u) <oo } #0. Then for every e > 0 and every u € X such
that

flu) <inf f+e
X
there exists an element u. € X such that

a) fue) < f(u);
b) d(ue,u) < +/e;
c) f(w) > f(ue) — Ved(w,ue) for each w € X \ {ue}.
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Let (X, |- ||) be a real Banach space, X* its topological dual endowed
with its natural norm, denoted for simplicity also by || -||. We denote by
(+,+) the duality mapping between X and X*, that is, (z*,u) = z*(u)
for every * € X*,u € X. Theorem 1.3 readily implies the following
property, which asserts the existence of almost critical points. In order
words, Ekeland’s variational principle can be viewed as a generalization
of the Fermat theorem which establishes that interior extrema points of
a smooth functional are, necessarily, critical points of this functional.

Corollary 1.2 Let X be a Banach space and let f : X — R be a lower
semi-continuous functional which is bounded from below. Assume that
f is Gateauz differentiable at every point of X. Then for every e > 0
there exists an element u. € X such that

(1) flue) <inff+e;
(i) [1f" (ue)l| <e.

Letting ¢ = 1/n, n € N, Corollary 1.2 gives rise a minimizing sequence
for the infimum of a given function which is bounded from below. Note
however that such a sequence need not converge to any point. Indeed, let
f: R — R defined by f(s) = e%. Then, infg f = 0, and any minimizing
sequence fulfilling (a) and (b) from Corollary 1.2 tends to +oo. The
following definition is dedicated to handle such situations.

Definition 1.1 (a) A function f € C'(X,R) satisfies the Palais-Smale
condition at level ¢ € R (shortly, (PS).-condition) if every sequence
{un} C X such that lim, .o f(un) = ¢ and lim, o ||f'(un)|| = 0,
possesses a convergent subsequence.

(b) A function f € C'(X,R) satisfies the Palais-Smale condition
(shortly, (PS)-condition) if it satisfies the Palais-Smale condition at ev-
ery level c € R.

Combining this compactness condition with Corollary 1.2, we obtain the
following result.

Theorem 1.4 Let X be a Banach space and a function f € C1(X,R)
which is bounded from below. If f satisfies the (PS).-condition at level
c = infx f, then c is a critical value of f, that is, there exists a point
ug € X such that f(ug) = ¢ and ug s a critical point of f, that is,

f(uwo) = 0.
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1.2 Borwein-Preiss variational principle

The Borwein-Preiss variational principle [44] is an important tool in
infinite dimensional nonsmooth analysis. This basic result is strongly
related with Stegall’s variational principle [278], smooth bumps on Ba-
nach spaces, Smulyan’s test describing the relationship between Fréchet
differentiability and the strong extremum, properties of continuous con-
vex functions on separable Asplund spaces, variational characterizations
of Banach spaces, the Bishop-Phelps theorem or Phelps’ lemma [239).
The generalized version we present here is due to Loewen and Wang
[195] and enables us to deduce the standard form of the Borwein-Preiss
variational principle, as well as other related results.

Let X be a Banach space and assume that p : X—0,00) is a contin-
uous function satisfying

p(0) =0 and pp = sup{|lz]; p(z) <1} < +o0. (1.2)

An example of function with these properties is p(z) = ||z||P with
p>0.

Given the families of real numbers p, € (0,1) and vectors e, € X
(n > 0), we associate to p the penalty function ps defined for all z € X,

poo(x) = Z pn(l' - en)v where pn(x) = an(<n + 1){E) : (13)
n=0

Definition 1.2 For the function f : X —>RU {400}, a point zg € X is a
strong minimizer if f(xg) = infx f and every minimizing sequence (z,)
of f satisfies ||z, — xo||—0 as n—oo.

We observe that any strong minimizer of f is, in fact, a strict mini-
mizer, that is f(z) > f(zo) for all x € X \ {xo}. The converse is true,
as shown by f(x) = 2%e®, x € R, 29 = 0.

The generalized version of the Borwein-Preiss variational principle due
to Loewen and Wang is the following.

Theorem 1.5 Let f: X—>R U {400} be a lower semi-continuous func-
tion. Assume that xo € X and e > 0 satisfy

f(zo) <5+ig1<ff.

Let (pn)n>0 be a decreasing sequence in (0,1) such that the series
ZZOZO ln is convergent. Then for any continuous function p satisfying
(1.2), there exists a sequence (en)n>0 i X converging to e such that
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(i) plzo —e) <1
(i) £(e) + epmcle) < f(w0);
(iil) e is a strong minimizer of f + epeo. In particular, e is a strict
minimizer of f + €pso, that is,

fle) +epssle) < f(x) + epoo () for all z € X \ {e}.

Proof Define the sequence (fy,)n>0 such that fo = f and for any n > 0,

frr1(@) := ful@) +epn(z —en) .

Then f, < fn+1 and f, is lower semi-continuous.
Set eqg = xg. We observe that for any n > 0,

igl(f frt1 < favi(en) = fulen). (1.4)

If this inequality is strict, then there exists e, 1 € X such that

fn+1(6n+1) S ,Ufn2+1 fn(en) + <1 - %) l%f fn+1 S fn(en) (15)

If equality holds in relation (1.4) then (1.5) also holds, but for e,y;
replaced with e,. Consequently, there exists a sequence (e,)p>0 in X
such that relation (1.5) holds true.

Set

Buom {5 o < A+ .

Then D, is not empty, since e, 41 € D,,. By the lower semi-continuity of
functions f,, we also deduce that D, is a closed set. Since p,+1 € (0,1),
relation (1.5) implies

Fr(enn) =inf far < FEE[fulen) —inf foa]

2 (1.6)
< —1i .
> fn (en) lgl(f fn
We also observe that
fo(eo) — lgl(ffo = f(wo) — 1g1(ff <e.
Next, we prove that
the sequence (D,,),>0 is decreasing (1.7)

and

diam (D,,)—0 as n—oo. (1.8)
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In order to prove (1.7), assume that x € D,,, n > 1. Since the sequence
(tn)n>0 is decreasing, relation (1.5) implies

fn(I) = fn+1(x) < f"‘"l(e”‘i‘l) + % < fn(en) + au;_l ;

hence x € D,,_.
Since f,, > fn—1, relations (1.5) and (1.6) imply

fn(en) - Ifon S & [fn—l(en—l) - lgl{ff71]

7 1.9
< B fami(enmy) —inf fm] < 252 o

For any x € D,,, combining relation (1.9) and the definitions of f, 1
and D,, we obtain

epnp((n+1)(x —en)) < for1(ent1) — fulz) +

P

< fati(ents) —inf fr + == (1.10)
S fn(en) - 19; fn + EIU/Tn < Elnp -

Therefore p((n+ 1)(z —ey)) < 1. So, by (1.2),
(n+ Dz —enll < o,

which shows that diam (D,,) < 2ppr/(n + 1). This implies (1.8).

Since D, is a closed set for any n > 1, then (1.7) and (1.8) imply that
Mo, D,, contains a single point, denoted by e. Then e,—e as n—oo.
Thus, using p((n+ 1)(x —e,)) < 1 for all n > 0 and = € X, we deduce
that p(zo —e) < 1.

Since the sequence (fn(en))n>0 is nonincreasing and fo(eg) = f(xo)
it follows that, in order to prove (ii), it is enough to deduce that

fle) +epoc(e) < falen). (1.11)
For this purpose we define the nonempty closed sets
Cp = {x €X; fari(z) < fn+1(en+1)}~

Since f, < fng1 and fn(en) > fot1(eny1) for all n, it follows that the
sequence (Cy,)n>0 is nested and C,, C D,, for all n. Therefore N2 ,C,, =
{e} and

fm(e) < fm(em) < fulen) < f(zo) provided that m >n. (1.12)

Taking m—oo we obtain (1.11).
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It remains to argue that e is a strong minimizer of f. := f + £po-
Since

. Elin
< -
fe(z) < 1£1(f fe + 5

relation (1.12) yields

Far1(@) < fel@) < fele) + 22

Eln
< fn+1(en+1)+%'

Setting
A, = {x exX: f(r)<Hn +mff}

the above relation shows that A, C D,,. So, by (1.8), we deduce that
diam (A, )—0 as n—oo which shows that e is a strong minimizer of

Je i =f+ep. O
Assume that p > 1 and A > 0. Taking
[ ]]” 1
= — d e —
pl) =" md = T

we obtain the initial smooth version of the Borwein-Preiss variational
principle. Roughly speaking, it asserts that the Lipschitz perturbations
obtained in Ekeland’s variational principle can be replaced by superlinear
perturbations in a certain class of admissible functions.

Theorem 1.6 Given f : X —RU{+o0} lower semi-continuous function,
zo€X,e>0, A>0, and p > 1, suppose

f(zo) <s+ig1(ff.

Then there exists a sequence (pin)n>0 with py, >0, Y o0 pun = 1, and
a point e in X, expressible as the limit of some sequence (ey,), such that
forallx € X,

Zun\leen||p>f Z,Un lle —enll”.

Moreover, ||z —e]| < A and f(e) <e+infx f.

We have seen in Corollary 1.2 of Ekeland’s variational principle that
any smooth bounded from below functional on a Banach space admits a
sequence of “almost critical points”. The next consequence of Borwein-
Preiss’ variational principle asserts that, in the framework of Hilbert
spaces, such a functional admits a sequence of stable “almost critical
points”.
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Corollary 1.3 Let f be a real-valued C?-functional that is bounded from
below on a Hilbert space X. Assume that (uy,) is a minimizing sequence
of f. Then there exists a minimizing sequence (v,) of f such that the
following properties hold true:

(1) limp—sco ||un — vpll = 0;
(i) limp—oo [[f(vn)] = 0;
(iii) lminf,— o (f" (vp)w, w) > 0 for any w € X.

1.3 Minimax principles

In this section we are interested in some powerful techniques for finding
solutions of some classes of stationary nonlinear boundary value prob-
lems. These solutions are viewed as critical points of a natural func-
tional, often called the energy associated to the system. The critical
points obtained in this section by means of topological techniques are
generally nonstable critical points which are neither maxima nor minima
of the energy functional.

1.3.1 Mountain pass type results

In many nonlinear problems we are interested in finding solutions as
stationary points of some associated “energy” functionals. Often such a
mapping is unbounded from above and below, so that it has no maximum
or minimum. This forces us to look for saddle points, which are obtained
by minimax arguments. In such a case one maximizes a functional f over
a closed set A belonging to some family I' of sets and then one minimizes
with respect to the set A in the family. Thus we define
c= Ar&fnggf(u) (1.13)
and one tries to prove, under various hypotheses, that this number c is
a critical value of f, hence there is a point w such that f(u) = ¢ and
f'(u) = 0. Indeed, it seems intuitively obvious that ¢ defined in (1.13)
is a critical value of f. However, this is not true in general, as showed
by the following example in the plane: let f(z,y) = 22 — (z — 1)3y>.
Then (0,0) is the only critical point of f but ¢ is not a critical value.
Indeed, looking for sets A lying in a small neighborhood of the origin,
then ¢ > 0. This example shows that the heart of the matter is to find
appropriate conditions on f and on the family I'.
One of the most important minimax results is the so-called mountain
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pass theorem whose geometrical interpretation will be roughly described
in the sequel. Denote by f the function which measures the altitude of a
mountain terrain and assume that there are two points in the horizontal
plane L; and L, representing the coordinates of two locations such
that f(Ly) and f(Ls) are the deepest points of two separated valleys.
Roughly speaking, our aim is to walk along an optimal path on the
mountain from the point (Ly, f(L1)) to (Lg, f(L2)) spending the least
amount of energy by passing the mountain ridge between the two valleys.
Walking on a path (v, f(v)) from (Ly, f(L1)) to (L2, f(L2)) such that
the maximal altitude along ~ is the smallest among all such continuous
paths connecting (L1, f(L1)) and (Lo, f(L2)), we reach a point L on =
passing the ridge of the mountain which is called a mountain pass point.
As pointed out by Brezis and Browder [47], the mountain pass theorem
“extends ideas already present in Poincaré and Birkhoff”.

In the sequel, we give a first formulation of the mountain pass theorem.

Theorem 1.7 [Mountain pass theorem; positive altitude] Let X be a
Banach space, f : X — R be a function of class C' such that
inf  f(u) > o> max{f(eo), f(e1)}

lu—eoll=p
for some « € R and eg # e1 € X with 0 < p < |leg — e1]|. If f satisfies
the (PS).-condition at level

= inf t
¢ = inf max f(7(t)),

where
I'={y € C([0,1], X) : 7(0) = €0, ¥(1) = €1},
then c is a critical value of f with ¢ > «.

There are two different ways to prove Theorem 1.7; namely, via Eke-
land’s variational principle, or by using a sort of deformation lemma. We
present its proof by means of the latter argument. We refer to Figure
1.3.1 for a geometric illustration of Theorem 1.7.

Proof of Theorem 1.7. We may assume that ey = 0 and let e := e;.
Since f(u) > a for every u € X with |Jul]| = p and p < ||e]|, the definition
of the number ¢ shows that o < c.

It remains to prove that c is a critical value of f. Arguing by con-
tradiction, assume K. = (). Thus, on account of Remark D.1, we may
choose O = () in Theorem D.1, see Appendix D, and £ > 0 such that
g < min{a — f(0),a — f(e)}. Consequently, there exist € > 0 and a
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»
>

v

Fig. 1.2. Mountain pass landscape between “villages” eg and e .

continuous map 7 : X x [0,1] — X verifying the properties (i)-(iv) from
Theorem D.1.
From the definition of the number ¢, there exists v € I" such that

tren[aa’)i fiv@®) <c+e. (1.14)
Let 71 : [0,1] — X defined by v1(¢) = n(y(t),1), V¢ € [0,1].

We prove that v; € T'. The choice of € > 0 gives that max{f(0), f(e)} <
a—% < ¢c—¢ thus O,e ¢ f~1(Jc — &,¢ + g[). Consequently, due
to Theorem D.1 (iii), we have v1(0) = n(y(0),1) = n(0,1) = 0 and
7 (1) =n(v(1),1) = n(e,1) = e. Therefore, v, € T.

Note that (1.14) means that v(t) € f¢7 ={u € X : f(u) < c+¢e} for
all t € [0,1]. Then by Theorem D.1 (iv) and the definition of ; we have

c< Jnax fnm@) = e fn(y(t),1)) <c—¢,

contradiction.
Remark 1.1 Using Theorem D.1, we can provide an alternative proof

to Theorem 1.4. Indeed, if we suppose that K. = (), with ¢ = infx f >
—00, one may deform continuously the level set f¢*¢ (for € > 0 small
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enough) into a subset of f¢7¢, see Theorem D.1 (iv). But, f<7¢ = ),
contradiction.

Remark 1.2 Note that the choice of 0 < € < min{a — f(0),a — f(e)}
with inf)j, =, f(u) > @ is crucial in the proof of Theorem 1.7. Actually,
it means that the ridge of the mountain between the two valleys has a
positive altitude. However, a more involved proof allows us to handle

the so-called ”zero altitude” case. More precisely, the following result
holds.

Theorem 1.8 [Mountain pass theorem; zero altitude] Let X be a Ba-
nach space, f : X — R be a function of class C* such that
inf  f(u) > max{f(eo), f(e1)}

lu—eoll=p

for some eg # e1 € X with 0 < p < |leg — e1]|. If f satisfies the (PS).-
condition at level

— inf t
c ;Iémz}%?ﬁf”( ),

where
I'={y€C([0,1], X) : 7(0) = eg, ¥(1) = e},

then c is a critical value of f with ¢ > max{f(eq), f(e1)}.

Remark 1.3 In both Theorems 1.7 and 1.8 the Palais-Smale condition
may be replaced by a weaker one, called the Cerami compactness condi-
tion. More precisely, a function f € C*(X,R) satisfies the Cerami condi-
tion at level ¢ € R (shortly, (C).-condition) if every sequence {u,} C X
such that lim, oo f(un) = ¢ and lim, oo (1 + |Jun ||| £/ (un)|| = 0, pos-
sesses a convergent subsequence.

1.3.2 Minimax results via Ljusternik-Schnirelmann category

A very useful method to find multiple critical points for a given func-
tional is related to the notion of Ljusternik-Schnirelmann category. In
the case of variational problems on finite dimensional manifolds, this
notion is useful to find a lower bound for the number of critical points
in terms of topological invariants. In this subsection we present a gen-
eral form of this approach. We first present some basic properties of
Finsler-Banach manifolds.

Let M be a Banach manifold of class C' and let TM be the usual
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tangent bundle, T, M the tangent space at the point p € M. A Finsler
structure on the Banach manifold M can be introduced as follows.

Definition 1.1 A Finsler structure on T'M is a continuous function
|-l : TM — [0,00) such that
(a) for each p € M the restriction | - ||, = || - [||z,a is a norm on
T,M.
(b) for each py € M and k > 1, there is a neighborhood U C M of
po such that

1
e < 1l < &Il
forall p e U.

The Banach manifold M of class C! endowed with a Finsler structure
is called Banach-Finsler manifold M of class C.

Definition 1.2 Let M be a Banach-Finsler manifold of class bCl and o :
[a,b] — M a C'-path. The length of o is defined by I(c) = / llo’ (t)]|dt.

If p and ¢ are in the same component of M we define the di(étance from
p to g by

p(p,q) = inf{l(c) : o is a C' — path from p to ¢}.

Definition 1.3 A Banach-Finsler manifold M of class C? is said to be
complete if the metric space (M, p) is complete.

Theorem 1.1 If M is a Banach-Finsler manifold of class C' then the
function p : M x M — R (from Definition 1.2) is a metric function
for each component of M. Moreover, this metric is consistent with the
topology of M.

Theorem 1.2 If M is a Banach-Finsler manifold of class C* and N
is a C' submanifold of M, then || - || |7y is a Finsler structure for N
(called the Finsler structure induced from M). If M is complete and N
is a closed C* submanifold of M, then N is a complete Banach-Finsler
manifold in the induced Finsler structure.

On a Banach-Finsler manifold M the cotangent bundle TM* has a
dual Finsler structure defined by

[yll = sup{(y, v) : v € T,M, |[o]l, = 1},
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where y € T,M* and (-,-) denotes the duality pairing between T, M*
and T, M. Consequently, for a functional f : M — R of class C', the
application p — || f'(p)| is well-defined and continuous. These facts
allow to introduce the following definition.

Definition 1.3 Let M be a Banach-Finsler manifold of class C*.

(a) A function f € C'(M,R) satisfies the Palais-Smale condition
at level ¢ € R (shortly, (PS).-condition) if every sequence {u,} C M
such that lim, . f(un) = ¢ and lim, o ||f'(us)|| = 0, possesses a
convergent subsequence.

(b) A function f € C'(M,R) satisfies the Palais-Smale condition
(shortly, (PS)-condition) if it satisfies the Palais-Smale condition at ev-
ery level c € R.

Let M be a Banach-Finsler manifold of class C'. For h > 1, we
introduce the set

I, ={AC M :catp(A) > h, A compact}.

Here, catps(A) denotes the Ljusternik-Schnirelmann category of the set
A relative to M, see Appendix C.

If h < catps (M) = cat(M), then Ty, # 0. Moreover, if cat(M) = +oo,
we may take any positive integer h in the above definition. If f : M — R
is a functional of class C', we denote by K the set of all critical points
of fon M, that is, K = {u € M : f'(u) = 0} and K. = KN f~1(c).
Finally, for every h < cat(M) we define the number

= inf :
s s S

Proposition 1.1 Let f : X — R be a functional of class C'. Using the
above notations, we have

a) c; =infys f.

b) ¢ < cpga.

¢) cp < oo for every h < cat(M).

d) If ¢ := ¢p = Chym—1 for some hym > 1, and | satisfies the (PS),-
condition, then catp(K.) > m. In particular, K. # 0.

Proof Properties a)-c) are obvious. To prove d), we argue by con-
tradiction. Thus, we assume that catp(K.) < m — 1. Since M is

an ANR | there exists a neighborhood O of K. such that caty (O) =
catp (K.) < m — 1. By using Theorem D.1, there exists a continuous
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map 7 : X x [0,1] — X and £ > 0 such that n(f°tc\ O0,1) C f¢° and
n(u,0) = u for all u € X. Let Ay € T'j4y,—1 such that max,ca, f(u) <
¢+ . Considering the set Ay = A; \ O, we obtain that

catpr(Az2) > catpr (A1) —caty (O) >h+m—1—(m—1)=h.

Therefore, Ay € T',. Moreover, max,e 4, f(u) < max flw) < c+e and
ucA;

Ay N O = . In conclusion, we have A; C f¢t¢\ O. Due to Theorem
D.1 (iv), n(Az2,1) C f¢. Moreover, catys(n(As, 1)) > catar(Az) > h,

. = i < < ¢ —
thus 7(A4sz,1) € T',. But ¢ Alglfh max f(u) < max f(n(As,1)) < c—e¢,

contradiction. |

The main result of the present subsection is the following theorem.

Theorem 1.9 Let M be a complete Banach-Finsler manifold of class
Cl, and f : M — R a functional of class C' which is bounded from
below on M. If f satisfies the (PS)-condition then f has at least cat(M)
critical points.

Proof Since f is bounded from below, every ¢, is finite, h = 1, ..., cat(M),
see Proposition 1.1 ¢). To prove the statement, it is enough to show that

card(K N f*)>h, h=1,...,cat(M). (1.15)

We proceed by induction. For h = 1, relation (1.15) is obvious since
the global minimum belongs to K. Now, we assume that (1.15) holds for
h=1,...,k. We will prove that (1.15) also holds for k¥ 4 1. There are
two cases:

I) ¢k # ckt1. Due to Proposition 1.1 d), we have that K., , # 0.
Consequently, each element of the set K., , clearly differs from those of
the set K N f. Therefore, K N f¢+! contains at least k + 1 points.

IT) ¢x = cp+1 := c. Let m be the least positive integer such that
Cm = Cg+1- Due to Proposition 1.1 d), we have catp(K.) > k+1—m+
1 =k —m+2. In particular, card(K.) = card(K,, ,,) > k —m+ 2. Two
distinguish again two subcases:

Ck+1

ITa) m = 1. The claim easily follows.
ITb) m > 1. Since m < k, then card(K N f¢~-1) > m—1. Consequently,

card(K N f+1) > card(K N f~1) + card(K,,, )
> (m—1)+(k—m+2)
k1,
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which complete the proof of (1.15), thus the theorem. O

Let X be an infinite dimensional, separable real Banach space and
S ={u € X : |lu|| = 1} its unit sphere. Important questions appear
when the study of some classes of nonlinear elliptic problems reduce to
finding critical points of a given functional on S. Note that cat(S) = 1;
therefore, Theorem 1.9 does not give multiple critical points on S. How-
ever, exploiting the symmetric property of S, by means of the Krasnosel-
ski genus, see Appendix C, a multiplicity result may be given, similar to
Theorem 1.9. In order to state this result, we put ourselves to a general
framework.

Let X be a real Banach space, and we denote the family of sets

A={AcC X\{0}: A=—A, Ais closed}.

Assume that M = G~1(0) € A is a submanifold of X, where G : X — R
is of class C! with G’(u) # 0 for every u € M.

For any h < vo(M) :=sup{v(K) : K C M,K € A, K compact}, we
introduce the set

Ap={ACM:AecA~(A) > h, Acompact}.

Here, v(A) denotes the Krasnoselski genus of the set A, see Appendix
C. Finally, if f: X — R is an even function, we denote
o= 2, ey 0,

Proposition 1.2 Let f : X — R be an even functional of class C'.
Using the above notations, we have

a) ¢1 > —oo whenever f is bounded from below on M.

b) ¢, < Epqr-

c) én, < oo for every h < vo(M).

d) If ¢ := ¢, = Chym—1 for some hym > 1, and f satisfies the (PS).-
condition on M, then v(K.) > m. In particular, K. # (.

The following result may be stated.

Theorem 1.10 Let M = G~*(0) C X be a submanifold of a real Banach
space, where G : X — R is of class C* with G'(u) # 0 for every u € M.
Assume that M € A and let f : X — R be a functional of class C*
which is bounded from below on M and even. If v(M) = 400 and f
satisfies the (PS)-condition on M then f has infinitely many critical
points {ur} C M with limy_,o f(ugr) = sup,, f.
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1.4 Ricceri’s variational results

The main part of the present section is dedicated to Ricceri’s recent mul-
tiplicity results. First, several three critical points results with one/two
parameter are stated. In the second subsection a general variational
principle of Ricceri is presented. Finally, in the last subsection a new
kind of multiplicity result of Ricceri is given which guarantees the exis-
tence of k > 2 distinct critical points for a fixed functional.

1.4.1 Three critical point results

It is a simple exercise to show that a function f : R — R of class C!
having two local minima has necessarily a third critical point. However,
once we are dealing with functions defined on a multi-dimensional space,
the problem becomes much deeper. The well-known form of the three
critical point theorem is due to Pucci-Serrin [246, 247] and it can be
formulated as follows.

Theorem 1.11 A function f : X — R of class C' satisfies the (PS)-
condition and it has two local minima. Then f has at least three distinct
critical points.

Proof Without loss of generality we may assume that 0 and e € X \ {0}
are the two local minima of f and f(e) < f(0) = 0. We face two cases:

I) If there exist constants a, p > 0 such that ||e]| > p and inf ), —, f(u) >
«, then the existence of a critical point of f at a minimax level ¢ with
¢ > « is guaranteed by Theorem 1.7. Consequently, this critical point
certainly differs from 0 and e.

IT) Assume now that such constants do not exist as in I). Since 0 is
a local minima of f, we may choose r < |le|| such that f(u) > 0 for

5> A=mn and f restricted to the closed ball
B[0,r] = {u € X : |Ju|| < r}. Let us fix 0 < p < r small enough. Since
inf), )=, f(u) = 0, there exist 2z, € X with [|z,|| = p and u,, € B[0,7]
such that

every u € X with ||u]] < r. We apply Ekeland’s variational principle,
see Theorem 1.3 with ¢ = —
n

1
n?’

SRS

0< f(un) < f(zn) < ”Un - Zn” <

and

F@) = Flum) >~
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for all w € B[0,r]. Since p < r, for n enough large, we have |lu,| < r.
Fix v € X arbitrarily and let w = u, +tv. If ¢ > 0 is small enough then
w € BJ[0,r]. Therefore, with this choice, the last inequality gives that
1" (un)|| < L. Since 0 < f(uy,) < -5 and f satisfies the (PS)-condition,
we may assume that u,, — v € X which is a critical point of f. Since
lunll = ol = [llunl = l|lzalll < £, we actually have that [ul = p, thus

0#u#e. |

Let f: X x I — X be a function such that f(,\) is of class C* for
every A € I C R. In view of Theorem 1.11, the main problem Ricceri
dealt with is the stability of the three critical points of f(-, \) with respect
to the parameters A\ € I. Ricceri’s main three critical point theorem is
the following.

Theorem 1.12 Let X be a separable and reflexive real Banach space,
I C R be an interval, and f : X x I — R be a function satisfying the
following conditions:
(a1) for each u € X, the function f(u,-) is continuous and concave;
(B1) for each A € I, the function f(-,\) is sequentially weakly lower

semi-continuous and Gateaux differentiable, and | Hlim flu,\) = +oo;
ul|——+oo

(71) there exists a continuous concave function h : I — R such that
sup inf (f(u, A) + h(N)) < inf sup(f(u, A) + h(N)).
e UEX ueX \eJ
Then, there exist an open interval J C I and a positive real number p,
such that, for each A € J, the equation

has at least two solutions in X whose norms are less than p. If, in
addition, the function f is (strongly) continuous in X X I, and, for each
X\ € I, the function f(-, \) is of class C* and satisfies the (PS)-condition,
then the above conclusion holds with "three” instead of "two”.

The proof of Theorem 1.12 is quite involved combining deep arguments
from nonlinear analysis as a topological minimax result of Saint Ray-
mond [264], a general selector result of Kuratowski and Ryll-Nardzewski
[182], [145], and the mountain pass theorem. Instead of its proof, we give
a useful consequence of Theorem 1.12.

Corollary 1.4 Let X be a separable and reflexive real Banach space,
d: X — R a continuously Gateauz differentiable and sequentially weakly
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lower semi-continuous functional whose Gateauxr derivative admits a
continuous inverse on X*, ¥ : X — R a continuously Gateaux dif-
ferentiable functional whose Gateaur derivative is compact, and I C R
an interval. Assume that
lim (®(u) — AT (u)) = 400
[|e]| =00

for all X\ € I, and that there exists a continuous concave function h :
I — R such that

sup inf (®(u) — AU (u) + h(X)) < inf sup(®(u) — A¥(u) + h(N)).
AT uEX ueX xer
Then, there exist an open interval J C I and a positive real number p
such that, for each A € J, the equation

O (u) — AV (u) = 0

has at least three solutions in X whose norms are less than p.

Proof We may apply Theorem 1.12 to the function f : X xI — R defined
by f(u,\) = ®(u) — A¥(u) for each (u,A) € X x I. In particular, the
fact that ¥’ is compact implies that ¥ is sequentially weakly continuous.

Moreover, our assumptions ensure that, for each A € I, the function
f(-, A) satisfies the (PS)-condition. O

In the sequel we point out a useful result concerning the location of
parameters in Corollary 1.4. Actually, this location result is an improved
version of Theorem 1.12 given by Bonanno [41].

Theorem 1.13 Let X be a separable and reflexive real Banach space,
and let &,V : X — R be two continuously Gateauzr differentiable func-
tionals. Assume that there exists ug € X such that ®(ug) = ¥(ug) =0
and ®(u) > 0 for every uw € X and that there exists u; € X, r > 0 such
that

(i) r < D(uy);

ii) sup P(u)<r .
( )q»<u)<r () @ (uy)
Further, put
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with ¢ > 1, and assume that the functional ® — AV is sequentially weakly
lower semi-continuous, satisfies the (PS)-condition and
(iii) Ilim (®(w) — A¥(u)) = +oo for every A € [0,al.

[Jul]] =40
Then, there exists an open interval A C [0,a] and a positive real num-
ber p such that, for each A € A, the equation

&' (u) — AU’ (u) =0
admits at least three solutions in X whose norms are less than p.
Proof We prove the minimax inequality from Corollary 1.4 whit I =

[0,@] and the function h suitable chosen. Fix ¢ > 1. Due to (ii), there
exists o € R such that

— sup YU(u)
sup ¥(u)+ ) i CASA <o < rqj(ul)
D(u)<r ¢ (I)(ul) .

(1.16)

Due to (i) and (1.16) we obtain that 0 < ¢ < ¥(uy); thus, introducing

the notation A := Uigzg, we clearly have

A= 0w) ?. (1.17)

o—U(uy)

Let A € R. Due to (1.17), one has either A > 2 Cb(“l; or A < 2. When

U:\Il(ul
A > ?:583 we have that

inf (B(u) + A7 — B(w) < B(ur) + Ao — ¥(ur)) < A

When A < ?, we have

inf (B(w) + A0 — (1)) < D(un) + A0 — ¥(ug)) = Ao < A

Consequently,
sup inf (P(u) + A(o — ¥(u))) < sup inf (P(u) + Ao — ¥(u))) < A. (1.18)

Ae[o,a] u€X AER UEX

Set k = [r¥(u1)/®(u1) — sup ¥(u)]/¢ > 0. On account of (1.16),

D(u)<r
one has sup ¥(u) < o — k. In particular, we have
P(u)<r
inf  ®(u) >r. (1.19)

V(u)>o—k
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By (1.16) again, we have r > 0383 = A. Consequently, from (1.19)

one has

inf  ®(u) > A.
P(u)>o—k
Moreover, we also have
ak =r> A.

After combining these facts, we obtain that

Jg( AZ%]E)E](@(U) + Mo —TU(u))) = Jg((d)(u) +amax{0,0 — ¥(u)})

> min{ inf  ®(u); inf D(u)+ ak} > A.
Y(u)>o—k V(u)<o—k

Combining this estimate with (1.18), the minimax inequality from Corol-

lary 1.4 holds with the choices I = [0,a] and h(\) = Ao. The proof is

complete. O

We conclude the present subsection with a double eigenvalue problem.
More precisely, we are interested in the minimal number of critical points
of the functional ® — AU (from Theorem 1.13) which is perturbed by an
arbitrarily functional of class C'. To state this result, we are going to
apply a pure topological result due to Ricceri [262].

Theorem 1.14 Let X be a reflexive real Banach space, I C R an inter-
val, and ¢ : X x I — R a function such that p(u,-) is concave in I for
all w € X, while p(-,\) is continuous, coercive and sequentially weakly
lower semi-continuous in X for all X\ € I. Further, assume that

inf inf .
Sl}plgl( <p<1£1( SL}pga

Then, for each n > sup;infx ¢, there exists a non-empty open set A C I
with the following property: for every A\ € A and every sequentially
weakly lower semi-continuous functional T : X — R, there exists 6 > 0
such that for each p € [0,0], the functional ©(-,\) + uY(-) has at least
two local minima lying in the set {u € X : p(u,\) < n}.

Now we prove another variant of Corollary 1.4 which appears in Ric-
ceri [263].

Theorem 1.15 Let X be a separable and reflexive real Banach space,
I C R an interval, ® : X — R a sequentially weakly lower semi-
continuous functional of class C' whose derivative admits a continuous
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inverse on X* and ¥ : X — R a functional of class C' with compact
derivative. Assume that

(®(u) — A¥(u)) = +oo

llul|—+o00

for all A € I, and that there exists o € R such that

ig}f) Jg‘((q)(u) + Ao —T(u)) < Jg( iléll)(a — U(u))). (1.20)

Then, there exist a non-empty open set A C I and a positive real number
p with the following property: for every A € A and every functional
T:X — R of class C! with compact derivative, there exists § > 0 such
that, for each u € [0,4], the equation

O (u) — AV (u) + pY'(u) =0
has at least three solutions in X whose norms are less than p.
Proof Note that any functional on X of class C'* with compact derivative
is sequentially weakly continuous; in particular, it is bounded on each

bounded subset of X, due to the reflexivity of X. Consequently, the
function ¢ : X x I — R defined by

p(u,A) = @(u) + Ao — ¥(u))

satisfies all the hypotheses of Theorem 1.14. Fix n > sup;infx ¢ and
consider a non-empty open set A with the property stated in Theorem
1.14. Fix also a compact interval [a,b] C A. We have

U fueX o) <n}
A€E[a,b]

C{ue X :®(u)—a¥(u)<n—actU{uec X :®(u)—b¥(u) <n—>bo}.

Note that the set on the right-hand side is bounded, due to the coercivity
assumption. Consequently, there is some 77 > 0 such that

U {ue X :p(u,\) <n} C B, (1.21)
A€Ela,b]

where B; = {u € X : |lu]| < 7}. Now, set

¢* = sup ® + max{|al, |b|} sup | V|



26 Variational Principles
and fix p > 7 such that

U {veX:o(u) - A¥(u) <" +2} C B, (1.22)
A€EJa,b]

Now, let T : X — R be any functional of class C' with compact deriva-
tive. Let us choose a bounded function g : R — R of class C! such that
g(t) =t for all t € [-supp |T| supp, |T[]. Put U(u) = g(V(u)) for all
u € X. So, ¥ is a bounded functional on X of class C! such that

T(u) = Y(u) for all z € B,. (1.23)
For any set Y C X, we have
Y'(Y) C g/ (Y()Y'(Y)

and hence it is clear that the derivative of T is compact. Now, fix
A € [a,b]. Then, taking (1.21) into account, there exists 4 > 0 such that,
for each p € [0,4], the functional ® — AW + xT has two local minima,
say eg, e1 belonging to Bj. Further, set

~ 1
0 =min{ 6, —————
1+ sup|g|

R

and fix p € [0,0]. Note that the functional ® — AW + Y is coercive;
moreover, an easy argument shows that this functional satisfies also the
(PS)-condition. Consequently, if we denote by I" the set of all continuous
paths v : [0, 1] — X such that v(0) = eg, v(1) = e1, and set

Cap = ;gg trél[gﬁ](‘b(v(t)) — NU(y(t) + u Y (y(t))),

by the mountain pass theorem for zero altitude (see Theorem 1.8), there
exists e € X such that

P (e) — AU/ (e) + uT'(e) =0 and ®(e) — AU(e) + uT(e) = e
Now, choosing in particular v(t) = eg + t(e1 — eg), we observe that
ey < tlen[(z)l))i(i(eo +t(er —eo))

—AU(eq +t(er — eo)) + uY(eq + t(er — ep)))
< supis, -+ max{[al, ]} sups, %] + 65upg lg] < "+ 1.

Consequently, we have

De) — A\(e) < c*+2.
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By (1.22), it then follows that e € B, and so, by (1.23), one has T (e;) =
Y'(e;) for i = 0,1 and Y'(e) = Y'(¢). In conclusion, ey, e; and e are
three distinct solutions of the equation ®'(u) — AV’ (u) + pY'(u) = 0
lying in B,,. The proof is complete. |

1.4.2 A general variational principle

The general variational principle of Ricceri gives alternatives for the mul-
tiplicity of critical points of certain functions depending on a parameter.
It can be stated in a following way, see Ricceri [256].

Theorem 1.16 Let X be a refiexive real Banach space, ®,¥ : X — R
be two sequentially weakly lower semi-continuous, continuously Gateaux
differentiable functionals. Assume that ¥ is strongly continuous and
coercive. For each s > infx U, set

o(s) = inf ®(u) —infy, v, ©

uews s—U(u) ’ (1.24)

where Uy :={u € X : U(u) < s} and cl,, Vs is the closure of ¥ in the
weak topology of X. Furthermore, set

§:= liminf ¢(s), v := liminf ¢(s). (1.25)

s—(infx ¥)*t s—+400
Then, the following conclusions hold.
(A) If 6 < 400 then, for every A > 0, either

(A1) there is a global minimum of ¥ which is a local minimum of
D+ A\, or

(A2) there is a sequence {uy} of pairwise distinct critical points of
D + AU, with limg_,o U(ux) = infx U, weakly converging to a
global minimum of W.

(B) If v < 400 then, for every \ > =, either

(B1) ® + AU possesses a global minimum, or

(B2) there is a sequence {up} of critical points of the functional
D + AV such that limg_.oo ¥(ug) = +00.

In order to prove Theorem 1.16, we recall without proof a topological
result of Ricceri [256].
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Theorem 1.17 Let X be a topological space, and let &,V : X — R be
two sequentially lower semi-continuous functions. Denote by I the set
of all s > igl(f\lf such that the set Uy :={u € X : U(u) < s} is contained

in some sequentially compact subset of X. Assume that I # (). For each
s € I, denote by Fs the family of all sequentially compact subsets of X
containing Wy, and put

a(s) = sup inf .
Ker, K

Then, for each s € I and each A satisfying

o Ou) —als)
A= ulenqg s—U(u)

the restriction of the function ® + AV to ¥, has a global minimum.

Proof of Theorem 1.16. Endowing the space X with the weak topol-
ogy, it is easy to verify that cl,, ¥, is the smallest sequentially weakly
compact subset of X containing the set Us. Due to this observation, we
also have that the function « and the interval I from Theorem 1.17 have
the form a(s) = infy,ecq, v, P(u) and I =]infx U, oo[, respectively.

(A) We assume that 6 < +oo; let A > §. We may choose a sequence
{sk} C I with the properties that k]i_}I{.lo s = igl{f\IJ and

A > inf 7(1)(“) —alsk)
ueW,, Sk — Ulu)

for all £ € N. Thanks to Theorem 1.17, for each k € N, the restriction of
® + A\ to ¥, has a global minimum in the weak topology; we denote
it by ux. Consequently, ux € ¥, is a local minimum of ® + AV in
the strong topology too. Moreover, if § = maxycn S, we clearly have
that {ux} C ¥s. On the other hand, the set ¥z is contained in a
sequentially compact subset of X. Therefore, the sequence {uy} admits
a subsequence, denoted in the same way, which converges weakly to an
element u € X. We claim that u is a global minimum of ¥. Indeed,
since V¥ is sequentially weakly lower semi-continuous, we have that

U(u) < liminf ¥ <1l =inf V.
() < gt < i o =1y
Taking a subsequence if necessary, we have that

lim ¥ = U(u) = inf V.

Jim W(ug) = (u) = i

Now, if uw = uy, for some k € N then (A1) holds; otherwise, we have
(A2).
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(B) We assume that v < +o00; let A > ~. We fix a sequence {s;} C I
with the properties that klim sk = 400 and
L — 00

d(u) —
A > inf 7@) o(sk)
uel,, s — V(u)
for all K € N. Due to Theorem 1.17, for each k € N, there exists uy € ¥y,
such that
D (ug) + AU(uy) = min(P® + AD). (1.26)
Sk
We have basically two different cases.
When klim U(ug) = oo, the proof is complete, since every set Uy, is
open, thus uy, are different critical points of ® + AW, that is, (B2) holds.
Now, we suppose that likm inf U(ug) < oco. Let us fix the number

r = max{inf x U, likm inf ¥(ug)}. For k € N large enough, we clearly have

that {ux} C ¥,41. In particular, since ¥,.; is contained in a sequentially
compact subset of X, the sequence {uy} admits a subsequence, denoted
in the same way, converging weakly to an element u € X. We claim that
u is a global minimum of ¥. To see this, we fix v € X. Since {s;} tends
to +o0, there exists kg € N such that (v) < sy, that is, v € ¥, . Due
to the sequentially weakly lower semi-continuity of ® + AU (note that
A > 0), relation (1.26), we have that

D(u) + AU (u) < likrggf(fb(uk) + AV (ug) < P(uky) + AV (ug,)
= \{lnin(q) +A0) < D(v) + A¥(v).

kg
Consequently, u € X is a global minimum of ®+ AV, that is, (B1) holds.
This completes the proof of Theorem 1.16.

The general variational principle of Ricceri (Theorem 1.16) implies
immediately the following assertion: if ® and ¥ are two sequentially
weakly lower semi-continuous functionals on a reflexive Banach space
X and if ¥ is also continuous and coercive, then the functional ¥ + AP
has at least one local minimum for each X\ > 0 small enough.

A deep topological argument developed by Ricceri [260] shows a more
precise conclusion. We present here this result without proof.

Theorem 1.18 Let X be a separable and reflexive real Banach space,
and let &, U : X — R be two sequentially weakly lower semi-continuous
and continuously Gdteaux differentiable functionals, with ¥ coercive.
Assume that the functional U+ A® satisfies the (PS)-condition for every
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A > 0 small enough and that the set of all global minima of ¥ has at
least k connected components in the weak topology, with k > 2.

Then, for every s > infx U, there exists X\ > 0 such that for every
A €]0, \[, the functional ¥ + A\® has at least k + 1 critical points, k of
which are lying in the set ¥s = {u € X : U(u) < s}.

Remark 1.4 The first k critical points of ¥ + A® are actually local
minima of the same functional which belong to the level set W while the
(k 4+ 1)*™® critical point is of mountain pass type where the assumption
of the (PS)-condition is exploited. The mountain pass type point is
located by means of the classification result of Ghoussoub-Preiss [128].

1.5 H! versus C! local minimizers

The result contained in this section establishes a surprising property of
local minimizers, due to H. Brezis and L. Nirenberg [51].

Let © be a bounded open set in R with smooth boundary. Assume
that f : @ x R—R is a Lipschitz continuous function in u, uniformly in
z such that for all (z,u) € Q X R,

[f (2, u)] < C(1+ [uf?), (1.27)

where 1 < p < (N +2)/(N —2). We point out that the exponent p can
attain the critical Sobolev exponent (N + 2)/(N — 2). Set F(x,u) :=
fou f(x,s)ds and define on H}(Q) the energy functional

1
E(u) := f/ |Vul|? dz — / F(z,u)dz.
2 Ja Q
Definition 1.4 We say that ug € C3(Q) is a local minimizer of F in
the C! topology if there exists 7 > 0 such that
E(up) < E(u) for every u € C3(Q) with ||u — ugl|cr < 7.

We say that ug € HZ () is a local minimizer of F in the H} topology
if there exists ¢g > 0 such that

E(ug) < E(u) for every u € H}(Q) with ||u — ug| g1 < eo.

The main result of this section is the following.

Theorem 1.19 Any local minimizer of E in the C' topology is also a
local minimizer of E in the HZ topology.
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Proof We can assume without loss of generality that 0 is a local mini-
mizer of E in the C! topology.

Subcritical case: p < (N +2)/(N —2). Arguing by contradiction, we
deduce that for any e > 0, there exists u. € H}(Q) such that

el < e and E(us) < E(0). (1.28)

This enables us to apply a standard lower semi-continuity argument

to deduce that min E(u) is attained by some point u., where

u€B.
B. :={u € H}(Q); |lullm <e}.
We claim that
u.—0  in C1(Q).
Thus, by (1.28), we contradict the hypothesis that 0 is a local minimizer
of E in the C! topology.

In order to prove our claim, let u. < 0 be a Lagrange multiplier of the
corresponding Euler equation for u,., that is,

(B'(ue),v) g1, g3 = pe (e, ) for all v € H(Q).
Therefore

/ [Vue - Vo — f(z,u:)v] de = us/ Vu - Vudx for all v € H} ().
Q Q

This can be rewritten as
—(1 — pe)Aue = f(z,ue) in Q. (1.29)

Since u.—0 in H!(2) it follows that, in order to deduce our claim, it is
enough to apply the Arzela—Ascoli theorem, after observing that

lucllene < C.

This uniform estimate follows by a standard bootstrap argument. In-
deed, assuming that u. € L?(Q) for some ¢; > 2N/(N — 2), then
flx,u.) € L™ (), where = g1 /p. Thus, by Schauder elliptic estimates,
us € W2T(Q) C L%2(Q), with

1 p 2

@ @ N’

provided that the right hand-side is positive. In the remaining case we
have u. € L1() for any ¢ > 1. Since p < (N +2)/(N — 2), we deduce
that g2 > ¢1. Starting with ¢ = 2N/(N — 2) and iterating this process,

we obtain an increasing divergent sequence (g, )m>1. This shows that
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ue € L1(Q) for any ¢ > 1. Returning now to (1.29) we deduce that u. €
W2r(Q) for any r > 1. Thus, by Sobolev embeddings, u. € C1*(Q)
for any a € (0,1). This concludes the proof in the subcritical case
corresponding to p < (N +2)/(N —2).

Critical case: p = (N +2)/(N —2). We argue again by contradiction.
Thus, for all € > 0, there exists u. € Hg () such that relation (1.28)
holds. For any positive integer m we define the truncation map

—-m ift<-m
Tn(t) = t if-m<t<m
m ift>m.

For any integer m > 1, define the energy functional

1
E,.(u) :25/9|Vu|2da:—/QFm(x,u)da:,

where fn(2,t) := f(2, T (t)) and Fp(z,u) := [ fin(z,t) dt.
We first observe that for all u € HE(Q), Ey(u)—E(u) as m—oc.

Thus, for each € > 0, there exists an integer m(e) such that E,, ) (u:) <
E(0). Let ve € H}(2) be such that

E, oy (ve) = min E.(u).

u€EB.
Therefore
Em(s) (UE) < Em(s) (U’E) < E(O) :

We claim that v, € C}(Q) and that v.—0 in C1(Q). The, if ¢ > 0 is
sufficiently small, we have

E(UE) = Em(s)(vg) < E(O) s

which contradicts our assumption that 0 is a local minimizer of E in the
C' topology.

Returning to the proof of our claim, we observe that v. satisfies the
Euler equation

—(1 = pe)Ave = frn(z,0e), (1.30)
where
|fm (@, )| < C (1 + [ul?) (1.31)

with p = (N + 2)/(N — 2) and C not depending on m. Since v.—0 in
H}(Q) ¢ LPN/(N=2)(Q), Theorem IV.9 in [46] implies that there exists
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h e L2N/(N=2)(Q) such that, up to a subsequence still denoted by (v.),
we have |v:| < h in Q. Thus, by relation (1.31),

|f’rn(m7UE)‘ S C (1 + a |UE|)

with a = h*(N=2) ¢ LN/2(Q). Using a bootstrap argument as in the
proof of the subcritical case p < (N + 2)/(N — 2), we deduce that (v.)
is bounded in L7(Q), for any 1 < g < co. Returning now to relation
(1.30) and using (1.31) we obtain that (v.) is bounded in C1*(Q) for
any « € (0,1). Now, since v.—0 in H}(Q), the Arzela-Ascoli theorem
implies that v.—0 in C1*(Q). This concludes our proof. O

1.5.1 Application to sub and supersolutions

Consider the nonlinear elliptic problem

—Au= f(z,u) in
{ u=0 on 0f, (1.32)

where f : Q x R—R is a Lipschitz continuous function in u, uniformly
in x.

The method of sub and supersolutions is a very useful tool in nonlinear
analysis which asserts that if u, w € C?(Q) N C1(Q) satisfy u < and

{ —Au— f(z,u) <0< —AT — f(z,7) in £ (1.33)

u<0<u on 082,

then problem (1.32) has at least a solution. The standard proof of
this result relies on the maximum principle. By means of Theorem
1.19 we are able to give a wvariational proof to the following qualitative
result which guarantees the existence of a local minimizer between a
subsolution and a supersolution.

Theorem 1.20 Assume that functions u, u € C2(Q)NCH(Q) withu <7
satisfy (1.33). In addition, we suppose that neither u nor @ is a solution
of (1.32). Then there exists a solution ug of problem (1.32) such that
u < uy <uin ) and uy is a local minimum of the associated energy
functional E in H}(Q), where

E(u) == %/Q|Vu|2dx7/QF(x,u)d:z:.
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Proof Define the truncated continuous function

flz,u(@)) if t <u(x)
folx,t) := f(z, 1) if u(z) <t <u(z)
f(z,u(x)) if ¢t > u(x).

Set Fy(x,u) := [y fo(x,t)dt and

1
Ey(u) ::§/Q|Vu|2dx—/QFo(x,u)dx.

Then fy is bounded on Q x R, hence Fy is bounded from below
on H}(Q). Thus, by semi-continuity arguments, inf, e g1 (o) Eo(u) is
achieved at some point ug and

—Aug = folz,ug) in Q.

Bootstrap techniques (as developed in the proof of Theorem 1.19) imply
that ug € W2P(Q) for any p < co. So, by Sobolev embeddings, ug €
C1(Q) for all « € (0,1).

Next, we prove that u < up < u in €. Indeed, multiplying by (u—wug)™
the inequality

—Au—uo) < flz,u) = f(z,uo)

and integrating on Q, we find (u — up)™ = 0. Thus, u < u — 0 in Q.
In fact, the strong maximum principle implies that this inequality is
strict. With a similar argument we deduce that uy < u in §2. Using now
u < ug < w and applying again the strong maximum principle, we find
€.0 such that for all x € €,

u(z) + edist (z,00) < up(z) < u(z) — edist (z, 09Q).

We observe that the mapping [u(x),u(z)] 3 x — Fo(z,u) — F(z,u)
is a function depending only on x. This shows that E(u) — Eg(u) is
constant, provided that ||u — ug||c1 is small enough. Since ug is a global
minimum of Ey, we deduce that ug is a local minimum of E on C}(£).
Using now Theorem 1.19 we conclude that ug is also a local minimum
of E in H}(Q). O

1.6 Szulkin type functionals

Let X be a real Banach space and X* its dual and we denote by (-, -)
the duality pair between X and X*. Let £ : X — R be a functional
of class C! and let ¢ : X — R U {400} be a proper (that is, Z +o0),
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convex, lower semi-continuous function. Then, I = F + ( is a Szulkin-
type functional, see Szulkin [282]. An element u € X is called a critical
point of I = E + ¢ if

(E'(u),v —u) + ((v) —¢(u) >0 for allv e X. (1.34)

The number I(u) is a critical value of I.
For u € D(¢) ={u € X : ((u) < oo} we consider the set

(u) ={z* € X*: {(v) = C(u) > (z*,v—u), VveX }.

The set 9 (u) is called the subdifferential of { at u. Note that an equiv-
alent formulation for (1.34) is

0€ B (u)+0¢(u) in X*. (1.35)

Proposition 1.3 Every local minimum point of I = E + ( is a critical
point of I in the sense of (1.34).

Proof Let u € D(¢) be a local minimum point of I = E + (. Due to the
convexity of (, for every ¢ > 0 small we have

0<I(1-thu+tv) —I(u) < E(u+tlv—u))— Eu)+t(((v) — ((u)).
Dividing by ¢ > 0 and letting ¢ — 0%, we obtain (1.34). O
Definition 1.5 The functional I = F + ( satisfies the Palais-Smale

condition at level ¢ € R, (shortly, (PSZ).-condition) if every sequence
{un} C X such that lim,, o I(u,) = ¢ and

(E'(tn),v — un)x + C(0) = C(un) > —enllv — up|| for all v e X,

where €,, — 0, possesses a convergent subsequence.

Remark 1.5 When ( =0, (PSZ).-condition is equivalent to the stan-
dard (PS).-condition.

1.6.1 Minimax results of Szulkin type

Theorem 1.21 Let X be a Banach space, = E+(: X — RU {400}
a Szulkin-type functional and we assume that

(i) I(u) > « for all ||u| = p with a, p > 0, and I(0) = 0;

(ii) there is e € X with |le|| > p and I(e) < 0.
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If I satisfies the (PSZ).-condition for

— inf I(~y(t
¢ = Inf max (v(t)),

I'= {7 e C([0,1], X) : 7(0) = 0,7(1) = e},

then c is a critical value of I and ¢ > .

Theorem 1.22 Let X be a separable and reflexive Banach space, let
I, = Ey + (@ Szulkin-type functionals and I = Fo : X — R a function
of class C* and let A C R be an interval. Suppose that

(i) Ej is weakly sequentially lower semi-continuous and Es is weakly

sequentially continuous;

(ii) for every A € A the function Iy + A\s fulfils (PSZ)., ¢ € R, with

lim (11 (u) + AMa(u)) = 4005

llu]l—+o0
(iii) there exists a continuous concave function h : A — R satisfying

sup inf (I (u) + Ma(u)+h(N)) < inf sup(I1(u)+ Ao (u)+ h(N)).
AeA u€X u€X \gA

Then there is an open interval Ag C A, such that for each A € Ay the
function Iy + \ls has at least three critical points in X.

In the next, we give a variant of Ricceri variational principle for
Szulkin type functionals which will be used in the study of the exis-
tence of scalar systems.

Suppose now that X and Y are real Banach spaces such that X is
compactly embedded in Y. Let E1: Y — R and Fy: X — R be C!
functions, and let {;: X —] — 0o, +00] be convex, proper, and lower
semi-continuous. Define the maps I1: X —] — o0, 4+o0] and I5: X — R
as

Ii(u) = By(u) + G1(u), Iz(u) = E2(u), forall xe X.
Denote by D((1) :={u € X | (1(u) < +oo} and assume that
L] — o0, p[) N D(¢1) # 0, for all p > i%f]g. (1.36)
For every p > il)q(f I, put

®(u) — inf

= inf ,
#(0) ueW=1(]—o00,p)) p— In(u)
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where (I; (] — o0, p[)),, is the weak closure of I, (] — o0, p),

v :=liminf p(p), (1.38)
P00
§:= liminf ¢(p). (1.39)

p—(infx I2)*

Theorem 1.23 Suppose that X is reflexive, Iy is weakly sequentially
lower semi-continuous and coercive, and (1.36) is fulfilled. Then the
following assertions hold:

(a) For every p > igl{f Iy and every X\ > ¢(p) the function Iy + A\

has a critical point (more exactly: a local minimum) lying in
I;(] = 00, p[) N D(G1).-
(b) If v < 400 then, for each A > ~, either

(bl) Iy + Ay has a global minimum, or

(b2) there is a sequence {u,} of critical points (more exactly: local
minima) of [+ A1z lying in D((1) and such that lim, . Iz (u,) =
+00.

(¢) If § < 400 then, for every A > 0, either

(cl) I + ALy has a local minimum which is also a global minimum
of Iz, or

(c2) there is a sequence {u,} of pairwise distinct critical points
(more exactly: local minima) of Iy + A2 lying in D((1) and
such that {u,} converges weakly to a global minimum of Iy
and lim,, o Iz(u,) = igl{f 1.

1.6.2 Principle of symmetric criticality

The principle of symmetric criticality plays a central role in many prob-
lems from the differential geometry, physics and in partial differential
equations. First it was proved by Palais [232] for functionals of class
C'. In this subsection we recall this principle for functionals of class
C" defined on Banach spaces and we state its version for Szulkin type
functionals, based on the paper of Kobayashi-Otani [158].

Let X be a Banach space and let X* its dual. The norms of X and
X* will be denoted by || - || and || - |«, respectively. We shall denote by
(+,-,) the duality pairing between X and X*.

Let G be a group, e its identity element, and let 7 a representation of
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G over X, that is w(g) € L(X) for each g € G (where L(X) denotes the
set of the linear and bounded operator from X into X), and

a) wleu=u,VuelX;

b) 7(g192)u = 7(g1)(w(g2w)), ¥V g1,92 € G and u € X.

The representation m, of G over X* is naturally induced by 7 by the
relation

(me(g)v*,u) = <v*,7r(g71)u>,v g€ G,v"and u € X. (1.40)

We often write gu or gv* instead of 7(g)u or m,(g)v*, respectively.

A function h : X — R (respectively, h : X* — R) is called G-invariant
if h(gu) = h(u) (respectively, h(gu*) = h(u*)) for every u € X (respec-
tively, u* € X*) and g € G. A subset M of X is called G-invariant
(respectively, M* of X*) if

gM ={gu:ue M} C M (respectively, gM* C M*) V g € G.

The fixed point sets of the group action G on X and X* (some authors
call them G-symmetric points) are defined as

Y=X°={uecX:gu=uVgecGy,

Y, = (XY ={v e X g =0v"VgeG)

Hence, by (1.40), we can see that v* € X* is symmetric if and only
if v* is a G-invariant functional. The sets ¥ and X, are closed linear
subspaces of X and X*, respectively. So ¥ and ¥, are regarded as
Banach spaces with their induced topologies. We introduce the notation

CL(X)={f:X —R: fis G — invariant and of class C'}.

We consider the following statement, called as principle of symmetric
criticality (shortly, (PSC)):

o If f € CL(X) and (fls) (u) =0, then f'(u) = 0.

Theorem 1.24 (PSC) is valid if and only if ¥, N X+ = {0}, where
Y ={v" e X*: (v:,u) =0, YucX}

Proof 7 = " Suppose that ¥, N X+ = {0} and let ug € ¥ be a crit-
ical point of f|x. We show that f'(ug) = 0. Since f(uo) = flx(uo)
and f(up +v) = fls(up +v) for all v € X, we obtain (f'(ug),v) =
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((f]2) (up),v)s for every v € ¥, where (-, )5 denotes the duality pair-
ing between ¥ and its dual ¥*. This implies that f/(ug) € £+. On the
other hand, from the G-invariance of f follows that

(f'(gu),v) = lim

flgu+tv) = flgu) _  fluttg™'v) = [(u)
t—0

t t—0 t
= (f"(u), g7 ) = (g (u), v)

for all ¢ € G and u,v € X. This means that f’' is G-equivariant, that
is, f'(gu) = gf'(u) for every g € G and u € X. Since uy € X, we obtain
gf'(ug) = f'(up) for all g € G, that is, f'(ug) € X,. Thus we conclude
f'(uo) € £, N XL = {0}. Therefore f/(ug) = 0.

” <« ” Suppose that there exists a non-zero element v* € ¥, N S+
and define f,(-) by fi(u) = (v*,u). It is clear that f, € CL(X) and
(f«) () =v* # 0, so f, has no critical point in X. On the other hand
v* € B implies v*|g = 0, thus (fi|s) (u) = 0 for every u € ¥ which
contradicts (PSC). O

In the sequel, we are interested to find conditions in order to have
¥, N X+ = {0}, that is, (PSC) to be verified. There are two ways to
achieve this purpose, the so-called “compact” as well as the “isometric”
cases. We are dealing now with the first one whose original form has
been given by Palais [232].

Theorem 1.25 Let G be a compact topological group and the represen-
tation m of G over X is continuous, that is, (g,u) — gu is a continuous
function G x X into X. Then (PSC) holds.

In order to prove this theorem, we recall that for each u € X, there
exists a unique element Au € X such that

(v*, Au) = / (v*, guydg, Y v*e X7, (1.41)
G

where dg is the normalized Haar measure on G. The mapping A: X — X
is called the averaging operator on G.

Proof of Theorem 1.25. On account of Theorem 1.24, it is enough to
verify the condition ¥, N X+ = {0}. Let v* € ¥, NX~ fixed and suppose
that v* # 0. Let us define the hyperplane H,» = {u € X : (v*,u) = 1}
which is a non-empty, closed, convex subset of X. For any u € H,,
since v* € Y, we have

(v*, Au) =/G<v*7gu>dg=/G<g‘1v*7u>dg=/G<v*,U>dg=
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— (7o) [ dg= ("0 = 1.
G

Note however that v* € ¥+, thus (v*, Au) = 0 for any u € H,«, contra-
diction.

Another possibility for (PSC) to be valid is the following one which
will be given without proof.

Theorem 1.26 Assume that X is a reflexive and strictly convex Banach
space and G acts isometrically on X, that is, ||gu|| = ||u| for all g € G
and u € X. Then (PSC) holds.

We conclude this subsection with a non-smooth version of (PSC). On
account of relation (1.35), we are entitled to consider the following form
of the principle of symmetric criticality for Szulkin functionals (shortly,
(PSCSZ)):

o IfT=FE+(: X - RU{+o0} is a G-invariant Szulkin type functional
and 0 € (E|s) (u) + 0(¢|s)(u) in X* then 0 € E'(u) + 9¢(u) in X*.

Although a slightly more general version is proven by Kobayashi-Otani
[158], we recall the following form of the principle of symmetric criticality
for Szulkin functionals which will be applied in the next chapters.

Theorem 1.27 [158, Theorem 3.16] Let X be a reflexive Banach space
and let I = E+(: X — RU{+o0} be a Szulkin-type functional on
X. If a compact group G acts linearly and continuously on X, and the
functionals E and ¢ are G-invariant, then (PSCSZ) holds.

The proof of Theorem 1.27 is quite involved, it combines in an ingenious
way various methods and notions from convex and functional analysis.
The interested reader may consult the paper of Kobayashi-Otani [158].

1.7 Pohozaev’s fibering method

The fibering scheme was introduced by S.I. Pohozaev in [243], [244].
Although there are various versions of it, we present the so-called one-
parametric fibering method.

Let X be a real Banach space, f : X — R be a functional such that
f is of class C' on X \ {0}. By means of f we define the function
f:(R\{0}) x X - Rby

fv) = f(Aw), (A v) € (R\{0}) x X. (1.42)
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Let S={ue X :|u]| =1}

Definition 1.6 A point (A, v) € (R\ {0}) x S is conditionally critical
of the function f if

—f'(Av) € N o3y xs(A, 0),
where Nr\10})xs(A, v) is the normal cone to the set (R\ {0}) x S at the
point (A, v).

We have the following result, proved by Pohozaev [244].

Theorem 1.28 Let X be a real Banach space with differentiable norm
on X\ {0} and let (\,v) € (R\ {0}) x S be a conditionally critical point
of f: (R\{0}) x X = R. Then u= v € X\ {0} is a critical point of
f:X =R, that is, f'(u) = 0.

Proof Due to the hypothesis, we have that

—f'(A\,v) € N\ jopxs(A,v).

On account of Proposition A.2, see Appendix A, we obtain

(_]E;\(A7v)’ _f{)()‘vv)) € NR\{O}()‘) X NS('U)'

Here, fé denotes the differential of f with respect to v in the whole space
X, while f{ is the derivative of f with respect to the variable .
Note that Ny q03(A) = {0}, thus

i\ v) = 0. (1.43)
Moreover, since T(v) is a linear space, the condition — f/ (X, v) € Ng(v)

reduces to the fact that

(fl(A\v),w) =0 for all w € Ts(v).

Since Ts(v) = Ker|| - ||'(v), see Zeidler [296, Theorem 43.C], there are
K, it € R such that k2 + p? # 0 and

o) = ul -1V (v). (1.44)
From (1.44) it follows that for every v € X,
(oA 0),0) = (- 11 (v), ). (1.45)

A simple calculation shows that

Fo(Av) = Af (). (1.46)
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Moreover, we have

(FoA0),0) = A(f' (W), v) = AfR (A, ).
Consequently, from (1.45) and the above relation we obtain that

AfL (s 0) = il -1 (0),0) = p.

From this equality and (1.43) we get 1 = 0. Then, we necessarily have
k # 0. Combining (1.44) with (1.46), we have that

Af'(uw) = fl(\v) =0

for u = Av. Since A # 0, we obtain f/(u) = 0 which concludes the proof.
O

1.8 Historical comments

Ekeland’s variational principle [100] was established in 1974 and is the
nonlinear version of the Bishop—Phelps theorem [239, 240], with its main
feature of how to use the norm completeness and a partial ordering to
obtain a point where a linear functional achieves its supremum on a
closed bounded convex set. A major consequence of Ekeland’s varia-
tional principle is that even if it is not always possible to minimize a
nonnegative C'! functional ® on a Banach space; however, there is al-
ways a minimizing sequence (u,)n>1 such that ®'(u,)—0 as n—oo.

Sullivan [281] observed that Ekeland’s variational principle character-
izes complete metric spaces in the following sense.

Theorem 1.29 Let (M,d) be a metric space. Then M is complete if
and only if the following holds: For every application ® : M —(—o00, 00,
d £ oo, which is bounded from below, and for every ¢ > 0, there exists
ze € M such that

(i) ®(ze) <infpy @ +¢;
(ii) ®(z) > P(z.) —ed(x, ze), for any x € M \ {z:}.

The mountain pass theorem was established by Ambrosetti and Ra-
binowitz in [7]. Their original proof relies on some deep deformation
techniques developed by Palais and Smale [231], [234], who put the main
ideas of the Morse theory into the framework of differential topology on
infinite dimensional manifolds. In this way, Palais and Smale replaced
the finite dimensionality assumption with an appropriate compactness
hypothesis.
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The main underlying ideas of the fibering methods are the following:
1. Let X,Y be two real Banach spaces and A : X — Y be a nonlinear
operator. Fix an element h € Y and consider the equation

A(u) = h. (1.47)

We also consider the wider Banach space X,Y such that X ¢ X and
Y CY. Nowlet A: X — Y be a nonlinear operator such that A|x = A.
Instead of (1.47) we consider the extended equation

A(@) = h. (1.48)

2. We equip X with a nonlinear structure associated to the nonlinear
operator A.

For given spaces X,Y and a nonlinear operator A : X — Y, that is,
for the triple (X, A,Y") we construct a triple (&, «,n7), where & : X - X
and 7 : Y — Y are fibrations and a = (4, A) : (X,X) — (Y,Y) is a
morphism of fibrations, that is, n o A= Ao If we take X = RF x X,
then we obtain the k-parametric fibering methods. If £ = 1 we get
the one-parametric fibering methods. The basic idea in one parametric
fibering methods is the representation of solutions for A(u) = h in the
form

u = tv, (1.49)
where € R\ {0} is a real parameter and v € X \ {0} satisfying the
fibering constraint

H(t,v) =c. (1.50)
The function H will be said fibering functional. In particular case, when

H(t,v) = ||v||, the condition (1.50) becomes ||v|]| = 1 and it is called
spherical fibering.
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Variational Inequalities

Just as houses are made of
stones, so is science made of
facts; but a pile of stones is
not a house and a collection of
facts is not necessarily science.

Henri Poincaré (1854-1912)

2.1 Introduction

The theory of variational inequalities appeared in the middle 1960’s, in
connection with the notion of subdifferential in the sense of convex anal-
ysis. All the inequality problems treated to the beginning 1980’s were
related to convex energy functionals and therefore strictly connected
to monotonicity: for instance, only monotone (possibly multivalued)
boundary conditions and stress-strain laws could be studied. Noncon-
vex inequality problems first appeared in [203] in the setting of global
analysis and were related to the subdifferential introduced in [82] (see
Marino [202] for a survey of the developments in this direction). A typ-
ical feature of nonconvex problems is that, while in the convex case the
stationary variational inequalities give rise to minimization problems for
the potential or for the energy, in the nonconvex case the problem of the
stationarity of the potential emerges and therefore it becomes reasonable
to expect results also in the line of critical point theory.

2.2 Variational inequalities on Q = w x R

44
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2.2.1 Casel>2

Let © = w x R! be an unbounded strip (or, in other words, a strip-like
domain), where w C R™ is open bounded, and I > 2, m > 1. Let
f QxR — R be a continuous function, which satisfies the following
condition:

(f1) there exist ¢; > 0 and p € (2,2*) such that

|f (2, 8)] < ci(|s| + [s[P7h), for every (z,s) € Qx R.

Here, we denoted by 2* = 2(m + 1)(m + 1 — 2)~! the critical Sobolev
exponent.

As usual, H(Q) is the Sobolev space endowed with the inner prod-
uct

(w,v)gr = | VuVudz
Q

and norm |||z = /(- ) gz, while the norm of L(£2) will be denoted by

|- |la- It is well-known that the embedding H} () — L*(Q), a € [2,2%],
is continuous, that is, there exists ko > 0 such that |[ulla < kallul/g; for
every u € H}(Q).

Consider finally the closed convex cone

K={ue€H;Q) : u>0ae in Q}.
The aim of this section is to study the following (eigenvalue) problem
for variational inequality (denoted by (P)):
Find (u,\) € K x (0,00) such that

/ Vu(z)(Vo(z) — Vu(z))dz — )\/ flz,u(z))(v(z) — u(z))dz >0, YveK.
Q Q

We say that a function h : Q — R is azially symmetric, if h(z,y) =
h(z,gy) for all z € w, y € R! and g € O(I). In particular, we denote by
Hj ,(€) the closed subspace of axially symmetric functions of Hg(Q).

Define F : @ x R — R by F(x,s) = / f(z,t)dt and beside of (f1), we
0

make the following assumptions:

(f2) lim [f@ )l =0 uniformly for every z € Q.
s

s—0
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(f3) There exist ¢ €]0,2[,v € [2,2*],a € L¥/*=9(Q), 8 € L*(Q) such
that

F(a,5) < a(z)ls|? + B(x).

(f4) There exists up € Hi () N K such that / F(z,ug(z))dz > 0.
’ Q

The main result of this section can be formulated as follows.

Theorem 2.1 Let f : 2 : R — R be a continuous function which satisfies
(f1)-(f4) and F(-,s) is azially symmetric for every s € R. Then there
is an open interval Ay C (0,00) such that for every A\ € Ag there are
at least three distinct elements u} € K (i € {1,2,3}) which are azially
symmetric, having the property that (uf‘, A) are solutions of (P) for every
i€{1,2,3}.

From now on, we assume that the hypotheses of Theorem 2.1 are
fulfilled. Before to prove Theorem 2.1, some preliminary results will be
given.

Remark 2.1 For every € > 0 there exists ¢(¢) > 0 such that

(i) |f(z,s)| <els| + c(e)|s|P~! for every (z,s) € Q x R.

(ii) |F(z,s)| < es®+c(e)|s|P for every (z,s) € Q x R.
Let us define F : H}(Q) — R by F(u) = / F(z,u(z))dx. From condi-

Q
tion (f1) follows that F is of class C* and F'(u)(v) = / flz,u(x))v(x)de.
Q

We consider the indicator function of the set K, (x : Hi(Q) —] —

00, 0], i.e.,
0, if uek
Gre(w) { too, if ué K,
which is clearly convex, proper and lower semi-continuous. Moreover,
define for A > 0 the function I : H}(Q) —] — 00, o] by
1
I(u) = S llullfy = AF(u) + Ge(w). (2.1)

It is easily seen that Iy is a Szulkin-type functional. Furthermore, one
has

Remark 2.2 If u € H}(Q) is a critical point of I, then (u,)) is a
solution of (P).
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Let G = idgm x O(l) C O(m + 1). Define the action of G on H}(Q)
by gu(z) = u(g~tx) for every g € G, u € HE(Q2) and z € Q. Since K
is a G-invariant set, then (x is a G-invariant function. Since F(-,s) is
axially symmetric for every s € R, then F is also a G-invariant function.
The norm | - ||z is a G-invariant function as well. In conclusion, if we
consider the set

Y =H;,(Q) ={ue€ Hy(Q) : gu=u for every g € G},

then, in view of Theorem 1.27, every critical point of I)|s becomes as
well critical point of Iy.
We will apply Theorem 1.22

1
X=Y= H&,S(Q)7 El = 5” ||§)a Cl = CIC|27 E2 = *f|23 A= [0,00[

As usual, || - ||z, Cc|x and F|x denote the restrictions of || - || 71, (¢ and
F to X, respectively. We will use also the notation (-, -)x, for the restric-
tion of (-, '>H§ to X and also we denote by (-,)s; the duality mapping
restricted to ¥ x ¥*.

Now, we are going to verify the hypotheses (i)-(iii) of Theorem 1.22.

Step 1. (Verification of (i)). The weakly sequentially lower semi-
continuity of Fj is standard. We prove that Es is weakly sequentially
continuous.

Let {u,} be a sequence from ¥ which converges weakly to some
u € X. In particular, {u,} is bounded in ¥ and by virtue of Lemma 2.1,
F(x,s) = o(s?) as s — 0, and F(z,s) = o(s*") as s — +0o0, uniformly
for every € Q. But, from [107, Lemma 4, p. 368] follows that Es(u,) —
E5(u) as n — oo, that is, Fs is weakly sequentially continuous.

Step 2. (Verification of (ii)). Fix A € A. First, we will prove that
I + My = Ey + (1 + AE> is coercive. Indeed, due to (£3), by Holder’s
inequality we have for every u € 3 that

1 9 q
)+ ML) > Ll ~ A / () [ua)|dz — A / B()dz

1
> Sllulls = Malvo-gklluls = ABlh-

Since ¢ < 2, it is clear that ||u||s — 400 implies I (u) + A2 (u) — +o0,
as claimed.
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Now, we will prove that I1 + Ao verifies (PSZ),, ¢ € R. Let {u,,} C
Y. be a sequence such that

I (up) + Ao (uyn) — ¢ (2.2)
and for every v € ¥ we have
(U, V=) AN E (U ), V=) 5+C1 () =Ci (Un) > —enflv—unlls, (2.3)

for a sequence {e,} in [0, 400 with €, — 0. In particular, (2.2) shows
that {u,} C K. Moreover, the coerciveness of the function I; + Al
implies that the sequence {u,} is bounded in ¥ N K. Therefore, there
exists an element « € L NY such that {u,} converges weakly to u in X.
(Note that K is convex and closed, thus, weakly closed.) Moreover, since
the embedding ¥ — LP(2) is compact (see [107]), up to a subsequence,
{un} converges strongly to w in LP(£2). Choosing in particular v = u in
(2.3), we have

[un = ull3 < ME5(un), u = tn)s + (U, — tn)s + enllu — |5

The last two terms tend to zero as n — oo. Thus, in order to prove
|lun, — ulls — 0, it is enough to show that the first term in the right
hand side tends to zero as well. From Remark 2.1 a), we obtain

(Ey(un),u —tupn)y = o f(@,un () (—u(z) + up(z))de
< / [elun(@)] + c(&)|un(@)|P] |un(z) — u(z)|dx
Q
< ekllunllsllun — ulls + (@) lunllh ™ lun — ull,.

Due to the arbitrariness of € > 0, the last term tends to zero, therefore,
llun, —ullz — 0 as n — oo.

Step 3. (Verification of (iii)). Let us define the function + : [0, co[— R
by

(s) = sup{—Ez(u) : [lull5; < 2s}.
Due to Remark 2.1 (ii), one has
7(s) < 2ek3s + 2Pc(e)kps®.

On the other hand, we know that ~(s) > 0 for s > 0. Due to the
arbitrariness of € > 0, we deduce

lim @

s—0t S

=0.
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By (f4) it is clear that ug # 0 (F2(0) = 0). Therefore it is possible to
choose a number 7 such that

0<n< —2E2(U0)HU0H§2.

From lim+ v(s)/s = 0 follows the existence of a number so €]0, ||uo||% /2]

s—0

such that v(sg) < nsg. Therefore,
Y(s0) < —2E3(uo) [[uoll5*s0-
Choose pg > 0 such that
Y(s0) < po < —2E2(uo)||uol|5>s0- (2.4)
Due to the choice of ¢y and (2.4) we have
po < —Es(up). (2.5)

Define h : A = [0,400[— R by h(A) = poA. We prove that the
function A satisfies the inequality

sup inf (I (u) + Ma(u) + poA) < inf sup(I1(u) + Ma(u) + poX).
AEA UED UET N A

Note, that in the previous inequality we can put ¥ N K instead of ¥;
indeed, if u € 3\ K, then I (u) = +oo.
The function

A3 inf /242 E
Sainf [fully/2+ Al + Ea(u)]
is upper semi-continuous on A. Relation (2.5) implies that

R < 1 2 - .
Jm dnf (I (u) + Al(w) + pod] < Tim [luoll%/2 + A(po + Ea(uo))] = —o0

Thus we find an element A € A such that

1 _ . 2 p—
P S (T1(u) + Al2(u) + pod) = inf [lul[Z/2 + Mpo + Ba(w))] -
(2.6)

Since v(sg) < po, for all u € ¥ such that ||ul|% < 2sp, we have
Es(u) > —po. Thus, we have

so < inf{l[ul]3/2 : Ea(u) < —po} < inf{[[ull%/2 : u € K, Ea(u) < —po}-
(2.7)
On the other hand

LB S (W +M D (u)+p0d) = inf lull%/2 + sup (Mpo + Ez(u)))
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= 1 2 : < — .
Jnt {ul3/2  Ba(w) < —po )

Therefore, relation (2.7) can be written as

< inf sup(I I . 2.
so< inf ilelg( 1(u) + Az (u) + po) (2.8)

There are two distinct cases:
(A) If 0 < X < s9/po, we have

i 2 2 <\ =\ )
inf [ull&/2+ Xpo + Ea(w)] < X(po + E2(0)) = Mo < 50

Combining this inequality with (2.6) and (2.8) we obtain the desired
inequality.
(B) If s9/po < A, from pg < —Fs(ug) and (2.4) follows

IN

[uo|%/2 + Xpo + Ea(uo))

< uoll%/2 + so(po + E2(uo))/po < so.

nf [llulfd/2 + Koo + Fa(w)]

A

Now, we will repeat the last part of (A), which concludes Step 3.

Proof of Theorem 2.1. Due to the above three steps, Theorem 1.22
implies the existence of an open interval Ay C [0, 00|, such that for each
A € Ag, the function Iy|s, = I + ALz has at least three critical points in
XN K. It remains to apply Theorem 1.27 and Remark 2.2. U

2.2.2 Casel=1

In this section we will continue our studies on the strip-like domains,
but contrary to the previous section, we consider domains of the form
O =w x R, where w C R™(m > 1) is a bounded open subset.

J.-L. Lions [98] observed that defining the closed convex cone

K={u € H}wxR):uis nonnegative,
y — u(z,y) is nonincreasing for x € w, y > 0, and
y — u(z,y) is nondecreasing for = € w, y < 0},
(K)
the bounded subsets of K are relatively compact in LP(w x R) whenever
€ (2,2*). Note that 2* = o0, if m = 1.
The main goal of this section is to give a new approach to treat elliptic
(eigenvalue) problems on domains of the type 2 = w x R. The genesis
of our method relies on the Szulkin-type functionals. Indeed, since the
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indicator function of a closed convex subset of a vector space (so, in
particular K in Hg (w x R)) is convex, lower semi-continuous and proper,
this approach arises in a natural manner. In order to formulate our
problem, we shall consider a continuous function f : (w x R) x R — R
such that

(F1) f(z,0) =0, and there exist ¢; > 0 and p € (2,2*) such that

F@,9)| < exlls] + s, ¥ (,5) € (0 x R) x R.

Let a € L' (w x R)N L®(w x R) with @ > 0, a Z 0, and ¢ € (1,2). For
A > 0, we denote by (P) the following variational inequality problem:
Find u € K such that

/XR Vu(z)V(v(x) - u(z))dr + f (@, u(@))(—v(2) + u(z))dz

wXxR

> A a(x)u(z)|9%u(x) (v(x) — u(x))dz, Yo € K.

wxR

For the sake of notation, we introduce 2 = w x R.
Define F': @ x R — R by F(z,s) = / f(z,t)dt and beside of (Fy)
0

we make the following assumptions:

(F») lir% J@:s) =0 uniformly for every z € ;
5— s

(F3) There exists v > 2 such that

vF(x,s) —sf(z,s) <0, V(z,s) € Q@ xR;

(Fy) There exists R > 0 such that
inf{F(x,s): (z,|s]) € wx [R,00)} > 0.

Lemma 2.1 If the functions f, F : Q x R — R satisfies (Fy), (F3) and
(Fy) then there exist ca,cs > 0 such that

F(z,8) > cals|” — c38%, V(z,5) € Q x R,
Proof First, for arbitrary fixed (z,u) € Q X R we consider the function
g:(0,400) — R defined by

g(s) = s7VF(x, su).

Clearly, g is a function of class C! and we have

g (s) = —vs " F(x, su) + s~ uf(z, su), s> 0.
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Let s > 1 and by mean value theorem, there exist 7 = 7(z,u) € (1, s)
such that g(s)—g(1) = ¢’(7)(s—1). Therefore, ¢'(1) = —v7 V"L F(z, Tu)+
T Yuf(x,Tu), thus

g(s) = g(1) = =7 wF(z,Tu) — Tuf(z, Tu)](s — 1).
By (F3) one has g(s) > g(1), i.e. F(z,su) > s¥F(x,u), for every s > 1.
Let cg = inf{F(z,s) : (z,|s]) € w X [R,o0)}, which is a strictly positive
number, due to (Fy). Combining the above facts we derive

F(z,s) > %W, V(z,5) € Q x R with |s| > R. (2.9)
On the other hand, by ((F})) we have |F(x,s)| < c1(s? + |s|P) for every
(z,5) € Q x R. In particular, we have
—F(x,8) <ci1(s* +s]P) <er(1+RP2 4+ R"72)s% — ¢qs|”

for every (x,s) € Q x R with |s|] < R. Combining the above inequality
with (2.9), the desired inequality yields if one chooses ¢; = min{c1, cg/R"}
and c3 = ¢1(1+ RP=2 + RV72). O

Remark 2.3 In particular, from Lemma 2.1 we observe that 2 < v < p.

To investigate the existence of solutions of (P,) we shall construct a
functional Iy : H}(Q) — R associated to (P,) which is defined by

In(u) = %/ﬂ\VuP—/ﬂF(x,u(x))da:—2/Qa(x)\u|q+§;c(u),

where (i is the indicator function of the set K.
If we consider the function F : H}(Q2) — R defined by

Flu) = /QF(x,u(x))d:r,
then F is of class C! and
(F'(u),v) gy = / [z, u(x))v(x)de, ¥ u,ve Hi(Q).
Q

By standard arguments we have that the functionals Ay, A : HE(Q) —

R, defined by A (u) = [|ul|?, and Az(u) = [, a(x)|u|?dz are of class C*
0

with derivatives

<A/1 (u)a U>H01 = 2<U,, U>Hé
and

(A (), v)my = g /Q o)l 2uvda.
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Therefore the function
_ 1 2 A q
By = 3llully = > [ a@ul? - #)

on HE(Q) is of class C'. On the other hand, the indicator function of
the set IC, i.e.
0, if uel,
Gelu) = { +oo, ifué¢ K,
is convex, proper, and lower semi-continuous. In conclusion, Iy = E) +

Cx is a Szulkin-type functional.
Moreover, one easily obtain the following

Proposition 2.1 Fiz A\ > 0 arbitrary. Every critical point u € HE ()
of In = Ex + (i (in the sense of Szulkin) is a solution of (Py).

Proof Since u € H}() is a critical point of Iy = Ey + (x, one has
(E\(u),v — w) gz + Ce(v) — Ce(u) = 0,Vo € H(9Q).

We have immediately that u belongs to . Otherwise, we would have
Cic(u) = +oo which led us to a contradiction, letting for instance v =
0 € K in the above inequality. Now, we fix v € K arbitrary and we
obtain the desired inequality. |

Remark 2.4 It is easy to see that 0 € K is a trivial solution of (Py) for
every A € R.

Proposition 2.2 If the conditions (Fy) — (F3) hold, then Iy = Ex + (x
satisfies (PSZ).-condition for every ¢ € R and A > 0.

Proof Let A > 0 and ¢ € R be some fixed numbers and let {u,} be a
sequence from H}(Q) such that

In(un) = Ex(un) + (e (un) — ¢ (2.10)

(B (un),v — un>H§ + Ce(v) = G (un) = —enllv — un”Hévvv € Hy(9),
(2.11)
for a sequence {e,} in [0, c0) with &, — 0. By (2.10) one concludes that
the sequence {u,} belongs entirely to K. Setting v = 2u,, in (2.11), we
obtain

(B} (un), un>H§ = _EnHunHH(}-
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From the above inequality we derive
HunH%{&—)\/Qa(x)|un|q—/9f(x,un(x))un(x)dx > _Enllun”Hé- (2.12)

By (2.10) one has for large n € N that

A a7 _ z. u,(x))dz
fLMQMJ AF<,A»d (2.13)

1 2
et 12 gl - 2

Multiplying (2.12) by v~! and adding this one to (2.13), by Hélder’s
inequality we have for large n € N

1 1 1 9 1 1 q
1t Sl 2 (G Pl =G =) [ a@lul

1
—wana%u»~%mﬂa%@mm

14
(F) 1 1 9 1 1
(5 - ;)HunHHg - )\(6 - ;)“CLHV/(V—Q)”u””g
1 1 9 1 1
2 (5= Pl = AC = Dlalvyw—okilunly:

In the above inequalities we used the Remark 2.3 and the hypothesis
a € L'(Q)NL>®(Q) thus, in particular, a € L*/(*=9(Q). Since ¢ < 2 < v,
from the above estimation we derive that the sequence {u,} is bounded
in IC. Therefore, {u,} is relatively compact in L?(Q2), p € (2,2*). Up to
a subsequence, we can suppose that

U, — u weakly in H} (Q); (2.14)
U, — w strongly in L*(Q), u € (2,2%). (2.15)

Since K is (weakly) closed then u € K. Setting v = u in (2.11), we
have

<un,u——un>Hé4—/£fxm,un<x»(un<x>—-u(x»dw

—)\/ a(@)un |9 2w, (u — un) > —ep|ju — Un|| 2
Q
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Therefore, in view of Remark 2.1 (i) we derive

IN

<%ufuwHyﬁéf@ﬂm@DWM@*u@DM

ot = w3

fy/awwa4w4u7w0+emmfuﬂmg
Q

< (wu—un) gy + Mallyy@—g) lunllZ 1w = wnlly + enllu — wnl g

+5Hun”H})”un - u”Hé + C(E)Hunllﬁ_lllun — ullp,

where ¢ > 0 is arbitrary small. Taking into account relations (2.14)
and (2.15), the facts that v,p € (2,2*), the arbitrariness of ¢ > 0 and
en — 01, one has that {u,} converges strongly to u in H{(£2). This
completes the proof. O

Proposition 2.3 If the conditions (Fy) — (Fy) are verified, then there
exists a Ao > 0 such that for every A € (0, o) the function I satisfies
the Mountain Pass Geometry, i.e. the following assertions are true:

(i) there exist constants ax > 0 and py > 0 such that Ix(u) > ay for

all llull gz = pa;

(ii) there exists ey € H} () with lexllzz > pa and Ix(ex) < 0.
Proof (i). Due to Remark 2.1 (ii), for every € > 0 there exists ¢(g) > 0
such that F(u) < EHUH%{S + c(e)||ul% for every u € Hy(€2). It suffices to
restrict our attention to elements u which belong to KC; otherwise I (u)
will be +00, i.e. (i) holds trivially. Fix g € (0, ). One has

1 Ak
L(u) > (5 —eo)llullf — Kbeeo)lullt = —2llallp/p—q) lulZ16)
2 0 0 q 0

—2 -2
(4 = Bllulltg? = AClul )l

where A = (3 —&9) > 0, B = kBc(eo) > 0 and C = kd|lall,/(p—q)/q > 0.

For every A > 0, let us define a function gy : (0,00) — R by
gr(s) = A— BsP™2 — \Cs?72.
Clearly, ¢4 (sx) = 0 if and only if sy = (A;%g%)ﬁ. Moreover, gx(sy) =
A— D)\g%fl, where D = D(p,q,B,C) > 0. Choosing Ao > 0 such that
ro(Sxn,) > 0, one clearly has for every A € (0, ) that ga(sx) > 0.
Therefore, for every A € (0, \g), setting px = s) and o = gx(sx)s3, the
assertion from (i) holds true.



56 Variational Inequalities

ii). By Lemma 2.1 we have F(u) > callully — cs|jul|3 for every u €
HY(Q). Let us fix u € K. Then we have
1 2 2 v /\ q q
In(u) < (5 + esky)l[ullfgy — ezllully + a||a||u/(ufq)ky||U||Hé~ (2.17)
Fix arbitrary ug € K\ {0}. Letting u = sug (s > 0) in (2.17), we have
that Iy(sug) — —oo as s — 400, since v > 2 > ¢. Thus, for every
A € (0, ), it is possible to set s = s so large that for ey = syug, we
have [[ex| 3 > px and Ix(ex) < 0. This ends the proof of the proposition.
O

The main result of this section can be read as follows.

Theorem 2.2 Let f : @ X R — R be a function which satisfies (F)-
(Fy). Then there exists Ao > 0 such that (Py) has at least two nontrivial,
distinct solutions u}, u3 € K whenever X € (0, \o).

Proof 1In the first step we prove the existence of the first nontrivial
solution of (Py). By Proposition 2.2, the functional I satisfies (PSZ),-
condition for every ¢ € R and clearly I,(0) = 0 for every A > 0.
Let us fix A € (0,Ag), Ao being from Proposition 2.3. It follows that
there are constants ay,py > 0 and ey € H}(Q) such that I fulfills
the properties (i) and (ii) from Theorem 1.21. Therefore, the number
¢y = infyersup,epo 1 Ta(v(t)), where ' = { € C([0,1], H5(R2)) : 7(0) =
0,7(1) = ey}, is a critical value of I) with ¢} > a, > 0. It is clear that
the critical point u} € H{(£2) which corresponds to ¢} cannot be triv-
ial since I (u}) = ¢} > 0 = I,(0). It remains to apply Proposition 2.1
which concludes that u} is actually an element of K and it is a solution
of (P)\)

In the next step we prove the existence of the second solution of the
problem (Py). For this let us fix A € (0, \g) arbitrary, Ao being from the
first step. By Proposition 2.3, there exists p) > 0 such that

inf  In(u) > 0. (2.18)
[l HI=PA
On the other hand, since a > 0, a #Z 0, there exists ug € K such that
Jo a(z)ug(z)|9dx > 0. Thus, for t > 0 small one has

1 A
In(tuo) < (5 + cakd) oy — cat” ol = 201 [ a@)fuow)|7de <.
Q

For r > 0, let us denote by B, = {u € H}(Q) : lull g < 7} and
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Sy = {u € Hy(Q) : ||ullgz = r}. With these notations, relation (2.18)
and the above inequality can be summarized as

3= inf Iy(u) <0< inf I)(u). 2.19
=, L S D) (2.19)

We point out that ¢3 is finite, due to (2.16). Moreover, we will show
that ¢3 is another critical point of I. To this end, let n € N\ {0} such
that

1

— < inf [ — inf Iy(uw). 2.20

<y D= B L) (2.20)
By Ekeland’s variational principle, applied to the lower semi-continuous
functional I’\|Bm’ which is bounded below (see (2.19)), there is uy,, €

B,, such that
. 1
Ii(uan) < uérllgfpA Ii(u) + e (2.21)
1
In(w) 2 In(urn) = —llw —usallmg, Yo € By, (2.22)

By (2.20) and (2.21) we have that I\(uxn) < infyes,, Ix(u); therefore
[uanllmy < pa-

Fix an element v € H{ (). It is possible to choose ¢ > 0 so small that
w = uxn + (v —urn) € B,,. Putting this element into (2.22), using
the convexity of (x and dividing by ¢ > 0, one concludes

Ex(uxn +t(v—uxn)) — Ex(uan)
t

Letting t — 0T, we derive

1
+Ce(v)—Crc(urn) > _EH'U_U)\,n”H5~

1
(B (unmn)s v —"1uxn) g ) +Cc(v) = Ce(urn) > —lv—wnallmy. (2:23)
By (2.19) and (2.21) we obtain that

I\(uan) = Ex(uxn) + Cel(urn) — o (2.24)

as n — o0o. Since v was arbitrary fixed in (2.23), the sequence {uyn}
fulfills (2.10) and (2.11), respectively. Hence, it is possible to prove in a
similar manner as in Proposition 2.2 that {u, ,} contains a convergent
subsequence; denote it again by {uy,} and its limit point by ui It is
clear that u?\ belongs to B,,. By the lower semi-continuity of (x we
have Cic(u3) < liminf, o (c(un,n). Combining this inequality with
My, o0 (B (Urn), v — Unn) g3 = (B (u3),v— ui)Hé and (2.23) we have

(BA(u3),v = ul) g + Ge(v) = Ge(ul) = 0, Yo € Hy(Q),
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i.e. u3 is a critical point of I. Moreover,

3 (2.19) inf Iy(u) < Ix(u3) < liminf In(uxrn) (2:24) 3,
UEBP/\ n— o0
i.e. Iy(u3) = c3. Since ¢3 < 0, it follows that u3 is not trivial. We apply
again Proposition 2.1, concluding that u3 is a solution of (P)) which
differs from wu}. This completes the proof of Theorem 2.2. O

2.3 Area—type variational inequalities

In this section we are interested to obtain existence and multiplicity
results for hemivariational inequalities associated with energies which
come from the relaxation of functionals

f = [ ViFViPdo+ [ G,

where u € Wol’l(Q;]RN), Q open in R™, n > 2. The first feature is that
the functional f does not satisfy the Palais-Smale condition in the space
of functions of bounded variations

0
0:61-
which is the natural domain of f. Therefore we extend f to L™/ (»~1(Q;RN)
with value +oco outside BV (€; RY). This larger space is better behaved
for the compactness properties, but the nonsmoothness of the functional
increases. The second feature is that the assumptions we impose on G
imply the second term of f to be continuous on L™ (=1 (Q:RN), but

not locally Lipschitz. More precisely, the function {s — G(z,s)} is sup-
posed to be locally Lipschitz for a.e. x € €, but the growth conditions

BV(Q;RY) := {u € LY(Q); Y isa measure, for all 1 =1,2,... ,n} ,

we impose do not ensure the corresponding property for the integral on
[/ (n—1) (Q’ RN).

After recalling the main tools we need in the sequel, we establish
some general results for a class of lower semicontinuous functionals f :
LP(RY) — R U {+o00}. Next, we show that the area-type integrals
fall into the class considered in this section. By the way, we also prove a
relation between the convergence in the so-called intermediate topologies
of BV(;RY) and the convergence in L™ (~1D(Q;RN). Finally, we
obtain multiplicity results of Clark and Ambrosetti-Rabinowitz type.

We start with some notions and properties on nonsmooth analysis.
We refer to Appendix D for basic definitions and related results.
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Definition 2.1 Let ¢ € R. We say that f satisfies condition (epi),, if
there exists € > 0 such that

inf {|dGr|(u,A) : f(u) <A [A—¢|<e}>0.

The next two results are useful in dealing with condition (epi)..

Proposition 2.4 Let (u,\) € epi(f). Assume that there exist positive
numbers o, o, 0, € and a continuous map

H:{w € Bs(u) : f(w) < A4} x[0,0] = X
satisfying
d(H(w,t),w) < ot, f(H(w,t)) < max{f(w) — ot,\ — ¢}

whenever w € Bs(u), f(w) < A+4d and t € [0,4].
Under these assumptions,

|dGy|(u, A) =

o
/02 + o2 ’
If, moreover, X is a normed space, [ is even, u = 0 and H(—w,t) =

—H(w,t), then

-7
NZEEE
Proof Let ¢’ €]0, ] be such that ¢’ + 06’ < e and let

K (Bs (u, A) Nepi (f)) x [0,8'] — epi (f)

be defined by K((w,p),t) = (H(w,t),pn — ot). If (w,pn) € By (u,\) N
epi(f) and ¢ € [0,4'], we have

‘dZ’zgf‘(O’ >‘) >

A—e< A =68 -0 < p-—ot, fw) —ot < p-—ot,
hence
F(H(w,t)) < max{f(w) —ot,\—e} < p—ot.
Therefore K actually takes its values in epi(f). Furthermore, it is

d(K((w, p), 1), (w, p)) <0+ o?t,

Gr(K((w,p),t)) = p— ot = Gp(w, p) — ot..

Taking into account Definition D.6, the first assertion follows.
In the symmetric case, K automatically satisfies the further condition
required in Definition D.14. |
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Corollary 2.1 Let (u,\) € epi(f) with f(u) < . Assume that for
every o > 0 there exist § > 0 and a continuous map

H:{w e Bs(u) : f(w) <A+6} x[0,0] - X
satisfying

d(H(w,t),w) <ot,  f(H(w,t)) < f(w) +t(f(u) = f(w) + o)

whenever w € Bs(u), f(w) < A+4d and t € [0,4].
Then we have |dG|(u )\) = 1. If moreover X is a normed space, f is
even, u =0 and H(—w,t) = —H(w,t), then |dz,G¢|(0,\) = 1.

Proof Let e >0 with A —2e > f(u),let 0 < o < A— f(u) —2e and let §
and H be as in the hypothesis. By reducing §, we may also assume that
§<1, S(IA—2¢e| +[f(u) + o]) <e.

Now consider w € Bs(u) with f(w) < A+ ¢ and ¢t € [0,4]. If f(w) <

A — 2e, we have

flw) +t(f(u) = f(w) + o) (1 =8)f(w) +t(f(u) +o) <
(I =)A= 2¢) +t(f(u) + o) <
A

—2e+tIA— 2|+ t|f(u) + o] <X —¢,

<
<
while, if f(w) > A — 2¢, we have
fw) +t(f(u) = f(w) + 0) < f(w) = (A= f(u) — 2 = o)t.
In any case it follows
F(H(w,t)) <max {f(w) — (A= f(u) — 2 — o)t,\ — €} .
From Proposition 2.4 we get
A—flu)—2e—0p
Ve (A= fu) — 26 - 0)?

and the first assertion follows by the arbitrariness of o.
The same proof works also in the symmetric case. |

|dG|(u, A) >

2.3.1 Statement of the problem

Let n > 1, N > 1, © be an open subset of R” and 1 < p < co. In the
following, we denote by || - || the usual norm in L? (1 < g < c0). We
now define the functional setting we are interested in.

Let £ : LP(;RY) — RU {+00} be a functional such that:
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(&1) € is convex, lower semicontinuous and 0 € D(E), where

D(E) = {ue LP(RY) : E(u) < +o0} ;

(€2) there exists ¥ € C.(RY) with 0 <9 < 1 and ¥(0) = 1 such that

(£2.1)  YueD(E), Vv e DE)NL®(QRY), Ve >0

Jim | s £(0()0) | =£@);

£(2)<c

(£22)  YueDE): lim £ (19 (9) u) = &(u).

h—o0 h

Moreover, let G : Q x RY — R be a function such that

(G1) G(-,s) is measurable for every s € RY;
(G2) for every t > 0 there exists a; € L*(Q) such that

|G(z,51) — Gz, 52)| < au(z)s1 — 52

for a.e. x € Q and every sq1,s2 € RY with |s;]| < ¢; for a.e. z € Q we
set

G°(x,8;8) =~°(s; 9), 0:G(x, ) = 0v(s),

where v(s) = G(z, s);
(G3) there exist ag € L' (Q2) and by € R such that

G(z,s) > —ap(x) — bo|s|? for a.e. z € Q and every s € RV ;

(G4) there exist a; € L'(Q2) and b; € R such that

G°(x,s;—s) < ay(z) + bi|s]? for a.e. x € Q and every s € RV .

Because of (£1) and (G3), we can define a lower semicontinuous func-
tional f: LP(Q;RY) — R U {+oc0} by

f(u):c‘,’(u)—i—/QG(x,u(x))dx.

Remark 2.1 According to (€1), the functional £ is lower semicontin-
wous. Condition (E2) ensures that € is continuous at least on some
particular restrictions.
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Remark 2.2 If {s — G(z,s)} is of class C* for a.e x € Q, the estimates
in (G2) and in (G4) are respectively equivalent to

|s| <t = |D;G(z,3)| < ai(x),
D,G(x,s) s> —ai(x) — by|s|P.

Because of (Gg), for a.e. € Q and any t > 0 and s € RY with |s| < ¢
we have

Vs € RY 1 |G(x,5;8)| < ay(2)]3]; (2.25)

Vs* € 0sG(x,s) : |s¥| < au(x). (2.26)

In the following, we set ¥y (s) = ¥(s/h), where ¥ is a function as in (&2),
and we fix M > 0 such that ¥ = 0 outside Bj(0). Therefore

Vs € RN . |s| > hM = 9p,(s) = 0. (2.27)

Our first result concerns the connection between the notions of gener-
alized directional derivative and subdifferential in the functional space
LP(Q; RY) and the more concrete setting of hemivariational inequalities,
which also involves the notion of generalized directional derivative, but
in RV,

If u,v € LP(; RY), we can define [, G°(z,u;v) da as

/ G°(z,u;v)dr = 400  whenever / [G°(z,u;0)] " dx = / [G°(x,u;v)]” de = +00.
Q Q Q

With this convention, {v— [, G°(z,u;v)dz} is a convex functional
from LP(Q;RY) into R.
Theorem 2.3 Let u € D(f). Then the following facts hold:

(a) for everyv € D(E) there exists a sequence (vy,) in D(E)NL>®(;RY)
satisfying [G° (x, u; v, —u)]™ € LY (Q), |lvp—v|l, — 0 and E(vy) —
E(v);

(b) for every v € D(E) we have

fo(u;v—u)SE(v)—E(u)—i—/QGo(x,u;v—u)dx; (2.28)

(¢) if Of (u) # 0, we have G°(z,u; —u) € L1 () and

8(1})—E(u)—l—/ﬂG"(m,u;v—u)de/Qu*~(v—u)d:1c (2.29)
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for every u* € 8f(u) and v € D(E) (the dual space of LP(;RY)
is identified with LP (; RN) in the usual way);

(d) if N = 1, we have [G°(z,u;v — u)]™ € LY(Q) for every v €
L (Q;RN).

Proof

(a) Given € > 0, by (&2.2) we have ||94(v)v — v, < € and |E(Iy(v)v) —
E(v)| < € for h large enough. Then, by (£2.1) we get ||Fx(uw)dy(v)v —
v||p < € and |E(Ik(w)Iy (v)v) — E(v)] < € for k large enough. Of course
95 (w)9,(v)v € L=(Q;RY) and by (2.25) we have

G°(x,u; O (w)p(V)v —u) < F(w)p(v)G°(x,u;v — u) +
(1 = Ox(w)In(v) G (2, u; —u) <
(h+ k)Magy (z) + [G°(z,u; —u)] T .

IN

From (G4) we infer that [G°(z,u; —u)]t € L1(Q) and assertion (a) fol-
lows.
(b) Without loss of generality, we may assume that [G°(z,u;v — u)]T €
LY(2). Suppose first that v € D(E) N L= (Q2;RY) and take £ > 0.

We claim that for every z € LP(Q;RY), ¢ €]0,1/2] and h > 1 with
hM > ||v]|, we have

G(z,z +t(Ip(2)v — 2)) — G(x, 2)
t

< 2([[vllo anar + a1 + bi(|z] + [0])?) -

(2.30)
In fact, for a.e. z € Q, by Lebourg’s theorem (see Appendix D) there
exist ¢ €]0,t[ and u* € 9;G(x, z + t(x(2)v — 2)) such that

G(z,z +t(Un(2)v — 2)) — G(x, 2)

= u - (Un(z)v—2) =

t
1 _
= 13 [Un(z)u* - v —u* - (z +1(0n(2)v — 2))] .
By (2.26) and (2.27), it easily follows that
Ip(2)u” - v
ORI < o oo s

On the other hand, from (G4) we deduce that for a.e. x € Q

u - (2 +Z(19h7(z)v —2)) o _
1-t¢ -1
(ar + bilz + T (=)0 — 2)[7) = =2 (a + bu(J2] + o])?) .

i EGo(:r, 2+t (0 (2)v—2); —(z+t(In(2)v—2)) >

> — =
- 1t
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Then (2.30) easily follows.
For a.e. z € Q we have

G°(z,u; Up(u)v —u) < Ip(u)G°(r,u;v —u) + (1 —Ip(w)G°(z,u; —u) <
< [G(z,us;v —w)|T + [GO(z, us —u)] T

Furthermore, for a.e. x € Q and every s € RV, (G3) implies G°(z, s; )
to be Lipschitz continuous, so in particular

1i}11n G°(x,u; O (u)v —u) = G°(x,u; v — ) a.e. in Q.
Then, given
A > / G°(x,u;v —u)dx,
Q
by Fatou’s lemma there exists h > 1 such that

VhZE:/G°($7u;19h(u)v—u)dx<)\ and |9 (u)v — v, <e.
Q

(2.31)
By the lower semicontinuity of G, there exists 6 €]0,1/2] such that
for every z € Bs(u) it is G(2) > G(u) — 3. Then for every (z,u) €

Bj(u, f(u)) Nepi(f) it follows

1 1
£(2) < 1= G() < pt g —Glw) < flu) +8—Glu) + 3 < E(u) +1.
Let now o > 0. By assumptions (€1) and (&;.1) there exist b > h and
§ < 6 such that
lv]|oe < M,

E(z)>Ew)—o, EWn(2)v) <EW)+o, |[(In(z)v—2)—(v—u)|, <e,

for any z € Bs(u) with £(2) < E(u) + 1.

Taking into account (D.1), (2.30) and (2.31), we deduce by Fatou’s
lemma that, possibly reducing ¢, for any ¢ €]0, §] and for any z € Bs(u)
we have

dr < M.

/ Gz, z +t(In(2)v — 2)) — G(x, 2)
0 ¢

Now let V : (Bs(u, f(u)) Nepi(f)) x]0,d] — B.(v — u) be defined
setting

V((z,p),t) = p(2)v— 2.
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Since V is evidently continuous and

flz+tV((z,1),1))

I
[
N
+
=
<
>

Ip(2)v) — E(2)) + G(z + t(In(2)v — 2) <
) (u) +20)t+G(2) + Xt =
v) = E(u) + X+ 20)t,

IN A
tn

|
~

we have

fo(usv—u) <EW) —E(u) + A+ 20.

By the arbitrariness of ¢ > 0 and A > / G°(x,u;v — u) dz, it follows
Q

fo(u;v —u) SE(U)75(u)+AGO(I,U;U7u)d$.

Passing to the limit as e — 0%, we get (2.28) when v € D(E)NL>(Q; RY).
Let us now treat the general case. If we set v, = ¥, (v)v, we have
vy, € L°(;RY). Arguing as before, it is easy to see that

G°(z, w05 — u) < [G°(z,u;v —u)] T + [G°(x, u; —u)| T,
so that
limsup/ G°(z,u;vp, —u)de < / G°(z,u;v —u)de.
h Q Q
On the other hand, by the previous step it holds

fo(u;vhfu)SE(vh)fg(u)Jr/QGo(x,u;vhfu)dz.

Passing to the lower limit as h — oo and taking into account the lower
semicontinuity of f°(u,-) and (£2.2), we get (2.28).
(¢) We already know that [G°(z,u; —u)]™ € LY(Q). If we choose v = 0
in (2.28), we obtain
fo(u;—u) < E(0) — E(u) —|—/ G°(x,u; —u) dz.
Q

Since Of (u) # 0, it is f°(u; —u) > —o0o, hence

/ [G°(z,u; —u)]” dx < 400.

Q

Finally, if u* € 0f(u) we have by definition that

fo(u;v—u)Z/u*-(v—u)dx

Q
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and (2.29) follows from (2.28).
(d) From (2.25) it readily follows that G°(z, u; v —u) is summable where
|u(z)] < ||v]|oo- On the other hand, where |u(z)| > ||v]| we have

(v —u) = (1-=2)C (. u: —
G°(z,u;v —u) = (1 u) G°(x,u; —u)
and the assertion follows from (Gy). O

Since f is only lower semicontinuous, we are interested in the verification
of the condition (epi).. For this purpose, we consider an assumption
(G%) on G stronger than (G3).

Theorem 2.4 Assume that
(GY) there exist a € L'(Q2) and b € R such that

|G (z, s)| < a(z) + b|s|P for a.e. x € Q and every s € RY .
Then for every (u,\) € epi(f) with X > f(u) it is [dG¢|(u,\) =
1. Moreover, if € and G(z,-) are even, for every A > f(0) we have
|dz,G71(0, A) = 1.
Proof Let o > 0. Since
vr€10,1]: G°(z,u;mu —u) = (1 — 7)G° (2, u; —u) < [G°(z,u; —u)]™,
by (£2.2) and (G4) there exists h > 1 such that

[Vg(wu —ull, <o, EWx(w)u) <E(u) + e,

VYh>h: / G°(x,u; Op (w)05 (u)u — u) de < 0.
Q
Set v = V5 (u)u.
By (&5.1) there exist h > h and § €0, 1] such that
|90 (2)v — 2|, < 0, EWn(z)v) < E(u) + o,

whenever ||z —ull, < d and £(z) < A+1—G(u)+ 0.
By decreasing 4, from (G%), (2.30) and (D.1) we deduce that

1G(2) — G(u)| < o, /QG@’Ht(ﬁh(z)v—z)) —G(z, )

t
whenever ||z —ul|, < d and 0 <t < 4.
Define a continuous map

dr <o

H:{z€Bs(u): f(z) <A+d} x[0,0] = X
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by H(z,t) = z+t(I(2)v—z). It is readily seen that ||H(z,t)—z||, < ot.
If z € Bs(u), f(2) <A+ 3d and 0 <t <6, we have

E(z) =f(2) =G(2) <A+0—-Gu)+ o< A+1-G(u) +o,
hence, taking into account the convexity of &,
E(zt(0n(2)0—2)) < E(2)+HH(EWn(2)0)—E(2)) < E(2)+H(E(u)—E(2)+0) .
Moreover, we also have
G(z+t(Wn(z)v —2)) <G(2) +to < G(2) +t(G(u) — G(2) +20) .

Therefore

fz+t(Wn(2)v = 2)) < f(2) +t(f(u) = f(2) +30) -

and the first assertion follows by Corollary 2.1.

Now assume that £ and G(z, -) are even and that w = 0. Then, in the
previous argument, we have v = 0, so that H(—=z,t) = —H(z,t) and the
second assertion also follows. Ul

Now we want to provide a criterion which helps in the verification of the
Palais-Smale condition. For this purpose, we consider further assump-
tions on &£, which ensure a suitable coerciveness, and a new condition
(G}) on G, stronger than (G4), which is a kind of one-sided subcritical
growth condition.

Theorem 2.5 Let ¢ € R. Assume that

(&3) for every (up) bounded in LP(Q;RYN) with (€(up)) bounded, there
exists a subsequence (up,) and a function u € LP(;RYN) such
that

lim up, () = u(x) for a.e. x € Q;

k—o0

(E4) if (up) is a sequence in LP(Q; RY) weakly convergent to u € D(E)
and E(up) converges to E(u), then (up) converges to u strongly
in LP(Q;RN);

(GY)) for every e > 0 there exists a. € L*() such that

G°(x,s;—s) < as(x)+e|s|P for a.e. x € Q and every s € RY .

Then any (PS).-sequence (up,) for f bounded in LP(S;RYN) admits a
subsequence strongly convergent in LP($; RY).
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Proof From (G3) we deduce that (G(uy,)) is bounded from below. Taking
into account (£7), it follows that (€(uy,)) is bounded. By (€3) there exists
a subsequence, still denoted by (uy,), converging weakly in LP(;RY)
and a.e. to some u € D(E).

Given € > 0, by (£2.2) and (G4) we may find kg > 1 such that

E(Wg, (W)u) < E(u) + ¢,

/(1 — Do () G° (2, u; —u) do < €.
Q

Since VU, (u)u € D(E) N L=®(Q;RY), by (&2.1) there exists k; > kg such
that

VheN: E(ﬂkl (uh)ﬂko (u)u) < E(U) + e, (232)

/Q(l — I, (), (0)G° (z, 05 —u) dx < €.

Tt follows that ¥, (up )9k, (u)u € D(E). Moreover, from (2.25) and (GY)
we get

G° (x, un; Vg, (un)Vno (w)u — up) <
< Oy (un) G (2, up; Ong (w)u — up) + (1 — g, (un))G® (2, up; —up) <
< ap, m (@) (koM + k1 M) + ac(x) + e|up|? .

From (D.2) and Fatou’s Lemma we deduce that

lim sup/ [G°(x, up; Vg, (up )V, (W)u — up) — elup|P] do <
Q

h—o0

< /Q [G° (2, u; Og, (w) gy (w)u — u) — e|ulP] da <
< /9(1 — D, () Oy ()G (2, s —u) da < &,
hence

lim sup/ G (z, un; Vg, (un)Vx, (w)u — up) dz < esup [Jup b +¢. (2.33)
Q h

h—o0

Since (uy,) is a (PS)-sequence, by Theorem D.2 there exists u} € 9f(up,)
with ||} |l < |df](up), so that hlim [lupll,y = 0. Applying (c) of Theo-
—00
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rem 2.3, we get

E(ky (un)0k (w)u) > E(up) — | G°(z,up; Ik, (un)9k, (w)u — up) de+
Q

+ /Q uy, - (Vg (up) 9%, (W)u — up) do .

Taking into account (2.32), (2.33) and passing to the upper limit, we
obtain

limsup &(up) < E(u) + 2¢ + esup [luah .
h

h—o0

By the arbitrariness of € > 0, we finally have

limsup & (up) < E(u)

h—o0

and the strong convergence of (up) to u follows from (&4). O

2.3.2 Area type functionals

Let n > 2, N > 1, Q be a bounded open subset of R"™ with Lipschitz
boundary and let

U:R"™W SR
be a convex function satisfying
P(0) =0, T(&) > 0 for any £ # 0 and
) { there exists ¢ > 0 such that ¥(¢) < ¢/¢| for any & € R™V.

We want to study the functional £ : L7=1 (Q;RY) — RU {400} defined

by
Jrwanyass [w (D) apeio+
Q Q
E(u) = +/\If°°(u @ v)dH" (z) if u e BV (Q;RN),
o0
+00 if u e L7-1 (Q;RN)\ BV (Q;RY),

where Du = Du® dz+ Du® is the Lebesgue decomposition of Du, |Du?| is
the total variation of Du®, Du®/|Du?| is the Radon-Nikodym derivative
of Du® with respect to |Du®|, T is the recession functional associated
with W, v is the outer normal to €2 and the trace of u on 90 is still
denoted by u (see e.g. [?, ?7]).
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Theorem 2.6 The functional £ satisfies conditions (€1), (£2), (€3) and
(&).

The section will be devoted to the proof of this result. We begin estab-
lishing some technical lemmas. For notions concerning the space BV,
such as those of @, S, u™ and u™, we refer the reader to [?, 7.

In BV (€;RY) we will consider the norm

lully = / |Du| dx + [Du®|(€2) +/ lu| dH" (),
Q 09
which is equivalent to the standard norm of BV (Q; RY).

Lemma 2.2 For every u € BV(Q;RY) and every e > 0 there emists
v € C(QRY) such that

[v—ul|_» <e, /|Dv\ de — ||ullpv| <e, [E(w)=Ew)] <e, ||v]o < esssupq|ul.
Q

Proof Let § >0, let R > 0 with Q C B (0) and let

Yp(xz) =1 — min {max {h_}:l[l — hd(x,R™\ Q)},O} , 1} .
Define & € BV (Br(0); RY) by

| ou(x) ifzeq,
(x)_{o if 2 € Br(0)\ Q.

U

According to [?, Lemma 7.4 and formula (7.2)], if h is sufficiently large,
we have that Jpu € BV (Q;RY), ||0pu — ul| = < 4 and

| VI D F e +1Dl(@) <
Q
</ \/1+\Du“|2d/:"—|—|DuS\(Q)—|—/ lu| dH" ™t + 6 =
Q o0
:/ VI DR dL” +|Dit|(Br(0)) + 4.
Br(0)

Moreover, ¥, u has compact support in  and esssupgq |[Jhu| < esssupg|u].
If we regularize ¥,u by convolution, we easily get v € C°(Q;RY)
with

n <0

n—1

lv]]co < esssupqlul, |[v —ul
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and

/\/1+\Dv|2d£"</
Q

Br

V17 Do dL" + |Di|(Br(0) + 6.
(0)

Since

mmv:/ D] dz + [Da*|(Br(0)).
Br(0)

DAS
5(u):/ \I/(Dzl“)da:—i—/ \1/°°< Y ) d| D),
Br(0) Br(0) |Das|

by the results of [?] the assertion follows (see also [?, Fact 3.1]). O

Lemma 2.3 The following facts hold:

(a) U :R"N — R is Lipschitz continuous of some constant Lip(¥) >
O}.

(b) for any &€ € R™ and s € [0,1] we have ¥(s) < s¥(£);

(¢) for every o > 0 there exists dy > 0 such that

VEER™ 1 () > d, (¢ - 0);

(d) € : BV(;RN) — R is Lipschitz continuous of constant Lip(¥);

(e) if o and d, are as in (c), we have

Vue BV(QRY) . E(u) > da(||uHBV . aﬁ"(Q)) .

Proof Properties (a) and (b) easily follow from the convexity of ¥ and
assumption ().

To prove (c), assume by contradiction that ¢ > 0 and (&) is a se-
quence with W(&,) < £ (/& | — o). If |€4] — +oo, we have eventually

S\ V() 1(0)
WQ&O§|@|<h1 &)

Up to a subsequence, (£4/|¢r|) is convergent to some 1 # 0 with ¥(n) <
0, which is impossible. Since [£5] is bounded, up to a subsequence we
have &, — & with || > o and ¥(§) < 0, which is again impossible.
Finally, (d) easily follows from (a) and the definition of | - || sy, while
(e) follows from (c) (see e.g. [?, Lemma 4.1]). O
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Let now ¥ € CHRY) with 0 <9 < 1, |[|[VY||oo < 2, ¥(s) =1 for |s] <1
and 9(s) = 0 for |s| > 2. Define ¥), : RN — R and T}, Rj, : RV — RY
by

s

In(s) :ﬁ(ﬁ) . Tu(s) = Un(s)s, Ru(s) = (1—n(s))s.

Lemma 2.4 There exists a constant cg > 0 such that

£ (19 (%) v) < E(v) + %II”'U”OOHUHBV7

E(Thou) < E(u) + cy | |Du|({x € Q\ Sy : Ju(z)] > h})+

ot —u | A () + / | M ()

g
{z€Su:|lut(z)|>h or |u=(z)|>h} {zedQ:|u(z)|>h}

S(Thow)—i—S(Rhow)SE(w)—i—c\p/ | Dw| dx:
{zeQ:h<|w(z)|<2h}

whenever h > 1, u € BV(Q;RY), v € BV(Q;RY) N L=(Q;RY) and
w € C(QRY).

Proof Suppose first that u,v € C2°(€; RY). Then, since

[0 (2)+] -0 (1) e Lo o0 2) 2]
by (¥) and Lemma 2.3 it follows that

5(19 (%) v) < £(v) + Lip(P) ”DZHOO|U||OQ/Q|DU|d:c. (2.34)

In the general case, let us consider two sequences (uy,), (vg) in C°(Q; RY)
converging to w,v in L*(QRY) with [, |Dug|dz — |julsv, E(vi) —
E(v) and ||vg|loo < ||v]|oo. Passing to the lower limit in (2.34), we obtain
the first inequality in the assertion.

To prove the second inequality, we first observe that by Lemma 2.3
we have

E(Th ou) < E(u) + Lip(V)[|Rp o ul|py - (2.35)

In order to estimate the last term in (2.35), we apply the chain rule of
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[?, ?]. Since Rp(s) = 01if |s| < h and ||DRp|s < ky for some ky > 0,

we have

/ \D(Bn ()" da g/ \DR ()] Du| dz < ko
Q

/ |Du®| dx
Q\Su {2€Q\Sy:|a(x)|>h}

DR (w)*

(Q)g/g |DRh(a)|d\DuS|(x)+/S, | Ry (u™) =R (u”)| dH" "} (z) <

u

< kg(|Du5\ ({z € Q\ S, : [a(z)] > h})+/

ut —u~| defl(x))
{z€Syu:|ut(z)|>h or |[u~(x)|>h}

and
/ | Ry, (w)] dH"il(x) < kg/ |u| dH" ().
0N {zedQ:|u(z)|>h}

Combining these three estimates, we get

[Byoullpy < ko ( / |Du| e D | (i € \S, : [ax)] > b))+
{zeQ\Sy:|u(z)|>h}
(2.36)

lut—u~ | dH™ (x)—i—/
{zeo|u(z)|>h}

+/ | dH" () | .
{z€Sy:|ut(z)|>h or |u=(x)|>h}

Then the second inequality follows from (2.35) and (2.36).
Again, since ¥ is Lipschitz continuous, we have

Lip(¥

/\II(D(Thow))dac—/\I!(ﬂh(w)Dw)da: - )/ v () Dw| w]dz <

Q Q h Q h

< 2Lip(0) (9] | D da.
{h<|w|<2h}

In a similar way, it is also

/\I/(D(Rhow))dx—/ W((1 — 9y (w))Dw) da §2Lip(\IJ)HV19HOO/ \Duw|dz.

Q Q {h<|w|<2h}

Hence, combining the last two estimates and taking into account (b) of
Lemma 2.3, we get

/ U(D(Ty, o w)) da —|—/ U(D(Ry, ow)) dx <
Q Q
g/Q\IJ(Dw)dz+4Lip(\Il)||V19||oo/{ |\ Duw| dz

h<|w|<2h}

and the proof is complete. |
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Lemma 2.5 Let (u) be a sequence in C2°(Q; RY) and assume that (up,)
is bounded in BV (Q;RY).
Then for every € > 0 and every k € N there exists k > k such that

lim inf / |Dup|dz < €.

h—o0
{k<|un|<2k}

Proof Let m > 1 be such that
sup/ |Dup,| dz < me
n Ja 2

and let ig € N with 2% > k. Then, since

io-‘rm—l

Z / |Duh|dx§/ |Dup| dx < E7
{2 <Jun|<2i+1} Q 2

i=ig

there exists i, between ig and ig +m — 1 such that

/ |Dup| dx <
{2'h <|up|<2int1}

Passing to a subsequence (i, ), we can suppose i, =i > ig, and setting

Do ™

k=2 we get
VjeN: / |Duhj|dx§%.
{k<|uh,_7. |<2k}

Then the assertion follows. ]

Lemma 2.6 Let (uy,) be a sequence in C°(;RY) and let u € BV (Q;RY)
with ||up — ull1 — 0 and E(up) — E(u).
Then for every € > 0 and every k € N there exists k > k such that

lim inf ||Rk o Uh”BV <e€.
h—o0

Proof Given € > 0, let d > 0 be such that

3

v w©)2d (- )

according to Lemma 2.3. Let also cg > 0 be as in Lemma 2.4. By (2.36)
and Lemma 2.5, there exists k > k such that

de

R -
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d
1ihrrii£f / | Duy| dx < %
{k<|up|<2k}

From Lemma 2.4 we deduce that

E(Tkou) + lihm inf E(Ri oup) < lihm inf E(Ty o up) + lihm inf E(R oup) <

< liminf (5(Tk oup) + E(Ry o uh)> <

h—o0

IN

E(u) + cy 1ihm inf / | Duy | dx <

{k<|up|<2k}
de . de
< E(u)+ 3 < E(Ty ou) + Lip(V)|| Ry o u|| gy + 3 <
2
< E(Txou)+ gds,
whence
2
liminf E(Rg o up) < =de.
h—oo 3
On the other hand, by Lemma 2.3 we have
5
E(Ry oup) > d (||Rk ounlpy — 7)

3
and the assertion follows. ]

Now we can prove the main auxiliary result we need for the proof of
Theorem 2.6. It is a property of the space BV which could be interesting
also in itself.

Theorem 2.7 Let (up,) be a sequence in BV (;RY) and let u € BV (Q; RY)
with ||up —ull1 — 0 and E(up) — E(u).
Then (up,) is strongly convergent to w in L7 (Q;RY).

Proof By Lemma 2.2 we may find v, € C°(;RY) with
lon —unlhy <3 lon = wnll oy <30 JE ) — EQu)| <

Therefore it is sufficient to treat the case in which uj, € C°(Q;RY).

By contradiction, up to a subsequence we may assume that there
exists € > 0 such that [|up —ul|_n. >e. Let ¢ be a constant such that
|w|| =, < éllw|py for any w € BV (Q;RY) (see [?, Theorem 1.28]).
According to Lemma 2.6, let k£ € N be such that
€

€ S
[Rkoul »n < 7 1ihnii£f|\RkouhHﬁ < ChhningRkouhHBV <3
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Then we have

n_+|Tpoup,—Trou

n—1

lun—ul| = < |[|[Rgoup

n—1

n +|Rioul| = . (2.37)

n—1 n—1

Since T) ouy, — T ow in L7-T (;RY) as h — oo, passing to the lower
limit in (2.37) we get

liminf ||up —ul| »_ <€,
h—o00 n—1
whence a contradiction. |

Proof of Theorem 2.6. It is well known that £ satisfies condition (&1).
Conditions (&;) are an immediate consequence of Lemma 2.4. From (e)
of Lemma 2.3 and Rellich’s Theorem (see [?, Theorem 1.19)) it follows
that &£ satisfies condition (£3). To prove (&), let (up) be a sequence
in L7 (Q;RN) weakly convergent to u € BV (Q;RN) such that &(uy)
converges to £(u). Again by (e) of Lemma 2.3 and Rellich’s Theorem
we deduce that (uy) is strongly convergent to u in L*(€; RY). Then the
assertion follows from Theorem 2.7.

2.3.3 A result of Clark type

Let n > 2 and Q be a bounded open subset of R” with Lipschitz bound-
ary, let U : R™¥ — R be an even convex function satisfying (¥) and let
G : Q xRY — R be a function satisfying (G1), (G2), (G%), (G}) with
p = ;%5 and the following conditions:

{ there exist @ € L'(Q) and b € L™(Q) such that

G(xz,s) > —a(z) — b(z)]s| for a.e. x € Q and every s € RV ;

(2.38)
‘ llim G((Ei 5) _ +oo  for ae. z€Q; (2.39)
s|—o0 S
{s — G(z,s)} is even for a.e. z € Q). (2.40)

Finally, define £ as in Section 4. The main result of this section is:

Theorem 2.8 For every k € N there exists Ay such that for any A > Ay
the problem

u € BV(;RY)

u
Ew)—E(u +/G°w,u;v—u de/\/i-U—u dr Vv e BV(Q;RY
=g+ [ @z [ o2 o (@:RY)
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admits at least k pairs (u, —u) of distinct solutions.

For the proof we need the following

Lemma 2.7 Let (up,) be a bounded sequence in L7 (Q;RN), which is
convergent a.e. to w, and let (o) be a positively divergent sequence of
real numbers.

Then we have

lim/ Gla.ontn) g~ (oo iru 20,
hJa On

liminf/ G ontn) 4 50 itu—o.
h Q Oh

Proof If u = 0, the assertion follows directly from (2.38). If u # 0, we
have

1 -
/E&ﬁ@&LmZ/ Gz, onun) , 1 amF/ Dlun| dz .
Q On {u#0} On On J{u=0} {u=0}

From (2.38), (2.39) and Fatou’s Lemma, we deduce that
lim Gz, onun) 4 4o
b J{uz0} On

whence the assertion. ]

Proof of Theorem 2.8. First of all, set
Gz, s) = Gz, s) — AMyV1+]s)2=1).

It is easy to see that also G satisfies (G1), (G2), (G%), (G,), (2.38),
(2.39), (2.40) and that
éo(x,3;§) =G°(x,s;8) — A 3.

-8
V14 |s]?
Now define a lower semicontinuous functional f : L71(Q;RY) — R U
{+oo} by

flu) =E(u) —|—/Qé(x,u) dzx .

Then f is even by (2.40) and satisfies condition (epi). by Theorem 2.4.
We claim that

f(u) = +o0. (2.41)
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To prove it, let (u3) be a sequence in BV (€;RY) with ||up||_» = 1 and

let o, — +00. By (e) of Lemma 2.3 there exist ¢ > 0 and d > 0 such
that

Vue BV(RY) . E(u) > J(||u||BV - ac"(sz)) .

If ||lunll By — +o0, it readily follows from (2.38) that f(opun) — +oo.
Otherwise, up to a subsequence, uy is convergent a.e. and the assertion
follows from the previous Lemma and the inequality

flonun) = en lJ(Iuhle - QChC”(Q)> + /Q G(‘T"Qhuh)d:c] .

Oh

Since f is bounded below on bounded subsets of L7 (Q;RN), it fol-
lows from (2.41) that f is bounded below on all L=-1 (Q;RY); further-
more, it also turns out from (2.41) that any (PS),. sequence is bounded,
hence f satisfies (PS). by Theorem 2.5.

Finally, let £ > 1, let wq, ..., wg be linearly independent elements
of BV(Q;RN) and let ¢ : S¥~1 — L7=1(Q;RY) be the odd continuous
map defined by

k
w(E) =) &y
j=1
Because of (G4), it is easily seen that

sup {E(U) + /Q G(z,u)dzx :u € 1/}(5’]“_1)} < +oo
and

inf{/ﬂ(m—l)dx:uew(sk_l)} >0.

Therefore there exists Ax > 0 such that sup f((§)) < 0 whenever
gesh—1
A > Ag.

Next, we recall the following result which is due to Clark. We refer to
Theorem 2.5 in [84] for a nonsmooth version and complete proof.

Theorem 2.9 Let X be a Banach space and f : X — RU {400} an
even lower semicontinuous function. Assume that

(a) f is bounded from below;
(b) for every ¢ < f(0), the function f satisfies (PS). and (epi).;
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(¢) there exist k > 1 and an odd continuous map ¢ : S¥~1 — X such
that

sup {f(¥(2)) : @ € "7} < £(0),
where S¥=1 denotes the unit sphere in R*.

Then f admits at least k pairs (u1,—uq),..., (ug, —ug) of critical
points with f(u;) < f(0).

Applying now Theorem 2.9, it follows that f admits at least k pairs
(ug, —uyg) of critical points. Therefore, by Theorem D.2, for any wuy, it is
possible to apply Theorem 2.3 (with G instead of G), which completes
the proof.

2.3.4 A superlinear potential

Let n > 2 and €2 be a bounded open subset of R with Lipschitz bound-
ary, let ¥ : R"™Y — R be an even convex function satisfying (¥) and let
G : Q x RY — R be a function satisfying (G1), (G2), (G%), (G%), (2.40)

with p = ~#5 and the following condition:

{ there exist ¢ > 1 and R > 0 such that

G°(z,8;8) < qG(x,s) <0 for a.e. x € Q and every s € RY with |s| > R.

(2.42)
Define £ as in section 4 and an even lower semicontinuous functional
f:La1(Q;RY) - RU{+o0} by

fu) =E&(u) —l—/QG(x,u) dx .

Theorem 2.10 There exists a sequence (up) of solutions of the problem
u € BV (;RY)

5(11)—5(u)+/Go(x,u;v—u)dxzo Vv € BV(Q;RY)
Q

with f(up) — 4o0.

Proof According to (2.25), we have

Is] < R = |G°(z,s;9)| < ar(z)|s|.
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Combining this fact with (2.42) and (G%), we deduce that there exists
ag € LY(Q) such that

G°(z,s;8) < qG(z,s)+ ao(x) for a.e. x € Q and every s € RV .
(2.43)
Moreover, from (2.42) and Lebourg’s mean value theorem it follows that
for every s € RY with |s| = 1 the function {t — ¢t~9G(z,ts)} is nonin-
creasing on [R, +oo[. Taking into account (G%) and possibly substituting
ap with another function in L'(2), we deduce that

G(z,s) < ap(x) — bo(x)|s|? for a.e. x € Q and every s € RY |
(2.44)
where
bo(z) = linl(fquG(:c, Rs)) >0 for a.e. z € Q.
Finally, since {§ — G°(z, s; )} is a convex function vanishing at the ori-
gin, we have G°(z,s;s) > —G°(x, s; —s). Combining (2.43) with (GY}),
we deduce that for every e > 0 there exists a. € L'(Q) such that

G(z,s) > —ae(x) — e|s| 71 for a.e. x € Q and every s € RV.
(2.45)
By Theorem 2.4 we have that f satisfies (epi). for any ¢ € R and that
|dz,G£|(0,\) =1 for any A > f(0).
We also recall that, since W is Lipschitz continuous, there exists M € R
such that

g+ )W)~ v026) > T Lw(e) — (2.46)

(0 + )W (6) - v (2) > L2w(e) (2.47)

(see also [?]).

We claim that f satisfies the condition (PS). for every ¢ € R. Let
(up) be a (PS).-sequence for f. By Theorem D.2 there exists a sequence
(up) in L™(Q;RY) with u} € 0f(up) and ||u}]l, — 0. According to
Theorem 2.3 and (2.43), we have

EQuy) > 5(uh)—/GO(Luh;uh)d:p—l—/uZ-uhde
Q Q

Y

5(%)—(]/G(x7uh)dm+/uZ-uhdx—/ao(x)dx,
Q Q Q
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By the definition of f, it follows

qf (un) + 1 llnllunll =g +/ ao(z) dx = (¢ +1)€(un) — E(2up) .
Q
Finally, applying (2.46) and (2.47) we get
-1
q.f (un) =+ [luplnllunll 2 +/an($) dz 2 =———&(up) — ML(Q).

By (e) of Lemma 2.3 we deduce that (uj) is bounded in BV (€;RY),
hence in L7 (Q;RY). Applying Theorem 2.5 we get that (uj,) admits
a strongly convergent subsequence and (PS). follows.

By [?, Lemma 3.8], there exist a strictly increasing sequence (W},) of
finite-dimensional subspaces of BV (;RY) N L>(Q;RY) and a strictly
decreasing sequence (Zj,) of closed subspaces of L7 (€; RN) such that

n

[ee]
L= (Q;RY) =W, @ Zp, and () Z, = {0}. By (e) of Lemma 2.3 there
h=0

exists o > 0 such that
Vu € L7-1(Q;RY) fu| oo =0 = E)>1.
We claim that

lim (inf{f(w) : w € Zn, |Jull 2, = o}) > (0).

Actually, assume by contradiction that (uy) is a sequence with uy, € Zp,
[un 2; = ¢ and

n—/l

limhsup flun) < £(0).

Taking into account (G%) and Lemma 2.3, we deduce that (E(uy)) is
bounded, so that (u) is bounded in BV (Q;RY). Therefore, up to a
subsequence, (up) is convergent a.e. to 0. From (2.45) it follows that

liminf/(G(x,uh)+6|uh\ﬁ>d$2/G(x,O)da:,
h Q Q
hence

1iminf/G(x,uh)de/G(x,O)dx
h Q Q

by the boundedness of (uy) in L#1(Q;RY) and the arbitrariness of e.
Therefore

limsup E(up) < E(0)=0
h

which contradicts the choice of p.
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Now, fix h with

nf{f(u) : w€ Zp llull =, = o}) > £(0)

n—/l

and set Z = Zz and V), = Wy, ,. Then Z satisfies assumption (a) of
Theorem D.3 for some a > f(0).
Finally, since V}, is finite-dimensional,

1

lulle == (/ b0|uqu>
Q

is a norm on V}, equivalent to the norm of BV (Q;R"). Then, combin-
ing (2.44) with (d) of Lemma 2.3, we see that also assumption (b) of
Theorem D.3 is satisfied.

Therefore there exists a sequence (up) of critical points for f with
f(up) — 400 and, by Theorems D.2 and 2.3, the result follows. O

2.4 Historical notes and comments

The space of functions of bounded variations is very useful in the cal-
culus of variations (geometric measure theory, fracture mechanics and
image processing), as well as in the study of shock waves for nonlinear
hyperbolic conservation laws.
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Nonlinear Eigenvalue Problems

All truths are easy to
understand once they are
discovered; the point is to
discover them.

Galileo Galilei (1564-1642)

The study of nonlinear eigenvalue problems for quasilinear operators
on unbounded domains involving the p-Laplacian is motivated by var-
ious applications, for instance, in Fluid Mechanics, in mathematical
models of the torsional creep, in nonlinear field equations from quan-
tum mechanics. For instance, in fluid mechanics, the shear stress 7
and the velocity gradient V,u of certain fluids obey a relation of the
form 7(z) = a(z)V,u(x), where Vyu = |[Vu|P~2Vu and p > 1 is an
arbitrary real number. The case p = 2 (respectively p < 2, p > 2)
corresponds to a Newtonian (respectively pseudo-plastic, dilatant) fluid.
Then the resulting equations of motion involve div (aV,u), which re-
duces to aA,u = adiv(V,u), provided that a is a constant. The p-
Laplace operator appears in the study of flows through porous media
(p = 3/2, see Showalter-Walkington [275]) or glacial sliding (p € (1,4/3],
see Pélissier-Reynaud [236]). We also refer to Aronsson-Janfalk [13] for
the mathematical treatment of the Hele-Shaw flow of “power-law flu-
ids”. The concept of Hele-Shaw flow corresponds to a flow between
two closely-spaced parallel plates, where the gap between the plates is
small compared to the dimension of the plates. Quasilinear problems
with a variable coefficient also appear in mathematical models of tor-
sional creeps (elastic for p = 2, plastic as p — o0, see Bhattacharya-
DiBenedetto-Manfredi [38] and Kawohl [155]). This study is based on
the observation that a prismatic material rod subject to a torsional mo-

83
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ment, at sufficiently high temperature and for an extended period of
time, exhibits a permanent deformation, called creep. The correspond-
ing equations are derived under the assumptions that the components of
strain and stress are linked by a power law referred to as the creep-law
see Kachanov [151, Chapters IV, VIII], [152], and Findley-Lai-Onaran
[120]). A nonlinear field equation in quantum mechanics involving the
p-Laplacian, for p = 6, has been proposed in Benci-Fortunato-Pisani
[34].

In this chapter we are concerned to study the following quasilinear
eigenvalue problem

(Pr) —div (a(z)|VulP2Vu) = Aa(z,u) + B(z,u) in Q,
Aot a(x)|VuP~2Vu - n + b(z)|[ulP~?u = ph(z,u) onT,

where Q C R" is an unbounded domain with (possible noncompact)
smooth boundary I', n denotes the unit outward normal on I', a €
L*(Q),b: T - R, : QxR —>Rand h: ' x R — R are functions
which satisfy some growth conditions and A, 4 € R are parameters. Our
aim is to study the existence and multiplicity of the solutions of problem
(Py,,) for different values of the parameters A, € R and for various
functions «, 3 and h. Eigenvalue problems involving the p-Laplacian
have been the subject of much recent interest, see for example the pa-
pers of Allegretto-Huang [4], Anane [11], Drébek [92], Drdbek-Pohozaev
[94], Drabek-Simader [95], Garcia-Montefusco-Peral [122], Garcia-Peral
[123].

In the first section we describe the weighted Sobolev spaces, where we
define the energy functional associated to the problem (P ,). In the
next section our attention is focused to prove existence and multiplicity
result for problem (P ,), when p = 1, using the Mountain Pass The-
orem, and Ljusternik-Schnirelmann theory. In the following section we
study the problem (Py,), when A = p. Using the Mountain Pass type
result proved by Motreanu, we prove the problem has a nontrivial solu-
tions. In the last parts of this chapter we prove that the problem (P ,)
has two nontrivial weak solutions if the parameters A and u belongs to
some interval.
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3.1 Weighted Sobolev spaces

Let O ¢ RY be an unbounded domain with smooth boundary I'. We
assume that p, ¢ and m are real numbers satisfying

N
1<p<N, p<q<p*=Nf)p, (p* = 400, if p > N), (3.1)
and
N-1
q§m<%ifp<N(QSm<+oo,wheanN). (3.2)
-P

Let C$°(£2) be the space of C§°(RY)-functions restricted on 2.
We define the weighted Sobolev space E as the completion of C§°(€2)
in the norm

1/p

s = { [ (Vu(x>|”+ (1+1x|)pu(x)|p> ix

Q

Denote by LP(Q; wy) and L™(T'; wy) the weighted Lebesgue spaces with
weight functions

wiz) = (L+|z)%,  (i=1,2), (3.3)
and the norms defined by
([l o, :/leluw)lpd% ]| :/Fw2IU(I)|qu
where

—N<pB<—p, if p<N (61 <—p, when p> N), (3.4)

N_
—N < fBs<q P

—N+1, if p<N(—=N < 82 <0, when p> N).

(3.5)
We have the following weighted Hardy-type inequality.

Lemma 3.1 Let 1 < p < N. Then, there exist positive constants C
and Cy, such that for every uw € E it holds

1 [n - z|
7updx§C/Vupdm+C/7ude. 3.6
L F IV 2 f @ pap At (30)
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Proof Using the divergence theorem we obtain for u € C§°(Q)

/Qx-v (WWD) da = /F(n-x)mwpdr—N/ﬂmmV’dx.

This implies

1 [n- x| 1
N/iupdx < /7updl"+p/7updm
o Tt e A o T fap

1
I P Y 2 dx .
| el e

Using Holder’s and Young’s inequalities, the last term can be estimated

by
1 (p—1)/p 1/p
P /updx> </ Vupdx)
(L .

1
< gp-1 7u”d$+51_p/ VulP dx,
o= | Gl [ 1vu)

where € > 0 is an arbitrary real number. It follows that

1 [n - x|

N—e(p—1)— 7Pd<1—1’/vpd /7 Pdr,
V=co-1p) [ Gl de << [ vupdes [ AT

and for € small enough, the desired inequality follows by standard density
arguments. ]

In this chapter we shall use the following embedding result, see Pflliger
[237] and [238].
Theorem 3.1 If

p<r< N-p

and —N<(1<r

— ~N, (3.7)

then the embedding E — L™ (Q;w1) is continuous. If the upper bounds
forr in (3.7) are strict, then the embedding is compact. If

N-—-1 N —
PSQSP(Ni_p) and *N<52SQTP*N+17 (3-8)

then the trace operator E — L1(I';ws) is continuous. If the upper bounds
for q in (3.8) are strict, then the trace operator is compact.

As a corollary of Lemma 3.1 and Theorem 3.1 we obtain:
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b(z) < ¢ — for

Lemma 3.2 Let b satisfying W
x

c
- <
(L+[z)p~t —
some constants 0 < ¢ < C. Then

|lully = / a(z)|Vul? dz + / b(x)|ulP dT
Q r
defines an equivalent norm on E.

Proof The inequality ||u||g < Ci|lulls follows directly from Lemma 3.1,
while Theorem 3.1 (for p = ¢ and 2 = —(p — 1)) implies

ulf < lalls [ ValPds+C [ (ol D
Q T
< lalli [ [VulPdo -+ Collul
Q
which shows the desired equivalence. |

We assume that h : I' x R — R is a Carathéodory function that
satisfies the following conditions:

(H) |h(z, )| < ho(z) + hi(z)|s|™ % p<m < p- %7:]13, where h; :
I' — R are nonnegative, measurable functions such that

0 < hi(z) < Cpwy ae., hye L™/ (Mm=D(T; wé/(km)),

where —N < B <m - w — N +1 and ws is defined as in (3.3).

S
Set H(z,s) = / h(z,t)dt. We denote by Ny, Ny the corresponding
0

Nemytskii operators.
Lemma 3.3 The operators
Ny : L™(T; wy) — Lm/(mfl)(F; w;/(l_m))7 Ny : L™(T; wy) — LY(T)

are bounded and continuous.
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Proof Let m' =m/(m —1) and u € L™(T; wy). Then, by (H),

/ [N ()™ - wy/ 7™ dr <
r

< gm’—1 /hgn’ _w;/(l—m) dr’ +/h7171’|u|m . w;/(l—m) dr | <
r r

<om'-1 C+Ch~/|u|m-w2df )
r

which shows that Ny, is bounded. In a similar way we obtain

[l < [ ofuldr+ [ ar <
I

r
1/

I
1/m’
< /hg’-w;/“*m)dr : /|u|m~w2dF
r

m
+Cy- / |u|™ - wq dT,
r r
which imply the boundedness of Ny.
From the usual properties of Nemytskii operators we deduce the con-

tinuity of Ny and Ng. [

3.2 Eigenvalue problems

We suppose that p,q and m are real numbers satisfying the conditions
(3.1) and (3.2). In this section we consider the particular case for (Py ),
when a(z,u) = f(x)|ulP~2u, B(x,u) = g(x)|u|?%u and g = 1. In this
case problem (Py ;) becomes

(pyy {0 @IV 2V =A@+ o)l i 0,
a(x)|VuP"2Vu - n + b(z)|[ulP?u = h(z,u) onT,
where n denotes the unit outward normal on I', 0 < ag < a, where
a € L>®(Q) and b: T — R is a continuous function satisfying
c C

—— <br) < —m—,

T =" S e
for some constants 0 < ¢ < C.

We assume that f and g are nontrivial measurable functions satisfying

0< f(z) <C(A+|z])** and 0<g(x) < C(1+]z|)*?, forae x€Q,
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where the numbers a1, as satisfy the conditions
—N <a; <-—p, if p<N(a; <—p, when p> N), (3.9)
and
N—p .
—N<as<q———-N+1, if p< N(—N < ay <0, when p> N).
p

(3.10)
The mapping h : I' x R — R is a Carathéodory function which fulfills
the assumption

(H1) |h(z,s)| < ho(x) + ha ()]s,
where h; : T' — R (i =0, 1) are measurable functions satisfying
ho € Lm/(m_l)(F; wé/(lfm)) and 0<h; <Chws ae. onl,

and wg = (1 4 |x])*, where ag satisfies the conditions

, f p<N (=N < a3 <0 when p> N).
(3.11)

We also assume:

. h(z,s)
(H2) L s

(H3) There exists u € (p, q] such that

= 0 uniformly in z.

wH(z,t) < th(z,t) for a.e. x €T and every t € R.
(H4) There exists a nonempty open set U C I" with H(z,t) > 0 for
t
(z,t) € U x (0,00), where H(z,t) = / h(zx,s)ds.
0

By a weak solution of problem (P)) we mean a function v € E such
that for any v € E it holds

/a(x)|Vu|p72Vqu dm+/b(x)|u|p72uv ds
Q T

:)\/ f(a:)|u|p_2uvda:+/g(m)|u|q_2uvda§+/h(x,u)vdS.
Q Q r

The energy functional corresponding to (Py) is defined as €, : E — R

E\(w) = 1/ a(2)|VulP de + - /b ul? dS

— /f |u|pd;v—/Hx U dS—f/ g(x)|u|? dx.
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By Lemma 3.2 we have || - ||, = || - || - We may write

Lo A _ 1
Ea(w) = Sl - 5 / F(@)ul? dx / H(au)dS — ¢ / o)l da.

Since p < ¢ < p*, =N < a1 < —p and —N < a» <q¥—N,We
can apply Theorem 3.1 and obtain that the embedding F < L?(); wy),
E — L1(); we) and E — L4(T;w,,) are compact. So, the functional £
is well defined.

Lemma 3.4 Under the assumptions (H1)-(H4), the functional £y is
Fréchet differentiable on E and satisfies the Palais-Smale condition.

Proof Denote I(u) = 1 [ul}, KH(u)z/H(x,u) ds, K\p(u)z/\ll(x,u)da:
r Q
and Kg(u) = / ®(z,u) dr, where O(z,u) = %f(:v)|u|p and U(z,u) =
Q

Lo(@)[ult.
Then the directional derivative of £ in the direction v € E is

(Ex(u), v) = (I'(u), v) = MKy (u),v) = (Ky(u),v) = (K (u),v),

where

(I'(u), v) :/Q a(x)|Vu\p_2Vqudx—|—/Fb(x)|u|p_2uvd5,

(K (u), ) :/h(w,u)vds,

r

(K (), v) = /Qg<a:>|u|q—2uv dz,

(Kg(u),v) Z/Qf(x)\u|p_2uvdx.

Clearly, I' : E — E* is continuous. The operator K}{ is a composition
of the operators

Ky o B — L™(T; wg) % L0005 /07 L g

where (I(u),v) :/uv dS. Since
r

1/m/ 1/m
/ luv| dS < (/ |u|™ wé/(l_m) dS) . </ |v]™ws dS) ,
r r r
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then by Theorem 3.1 [ is continuous. As a composition of continuous
operators, K}I is continuous, too. Moreover, by our assumptions on ws,
the trace operator F < L™(T; w3) is compact and therefore, K ;1 is also
compact.

Set p(u) = f(x) |u[P~2u. Lemma 3.3 implies that that the Nemytskii
operator corresponding to any function which satisfies (H1) is bounded
and continuous. Hence Nj and N, are bounded and continuous. Note
that

)

Ky i B C IP(Q: wy) N8 TP/ =D (@ o/ 07P)) 1 o

where (n(u),v) = /uvdm Since

/p
/|uv|dm< </ [P/ (P=1)qp 1/(1 p)d> (/ |v|pw1dx) ,

it follows that 7 is continuous. But K:I, is the composition of three
continuous operators and by the assumptions on wj, the embedding
E — LP(§; wy) is compact. This implies that K:I, is compact. In a sim-
ilar way we obtain that K\/I, is compact and this implies the continuous
Fréchet differentiability of &£j.

Now, let u,, € E' be a Palais-Smale sequence, that is,

|Ex(un)| < C for all n (3.12)

and

&4 (un)ll i+ — 0 as 1 — ox. (3.13)

We first prove that {u,} is bounded in E. Remark that (3.13) implies
that

[(E5 (un), un)| < - ||un|lp for n large enough.

Then by (3.12) we obtain
1
C+ lJunllo > Ex(un) - ;<5ﬁ(un)7un>- (3.14)
But

() un) = /<>w%wm+/<m%vw

/f \un|pdm—/ (:v)|un|qu—/rh(x7un)und5.
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We have
&) = 16w und = (5= ) (kg = [ sluas)

b

_ (/F H(z,uy)dS — %/Fh(x,un)un dS) — (; - i) /ﬂg(x)\unl“dx)-

By (H3) we deduce that

/H(m,un)dsg l/h(x,un)un ds. (3.15)
r HJr
Therefore
Extn) — (4 (un)s ) > (1 - 1) Collunll. (3.16)
7 p K

Relations (3.14) and (3.16) yield
1 1
€t luall > (5 =3 ) Collun:
pou

This shows that {u,} is bounded in F.
To prove that {u,} contains a Cauchy sequence we use the following
well-known inequalities:

€ —¢P < C(gP2e = [CP2O)(E = ¢), forp>2, (3.17)
€= ¢P < C(gP2e = [KP2O(E = O gl + <> P, for 1< p<2,
(3.18)

for every £,¢ € RV.
In the case p > 2 we obtain:

lwn —uill) = / a(x)|Vu, — Vug? dz + / b(x)|un — ugl? dS
Q r

O ()t — i) — (I (), 1 — )
C(EN(un )t — wr) — (€4 (ur), un — )
+ M (tn), i — k) — ME g (ur), tn — )
(K ()t — ) — (K gy (), — )
+ (Ko (), 1 — u) — (K (k) — )
< C1E (un) B + 1€, w) |+ + A [ K (un) — Ko (ur)l| 5+

+ 1Ky (un) = Ky ()l + [ Ky (un) = Ky (up) || 2+)l[un = uglls-

Since &5 (u,) — 0 and Ky, K, K}, are compact, we conclude (passing
eventually to a subsequence) that {u,} converges in E.
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If 1 < p < 2, then we use the estimate

=i [§ < C' T (), =) = (I (), =) | (|37 + [ ~7).-
(3.19)

Since ||u,||p is bounded, the same arguments lead to a convergent
subsequence. In order to prove the estimate (3.19) we recall the following
result: for all s € (0,00) there is a constant Cs > 0 such that

(x+y)° < Cs(z® +y°) for any z,y € (0, 00). (3.20)

Then we obtain

llwn — uk||12, = (/ a(x)|Vuy, — Vug|P dz + / b(x)|uy — ugk|P dS '
Q r

<o, [( [ o) - vuk|pdx)§ o ([ - ukpds)P] |

(3.21)
Using (3.18), (3.20) and the Holder inequality we find
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/a(x)|Vun7Vuk|pdm:/a(m)(|Vun7Vuk|2)% dx
Q Q

(SIS

IN

C/ a(x) ((|Vun|p*2Vun — |[Vug P2 Vg ) (Vu, — Vuy))
Q

p(2—=p)

X (|Vuy|+ |Vug|) 2 dx
= C/ (a(x)(|Vun\p72Vun — [Vug[P~2Vug) (Vu, — Vuy))
Q

vl

X (a(z)(|Vun| + \Vuk|)p)2_7p dx

(NS}

< C </ a(x)(|Vun P2V, — |Vur|P~2Vu) (Vu, — Vug) d:r)
Q

2—p
2

« (/ﬂ a(2)(|Vitn| + [Vaug|)? d:z:>

<G </Q a(2)|Vun|” dz + /Q a(z)|Vug|P dx) =
(/Q a(2)(|Vun|P =2V, — | Vg P~2Vug) (Va, — V) dx) 2
o [(/” o ) i ([ cwrvup i) 1

(NS

X (/ a(x)(|Vun P2V, — |Vur|P2Vug) (Vu, — Vuyg) dx)
Q

(M)

IN

C) {/ a(x)(|Vun P2V, — |Vur|P"2Vug ) (Vu, — Vuyg) dx]
Q

(2—p)p (2—p)p
<|un||b2 Tl )

X

Using the last inequality and (3.20) we have the estimate

( /Q a(z)| Vi — Vug|? d:c) ’ (3.22)
<c ( /Q a(2)([Vtn P2V, — [Vaig =2V ) (Vi — Vi) dm)

2— 2—
(Nl ™7 A+ lluslly™)-



3.2 Figenvalue problems 95

In a similar way we can obtain the estimate

</r b(@)lun — ue” d5>127 < C;,a </r b(@) (|tn P~ 2 — |ug P~ 2up) (un — ug) dx)
(3.23)

2— 2—
(lunlly™ + luelly ™)

Tt is now easy to observe that the inequalities (3.21), (3.22) and (3.23)
imply the estimate (3.19). The proof of Lemma 3.4 is complete. O

Define

/a(x)\Vu|pdx+/b(x)\u|pdS
A= inf 22 L

uEk 0 [ raup s
Q

We have the following existence result.

Theorem 3.2 Assume that the conditions (H1)-(H4) hold. Then, for
every A < A, problem (P\) has a nontrivial weak solution.

Our hypothesis A < A implies the existence of some Cy > 0 such that,
for every v € E

\Mﬁ*{éﬂ@MWmZ%M%- (3.24)

Proof of Theorem 8.2. We have to verify the geometric assumptions
of the mountain pass theorem, see Theorem 1.7. First we show that
there exist positive constants R and ¢y such that

Ex(u) > co, for any u € E with |lul]| = R. (3.25)
By Theorem 3.1 there exists A > 0 such that
fullg ,, < Allullf forallue E.
This inequality together with (3.24) imply that

En(u) = EWMK—MMWM)—légmwwdviéH@mﬂﬁ

p q

Co A

O lally - 2l | Heow)ds.
p q r

Y
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By (H1) and (H2) we deduce that for every € > 0 there exists C. > 0
such that

1
glg(w)HUI‘l < eb(@)[ul” + Cows (@) |ul™.

Consequently,
C A .
O / (eb(@)[ul? + Cows(a)|ul™) dS
C A .
> Ul = Sl e full - CeCallul

For ¢ > 0 and R > 0 small enough, we deduce that for every u € F with
llullp = R we have £x(u) > ¢o > 0, which yields (3.25).

In what follows we verify the second geometric assumption of Theorem
1.7, namely

Jv € E with ||v|| > R such that €, (v) < ¢o. (3.26)

Choose ¢ € C$°(2), ¢ > 0, such that ) # suppy NT' C U. From
1
—g(z)u? > czut —cqy on (u,s) € U x (0,00)
q
and (H1) we claim that

_tr p_ 1 _
En(tw) = = (V1L = Al I,) - L o)) da / H(z, 1) dS

tP t4
< Z (ol = M., ) - cst / WS + ealU] - = / wy? da.
p U q Ja

Since ¢ > p > p, we obtain &, (t1)) — —oo as t — oo. It follows that if
t > 0 is large enough, &, (tY) < 0, so v = 1) satisfies (3.26).

By Theorem 1.7 it follows that problem (Py) has a nontrivial weak
solution.

3.3 Superlinear case
We assume throughout this section that p, q,r and a; are real numbers

satisfying

N N —
1 <p<N, p<q<r<p*:L, —N<a; <q pp—N.

N-—p
(3.27)
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Also, we consider a € L*°(2) and b € L*°(T") such that

a(x) > ag >0, forae. z€Q, (3.28)
and
¢ <b(z) < ¢ for a.e. z € T, where ¢,C >0
T E— —_ .e. ., W , .
(I zp=t = 77 (L4 [z)P!

(3.29)

We assume that h : I' x R — R is a Carathéodory function, which
satisfies the following conditions:
(h1)  h(-,0) =0, h(z,s) + h(z,—s) > 0, for a.e. = € T" and for any
seR;
(h2)  h(x,s) < ho(z) + hi(x)|s|™ L, p<m< p%—:;, where h; : I' —
R, i = 1,2 are nonnegative, measurable functions such that

0 < hy(x) < Chws, ae. goe L™ Mm=D(T; w;/(m_l)),

N —
where7N<a2<m~7pr+1andw2:(1+|x|)°‘2.
p

Set H(x,s) = / h(z,t)dt. We denote by Hp, Ni the corresponding
0

Nemytskii operators. From Lemma 3.3 and condition (h2) it follows
that the operators Hy, Ny are bounded and continuous.
In this section we consider the following double eigenvalue problem:

—div (a(x)|VulP~2Vu) + h(z)|u|""%u = X1 + |2))* |u|?2u in @ C RY,
(PA) a(@)[VulP"*Vu - n+b(z) - [ulP"*u = pg(z,u) on T,
u>0, uZ0 in .

Let x : 2 — R be a positive and continuous function satisfying
r/(r—q)
/L dz < oo. (3.30)
x4/ (r=a)
Q
Define the Banach space

X={uek: /X(x)|u\rdx < o0}
Q
endowed with the norm
p/T
Jull% = [Jully + /X(x)IU(w)Ide
Q
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The energy functional ® : X — R corresponding to problem (Pj ;) is
given by

1 1
Bu) = ];/a(x)|Vu|pdx+];/b(x)\u|de—2/w1|u|qd:c+
Q Q

r
Q

; I/MMWVM—u/;@wMP
N

Theorem 3.1 implies that ® is well defined. The solutions of problem
(Pa,.) will be found as critical points of ®. Therefore, a function v € X
is a solution of problem (P} ,) provided that for any v € X it holds

/a|Vu|p72Vu-Vv+/ bluP2uv = A w1|u|p72uv—/ X|u|p72uv—|—u/ hv.
Q r Q Q r
We have the following result.

Theorem 3.3 Assume hypotheses (3.27), (3.28), (3.29), (3.30), (h1)
and (h2) hold. Then there exist real numbers pu., p* and \* > 0 such that
problem (P//\,u) has no nontrivial solution, provided that p, < p < p*
and 0 <X < A*.

Proof Suppose that u is a solution in X of (P/(#). Then u satisfies

/a(:z:)|Vu|pd:17 + /b(x)|u|de‘—,u/h(x,u)udF+ (3.31)

Q T r
+ /x(m)|u|r dx = )\/wl\u|q dx.
Q Q

It follows from Young’s inequality that

oy N () . )
/\/w1|u|qd$:/w'><q/ |9 da < T/\ /( q)/mdm-;/xw dx.
Q Q Q Q

This combined with (3.31) gives

r/(r—q)

P PZy\r/tr—a) [ 11
[y~ [ A upuar < 72y g e 4332

r Q

r/(r—q)

q-r r P yr/ra) [ B2
+ " /X\u| dz < . A D dzx.
Q Q
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Set

A:{ueX:/h(x,u)udF<O}, B:{ueX:/h(x,u)udF>0},
r r

p p
o~ sup il e

_ _ 3.33
weA [ h(z,u)udl’ weB [ h(x,u)udl (3.33)
r r

We introduce the convention that, if A = (), then u, = —oo and if B = (),
then u* = 4o00.
We show that, if we take p, < p < p*, then there exists Cy > 0 such
that
Collullf < flullf — u/h(x,u)u dl’ for all u € X. (3.34)

T

If o < p*, then there exists a constant Cy € (0, 1) such that

P
p<(1-CHu" <(1- Cl)% for all u € B,
/h(x,u)udf‘
r
which implies
ull? - M/h(x,u)udF > Cyflul? for all u € B. (3.35)
r

If p, < p, then there exists a constant Cy € (0, 1) such that

P
(1- Cg)w <(1—=Co)ps < p forallue A,
/h(;v,u)udl"
r
which yields
flully — ,u/h(x,u)u dl’ > Csl|ullj  for all u € A. (3.36)

r

From (3.35) and (3.36) we conclude that

|lullh — u/h(m,u)udl" > min{Cq, Co}lull}  for all u e X
r

and taking Cp = min{C}, C2} we obtain (3.34).
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By (3.31), (3.34) and Theorem 3.1 we have

r/q
ol /w1|u|qdm < Collull? < A/w1|u|qda¢, (3.37)
Q Q

for some constant C' > 0. This inequality implies

(CACp)¥/(a7P) < /wl\u|q dz,
Q

which combined with (3.37) yields
CoC(CA™LCo)P/=P) < Cy|lull?.

Combining this with (3.32) and (3.34) we obtain

T/(T*Q)
CoC(CA1C)/ ) < T Dyr/o—) [ W1 g,
r x4/ (r=a)
Q
By taking
(r—q)(g—p)
- N\ 7
* _ e/ a—p) _" Wi
AT = (COC) r—q / X(I/("'_‘J) dx ’
Q
the result follows. |

Set

U:{ueX:/H(m,u)dF<0}, V:{ueX:/H(:c,u)dF>0},

P p
= sup el = inf el (3.38)
uet /H x,u) uev /H x,u)

If U =0 (resp. V = 0), then we set u_ = —oo (resp. pu™ = +00).

Proceeding in the same manner as we did for proving (3.34), we can
show that if we take yu_ < p < puT, then there exists ¢ > 0 such that

1
];||u||f — u/H(x,u) dl’ > cfjull} for all u € X. (3.39)
r
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In what follows we employ the following elementary inequality

8
E\ 77
klul® — x|u|" < Cp Ak <X> , Yue R Vx, k€ (0,00), VO< B <.
(3.40)
Proposition 3.1 If u_ < u < u™, then the functional ® is coercive.

Proof By virtue of (3.40) we have

A A q/(r—q)
/<|u|qw1 - ;u|r> dx < C’T)q/)\wl (uh) dx
a M1 Q X

r/(r—q)
_ r/(r=a) [ %1
= CrgA el =) dr.

Q

Using (3.39) it follows that

1 A
v = Shlf - u [ Hewa - [ (S - Xr) ao
I

Q

1 1
+ > /X|u|T dx > c||u||§ + o /X|u|r dx — (4
Q Q

and the coercivity of ® follows. |

Proposition 3.2 Suppose u_ < p < ut and let {u,} be a sequence in
X such that ®(uy,) is bounded. Then there exists a subsequence of {un},
relabeled again by {u,}, such that u, — ug in X and

D (ug) < liminf ®(uy,).
Proof Since ® is coercive in X we see that the boundedness of {®(uy,)}

implies that [|u,| and /X\un\rdaz are bounded. From Theorem 3.1

Q
we know that the embedding E — L?(€); w;) is compact and using the
fact that {u,} is bounded in F we may assume that u, — ug in E and
Up — ug in L1(€Y; wy).
Set F(z,u) = $|u|qw1 — Lhlu|” and f(z,u) = F,(x,u). A simple
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computation yields

Awy (a—2)/(r—q)
Fule) = (a= DA~ Dl < o (22 ,
(3.41)
where the last inequality follows from (3.40). We obtain
1 1
D(ug) — P(up) = g/a($)|Vuo|p dx + 5/b(m)|u0|p dr
Q r

1 1
- ;/mmW%wm—E/mmWww—u/amwmr
T T

Q
bou / H(r,uy) dT + / (F (@, un) — F(z, u0)) dz = [[uo]? — [[unll?
T Q

+
=

/H@mmﬁ—/Hm%mr
T I

S

1
+ fu(@,uo + t(wy —ug)) dtds | (un — ug)? da
v

< fuolf ~ ually + 0 | [ HGoown)ar ~ [ (o) ar
r r
) wY*?)/(T*tI)
* 02/<“n ) e
Q
where Cp = 10, (Ar=2/(r=9),
We show that the last integral tends to 0 as n — oo. Indeed, applying

Holder’s inequality we obtain

Lr-2/-a) R
/(un—uo)Qm dx < /m dx . /w1|un — upl? dz
Q Q Q
Since u,, — ug in LI(; wy) we have

2/ (=)
nl;n;o (Up — uo)QW dx = 0. (3.42)
Q

The compactness of the trace operator E — L™(T"; we) and the con-
tinuity of the Nemytskii operator Ny : L™(T; we) — LY(T) imply

2/q
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NH(un) — NH(UQ) in Ll(F) i.e. /|NH(un) — NH(’U,())|dF — 0 as

n — oo. It follows that

lim [ H(z,u,)dl = /H x,up) (3.43)

r

Since the norm in F is lower semicontinuous with respect to the weak
topology our conclusion follows from (3.42) and (3.43). O

Proposition 3.3 If p. < p < p* and u is a solution of problem (P;\,u)’

then
0\ r/(r—q)
P T T T—q
Collul? +7/ fufr de < =90 /7%/(’“ - da

Q

and
llulls > K)\—l/(q—p)7

where K > 0 is a constant independent of u.
Proof If u is a solution of (Py ,), then

Hu||i’—u/h(:c,u)udF + /X|u|rdx:)\/w1|u|qd;v <

T Q Q

r/(r—q)
"= dyr/r—a) [ %1 q r
< . A D dm—i—r x|u|" dz.
Q

Using (3.34) we obtain the first part of the assertion.
From Theorem 3.1 we have that there exists C; > 0 such that

||U||Lq Quwy) < Cyllullf, forall ue E.

The above inequality and (3.34) imply
lullp > Cé/(qu)cq—l/(q—p)/\—1/(q_p).

By taking K = C’é/(q_p) Cq_l/(q_p) the second assertion follows. O

Theorem 3.4 Assume that hypotheses (3.27), (3.28), (3.29), (3.30),
(h1) and (h2) hold. Set p = max{f,,p_}, i = min{p*, p*} and J =
(, 7). Then there exists \g > 0 such that the following statements hold:

(i) problem (P; ,) admits a nontrivial solution, for any A > Ao and
every u € J;
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(i) problem (Py ) does not have any nontrivial solution, provided that
0< A< and p e J.

Proof According to Propositions 3.1 and 3.2, ® is coercive and lower
semicontinuous. Therefore, there exists & € X such that (@) = igl(f D(u).

To ensure that u # 0, we shall prove that igl(f@ < 0. Set

A= inf{gHqu—qu/H(aE,u) dF+g/X|u|T dr :u € X,/wl\u|q de = 1}.
P r
r Q Q

First we check that A\ > 0. For this aim we consider the constrained
minimization problem

M := inf { /a(x)\VuV’ dz +/b(x)|u\pdf tu € E,/wﬂu\qd:c = 1}.

Q r Q
Clearly, M > 0. Since X is embedded in E, we have

/a(w)\Vu\p dx —l—/b(x)\u|p av > M
Q r

for all uw € X with / wi|ul? dx = 1. Now, applying the Hélder inequality

Q
we find
- o) (r—a)/ a/
1:/w1|u|qu:/—hq”|u\qu§ /17dx : /X|u|’“dx
X x4/ (r=a)
Q Q Q Q
(3.44)

Relation (3.39) implies

q
Tully ~ g [ Hee.wydr = gelulf.
r

By virtue of (3.44) we have

q q r q r
“llully —qp | H(z,u)dl + = [ xlu|" de > qellully + = [ x|ul"dz >
P r r

r Q Q

—(r—q)/q

r/(r-a)
4 i

ZqeM + 7 / 2l 42

Q
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for all w € X with /wl\u|q dx = 1. Then,
Q
] e A
A>qeM + = / L
r
Q

= &

and our claim follows.
Let A > A. Then, there exists a function v € X with /w1|u|q dr =1
Q

such that

q q -
3> Ll / H(a,u)dr + ¢ / Tl da.
T Q

This can be rewritten as

1 1
<I>(u):1;||u\|§—u/H(x,u)dF+;/X|u|rdz—g/wl\u|qdz<0
r Q Q

and consequently in§( ®(u) < 0. By Propositions 3.1 and 3.2 it follows
ue

that problem (P ,) has a solution.
We set

Ao = inf{A > 0: (P; ,) admits a solution}.

Suppose A9 = 0. Then by taking A; € (0, A*) (where \* is given by
Theorem 3.3), we have that there exists A such that problem (P;’\’u)
admits a solution. But this is a contradiction, according to Theorem
3.3. Consequently, Ay > 0.

We now show that for each A > A problem (P ,) admits a solution.
Indeed, for every A > A¢ there exists p € (Mg, \) such that problem
(P,,,) has a solution u, which is a subsolution of problem (P ,). We
consider the variational problem

inf{®(u) :u e X and v > u,}.

By Propositions 3.1 and 3.2 this problem admits a solution «. This min-
imizer @ is a solution of problem (Py ). Since the hypothesis h(z,s) +
h(z,—s) > 0 for a.e. € T and for all s € R implies that H(z,|a|) >
H(z,a) (that is, ®(|a]) < ®(u)), we may assume that @ > 0 on Q. It
remains to show that problem (P ) has also a solution. Let A, — Ao
and A, > A¢ for each n. Problem (P>'\m u) has a solution w, for each n.
By Proposition 3.3 the sequence {u,} is bounded in X. Therefore we
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may assume that w, — ug in X and w, — g in LI(Q; wy). We have
that ug is a solution of (P ). Since u, and ug are solutions of (P5 )
and (P u)’ respectively, we have

/ 0 (@)([VunlP 2V, — [VuoP~2Vuo) (Vun — Vo) da
Q

b(m)(|un|p72un - |u0|p72u0)(un —ug)dl’

X(|un|T72un - |u0\T*2u0)(un —ug) dx

_|_
P T

= A\ /w1(|un|q_2un — |u0\q_2u0)(un — up) dz
Q

+ (A — o) /w1|u0|q_2u0(un —ug) dz
Q

v / (h(s ) — B 10)) (i — 100) AT = Ty + Jom + Jom:

r
where
Jin = A /wl(‘“n|q72un - |u0|q72u0)(un — up) dz,
Q
J2,n = ()\n - >\O) \/w1|u0|q72u0(un - UO) dz,
Q
Jom = ,u/(h(ac,un) ~ (au0)) (1 — ug) T,
T
We have

[J1,n] < sup A, /w1|un|q71\un — ug| dx + /w1|uo|q71|un — ug| dx
n>1
= Q Q

and it follows from Hélder’s inequality that
(a—=1)/q 1/q

|J1,n| < sup )\n[ /wl\un\qu . /w1|un — up|?dx +
n>1
- Q Q
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(¢=1)/q 1/q
+ /w1|uo|qdﬂc . /w1|un—uo|qda: ]
Q Q

We easily observe that J; , — 0 as n — oo.
From the estimate

(¢—1)/q 1/q
o] < [An = Aol /w1|u0|qd33 - /wl\un—uowdx
Q Q

we obtain that J,, — 0 as n — oo.

Using the compactness of the trace operator E — L™(T; ws), the
continuity of Nemytskii operator Ny, : L™ (T; wy) — L™/ (m=1(T; w;/(km))
and the estimate

/|h(m,un) = bz, uo)| - [t — | dT <
T

(m—1)/m 1/m
< /|h(l‘,un) — h(a, uo)|™ (" Dwy 7™ dr ' /wz\un — uo[™ dT’
I r

we see that J;,, — 0 as n — oo.
So, we have proved that

lim (/a(x)(\VunP”*QVun — [VuolP2Vug) (Vu, — V) de+

n—oo

Q
[ 8@ o) 1 o) dT) =0,
r

Applying the inequality

€~ P < O(EP2 — [CP20(€E~¢),  VECeRY

we find

ltn — uo? = /a(m)|Vun — Vuol? d + /b(x)|un — P dz <
Q r
< C(/ a(x)(|Vun P2V, — [VueP~2Vug)(Vu, — Vug) do+
Q
+/b(9c)(|un|p_2un — |uolP % ug) (un — uo) dI‘) — 0 as n — o0,
r
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which shows that ||u,|ls — ||uolls. By Proposition 3.3 we have ug # 0.
This concludes our proof. O

3.4 Sublinear case

In this section we suppose that the conditions (3.27), (3.28) and (3.29)
are fulfilled. For A, > 0, we consider the following double eigenvalue
problem:

—div(a(z)|VulP~2Vu) = Af(z,u(z)) in Q,
(P1,) a(z)|VulP~2Vu - n + b(x)|u|P~?u = pg(z,u(z)) on T,
u # 0 in €.
We consider the following assumptions:

(F1) Let f: Q x R — R be a Carathéodory function such that f(-,0) =0
and

|f(z,8)| < folx) + fr(a)]s|"",

N
where p < r < Np;’ and fy, fi are measurable functions which
-p

satisfy

0 < fo(z) < Crwi(z), and 0 < fi(z) < Crwi(z) ae x € Q,

_1
Jo € L=1(Qw;");

(F2)
lim Ls)_l =0, uniformly in z € Q;
=0 fo(z)[s]?
(F3) limsup F(z,s) < 0 uniformly for all z € , maX F(,s) €

S—>+<>o fo(z)]s”] ls|<M
L*(Q) for all M > 0, where F' denotes the primitive function of f with

respect to the second variable, i.e. F(z,u) / f(z,s)ds;

(F4) there exist g € Q, Ry > 0 and s¢ € R such that | ml‘n . F(x,s0) >
r—xo|< o
0.
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(G1) Let g : ' x R — R be a a Carathéodory function such that g(-,0) =0
and

l9(2, )| < go(@) + g1 ()]s,

where p < m < p- N and gg, g1 are measurable functions satis-
—-p
fying

0 < go(x) < Cyws(x) and 0 < gy (z) < Cywa(x), ae xz €T,

_1
g0 € LTT (T;wy " );

g(z, s)

lim —

=0, uniformly inxz el
=0 go(a) s~ T v ’

1
(G3) limsup ————G(z,s) < 400 uniformly for all x € I', max G(,s) €
s—+o0 g0($)|s | [s|<M

LYT) for all M > 0, where G is the primitive function of g with
respect to the second variable, i.e. G(z,u) = / g(z, s)ds.
0

The functions wy and ws are defined as in the previous section, that is,

w; = (1+|z))*, i =1,2.

The first multiplicity result for problem (Py ) is the following:

Theorem 3.5 Let f : Q@ xR — R be a function satisfying the conditions
(F1)-(F4). Then, there exists a non-degenerate compact interval [a,b] C
10, +oo[ with the following properties:

1° there exists a number oo > 0 such that for every X € [a,b] and for
every function g : T xR — R satisfying the conditions (G1)-(G2),
there exists po > 0 such that for each p €]0, uol, the functional
Ex,p has at least two critical points with norms less than og;

2° there exists a number o1 > 0 such that for every A € [a,b] and for
every function g : T xR — R satisfying the conditions (G1)-(G3),
there exists p1 > 0 such that for each p €]0, ui|, the functional
Ex,u has at least three critical points with norms less than o;.

To prove Theorem 3.5 we use Theorem 1.15. Before we prove this
result, we need some auxiliary results.
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Lemma 3.5 We assume that the conditions (F1) and (F2) are satisfied.

Then, the functional Jr is sequentially weakly continuous.

Proof First we observe that, from assumption (F1) and (F2), for every
€ > 0, there exists C. such that

[F (2, u)| < efo(x)u(@)[” + Ce(folz) + fi(2))|ul)]". (3.45)

Now we prove our assertion, arguing by contradiction: Let {u,} be a
sequence in E weakly convergent to v € E, and let d > 0 be such that

|Jp(uy) — Jp(u)] > d for alln € N.

Without loss of generality, we can assume that there is a positive
constant M such that

lulls < M, ||unlls < M, ||un —ullp < M, for all neN.

l

Because the embedding E — L"(€; w1 ) is compact, follows ||, — ||y w,
0. Using (3.45), Theorem 3.1 and the Holder inequality we have

T (tn) — T ()] < / F (2, un(2)) — Fla u(x))|de

= / Jo(@) un () — u(@)| (fun ()P~ + [u(2)P~ ) da

+6C [ (ola) + Fi@)lun(o) = u(@)l (a0 (0~ + ) o
< ey [ wr@lune) = u(@)(fun@)l ! + )P )da

Q
4260y [ wr(@)une) — ule)(fun() 1 + fua)|"
Q

< eCfllun — ullp,uw, (lun |y + l[Fn)

+26CCy [t =l (1t [y + a1 o)

where ¢ > 0 is a constant, %4—}% =1 and %4_% — 1. By the embedding

results from Theorem 3.1 it follows that

d < | Jp(un) — Jr(u)| < 266C5CP MP+4¢C.CyCing, M7

|un_u||nw1~

Therefore, if € > 0 is sufficiently small and n € N is large enough, we
have

d < [Jp(un) — Jr(u)| < d,
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which is a contradiction. O

Remark 3.1 Note that a similar result holds for the functional Jg,
i.e. if the conditions (G1), (G2) are fulfilled, then the functional Jg is
sequentially weakly continuous.

Lemma 3.6 There exists ug € E such that Jp(ug) > 0.

Proof Let Ry > 0 and sg € R from (F4) and fix £ € (0, £2). We consider
the function u. € C5°(£2) such that

u (JL‘)— 0, if |$—1‘0|ZRO
S so, if Jx—mg] < Rg—¢

and ||ue|loo < [s0]. Then, we have u. € E.

We denote by Vol(B,(xg)) the volume of the ball
B(zo) = {z € RN : |z — x| < 1}

We have

Jr(ue) = /F(x,ug)dx = / F(x,us(z))dr +
Q BRO—E(zO)mQ

+ / F(z,u.(z))dx +/ F(z,u:(z))dx >
(RN\ B (20))NQ (Brqo (20)\BRy—c(70))NQ
> A()VOZ(B@ (xo) n Q) — By [VOI(BRU (xo) n Q) — VOl(BRO,E(l'o) N Q)],
2
where Ag = min  F(z,s9) > 0and By = max max F(z,s).
|z—zo|<Ro Bo <jg—a9|<Ro I5I<]s0]

If € goes to 0, then [Vol(Bgr, (20) Q) —Vol(Br,—c(20)NN)] — 0 as well,
so we can choose an € = gq, such that Jp(us,) > 0. We take ug = ue,
and the proof is complete. |

Lemma 3.7 Suppose that the conditions (F1) and (F3) are satisfied.
Then, for every A > 0 the functional

P
u— ||1;Hb — Mr(u)

is coercive on F.

Proof If A = 0, then statement is trivial. Let A > Oand a € ]0, W [

p,w1
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There exists a positive function k, € L*(£2;w;) such that
F(z,s) < afo(x)|s|’ + ko(z)wy(z), for all (z,s) € QxR

Then, it follows that

[lully elly .
Tb — Mp(u) > Tb — )\a/ﬂwl(x)|u(x)| dx — )\/Qka(x)wl(x)dx >

1
> [l (p - Aac;;,wl) Akl

which converges to oo as |lul|, — oo. O

Proof of Theorem 3.5: We define the function h :]0, +o00[— R by

h(t) = sup {JF(U) : lull <t }7 for all t> 0.

By using (3.45) it follows that
0 < h(t) < epCyCP, t+2pr C-CyCL, tr for all t > 0;

p,w1

since p < r, this implies

t—0t t

By (F4) it is clear that ug # 0 (since Jp(0) = 0). Therefore, due to the
convergence relation above and Lemma 3.6 it is possible to choose a real

P
number ¢y such that 0 < tg < ol and
hito) _ [lluolly] ™

— — -J .

to < » #(uo)

We choose pg > 0 such that

h(to) < po < |:u;|;g:| ) . JF(UO)tO. (346)

In particular, we get pg < Jr(ug).

Now, we are going to apply Theorem 1.15 to the space F, the interval
A =]0, +00[ and the function ¥ : E x A — R defined by

P
U(u,\) = lully + A(po — Jp(u)) for all (u,\) € Ex A
p

and ®: F — R by
O(u) = —Jg(u) for all u € E.
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Let us fix A €]0, +oo[: from Lemma 3.7 it follows that the functional

[lully

U(-, A) is coercive; moreover, W(-, A) is the sum of u — , which is se-

p
quentially weakly l.s.c., and of u — A (pg — Jr(u)), which is sequentially
weakly continuous (see Lemma 3.5).

We prove now that ¥ complies with the minimax inequality (1.20)
from Theorem 1.15. The function

A= inf U(u, A)
ueE
is upper semicontinuous on A. Since

p
inf (0, < W ) = L2 7y — e

and pg < Jp(uo), it follows that

lim inf U(u,A) = —o0.
A—+oocucelk

Thus we can find A € A such that

01 = ilelg Jrele\Il(u,)\) = ;rele\Il(u,)\)

In order to prove that 81 < ty, we distinguish two cases:
1. If0§X<%,Wehave

61 < \I](va) = XpO <to.
I If A > %, then we use pg < Jr(up) and the inequality (3.46) to get

— wol|? t
Br < U(ug,A) < ”;”b + FZ(PO — Jr(ug)) < to.

Let us focus next on the right hand side of the inequality (1.20) of
Theorem 1.15. Clearly,

P
B = dggigﬁ‘l/(u,/\) = inf{Hupr s Jp(u) > po}.

On the other hand, by applying again (3.46) we easily get

ey
to <inf< —2= : Jp(u) > po .
p

We conclude that
B1 < to < fa,



114 Nonlinear Eigenvalue Problems

i.e., condition (1.20) from Theorem 1.15 holds .

Thus, we can apply Theorem 1.15. Fix § > 31, and for every A € A
denote

Sx={ueFE : Ulu ) <d}.

There exists a non-empty open set Ay C]0, +00[ with the following prop-
erty: for every A € Ay and every sequentially weakly l.s.c. & : E — R,
there exists pg > 0, such that for each u €]0, o[, the functional

u— Uu,A) + pd(u)

has at least two local minima lying in the set Sy. Let [a,b] C Ao be a
non—degenerate compact interval.

We prove now the two assertions of our theorem:
1° Let A € [a,b] be a real number, and let g : ' Xx R — R satisfying
the conditions (G1)-(G2), and let & = —Jg. Then, by Remark 3.1, ®
is sequentially weakly continuous. From what stated above, there exists
po > 0 such that for all u €]0, o] the functional £y, admits at least
two local minima u%\ w u%\ u € S, therefore these are critical points of
Ex

Observe that

S:= J S CS.US.

A€EJa,b]

Since U(+, \) is coercive for all A > 0, the latter sets are bounded, hence
S is bounded as well. Chosen o¢ > sup ||u|lp, we get
u€esS

i e lles a3 ulle < o0

2° Let A € [a,b] be a real number, and let g : I' x R — R satisfying
the conditions (G1)-(G3): as above, there exists pug > 0 such that for all
€10, po[ the functional €y ,, has at least two local minima u%\w “i,u S
FE with norms less than og. To prove the existence of a third critical
point for & ,, we are going to apply Theorem 1.8. For this, it is enough
to prove that the functional &, , satisfies the (P.S) condition for 1 > 0
small enough. Since (G3) holds, arguing as in Lemma 3.7, it is easy to
prove that there exists p1 €0, po[ such that £, , is coercive in E for all
w € [0, u1]. Let {uy} be a sequence such that {€y ,,(u,)} is bounded and
&} ,.(un) — 0 holds. The coercivity of £, ,, implies that {u,} is bounded
E. Because F is a reflexive Banach space we can find a subsequence,
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which we still denote by {u,}, weakly convergent to a point u, € E.
We denote I(u) = %Hu”i) . Then the directional derivative of £, in the
direction h € F is

(Exu(w), By = (I'(w), h) = MJp(u), k) — (I (u), ),
where

(I'(u), h) :/a(x)|Vu|p*2Vu(x)Vh(x)dx+/F b(x)|u(z) P~ 2u(z)h(z)dT,

Q
(Jp(u), h) = Qf(%U(x))h(x)dx and <Jé(U)ah>:/Fg(ffw(@)h(w)df

To show that u, — u, strongly in F we use the inequalities (3.17) and
(3.18).
In the case p > 2 we use (3.17) and we obtain:

e —wallf = /Q ()| Viun () — Vs (@) Pda + /F b() |t () — s (2)[PdT
< O(4 () un = ) = (7' (1) 1 — )
= O ({8 ()t = ) = (€3 (1)t — ) + AT (un)
)t = ) = (T (0) o TGy = )
< C(15 )l + Al Tp () = Tp(u) |

+ull JG (un) — Jé(u*)IIE') [un = wallo — CCE (ue)y un — us) -

Since &) ,(un) — 0 and Jp, Jg; are compact, it follows that u, — u.
converges strongly in F.

In the case 1 < p < 2, we use (3.18) and Hoélder’s inequality to obtain
the estimate

. (2-p)/p
ot —tna 18 < (T (), i =10) (' () =) | (1)

where C' > 0 is a positive constant depending on p and C.
Thus, the condition (P.S) is fulfilled for all x4 € [0, p11]. This concludes
our proof.

Corollary 3.1 Let f: Q x R — R be a function satisfying conditions
(F1)-(F4). Then, there exists a non-degenerate compact interval [a,b] C
10, +oo[ with the following properties:
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L there exists a number oy > 0 such that for every A € [a,b] and
for every function g : T' xR — R satisfying conditions (G1)-(G2),
there exists jig > 0 such that for each p €]0, yio[, problem (Py )
has at least one non—trivial solution in E with norm less than oq;

II. for every X € [a,b] and for every function g : T xR — R satisfying
conditions (G1)-(G3), there exists pu1 > 0 such that for each p €
10, pa[, problem (P ) has at least two non-trivial solutions in E.

In the last part of this section we consider for A > 0 and p € R the
following double eigenvalue problem:

—div(a(z)|VulP~2Vu) = Af(z,u) in Q,

(P a(@)|VulP =2V 0+ b(w) [ul?~2u = Apig(a, u) on T

u # 0 in §,

where we use the same notations as in the case of problem (P ).

The energy functional F ,, : £ — R corresponding to (P",) is given
by:

Faplu) = % /Q o(2)| V(@) Pdz + ]13 /F b(a) () PdT — A (u),
where J,(u) = Jp(u) + pJe(u).

Lemma 3.8 Suppose that the conditions (F1),(F3),(G1) and (G3) are
satisfied. Then, for every A > 0 and p € R the functional F , is coercive
on E and satisfies the (PS) condition.

Proof If A =0, then the statement is trivial.
Let A >0, p € R and a,b > 0 such that \aCyC} ,, + A|u[bCyCP

p,w1 yW2

<
. There exist positive functions k, € L'(Q;wy), ky € L (T;ws) such

-+
o e

at

F(z,s) < afo(x)|s|P + ko(z)wi(z), for all (z,s) € Q xR,

G(z,s) < bgo(x)|s|? + kp(z)wz(z), for all (x,s) el xR.
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Then, it follows that

Faulu) = “;J'b () = el A(/QF(x,u(x))dx +M/FG(x,u(x))dF) >
[[ullf »
> Tb —)\aCf/le(x)\u(xﬂ da:—)\/Qka(:v)w1(x)da:—

= MGy [ ) lu)Par = A | Ry (e)dr >

p,w1 |1,u;2

1
> |u||£(pxacfcp A|u|bcgcg,w2)Ankanl,wlwm

which goes to oo as ||ul|, — co. We omit to prove that F) , satisfies the
(PS) condition, since it is likewise to the proof given in Lemma 3.4. [

Theorem 3.6 We suppose that the functions f : @ x R — R and
g : I' x R — R satisfy the conditions (F1) — (F4) and (G1) — (G3)
respectively. Then, there exists Ao > 0 such that to every X €]Xg, +00[ it
corresponds a nonempty open interval Iy C R such that for every p € I
problem (PY") has at least two distinct, nontrivial weak solutions uy
and vy, with the property

fAvH(uA,u) <0< fA’#(UA,/L).

Lemma 3.9 For A > \g and |p| €]0, u3] we have
gngfA#(u) < 0.

Proof. It is sufficient to prove, that for A > A\ and |u| €]0, 15| we have
Fipu(uo) <0. Indeed,
Frapluwo) = I(u) = AJp(uo) — Apda(ug) <

< XoJr(ug) — AJr(ug) + Mplm =

= ()\0 — )\)JF(U()) + )\|ﬂ|m =
AL+

A =
N g Al

= —(1+m)Aux + Alplm =
= —Aux —mA(|pl —p3) <0

for all A > Ag and |u| €]0, p}]. O

(Ao =)

Lemma 3.10 For every A > Ao and p €0, u%], the functional F ,
satisfies the mountain pass geometry.
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Proof. The assumptions (F1),(F2), (G1) and (G2) imply for every
€ > 0 the existence of ¢;(¢), ca(e) > 0 such that

|F(z,u(z))] < efolx)u@)” +ci(e)(folz) + fr(@))lu(z)]",  (3.47)
Gz, u(2))] < ego(2)u(@)|” + c2(e)(go(x) + g1(@))|u(x)[™,  (3.48)
where  €lp, p*[ and m € |p,p¥=1]. Using again (F1) and (G1), we get
Pz, u(2)] < cun (@)Crlu(@)]? + 26 () Crun @)@, (3.49)

G (2, u(x))| < ewz(x)Cglu(@)|” + 2¢2(e) Cywa (@) u(x)[™.  (3.50)

Fix A > Ag and g €]0, 5[, then by using the inequalities from (3.49)
and (3.50) we have for every u € E

Faulu) = ]ﬁnuni—AJ#(u)z
1 P
>l - / IF (2, u(x))|dz — Al / G, u(x))|dT >

%Hu”i) —aeCy /Q w1 (@)]u(z)Pdz — 22e1 ()C; /Q w1 (2)u()["da

NleCy [ unlau(o)Pdr - 2Alulea(C, / wa(a) ()T =

v

1
= ]gl\ulli’ — AeCy[ull?., — 2Xe1(e)
—AluleCyllull} w, — 2X|ple2(e)Cy ||u\|m s

1
> ( —XeCsCE  — N uleCyCP w2> l|lullh —
p :

p,w1
= 2Xc1(e)Cr Oy, llully = 2A|plea(€)Co O, [lullp™

Using the notations

b, w1

1
A= ( — XeCyC?P, — ApleCy pwz) ,
p

B =2Xc1(e)CrCy s C = 2)\plea(e)CyCry oy

we get
Fau(w) = (A= Bllull,™ = Cllully"™")Jullp-

We choose ¢ € }0, 2% NCCT wlﬂMCgCS,wz) , then A > 0. Let [ :

Ry — R be defined by I(t) = A — Bt" P — Ct"™P. We can see, that
[(0) = A > 0, so there exists ¢* > 0 such that [(t) > 0 for every ¢ €
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10,e*[. Then, for every u € E, with ||u|| = ¢** < min{e*, ||uo||}, we have
Fau(w) > n(A, p,e*) > 0. From Lemma 3.9 we obtain Fj ,(ug) < 0.

Therefore, the functional F) , satisfies the hypotheses of Theorem 1.7.
a

Proof of Theorem 3.6: Fix A > )¢ and p €]0, u3[= In. From
Lemma 3.8 we have that the functional Fy , is coercive and satisfies
the (PS) condition. Then, there exists an element uy, € E such that
Enplury) = 522.75\,”(1)) (see [249]). By using Lemma 3.9 we obtain

Fiu(ur,y) < 0. On the other hand, by Lemma 3.10 and Theorem 1.8,
it follows that there exists an element vy, € E such that 73  (vx,,) =0
and Fi ,(va,p,) > n(A, p,e*) > 0. O

3.5 Comments and further perspectives

A. Comments. The problems considered in this chapter extend in a
quasilinear framework the stationary Schridinger equation

—Au+V(x)u = au in Q.

This equation describes the motion of a particle interacting with a force
field F(z) = —VV/(x), where the function V : Q—R is called a potential.
The associated energy functional is

E(u) = Ev(u) + Ex(u),

where

Ei(u) = 1/ \Vu|? da and Es(u) = 1/ [V (z)u? — au?] dz.
2 Ja 2 Ja
Physically, F(u) is called the kinetic energy of the particle u, Eo(u) is
its potential energy, while E(u) is the total energy of u.

In some situations (see, e.g., Proposition 3.1), the kinetic energy dom-
inates the potential energy. Any inequality in which the kinetic energy
dominates some kind of integral of u (but not depending on Vu) is called
an uncertainty principle. As stated in [189], “the historical reason for
this strange appellation is that such an inequality implies that one can-
not make the potential energy very negative without also making the
kinetic energy large”.

In this chapter we have been interested in the qualitative analysis of
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weak solutions to the quasilinear mixed boundary value problem

(Pr) —div (a(z)|VulP72Vu) = Az, u) + Bz, u) in Q,
A a(2)|VulP™2Vu - n 4 b(x)|u|P"*u = ph(z,u) onT,

where Q C R¥ is an unbounded domain with (possible noncompact)
smooth boundary I'. In our treatment a central role is played by the
compact embedding result Theorem 3.1, due to Pfliiger [237], [238]. In
our results, the functions «, 8 and h satisfies subcritical growth condi-
tion, which implies that the energy functional associated to the problem
(Py,) satisfies the (PS) condition. The (PS) condition play a key place
in the mountain pass theorem and Ricceri type results used in the proof
of our results. The results of this chapter are based on the papers Mon-
tefusco and Radulescu [218], Céarstea and Radulescu [70], Lisei, Varga,
and Horvath [192], and Mezei and Varga [210].

B. Further perspectives. In the last years the fibering method intro-
duced and developed by Pohozaev [241], [242], [243] can be applied with
success in the study of existence and multiplicity of solutions for bi-
furcation equations, homogenous Dirichlet or Neumann problems which
contain p-Laplacian (see [244]). El Hamidi in the paper [102] use this
method to study mixed homogeneous problems. Mitidieri and Bozhkov
in [212] use an early modified version of fibering method and prove the
existence and multiplicity results for quasilinear system, which contains
p, g-Laplacians. In [142] the authors study positive solutions for indefi-
nite inhomogeneous Neumann elliptic problems using this methods. Us-
ing the concentration compactness principle [191] combined with fibering
method we propose the following problem:

(P ) —div (a(z)|VulP72Vu) = AK (z)|u|]” + k(z)|uP"?u in Q,
A a(x)|VulP~2Vu - n+ b(x)|ulP"?u = pL(z)|u/? on T, ’

_ % _  pN —x _ p(N-1) * _ _pN _
where 7("N—1)p = N—p:d <Np = "N (c;\f 71") <P = N =
= _ p(N— % _ P _ = _ p(N— x* _ PN =% _
p(N_l) N—p O'T =D = N4 =P = "N, P = §yp,pP =
p(N—

N, represent the critical Sobolev exponent for the embedding £ —
L™ (Q;wy) and E — LI(T;ws).

The problem (5 ,) is similar with Yamabe problem on manifold with
boundary, see the papers of Escobar [104], [105] and [106].
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Elliptic Systems of Gradient Type

Rigor is to the mathematician
what morality is to men.

André Weil (1906-1998)

4.1 Introduction

In this chapter we are concerned to study the existence and multiplicity
results for eigenvalue problems for elliptic systems of gradient type. On
of the main results mathematical development was initiated by Esteban
[107], Grossinho and Tersian [132], Fan and Zhao [110]. In this chapter
we present some new results in this direction using results of Bartolo,
Benci and Fortunato [24], and some recent results of Ricceri [255], [259],
[257], [261] and Tsar’kov [285].

4.2 Formulation of the problems
Let Q C RV a stripe-like domain, i.e. © = w x R!, w € R™ is bounded
with smooth boundary and m > 1,1 > 2,1 < p,q < N = m + 1. Let
F : Q x R? — R be a function of class C'. We consider the following
problem:

—Apu = AF,(z,u,v) inQ,
(Sp.) —Agv = AF,(z,u,v) inQ,
u=v=0 on 052,

We suppose that the function F : Q x R? — R satisfies the following
condition:

121
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(F1) F: Q xR? — R is continuous, (s,t) — F(z,s,t) is of class C! and
F(x,0,0) = 0 for every z € Q.
(F2) There exist ¢; > 0 and r € (p,p*), s € (¢, ¢*) such that

|Fu(e,u,0)] < ea(ulP = o] @097 4 o), (4.1)
|Fo (2, u,0)| < e (o]0 Jul @702/ 4 o]~ (4.2)

for every z €  and (u,v) € R%

We consider the Sobolev space W, *(Q)(a € {p,q}) endowed with the
norm

[[ul

Lo = (/ |vu|a)1/a7
Q

with a € {p, ¢}.
We say that (u,v) € WP x Wy is a weak solutions of the problem
(Sp,q,ﬂ) if

/ |VulP2VuVw dx — )\/ F (z;u(z),v(x))wi(z))dz =0
Q Q

/ |Vo|12VoVwedz — )\/ Fl(z;u(z),v(z))ws(z)dz = 0,
) )

for every (wy,ws) € Wy x Wyl

The product space W, () x Wy'?(2) is endowed with the norm
1w, 0)[[1.p.g = lJull1.p + V]l1.q- We define the function F : WP () x
W, Q) — R by

Flu,v) = /Q P, v)ds

for u € WyP(Q), v € Wy Q). The energy functional associated to
problem (S’g‘,q) is given by

1 1
E(u,v) = =|[ullf , + =|lv
(v} = Zllulfip + 21l

‘f’q—/F(x;u,v)dx
Q

and taking into account the conditions (F1) and (F2) follows that E
is of class C'! and its critical points are weak solutions of the problem
(S2y)-

The embedding W, *(Q) < LA(Q) for 8 € [a,a*] (a € {p,q}) are
continuous, and we denote by cg . > 0 be the embedding constant, i.e.
lullg < ¢g.allul|1.qo for all u € Wy *(€2). Since the embedding W (€2) —
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LP(Q) for B € [a,a*] (o € {p,q}) are not compact, we introduce the
action of G = id™ x O(N —m) on Wy*(Q) as

gu(z,y) = u(z, gy 'y)

for all (z,y) € w x RN=™ g = id™ x go € G and u € Wy *(Q), a €
{p,q}. Moreover, the action G on W**(€2) is isometric, that is || gu|| 1o =
ul|1,o for all g € G, u € Wy*(), a € {p,q}. Let us denote by

Wolg(Q) ={ue Wol’a(Q) cgu=wuforall g € G}, a€{p,q},

which is exactly the closed subspace of axially symmetric functions of
Wy (). The embeddings Wy & (Q) — LP(Q), a < B <a*, a € {p,q},
are compact see Appendix Sobolev space. The fixed points set of the
action G on Wy P (Q) x Wy ?(Q) is Wy 29(Q) = Wy h(Q) x Wy'&(Q). To
be possible to use the Principle of symmetric criticality, i.e. ‘Theorem

, we introduce an invariance condition for the function F, i.e. we
suppose that:

(F1) F(gz,u,v) = F(x,u,v) for every x € Q,g € G and (u,v) € R%

Therefore to study the weak solutions of the problem (Sg’ o) it is suf-
ficient to study the existence of critical points of the function Fg =
E|W01,g,q(9). To manipulate easier the problem (S;\)q) we introduce the

following notations:
(Apu,w1>p:/ VP2 VuVw dr
Q

and

(Aqv,w2>q:/ |Vo[P~2VoVw, d,
Q

where (-, -),, ( (-,-)4) means the duality between W, (Q) and (W, ?(Q))*
(Wy () and (W,9(Q))*) respectively. Also we denote in the same way
the restriction of the norms || - |1 p, || - [l1,4 and (-, ), (-, )4 restricted to
Wo& ().

With the above notations we have A, : Wy (Q) — (Wy?(Q))* and
Ay s Wyl(Q) — (Wy9(Q))* are the duality mappings induced by the
the functions ¢ € [0, +oo[ — P~ € [0, +o0[, and ¢ € [0, 400 — tI7! €
[0, +00[, respectively.

This chapter is divided in three sections. In the first section we study
the case when the function F' is superlinear at infinity, the second section
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contain the case when F' is sublinear, while the section three contains a
special class of system.

4.3 Systems with superlinear potential

In this section we prove an existence result for problem ( (S;yq) in the case
when A = 1 and the function F is independent of z, i.e. F : R? — R and
satisfies the conditions (F1), (F2). In this case we have the following
problem:

—Apu=F,(u,v) inQ,
(Sp.q) —Agv=F,(u,v) inQ,
u=v=0 on 042,

This problem consists in finding (u,v) € Wy ?(Q) x Wy ?(Q) such that
(Ap(a)swn) = [ Fifu(o), o)) (@)do =0
Q

<@Mwm—/ﬂwummmmmm=a

Q

for every (wy,ws) € Wy P(Q) x Wy ().
In this case the energy functional associated to the problem (S, ) is
given by

1 1
E(u,v) = 5||U||’f,p + gllvl\?q — F(u,v), (4.3)

where F(u,v) = / F(u(x),v(x))dz. Tts derivative in (u,v) € Wy () x
W, 4(Q) is given I;Zy

B (uy0)(wn,w5) = (Ap(),wn)p-+ (Ay (), w2)g —F (1, 0) (w1, w2), (4.4)
for every (wy,wy) € Wy () x Wy (), where

F'(u,v) (w1, ws) = /Q[Fu(u,v)wl + F,(u, v)ws]dx. (4.5)

As in introduction we denote by Eg = E|W1 .a(0) and Fg = .7-'|W1 ()
In the following we study the only the exmtence of critical points of the
functional Fg.

In the next we suppose that the function F : R?> — R beside of
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conditions (F1), (F2) satisfies the following assumptions:
(F3) there exist co > 0 and p,v > 1 such that

1 1
—ca(|ul* + |v]") > F(u,v) — = F. (u,v)u — = F (u,v)v, (4.6)
p q
for all (u,v) € R?.
F! F!
(F4) fm Ful®) o By
u,v—0 |u|p—1 w,v—0 |1}|q_1

The main result of this section can be formulated as follows:
Theorem 4.1 We suppose that the function F : Q x R? — R satisfies
the conditions (F1)-(F4) with ps = qr and

u > max {p, N(r —p)/p} and v > max{q,N(s—q)/q}. (4.7)
Then, (S) admits at least one nonzero solution.

We will use the following inequality:

Proposition 4.1 For allt > 1 and (u,v) € R? we have

q

— (te —t)v|”].
V_q(q )|v]

(1.8)

F(tru,thv) > tF(u,v) + ¢ |[——(t5 — t)]ul” +
p—p

Proof We fix an element (u,v) € R? arbitrary. We define the function
g :]0,00[— R by

g(t) = LR (tFu, t50) — co—L 5 Hult — cp— L5 o],
= v—gq

Since g is of class C*, due to the Mean Value Theorem, for a fixed ¢ > 1
there exists 7 = 7(t,u,v) €]1,¢[ such that

g9(t) —g(1) = g'(r)(t - 1).

We have
! 1
Ot 1) = EF’:(ﬁuvtév)t%’lu + 5F£(t%u,t%v)t%*1v.
Hence,
1
g(t) = —t7F(thutio) +o7 [pF;e;u,t;v)t;—lu

1 v
JrF{)(t;u,tflzv)tflz_lv} — ¢ [t%_2|u\” +t5_2|v|”} .
q
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Therefore,

1 1 ]_ 1 1 1

g(t) —g(1) = 77'72[F(75u,7'5 )— —F/(tPu,7av)TPu
p

1
—  —F(rru,Te0)riv + eo|rrul + |rav)))](t — 1).

Due to (4.6), we have g(t) > g(1). Thus,
F(tru,tiv) > tF(u,v) + cs | —2—(t5 — O)]ul* + —L— (7 —t)|v]”
f—p v—gq
for all t > 1 and (u,v) € R?. O

Proposition 4.2 If the assumptions of Theorem 4.1 are satisfied, then
the functional Eg satisfies the Cerami (C). condition for all ¢ > 0.

Proof The norm of the Banach space Wol,’g’q(Q) is [|(w, v)||1,p.q = |ull1p+
[lv]|1,4- We denote the norm on the dual space (Wol,’g’q(Q))* by || - ||«
Now, let (up,v,) € Wol,’g’q(Q) be such that

Ec(un,vy) — ¢ >0, (4.9)
and
(1 4[| (wn, vo)ll1,p,0) || B (uns vn) |l — 0, (4.10)

as n — +o00. Moreover, we have
/ 1 1 /
EG(umvn)(;um gvn) > — (1 + [[(wn, v) 1 EG (uny vn) |5 (4.11)

Using (4.9), (4.10) and (4.6) one has for n large enough that

1 1

c+1 EG(unavn) 7E/G(unavn)(§un76vn)

\%

1 1
= 7-7:G(un7vn) +fé:(unvvn)(5unv gvn)
1
= - / [F(Un,’l}n) - 7Fqi(unavn)un
Q p
1
——F (un, vp)vn]dz > c2 / [|wn | + [vn|"]dx.
q Q

From the previous inequality we obtain that

{(tn,v,)} is bounded in L*(Q2) x LY(Q2). (4.12)
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By (F4) we have that for all € > 0 there exists d(¢) > 0 such that, if
|u[P~ + |v|P=Da/P < §(¢), then

[Fi(u,0)| <& (JufP= 4 o) 7= D7)
If [u[P~1 + [v|(P=D9/P > §(e), by using (4.1), we have

el + ol 027) 5 (8()) 5 + ful

|Fu(u,0)] <
< (o) (lul" Tt ol D),

Combining the above relations, we have that for all € > 0 there exists
c1(e) > 0 such that

P, v)| < & (JufP ="+ o] @ 097) 4 ey &) (Jul = + o] 00977
(4.13)
for all (u,v) € R%. A similar calculation shows that for all € > 0 there
exists ca(g) > 0 such that

[Fy(u,v)] < & (Jolt™ + [ul @ DP/0) + eafe) (Jo] = + Jule=02/9)
(4.14)
for all (u,v) € R?.
Using (4.13), (4.14), and keeping in mind that F(0,0) = 0, for all
€ > 0 there exists ¢(¢) = ¢(c1(e), c2(g)) > 0 such that

Flu,0) < efuf” + [o]®=D9P[u] + Jo]? + [u| @ DP/40]) - (4.15)
+ (@) (ful" + ol TR ] - ol + u] TP )
for all (u,v) € R?.

After integration we use the relation ps = ¢r, as well as Young’s
inequality and Holder’s inequality to obtain

1 1 1 1
— — Huy, p+ 2+777 Uy, lI:|
5 q)ll 15+ ( . p)ll 13

-+c@ﬂ@+1 !

Fe(un,v,) < 5{(2+

1 1
— uallm 4+ 2+ = = ) val?] -
2= Dl 245 = Dlonl]

Therefore, one has

1 1 1 1 1 1
p q
5—5(2‘*‘ b q)65,p} lunlly,, + [q —e(2+ P p)c;’,q} vallf , <
< Eg( ) +c(e) (2+1 1)|| ||T+(2Jr1 1)|| s
Uy, V) + c(e — — ) unll — = a2 -
= "¢ r S S r
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Choosing
0<e<1min{%,%}, (4.16)
3 PCp,p 4Cqq
we find ¢3(¢), c4() > 0 such that
es3(e)(luallfp + llvnlllg) < ¢+ 1+ ca(e)(lunlly + llvalls)  (4.17)

for n large enough. Now, we will examine the behaviour of the sequences
{llunl[7} and {{val[5}, respectively.

To this end, observe that u < r and v < s. From relations (4.1), (4.2)
and from the fact that for all § €]0, oo[ there exists a constant ¢(5) > 0
such that

(@ +y)7 < (@)@’ +y7), forall z,ye 0o,

we have

|F(u,v) — F(w,y)| < (4.18)

< cgflu—w|(JufP 4 wPTh 4 ol PRI 4y TRyt )
S [ 1 e U S S Tk
where c3 = c3(c1,p,q,1,8) > 0.

Keeping in mind the relation ps = gr, taking w =y =0 and u = ut%,
1
v=wvte (t > 1) in (4.18), from (4.8) follow the required relations.

We distinguish two cases:
I) w=r: From (4.12) we have that {||u,||"} is bounded.
II) p €] max {p, N(r — p)/p},r[: We have the interpolation inequality

e < el

0. forall w € L*(Q) N L (Q)

with § = % © g From (4.12) and the fact that the embedding

Wolg(ﬂ) < LP"(Q), is continuous, we have that there exists c5 > 0

such that l[unll? < csllunll97,, with 6 < p.
Taking into consideration the analogous relations for the sequence

{llvnll2}, we conclude from (4.17) that the sequences {||u,|1,,} and

{llvnll1,¢} are bounded. Because the embeddings Wolg(ﬂ) — L"(Q)),

I/Volé(ﬂ) — L*(Q)) are compact, therefore up to a subsequence, we have

(Un,vn) — (u,v) weakly inWOI:g’q(Q), (4.19)

u, — u strongly in L"(Q), (4.20)
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v, — v strongly in L*(Q). (4.21)
Moreover, we have

Eg(tn, va)(u = un, v —vn) = (Ap(un),u = un)p + (Ag(va), v — vn)q

= F(tn, vn) (U — up, v — vy)
and
B, 0)(un — w00 —0) = (Ap(u), i — )y + (Ag(0), v, — v}
- Filu,v)(up — uy v, —v).
By adding the above two relations, we obtain

Iy 1= <AP(U)_A;D(un)vu_un>p+<Aq(U)_Aq(Un)vU_Un>q = Jrll_']?z_‘]s’
(4.22)
where

JY = Fl(n, v) (un — w05 — ) + Fio(u,0) (0 — U, v — vy),
J2 = EL(un,vn)(u — tp,v —v,) and J2 = E(u,v)(uy — u, v, — v).

In the sequel, we will estimate J¢ (i € {1,2,3}). Using (4.13), (4.14)
and ps = qr, one has

7= / F (tn (), 00 (2)) () — (), 0 () — v(2))
Q
P (), o(@) () — un(2), o() — va(2)))da

< 1P n (), v (@) ) — ()
Q
+F (un (2), v (2)) (vn (@) — v(@))] + | F (u(z), v(2)) (u() — un(2))|
+[Fy (u(),v()) (v(2) — va(2))|]dz
< ¢ [(Hunllﬁ‘l n ”qu—l + anng—l)q/p + HUHE]p—l)zI/p)Hu — U]l

F(lonllg™ + ollg™ + |07/ 4 [l D7) o = ol
er(e) (lunlly™ + ull ™+ Jonl D57 4 oll 0577 flu =l
ea®) (Jlonlli™ + ol + fuall$077 4 )07 flo = vl

The sequences {u,} and {v,} are bounded in Wolg(Q)(c% LP(Q) N
L™(9)) and ng(Q)(% L1(Q) N L(Q)), respectively, then by using
the relations (4.20) and (4.21), one has

limsup J} <0, (4.23)

n— oo
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since € > 0 was arbitrary chosen.
The convergence in (4.10) implies || Ef (un, v,)||x+ — 0, therefore J2 —
0. Taking into account that (uy, v,) — Wy%9(Q) weakly, it follows that

J2 — 0. Therefore, if n — oo, then

(Ap(u) — Ap(un),u — un)p + (Ag(v) — Ag(vn), v — vy )g — 0.

On the other hand, from the inequality

[t—s|® < { (e = Jsl™ o) = ), if a > 2,

2—a

((t*=2t = [s|*2s)(E =) 2 (" + [s]*) =, if 1<a <2,

for all t,s € RV, we obtain that

lim [ (|Vu, — VulP + |Vv, — Vv]9) =0,
n—oo Q
that is, the sequences {u, } and {v,} are strongly convergent in W(}g(Q)
and Wol;(q; (Q), respectively.
U

To prove Theorem 4.1 we use the following formulation of the Moun-
tain Pass Theorem, see [24] or [174].

Proof of Theorem 4.1 If we combine the Principle of Symmetric
criticality with Theorem Cerami Mountain Pass the assertion follows.
From Proposition 4.2 it follows that the functional Fg satisfies the Ce-
rami (C'). condition for every ¢ > 0. We need to verify the conditions
(i) and (ii) from Theorem Cerami Mountain pass. Using (4.15), we
obtain

1 1
Ba(wo) = Zlull,+ 2ol - /Q Flu,v)dz >

1 1 1 1 1 1
—52+—cp]up +[—52+—cq} v
|:p ( P q) D,D H ||17p q ( q p) q,q9 ||

1 1 1 1
- 24+ = — ullt+ @2+ = — D)ol -
(e) (24 = Dl + 2+ 5 - Dol
Choosing ¢ as in (4.16), we can fix c5(¢), cg(¢) > 0 such that

Ec(u,v) = es(@)([[ullf , +[[0lI{ ) — co(@)([ullt, + [10]]7,4)-

1
t

Since the function t — (zf + y?)
using again ps = qr, we have

, t > 0 is non-increasing (z,y > 0),

5(=%)
el + 110117, < [T, + [0l o] 7

q
l,q
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Therefore,
E(u,v) > [es() = co(e)(|lu
Let 0 < p < 1 and denote
B, = {(u,v) € Wy & () : |(u,v)

r_1
To T 0IT) 7| (lullf, + vl )-

1p.g = P}-

Then, we have (p/2)m#{Pa} < ||u|f + ||v]|{, < p for all (u,v) € B,.
Choosing p small enough, there exists > 0 such that Eg(u,v) > 7 for
all (u,v) € B,, due to the fact that » > p. This proves (i) from Theorem
Cerami Mountain Pass.

To prove (ii) from Theorem Cerami Mountain Pass, fix u® €
WoZ(Q) and v° € Wy'&(Q) such that [[u°], = [[v°]1,4 = 1. Then,
for every t > 1 we have

1 1
Eq(trul, tan®) = (5+6)t—/F(t%uo,t%vo)dx
)

<1+1—/F(u0,v0)daj>t
p q Q

p L 0fp q L 0 v
—ep |y — )+ —L— 7 —t
er | 25—l + L -l

IN

Therefore, Eg(t?u®,tiv°) — —oo as t — oo (recall that u > p and
1
v > ¢). Choosing ¢ = to large enough and denoting by e, = t¢ ug and

1
eq = tg vy, we are led to (ii). This completes the proof. o

Example 4.1 Let p =3/2, ¢ = 9/4, Q =]a,b[xR? (a < b) and
F(u,v) = u? + [v]"2 + 1/4{[u]>/? + [v|*/?}.

The conditions (F1) an (F4) can be verified easily. Choosing r = 5/2,
s =15/4 and p = 5/2, v = 7/2, the assumptions (F2) and (F3) hold
too. Therefore we can apply Theorem 4.1 and obtain at least one nonzero
solution for problem (83/279/47]a7b[xR2).

4.4 Systems with sublinear potential

In the previous section we studied problem (S, ,), assuming that the
function F satisfies the condition (F3), which is an Amrosetti-Rabinowitz
type condition and which asserts that the energy functional E satisfies
the Palais-Smale or Cerami compactness condition. This condition im-
plies, in particular, some sort of superlinearity of F'. In this section we



132 Elliptic Systems of Gradient Type

will treat the case when F' is sub-(p, q)-linear. We suppose that the con-
ditions (F1)-(F2) are fulfilled as introduction. Also, we impose that the
function F : Q x R? — R satisfies the following conditions:

F Fy(z,u, .
(F’3) lim Ful@,uv) lim Folo,uv) 0 uniformly for every x €
u,v—0 |u|pf1 w,v—0 |’U‘q71
Q.
(F’4) There exist p1 € (0,p), ¢1 € (0,9), n € [p,p*], v € [q,¢"] and
a € LM (=r)(Q), be LY/v=a)(Q), ¢ € LY(Q) such that

Fa,u,0) < a(x)ul™ + b(@)[o|™ + c(x)

for every z €  and (u,v) € R%
(F’5) There exists (ug,vg) € W& such that

/ F(z,uo(z),vo(x))dz > 0.
Q

In this section we suppose that the function F' satisfies the conditions
(F1)-(F2) and (F’3)-(F’5). This section is dedicated to study the prob-
lem (S} ,) which is equivalent with, find (u,v) € WyP () x Wy 9(Q) such
that

(Ap(u), wr)p — A/QFL(HC%U(JC)’ v(a))wi (x))dz = 0

(Ag(0).z)y = A [ Fifasu(o).ofe)us(a)dz =0,

Jor every (wy,wy) € Wy () x Wyd(), where X € R is a parameter.
Using the Principle of Symmetric Criticality it is enough to study the
critical points of the functional Ey ¢ = E/\|W1’£’q(ﬂ)' The functional
o,

Eyg: Woljg’q(Q) — R is given by
Lo Ly
Bxluv) = Zllulli, + Zllvllg = AMeluv), (4.24)

where Fg(u,v) = / F(z;u(x),v(z))dr and its critical points will be
Q

the weak solutions of the problem (S; ).

The main result of this section is the following:
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Theorem 4.2 Let F : Q x R? — R be a function which satisfies the
conditions (F1)-(F2) and (F’3)-(F’5) and ps = qr. Then, there exist
an open interval A C (0,00) and o > 0 such that for all X € A the
system (Sy) has at least two distinct, nontrivial weak solutions, denoted
by (ul,v}), i € {1,2} such that ||ul|l1, < o, [[v8]l1,4 < o, i € {1,2}.

Further in this section, we suppose that all assumptions of Theorem
4.2 are fulfilled. Before we prove Theorem 4.2, the main result of this
section, we need some auxiliary results.

Lemma 4.1 For every € > 0 there exists ¢(e) > 0 such that

i) [Fu(z,u,0)] < e(julP=t 4 [o] P=D9P) 4 c(e) (Ju|" ! + [v] 7 Da/P);

ii) | Fy (2, u,0)] < e(jol™ + |u@7IP/9) 4 c(e)([v]* = + |ul(s=1r/a);

iii) |F(z,u,v)| < e(julP + [o| P=DUP|u| + [o]? + |u](4=DP/4|y])
+e(e)(ul” + [v] TPl 4 [0]* + [ul 5 DP/eo))

for every x € Q and (u,v) € R

Proof i) Let € > 0 be arbitrary. Let us prove the first inequality,
the second one being similar. From the first limit of (F’3) we have in
particular that

F(z,u,v)

u,v—0 [y[P~1 + |v|(P=Da/p =0

Therefore, there exists §(g) > 0 such that, if [u[P~! + [v|P~D/P < §(¢),

then |F,(x,u,v)| < e(|ulP~! 4 [v|®=D/P) If |u|P~! + |v|P~D/P > §(¢),

then (4.1) implies that

|Ey(z,u,0)| < ef(julP~ + o| = Da/p)r=1/=1) () =)/ (p=1) 4 |47 1]
+e(e)(Jul"h A fol DY),

Combining the above inequalities, we obtain the desired relation. The in-

equality #77) follows from the Mean Value Theorem, i), i) and F'(z,0,0) =
0. O

Lemma 4.2 F¢ is a sequentially weakly continuous function on Wol”g’q Q).

Proof Suppose the contrary, i.e., let {(un,vn)} C W&”g’q(ﬂ) be a se-
quence which converges weakly to (u,v) € Wol,’g’q(ﬂ) and Fg(tp, vn) =
Fe(u,v). Therefore, there exists 9 > 0 and a subsequence of {(uy,v,)}
(denoted again by {(uy,v,)}) such that

0 < eo < |Fg(tn,vn) — Fa(u,v)| for every n € N.
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For some 0 < 0,, < 1 we have
0<eo <|F (un+0n(u—1up),vn + 0p(v—2v,))(up — u, v, —v)| (4.25)

for every n € N. Let us denote by w,, = u, + 0,(u — uy,) and y, =
V05 (v—1y,). Since the embeddings Wol”g — L"(Q) and Wol”cq; — L5(Q)
are compact, up to a subsequence, {(un, v, )} converges strongly to (u,v)
in L"(Q) x L*(R2). By (4.5), Lemma 4.1, Holder’s inequality and ps = gr
one has

|.7:I(U}n,yn)(un — U, vy, — V)|

< [Pt )l = ul + Fy o)~ ol

< e [ [P+ D) = ul+ (gl D), ol
+ele) | [l Iyl ), =]+ (ol
6=/ v, — o]z

< el(lwnlZ + Iyl D) — wlly + (a2 +

w5~ DP ) [on = vllg] + e(@)[(lwally ™ + lynll DY) [ — ul
H(llyall3™ 4 llwnllV279) o — olls].
Since {w,} and {y,} are bounded in W(i’g — LP(Q) N L"(Q) and
Wha(Q) — L1(Q) N L*(Q), respectively, while u,, — u and v, — v
strongly in L"(2) and L°(2), respectively, choosing ¢ > 0 arbitrarily

small, we obtain that F'(wy, yn)(un — u,v, —v) — 0, as n — co. But
this contradicts (4.25). O

Lemma 4.3 Let A > 0 be fized and let {(un,v,)} be a bounded sequence
in W&’g’q (Q) such that

||E3\,G(Umvn)”* -0
as n — o0o. Then {(u,,v,)} contains a strongly convergent subsequence
; 1,p,
in Woygq(ﬂ).
Proof Because Wol,’g’q(Q) is a reflexive Banach space and {(uy,v,)} is

a bounded sequence, we can assume that

(Un,vn) — (u,v) weakly in Woljg’q; (4.26)
(Un,vy) — (u,v) strongly in L"(Q) x L*(Q). (4.27)
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On the other hand, we have

B\ ¢ (tn, vn) (4 — tp, v — v,) = / |V P2V, (Vu — Vau,)
Q

+/ |V, |92V, (Vo — V) — AFG (U, vn) (U — tn, v — vy,)
Q

and

ES\,G(U’ U)(un — U, Up — 'U) = / |VU\p72Vu(Vun — Vu)
Q

+/ |Vo|T2V0(Vu, — Vv) — AF&(u, v) (U — u, v, — v).
Q
Adding these two relations, one has
a, "< /(|Vun\p_2Vun — |VulP~2Vu)(Vu, — Vu)
Q

+ / (|Von |72V, — |Vo|T2Vo)(Vu, — Vo)
Q
= =B\ g(Un, vn) (U = Un,v — vn) = B\ g(u,v)(ty — u, v, — )
—AFG (U, 00) (U — Uy v — vy) — AFG (U, 0) (g, — uy vy — 0).

Using (4.26) and (4.27), similar estimations as in Lemma 4.2 show that
the last two terms tends to 0 as n — oo. Due to (4.26), the second terms
tends to 0, while the inequality

|E3\,G(Umvn)(u = U, U — V)| < HES\,G(unaUn)H*”(u = Un, ¥ — V)| 1,p,q

and the assumption implies that the first term tends to 0 too. Thus,

lim a, = 0. (4.28)

n—oo
From the well-known inequality

5| < (Jt]*=2t — |s|*2s)(t — s), if a>2,
=L (2= s 2s) (8 = )2 ([t + [s]*) 702, i 1< a <2,

for all t,s € RV, and (4.28), we conclude that

lim | (|Vun, — Vul|? + |V, — Vou]?) =0,

n—oo Q

hence, the sequence {(un,v,)} converges strongly to (u,v) in W&?. O

O
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Theorem 4.3 [255, Theorem 3] Let (Z,||-||) be a separable and reflexive
real Banach space, let I C R be an interval, and let g : Z x I — R be a
continuous function satisfying the following conditions:

i) for every z € Z, the function g(z,-) is concave;

i1) for every N\ € I, the function g(-,\) is sequentially weakly lower
semicontinuous and continuously Gateaux differentiable, and satisfies
the Palais-Smale condition, as well as

lim  g(z,A) = +o0;

llzll—+o0
iii) there exists a continuous concave function h : I — R such that
sup inf (g(z, A) + h(N)) < inf sup(g(z, A) + h(X)).
A€ 2€Z 2€Z \¢J

Then, there exist an open interval A C I and a number o > 0 such that
for each X € A, the function g(-,\) has at least three critical points in X
having the norms less than o.

Proof of Theorem 4.2. We will show that the assumptions of The-
orem 4.3 are fulfilled for: Z = W(;L”g’q(Q)7 I=1[0,00[and g = E) g

We fix A > 0. It is clear that Wol”g’q(ﬂ) > (u,v) — %||u||117,p + %||v||‘117q
is sequentially weakly lower semicontinuous. Thus, from Lemma 4.2 it
follows that €,(,-) is also sequentially weakly lower semicontinuous.

First we prove that

lim E)\vg(u,?)) = +o0. (429)

Il (u0) | =00
Indeed, from (F’4) ) and Holder’s inequality, one has
1

1
Tpt 5||v||‘11,q - A/ [a(@)[ul"* + b(z) o] + c(z)]dx
Q

Exa(u,v) = —flully,
p
1 1
> EIIU Tpt 5||v||'f,q = Mllallu/qu—pn llullf

F10lly s w—an 0l +llefla]-

Since Wolg(Q) — L*(2) and Wolg(Q) — L¥(Q) are continuous, p; < p
and ¢; < g, then relation (4.29) yields immediately.
We prove that Ej g(-,-) satisfies the Palais-Smale condition: Let

{(un,vn)} be a sequence in W, 5%(Q) such that sup|Ex g (tn,v,)| <
’ neN

“+o00 and
lim [|E} ¢(tn,vn)|[x = 0. According to (4.29), {(un, vn)} must be bounded

in W&”g’q(Q). The conclusion follows now by Lemma 4.3.
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Now, we deal with 4i7): Let us define the function f : (0,00) — R by

1 1
J(#8) = supiFa(u,v) : flulli, + ¢ lvllig < -

After integration in the inequality from Lemma 4.1 4i7), then by using
the Young inequality, the fact that the embedding Wolg(Q) — LH(§2)
and Wolg(Q) — L”(Q) are compact for p €]p,p*[ and v €]q, ¢*[ and
the relation ps = gr, we have that for an arbitrary € > 0 there exists
c¢(e) > 0 such that

Fa(u,v) <e(ullf ), + [lv

11.9) + @) lullt, + lIvliT ) (4.30)
for every (u,v) € Wy Z%(Q). Since the function x — (a® +b%)1/* 2 > 0
is non-increasing (a,b > 0), and by using again ps = ¢r, one has that
T s r/
[ullf,p + 191134 < [lll?, +llollf ] (4.31)
Therefore,
F(t) < e max{p, g}t + c(e) (max{p, gHt)F, t > 0.

On the other hand, it is clear that f(¢) > 0, ¢t > 0. Taking into account
the arbitrariness of ¢ > 0 and the fact that » > p, we conclude that

lim &
t—0+ ¢

By (F’5) it is clear that (up,vp) # (0,0) (note that Fg(0,0) = 0).
Therefore, it is possible to choose a number 7 such that

-1
|q }
l,q :

Due to (4.32), there exists to € (0,%||u0||11’7p+ %H’UQ”%[J such that

= 0. (4.32)

1 1
0 < 1 < Fes(uo, v0) [pnuOnﬁ’,p + 2

-1
F(to) < nto. Thus, f(to) < Fe(uo,vo)to [%||u0||’f7p+%||vo||‘f7q} . Let
po > 0 be such that

1 1 -1
Fto) < po < Forluo, vo)to [p||uo||ﬁ’,p+q||vo||‘i,q} . 433)

Define h : I = [0,00) — R by h(X) = poA. We prove that h fulfils the
inequality i4¢) from Theorem 4.3.
Due to the choice of ¢ty and (4.33), one has

po < Fa(uo,vo). (4.34)
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The function

1 1
foAm inf ~[ullt, + llvlf —i-)\Po—]:Gu,U]
(u,0) EWLE(Q) pH HLp q” ||17q ( (u,v))

is clearly upper semicontinuous on I. Thanks to (4.34), we have

1 1
lim inf Eyc(u,v) +po)) < lim [ uo|® . + —||vol|?
fim o Betun ) < i (Lol ol

+A(po — Fa(uo, v0))] = —oo.
Thus we find an element A € I such that

sup inf (Ex,c(u,v) + poX) (4.35)
XET (u,0)EWS Z9(Q)

1 1 ~
= lIlf *HU”F + *”'U”q + A(Po - ]:G(u'a U)):| .
(u,'u)EWOl,’g‘q(Q) |:p Lp q b

Since f(to) < po, for all (u,v) € W&’g’q(Q) such that llul}, +
%HUH%Q < to, we have F(u,v) < po. Thus,

(1 |
o < inf { Dol + Sl s Folu,o) > po} o (430)
On the other hand,
: . 1 p Lo
inf sup(Bualuo)pod) = inf (Sl + o,
(u,0)EWy & (Q) NET (u)EWy () LP q

. 1 1
+sup(\ (o~ Fo(u )| =int { Sl + Lol : o) = oo}
\el b q

Thus, (4.36) is equivalent to

to < inf sup(Ex,q(u,v) + po). (4.37)
(u,0)EW LI (Q) Nel

There are two distinct cases:

) If 0 < X < tg/po, we have

. 1
inf —||ul
(u,v)EW&ﬂ‘g’q(Q) p

1
P
+ —||v
1,p q

|({,q +X(p0 - fG(uvv))

< Ex ¢(0,0) + poX = Apo < to.

Combining the above inequality with (4.35) and (4.37), the desired re-
lation from Theorem 4.3 iii) yields immediately.
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II) If tg/po < A, from (4.34) and (4.33) we obtain

1 1 _
inf “Nullf , + =vlf, + Xpo — Falu,v
a1 gl o — Pt )
1 1 —
< §||U0||’f,p + 6||UOH({,q + Apo — Fa(uo, vo))
1

1 to
< =luolly, + =llvollf , + —(po — Fa(uo,v0)) < to.
p|| 17, q|| [ Po( ( )

The conclusion holds similarly as in the first case.

Thus, the hypotheses of Theorem 4.3 are fulfilled. This implies the
existence of an open interval A C [0,00) and o > 0 such that for all
A € A the function Ey ¢(-,-) has at least three distinct critical points in
Wy 29(Q) (denote them by (u},v}), i € {1,2,3}) and ||(uf,v})] < o
Therefore [[ub |1, < o, |[vill1,q <o, i€ {1,2,3}.

Example 4.2 Let Q = w x R2?, where w is a bounded open interval in
R. Let v :  — R be a continuous, non-negative, not identically zero,
axially symmetric function with compact support in Q. Then, there exist
an open interval A C (0,00) and a number o > 0 such that for every
A € A, the system

—Agjou = 5/2\y(2)ul?ucos(jul>/? + |v[*) in Q
—Ag 40 = 3Ny(z)|v|vcos(|ul>? + [v]?) in Q
u=v=0 on 0,

has at least two distinct, nontrivial weak solutions with the properties
from Theorem ?77.

Indeed, let us choose F(x,u,v) = ~(z)sin(jul>/? + |[v]?), r = 11/4,
s = 33/8. (F1) and (F’3) hold immediately. For (F’4) we choose
a =b =0, c= . Since v is an axially symmetric function, suppy
will be an id x O(2)-invariant set, i.e., if (z,y) € suppy, then (z,gy) €
suppy for every g € O(2). Therefore, it is possible to fix an element
uy € W(317f<)1x0(2)(9) such that ug(z) = (7/2)%/° for every = € suppy.
Choosing vy = 0, one has that

/S)F(x,uo(m),vo(x))dx = /Supm y(z) sin [ug(z)[*/2dx = / ~(z)dz > 0.

supp?y

The conclusion follows from Theorem 77. [J
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4.5 Shift solutions for gradient systems

In the above two section we was supposed that the function F : @ xR? —
R is superlinear in (0,0). If F is not superlinear in (0,0) then the
problem (Szg\,q) cannot be handled with minimax type results. Using
recent ideas of B. Ricceri [257] it is possible to prove a multiplicity
result obtaining shift solutions for problem (S;"q). Roughly speaking,
under certain assumptions on the nonlinear term F we are able to show
that the existence of a real parameter A > 0, and of a pair (ug,vg) €
WP (€2) x Wy 9(€) such that the problem

—A([ullf V) = AR, (@, u + uo, v + vo)
A
((S(ug,vo)) : o
Ay (Jullf Py = AF, (2,1 + uo, v + vo),

In this section we suppose that the function F' has the following form
F(z,u,v) = b(z)G(u,v), where G : R? — R is of class C* and b: Q — R
is such that they fulfil the following conditions:

(G) G(0,0) = 0 and there exist real numbers k > 0, p; €]0,p — 1], and
q1 €]0,q — 1] with the following properties:

(i) For every u,v € R we have |G/, (u,v)| < k|ulP';
(ii) For every u,v € R we have |G (u,v)| < k|v|?.

(b) b: Q — [0, +00[ belongs to L}(Q)N L>(2) and is not identically zero
and G = id™ x O(N — m) invariant.

The problem (<S()\u0,v0)) can be reformulated in the following way:
For (ug,vo) € WyP(Q) x Wy Q) and X\ > 0 we denote by (S

(uo,v0) )

the problem of finding (u,v) € Wolp(Q) X Wol’q(Q) such that for every
(w1, wz) € Wy (Q) x Wy (Q) we have:

[l = o[ (Ap (v — uo)), wi)p — A/Qb(ﬂC)G;(U(HJLv(l‘))wl (z))dz =0

o= el (Ag(w = 00) wahy = A [ B@)Gu(a). () wao))do = 0.

In this case, the energy functional E(y v, Wyt () x Wy P(Q) — R
associated to the problem <Sf\u0 v9)) 1 given by:

[Ju — uo |, + [|v — vol[*
E(uo,vo),)\(u, ”U) = ,pp p "

— A (u,v), (4.38)
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where J: Wol”g’q(Q) — R is defined by

J(u,v) = A b(2)G(u(x),v(z))d.

In standard way from the conditions (G) and (b) it follows that the
function E(y, ), is of class C' and its differential is given by:

Eluig w0y 2 (1 0) (w1, w2) = [[u = uol 5" (Ap(u — uo), w1}, §4.39)

+||U - 1}0||117f1q_q<Aq(’U - UO)’ w2>q - AJ’(uv U)(wh w2)7

where

J (u,v)(wy, we) = / (b(z)G:, (u, v)wr (x) + b(z) Gl (u, v)ws(z)]dx,
Q
(4.40)
for all (w1, wy) € Wy () x WyP(Q). The critical points of the func-
tional E(y,v,),x are the solutions of problem (s} ).

(uo,v0)
In the sequel we will use the following notations:

(N1) ||-||: Wy (Q) x Wy?(€2) — R denotes the homogenized Minkowski

type norm defined by ||(u, v)|| = (|ul[}?,+|lv] f?q)i, for every (u,v) €
WP () x Wy 9(€). Throughout in this section the space Wy () x
Wy %(52) is considered to be endowed with this norm. We have that
the space Wy " () x Wy 4(Q) is a separable, uniformly convex, smooth
real Banach space. Note that the following inequality holds for every
(u,0) € WLP() x W9(Q)

ullp + 1vl[1,q < 2[[(w, )] (4.41)

(N2) According to the Lions compact embedding theorem, for every r €

(N3) vy :=

[p,p*] and s € [q, ¢*] the embedding Wol’p(Q) — L"(Q)) and Wol’q(Q) —
L*(9) are compact. Therefore for the fixed numbers r € [p, p*] and
s € [q, ¢*], there exists a positive real number ¢ such that the following
inequalities hold for every (u,v) € Wy (Q) x W, 4(Q)

]l < C|‘U||1,p, Jv]|s < C||”HL¢1' (4.42)

”‘*(I;ﬂlJrl)’ V2 = S*(q51+1)'
(N4) From condition (G) it follows the inequaliy:

\F(2,y) = F(z,9)| < k(o] +[2))" [ = 2]+ k(yl+ [g)" [y — 9], (4.43)

for every (z,y), (z,7) € R x R.
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In the next as in above two section we denote with Wy %4(€) the fixed
points set of the action G = id™ x O(N —m) on W, P(Q) x W, 9(Q).
The norms || - |[1,p, || - ||1,4 and [|(,-)]| restricted to Woljg’q(Q) we will
denote in the same way and we introduce the following notations Jg =

J|W01;gv4(sz)’ Euy 0.0 = E(uo,vo),/\|wg;g’qm)~
Proposition 4.3 The function Jg: Wol)’g’q(Q) — R has the following

properties:

(a) There exists a positive real number C' such that the inequality
1 1
e (u,0)] < C(l[ul[%7 + [lol1f™)

holds for every pair (u,v) € W()l”g’q(Q).
(b) Jg is sequentially weakly continuous.
(c) For every (u,v), (wy,ws) € Wol”gq(Q) we have

|76 (w, 0) (w, w2) | < KBy [[ul 2wl + [0, 0] 2 w2 s)-
(4.44)

Proof (a) From (4.43) it follows that
|F(u(@), v(@)] < klu(@)P* + ko) 2
for every x € Q. Thus
[b(x) F(u(@), v(@))] < klb(z)[Ju(@)[" + klb(z)|Ju(z)| . (4.45)
Using (4.45) and Hoélder’s inequality, we get
| (u, 0)] < Kl [Bl o [l 227 + Kbl o] 2
Hence, in view of (4.42), we obtain
|6 (s 0)| < KI1bl L, [l 737+ KBl [y o] [T

By taking C' = max{k|[b||,,cP 1, k||b||,,c1 71}, we obtain the asserted
inequality.

(b) In view of (4.43), for every (u,v), (u,?) € Wolv’g’q the following in-
equality holds

e (u,v) = Ja(u,0)] < k/ﬂb(x)(IU(x)I + (@) )" u(e) — u(z)|de

k / b(a)([0(x)| + [0(2))® v(z) — 5(a)d.
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Using Holder’s inequality (note that 711 +2 +% =1 and 1%2 +4 —|—% =
1), we get
[Ja(u,v) = Ja(@,v)] < Kbl [|(Ju] + [@D[[7*[lu —all, (4.46)
+  ElbllulI(ol + 12D o — ol]s.

Now, let (un, v, )ien C Wol”g'q(Q) be a sequence which converges weakly
to (u,v) € Wy 24(Q).

From (4.46) we obtain that the following inequality holds for every
n €N

TG (un, vn) = Ja(u, )] < k2P P MPH[b |y, [Jun — ull (4.47)
TR A bl o — ol
Because the embedding Wolg(ﬂ) — L"(Q) and Wolg(Q) — L5(Q) are
compact, follow that u, — u and v,, — v strongly in L"(2) and L*(£2)
respectively. From (4.47) follows that lim J(u,,v,) = J(u,v), which
prove the assertion. e

(¢) Pick (u,v), (w1, ws) € Wolgq(Q) From the Mean Value Theorem
and (G) we have:

[F' ((u(z), v(z)) (wi (@), wa(@))| < Klu(@)[" |wi(2)] + klo(@)|* [wa(z)].
(4.48)
From Hoélder’s inequality it follows that

|76 (u, 0) (wr, w2) | < K([[bllo, [l 7w ][ + 110l [[0][ €] [w2] [ 5)-

O

Proposition 4.4 Let (ug,v9) € W&’é’q(ﬁ) and X > 0. The energy
Junctional E,, v,),q satisfies the following conditions:

(a) E(ug,wo),c 8 coercive.

(b) E(uy,v),c verifies the Palais-Smale condition.

(€) Elug,v),c 15 weakly lower semicontinuous.

Proof (a) According to assertion (a) of Proposition 4.3, the following
inequality holds for every (u,v) € W&,’é’;’q (Q)

\C p1+1 ||’U—U0H11)?q \C atl o p
= AC[ul| e 011 < Eug,ve),6 (1 0).

1,p
(4.49)

[l — uol |75,
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Define g: Wolg(Q) — R and h: Wolg(Q) — R by

[l — uol[7%, [lv = wol[7%,

—AC|[u|[fLF! and h(v) = —\C||v] |2

1,q

g(u) =
Using these notations, (4.49) can be rewritten as
9(w) + 1(v) < E(ug,u),c(u,v), for all (u,v) € Wy'B(Q).  (4.50)

For u # 0 we have

||’LL - U0| fq 41—
gw) = b, | = — ACIull7 "
P pallullf, o
N - e B
2\ “pallull?, P P
p
u—u
Since  lim w =1, lim [lu—uol[% " = 400 (because
lullvp—oo  [[ullf, [l 1 p—o00 ’
pg—p > 0), and  lim  [Ju|[ZF'"P = 0 (recall that p; < p — 1),
llull1p—00 P

we obtain that  lim  g(u) = +o0o. Hence, g is coercive. A similar

ul|1,p—00
argument yields tlkllziz h is coercive. Since g and h are continuous, it
follows from (4.50) that E(y, .),c is coercive.
(b) Let {(un,vn)} be a sequence (PS) sequence in W&”g’q(ﬂ) for the
function E(,, v,),q, that is

(PS1) E(ug,ve),G(Un;vn) is bounded,
(PSs) EE

uoyw0),G (1t Vn) = 0.

From the coercivity of the function E,, .,),c follows that the sequence
{(tn,vy)} is bounded in Woly’g’q(ﬂ). As in Lemma 4.3 with some mirror
modifications we obtain that the function E(,, )¢ satisfies the (PS)
condition.

(c) The map (u,v) € W&’g’q(Q) — W € R is weakly
lower semicontinuous, since all its lower level sets are weakly closed
(recall that Woljg’q(Q) is reflexive, since it is uniformly convex). The
map (u,v) € Wol”g’q (Q) — —AJg(u,v) € R is sequentially weakly con-
tinuous (according to assertion (b) of Proposition 4.3), hence the map
E(uy,v0),¢ 18 sequentially weakly lower semicontinuous. Since E(y, ,),¢
is coercive, the Eberlein-Smulyan theorem implies that E(y, )¢ is
weakly lower semicontinuous. |

T The main result of this section is the following.
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Theorem 4.4 Assume that the hypotheses (G) and (b) hold, and that

the function Jg is not constant. Then, for everyo €] inf Jg, sup Jg|

Wog" (@ Wiz
and every (ug,vo) € J71(] — 00, 0[), one of the following alternatives is
true:

A1) There exists A > 0 such that the function E,, ».).q has at least
(uo0,v0),
three critical points in W&gq Q).

(A2) There exists (u*,v*) € J5' (o) such that, for all (u,v) € J5"'([o, +00[)\

{(u*,v*)}, the inequality

[[(w; v) = (w0, vo)[| > [[(w", ") = (uo, vo)l

holds.

Proof Fix o €] inf Jg, sup Jgl, (vo,v0) € J71(] — 00,0]), and
Wo&@)  wirnaa)

assume that (A;) does not hold. This implies that for every A > 0
the function E(,, .,),c has at most one local minimum in Woljg’q(Q).
Indeed, the existence of two local minima of E(,, .,),¢ would imply, by
the mountain pass theorem of zero altitude 1.8 (recall that, according
to assertion (b) of Proposition 4.4, the function E(,, )¢ satisfies the
Palais-Smale condition) that this function has a third critical point. This
would contradict our assumption that (A;) does not hold.

We are going to prove that in this case (As) is satisfied. For this
purpose we apply the following result that is due to Ricceri ([257], The-
orem 1).

Theorem 4.5 Let X be a topological space, A a real interval, and f :
X x A — R a function satisfying the following conditions:

(i) For everyxz € X, the function f(x,-) is quasi—concave and continuous.

(ii) For every \ € A, the function f(-, \) is lower semicontinuous and each
of its local minima is a global minimum.

(iii) There exist pg > sup i&ff and Ao € A such that {x € X : f(z, ) <
A
po} s compact.

Then,

inf f = inf .
supiyy f=m s%pf
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Set A := [0, +0c| and define the map f: Wy5?(Q) x A — R by

[1(u, v) = (uo, o)

pq

Fu,v,A) = By 00),6(1,0)+A0 = +A(o—Jg(u,v)).
We consider the space Woly’g’q(Q) be equipped with the weak topology.
Our aim is to show that f satisfies the conditions (i), (ii), and (iii)
of Theorem 4.5. Observe that for every (u,v) € Wol_’g’q(Q) the map
flu,v,+): A — Ris afine, thus it is quasi-concave and continuous, that is,
condition (i) is fulfilled. Next we prove that condition (ii) is also satisfied.
For this fix a real number A > 0. By assertion (c) of Proposition 4.4 we
know that f(-,A) is (weakly) lower semicontinuous. Assume now that
f(-, A) has a local minimum which is not global. Since f(-, A) is coercive
(by assertion (a) of Proposition 4.4) and weakly lower semicontinuous,
it has a global minimum. Thus, f(-,A) has at least two local minima.
It follows that E(y,,),c has at least two local minima, too, which is
impossible by the assumption and the remark made at the beginning of
the proof. We conclude that condition (ii) holds. To prove that condition
(iii) is also satisfied we show first that sup  inf  f(u,v,A) < +occ. For
A Wiz
this choose (u1,v1) € W&y’g’q (Q) such that o < J(uq,v1). Forevery A € A
we have

inf  flu,v,A) < f(ug,v1,A) < Iz, 1) = (’LL(),U())”pq’ (4.51)

Wy 2 4(Q) bq

hencesup inf  f(u,v,A) < 4o00. Forevery pg >sup inf  f(u,v,)\)
A W9 A W)

the set {(u,v) € Wolgq(Q) | f(u,v,0) < po} is weakly compact, thus

condition (iii) is satisfied. Applying Theorem 4.5, we obtain

a:=sup inf f= inf supf. (4.52)
A WRENR)T W Et@) A

Note that the function A € A+——  inf  f(u,v,\) is upper semicontin-
Wy & ()
uous, since for every (u,v) € Wolv’g’q(Q) the map f(u,v,-) is continuous.

Also, the first inequality of (4.51) yields that

lim inf u, v, \) = —00.
T A

Thus, the map A € A —  inf  f(u,v,\) is upper bounded and
Wy & ()
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attains its maximum at a point A* € A. Hence,

_ pq
a=sup inf f= inf <||(u, v) = (uo, o) + X (o— Jg(u,v))) .
A WENR) T WE @) Pq

(4.53)
On the other hand, we have for every (u,v) € Wol)’g’q(Q) that

—+00, it o > Jg(u,v)
sup f(u,v,A) =
A —”(“’”)7;7;0’“0)” , if o < Jg(u,v).

In view of (4.52) it follows that

a= inf <|(“av)—(uo,v0)||pQ> |

751 (o +ool) Pq

Since the map (u,v) € W(i’g’q(Q) — w € R is weakly
lower semicontinuous and coercive, and since the set Jg'([o, +00[) is
weakly closed and nonempty, there exists a pair (u*,v*) € J5'([o, +00|)
such that
||(U*’ U*) — (uOvUO)Hpq

Pq '
Observe that A* > 0. Otherwise, A* = 0, which implies @ = 0, hence
(ug,vo) = (u*,v*), which is impossible since Jg(ug,vo) < 0.

The relations (4.53) and (4.54) yield that
_

[|(u”, v*) = (uo, vo)[[P* _ [[(w",v") = (uo,v0)[|”
pq N bq

thus Jg(u*,v*) = o. This implies (by (4.53)) that (u*,v*) is a global
minimum of F(,, ,),qg- By the assumption and the remark at the be-

(4.54)

q
+ A (o = Jg(u”,v7)),

ginning of the proof this pair is the only global minimum of E(y, v,),G-
Thus, for every pair (u,v) € Jz'([o,+00[) \ {(u*,v*)}, the inequality
| (w, v) — (wo,v0)|| > [|(w*,v*) — (ug, vo)|| holds. We conclude that (Asz)
is satisfied. UJ

Corollary 4.1 Assume that the hypotheses of Theorem 4.4 are fulfilled.
If S is a conver dense subset of W&’é’;’q(Q), and if there exists

o€l inf Jg, sup Jgf
Wo'& () W B (%)

such that the level set Jal([a, +o0]) is not convex, then there exist
(uo,v0) € J5' (] —00,0[) NS and A > 0 such that the function E(,, vy).c
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has at least three critical points in W&,’g’q(Q), i.e., there exist (ug,vg) €
Jg' (] —00,0[) NS and X\ > 0 such that problem ((S(’\u0 vo)) has at least
three solutions in W(){’g’q((l).

Proof Since Jg is sequentially weakly continuous (by assertion (c) of
Proposition 4.3), the level set M := J~!([o, +0o0) is sequentially weakly
closed. Theorem A.l1 yields the existence of pairwise distinct pairs
(ug,vo) € S, (u1,v1), (ug,v2) € M such that

(w1, v1) = (uo, vo)l| = [[(u2,v2) = (wo, wo)l| = inf  [[(u,v) = (uo, vo)]]

u,v)€E

Tt follows that (ug,vo) ¢ M, that is, Jg(ug,v9) < o. Also, the above re-
lations show that alternative (As) of Theorem 4.4 does not hold. Hence
(A1) must be satisfied, i.e., there exists A > 0 such that the function
E(ug,v0),c has at least three critical points in Wol,’cp;’q(Q). Using the Prin-
ciple of Symmetric Criticality, we conclude that problem ((S(Auomo))

has at least three solutions in Wy (Q) x Wy (Q). O

Remark. The assumption of Corollary 4.1 stating that there exists
o €] inf J, sup J[such that the level set J~!([o, +oc[) is not
Wo &2 whee)
convex is equivalent to the fact that J is not qvasi-concave.
A direct application of Corollary 4.1 is the following.

Theorem 4.6 Let G: R? — [0, +00| be a function which is not quasi-
concave and which satisfies condition (G). Let b: Q& — [0,400[ be a
G-invariant function with b(0) > 0 and for which condition (b) holds,
and assume that S is a convex dense subset of Wol”g’q(Q). Then, there
exist (ug,vp) € S and X\ > 0 with the property that problem ((S(Auo}vo))

has at least three solutions in W, () x WaP(€).

Proof We are going to apply Corollary 4.1 to the spaces Wolg(Q) and
1.9 : .
Wy:&(€2) and to the map ‘]|W01j§"1(9)' First we prove that J‘Woljé’q(ﬂ) is
not constant. For this we assume, by contradiction, that J|W01,g.q(9)(u, v) =
J|W01;57<J(Q)(O,O> =0 for every (u,v) € Woly’g’q(Q).
Since b > 0 and F' > 0, it follows that b(z)F (u(x),v(zr)) = 0 for ev-
ery (u,v) € Wol”g’q(ﬂ) and a.e. z € Q. Since b(0) > 0, there exists
a real number R > 0 such that the closed ball B centered in 0 with

radius R is contained in Q and b(z) > 0 for a.e. z € B. Consequently,
G(u(z),v(z)) = 0 for every (u,v) € W&”gq(Q) and a.e. € B. Since F
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is not constant, there exist sg,to € R such that G(sg,tp) > 0. Choosing
u € Wolg(Q) and v € Wolg,(Q) such that u(z) = sp and v(x) = ¢y for
every x € B, we get a contradiction.

We show that J |W01:g,Q(Q) is not quasi-concave. It follows from above
that

t:= / b(z)dzx > 0.
B
The fact that G is not quasi-concave implies the existence of a real
number py €0, sup G| such that G=1([pg, +00|) is not convex. Thus, we
RxR
find p € R, a €]0,1], and (s;,¢;) € R?, i € {1,2,3}, with the following
properties
(52,t2) = a(s1, t1)+(1—a)(s3,t3), G(s1,t1) > p, G(s3,t3) > p, G(s2,t2) < p.
Let
M := max{F(z,y) | |z| < max{[s1],[ss]}, [y] < max{[t1],[ts]}}.
Choose R; > R and € > 0 such that
Ib]]co Mmeas(A) < e < t|F(s;,t;) — p|, for i € {1,2,3},

where A := {x € Q: R < |z| < R;} and meas(A) stays for the Lebesgue
measure of A. For i € {1,3} let u;, v; € C°(Q2) be G-invariant functions
such that ||u;||eo = |si], [|Villoo = [til,

siy |o| <R ti, |z|<R

u;(x) = and v;(x) =

0, [z|> Ry, 0, |z|= R
Put (uz,v2) := a(uy,v1)+(1—a)(us, vs). It follows that ug, v € C°(Q),
lugloo < alsi] + (1 = @)lss]; [[va]loc < afta] + (1 = a)lts],

s2, |z <R ta, || <R
ug(x) = and wg(x) =
0, |z|> R, 0, |z >R

Let ¢ € {1,2,3}. Note that for every x € § the following inequalities
hold

|ui(@)] < ||uilloo < max{si], |ss]} and |vi(2)] < ||vil|oo < max{[ta], [ts]},

thus
0 < b(2)G(ui(z),vi(x)) < [[bl|oc M.
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Since

Thwe ooy 05) = /B b(2)G (ui(), vi(@))da + / b(2)Gus (), vi(w))de

A

= G(si,ti)t—&—Ab(w)G(ui(m),vi(m))dm,

we conclude that, for i € {1,3},

J|W01’,g,q(9) (ui,v5) > G(si,t)t — ||b]|ooMmeas(A) > G(s;, t;)t — e > tp.
and

J|W01:g,Q(Q)('U/2, v9) < G(s2,t2)t + ||b]|cc Mmeas(A) < G(s2,t2)t + € < tp.

Thus J |W1’g“1(ﬂ) is not quasi-concave. Therefore, Corollary 4.1 yields
0,

the existence of a pair (ug,vg) € S and of a real number A > 0 such
that the function E(UU7UU),G|W1’5"1(Q) has at least three critical points in
0,

Wg”g’q (©). In order to ensure that these points are also critical points of
E(ug,v0),c» We have to show that E,, )¢ is G-invariant. For this pick
arbitrary (u,v) € Wol,’cp;’q(Q) and g € G. Then,

_ Mgwg)—tuowol ) 5

E(ug,vo),G(g'uag'v) g-u,g-v)

- Mementgasal ) [ 1@)G((g- (@) g+ 0)(a))do.

Using the formula for the change of variable, and taking into account
that b is G-invariant and that the elements of G are orthogonal maps
(hence the absolute value of the determinant of their matrices is 1), we
conclude that

Brugan(9-1,9-0) = ”(“’”)*p(;‘””‘””md /Q b()G(u(z), v(x))de

= E(uo,vg),G(ua U)'

So, by Principle of Symmetric criticality, every critical point of E(,, ),
is also a critical point of E(y, ,),x- The conclusion follows now from
Corollary 4.1. O

Example 4.3 We give an example of a non-constant function F: R? —
[0, +00) which satisfies the conditions required in the hypotheses of The-
orem 4.6. Let 4,0 € R be such that 1 < v < p and 1 < § < g. Define
F:R? >R by

F(u,v) = [u]” + o]
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Then, F is convex and of class C' and satisfies the condition (G). The
relations
1 1

F(0,0)=F (2(—1,0) + 2(1,0)) =0<1=F(-1,0) = F(1,0)

show that F' is not quasi-concave.

4.6 Comments and historical notes

In the last few years many paper is dedicated to study the existence and
multiplicity of solutions for gradient, Hamiltonian and non-variational
systems on bounded or unbounded domain. For this see the papers of
de Figueiredo and his collaborators.

The motivation to investigate elliptic eigenvalue problems on such
domains arises from Mathematical Physics, see for instance Amick [§],
Amick and Toland [9]; the mathematical development was initiated by
Esteban [107], Grossinho and Tersian [132], Fao and Zhao [110]. Many
papers study the existence and multiplicity of solutions for elliptic sys-
tems defined on unbounded domains, see Bartsch and de Figueiredo
[27], Bartsch and Wang [31], Costa [75], Dinu [90], Grossinho [131] and
Kristaly [163], [164], [167]. The main tools used in the aforementioned
papers are based on Mountain Pass Theorems and on the symmetric ver-
sion of Mountain Pass Theorem, when the energy functional associated
to problem (S)) satisfies the (PS) condition.
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Systems with arbitrary growth nonlinearities

The universe is not required to
be in perfect harmony with
human ambition.

Carl Sagan (1934-1996)

In this chapter we are dealing with the elliptic system

—Au =P in Q

—Av=f(u) in Q
u=v=0 on 01,

where 0 < p < %, Q is a bounded domain in RY, and the continuous
nonlinear term f has an arbitrary growth near the origin or at infinity.

Here and in the sequel, we use the notation s® = sgn(s)|s|*, a > 0.

5.1 Introduction

We consider the elliptic system

—Au=g(v) in @
—Av=f(u) in (S)
u=v=0 on 0L,

where 0 C RN (N > 2) is an open bounded domain with smooth bound-
ary, and f,g: R — R are continuous functions.

In the particular case when g(s) = sP, f(s) = s? (p,q > 1) and N > 3,
system (S) has been widely studied replacing the usual criticality notion

(ie., p,g < %) by the so-called ”critical hyperbola” which involves

152
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both parameters p and g, i.e., those pairs of points (p,¢) € R% which
verify

1 1 2
p+1+q+1_1 N’ (CH)
Points (p, ¢) on this curve meet the typical non-compactness phenomenon
of Sobolev embeddings and non-existence of solutions for (S) has been
pointed out by Mitidieri [211] and van der Vorst [287] via Pohozaev-type
arguments. On the other hand, when
1 1 2

1>p+1+q+1>1 N (5.1)
the existence of nontrivial solutions for (S) has been proven by de
Figueiredo and Felmer [112], Hulshof, Mitidieri and van der Vorst [141].
Note that the latter results work also for nonlinearities g(s) ~ s? and
f(s) ~ s as |s|] — oo with (p,q) fulfilling (5.1). The points verifying
(5.1) form a proper region in the first quadrant of the (p, ¢)-plane situ-
ated below the critical hyperbola (C'H). Note that (5.1) is verified for
any p,q > 1 whenever N = 2.

In spite of the aforementioned results, the whole region below (CH)
is far to be understood from the point of view of existence/multiplicity
of solutions for (S). Via a Mountain Pass argument, de Figueiredo and
Ruf [118] proved the existence of at least one nontrivial solution to the
problem

—Au =P in  Q
—Av=f(u) in (9)
u=v=0 on 01,

when

{ 0<p, if N=2 (571)

0<p< 25, if N=>3,

and f : R — R has a suitable superlinear growth at infinity, formulated
in the term of the Ambrosetti-Rabinowitz condition. Later, Salvatore
[266] guaranteed via the Pohozaev’s fibering method the existence of a
whole sequence of solutions to (S) in a similar context as [118] assuming
in addition that the nonlinear term f is odd. Note that in both papers
(i.e., [118] and [266]) no further growth restriction is required on the
nonlinear term f other than the Ambrosetti-Rabinowitz condition. This

latter fact is not surprising taking into account that (571) is actually
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equivalent to
1 ! 1 2
> m > - N’
which is nothing but a ”degenerate” case of (5.1) putting formally ¢ =
00, i.e., the growth of f may be arbitrary large.

This chapter is divided into two parts, in both cases we guarantee the
existence of infinitely many pairs of distinct solutions to the system (5’ )
when (5.1) holds. In one hand, in Section 5.2 the nonlinear term f has
an oscillatory behaviour. Moreover, the nonlinear term f may enjoy an
arbitrary growth at infinity (resp., at zero) whenever it oscillates near
the origin (resp., at infinity) in a suitable way. In addition, the size of
our solutions reflects the oscillatory behaviour of the nonlinear term, see
relations (5.6) and (5.12) below; namely, the solutions are small (resp.,
large) in L*°-norm and in a suitably chosen Sobolev space whenever the
nonlinearity f oscillates near the origin (resp., at infinity). We emphasize
that no symmetry condition is required on f. These results are proved by
means of Ricceri’s variational principle, see Theorem 1.16. On the other
hand, in Section 5.3 the odd nonlinear term f fulfills an Ambrosettti-
Rabinowitz type condition and the one-parametric fibering method is
used in order to prove the existence of a whole sequence of solutions to
(S).

Note that system (5) is equivalent to the Poisson equation

fA(fAu)% = f(u) in €
{ u=Au=0 on 0. (P)

The suitable functional space where solutions of (P) is going to be sought
is
» il
X =W25 Q) W, ¥ (Q)
endowed with the norm

P

fullx = ([ 1ol ae) ™
Q

Due to (5.1) one has %} > 1+ 822 = & therefore WQL?(Q) cC
C(Q), so

X cc o). (5.2)

For further use, we denote by k¢ > 0 the best embedding constant of
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X CC C(92). The energy functional associated to the Poisson problem
(P)is E: X — R defined by

E(u) = p—lf)— 1 ||u||? — F(u) where F(u)= /QF(u(x))da:

Due to (5.2), the functional E is well-defined, is of class C* on X and

Eu)(w) = |

(—Au)%(—Aw)dx—/ fwwdz, u,we X.

Q Q

Note that if ©w € X is a critical point of F then it is a weak solution
of problem (P); in such a case, the pair (u,(—Au)%) € X xXisa
weak solution of system (S). See also [118, Subsection 3.1] and [266,
Proposition 2.1]. Moreover, standard regularity arguments show that
the pair (u, (—Au)%) € X x X is actually a strong solution of system

(S), see [118].

5.2 Elliptic systems with oscillatory terms

First of all, we are going to construct a special element in the space X
which will play a crucial role in our proofs. Let o € Q and R > 0 be
such that B(zg, R) C §2; here and in the sequel, B(zg,a) = {z € RV :
|z — 2z < a}, a>0.Let 0 <r < R be fixed. We consider the function
w : ) — R defined by

O

w(@) T at)dt

(5.3)

where a : R — R is given by

alt) = cTTRET if t€]-R
0, if t¢]—-R,—r[
It is clear that w € C§°(2) C X; moreover, w > 0, ||[w]|s = 1 and

[ 1, if  x e B(xo,7);
w(z) _{ 0, if ze Q\OB(xO,R). (54)

Lemma 5.1 Let {ay}, {bx} C]0, 0o[ be two sequences such that ay, < by,

limg 00 ar /b = 0, and sgu(s)f(s) < 0 for every |s| € [ak,bg]. Let
p+1

s = (bg/ko) » . Then,

a) maxi_y, p, F' = max|_q, o] F = F(5,) with 3 € [—ag, ax].
pt+1
b) |I5kw|| " < sk for k € N large enough.
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Proof a) Tt follows from the standard Mean Value Theorem and from
the hypotheses that sgn(s)f(s) < 0 for every [s| € [ak, bx].
b) Since limg_ oo ar /by = 0, we may fix ko E N such that ak/bk <

+1 1
“01”1””)(1 for k > ko. Then, one has ||skw||X \sk|p:1 ||wHX <

p+1

Hw”X < (br/kKo) * = sp. O

As we pointed out, the results of this section are based on Ricceri’s
variational principle, see Theorem 1.16. In our framework concerning
problem (P) (thus, system (5)), ¥, ® : X — R are defined by

pt1

U(u) = ||u||XT, O(u) = —F(u), uveX.

Standard arguments show that ¥ and ® are sequentially weakly lower
semicontinuous. The energy functional becomes F = 5 _H\I/ + ®. More-
over the function from (1.24) takes the form

sup{F(v) : ol < 5P} — F(u)
ptl ’
s — Jlullx”

p(s) = inf

llull 5 <sP

s>0. (5.5)

Now we are in the position to state our first result. Let f € C(R,R)

and F(s fo t)dt, s € R. We assume that:
(H}) —oo < liminfs_g ﬁ% < limsup,_,, Il\?% = +o0o,
S S

(H2) there exist two sequences {ay} and {b;} in ]0,00[ with by <
ap < by, limg_, b = 0 such that

sgn(s)f(s) <0 for every |s| € [ag,bx], and

. . maX[_gq, , F
(H3) limp_ o0 ‘;—}’: =0 and limp_, oo — kel = — (),
b P
k

Remark 5.1 Hypotheses (H}) — (H2) imply an oscillatory behaviour
of f near the origin while (HJ) is a technical assumption which seems
to be indispensable in our arguments.

In the sequel, we provide a concrete example when hypotheses (H}) —
(H) are fulfilled. Let aj = E-F and by = k*kk, k> 2and a; =
1, by = 2. It is clear that by < ar < bg, limg_,o ax/br = 0, and
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limg 00 by = 0. Let f : R — R be defined by

Pk (ask__b;:;:l) , SE€ [bk—‘rlaak]a k > 17
f(S) — 07 S e]akabk[7 k > 17

0, s €] —00,0[;

g(s), s € [2,00],

where g : [2,00[— R is any continuous function with g(2) = 0, and
vk ¢ [0,1] — [0,00[ is a sequence of continuous functions such that
v1(0) = ¢r(1) = 0 and there are some positive constants ¢; and ¢z such
that

2p+2 2p+2 pt2 pt2

1
Cl(bk : _bkfl )(ak—bk+1)_1 S/ pr(s)ds < C2(bkp _bki1>(ak_bk+1)_1-
0

Note that F(s) = 0 for every s €] — 00,0] and F' is non-decreasing on
2pt2 pt2

[0,2], while clka < Fap) = max[_q, q, F < Cgka. Due to these
inequalities, each hypotheses from above are verified.

Theorem 5.1 Assume that (5.1) holds and f € C(R,R) fulfills (H}) —
(H3). Then, system (S) possesses a sequence {(u,vi)} C X x X of
distinct (strong) solutions which satisfy

lim |ugl|x = lim |Jvg]lx = lm [|ugllco = lm |Jog]lec =0.  (5.6)

The proof of Theorem 5.1 is based on the following two lemmas; thus,
we assume the hypotheses of Theorem 5.1 are fulfilled. Let {ax} and {bs}
be as in the hypotheses. We recall from (1.25) that 6 = liminf, ¢+ ¢(s)
where ¢ comes from (5.5).

Lemma 5.2 § = 0.

Proof By definition, § > 0. Suppose that § > 0. By the first inequality
of (H&), there exist two positive numbers ¢y and gg such that
F(s) > —€0|s|1%1 for every s €] — 0o, 0ol (5.7)

Furthermore, let s, Sx be as in Lemma 5.1 and let W, = Spw € E,
where w is defined in (5.3). By (H{) and condition limj o 3= = 0
([3k| < ag), there exists kg € N such that for k& > ko we have

pt1
F(s ) ptl Skl P )
m@ZE (ol ) (B1) 7 < 6y

b,”

P
2K
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ptl
Let v € E be arbitrarily fixed with [Jv]|,* < sg. Thus, due to the
embedding from (5.2), we have ||v||o < bg. Due to Lemma 5.1 a), we
obtain

F(v(z)) < [rilaii | F = F(5;) for every z € Q.
—Ok,0k

Since 0 < |[wg(x)] < [Sk| < 0o for large k € N and for all x € Q, taking

(z)] <
into account (5.7) and (5.8), it follows that

sup  F(v) —F(wy) = sup F(v)dx—/F(Ek)dx
ol <o i <o :

pt1

m(Q)F(5k) + m(Q)lo[sk] »

IN

5 ==
< Sk =l ).

ptl
Since ||wi|l " < si (cf. Lemma 5.1 b)), and s — 0 as k — oo, we

obtain

SUupy,. p+1lop .7:(1)) — f(@k) B}
0 <liminf p(sg) < liminf ol <si — < -,
k—o0 k—o00 — 2
sk — Wkl
contradiction. This proves our claim. O

Lemma 5.3 0 is not a local minimum of E = 1%\11 + .

Proof Let £y > 0 and gy > 0 from the proof of Lemma 5.2, and zg € (2
and r, R > 0 from the definition of the function w, see (5.3). Let Lo > 0
be such that

p+1
Ny Lo — }%nwn; — (BN — rwylo > 0, (5.9)

where wy is the volume of the N-dimensional unit ball. By the right
hand side of (Hg) we deduce the existence of a sequence {s9} C]— 00, o[
converging to zero such that

p+1
F(s)) > Lo|sY| 7 . (5.10)
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Let w) = sYw € E. Due to (5.4), (5.7), (5.9) and (5.10), we have

Bwf) = Mﬂnmx - [ P

pt1

= Pl ) - [ rwh- | Flw))

P+ B(zo,7) B(zo,R)\B(z0,7)
Bil 0,21 0 p+1

< ﬁIIWH skl 7 = F(sp)m(B(wo, 7)) + Lo(m(B(0, R)) — m(B(0,7)))|sp| »
ptl N N n

< |sk| p <]m|\w\|x" —r"wnLo+ (R —7r )wNE())

< 0= E(0).

Since |[w?||x — 0 as k — oo, 0 is not a local minimum of E, as claimed.

O

Proof of Theorem 5.1. Applying Theorem 1.16 with A = p’ﬁ (see Lemma
5.2), we can exclude condition (A1) (see Lemma 5.3). Therefore there
exists a sequence {uy} C X of pairwise distinct critical points of E =
p+1 ¥ + @ such that

Jim fug|x = 0. (5.11)

Thus, {(ug,ve)} = {(ux, (—Auk)%)} C X x X is a sequence of distinct
pairs of solutions to the system (S).

It remains to prove (5.6). First, due to (5.2) and (5.11), we have that
limy— oo [|uk]lo = 0. For every k € N let my € [—||uk oo, [|uk] 0o] =2 Jk
such that |f(my)| = maxsey, |f(s)|- Note that diamJy, — 0 as k — oo;
thus limg_,o mp = 0 which implies that limg_ . f(mg) = 0. On the

other hand, from the second equation of system (S) we have that

p+1

loell? ./mmyw—/vwﬂpm<Wmﬂpwm

which implies that limg_, ||vk||x = 0. Using again (5.2) we have that
limk_,oo ”Uk”oo =0.

In the sequel, we state a perfect counterpart of Theorem 5.1 when the
nonlinearity f has an oscillation at infinity. We assume that:

(HY) —oo < liminf |5 o0 ‘Fz(>+1 < limsupy,_, ﬁ% = +o00,

(H2)) there exist two sequences {a;} and {bs,} in ]0, oo with aj < by <
ag+1 and limg_, o b = 0o such that

sgn(s)f(s) <0 for every |s| € [ag,bx], and
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. . max([_q, a,] F
(H2)) limg_ o 75 =0 and limp . —lmawerl

b, ?

Remark 5.2 Assumptions (HL ) — (HZ2) imply an oscillatory behaviour
of f at infinity. A concrete example is described in the sequel when
hypotheses (HL) — (H3,) are fulfilled. Let a = k¥ and b, = k¥
(k > 2) and a3 = 5, by = 10. Clearly, one has ar < by < ag41,
limg_ oo a /bp = 0, and limy_, o, b = 00. Let f : R — R be defined by

Ok ( =L ) , S € [bp,aps], K> 1

apy1—by
f(S) — 0, S E]ak,bk[, k>1;
g(S), s € [*575];
0, s €] — 00, 5],
where ¢ : [-5,5] — R is any continuous function with g(£5) = 0, and

vk [0,1] — [0,00[ is a sequence of continuous functions such that
©r(0) = pr(1) = 0 and there are some constants ¢y, ca > 0 such that

3p+1 3p+1 2p+1 2p+1

1
c1 (b —bp™ )k —br) " S/o pr(s)ds < ca(by 3y —b,”"

)(aks1—br) "

Note that F'(s) = 0 for every s €] — oo, —5] and F' is non-decreasing on
[5, 00[. Moreover, for k € N large enough we have

spod 3p+1 g 2p+l 2p+1 5
c1(b,” —1073 )+/ g(s)ds < F(ar) = max F < co(b,™ —IOTp)Jr/ g(s)ds.
0 0

[—ak,ak]

Now, an easy computation shows the hypotheses from above are verified.

Theorem 5.2 Assume that (5.1) holds and f € C(R,R) fulfills (HL) —

(H3,)). Then, system (S) possesses a sequence {(ug,vx)} C X x X of
distinct (strong) solutions which satisfy

li =1l =1 o = 1i o =00. (5.12
i fluglx = lm loglx = lim flugfe = lim [logflec = c0. (5.12)
The proof of Theorem 5.2 is similar to that of Theorem 5.1. Let {a}

and {bx} be from Theorem 5.2 and v = liminfs_, 4 (s) from (1.25)
where ¢ comes from (5.5).

Lemma 5.4 v = 0.
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Proof 1t is clear that v > 0. Suppose that v > 0. Due to the left-hand
side of (HL)), one can find two positive numbers £+, and oo, such that

F(s) > —éoo\s|pTTl for every |s| > 0oo- (5.13)

Let si, S be as in Lemma 5.1. By the fact that limy_ . by = oo,
hypothesis (H3) and condition limy,_, i—: =0 (—ar <3 < ay), there
exists kg € N such that for every k > kg we have

p+1
maxi_, o1 1F|+ F(5k) ptl Skl 7
(@) e (Dl +m@e) (B 7 < 2
2 b
b,” 2Ky "
(5.14)
Let Wy, = Spw € X, where w is defined in (5.3). A similar estimation as
in Lemma 5.2 gives throughout relations (5.13) and (5.14) that

sup F(v)—F(wg) = sup /F(v)dz—/F(Ek)da:
HvHP+1<SP p+1 Q Q
ook ol " <sk
= sup /F(v)dxf/ F(wy)dx
il Q {Jw (@)]> 000 }
ol x* <sg

—/ F(Ek)da:
{lwg (z)[<eso}

< mQ)FER) + m(Q)loo5k] T +m(@) max ||
— Q00,000
v o pt1
< s~ Imell ).
Since sy — +00,
SuUpy e+t < F(v) — F (W)
v < likm inf p(sg) < likm inf — I =k -7 < %,
o o sk — Wkl ¥
which contradicts v > 0. ]

Lemma 5.5 F = ﬁ\IJ + ® is not bounded from below on X.
Proof Let £ and 9o, from the proof of Lemma 5.4, and let Lo, > 0 be
such that

P p+1

NN Lo — P w]l ¥ — (RN —r™wnlo > 0, (5.15)

where r and R are from the definition of the function w, see (5.3). By the
second part of (HL)) we deduce the existence of a sequence {s{°} C R
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with limg_, o |s3°] = 0o and
p+1

F(s3°) > Loolsi| 7 . (5.16)

Let wp® = sp°w € X. We clearly have that

(Yot~ [ F(up).
B(zo,R)\B(zo,r)

For abbreviation, we choose the set D = B(zg, R) \ B(zo,r). Then, on
account of (5.13) we have

oo P 5
Ew®) = ——||lw|| " |s%°
(i) = 2wl 157

ptl
| -

/ Fuf) = / Fui®) + / Fu)
b Dn{lwi®(@)]>eoc} DO |we (z)|<owe }
> b f WPl — (B — Moy max
DN{|w®(z)|>000 } — 000,000

> —(R"— M)y (zoos,;w|”?+[ max ]F>.

— 000300

Consequently, due to (5.16) and the above estimation, we have

+1

prl
Bu) < |si°|”f( Pl —erNcoﬁ(RN—r")wNew)

p+1
+(RN —rMwy  max |F).
— Q05000
Since limy_. |$3°| = 00, due to (5.15), we have limy_. o, E(wi®) = —o0;
consequently, infx £ = —o0. |
Proof of Theorem 5.2. In Theorem 1.16 we may choose A = z% (see

Lemma 5.4). On account of Lemma 5.5 the alternative (B1) can be
excluded. Therefore, there exists a sequence {uy} C X of distinct critical
points of F = ﬁ\ll + ® such that

klirn lugllx = 0. (5.17)

Thus, {(ug,ve)} = {(ux, (fAuk)%)} C X x X is a sequence of distinct
pairs of solutions to the system (S).

We now prove the rest of (5.12). Assume that for every k € N we have
lvg]loo < M for some M > 0. In particular, from the first equation of
system (S) we obtain that

Pt
P

1 P
ul| :/Q|Auk|%1dx:/ﬂ|vk|p+ldxgMp+1m(Q),

which contradicts relation (5.17). Consequently, limg_,o0 [|Uk||cc = 0.
But, this fact and (5.2) give at once that limy_,o ||vk||x = 00 as well.

|F|
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Assume finally that for every k¥ € N we have ||ug|lcc < M’ for some
M’ > 0. The second equation of system (S) shows that

Pt
P

L p+1 p+1 p+1l
loxll = / Ay 2 de = / ) de <m(Q)  max|f(s) 5
Q Q

s€[—M’,M’]

which contradicts the fact that limg_, ||vg]|x = co. The proof is com-
plete.

5.3 Elliptic systems with mountain pass geometry

Similarly to the previous section, we consider again the system

—Au =P in Q )
—Av=f(u) in (S)
u=v=0 on 09,

where Q is a smooth bounded domain in RY. Let f : R — R be a
continuous function and F(s) = / f(t)dt. We assume that
0

1
(H1) there exist constants § > 1+ — and s¢ > 0 such that
p

0 < OF(s) < f(s)s for all |s| > so;
(H2) f(s) = o(s%) for s — 0.
Remark 5.3 Note that hypothesis (H;) is a sort of Ambrosetti-Rabi-

nowitz condition, see [7]. In particular, (H;) implies that at infinity, |f|
1
grows faster than s +— |s|7.

Let S = {u € X : ||u|x = 1}. For any v € S, we consider in A € R
the algebraic equation
pt1

AP — /Qf(/\v))\vdx =0. (5.18)

Remark 5.4 Let f(s) = s? with pg # 1. A direct calculation implies

¢
that (5.18) has exactly two solutions Ay (v) = :t( |v|q+1> , where
0

1 -1
- (p - Q) - Moreover, A (v) € C*(S).

In view of this remark, for the general case, it is natural to assume that
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(Hs) there are selections A4 (v) € C1(S) among the solutions of (5.18).

The main result of this section reads as follows.

Theorem 5.3 Assume that (5.1) holds and f € C(R,R) fulfills (Hy),
(H3) and (Hg). Then, system (S) possesses a nontrivial solution. If f
is odd, then (S) has infinitely many pairs of solutions.

To prove Theorem 5.3, we first show that (H;) and (Hz) imply that
for every v € S, equation (5.18) has at least two opposite sign solutions
A_(v) < 0 < Ay(v) as we anticipated in Remark 5.4 for the particular
case f(s) = s? with pg # 1.

We associate with E a functional E defined on R x X by

E(\v) = E(\w) = —|)\| > /|Av| v dxf/ F(\w)da.
Clearly, the restriction of EtoRx S , still denoted by E, becomes
E\v)=——|\7 — | F(Av)dx.
(o) = L2 — [ Pow)

On account of Theorem 1.28, one can prove that if (A, v) € (R\{0}) xS
is a conditionally critical point of the functional E on R x S then the
vector u = Av is a nonzero critical point of the functional E, that is,
E'(u) =0. In partlcular the conditionally critical point of the functional
E implies that E/\()\ v) = 0, which takes the form

A5 72N — / FOw)vdz =0
Q
or equivalently, for A #£ 0,
N — /f()\v))\vda::O. (5.19)
o
Setting
r(A) =1-— \)\|77 / f(Aw)\vde,

the following lemma holds.

Lemma 5.6 Assume that (5.1) holds and f € C(R,R) fulfills (Hy),
(H3). Then, for allve S

(i) lim ou(A) =1,
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(il)  lim @y (A) = —o0.
[A|—=+o0

Proof Fix v € S arbitrarily.

(i) By relation (5.2), v is a nontrivial bounded continuous function.
Thus, there exists M > 0 such that |v(z)] < M for all z € Q. Now,
by hypothesis (Hs), for any € > 0 there exists 6 > 0 such that |s| < ¢

implies |{s(| p)| < e. Fixing A small enough, |A| < ]\54 it follows that
|f(\o(2))| < e|Mv(z)|7 for any x € Q,
hence
;%\Ar‘%l /Qf()\v))\vdx = 0.
Consequently,

. . _ptl
lim ,(A) = 1~ Jim x|~ / FOw)hode = 1,

i.e., (i) holds.
(ii) One can write that

|)\|77 / Fw)Avdz = |)\|77 {/ f(w )\vdx—i—/ F(w) )\vd:x}

(5.20)
where Q) = {z € Q: [Av(z)] < s} and Q = {z € Q: |\v(x)| > so},
so being the positive constant from (H7). Clearly, the boundedness of
f(Av)Av on Q implies that

lim |)\\_7/ fFAv) vdz =0 (5.21)

[A| =00

while by (H;) it follows that

\Ar*/ FOw) )\vd:c>9|)\\’7/ Flw)dz
of

zclam—"%/ \o|?dz.
of

Denoted by A\* a real positive number such that Q. # 0. For [A| > \*
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it follows that Qj\’ C Q;’ Thus, one can fix a positive constant ¢y > 0
such that for |A\| > A\* we have

A5 [ FOw)dr > e / Wl dz > e\

of of,

1
As 0 > ]i, we conclude that
p
wlim |)\|_7/ F(Av)dvdr = +oo. (5.22)
—+00

Consequently,

lim +(A)=1— lim )\77 Av)dvdxr = —o0
I/\H+<><>(p ®) [A| =400 Al /f

i.e., (ii) holds. O

Lemma 5.6 implies that equation ¢, (A) = 0 has at least two nontrivial
opposite sign solutions for any v € S. By regularity assumption (Hg)
there exist two selections A4 (v) which are of class C! on S. Then, the
functional E+ : S — R defined by E4(v) = E(AL(v),v) is of class C*
and on account of (5.19), it becomes

p+1/f Ax(v)v) s (v )”dx_/QF()\i(v)v)dw.

Proposition 5.1 Fach critical point v € S of Ei provides a condition-
ally critical point (A+(v),v) € (R\{0})xS of E. In particular, for a min-
imum point v € S of By relative to S, the point (A+(v),v) € (R\{0})x S
is a conditionally critical point of E.

Proof First of all, we notice that ¢, (A+(v)) = 0; therefore, E4 (Ax(v),v) =
0. On the other hand, by assumption, we have that
0 € E', (v) + Ng(v). (5.23)

Therefore, a simple calculation shows that —E/ (A (v),v) € Ng(v). Con-
sequently, we have that

—E'(A£(v),v) € {0} x Ng(v) = N jopyxs(As (v), v),

e, (Ax(v),v) € (R\{0}) x S is a conditionally critical point of the
functional E.
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Now, let v € S be a relative minimum of Ei to S. In particular, this
fact implies that

(E', (v),w) =0 for all w € T,(S). (5.24)

Here, (-,-) denotes the duality pairing between X and X*. Note that
relation (5.24) is nothing but relation (5.23), see Appendix A. O

In view of Theorem 1.28 and Proposition 5.1, it is enough to find
crltlcal points of Ei on S. In the sequel, we deal only with the functional
E+, analogously, it is possible to consider the functional E_.

Due to (H;), the functional E, is bounded from below. Indeed, if
Qj\l and QL are defined as in Lemma 5.6, by (H;), there exists a real
constant M such that

B = [ (SE0@on - FOuo) ) de

[ (Grros o - rosem)

+/Q; <p+1f A+ (@))As(v)o — F (A+(v)v)) dz

v

P

Lemma 5.7 Assume that (5.1) holds and f € C(R,R) fulfills (H,), (Hz)
and (Hg). If {vp} C S is such that the sequence {E (vg)} is bounded
from above, then the sequence {\(vg)} is contained in a compact inter-
val [¢,C) for some ¢,C > 0.

Proof Let {v;} C S be such that {E (vy)} is bounded from above. By
(5.2), up to subsequence,

v, — v weakly in X and uniformly in €. (5.25)

For simplicity, denote by {\z} the sequence {A (vg)}.

We first assume by contradiction that, up to subsequence, A\ — 0.
By (5.25), Axvr — 0 uniformly in 2. Arguing as in the proof of (i) of
Lemma 5.6, by (Hs) it follows that

_p+1
klim /\k P / f()\kvk))\kvkdx = 07
— 00 Q
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hence, by (5.19) we easily obtain the contradiction, i.e., there exists
¢ > 0 such that A\ > ¢ for every k € N.

Now, we assume by contradiction, passing to a subsequence if neces-
sarily, that Ay — +o0o . We introduce the sets

Q. ={z€Q: | Mup(z)| < so} and Q) = {z € Q: [Nog(z)| > s0}-
By (5.19), for any k € N, we have that

p+1 p+1

Ne T FOwoR)Akopdz + A, T

Q

f()\kvk))\kvkdx =1. (5.26)
op

Since the sequence { vy} is uniformly bounded on the set €2, , we have

_pht
khm )‘k P / f()\kvk))\kvkdm =0 (527)
—00 Q;
and
{/ F()\kvk)daz} is bounded. (5.28)
Q

In particular, by (5.26) and (5.27) it follows that
p+1

lim )\;T/ f()xkvk))\kvkdx =1.
QfF

k—oo

Due to (H;), we have
/ f()\kvk))\kvkdx >0 F()\kvk)dx.
Qf Qf
Consequently, passing to a subsequence if necessarily, we have that

1
-

pt1

lim A, 7 / F(gog)dz =1, 0<I1<
Qf

k—oo

(5.29)

On the other hand, we may observe that
—~ p+1l p _p+1
E+(’Uk) = )\kp — — )\k ? F()\kvk)d:r - / F()\kvk)dﬂj.
o 5,
p+1 . R
Therefore, by 6 > ——, (5.28) and (5.29) we obtain that khm Ey(v) =
p =

+00 which contradicts the boundedness of the sequence {E (v;)}. [

Proposition 5.2 Assume that (5.1) holds and f € C(R,R) fulfills (Hy),
(H3) and (Hg). Then Ey attains its infimum on S.
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Proof We prove the statement only for E+; in a similar way, we can
prove that also the functional E_ attains its infimum on S.

Let {v;} C S be a sequence such that E(vy) — m = infg E,.
There exists 74 € X \ {0} with the property ||U4||x < 1 such that, up
to a subsequence, (5.25) holds. Due to Lemma 5.7 the corresponding
sequence {\; (vy)} converges, up to subsequence, to a real number Ay >
0. By using (5.25) and passing to the limit in (5.19), the pair (A, 7)
still solves (5.19). Thus, Ay = A, (D) with ¥, # 0. In conclusion, we
have that Ay (vg) — Ay (U4). Moreover, by (5.25), we conclude that

By (vy) = Eq(74) = my.

It remains to prove that |71 || x = 1. To see this, we argue by contradic-
tion, i.e., we assume that ||74|x < 1. For any ¢ > 0, by using relation
(5.19), we deduce that

B = 4 [0t - [ Pom o)
= [Oum? = [ romm . de]
x %M(tm)m - /Qf(>\+(w+)ﬁ+)/\+(ﬁ+)ﬁ+d$

p+1

_ —%(M(m)) = <o,

Therefore, the function ¢ — F, (tv4) is decreasing with respect to ¢,
t > 0. Now, let tg > 1 such that ¢o||vy||x = 1. Then tov4 € S, but
E. (to74+) < E4(v4) = my = infg E, contradiction. O

Proof of Theorem 5.3. On account of Propositions 5.1, 5.2 and Theo-
rem 1.28, we conclude that Ty = Ay (74)04 and u_ = A_(U_)v_ are two
nontrivial critical points of E, thus, they correspond to two nontrivial
pairs of solutions of system (S) Note that these pairs of solutions may
coincide.

If f is odd, we necessarily have A, (04) = —A_(v_) and E := E, =
E_. Moreover, v, = T_; consequently, T and u_ = —uy provide
two opposite sign pairs of solutions to system (S). Moreover, Eis even,
bounded from below, of class C! and it satisfies the (PS)-condition on
S. Then, applying Theorem 1.10 with M = S, together with Example
C.2, we conclude that E has infinitely many critical points {v,} C S

with limy_,o E(vg) = supg £ = +00. On account of the first part of
Proposition 5.1, there exists a sequence of different conditionally critical
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points of E. In view of Theorem 1.28, E has a sequence of geometrically
different critical points +uy,tus,...,tug,... with ug(z) = A(vk)vk
such that E(ug) — +oo. This concludes the proof.

5.4 Comments and perspectives

1. We assume (5.1) holds and consider the perturbed system

—Au =P in €
—Av = f(u) +eg(u) in (Se)
u=v=0 on 09,

where g : R — R is any continuous function with g(0) = 0. We predict
that for every n € N there exists €,, > 0 such that for every € € [—¢&,, €,],
system (SE) has at least n distinct pairs of solutions whenever f : R — R
verifies the set of assumptions from Theorems 5.1 or 5.2. This statement
is not unexpected taking into account the recent papers of Anello and
Cordaro [12] and Kristdly [168] where a prescribed number of solutions
were guaranteed for certain elliptic problems of scalar type whenever
the parameter in the front of the perturbation is small enough. In both
papers (i.e., [12] and [168]) the uniform Lipschitz truncation function
he : R =R (a > 0), hy(s) = min(a, max(s,0)) plays a key role, fulfilling
as well the so-called Markovian property concerning the superposition
operators: for any u € Wy () one also has h, o u € Wy (Q), where
r > 1. Note however that a similar property is not available any longer
replacing the space W, () by a higher order Sobolev space W2 (Q);
in particular, the Markovian property is not valid for X = w2 N

1,41
Wy * (). )

2. Based on (5.1), the embedding X CC C() is essential in our
investigations, see the proof of Lemmas 5.2 and 5.4. Is it possible to
obtain similar conclusions as in Theorems 5.1 and 5.2 by omitting (5.1)

and considering the whole region below the critical hyperbola?
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Scalar Field Equations with Oscillatory
Terms

The mathematics are
distinguished by a particular
privilege, that is, in the course
of ages, they may always
advance and can never recede.

Edward Gibbon (1737-1794),
Decline and Full of the Roman
Empire

In this chapter we study the existence of multiple solutions for two
classes of quasilinear problems: a double eigenvalue problem for a scalar
field equation and a scalar field system with generalized boundary con-
ditions. The nonlinear boundary conditions studied here recover the
standard Dirichlet, Neumann, or periodic boundary conditions.

6.1 Introduction

Let h, : R®™ — R™ be the homeomorphism defined by h,(z) = |z[P~2x
for all x € R, where p > 1 is fixed. Let | - | denote the Euclidean norm
in RV, For T'> 0, let F: [0,T] x RN — R be a Carathéodory mapping
satisfying:

(Fy) for a.e. t € [0,T1], the function F\(¢,-) is continuously differentiable;
(Fy) the mapping F(-,z) : [0,7] — R is measurable for each z € R",
F(-,0) € L*(0,T), and for each M > 0 there exists ap; € L(0,7T) such
that for all z € R™ with |z| < M,

IVF(t,z)| < anm(t) for a.e. t € [0,T7;

Let j : R® x R® —] — 00,+0o0] be a function having the following
properties:

171
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(J1) D) = {(z,y) € R* x R™ : j(x,y) < +oo} # 0 is a closed convex
cone with D(j) # {(0,0)};
(J2) j is a convex and lower semi-continuous (shortly, 1.s.c.) function.

The first problem studied in this chapter is the following.
Let v > 0 be arbitrary. For A, p > 0 we consider the following double
eigenvalue problem involving the p-Laplace operator:

—[hp(uW)) + vhp(u) = AVF(t,u) ae. t € [0,T],

(o (u)(0), =Ry (u)(T)) € pd(u(0), u(T)),

where u : [0,7] — R" is of class C' and h,(u’) is absolutely continuous.
Note, that VF(t,n) denotes the gradient of F(t,-) at n € R™, while 0j
denotes the subdifferential of 7 in the sense of convex analysis.

Next, we assume that:
(C1) F:R"™ — R is of class Ct,
(C2) S C R" x R™ is a closed convex set wit {(z,z) : x € R"} C S,
(C3) 71,...,7 € L™(]0,T[,R) are so that essinf v; > 0, for i = 1,n
and put v = (v1,.-., %),
(C4) a € L'(]0,T[,R) is so that a(t) > 0 a.e. in ]0,T7.

The second problem studied in this chapter is the following:

(PA,;L)

(5) —[hp(u)]" + 7 0 hp(u) = () VF (u)
S
(hp(u)(0), =hp(u')(T')) € N (u(0), u(T)),

where Ng(z,y) denotes the normal cone of S at (z,y) € S.

6.2 Multiple solutions of a double eigenvalue problem

In this section we prove a multiplicity result for the problem (Py ,). For
this purpose we suppose that the following conditions are fulfilled:

F(t,z) — F(t,0)

(F3) ‘ l‘im PR < 0 uniformly for a.e. t € [0,T].
F(t,x) — F(t
(Fy) ‘h‘mo W < 0 uniformly for a.e. t € [0,T];
x| — xr

T
(F5) there exists sp € RY such that / (F(t, so) — F(t, 0))dt > 0.

0
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(J3) 7(0,0) =0, j(x,y) > 0 for all (z,y) € R™ x R™.

We consider the Sobolev space WP = WP(0,T; R"™) equipped with
the norm

1/p
leally = (I + mllelly)

where > 0, and denote by || - ||z» the norm of LP = L?(0,T;RR"), that
is,
1/p

T
lullze = / ()t
0

We consider the space of continuous functions C' = C([0,T];R") en-
dowed with the norm

[ulle = max{|u(t)] : t € [0, TT}.

For v > 0, we consider ¢., : WP — R defined by
1
oy (u) == 5<||u'||1£,, + 'yHuH’ip) for all u € WP,

Note that ¢, is convex, ¢, € C*(W'?;R) and for all u,v € W2,

T T

(!, (1), v) = /(hp(u’),v’)dt + fy/(hp(u), V)t (6.1)

0 0

where (-, ) denotes the usual inner product in R™.
We define the function J : WP —] — oo, +00] by

J(u) = j(u(0),u(T)) for all u € WP,
Then J is a proper, convex and l.s.c. function. We also observe that
D(J) = {ue W' (u(0),w(T)) € D(j)}.
We consider the functional F : C' — R defined by
T T

Fv) = —/F(t,v)dt+ /F(t,O)dt for all v € C
0 0

and F : WP — R defined by F = f"‘wl . The functional F is sequen-
s P

tially weakly continuous, since the embedding W'? <« (' is compact.
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We also have for all u,v € WP,

(F'(u),v) = — /(VF(t, w),v)dt. (6.2)
0

Note that for 1 < r < p and p < ¢ < p* the embeddings L? —
LT, WlP s L4 WP «— (' are continuous, hence there exist constants
Cr.p,Cqp, ¢ > 0 such that

[l ullze,  llullze < Cyp

LT S Cr,p

uwre, lullo < éflullwre

for all uw € WP,
The energy functional I : [0, 00) x [0, 00) x WP —]—o00, co] associated
to the problem (P ) is defined by

IO\ ) = oo () + AF(u) + T ().

The functional I is of Szulkin type and J’ denote the derivative in the
sense of Definition A.4.

The following result is due to Jebelean and Moroganu [148], Proposi-
tion 3.2.

Proposition 6.1 Assume that F' : [0,T] x R™ — R satisfies (F1) and
(Fy) and j : R™ x R™ —] — oo, +-o0] satisfies (J1) and (Jo). If u € WLP
is a critical point of I(A, p,-), then u is a solution of (Px,,).

Proof Assume that u € WP is a critical point of I(\, u,-). Then, for
all v € Whp,

F (), 0 = ) + 94 (0) = oy () + u(J(0) = T (w) = 0.

Let w € WP and set v = u + sw, where s > 0. Dividing by s and then
letting s — 01, we obtain for all w € WP,

MF (), w) + (¢, (w), w) + pJ' (u;w) > 0,

where J'(u; w) means the derivative in the sense of Definition A .4.
By the definition of .J we deduce that for every w € WP,

MF! (), w) + (] (w), w) + pg" ((uw(0), u(T)); (w(0), w(T))) = 0. (6.3)
Since C§°(0, T;R™) C WP, it follows that for all w € C§°(0, T; R"™),
MF! (), w) + (), (u), w) = 0.
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Combining relations (6.1) and (6.2) we have for all w € C§°(0,T; R"™),

T T

/ (hy (u'), ')t = / (=yhy(u) + VE(tu),w)dt.  (6.4)

0 0

For any v € WP, we obtain

, 1 1
hp(), By} € L (0, T R") with 4 =1 (6.5)

But VF(-,u) € L'(0,T) (by (F2)), hence relations (6.4) and (6.5) yield
hy(u') € WhH1 and
!
—(hp(u')> = —vhy(u) + VF(t,u) for a.e. t € [0,T]. (6.6)

Since h,, is a homeomorphism and h,(u') € W it follows that u is of
class C*.

In order to show that u satisfies the boundary condition of problem
(Py,.) we note that by (6.3) and (6.6) we have for all w € W2,

pg' ((w(0), w(T)); (w(0),w(T))) = (hp(w')(0),w(0)) = (hy(u')(T), w(T)).
Therefore
pg' ((u(0), w(T)); (,9)) = (hp(u')(0),w(0)) = (hp (u')(T), w(T)) .
From Lemma A.2 it follows that
() (), ~hyp(')(T) ) € i (u(0),u(T)).
We conclude that w is a solution of problem (P ,). O

We introduce the constant n; = n1(p,7y) > 0 by setting

e P
N = inf { v ”Lﬁumz;y'u”m cu € WHP\ {0}, u € D(J)} .
p

Since n; > 0, we obtain
27 P fully, < (150 + Al 20) P < Hlully, for all w e D(J).  (6.7)

Lemma 6.1 [148, Lemma 4.3] Assume that {u,} C D(J) such that
Up — u weakly in WHP and

lim inf (<<p’v(un),u—un> —|—HJ/(un;u—un)) >0. (6.8)

n—oo

Then {u,} has a subsequence which converges strongly in WP,
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Proof Note that u € D(J), since the closed convex set D(J) is weakly
closed in (W2 | - |,,,). Hence, J'(un;u — u,) < oo for all n € N.
Combining relation (6.8) and the lower semi-continuity of .J, we have

lim sup (¢, (un ), — 1) <

— lim inf ((gpi/(un), U — ) + pJ’ (s u — un)>
n—oo
+plimsup J' (wn; u — uy,)

n—oo

< pulim sup(J (u) — J(un)) = (I (w) i inf J(u,)) < 0.
Hence,
h,IlILSO%p«‘OIV(u”)’u” —u) <0. (6.9)
From the expression (6.1) of ¢! we have
(o, (), un —u) - = <¢§(un)7gn —u)
=) [ ) =t 1

0

Taking into account that u,, — u weakly in WP and that the embedding
WP — C is compact, we obtain for a subsequence of {u,} (denoted
again by {u,}) that

T
lim | (hp(un), u, —u)dt = 0. (6.11)

n—oo

0
Then, by relations (6.9), (6.10) and (6.11) we have

limsup (e}, (un), un — u) < 0. (6.12)

n—oo

On the other hand, for each positive integer n,
0 < (a7 = Ml ) (lwnllgy = lully,)- (6.13)
Using Holder’s inequality, we obtain
(ln ot = llulln ) Nl = lulln) < ey, (un) = ¢4, (), un = u).

Thus, by relation (6.13) we deduce that

nh—>H;o HunHm = ”ull?’ll
Since (WP, || -||,,,) is uniformly convex, it follows that {u,} converges

strongly to u. ]
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Remark 6.1 Let € > 0 be arbitrary. From (F}), (Fz) and (F3) it follows
that there exists 61 > 0 (depending on €) such that

F(t,z) — F(t,0) < g|lz? + as, ()01 for all z € R", a.e. t €[0,7).
Then

F(u) > —ellullf, — o1llas, || 1 0,1) for all u € WhP, (6.14)

Proposition 6.2 Assume that F : [0,T] x R™ — R satisfies (F1), (F»)
and (F3) and that j : R™ x R" —] — oo, +00| satisfies (J1) and (J2).
Then the following properties hold:

(1) I(\, p,-) is weakly sequentially lower semi-continuous on W1:P
for each A > 0, p > 0;
(2) lim  I(A p,u) =400 for each A > 0, > 0;

lwllyy —+oo

(3) E(A, 1, -) satisfies the (PS) condition for each A,y > 0.

Proof (1) The function I(\,pu,-) is weakly sequentially l.s.c on W1P
because F is weakly sequentially l.s.c., while ¢, and J are convex and
l.s.c., hence they are also weakly sequentially l.s.c.

(2) We first observe that

1
l[ullz, < EHUII%1 for all u € WP,

In (6.14) we choose € < Q"Tlp. Since the embedding L? < L is continuous
and (6.7) holds, we have for all v € D(J),

1
0umu) = (Il +lulls ) = elul,
— Mullas o + ()
7’}1—26)\]3
2mp

Since J is convex and l.s.c., it is bounded from below by an affine func-

2 [ullf, — Adullas, [l Lrom) + p (w).

tional and then there exist constants ci, co, c3 > 0 such that for all
u e D(J),
—2eX
I()\,M,U,) Z u
2mp

By the continuity of the embedding W' « C we have for all u € WP,

Jullh, — Ao, 10,7y — e1[u(0)] — c2lu(T)| — c3.

TN pyu) = ealullf, = esllulln, — s,
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where ¢4, c5, cg are positive constants. Since p > 1, it follows that
I\ p,u) — +oo as ||ull,, — +oo.

(3) Let {u,} in WP be a sequence satisfying I(\, i1, u,,) — c. Then,
for all v € WP,

/\<-7:/(Un)a V—Up) + ‘P’Y(U) - ‘P'y(un) +ud (v) = pd (un) > —enllv— un”m )

where {e,} C [0, 00) with &,, — 0. We have a subsequence {u,} C D(J)
(we just eliminate the finite number of elements of the sequence which
do not belong to D(J)), since p > 0 and I(A, p, u,) — c.

But I(\, u,-) is coercive, hence {u,} is bounded in WP, The em-
bedding WP < (' is compact, then we can find a subsequence, still
denoted by {uy,}, which is weakly convergent to a point u € WP and
strongly in C.

In the above inequality we take v = u,, + s(u — u, ), with s > 0, then
divide both sides of the inequality by s and let s \, 0. So, for all positive
integer n

MF (un)y u—up) + <90fy(un)v u—up) +pd (Unsu—un) > —enllu—uny, -
By the upper semi-continuity of F’, it follows that

lim inf ((gp’w(un),u — up) + pd (Up;u — un)> > 0.

n—oo

By Lemma 6.1 we deduce that {u,} has a subsequence that converges
strongly to u € WP, ]

Remark 6.2 From (F}), (Fy), (F5) and (Fy) it follows that for each
¢ > 0 there exist 6., 0. > 0 such that

t X
F(t,z) — F(t,0) < e|z|? + 03%77(1”96\7 for all z € R, a.e. t € (0,77,
€

where 7 > 1. Then, by using the continuity of the embedding W? «— C,
we obtain

& las, 21,7

Flu) > —ellullty - ——575 Uiz forallu e WHP. (6.15)
g

Remark 6.3 If F' : [0,7] x R" — R satisfies (Fy) and (F}y), then 0 =
VF(t,0) for a.e. t € [0,T].

The main result of this section is the following.
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Theorem 6.1 Let F' : [0, T]xR™ — R be a function satisfying (F1)—(F})
and let j : R™ x R™ —] — oo, +00] be a function satisfying (J1) — (J3).
Then for each fized > 0, there exists an open interval A, C]0,+o00]
such that for each A € A, the problem (P ) has at least two nontrivial
solutions.

Proof Let pu > 0 be fixed. We define the function g :)0, +oo[— R by
g(t) =sup{—F(u) : oy(u)+pJ(u)<t}, for all ¢>0.

Using (6.15) for 7 €]p, p*[ it follows that for all u € WP we have

€ éTHCV&E”Ll 0,7
~F(u) < Z[ull? + —— 5D |luly.
o A
Since p < r, we have
t
lim w =0.
t—o0t+ ¢

Using (F5) we define ug(t) = sq for a.e. ¢t € [0,7]. Then ug € W1»\ {0}
and —F(up) > 0. Due to the convergence relation above, it is possible
to choose a real number ¢y such that 0 <ty < ¢ (ug) + pJ(ug) and

g(to)
to

< [ (o) + pJ (u0)] ™+ (—F (ug)).
We choose py > 0 such that
9(to) < po < [ (uo) + 1T ()] ™" - (=F (uo) to- (6.16)

We apply Theorem 1.22 to the space WP, the interval A =]0, +oo|
and the functions E1, Fy : WP — R h: A — R defined by

Eq(u) = oy (u), ¢ (u) = pJ(u), I2(u) = Ea(u) = F(u), h(X) = poA.
By Proposition 6.2, the assumptions (i) and (ii) of Theorem 1.22 are
fulfilled.

We prove now the minimax inequality

/b\lelg uelll;ll/flvp (@7(“) + pd (u) + AF(u) + pox\) <

inf J A A
dntsup (i3 (u) 40 () £+ AF () + o)

The function

A dnf (‘Pv(“) + pd (u) + AF (u) + poA)
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is upper semi-continuous on A. Since

nf (%(u)+w(u)+m(u)+poA) < o (o) + 1 () + AF () + poX

and pg < —F(up), it follows that

)\EI-PDO uelll/lVflvp (wv(u) + pd(u) + AF(u) + po)\> = —o0.

Thus we can find A € A such that

B B (000 5 I 00 AF ) + o)

~ nf (%(u) + pd (u) + NF(w) + po)\) .

In order to prove that 81 < ty, we distinguish two cases:

LITO< A< %mvehave
B1 < 05(0) + uJ(0) + AF(0) 4 poX = Apo < to.

ILIf A > %, then we use pg < —F(up) and the inequality (6.16) to
get

m < py(uo) + pd(uo) +§}"(u0) + poX
< i, (ug) + pd (ug) + pi;(po + Flug)) < to.

From g(tg) < po it follows that for all w € WP with ¢ (u) + pJ(u) < to
we have —F(u) < po. Hence

to < inf {pg(u) + pJ (u) : —F(u) > po}
On the other hand,

fo = inf sup(pg(u)+ pJ(u) + AF(u) + pol)
u€WLP ycp

— inf {ipg (u) + ] (u) : —F(u) > po} -
We conclude that
B < to < fo.

Hence, assumption (iii) from Theorem 1.22 holds. Thus, there exists
an open interval A, CJ0,00) such that for each A € A, the function
©g + pJ + AF has at least three critical points in W1?. By Proposition
6.1 it follows that these critical points are solutions of (Py,). Since
VFE(t,0) = 0 for a.e. t € [0,T], we get that at least two of the above
solutions are nontrivial. UJ



6.2 Multiple solutions of a double eigenvalue problem 181

Remark 6.4 The two conditions from (J3) can be replaced by
(J%) j(x,y) > j(0,0) for all (z,y) € R™ x R™.
Then all the proofs above can be adapted by considering

J(u) = j(u(0),w(T)) = 5(0,0).

Corollary 6.1 Let F : [0,T] x R" — R be a function satisfying (F1) —
(F5) and let b : R® x R™ — R be a positive, conver and Gdteauz dif-
ferentiable function with b(0,0) = 0. Assume that S C R™ x R™ is a
nonempty closed convex cone with S # {(0,0)}, whose normal cone we
denote by Ng. Then, for each fixed v, u > 0, there exists an open interval
Ao CJ0, +00[ such that for each \ € Ag, the following problem

(Pap) _
—[hp(W)) + vhyp(u) = ANOF(t,u) a.e. t €[0,T7,

(u(0), u(T)) € 5,

(1o (0)(0), ~hy (' )(T)) € HBu(0), () + N (u(0), u(T)),

has at least two nontrivial solutions.

Proof The statement follows by applying Theorem 6.1 to the function
F and the convex function j : R™ x R™ —] — 0o, +00| defined by

(@, y) = b(x,y) + Is(z,y), for all (z,y) € R" xR,

where

0, if (z,y) € S
IS('xay) =
+o0, if (z,y) € R x R™\ S,

is the indicator function of the cone S.
Note, that in this case D(j) = S and j satisfies the conditions (J;) —
(J3). Moreover,

0j(z,y) = Vb(z,y) + 0ls(z,y) = Vb(z,y) + Ng(z,y) for all (z,y) € S.
O

Example 6.1 Various possible choices of b and S from Corollary 6.1
recover some classical boundary conditions. For instance:

(a) b =0 and S = {(z,z) : = € R"} we get periodic boundary
conditions u(0) = w(T),u'(0) = u/(T);
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(b) b=0and S =R"™ x R" we get Neumann type boundary condi-
tions «/(0) = «/(T) = 0;

(c) b(2) = (A2, 2)pon, 2 € R?Y, where A is a symmetric, positive
2N x 2N real valued matrix, and S = R™ x R"™; we get the
following mixed boundary conditions

(0 (0,
—hyp(u')(T) u(T)
For these choices of F', b and S it follows by Corollary 6.1 that for

each fixed ~, u > 0, there exists an open interval Ag C]0, +oo[ such that
for each A € Ag the problem (P, ) has at least two nontrivial solutions.

6.3 Scalar field systems with nonlinear oscillatory terms

To formulate the second problem we assume that:

(C1) F:R™ — Ris of class C!,

(C2) S CR™ x R™ is a closed convex set wit {(z,z) : x € R"} C S,
(C3) m,...,7n € L>®(]0,T[,R) are so that essinf ; > 0, for all ¢ =
1

(

,...,nand put v = (717‘-‘77774)7
C4) a € L'(]0,T[,R) is so that a(t) > 0 a.e. in ]0, 7.

We study the existence and multiplicity of the solutions of the system:

—[hp(u)) + 7y 0 hp(u) = a(t)VE (u)
(5)
(hp(u')(0), =hp(u')(T)) € Ns(u(0), u(T)),

where Ng(z,y) denotes the normal cone of S at (z,y) € S.

The first step in the study of (S) is to establish the corresponding
energy function. For this some preparation is needed:

e Foreveryi € {1,...,n} denote by X; the Sobolev space W'?(]0,T[,R)
equipped with the norm || - ||;, where

T T B
||f|i:</0 vi(t)lf(t)lpdt+/0 If(t)lpdt> :

Since essinfvy; > 0 it follows that || - ||; is equivalent to the usual norm
on WtP(]0,T[,R).
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X is the Sobolev space W1P(]0, T[,R™) equipped with the usual norm

T T 1/p
IIUI=</0 IU(t)\pdtJr/0 u’(t)l”dt> :

We observe that X is isomorphic to W (]0,T[,R)™.

e Let Y be the real Banach space C([0, 7], R™) endowed with the supre-
mum norm || - ||s. For simplicity we will denote the supremum norm
on every space C([0,T],R™), m € N, with the same symbol || - |s.

e Put

2= {u e X | (u(0),u(T)) € S}.

Note that X is a closed convex subset of X containing the constant
functions.
e Define F1: Y — R by

T
Eq(u) :/ a(t)F(u(t))dt, for every u €Y,
0
Ey: X - R by

1
Es(u) = E(HUIHZf + -+ unl|R), for every u € X,

0, uE N

+o0, u¢3.

The notations used above are inspired from Theorem 1.23.

Lemma 6.2 The following assertions hold:

(a) The above defined maps E1: X — R and E2: X — R are of class
T
Ct and (E}(u);v) = / a(t) f(u(t))v(t)dt, for every u,v € X.
0

(b) The map (1: X —]— 00, +00] is convex, proper, and lower semi-
continuous.

Define now I1: X —] — 00, +00] and Ir: X — R by
Li(u) = E1(u) + G (u), Ix(u) = Es(u) for every u € X. (6.17)

The energy functional associated to the system (S) is given by I; + I :
X —] — o0, +00] is given by I + Is = (E1 + E2) + (1.



184 Scalar Field Equations with Oscillatory Terms

Our aim is to apply Theorem 1.23 to the maps I; and I defined in
(6.17). Indeed,

— X,Y are real Banach spaces, X is reflexive, and X is compactly em-
bedded in Y.

- Fi1:Y - R, Ey: X — R are locally Lipschitz, and {; is convex,
proper, and lower semi-continuous (according to Lemma 6.2).

- U = Fy: X — R is weakly sequentially lower semi-continuous (being
convex and continuous) and coercive.

— Since infx ¥ = 0 and since ¥ contains the constant functions, condi-
tion (1.36) is satisfied.

Furthermore we have to introduce some suitable subsets of R". For
this note that, since X; is embedded in C([0,T],R), there exist ¢; > 0,
i =1,n, such that

[1f1ls < cillflli, for every f € X;. (6.18)

For every r > 0, let

1.1
Alr) =Sz eR": fZ—p|xi|p§r
pilci

B(r) = {:l: eER": Z|xl|p/ dt<r} .

Remark 6.5 1) For every r > 0 the inclusion B(r) C A(r) holds. To
see this, we observe that relation (6.18) implies

T 1/p
1<¢ (/ %(t)dt> , fori=1,n.
0

Pick now an arbitrary « € B(r). Then

7Zcp|xz‘p< Z|x1|p/ t)dt <r,

hence z € A(r).

(6.19)

n T
2) Since the map z € R" — Z |xi|p/ ~i(t)dt € R is convex, we
i=1 0
have for every r > 0,

intB(r) = {XER“' *Z|Xl|p/ dt<r}
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Theorem 6.2 Let r > 0 be such that

min F(z) = min F(z).
z€A(r) z€intB(r)

Then the following assertions hold:

(a) (r) =0, where  is defined by relation (1.37).
(b) Problem (P) has a solution u € ¥ satisfying U(u) < r.

Proof (a) We have ¢(r) > 0, by definition. To show the converse
inequality choose z° € int B(r) so that

0 _ . _ .
F(a7) = anin Fz)= min F(z),

and let u%: X — R™ be the function taking the constant value x°. For
every i € {1,...,n} we have

T 1/p
UO €T, i .
]l = | |(/ v(t)dt>

Z|x\p/ t)dt < r,

hence u® € I, (] — oo, 7). Since I; (] — 0o, 7]) is convex and closed in
the norm topology, it is closed also in the weak topology, hence

(I3'( =00, 7D),, € I3 (] = oo, 7]).

Therefore

Pick now an arbitrary element v € (I, (] — 00,7[)),,. Then Ir(v) < r
Thus, by (6.18), for all ¢ € [0,T]

1< 1 1< "
= |vi (t) = v |[& < [vil [} = Iz(v) <
P LCER I LEP S

(3

1
We conclude that v(t) € A(r) for every t € [0,T]. Hence

F(2°) < F(v(t)), for every t € [0,T].
It follows that

T T
Ei(u’) = /0 a(t)F(z)dt < /0 a(t)F(v(t)dt = Ey(v) < I (v).

Since v € (I;'(] — 00, 7[)),, was chosen arbitrarily, we conclude that

inf I (v) = I (u®).
ve(Iy ! (J=00,r])

w
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This implies, according to the definition of ¢ in (1.37),

< Il(uo) — Il(uo)

plr) = — AR 0,

hence p(r) = 0.

(b) Since ¢(r) = 0, we can apply Theorem 1.23 for A = 1, and conclude
that the map I; + I> has a critical point u lying in ¥ and such that
Ir(u) < r. The assertion follows from Proposition 6.1. O

Theorem 6.3 Assume that:

(1) There exists a sequence (ry)ken of positive reals such that limry, =
+o00 and

min F(x) = min F(x), for every k € N.
z€A(rK) ( ) z€intB(rk) ( ) f 4

(2) The following inequality holds

T
F t)dt
lim inf (m) fo O;( ) < —1.
|zl =00 5™ |z [P fo ~i(t)dt p

Then problem (P) has an unbounded sequence of solutions.

Proof Assumption (1) implies, according to Theorem 6.2(a), that p(ry) =
0, for every k € N. Let v be defined as in relation (1.38). Since ¢(r) > 0
for every r > 0, we conclude that
v = limj_nf o(r) = 0.
Applying Theorem 1.23(a) for A = 1, we conclude that either assertion
(b1) or (b2) of this theorem must hold. Next we show that (bl) is not
satisfied, that is, we prove that I; 4+ I5 is unbounded below. For this fix
a real number ¢ such that
F(z) [ a(t)dt

lim inf T <g< ——.
|z|—+o00 Z?:1 | |P fo ~;(t)dt p

Choose now a sequence (z¥)gey in R™ such that lim |z

k| = +00 and

F(z%) [ a(t)dt

< q, for every k € N.
n T
Zi:l ‘xﬂp fo 'Vi(t)dt
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For every k € N denote by u*: X — R” the constant function taking
the value z*. Then the following relations hold for every k € N

T n T
LM + L) = F(x’f)/o a(t)dtJr%)Z\xﬂp/O ~i(t)dt
=1

1) & T
< (q+>§ Ixflp/ i (t)dt.
v/ 0

Since |z¥| — 400, fOT ~i(t)dt > 0, for every i € {1,...,n}, and q+% <

0, we conclude that limy_ o (11 (u*) + I(u*)) = —oo, thus I + I, is
unbounded below. The assertion follows now from Theorem 1.23(b2),
the definition of I, and Proposition 6.1. |

Theorem 6.4 Assume that:

(1) There exists a sequence (ry)ren of positive reals such that lim ry, =
0 and

min F(x)= min F(x), for every k € N.
z€A(rk) ( ) z€intB(ryk) ( ) f 4

(2) The following inequality holds

T

F t)dt 1

lim inf — (x)fo 04T() < —-.
e ST P fo v(t)de p

Then problem (S) has a sequence of pairwise distinct solutions which
converges strongly to the zero function 0x € X.

Proof We first observe that 6x is the only global minimum of I5. As-
sumption (1) and Theorem 6.2(a) imply that ¢(rx) = 0, for every k € N.
Let ¢ be defined as in relation (1.39). Since ¢(r) > 0 for every r > 0,
we conclude that

0= lirg(l)rlf p(r) =0.
Applying Theorem 1.23(c) for A = 1, we conclude that either assertion
(c1) or (c2) of this theorem must hold. Next we show that (c1) is not
satisfied, that is, we prove that fx is not a local minimum of Iy + Is.
For this fix a real number ¢ such that

F(z) [} a(t)dt 1

lim inf — = <g< ——.
i Zi:l |]P fo yi(t)dt p
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Choose now a sequence (z¥)gey in R™ such that lim z¥ = 0,, and
F(z%) [T a(t)dt
RO,

For every k € N denote by u*: X — R” the constant function taking
the value 2*. Then the following relations hold for every k € N

F(xk)/o a(t)dt—k%Z\xﬂp/o ()t
=1

< q, for every k € N.

I (u®) + In(u®)

1\ © T
< (ot 3) Shatr [ uto
)3 0
< 0=I5L(0x)+ I(0x).
We have that lim [|[u¥|| = 0, thus 6x is not a local minimum of I; +

I5. Theorem 1.23(c2) and Proposition 6.1 imply now the existence of a
sequence (@) of pairwise distinct solutions of (S) such that lim Iy (%) =
0. Since I is a norm on X which is equivalent to the norm || - ||, we
conclude that (#*) converges strongly to fx in X. O

6.4 Applications

We specialize now some of the data of the previous section in order to
obtain applications of Theorems 6.3 and 6.4. We assume that n > 1 is
a natural number, =1, p > 1 is a real number, S C R™ x R" is a set
satisfying condition (C2), 7, is the function taking the constant value 1,
for every i € {1,...,n}, and a € L'(]0,T[,R) is so that fol a(t)dt > 1
and a(t) > 0 a.e. in ]0, 1[. In this case every norm ||-||;, ¢ = 1, n, reduces
to the usual norm on W?(]0,1[,R), and all the constants c¢;, i = 1, n,
in (6.18) can be considered to be equal to a suitable real number ¢ > 0.
Furthermore, we assume in this section that R™ is endowed with the

p-norm
n 1/p
o] = (zmp) |

i=1

Thus, for r > 0, the sets A(r) and B(r) defined in (6.19) become

1 1 1
A(r):{xER":~|x|p§r} B(r):{xeR":|x|P§r}.
p P p



6.4 Applications 189

Example 6.2 We give now an application of Theorem 6.3. In order to
define F': R™ — R we consider a function f: [0, +oo[— [0, +o00[ with the
following properties:
(1) f is bijective,
f is strictly increasing,
U
e f(t)
(iv) f~!is locally Lipschitz.
Note that the above properties imply that f(0) = 0, f~! is strictly
increasing, and

lim f(t) = lim f~'(t) = 4o0.

t——+oo t——+oo
An example of a function f satisfying properties (i)—(iv) is
t € [0, +oco[— a’ — 1 € [0, +o0],

where the real a > 1 is chosen so that a™ > cP.
Define F': R™ — R by

1
F(z) = ’ |z|P sin =1 (|z[P), for every x € R™.

A straightforward argument yields that F is of class C! (that is, satisfies
condition (C1)).

We next show that the assumptions (1) and (2) of Theorem 6.3 are
fulfilled. Indeed, to check (1), we observe that by (iii) and for every
sufficiently large k € N,

For these values of k put

f((2k+ 1)m) '

Tk ‘= pep
Then lim r;, = +o0o. Furthermore,

min F(z) = min F(x). 6.21
zEA(rk) (@) |z|P < f((2k+1)7) @) ( )

If f(2km) < |z|P < f((2k + 1)), then
2k < 7 (|2fP) < (2k + D)7,

hence
sin (f71 (|«[")) > 0,.
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This means that F' > 0. Taking into account that F'(0,) = 0, it follows
that

min F(z)= min F(z). (6.22)
[P <f((2k+1)m) |z|P < f (2km)

On the other hand, if z € R™ is so that |z|? < f(2kw) then, in view of
(6.20), we have

- f((2k+1)m)

pcp =Tk. (623)

1 1
2P < — f(2km)
p p

Using (6.21), (6.22), and (6.23), we conclude that

min F(z)= min F(z),
z€A(ry) z€intB(rk)

hence assumption (1) of Theorem 6.3 is fulfilled. For assumption (2) we
observe that

1
F t)dt 1
imi —(Jf)nfo a(t) = liminf 1Sin (f*1 (|x|p))/ a(t)dt
jwl—too Doy |zil? el =Foe p 0

1

1
:_7/ a(t)dt < 1.
P Jo p

Theorem 6.3 yields now that problem (P) has an unbounded sequence
of solutions.

Example 6.3 To get an application of Theorem 6.4 consider a function
f+:]0,400[—]0, +oo[ with the following properties:
(i) f is surjective,
(ii) f is strictly increasing,
(iii) f is differentiable on ]0, +oo],
)

(1
(iv) the map ¢ €]0, +oo[— @ € R is bounded on every interval

10,a[, a > 0,

R S )
S A ST

Under these assumptions, f~! is strictly increasing and . liin f _1(15) =
—T 00

+00. An example for a function satisfying properties (i)—(v) is
¢ €10, +o0[— log, (¢ + 1) €]0, +o0],

where the real a > 1 is chosen so that a™ > cP.
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Define g: [0, +o00[— R by
tsinf(1/t), t#0

0, t=0.
This map has the following properties:

e g is continuous on [0, +-00],

e g is differentiable on ]0, +oo[ and ¢ is not differentiable in 0,

e ¢’ is bounded on every interval ]0,a[, a > 0. This follows from
property (iv) of f and the fact that for every ¢ > 0 we have

g'(t) = sin f (1/t) — cos f (1/t) LA,
Define now F': R® — R by

1
F(x) = };g(|x\p), for every x € R".

Since p > 1, it follows that F is of class C*.

We next show that F' satisfies conditions (1) and (2) of Theorem 6.4.
To verify (1), we observe that (by (v)) and for every sufficiently large
keN

(@K + D)

P, 6.24
fiekn) T (624
For these values of k put

L L
T e (k)

Then limr; = 0. Furthermore,

min F(x) = min F(x). 6.25
g Pl = s, F() (6.25)
1 1
If =rrrnm < 2P < 7=r(apm» then
1
2kr < f <|x|P> < (2k + )7,
hence

) 1
smf(mp) >0

Therefore F' > 0. Taking into account that F'(0,) = 0, it follows that

min F(z) = min F(z). (6.26)

1 - 1
|21 < 7=Tzm 21" < F=r@rom
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On the other hand, if # € R™ is so that |z|P < m, then, in
view of (6.24), we have that
1 1 1 1 1
_ P <= @ _— = . 6.27
S @ T e i e 62

Using relations (6.25), (6.26), and (6.27), we conclude that

min F(z)= min F(x),
z€A(rk) r€intB(ryk)

hence assumption (1) of Theorem 6.4 is fulfilled. For assumption (2) we
observe that

1
F t)dt 1
lim inf —(x) fo o(t) = lim inf 1 sin f <| 1p) / a(t)dt
€ 0

AR ST
1 1
:_7/ a(t)dt < —=
PJo p

According to Theorem 6.4, problem (P) has a sequence of pairwise dis-
tinct solutions which converges strongly to the zero function 0x € X.

6.5 Comments and historical notes

In the last few years, many papers were dedicated to the study of p-
Laplacian systems with various types of boundary conditions. We men-
tion here Mandsevich and Mawhin [197], [198], Mawhin [205], Gasinski
and Papageorgiu [124], Jebelean and Moroganu [147], [148]. The meth-
ods used in these papers to prove the existence or multiple solutions of
p-Laplacian systems are based on degree theory, minimax result, fixed
point theorems, or on continuation methods of Leray-Schauder type.
Jebelean [146] used the symmetric version of the mountain pass the-
orem to prove the existence of infinitely many solutions for problem
(Px,.)- Proposition 6.1 and Lemma 6.1 appear in the paper by Jebelean
and Moroganu [148], while Theorem 6.2 is due to Lisei, Moroganu, and
Varga [193]. The results contained in Section 6.3 are due to Breckner
and Varga [45].
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Competition Phenomena in Dirichlet
Problems

The purpose of models is not
to fit the data but to sharpen
the questions.

Samuel Karlin (1924-2007)

Having infinitely many solutions for a given equation, after a ‘small’
perturbation of it, one might be expected to find still many solutions
for the perturbed equation; moreover, once the perturbation tends to
zero, the number of solutions for the perturbed equation should tend
to infinity. Such phenomenon is well-known in the case of the equation
sinz = ¢ with ¢ € (—1,1) fixed, and its perturbation sinz = c+ex, x €
R; the perturbed equation has more and more solutions as |¢| decreases
to 0. This natural phenomenon has been first exploited in an abstract
framework by Krasnosel’skii [161]. More precisely, by using topological
methods, Krasnosel’skii asserts the existence of more and more critical
points of an even functional of class C' perturbed by a non-even term
tending to zero, the critical points of the perturbed functional being the
solutions for the studied equation.

The purpose of this chapter is to study the number and behaviour of
solutions to a Dirichlet problem which involves an oscillatory nonlinear-
ity and a pure power term.

7.1 Introduction
We consider the multiplicity of solutions to the problem
—Au=Aa(x)uP + f(u) in €,
u>0, uz0 in Q, (Py)
u=20 on 0,

193
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where ) is a smooth bounded domain in RN (N > 3), f:[0,00) — R
oscillates near the origin or at infinity, and p > 0, A € R. Denoting
formally 0% or 400 by the common symbol L (standing for a limit point),
we assume on the continuous nonlinearity f that

(fF)  —oo <liminf, .f, Fs(f) < limsup,_, FS(QS) = +00;

(f&y iy = liminfs_,L@<0,

S

where F(s) = [ f(t)dt. One can easily observe that f has an oscillatory
behaviour at L.

While oscillatory right hand sides usually produce infinitely many dis-
tinct solutions, the additional term involving uP may alter the situa-
tion radically. Our purpose is to fully describe this phenomenon, show-
ing that the number of distinct nontrivial solutions to problem (P)) is
strongly influenced by u” and depends on A whenever one of the follow-
ing two cases holds:

e p <1 and f oscillates near the origin;

e p>1 and f oscillates at infinity (p may be critical or even super-
critical). The coefficient a € L*°(Q) is allowed to change its sign, while
its size is relevant only for the threshold value p = 1 when the behaviour
of f(s)/s also plays a crucial role in both cases.

7.2 Effects of the competition

In this section we present the main results of this chapter, establishing
as well some interesting connections between the behaviour of certain
algebraic equations and PDEs.

We notice that our problem (P)) can be compared with elliptic prob-
lems involving the so-called concave-convex nonlinearities, see Ambrosetti-
Brézis-Cerami [5], de Figueiredo-Gossez-Ubilla [117], [116]. In such a
case, the sublinear term «? and the superlinear term f(u) = u? compete
with each other, where 0 <p<1<¢g< (N+2)/(N—-2)=2*-1. Asa
consequence of this competition, problem (Py) has at least two positive
solutions for small A > 0 and no positive solution for large A. Since
u — —Au is a linear map, the above statement is well reflected by the
algebraic equation

s=AsP+57, s>0. (E),)

Psa
Indeed, there exists a A* > 0 such that for every A € (0, \*) equation

(E;," o) has two solutions, (E;)‘q) has one solution, and for A > A* equation
(E;"q) has no solution, see Figure 7.1.
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Vs (s)z Ays? +s7

w ¥

o]

Fig. 7.1. Let 0 < p < 1 < q. For every A1 < A* < \a, the algebraic equation (E;,\{Z)
has two solutions, while (E;‘ﬁl) has no solution.

Equations involving oscillatory terms usually give infinitely many dis-
tinct solutions, see Kristédly [168], Kristdly-Moroganu-Tersian [173], Omari-
Zanolin [229], Saint Raymond [265]. However, surprising facts may occur
even in simple cases; indeed, if p = 1 and we consider the oscillatory func-
tion f(s) = fu(s) = psins (u € R), problem (P)) has only the trivial
solution whenever (|A|- ||al|pe + ||)A1(2) < 1, where A1 (€2) denotes the
principal eigenvalue of —A on H}(Q), and || - || is the L>°(Q)-norm.
In order to obtain infinitely many distinct solutions for (Pg) we have to
consider a class of functions having a suitable oscillatory behaviour; this
class consists from functions which fulfill (f{) and (fF), L € {0, +o00}.

In the sequel, we state our main results, treating separately the two
cases, i.e., when f oscillates near the origin, and at infinity, respec-
tively. The coefficient a € L°°(Q) is allowed to be indefinite (i.e.,
it may change its sign), suggested by several recent works, including
Alama-Tarantello [3], [2], Berestycki-Cappuzzo Dolcetta-Nirenberg [35],
de Figueiredo-Gossez-Ubilla [117], [116], Servadei [270].

A. Oscillation near the origin. Let f € C(]0,00),R) and F(s) =
Jy f(t)dt, s > 0. We assume
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(f2) —oo < liminf, g+ FS(;); lim sup,_, o+ % = 4-00;

(f9) lo := liminf,_,+ @ <0.

Remark 7.1 Hypotheses (f) and (f9) imply an oscillatory behaviour
of f near the origin. Let a,3,7 € Rsuch that 0 < a <1 < a+ 3,
and v € (0,1). The function fy : [0,00) — R defined by fo(0) = 0 and
fo(s) = s%(y +sins™P), s > 0, verifies (f) and (f3), respectively.

Theorem 7.1 (Casep > 1) Assume a € L*>(Q2) and let f € C([0,0),R)
satisfy (f7) and (f3). If
(i) either p =1 and Aa(x) < Ag a.e. x € Q for some 0 < \g < —lo,
(ii) orp > 1 and A € R is arbitrary,
then there exists a sequence {u?}; C H3(Q) of distinct weak solutions of
problem (Py) such that

lim [|uf[| 7y = lim [|uf]|z = 0. (7.1)
1— 00 71— 00

Remark 7.2 (i) If [y = —oo, then (i) holds for every A € R. For instance,
this may happen for fy from Remark 7.1.

(ii) Notice that p > 1 may be critical or even supercritical in Theorem
7.1(ii). Having a suitable nonlinearity oscillating near the origin, Theo-
rem 7.1 roughly says that the term defined by s — sP (s > 0) does not
affect the number of distinct solutions of (Py) whenever p > 1; this is
also the case for certain values of A € R when p = 1. A similar relation
may be stated as before for both the equation (Eg,q) and the elliptic
problem involving concave-convex nonlinearities. Namely, the thesis of
Theorem 7.1 is nicely illustrated by the equation

s=As? + fo(s), s >0, (Ep)

where fy is the function appearing in Remark 7.1. Since |y = —o0,
for every A € R and p > 1, equation (Ep) has infinitely many distinct
positive solutions.

On the other hand, this phenomenon dramatically changes when p <
1. In this case, the term s — sP (s > 0) may compete with the function
fo near the origin such that the number of distinct solutions of (Ej)
becomes finite for many values of \; this fact happens when 0 < p < a («
is the number defined in Remark 7.1). However, the number of distinct
solutions to (Ey) becomes greater and greater if |[A| gets smaller and
smaller as a simple (graphical) argument shows. See Figure 7.2.
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y(s)= s y(s): s

A

J’1(S): As" 7Lfo(s)

N

yz(s)= As? +f0(s)

Ve

Y

2 wa\/
(@) ®)

Fig. 7.2. For any A € R and p = p1 > 1, (Ep) has infinitely many distinct solutions,
see (a). However, for many A € R and p = p2 < 1, (Ep) has only finitely many
distinct solutions, see (b).

In the language of our Dirichlet problem (P)), the latter statement is
perfectly described by the following result.

Theorem 7.2 (Case 0 < p < 1) Assume a € L>®(). Let f €
C([0,00),R) satisfy (fY) and (f3), and 0 < p < 1. Then, for every
k € N, there exists A} > 0 such that (Py) has at least k distinct weak
solutions {uf ,...,uj y} C Hy(Q) whenever A € [=A}, \}]. Moreover,

lud sy <i™' and |Jufy|l= <i™' for any i =T1,k; A € [-A}, A}).
(7.2)

B. Oscillation at infinity. Let f € C([0,00),R). We assume

(ff°) —oo < liminf,_, FS(;); limsup,_,

(f5°) loo :=liminf, O

S

EY) = too;

Remark 7.3 Hypotheses () and (f$°) imply an oscillatory behaviour
of f at infinity. Let «, 3,7 € R such that 1 < «, | — 8] < 1, and
v € (0,1). Then, the function foo : [0,00) — R defined by foo(s) =
5%(7 + sin s7) verifies the hypotheses (f°) and (f5°), respectively.

The counterpart of Theorem 7.1 can be stated as follows.
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Theorem 7.3 (Case p < 1) Assume a € L*(Q). Let f € C([0,),R)
satisfy (f£°) and (f$°) with f(0) =0. If
(i) either p =1 and Aa(x) < oo a.e. x € Q for some 0 < Moo < —loo,
(ii) or p <1 and X € R is arbitrary,
then there exists a sequence {u$°}; C HJ () of distinct, weak solutions
of problem (Py) such that

lim ||ug®|| e = 0. (7.3)
Remark 7.4 If
T (7.4)
s€[0,00) 1+s

then we also have lim; .o [[uf®| g = oo in Theorem 7.3. For details,
see Section 7.5.

Remark 7.5 A similar observation can be made as in Remark 7.2.
Indeed, when f oscillates at infinity, Theorem 7.3 shows that the term
defined by s +— sP (s > 0) does not affect the number of distinct solutions
of (Py) whenever p < 1. This is also the case for certain values of A € R
when p = 1. A similar phenomenon occurs in the equation

3:)‘3p+foo(5)a 5203 (Eoo)

where fo, is the function defined in Remark 7.3. Since [, = —o0, for
every A € R and p < 1, equation (E.) has infinitely many distinct
positive solutions.

On the other hand, when p > 1, the term s — s (s > 0) may
dominate the function f,, at infinity. In particular, when a < p, the
number of distinct solutions of (F.,) may become finite for many values
of A (here, « is the number defined in Remark 7.3). The positive finding
is that the number of distinct solutions for (F.,) increases whenever ||
decreases to zero. See Figure 7.3.

In view of this observation, we obtain a natural counterpart of Theo-
rem 7.2.

Theorem 7.4 (Case p > 1) Assume a € L*(Q). Let f € C([0,),R)
satisfy (f5°) and (f$°) with f(0) =0, and p > 1. Then, for every k € N,
there exists Ay° > 0 such that (Py) has at least k distinct weak solutions
{ufoy, s uty} © Hg () whenever X € [=A3°, A°]. Moreover,

lule= > i—1 for anyi=T,k A€ [-AZAE]  (7.5)



7.2 Effects of the competition 199
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y(s)=s y(s)=s
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YZ(S): As? +fw(s)

(@) ®)

Fig. 7.3. For any A € R and p = p1 < 1, (Ex) has infinitely many distinct solutions,
see (a). However, for many A € R and p = p2 > 1, (Fs) has only finitely many (or,
even none) distinct solutions, see (b).

Remark 7.6 If f verifies (7.4) and p < 2* — 1 in Theorem 7.4, then
lugallzry >i—1 for any i =1,k A€ [-A2, ).

We conclude this section by stating a result for a model problem
which involves concave-convex nonlinearities and an oscillatory term.
We consider the problem

—Au=MP+pul + f(u), u>0 on € (Py,)

u=20 on 0N, Astt
where 0 < p < 1 < g, and A\, u € R. The following result proves that
the number of solutions (Py ) is influenced

(i) by the sublinear term when f oscillates near the origin (with no
effect of the superlinear term); and alternatively,

(ii) by the superlinear term when f oscillates at infinity (with no
effect of the sublinear term).

More precisely, applying Theorems 7.2 and 7.4, we have
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Theorem 7.5 Let f € C([0,00),R) and 0 <p <1 <gq.

(1) If (f2) and (f9) hold, then for every k € N and u € R, there exists
Ak > 0 such that (Py ) has at least k distinct weak solutions
in Hy(Q) whenever X € [— g s Ao, pu)-

(ii) If (f°) and (f$°) hold with f(0) = 0, then for every k € N
and X € R, there exists puy x > 0 such that (P ) has at least k
distinct weak solutions in HE(Q) whenever i € [—pug x, fik2]-

7.3 A general location result

We consider the problem

—Au+ K(z)u = h(z,u), v>0 in Q,
u =0 on 01,

and assume that

(Hi): K € L*>®(Q), essinfo K > 0;

(H}): h:Qx[0,00) — R is a Carathéodory function, h(x,0) = 0 for
a.e. x € Q, and there is M}, > 0 such that |h(z,s)| < M}, for a.e.
x € Q and all s € R;

(H?): there are 0 < § < n such that h(z,s) <0 for a.e. z € Q and all
s € [4,n].

We extend the function h by h(x,s) =0 for a.e. € Q and s < 0. We
introduce the energy functional £ : H} () — R associated with problem
(PF), defined by

E(u) = %HuH?{& + %/QK(:c)qux —/QH(a?,u(a:))dx, u € HE(Q),

where H(z,s) = [; h(z,t)dt, s € R. Due to hypothesis (H},), it is easy
to see that & is well-defined. Moreover, standard arguments show that
€ is of class C! on Hi(Q).

Finally, considering the number n € R from (H}%), we introduce the
set

W' = {u € Hy(Q) : |ul = < n}.

Since h(z,0) = 0, then 0 is clearly a solution of (Pf). In the sequel,
under some general assumptions, we guarantee the existence of a (pos-
sible trivial) weak solution of (P£) which is indispensable in our further
investigations (see Sections 7.4 and 7.5).
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Theorem 7.6 Assume that (Hg), (H},), (H2) hold. Then

(i) the functional € is bounded from below on W and its infimum
is attained at some u € W";
(ii) a(z) € [0,0] for a.e. x € L)
(iii) @ is a weak solution of (PE).

Proof. (i) Due to (H},) and by using Hélder’s and Poincaré’s inequali-
ties, the functional € is bounded from below on the whole space H{ (€2).
In addition, one can easily see that £ is sequentially weak lower semi-
continuous and the set W7 is convex and closed in H}(2), thus weakly
closed. Combining these facts, there is an element @ € W which is a
minimum point of £ over W,

(ii) Let A = {z € Q : a(x) ¢ [0,d]} and suppose that m(A) > 0.
Here and in the sequel, m(-) denotes the Lebesgue measure. Define the
function v : R — R by ~(s) = min(s,d), where s, = max(s,0). Now,
set w = 7 o @. Since v is a Lipschitz function and v(0) = 0, the theorem
of Marcus-Mizel [201] shows that w € H}(2). Moreover, 0 < w(x) < &
for a.e. 2. Consequently, w € W™".

We introduce the sets A1 = {x € A : 4(x) < 0} and As = {x € A :
a(z) > 6}. Thus, A = A; U Ay, and we have that w(z) = ua(x) for all
x € Q\ A, wx) =0 for all x € Ay, and w(z) = § for all z € As.

Moreover, we have

E(w) —E&(u) =

1 1

—f/ |Va|* + f/ K(z)[w® — @%) — / [H(z,w) — H(z,u)].
2/)a 2/a A

Since essinfq K > 0, one has

/ K@)w?*—-a*=—- | K@a*+ | K(@)[0*—a% <o.
A Ay Az

Due to the fact that h(x,s) =0 for all s <0, one has
/ [H(x,w) — H(z,u)] = 0.
Ay

By the mean value theorem, for a.e. = € Ay, there exists 0(z) €
[0, a(x)] C [d,n] such that

H(z,w(z)) — H(z,u(r)) = H(z,0) — H(z,u(z)) = h(z,0(x))(6 — u(z)).

g [l — il ] + 5 [ K@) [ =] = [ (@0 - B

)
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Thus, on account of (H?), one has
/ [H(z,w) — H(z,u)] > 0.
Az

Consequently, every term of the expression £(w) — £(@) is non-positive.
On the other hand, since w € W", then E(w) > £(@) = infyw €. So,
every term in £(w) — £(@) should be zero. In particular,

K()a* = [ K(x)[a?® - 6% =0.
Az Az
Due to (Hg), we necessarily have m(A) = 0, contradicting our assump-
tion.

(iii) Let us fix v € C§°(Q) and let 9 = (n — 0)/(||v]lc, + 1) > 0.
Define the function E : [—gg,e9] — R by E(e) = &(a + ev) with
€ € [—€0,¢e0]. Due to (ii), for every e € [—eq, 0], the element @ + v
belongs to the set W". Consequently, due to (i), one has E(e) > F(0)
for every e € [—eg,e0]. Since E is differentiable at 0 and E’(0) = 0 it
follows that (£'(@),v) g2 = 0. Since v € C§°(€2) is arbitrary, and the set
C§°(9) is dense in Hg (€2), we obtain that @ is a weak solution of (P£). O

We conclude this section by constructing a special function which
will be useful in the proof of our theorems. In the sequel, let B(xg,7) C €2
be the N-dimensional ball with radius r > 0 and center zo € €. For
s > 0, define

0, it xeQ\ B(xg,7);
zs(x) =< s, it  x € B(zg,r/2); (7.6)
25 (p — |z — x0]), if x€ B(zo,r)\ B(wo,7/2).

T

It is clear that z, € HZ(£2). Moreover, we have ||z|/~ = s and
H’ZSH?‘I[% = / |Vze|? = 4rV72(1 — 27 Mwys®> = C(r, N)s? > 0, (7.7)
Q

where wy is the volume of B(0,1) ¢ RV,

Notation. For every n > 0, we define the truncation function 7, :
[0,00) — R by 7,(s) = min(n,s), s > 0.
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7.4 Nonlinearities with oscillation near the origin

Since parts (i) and (ii) of Theorem 7.1 will be treated simultaneously,
we consider again the problem from the previous Section

{—Au+K(w)u=h(w,u), vw>0 in

K
u =0 on 01, (Py)

where the potential K : Q@ — R fulfills (Hg). The function h : Q x
[0,00) — R is Carathéodory, and we assume
(HY): h(x,0) =0 for a.e. x € 2, and there exists sp > 0 such that

sup [h(-, )] € L=(Q);

s€0,s0]
(H)): —oo < liminf, g+ @ and limsup,_,o+ @ = +00 uni-

formly for a.e. « € Q; here, H(z,s) = fos h(z,t)dt;

(H9): there are two sequences {&;}, {n;} with 0 < ;11 < & < m;,
lim; oo n; = 0, and h(z,s) < 0 for a.e. = € Q and for every
ERS [(51',7’]1'}, 1€ N.

Theorem 7.7 Assume (Hy), (HY), (HY) and (HS) hold. Then there
exists a sequence {ul}; C H(Q) of distinct weak solutions of problem
(PE) such that

lim [|uf[| 7y = lim [|uf]|z = 0. (7.8)
1— 00 71— 00

Proof Without any loss of generality, we may assume that {d;};, {n:}: C
(0,50), where sp > 0 comes from (HJ). For every i € N, define the
truncation function h; : @ x [0,00) — R by

hi(z,s) = h(z, 1, (s)) (7.9)

and let & : H3 () — R be the energy functional associated with the
problem (Pf). Let Hy(x,s) = [ hi(z,t)dt.

Due to hypotheses (HY) and (HY), the function h; verifies the assump-
tions of Theorem 7.6 for every i € N with [d;, 7;]. Consequently, for every
i € N, there exists u? € W" such that

u is the minimum point of the functional & on W, (7.10)
ul(z) €[0,8;] for a.e. x € Q, (7.11)
uf is a weak solution of (Py ). (7.12)
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Thanks to (7.9), (7.11) and (7.12), u? is a weak solution not only for
(P7X) but also for the problem (Pf).
Now, we prove that there are infinitely many distinct elements in the

sequence {u};. To see this, we first prove that

Ei(ud) <0 forallicN; (7.13)
lim & (u)) = 0. (7.14)

The left part of (H}) implies the existence of some I > 0 and ¢ € (0,71)
such that

essinf,cqH (z,5) > —1ls® for all s € (0,¢). (7.15)
Let L! > 0 be large enough so that
1 1
5O N+ (Gl 41§ ) m(@) < Zr/2Yen, (720

where > 0 and C(r, N) > 0 come from (7.7). Taking into account the
right part of (HY), there is a sequence {3;}; C (0,¢) such that 3; < §;
and

essinf eqH (z,5;) > Ly for alli € N. (7.17)

Let i € N be a fixed number and let z;, € H}(£2) be the function from
(7.6) corresponding to the value §; > 0. Then z;, € W and on account
of (7.7), (7.17) and (7.15), one has

1
oty [ K@ - [ i)
= SN2+ [ K@)
2 2 Jq :

—/ H(x,§i)dx—/ H(z, 2z (x))dx
B(xo,r/2)

B(xo,m)\B(wo,7/2)

1

1 1
< [FO0N) + IR lmrm(@) = L(r/2) e + ()] 2

Consequently, using (7.10) and (7.16), we obtain that

which proves in particular (7.13). Now, let us prove (7.14). For every
i € N, by using the mean value theorem, (7.9), (HY) and (7.11), we have

Ei(u?) > — | Hi(w,ui(x))de > —| sup [h(-,s)[[|L=m()d;.
Q s€[0,s0]
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Due to lim;_. d; = 0, the above inequality and (7.18) leads to (7.14).

On account of (7.9) and (7.11), we observe that

Ei(ud) = & (u?) for all i € N.
Combining this relation with (7.13) and (7.14), we see that the sequence
{u?}; contains infinitely many distinct elements.

It remains to prove relation (7.8). The former limit easily follows by
(7.11), i.e. ||ul||L= < &; for all i € N, combined with lim;_,, §; = 0. For
the latter limit, we use (7.18), (HY), (7.9) and (7.11), obtaining for all
1 € N that

Loy Looop2 1 012
5”“1”}13 < 5”“1”}1&*5 QK(m)(uz)

< /Hi(ﬂc,ug(ff))ﬁ\\ sup |h(-; s)[[|Lem()0;
Q

s€[0,s0

which concludes the proof of Theorem 7.7. |

Proof of Theorem 7.1. (i) Case p = 1. Let A\ € R as in the hypothesis,
ie, da(z) < A a.e. = €  for some 0 < Ay < —lp. Let us choose
Ao € ()\0, —lo) and

K(x) =X — Aa(z) and h(z,s) = Ags + f(s) for all (z,s) € Q x [0,00).
(7.19)
Note that essinfo K > Ao — Ao > 0, so (Hg) is satisfied. Due to (f})
and (f9), we have f(0) = 0. Thus, (HJ) clearly holds. Moreover, since
H(x,s)/s> = X\o/2+ F(s)/s%, s > 0, hypothesis (f°) implies (H). Fi-
nally, since Iy < —\o, there exists a sequence {s:}i € (0,1) converging
to 0 such that f(s;)/s; < —Ag for all i € N. Consequently, by using the
continuity of f, we may choose two sequences {d;};,{m:}; C (0,1) such
that 0 < 7,41 < 0; < 8; < 1y, lim;_ oo m; = 0, and Xos + f(s) <0 for all
s € [0;,mi] and i € N. Therefore, (HJ) holds too. It remains to apply
Theorem 7.7, observing that (P£) is equivalent to problem (P)) via the
choice (7.19).
(ii) Case p > 1. Let A € R be arbitrary fixed. Let us also fix a number
Ao € (0,—lp) and choose

K(z) = Ao and h(z, s) = Xa(z)s” +os+ f(s) for all (z,s) € 2% [0, 00).
(7.20)

Clearly, (Hg) is satisfied. Since a € L>®(Q), a simple argument yields

that (HY) also holds. Moreover, since p > 1 and H (z, s)/s* = \a(z)sP~!/(p+
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1)+ Xo/2 + F(s)/s?, s > 0, hypothesis (f) implies (H}). Note that for
a.e € Q and every s € [0,00), we have

h(z,s) < |A| - |lal|=s? 4+ Xos + f(s) = ho(s). (7.21)
Due to (f3),

h
1iminfﬁ =X+ 1o < 0.
S

s—0t

In particular, there exists a sequence {s;}; C (0,1) converging to 0
such that ho(s;) < 0 for all i € N. Consequently, by using the conti-
nuity of hg, we can choose two sequences {d;}, {n:i}s C (0,1) such that
0 < Mig1 < 6; < 8 <My, lim; oo m; = 0, and fzo(s) <0 for all s € [d;,m]
and i € N. Therefore, by using (7.21), hypothesis (HY) holds. Now,
we can apply Theorem 7.7; problem (PX) is equivalent to problem (P))
through the choice (7.20). In both cases (i.e., (i) and (ii)), relation (7.1)
is implied by (7.8). This completes the proof of Theorem 7.1. O

Proof of Theorem 7.2. The proof is divided into four steps.

Step 1. Let \g € (0, —lp). On account of (fY), there exists a sequence
{s:}: € (0, 1) converging to 0, such that f(s;)/s; < —Ag. For every A € R
define the functions A* : @ x R — R and h : R2 — R by

R (x,5) = Aa(z)s? 4+ Aos + f(s) for all (z,s) € Q x [0, 00);

R(X,s) = A - [|a]|pes? + Aos + f(s) for all s € [0, 00).

Since h(0, s;) = Xosi + f(s;) < 0 and due to the continuity of &, we can
choose three sequences {d;}i, {n:}i, {\i}: C (0,1) such that 0 < 7,41 <
0; < 85 <My, im0 1; = 0, and for every ¢ € N,

h(X\, s) <0 forall Ae[-X\;,\] and s € [5;,7n). (7.22)
Clearly, we may assume that

6 <min{i ™1, 2721+ |al| 2 +m(Q) max 1£(s)|]7'}, i €N. (7.23)

Since h*(z,s) < h()\,s) for a.e. 2 € Q and all (\,s) € R x [0,00), on
account of (7.22), for every i € N, we have

hM(xz,5) <0 for ae. z € Qand all A € [-)\;, \i], s € [0;,m:].  (7.24)
For every i € N and A\ € [\, Aj], let h : Q x [0,00) — R be defined by
h(z,8) = WM, 7y, (s)) (7.25)
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and K(z) = Xo. Let also &\ : H}(2) — R be the energy functional

associated with the problem (P,), i.e.,

1 1 (@)
Eir(u) = 5”“”%}3 +3 /Q K (z)u? 7/9 (/0 hf‘(m,s)ds) dx. (7.26)

Then, for every i € N and A € [—\;, \;], the function h} verifies the
hypotheses of Theorem 7.6; see (7.24) for (H?,). Therefore, for every

1e€Nand \ € [—)\1,)\1]

there exists u?y)\ € W™ such that El-wA(u?)\) = %lln Eix; (7.27)
u) \(z) € [0,6;] for a.e. z € Q, (7.28)
u?’)\ is a weak solution of (P}5). (7.29)

Due to the definition of the functions h and K, u?’ \ is a weak solution
not only for (PX,), see (7.25), (7.28) and (7.29), but also for our initial

problem (Py) once we guarantee that uy , # 0.

Step 2. For A\ = 0, the function h} = h? verifies the hypotheses of
Theorem 7.7; more precisely, hY is precisely the function appearing in
(7.9) and &; = & is the energy functional associated with problem
(Pﬁ)) Consequently, besides (7.27)-(7.29), the elements u := uf also
verify

Ei(ud) = min€; < Ei(z5,) <0 foralli €N, (7.30)

where z5, € W come from the proof of Theorem 7.7, see (7.18).

Step 3. Let {6;}; be a sequence with negative terms such that lim; . 6; =
0. On account of (7.30), up to a subsequence, we may assume that

Let

(p+1)(0it1 — Eilzs,))
lallp +1

v -+ D(E(d) - 6)
fallzs +1

2

and N/ =

, 1 €N

Fix k € N. On account of (7.31),

AL = min(Ag, ey Ay ALy ooy Ny AT, ooy A7) > 0,
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Then, for every i € {1,...,k} and X € [-A}, A?] we have

Ein(uly) < &ialzs,) (see (7.27))
1 9 A p+1 /
= —|zs —— [ a(z)zy" — F(zs, (x))dx
Slasliy — 2 [ a@er = [ R
A
= &(z:)— — [ a(z)2™!
G- 2 [awe
< B0it1, (see the choice of X, and §; < 4; <1)

and taking into account that ug 5, belongs to W7 and u! is the minimum
point of & over the set W™ see relation (7.30), we have

A
Ein(udy) = &y — 11/, a(z)(uf )P
A
> &(u) — pi1 A a(x)(U?,A)pH
> 0. (see the choice of A/ and (7.28))

In conclusion, for every for every i € {1,...,k} and X € [-A?, A?] we have
91‘ < 8i7>\(u?7/\) < 9i+1 < 0,
thus

517,\(u(1)7/\) < ... < 8k7,\(u27/\) < 0.

But, uf, € W for every i € {1,...,k}, so Eia(u)y) = E1a(uy ), see
relation (7.25). Therefore, from above, we obtain that for every A €
[7)\2v)‘2}7

El,A(u?)A) <. < 817,\(u27/\) <0= glyk(O).

These inequalities show that the elements uf ,,...,uj y are distinct (and
non-trivial) whenever A € [—A?, A?].

Step 4. It remains to prove conclusion (7.2). The former relation
follows directly by (7.28) and (7.23). To check the latter, we observe
that for every i € {1,...,k} and X € [0, \9],

511)\(,&?,)) = gi,)\(u?,)\) < 9i+1 < 0.
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Consequently, for every i € {1,...,k} and A € [-A], A\}], by a mean value
theorem we obtain

A
glially < 2 [ a@lyr+ [ Py
< [p—f— 1 lallrr +m(Q) m[%>§]| (s )|] §; (see (7.28) and &;,\) < 1)
< 27472 (see (7.23))
which concludes the proof of Theorem 7.2. O

7.5 Nonlinearities with oscillation at infinity

In order to prove Theorems 7.3 and 7.4 we follow more or less the tech-
nique of the previous Section. However, for completeness, we give all the
details. We consider again the problem (PhK ), where the Carathéodory
function h : Q x [0,00) — R fulfills

(H&®): h(x,0) =0 for a.e. z € Q, and for every s > 0,

sup |h(-,t)| € L>();
telo,s]

H(w s) H(z,s)

(H®): —o00 < liminf,_q and limsup, ., =% = 400 uniformly
for a.e. erhereHms fo (z,t)dt;

(H$°): there are two sequences {d;}, {n;} with 0 < &; < n; < diy1,
lim; o §; = +00, and h(x,s) < 0 for a.e. = € Q and for every
s € [0;,ms], 7 € N.

Theorem 7.8 Assume (Hg), (H5®), (H®) and (H3®) hold. Then there
exists a sequence {u$®}; C HE(Q) of distinct weak solutions of problem
(PE) such that

lim ||ug®||pe = 0. (7.32)

Proof. For any i € N, we introduce the truncation function h; :
Q2 x [0,00) — R by

hi(x,s) = h(z, 7,(s)). (7.33)

Let & : H}(2) — R be the energy functional associated with problem
(PF). As before, let H;(x,s) = [ hi(z, t)dt.
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On account of hypotheses (H3) and (H3°), h; fulfills the assumptions
of Theorem 7.6 for every ¢ € N with [§;,7;]. Thus, for every ¢ € N, there
is an element uy° € W™ such that

u;° is the minimum point of the functional & on W™ (7.34)
u(x) € [0,0;] for a.e. x € Q, (7.35)
us® is a weak solution of (Pf ). (7.36)

Due to (7.36), (7.33) and (7.35), u$° is also a weak solution to problem
(P)-
We prove that there are infinitely many distinct elements in the se-
quence {ug®};. To this end, it is enough to show that
lim & (us®) = —o0. (7.37)
71— 00
Indeed, let us assume that in the sequence {u{°}; there are only finitely
many distinct elements, say {u°, ..., ufg’} for some iy € N. Consequently,
due to (7.33), the sequence {&;(uf®)}; reduces to at most the finite set
{&i (ug®), ..., Eiy (ug?) }, which contradicts relation (7.37).
Now, we prove (7.37). By (H5°), there exist I, > 0 and ¢ > 0 such
that

essinf,cqH (z,5) > —1" 52 for all s > ¢. (7.38)

Fix L > 0 large enough such that
1 1 h h N
§C(r, N)+ §||K||Loc +15 ) m(Q) < Ly (r/2)  wn, (7.39)

where 7 > 0 and C(r, N) > 0 are from (7.7). Due to the right hand side
of (H{®), one can fix a sequence {3;}; C (0, 00) such that lim; ., §; = oo,
and

essinf,eqH (z,58;) > L" 5% for all i € N. (7.40)

Since lim; o 0; = 00, see (HS®), we can choose a subsequence {0, }:
of {d;}; such that §; < §,,, for all i € N. Let ¢ € N be fixed and
let z5, € H}(Q2) be the function from (7.6) corresponding to the value
3; > 0. Then z5, € W and on account of (7.7), (7.40) and (7.38), we
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1
%13"‘5/91((‘%)2; _AHml(xazgz(m))dx

1 1
= *C(T,Nﬁ?—l—*/K(w)zi —/ H(z,3;)dz
2 2 Ja B(zo,r/2)

1

7/ H(z,zz,(x))dx
(B(zo,m)\B(z0,m/2))N{zs;,>(}

-/ H(z, 2, (2))da
(B(zo,m)\B(x0,m/2))N {25, <C}

IN

1 1
5O N)+ IR Twm(®) — L (r/2) Yooy + (@) 2

+[ sup |A(, s)[[[em(Q2)C.
selo.q]

The above estimate, relation (7.39) and lim; . §; = oo clearly show
that

lim &, (2z5,) = —oc. (7.41)

1— 00

On the other hand, using (7.34), we have

mg

Therefore, on account of (7.41), we have

lim &, (uy,.) = —o0. (7.43)

Note that the sequence {&;(ug®)}; is non-increasing. Indeed, let i,k € N,
i < k. Then, due to (7.33), we have

Ei(u) = %lnn& = %%né’k > %17172& = Ep(u’).

Combining this fact with (7.43), we obtain (7.37).

Now, we prove (7.32). Arguing by contradiction assume there exists a
subsequence {ug®}; of {uf°}; such that for all i € N, we have [[up®||L-~ <
M for some M > 0. In particular, {uf°}; C W™ for some [ € N. Thus,
for every k; > [, we have

E(ug®)

min & = min &,

wm wm

min &, = &, (uy’)

Wk ’

%inn Er, (cf. hypothesis, ug° € W)
1 k2

E(u®).

v

Y
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As a consequence,
Ek, (ug?) = & (u7®) for all i € N. (7.44)

Since the sequence {&;(u°)}; is non-increasing, on account of (7.44),
one can find a number iy € N such that & (u®) = & (uy®) for all ¢ > 4.
This fact contradicts (7.37), which concludes the proof of Theorem 7.8.
O

Proof of Theorem 7.3. (i) Case p = 1. Let us fix A € R as in the
hypothesis, i.e., Aa(z) < Ao a.e. & € Q for some 0 < Ay < —ls. Fix
also Ao € (Ao, —loo) and let

K(x) = Ao — Aa(z) and h(z, s) = Aoos+ f(s) for all (z, s) € Qx[0,00).
(7.45)
It is clear that essinfoKX > Ao — Moo > 0, S0 (Hg) is satisfied. Since
f(0) = 0, (H5°) holds too. Note that H(x,s)/s? = Aoo/2 4 F(s)/s2,
s > 0; thus, hypothesis (f7°) implies (H®). Since o < —Xoo, there is
a sequence {s;}; C (0,00) converging to +oc such that f(s;)/s; < —Aso
for all ¢ € N. By using the continuity of f, we may fix two sequences
{0:}i, {ni}i € (0,00) such that 0 < §; < s; < m; < 341, lim; 00 0; = 00,
and Aoos+ f(s) < 0 for all s € [8;,7;] and i € N. Therefore, (H®) is also
fulfilled. Now, we are in the position to apply Theorem 7.8. Throughout
the choice (7.45), (PX) is equivalent to problem (P,) which concludes
the proof.
(ii) Case p < 1. Let A € R be fixed arbitrarily and fix also a number
Aoo € (0, —ls). Now, let us choose

K(z) = Ao and h(z, s) = Aa(z)sP+Aoos+f(s) for all (z,s) € 2x[0, c0).

(7.46)
Hypothesis (Hg) is clearly satisfied. Due to the fact that a € L>°(Q),
hypothesis (HZ®) holds too. Since p < 1 and H(z, s)/s*> = Xa(x)s?~1/(p+
1) + Aoo/2 + F(s)/s?, s > 0, hypothesis (f{°) implies (H{®). For a.e.
x € Q and every s € [0,00), we have

h(xz,s) < M- |lallpes? + Aoos 4+ F(5) = hoo(s). (7.47)

Thanks to (f§°), we have

lim inf hoo(5)

§—00 S

= Ao +1loo < 0.

Therefore, one can fix a sequence {s;}; C (0, 00) converging to +0oo such
that hoo(s;) < 0 for all ¢ € N. Now, by using the continuity of h.,, one



7.5 Nonlinearities with oscillation at infinity 213

can fix two sequences {d;};, {n:}; C (0,00) such that 0 < §; < s; <n; <
Oit1, lim; o §; = 00, and 7100(3) <0 for all s € [d;,m;] and ¢ € N. Thus,
by using (7.47), hypothesis (H3°) holds. Now, we can apply Theorem
7.8, observing that problem (P) is equivalent to problem (P)) through
the choice (7.46). Finally, in both cases (i.e., (i) and (ii)), (7.32) implies
relation (7.3). This concludes the proof of Theorem 7.3. O

Proof of Remark 7.4. Assume that (7.4) holds. By contradiction, let
us assume that there exists a bounded subsequence {ug}; of {u{°}; in
HY(Q). Since HE () is continuously embedded into L!(), t € [1,2%],
after an elementary estimate, we obtain that the sequence {&, (ug°)}i
is bounded. Since the sequence {&;(u$°)}; is non-increasing, it will be
bounded as well, which contradicts (7.37). O

Proof of Theorem 7.4. The proof is divided into five steps.

Step 1. Let Aoy € (0,—ls). Due to (ff°), we may fix a sequence
{si}: C (0,00) converging to oo, such that f(s;)/s; < —As. For every
X € R, let us define two functions h* : @ x R — R and h : R2 — R by

P (x,5) = Aa(z)s? + Aoos + f(s) for all (z,s) € Q x [0,00);

h(X, s) = |\ - [|al|es” 4+ Aoos + f(s) for all s € [0,00).

Note that (0, s;) = Asosi + f(s;) < 0. Due to the continuity of h, we
can fix three sequences {J; }+, {n:}; C (0,00) and {\;}; C (0,1) such that
0<§; <8<y <dirt, lim;_o d; = 00, and for every ¢ € N,

h(\,s) <0 forall A€ [\, \] and s € [5;,n]. (7.48)
Without any loss of generality, we may assume that
0; >4, i €N (7.49)

Note that h*(z,s) < h()\,s) for a.e. = € Q and all (A, s) € R x [0, 00).
Taking into account of (7.48), for every ¢ € N, we have

h(x,8) <0 for a.e. . € Qand all X € [\, \i], s € [6;,m:].  (7.50)
For any i € N and A € [, \], let h : ©Q x [0,00) — R be defined by
h(,8) = WM, 7y, (s)) (7.51)

and K(z) = Ao Let &x : H(Q) — R be the energy functional asso-
ciated with the problem (PF,), which is formally the same as in (7.26).

Note that for every i € N and A € [\, \;], the function h? fulfills the
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hypotheses of Theorem 7.6; see (7.50) for (H7 ). Consequently, for every
i€ Nand \ € [*)\Z,AZ]

there exists u; € W' with & \(4;%) = 1%1/151 Ein; (7.52)
;5\ () € [0,9;] for a.e. x € Q, (7.53)
i, is a weak solution of (PK). (7.54)

On account of the definition of the functions h} and K, and relations
(7.54) and (7.53), S, is also a weak solution for our initial problem (Py)
once we have ug% # 0.

Step 2. Note that for A = 0, the function h} = hY verifies the hy-
potheses of Theorem 7.8; in fact, h? is the function appearing in (7.33)

and &; = &, o is the energy functional associated with problem (PhKO)
Denoting u{® := 47, we also have '
Emi (Uyoyi) = VIVn'}’E gmi < gmi (Ziq)a (755)
lim &, (uy,,) = —o0, (7.56)
11— 00

where the special subsequence {ug?, }; of {ui°}; and z5, € Wi appear
in the proof of Theorem 7.8, see relations (7.42) and (7.43), respectively.

Step 3. Let us fix a sequence {6;}; with negative terms such that
lim; .o 6; = —oo. Due to (7.55) and (7.56), up to a subsequence, we
may assume that

91'4,_1 < 57”1‘ (U%Z) < Em, (Zgl) < 01 (757)
For any i € N, define
N = (p + 1)(9l - gml(zi)) an " (p + 1)(5m7 (u?r?,) - 9i+1)

T (lallp + 1) T (flallp + 1)
Fix k € N. Thanks to (7.57),
22 = min(Aq, ooy Mgy ALy ooy gy AL oy AL > 0.

Therefore, for every i € {1,....k} and A € [-A°, A%°] we have

Emally, z) < Emia(2s,) (see (7.52))
1 2 A p+1 /
sy = 57 | @t = [ Fies, @)
A
= 5mi(z.§i)—m Qa(ﬂc)zgl

< 0, (see the choice of X, and §; < d,,.)
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and since ;. | belongs to Wi, and ugyy, is the minimum point of &,
over the set Wi see relation (7.55), we have

_ _ A _
EminUpy, \) = Em, (U, \) — 1 a(i’f)(U;fi,,\)pJrl
A
> Ep(u) — —— [ a(x)(@> )P
> ) - 2 [ o))
> 0iy1. (see the choice of A and (7.53))

Consequently, for every i € {1,...,k} and X € [-A°, A°] we have
Oiv1 < Emy (U, 1) < 0; <0, (7.58)
therefore
Empn (U 2) < oo < Emy (g, \) <0. (7.59)

Note that dpe € W' for every i € {1,....k}, s0 En,a(Tps, ) =
Emp (U533, see relation (7.51). From above, for every A € [=AZ°, AF°],
we have

‘c”mk,)\(ﬁSnok,/\) <..< gmk, ( Uy, )\) <0= gmk,)\(o)'
In particular, the elements a7 5, ..., a5,  are distinct (and non-trivial)
whenever A € [-A2, A%].
Step 4. Assume that k > 2 and fix A € [-A°, A>°]. We prove that

s, AllLoe > Om,_, forallie{2,.. k}. (7.60)

Let us assume that there exists an element ig € {2,...,k} such that
Humzo, | < 5mi . Since 5m@ ~y < Ty then ape oA € Whmig—1
Thus, on account of (7 52) and (7 51), we have

gmio—l»A(a?Tcl)io—h)\) - W'glnlln 1 gm’ A S Emlo 17)‘(17';.'31'07)‘) - gmlﬂ’)‘(ﬁ?sio’A)’
0

which contradicts (7.59). Therefore, (7.60) holds true.

Step 5. Let ugS, = ay; y for any i € {1,...,k} and A € [=AZ°, A°);
these elements verify all the requirements of Theorem 7.4. Indeed, since
Em A (US%) = Emy AT ) < 0= Emy A(0), then [[usS, ||z > 0, which
proves (7.5) for ¢ = 1. If k¥ > 2, then on account of Step 4, (7.49) and
m; > i, for every ¢ € {2,...,k}, we have

||U?A||L°° > §m7‘,—1 >mi—1 2 1—1,

i.e., relation (7.5) holds true. This ends the proof of Theorem 7.4. [
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Proof of Remark 7.6. Due to (7.4), there exists a C > 0 such that
If(s)| < C(1+s¥ 1) for all s > 0. We denote by S; > 0 the Sobolev
embedding constant of the continuous embedding H}(Q) — LY(Q), t €
[1,2*]. Without any loss of generality, we may assume that for every
i €N,

0; < —

| lall = Spt1 (i = P = ClS1(i = 1) + 85 (i — 1)), (7.61)
where the sequence {6;}; comes from Step 3 of the proof of Theorem
7.4.

Fix A € [-A°, A%°] and assume that there exists iy € {1,...,k} such
that [|ufy \[[zp < 40 — 1. On account of (7.58), we have in particular
Emig A (Ui ) < 04, Consequently, we have

Sl = Engaluin) + 22 [ a@i™ + [ P
< 01+ Ll s s
0L S Al + 53 gl
< i+ =S o = 17!
+C[S1(ig — 1) + S2. (ip — 1)%] (A <1
< 0, (see (7.61))
contradiction. (|

7.6 Perturbation from symmetry

For details related to the main notions and properties used in this section
we refer to Appendix D.

Let © C RY be a bounded open set. For some fixed > 0, consider
the following nonlinear eigenvalue problem: find (u,\) € H}(Q) x R
such that

Fla.u) € Lh(9),
—Au = Af(z,u) in, (7.62)

|Vu|*de = r?,
Q

where f : 2 xR — R is a Carathéodory function such that the following
conditions hold:

(f1) f(x,—s)=—f(x,s), for a.e. z € Q and every s € R;
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(f2) there exist a € L'(Q), b € Rand 0 < p < 2% (if N > 2) such
that

0<sf(z,s) <alz)+bls|”,  Flz,s) <alz)+bls",

for a.e. # € Q and every s € R\{0}, where F(z,s) = [; f(
(f3) sup |f(z,s)| € LL.(Q), for every ¢t > 0.
s|<t
We point out that if N =1, then in condition (f2) the term b|s|” can
be substituted by any continuous function ¢(s) of s, while, if N = 2,
the same term can be substituted by exp(¢(s)), with ¢(s)s—?2
|s] — oo.

— 0 as
Our first result in this section is the following.

Theorem 7.9 Assume that hypotheses (f1) — (f3) hold. Then problem
(7.62) admits a sequence (Lun, \,) of distinct solutions.

Our main purpose is to study what happens when the energy func-
tional is affected by an arbitrary perturbation which destroys the sym-
metry.

Consider the problem: find (u,\) € H}(Q) x R such that

f(@,u), g(z,u) € Llloc(Q>7
—Au = A(f(z,u) + g(z,u)) inQ, (7.63)
/ |Vu|?dz = r?,

Q

where g : 2 xR — R is a Carathéodory function. We make no symmetry
assumption on g, but we impose only

(91) 0 < sg(x,s) < a(z) +b|slP for a.e. z € Q and every s € R\ {0};

(92) sup |g(z,s)| € Li (), for every t > 0;
s|<t

(z,
(93) G(z,s) < Cy (14 |s|P), for a.e. erandeveryseR,forsome
Cy >0, Wherers =[5 9(

The next result shows that the number of solutions of problem (7.63)
becomes greater and greater, as the perturbation tends to zero.

Theorem 7.10 Assume that hypotheses (f1)—(f3) and (g1)—(g3) hold.
Then, for every positive integer n, there exists €, > 0 such that problem
(7.63) admits at least n distinct solutions, provided that (¢3) holds for
Cy=cn.
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We prove theorems 7.9 and 7.10 by a variational argument. First we
set

Sy = {u € H}(Q): / |Vul|?dx = 1"2}
Q

and we study the critical points on S, of the even continuous functional
I: H} () — R defined by

(u) = — /Q Fla,u)da.

We point out that if conditions (f2), (f3) are substituted by the more
standard condition 0 < sf(x,s) < ai(x)|s| + b|s|? with a; € L%(Q),
then I is of class C' and Theorem 7.9 can be found in [249, Theorem
8.17]. Under our assumptions, f could have the form f(z,s) = a(x)y(s)
with a € LY(2), a > 0, v € C.(R), v odd and sy(s) > 0 for any s € R.
In such a case, I is clearly continuous, but not locally Lipschitz.

When f and g are subjected to the standard condition we have men-
tioned, results like Theorem 7.10 go back to Krasnoselskii [161]. For per-
turbation results, quite different from ours, where the perturbed problem
still has infinitely many solutions, we refer the reader to [249, 280]. In a
nonsmooth setting, a result in the line of Theorem 7.10 has been proved
in [81] when f and g satisfy the standard condition, but the function «
is subjected to an obstacle, so that the equation becomes a variational
inequality.

We first observe that from our assumption (f2) it follows that I(u) < 0
and sup I,.(u) = 0, where I, = I|g, .
We start with the following preliminary result.

Lemma 7.1 The following properties hold true:

(a) if u € S, satisfies |dI,|(u) < +oo, then f(z,u) € L (Q)N H1(Q)
and there exists p € R such that

lpAu+ f (2, u)l g < |l |(u);

(b) the functional I, satisfies (PS). for any ¢ < 0;

(¢) if u € S, is a critical point of I,., then there exists A\ > 0 such that
(u, ) is a solution of problem (7.62).
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Proof (a) Set

I(w) fwes,,
Ir,est (w) -

too ifwe HYQ)\ S, .

Then |dI; ese|(w) = |dI;|(u). We also deduce that there exists o €
Ol est(u) with |la||g-1 < |dIest|(w), where O stands for the general-
ized gradient of I, .5 Taking into account (f2), we obtain

I°(u;0) <0, Io(u;Qu)S—Z/f(x,u)udx<+oo.
Q

Actually, the same proof shows a stronger fact, namely that

To(u;O) <0, To(u; 2u) < —2/ fz,u)udr < 4o00.
Q

Thus, there are 8 € 9I(u) and p € R such that « = 8 — pAu. We
conclude that f(x,u) € LL () N H™Y(Q) and 8 = —f(x,u). Then (a)
follows.

(b) Let ¢ < 0 and let (u,,) be a (PS).—sequence for I,.. By the previous
point, we have f(z,u,) € L ()N H~1(2) and there exists a sequence

loc
() in R with
| A, + f(%“n)HH*l —0.

Up to a subsequence, (u,,) is convergent to some u weakly in Hg () and
a.e. From (f2) it follows I(u) = ¢ < 0, hence u # 0. Again by (f2) and
Lebesgue’s dominated convergence theorem, we deduce that

0< / flz,w)udr = lim/ flz, up)upde = limun/ |V, |?dz .
Q n Jo n Q

Therefore, up to a further subsequence, (u,,) is convergent to some p > 0
and

— 0.

HAun + l flz,uy)
M H-1

This shows that (u,,) is precompact in H{(Q2) and (b) follows.
(c) Arguing as in (b), we find that f(z,u) € L} () N H~*(Q) and

that there exists p > 0 with pAu + f(z,u) = 0. This concludes the
proof. O

Lemma 7.2 There exists a sequence (by,) of essential values of I. strictly
increasing to 0.
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Proof Let 1) :] — 00,0]— R be an increasing diffeomorphism. From
Lemma 7.1 it follows that ¢ o I, satisfies condition (PS). for every
¢ € R. Then the set {u € S, : ¥ o I.,(u) < b} has finite genus for every
b € R. For any integer n > 1, set
Cp 1= Siélffn ilelg¢ ol.(u),

where I, := {S|subsetS,; S € F, v(S) > n} and F denotes the family
of closed and symmetric subsets of S, with respect to the origin. Since
¢n — 400 as n — oo, it follows that there exists a sequence (b),) of
essential values of 1 o I,. strictly increasing to +o0o. Then b,, = 1 ~1(b,)
has the required properties. |

Proof of Theorem 7.9. Using Lemma 7.1, we deduce that each b, is a
critical value of I,.. Again from Lemma 7.1, we conclude that there exists
a sequence (fup,A,) of solutions of problem (7.62) with I(u,) = by
strictly increasing to 0. This concludes the proof of Theorem 7.9.

Let us now introduce the continuous functional J,. : S, — R defined
by

() = I(u) — /Q (o, u)dz .

Lemma 7.3 For every n > 0, there exists € > 0 such that sup |I(u) —
u€S,

Jy(u)| < n, provided that (g3) holds for Cy =¢.

Proof By Sobolev inclusions, we have for any u € S,

0< L =) = [ Glaude <€, [ (14 fup)dz <.

if g is chosen as in the hypothesis. |

Proof of Theorem 7.10. As in the proof of Theorem 7.9, let us consider

a strictly increasing sequence (b,) of essential values of I, such that

b, — 0asn — oo. Given n > 1, take some § > 0 with b, + 3 < 0

and 2(b; —bj_1) < d for j =2,...,n. Thus, for any j = 1,...,n, there

exists n; > 0 such that sup |I,(u) — J,(u)| < n; implies the existence of
u€eS,

an essential value ¢; €]b; — 0,b; + ¢[ of J,.. We now apply Lemma 7.3

for n = min{m,...,n,}. Thus we obtain &, > 0 such that sup |I,(u) —
ueS,
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Jr(uw)| < n, if (¢3) holds with C,; = ¢,,. It follows that J, has at least n
distinct essential values ¢y, ..., ¢, in the interval | — oo, 0].

Now Lemma 1 can be clearly adapted to the functional J,.. Then we
find wq,...,u, € S, and Aq,..., A\, > 0 such that each (u;,];) is a
solution of Problem (7.62) with J,(u;) = ¢;.

7.7 Historical notes, comments

A. Historical notes. Let us consider the equation
—Au= f(x,u) + Ag(z,u) in Q, (E»)
u=0 on 01, A

where Q C RY is a bounded open domain, while f,g: Q2 x R — R are
Carathéodory functions. We assume the unperturbed equation (Eg) has
infinitely many distinct solutions. Then, the main question is:

(q) Fizing k € N, can one find a number A\, > 0 such that the per-
turbed equation (Ey) has at least k distinct solutions whenever
A E [—)\k, )\k] ?

Two different classes of results are available in the literature answering
affirmatively question (q):

1) Perturbation of symmetric problems. Assume f(z,s) = —f(z, —s)
for every (z,s) € Q x R. It is well-known that if the energy functional
has the mountain pass geometry, problem (Eg) has infinitely many so-
lutions, due to the symmetric version of the Mountain Pass theorem,
see Ambrosetti-Rabinowitz [7]. Furthermore, question (q) was fully an-
swered by Li-Liu [186] for arbitrarily continuous nonlinearity g, following
the topological approach developed by Degiovanni-Lancelotti [81] and
Degiovanni-R&dulescu [85];

2) Perturbation of oscillatory problems. Assume f(z,-) oscillates near
the origin or at infinity, uniformly with respect to x € €. Special kinds
of oscillations produce infinitely many solutions for (Eg), as shown by
Omari-Zanolin [229], and Saint Raymond [265]. Concerning the per-
turbed problem, Anello-Cordaro [12] answered question (q), by using
Theorem 1.17.

B. Comments. In this chapter we presented a third, direct method for
answering question (q) whenever the nonlinear term f(z,-) belongs to a
wide class of oscillatory functions and g(x,s) = sP. We fully described
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the effect of the term g to the oscillatory function f. Namely, the number
of distinct solutions of (E)) is sensitive when:

e p <1 and f oscillates near the origin;

e p>1and f oscillates at infinity.
Notice that g can be any continuous function with g(x,0) = 0, and our
method works also for other elliptic problems.



8
Problems to Part I

I hope that seeing the
excitement of solving this
problem will make young
mathematicians realize that
there are lots and lots of other
problems in mathematics
which are going to be just as
challenging in the future.

Andrew Wiles (b. 1953)

Problem 8.1 Show that any function f : R — R of class C! having two
local minima has necessarily a third critical point.

Problem 8.2 Show that the (P.S).-condition implies the (C').-condition
for any function f : X — R of class C' and ¢ € R, see Remark 1.3.
Construct a function which shows that the converse does not hold in
general.

Problem 8.3 Prove that every function f : T2 — R of class C"' has at
least 3 critical points. Here T2 = S* x S! is the 2-dimensional torus.
[Hint: Prove that cat(7?) = 3 and apply Theorem 1.9.]

Problem 8.4 Let X be a real Banach space and assume that f is a
nonnegative C'! function on X satisfying the Palais—Smale condition or
even a weaker form: every sequence (uy) in X such that sup,, f(u,) < 0o
and || f'(uy)||—0, is bounded in X. Prove that f is coercive, that is,

fu)— + 00 as |lul|—oo.

223
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Problem 8.5 Let X be a real Banach space and assume that f is
a nonnegative C! function on X satisfying the Palais-Smale condition.
Prove that every minimizing sequence of f has a convergent subsequence.

Problem 8.6 Let X be a real Banach space and assume that f is a C!
function on X which is bounded below and satisfies the Palais-Smale
condition. Suppose that all the critical points of f lie in {u € X; ||ul| <
R}. Set

M(r) = inf{f(w); [lul =r}.

Prove that for r > R, M (r) is strictly increasing and continuous from
the right.

Problem 8.7 Let Q be a bounded open set in RY. For every f € L%(Q)

and all A € R, define the functional
1
Ej\(u) = 5/ (IVul]* = Au?) dz —/ fudzx, u€ HH Q).
Q Q

a) Prove that if X is not an eigenvalue of (—A) in H}(Q2), then E)
satisfies the Palais—Smale condition in H} ().

b) Prove that if X is an eigenvalue of (—A) in H}(Q2) and if f = 0,
then E) does not satisfy the Palais—Smale condition in H}(Q).

Problem 8.8 Let X be a real Banach space and let U be an open subset
of X. Let ® be a real C' bounded below function on U. Set
a=inf®.
U

Assume F'is a closed subset of U such that dist (#,0U) > 0 (no assump-
tion if U = X) and

a=1inf®.
F
Prove that there exists a sequence (x,) in U such that
b(x,)—a, P'(z,)—0 in X* and dist (z,, F)—0.
Problem 8.9 In Theorem 1.3, instead of the assumption that f is
bounded from below, assume that
flz) + o(d(z,x0)) >0 for every z € X,

for some xg € X and some function ¢(t) = o(t) as t— + co. Prove that
the conclusion of Theorem 1.3 still holds.
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Problem 8.10 (Caristi’s fixed point theorem). Let (X, d) be a complete
metric space and let f: X — X be a function. Assume that ¥ : X—R
is a lower semicontinuous function such that

d(z, f(x)) < ¥(z) — ¥(f(z)) for all z € X.

Prove that f has a fixed point.

Problem 8.11 Let ® be a C! function on RN such that

m = liminf ®(z) is finite.
llzll—o0

Prove that there exists a sequence of points (z,,) in RY such that
| || =00, ®(Tm)—m, [|®' ()] —0 and &' (z,,) is parallel to z,,, (' (zm)
may be zero).

Problem 8.12 Let X be a real Banach space and assume that f: X —
R is a function of class C! such that

inf  f(u) > o> max{f(eo), fe1)}

lu—eoll=p

for some v € R and eg # e1 € X with 0 < p < |leg — e1]]. Set

— inf t
c ;relmgl[gﬁ]f(v( ),

where
I'={y€C([0,1], X) : 7(0) = eo, v(1) =e1}.

Prove that the conclusion of Theorem 1.7 can be strengthened as
follows: there exists a sequence (u,) in X such that f(u,)—c and (1 +
[[n]) [ (un)[| =0 as n—oc.

Problem 8.13 Prove the same result if (1+ ||ul|) is replaced by o(||ul]),
where ¢ > 1 and [ % = +o0.

Problem 8.14 Let X be a real Banach space and assume that f, g :
X — R are functions of class C' satisfying the Palais—Smale condition
with f > g on X. Let K be a compact metric space and let K* be a
nonempty closed subset of K, K* # K. Define

P={peC(K,X); p=p“on K*},
where p* is a fixed continuous map on K. Assume that

=i =i inf “(1)) .
c= inf max f(p(t)) = inf maxg(p(t)) > inf max f(p*(t))
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Prove that f and g have a common critical point where both functions
equal c.

Problem 8.15 Let Q C RY be a bounded domain with smooth bound-
ary and assume that p is a real number such that 1 < p < (N+2)/(N—2)
if N>3and1<p<ooif Ne{l,2}.

Prove that the nonlinear problem

—Au—+u=1u" in
u>0 in Q
u=>0 on 0.

has a solution.

Problem 8.16 Establish the same existence result for the problem

—Au+u= f(zr,u) in
u>0 in Q
u=20 on 01},
where
flz,u) =0 <|u|(N+2)/(N*2)) as u— + oo, uniformly in z € Q.

Problem 8.17 Let 2 C RY be a bounded domain with smooth bound-
ary and assume that f is a C! function on [0, 1] such that f > 0 on
(0,1) and f(0) = f'(0) = f(1) = 0. Suppose that u € C3(Q) satisfies
0<u<1linQand —Au < f(u) in Q.

Consider the nonlinear elliptic problem

{ —Au = f(u) in Q

uw=0 on Of. (8.1)

Prove that if u is not a solution of (8.1), then there are at least two
solutions u; and ug of problem (8.1) with 0 < u; < us < 1in .

Problem 8.18 Let 2 C RY be a bounded domain with smooth bound-
ary, A € R, and p > 1. For any integer j > 1, set
I :={AC Hj(Q); Ais compact, symmetric, 0 ¢ A, v(A) > j}.

Define the functional

1 1
E(u) := 3 /Q[|Vu|2 — \u?ldz — | /Q Ju[P da u € Hy(Q).
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Prove that
inf maxE(u) = —oo and sup min E(u) = +00.
Ael'; ucA AerT; u€A

Problem 8.19 Let (X, | - ||) be a real Banach space with || - || of class
C' on X \ {0}. Denote by S ={v e X | ||v] =1} the unit sphere and
let J C R a nonempty open set. Let f : X — R be a function of class
C' on X \ {0}. We associate to f a function f : J x X — R defined by

f(t,v) = f(tv),
where (t,v) € J xS and J C R is an nonempty set. Let H : Rx X — R
be a C! function satisfying
(H,,v) #tH, if H(t,v)=c.

If (t,v) € J x X with tv # 0 is a critical point of f, then u = tv is a
critical point of f.

Problem 8.20 Let (X, || - ||) be a real Banach space with || - || of class
C' on X \ {0}. Denote by S ={v € X : |jv] =1} the unit sphere and
let J C R a nonempty open set. Let f : X — R be a function of class
C' on X \ {0}. Suppose that for all v € S the number

Fw) = max f(t0)

is finite, and f(v) > f(0) if 0 € J. Assume that f : S — R is of class
C'. Then to every critical point v € S of f, there correspond a critical
point u = tv of f with ¢t € J\ {0} such that f(u) = f(v).
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Variational Principles in Geometry
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Sublinear Problems on Riemann Manifolds

If only I had the theorems!
Then I should find the proofs
easily enough.

Bernhard Riemann
(1826-1866)

In this chapter we are concerned with elliptic problems defined on
compact Riemannian manifolds. This study is motivated by the Emden-
Fowler equation arising in Mathematical Physics; after a suitable trans-
formation, one obtain a new problem defined on the standard unit sphere
S¢, d > 3. This problem has been extensively studied in the case when
the nonlinear term is superlinear and (sub)critical at infinity. Our aim
is to complete these results by considering nonlinear terms of sublinear
type and oscillatory type.

9.1 Introduction

Consider the parametrized Emden-Fowler equation
(EF)A —Av = Az[* 2K (a/[2]) f(je| =), @ € RTTH\ {0},

where f : R — R is a continuous function, K is smooth on the d-
dimensional unit sphere S%, d > 3, o € R, and A > 0 is a parameter.
The equation (EF), has been extensively studied in the pure superlinear
case, i.e., when f has the form f(t) = [t|P~'t, p > 1, see for instance
Cotsiolis-Iliopoulos [79], Vazquez-Véron [288]. In these papers, the au-
thors obtained existence and multiplicity of solutions for (EF),, applying
either minimization or minimax methods. Note that in the pure super-
linear case the presence of the parameter A > 0 is not relevant due to

229
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the rescalling technique. The solutions of (EF), are being sought in the
particular form

v(z) = v(|z], z/|2]) = u(r, o) = r*u(0), (9.1)

where (r,0) € (0,00) x S? are the spherical coordinates in R4+ \ {0}.
This type of transformation is also used by Bidaut-Véron-Véron [39],
where the asymptotics of a special form of (EF), has been studied.
Throughout (9.1), the equation (EF), reduces to

(9.1)x ~Apu+a(l —a—du=\K(o)f(u), o €S?,

where A, denotes the Laplace-Beltrami operator on (S%, h) and h is the
canonical metric induced from R4+1,

Note that when a« = —d/2 or @ = —d/2 4+ 1, and f(t) = |t|ﬁt,
the existence of a smooth solution u > 0 of (9.1) can be viewed as an
affirmative answer to the famous Yamabe problem on S (see also the
Nirenberg problem); for these topics we refer the reader to Aubin [19],
Cotsiolis-Iliopoulos [78], Hebey[136], and references therein. In these
cases the right hand side of (9.1), involves the Sobolev critical exponent.

The purposes of this chapter is to guarantee multiple solutions of
(EF), for certain A > 0 when the nonlinearity f: R — R has a

(i) sublinear growth at infinity; or
(ii) oscillatory behaviour near zero or at infinity.

9.2 Existence of two solutions

Since 1 —d < a < 0 implies the coercivity of the operator u — —Apu +
a(l — a — d)u, the form of (9.1), motivates the study of the following
general eigenvalue problem, which constitutes the main objective of this
section: Find X € (0,00) and u € HZ(M) such that

(Py) ~Agu+alo)u =K\ o)f(u), o € M,
where we assume

(A1) (M,g) is a smooth compact d-dimensional Riemannian manifold
without boundary, d > 3;
(A3) a € C®(M) and K € C((0,00) x M) are positive functions;
(f1) f:R — R is locally Holder continuous and sublinear at infinity,
that 1is,
lim @

|s]—o0 S

—0. (9.2)
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A typical case when (9.2) holds is

(f°) There exist g € (0,1) and ¢ > 0 such that | f(s)| < c|s|? for every
seR.

As usual, Ay is the Laplace-Beltrami operator on (M, g); its expression
in local coordinates is Aju = g (@ju—aufjaku). For every u € C*°(M),
set

lulfys = [ (V. Vaydoy + [ ao)uu)do,
M M

where (-, -} is the inner product on covariant tensor fields associated to g,
Vu is the covariant derivative of u, and doy is the Riemannian measure.
The Sobolev space H2(M) is defined as the completion of C°°(M) with
respect to the norm || - || g2 Clearly, HZ (M) is a Hilbert space endowed
with the inner product

(ur,u2) g2 :/ <Vu1,VuQ>dag+/ alo)(ur,us)do,, ui,us € H2(M).
M M

Since a is positive, the norm || - |5z is equivalent with the standard
norm || - [|g2; actually, the latter norm is nothing but |- || gz with o = 1.
Moreover, we have

min{1, min o'/} ulyz < lulluz < max{L, o] /2}ullz, ue H2(M).

(9.3)
Note that H2(M) is compactly embedded into LP(M) for every p €
[1,2d/(d—2)); the Sobolev embedding constant will be denoted by S, >
0.

The presence of the parameter A > 0 in (P}) is indispensable. Indeed,
if we consider a sublinear function at infinity which is, in addition, uni-
formly Lipschitz (with Lipschitz constant L > 0), and K(\, ) = AK (),
with K € C°° (M) positive, one can prove that for 0 < A < %% =
Ar we have only the u = uy) = 0 solution of (P,), as the standard con-
traction principle on the Hilbert space H?(M) shows. For a concrete
example, let us consider the function f(s) = In(1+ s?) and assume that
5((5)) prob-
lem (P)) has only the trivial solution; however, when A > 4%0, problem
(P») has three distinct constant solutions which are precisely the fixed
points of the function s — Ao In(1+ s2). Note that one of the solutions

is the trivial one.

minys o

= const. = g € (0,00). Then, for every 0 < A < ot
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Let A > 0. The energy functional £, : HZ(M) — R associated with
problem (P) is

£ = 5l = [ KOL0)Flulo))dor, (94)

where F(s) = [; f(7)dr. Due to our initial assumptions (A1), (Az) and
(f1), the functional &, is well-defined, it belongs to C*(H?(M),R), and
its critical points are precisely the weak (so, classical) solutions of prob-
lem (Py). By (f1), for every € > 0 sufficiently small there is ¢(¢) > 0 such
that |f(s)| < e|s| + c(e) for every s € R. Thus, for every u € HZ(M), we
have

1 - .
Exu) 2 51—l KA, Mo S3)l[ullfz — c(@IE N, )z Sullull 2.

Therefore, the functional £, is coercive and bounded from below on
HZ(M). Moreover, it satisfies the standard Palais-Smale condition, see
Zeidler [296, Example 38.25].

Our first result concerns the case when f : R — R fulfills the hypoth-
esis

(f2) There exists vg > 1 such that limg_¢ TAC) —

[s]*0

Before to state this result, let us note that the usual norm on the space
LP(M) will be denoted by || - ||, p € [1, c0].

Theorem 9.1 Assume that f : R — R fulfills (f1), (f2) and sup,cp F(s) >
0. Assume also that (A1) and (Ay) are verified with K(\,0) = A\K (),
and K € C*(M) is positive. Then .
(i) for every A > \* := %I‘\IIOQI‘\LLE (max#o Fs(f)) problem (Py) has
at least two distinct, nontrivial solutions u%\, u%\ € H3(M), where
u} is the global minimum of the energy functional associated with
(PA);
(ii) if (f°°) holds then |lu}l gz = o(ATF) for every r € (g,1), but

lullz # ONTF) for any € (1, (d +2)/(d —2)) as A — oc.

A direct consequence of Theorem 9.1 applied for (9.1), is the following

Theorem 9.2 Assume that 1 —d < a < 0. Let f : R — R be a function
as in Theorem 9.1 and K € C*(S?) positive. Then, for every X > \*
problem (EF)y has at least two distinct, nontrivial solutions.
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Y

Y

Fig. 9.1. The function f(s) = In(1 + s2).

Example 9.1 Let f(s) = In(1 + s?), see Figure 9.1. One can apply
Theorems 9.1-9.2.

Proof of Theorem 9.1. Due to (9.2) and (f2), the term F'(s)/s? tends to
0 as |s| — oo and s — 0, respectively. Since there exists so € R such that
F(sp) > 0, the number A\* is well-defined. Now, fix a number s* € R\ {0}

such that £) — FG) | Therefore, A\* = %l‘\lzll‘\ill 1(;(?*2).

Fix A > )\*. Let us first con51der the constant function wug (o) = s*,
o € M. One has

Ex(us~)

gl =2 [ K@) (w0,

= gllallLl(S*) — AK[ L F(s7) = (A = K] F(s7)
< o

Thus, ian%(M) Ex < Ex(us+) < 0. Since &, verifies the (PS)-condition
and it is bounded from below, one can find u} € HZ(M) such that
Ex(uy) = infyz(ap) Ex, see Theorem 1.4. Therefore, uy € Hf(M) is the
first solution of (Py) and u} # 0, since £,(0) = 0.

Now, we prove that for every A > \* the functional £, has the standard
Mountain Pass geometry. First, due to (f1) and (f3), one can fix two
numbers C' > 0 and 1 < v < &2 such that

F(s)] < Cls]"!, seR

Since v + 1 < 2% (thus H2(M) < L**'(M) is continuous), one has

1 v v
Ex(u) > Sllullfyz = ACIK o Sy lullh' s we HY(M).  (95)
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Let us take p) > 0 so small such that
px < min { ACI|K = S/ ™ min{1, a7/}, 7| (Vol, (1)) /2 } .

Consequently, by (9.5), for every u € H?(M) complying with [ull gz =
P, we have

1 1% vV—
e > (5= ACIR = SUE ) ol

Y

1 y v v . .
(2 = AC|[K | pe St 11 maxc{1, o) %% ) min{1, min a}p

= n(px) > 0.

By construction, one has [[us-[|y2 = |s*|(Vol, (M))Y/? > py and from
above Ex(ug+) < 0 = £,(0). Since &, satisfies the (PS)-condition, one
can apply the mountain pass theorem. Thus, there exists an element
u3 € HZ(M) such that & (u3) = 0 and E\(u3) > n(ps) > 0. In par-

ticular, u3 # 0, and the elements u} and u3 are distinct. This ends

(i).

Now, we assume that (f;*?) holds. Since &, (u}) < 0, then

1 c _
lub e = A Il S5 (Voly (M) 4= u 75" < 0.

In particular, ||u§\||le = O()\l%q) as A — oo. Therefore, for every r €
(¢,1), one has Hu%\Hle = O(Aﬁ) as A\ — oo.

Let us assume that ||u}\||H12 = O(/\ﬁ) for some p € (1,(d+2)/(d—2))
as A — oo. Consequently, [[u}| gz — 0 as A — oc. On the other hand,
since €y (u}) < (A* = N)||K||p1 F(t*), then € (u}) — —o0 as A — co. On
account of (9.5), we have

1 1 -1
(5~ ACIR =S k) Ny — o0
as A — oo. Therefore, the expression )\Huiﬂ"HZI necessarily tends to oo

as A — oo. But this contradicts the initial assumption. This completes
(ii). O

Proof of Theorem 9.2. Let us choose (M,g) = (S%,h), and a(o) :=
a(l —a —d) for every o € S? in Theorem 9.1. Thus, for every A > \*,
problem (9.1), has at least two distinct, nontrivial solutions u},u3 €
H?(S%). On account of (9.1), the elements v (x) = |z|*u(z/|z|), i €
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{1,2}, are solutions of (EF). O

Now, instead of (f2) we consider a weaker assumption, namely:

(fé) limSHo 1(s) =0.

S

The following result shows that (f3) is still enough to prove a similar
multiplicity result as Theorem 9.1, but we loose unfortunately the precise
location of the eigenvalues. More precisely, we have

Theorem 9.3 Assume that f : R — R fulfills (f1), (f3) and sup,cp F(s) >
0. Assume also that (A1) and (A3) are verified with K(\,0) = MK (o).
Then there exist a nonempty open interval A C (0,00) and a number
~v > 0 such that for every A € A problem (Py) has at least two distinct,
nontrivial solutions uj,uy € H{ (M) and |[uf|lgz <7, i € {1,2}.

Similarly as in Theorem 9.2, we have

Theorem 9.4 Assume that 1 —d < a < 0. Let f : R — R be a function
as in Theorem 9.3 and K € C°°(S?) positive. Then, there erists a
nonempty open interval A C (0,00) such that for every A € A problem
(EF)x has at least two distinct, nontrivial solutions.

Example 9.2 Let f : R — R be defined by f(s) = 0 for s < 0,
f(s) == for s € (0,e7 '] and f(s) = —e~! for s > e, see Figure 9.2.

Note that f satisfies (f5) but not (f3) for any vy > 1. Therefore, one
can apply Theorems 9.3 and 9.4 (but not Theorems 9.1 and 9.2).

In order to prove Theorems 9.3 and 9.4, we introduce the functionals
N,F: H3(M) — R defined by

Nw) = gl and Flu) = [ Ko)P(u(e)io,. we mED.
(9.6)

Proposition 9.1 lim,_,+ w =0.

Proof. Due to (f3), for an arbitrarily small ¢ > 0 there exists §(¢) > 0
such that |f(s)| < e(2||K||z=S53)"!|s| for every |s| < §(¢). On account
of (f1), one may fix 1 < v < 9+2 and c(e) > 0 such that | f(s)| < c(e)s|”
for every |s| > d(e). Combining these two facts, after an integration, we

obtain

|F(s)] < (4| K||L=S3) " s® +c(e)(v+ 1) s[”T for every s € R.
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y
!

Fig. 9.2. The function from Example 9.2.

Fix a p > 0 and any element v € H2(M) complying with N(u) < p.
Due to the above estimation, we have

0(6) v v
Iz Sy lull 5"

Flu) < v+1

R SR
< Sors ||K\|Lmsyi%< o)

v+1

€
= §P+C/(5)P 2.

Thus there exists p(e) > 0 such that for every 0 < p < p(e), we have

sup{]:(u)ZN( )<p}< i ()puTi1 <&,

<
0< ; 5

which completes the proof. O

Proof of Theorem 9.3. Let X = HZ?(M), and the functionals N, F
defined in (9.6). Note that £, = N —AF. We know already that for every
A > 0 the functional £, = N — A\F is coercive and satisfies the Palais-
Smale condition. Moreover, since the embedding HZ(M) — LP(M) is
compact, 1 < p < 2d/(d — 2), the functional F is sequentially weakly
continuous; thus, & is sequentially weakly lower semicontinuous.

Due to (9.2) and (f}), the term F(s)/s? tends to 0 as |s| — oo and
s — 0, respectively. Since there exists so € R such that F(sg) > 0, we
may fix a number s* # 0 such that G Fis )*2) = ( ) . Therefore, A*

| a1 (s7)?
2HKH 1 F(s*)”

Now, let us choose ug = 0, and uy(0) = us(0) = s* for every o € M.
Fixing € € (0,1), due to Proposition 9.1, one may choose p > 0 such

appearing in Theorem 9.1 is well-defined and \* =
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that
D) N ) < p} _ < 0
p A*
1 *
p< 5(3 )2[lerl| -
Note that & < &= = f,((zll)) and 3(s*)?||al|,r = N(ui1). Therefore, by
choosing
_ 1+¢€
= F) sl F@N @<l (9-8)
N(u1) p

all the hypotheses of Theorem 1.13 are verified. Consequently, there is
a nonempty open interval A C [0,a@] and a number v > 0 such that for
every A € A, the functional £, has at least three distinct critical points
in H?(M) having || - || rz-norm less than ~. This ends the proof of The-
orem 9.3. U

Proof of Theorem 9.4. Similar to Theorem 9.2. O

9.3 Existence of many global minima

In order to obtain a new kind of multiplicity result concerning (Py)
(specially, (9.1) and (EF))), we require:
(f3) There exists po € (0,00) such that the global minima of the func-
tion s +— F,,(s) := 5% — poF(s) has at least m > 2 connected
components.

Note that (f3) implies that the function s + F),;(s) has at least m — 1
local maxima. Thus, the function s — g f(s) has at least 2m — 1 fixed
points. In particular, if for some A > 0 one has KOE(’\(;';) = po for every
o € M, then problem (P,) has at least 2m — 1 > 3 constant solutions.

On the other hand, the following general result can be shown.

Theorem 9.5 Let f : R — R be a function which fulfills (f1) and (f3).
Assume that (A1) and (As) are verified with K (\, o) = MK (o) + poa(o),
and K € C*(M) is positive. Then

(i) for every n > max{0, [|o[| 1 minser E,,(s)} there exists a number

An > 0 such that for every A € (0, \,)) problem (Py) has at least
m+ 1 solutions uy", ..., uy ™" € HY(M);
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YA

8

N

0

Fig. 9.3. The function f(s) = min{s; — sin(ws4),2(m — 1)} from Example 9.3 for
m = 5.

(i) if (f&°) holds then for each A € (0,),) there is a set I C
{1,...,m+ 1} with card(I,) = m such that

Sn.q,¢
min{1, miny; al/2}’

[ONIIPERS i€ Iy,

where s, 4. > 0 is the greatest solution of the equation
1-q)/2
1, poclallp™”

=0 > 0.
2 q+1 b0

A consequence of Theorem 9.5 in the context of (EF), reads as follows.

Theorem 9.6 Assume that 1 —d < a < 0. Let f : R — R be a function
as in Theorem 9.5 and K € C>®(S%) be a positive function. Then, there
exists Ao > 0 such that for every A € (0, Ag) problem

—Ov = [z ?AK (¢/[2]) + poa(l — a = d)]f(|z| "), =€ R\ {0}

has at least m + 1 solutions.

Example 9.3 Let f : R — R be defined by f(s) = min{s—sin(nsy),2(m—
1)} where m € N\ {1} is fixed and we use the notation s; = max{s,0}.
Clearly, (f1) is verified, while for py = 1, the assumption (f3) is also
fulfilled. Indeed, the function s +— Fl(s) has precisely m global minima;
they are 0,2,...,2(m — 1). Moreover, min,eg F} (s) = 0. Therefore, one
can apply Theorems 9.5 and 9.6.
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In order to prove Theorems 9.5 and 9.6, throughout relation (9.6), we
define the functional NV,,, : HZ(M) — R by

Nyolw) =N ) = o [ alo)P (oo, w e HEM).

Proposition 9.2 The set of all global minima of the functional Ny, has
at least m connected components in the weak topology on HZ(M).

Proof. First, for every u € HZ(M) we have

N = Slully o [ alo)F(u(o))ds,

M
- %/M|Vu|2dag+/M a(0)Fy, (u(o))dog

> inf F )
> el inf Fuq(s)

Moreover, if we consider u(o) = uz(c) = § for a.e. 0 € M, where § € R
is a minimum point of the function s — F}, (s), then we have equality
in the previous estimation. Thus,
inf N, (u) = ||a||: inf F,(s).
B Nog(u) = 2 inf P ()
Moreover, if u € H?(M) is not a constant function, then |Vu|? =

g% Oiudju > 0 on a positive measured set of the manifold M. In this
case, we have

1 .
Nouw) =5 [ 1VuPdoy + [ (o) (u(o)do, > lall inf Fro(o)
Consequently, between the sets

Min(N,,,) = {u € HI(M) : Ny (w) = inf Ny, (u)}

uweH2(M)
and

Min(FMO) = {S eR: FMD(S) = igﬂgFﬂo(s)}
there is a one-to-one correspondence. Indeed, let 6 be the function that
associates to every number ¢ € R the equivalence class of those func-
tions which are a.e. equal to t in the whole manifold M. Then 6 :
Min(F,,) — Min(\,,) is actually a homeomorphism between Min(F),,)
and Min(N,,, ), where the set Min(N,,, ) is considered with the relativiza-
tion of the weak topology on HZ(M). On account of the hypothesis (f3),
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the set Min(F},,) contains at least m > 2 connected components. There-
fore, the same is true for the set Min(N,,, ), which completes the proof. O

Proof of Theorem 9.5. Let us choose X = H{(M), N = N, and
G = —F in Theorem 1.18. Due to Proposition 9.2 and to basic properties
of the functions NV,,,, F, all the hypotheses of Theorem 1.18 are satisfied.
Then, for every 1 > max{0, ||| 1 minger Fl,(s)} (2 infye mz(ar) Mo (u)})
there is a number 5\,] > 0 such that for every A € (0, 5\,7) the function
N,y — AF has at least m + 1 critical points; let us denote them by
wy", .t e HE(M). Clearly, they are solutions of problem (Py),
which concludes (i).

We know in addition that m elements from ui’", e uTH’" belong to
—1 ~ .
the set V, '((—00,7)). Let @ be such an element, i.e.,
N 1. N
Nyuo () = 5”“”?{3 = 1o /M a(o)F(u(o))dog <. (9.9)

Assume that (f}“) holds. Then |F(s)| < (1T01|5|4+1 for every s € R. By
using the Holder inequality, one has

~ 1-q)/2 ~
| el o, < ol 0l (9.10)
Since 1 > 0, the equation
(1-q)/2
1, NOC”C“”Ll g+1
R | L) 7 —n= A1
> bl = =0, (9.11)

always has a positive solution. On account of (9.9) and (9.10), the num-
ber [|@| gz is less then the greatest solution s, 4. > 0 of the equation
(9.11). It remains to apply (9.3), which concludes (ii). O

Proof of Theorem 9.6. It follows directly by Theorem 9.5. (]

9.4 Comments and perspectives
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Critical Problems on Spheres

Facts are the air of scientists.
Without them you can never
fly.

Linus Pauling (1901-1994)

10.1 Introduction

We consider the nonlinear elliptic problem
~Apu= f(u) onS?, (P)

where Apu = divy(Vu) denotes the Laplace-Beltrami operator acting
on u:S? — R, (S% h) is the unit sphere, h being the canonical metric
induced from R*!,

Consider a continuous nonlinearity f : R — R that satisfies (f{) and
(f£) from Section 7.1, where L denotes 0T or +o0o. As we pointed out
before, these assumptions imply that f has an oscillatory behaviour at
L. In particular, a whole sequence of distinct, constant solutions for (P)
appears as zeros of the function s — f(s), s > 0.

The purpose of this section is to investigate the existence of non-
constant solutions for (P) under the assumptions (f{) and (f#). This
problem will be achieved by constructing sign-changing solutions for
(P). We prove two multiplicity results corresponding to L = 0% and
L = 400, respectively; the 'piquancy’ is that not only infinitely many
sign-changing solutions for (P) are guaranteed but we also give a lower
estimate of the number of those sequences of solutions for (P) whose
elements in different sequences are mutually symmetrically distinct.

In order to handle this problem, solutions for (P) are being sought in
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the standard Sobolev space HZ(S%). We say that u € H?(S?) is a weak
solution for (P) if

/ (Vu, Vo)dop, = / f(uw)vdoy,  for all v e HZ(SY).
sd sd

Since we are interested in the existence of infinitely many sign-changing

solutions, it seems some kind of symmetry hypothesis on the nonlinear-
ity f is indispensable; namely, we assume that f is odd in an arbitrarily
small neighborhood of the origin whenever L = 0T, and f is odd on the
whole R whenever L = +oo. In the case L = 0 no further assumption
on f is needed at infinity (neither symmetry nor growth of f; in partic-
ular, f may have even a supercritical growth). However, when L = 400,
we have to control the growth of f; we assume f(s) = O(s%) as s — 00,
that is, f has an asymptotically critical growth at infinity. In both cases
(L =0%" and L = +00), the energy functional £ : HZ(S%) — R associ-
ated with (P) is well-defined, which is the key tool in order to achieve
our results.

The first task is to construct certain subspaces of HZ(S?) containing
invariant functions under special actions defined by means of carefully
chosen subgroups of the orthogonal group O(d + 1). A particular form
of this construction has been first exploited by Ding [89]. In our case,
every nontrivial element from these subspaces of H?(S?) changes the
sign. The main feature of these subspaces of H?(S%) is based on the
symmetry properties of their elements: no nontrivial element from one
subspace can belong to another subspace, i.e., elements from distinct
subspaces are distinguished by their symmetries. Consequently, guaran-
teeing nontrivial solutions for (P) in distinct subspaces of HZ(S%) of the
above type, these elements cannot be compared with each other. In the
next subsection we show by an explicit construction that the minimal
number of these subspaces of HZ(S?) is sq = [d/2] + (—1)¢** — 1. Here,
[[] denotes the integer function.

10.2 Group-theoretical argument

Let d > 5 and sq = [d/2] + (—1)™! — 1. For every i € {1,...,54}, we
define

oun{ 815

‘ sH

)X O(d—2i —1)x O(i +1), if

1 # &
) O(d+1) if —

U
| N

7
) 1 .

e ‘
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Let us denote by (Gq,i; Ga ;) the group generated by G4 ,; and G4 ;. The
key result of this section is

Proposition 10.1 For every i,j € {1,...,sq4} with i # j, the group
(Gai;Ga,j) acts transitively on Se.

Proof. Without loosing the generality, we may assume that i < j.
The proof is divided into three steps. For abbreviation, we introduce
the notation 05, = (0, ...,0) € R¥, k€ {1,...,d + 1}.

Step 1. The group (Gg,i; Ga ;) acts transitively on S=7=1 x {0,41}.
When j = %, the proof is trivial since O(%) acts transitively on

S“". Assume so that Jj# %. We show that for every o = (01, 09,03) €
S4=i=1 with o1 € R, 0y € RI7% g3 € R*™%-1 and w € §7 fixed
arbitrarily, there exists g;; € (Gq,i; Gq,;) such that

9ij(w,04—;5) = (0,0j11).- (10.1)

Since O(j + 1) acts transitively on S/, for every o € RI~% with the
property that (o1,52) € S7, there exists an element g; € O(j + 1) such
that

gjw = (01, 02). (10.2)

Note that |0’1|2 + ‘6’2|2 = 1 and |O’1|2 + |0’2|2 + |O’3|2 = 1, SO |5’2|2 =
|oa|* + |os|?.

If(}g = Oj—i then O = Oj—i and 03 = Od_Qj_l; thUS, o = (0'1, Od—j—i—l)-
Let g;; := g; X idga—s € Gq ;. Then, due to (10.2), we have

gij(w70d—j) = (gjwaod—j) = (leoj—iaod—j) = (Ulvod—i) = (07 0j+1)7

which proves (10.1).

If 65 # 0;_;, let r = |G2] > 0. Since O(d — 2¢ — 1) acts transitively
on S%72=2 (thus, also on the sphere rS%~2=2) then there exists g; €
O(d* 21 — 1) such that gi(5—27 Od,j,ifl) = (0’2, Ug,Oj,i) € rS9=21-2 Let

§i = tdgi+1 X g; X idpi+1 € Gg; and §; = g; X idga—; € Gg ;.

Then g;; := §:g; € (Ga,i; Ga,;) and on account of (10.2) and i+1 < d—j
(since i < j < s4), we have

Gi9j(w,04—;) = gi(gjw,04—;) = Gi(01,02,04—5) = (01, 9i(F2,04—j—i—1), 0i+1)

= (01,02,03,0j_;,0,41) = (0,0;41),

i.e., relation (10.1).
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Now, let @,6 € S?7~1. Then, fixing w € S/, on account of (10.1),
there are gi1,92 € (Ga.;Gaq ) such that g1(w,04—;) = (7,0;41) and
92(w,04—;) = (5,0,11). Consequently, gog; " € (Ga,i; Ga,j) and gagy '(7,041) =
(6,0;41), i.e., the group (Gq; Ga ;) acts transitively on S4=7=1 x {041}

Step 2. The group (Ga.;Ga ;) acts transitively on S x {0441}

We can proceed in a similar way as in Step 1; however, for the reader’s
convenience, we sketch the proof. We show that for every o = (01, 09,03) €
S9! with o7 € R, gy € RT3 55 ¢ R7™% and w € S¥771 fixed
arbitrarily, there is g;; € (Gq,;; Ga,j) such that

9ij(w,0541) = (0, 0i41). (10.3)

Let 5 € R47==1 be such that |o1|? + |52/ = 1. Then, due to Step 1,
there exists gij € <Gd,i;Gd7j> such that gij(w70j+1) = (01,52,0J‘+1).

If 5‘2 = Od,j,i,1 then g9 = Od,j,i,1 and 03 — Oj,i; thU.S, (103) is
verified with the choice g;; := §ij € (Ga,i; Ga j)-

If 69 ;é Od—j—i—l then let r = ‘5’2‘ > 0. Since O(d — 21 — 1) acts
transitively on S22 (thus, also on the sphere 7S?~2/=2), then there
exists g; € O(d — 2i — 1) such that g;(62,0;_;) = (02,03) € rS2-2,
Let g; = idRi+1 X g; X 'I:dRiJrl € Gdﬂ'. Then

919ij(w, 0j41) = Gi(01,62,0541) = (01,9i(52,0;-:), 0i41) = (0, 0i41).
Consequently, g;; := §:Gij € (Ga,i; Ga, ;) verifies (10.3). Now, following
the last part of Step 1, our claim follows.

Step 3. (Proof concluded) The group (Ga; Gaj) acts transitively on
S4.

We show that for every o = (01,09,03) € S with 0 € R g, €
RI=7I==1 53 € RI*t! and w € S9! fixed arbitrarily, there is 9ij €
(Ga4;Gq,j) such that

gij(w,OiH) = 0. (104)

Let 63 € R7=¢ such that |53 = |o3|. Then, due to Step 2, there exists
Gij € (Gai;Ga,j) such that g;;(w,0i41) = (01,02,73,0i41).

If 63 = 0;_; then o3 = 0;41 and (10.4) is verified by choosing g;; :=
9ij € (Ga,i; Ga)-

If 65 # 0;_;, let r = |63] = |o3| > 0. Since O(j + 1) acts transitively
on 7, there exists g; € O(j + 1) such that g;(63,0,+1) = 03 € rS7. Let
us fix the element g; = idga—; x g; € G4 ;. Then

G5Gij(w,0i41) = Gj(01,02,3,0i41) = (01,02, 9;(63,0i41)) = (01,02,03) = 0.

Consequently, g;; := §;Gi; € (Ga,i; Ga,;) verifies (10.4).
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Now, let 7,5 € S®. Then, fixing w € S¥~#~!, on account of (10.4), there
are gi,gs € <Gd,i§Gd,j> such that gl(w,OH_l) =07 and gg(w,OiH) =4.
Consequently, gog; ' € (Ga;Ga ) and gag; ' (7) = &, i.e., the group
(Ga; Ga ) acts transitively on S?. This completes the proof. O

Let d > 5 and fix Gg4,; for some i € {1, ..., s4}. We define the function
7; : S¢ — S? associated to Gg,; by

. . d—1 . da+1
(03,01), if i=%2, and 0 = (01,03) with 01,03 e R"2".

(o) = { (03,02,01), if i# %, and ¢ = (01, 02,03) with 01,03 € R, o5 € RA-2i-1
(o) =

The explicit form of the groups G4 ; and the functions 7; can be seen
in Table 1 for dimensions d = 5, ...,12. It is clear by construction that
Ti ¢ de TiGd’iTi_l = Gdﬂ' and 7'142 = idgd+1.

d Sd Gd,i; S {17"'7sd} Ti; 1 € {17 "'7Sd}
5 2 G51=0(2)x0(2) x0(2) T1(01,02,03) = (03,02,01); 01,02,03 € R?
Gs,2 =0(3) x O(3) T2(01,02) = (02,01); 01,02 € R®
6 1 Ge1=02)x0B)x02) 7i(o1,02,03) = (03,02,01); 01,03 €E R, 00 ER?
7 3 Gr1=0@2)x0@)x02) 7i(o1,02,03) = (03,02,01); 01,03 € R?,00 € R?
G7,2 = 0(3) X 0(2) X 0(3) 7’2(01,02,0'3) = (03,02,01); 01,03 € RS,UQ € R2
Gr3=0(4) x O4) m3(01,02) = (02,01); 01,02 € RY
8 2 Gg1=0@2)x0B)x0@2) 7i(o1,02,03) = (03,02,01); 01,03 € R*, 02 € R®
Gs,2 = 0(3) x O(3) x O(3) m2(01,02,03) = (02,01,03); 01,02,03 € R3
9 4 Go1=02)x0(6)x0(2) ti(o1,02,03) = (03,02,01); 01,03 € R?,02 € R®
Go2 = 0(3) X 0(4) X 0(3) 7’2(01,02,0'3) = (03,02,01); 01,03 € RS,UQ c R4
Gg3 =0(4) x O(2) x O(4) 73(01,092,03) = (03,02,01); 01,03 € R* 09 € R?
Go,a = O(5) x O(5) t4(01,02) = (02,01); 01,02 € R®
10 3 Gi101=0@2)x0(7) xO02) 7i(01,02,03) = (03,02,01); 01,03 € R?,00 ER”
G102 =0(3) x O(5) x O3)  m2(01,02,03) = (03,02,01); 01,03 € R3, 09 € RS
G10,3=0(4) x O3) x O(4)  13(01,02,03) = (03,02,01); 01,03 ER* 05 €R3
115 Gu1=0@2)x0®)x0(2) mi(o1,02,03) = (03,02,01); 01,03 € R?,02 € R®
G112 =0(3) x O(6) x O(3)  m2(01,02,03) = (03,02,01); 01,03 € R3,05 € RS
G11,3 =0(4) x O(4) x O(4) T3(01,02,03) = (02,01,03); 01,02,03 € R?

G11,4 = O(5) x O(2) x O(5)  74(01,02,03) = (03,02,01); 01,03 € R3, 05 € R?

Gi1,5 = O(6) x O(6) 75(01,02) = (02,01); 01,02 € RS

12 4 G12,1=O(2)><O(9)><O(2) T1(01,02,03)=(a3,02,o‘1); 0’1,0’3€Rz,02€R3

Gi2,2 =0(3) x O(7) x O(3)

01,02,03) = (03,02,01); 01,03 € R3, 09 € R”

72 )=
G12,3=0(4) x O(5) x O(4)  T13(01,02,03) = (03,02,01); 01,03 € R*, 00 € R®
( )=

G12,4 = 0(5) X 0(3) X 0(5) T4(01,02,03

(03,02,01); 01,03 ER5, 03 €R3

TABLE 1.

Inspired by [30], [32], we introduce the action of the group GJ; =
(Gai,7i) C O(d+ 1) on the space HZ(S%). Due to the above properties
of 7;, only two types of elements in Ggfi can be distinguished; namely,

)
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§g=g9g¢€ Gq;,and § =79 € G;fi \ Gq,; (with g € Gg,;), respectively.
Therefore, the action G7; x H{(S%) — H7(S?) given by

gu(o) =u(g~lo), (mg)ulo) = —u(g~ 7 to), (10.5)
for g € Gai, u € H¥(S?) and o € S?, is well-defined, continuous and
linear. We define the subspace of H?(S?%) containing all symmetric points

with respect to the compact group G7;, i.e.,

Heri (SY) = {u € HY(S) : gu = u for every § € Gyt

d?1
For further use, we also introduce
HGM(Sd) = {u € H2(S) : gu = u for every g € Ga,i},

where the action of the group Gg; on HZ(S?) is defined by the first
relation of (10.5).

Remark 10.1 Every nonzero element of the space HG;i‘(Sd) changes
sign. To see this, let u € Hgm (S%) \ {0}. Due to the G ;-invariance of

7
2

u and (10.5) we have u(o) = —u(r; ‘o) for every o € S%. Since u # 0, it
should change the sign.

The next result shows us how can we construct mutually distinct
subspaces of HZ(S?) which cannot be compared by symmetrical point
of view.

Theorem 10.1 For every i,j € {1, ..., 84} with i # j, one has

(i) He,,(SY)Y N Hg,,(S%) = {constant functions on S*};
(it) Her, (SH N HG;_?j (S%) = {o}.

Proof. (i) Let u € Hg,,(S%) N He,,(S?). In particular, u is both
G- and Gy j-invariant, i.e. gyu = gju = u for every g; € G4, and
g; € Gg,j, respectively. Consequently, u is also (G4, Gq,;)-invariant;
thus, u(c) = u(g;jo) for every g;; € (Gai,Ga;) and o € S%. Due to
Proposition 10.1, for every fixed o € S?, the orbit of g;;o is the whole
sphere S¢ whenever g;; runs through (Gg;, Ga ;). Therefore, u should
be constant.

(i) Let uw € Hegri. (Sd)ﬁHG;jj (S?). The second relation of (10.5) shows
that u(o) = —u(r; o) 7U(Tj_10'), o € S%. But, due to (i), u is con-
stant. Thus, u should be 0. (|
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Fig. 10.1. The image of the function w : S* — R from (10.6) with parameters r =
0.2, R = 1.5,s = 0.4; the value w(o) is represented (radially) on the line determined
by 0 € R4t1 and o € S, the ’zero altitude’ being co, i.e., the sphere ¢S?, with
¢ = 1.3. The union of those 8 disconnected holes on the sphere S? where the function
w takes values s and (—s) corresponds to the szinvariant set D;. (Note that the

figure describes the case 7 # d;1. When i = % the coordinate o2 vanishes and
the figure becomes simpler.)

To conclude this section, we construct explicit functions belonging to
Hegr (S?) which is of interest in its own right as well. Before we give
the class of functions we are speaking about, we say that a set D C S¢
is G ;-invariant, if gD C D for every g € G7/,.

Proposition 10.2 Leti € {1, ...,s4} and s > 0 be fized. Then there exist
a number C; > 0 and a Ggfi-invarz'ant set D; € S% with Voly,(D;) > 0,
both independent on the number s, and a function w € HG;@(S“Z) such
that ’

D) lwllze < s;
ii) |Vw(o)| < Cis for a.e. o € S%

iil) |w(e)| = s for every o € D;.
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An explicit function w : S — R fulfilling all the requirements of Propo-
sition 10.2 is given by

8s . (R—7r R—r
w(o) = (R_T)sgn(|01|—\03\)max (O,mln( s 1
R+3 R+ 3
7max(|o'1|+‘03‘f | llonl = ol | - === )91).6)

where R > r, and 0 = (01,02,03) € S? with 01,03 € R, oy €

—9im . _ . a+1
R4=2=1 whenever i # %, and 0 = (01,03) € S? with 1,03 € R™=

whenever | = %. The G ,-invariant set D; C S? can be defined as
R+ 3 R— R+ 3 R—
Di:{UGSdZ loi| + |os| — _Z "l < 8r’ lloi] = |os|] — —Z "l < 87“}‘

The geometrical image of the function w from (10.6) is shown by Figure
10.1.

10.3 Arbitrarily small solutions

Let f : R — R be a continuous function and F(s) = [, f(t)dt. We
assume that

(fY)  —oo < liminf,_,g+ FS(;) < limsup,_, o+ % = +o0;

(f9)  liminf,_q: £ <o.
Theorem 10.2 Let d > 5 and f : R — R be a continuous function which
is odd in an arbitrarily small neighborhood of the origin, verifying (fY)
and (f3). Then there exist at least sq = [d/2] + (—1)%t1 — 1 sequences
{ut}p € H3(SY), i € {1, ..., 84}, of sign-changing weak solutions of (P)
distinguished by their symmetry properties. In addition,

lim ||ul| e = lim |[ullg> =0 for every i€ {1,...,sq}.
k—oo ’ k—o0 1

Example 10.1 Let a,8,7 € R such that « + 3 > 1 > a > 0, and

€ (0,1). Then, the function f : R — R defined by f(0) = 0 and
f(s) = |s|*"ts(y + sin|s|7?) near the origin (but s # 0) and extended
in an arbitrarily way to the whole R, verifies both (f) and (f3).

In order to prove Theorem 10.2, we need some propositions. Through-
out this section we assume the hypotheses of Theorem 10.2 are fulfilled.

Let § > 0 be so small that f is odd on [—§, 5], and let us define
f(s) = sgn(s)f(min(|s|,5)). Clearly, f is continuous and odd on R.
Define also F(s) = [; f(t)dt, s € R.
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On account of (fY), one may fix ¢y > 0 such that

lim inf@ < —¢p < 0. (10.7)

s—0t

In particular, there is a sequence {3; }1 C (0, §) converging (decreasingly)
to 0, such that

fk) = f(5k) < —cosi. (10.8)

Let us define the functions

P(s) = f(s)+cos and U(s) = /OS P(t)dt = F(s)+%052’ s € R. (10.9)

Due to (10.8), ¥(5x) < 0; so, there are two sequences {ay}r, {br}r C
(0, 3), both converging to 0, such that by11 < ar < S < by for every
k € N and

P(s) <0 for every s € [ag, bx]. (10.10)

Since ¢y > 0, see (10.7), the norm

1/2
lulle, = (/ |Vul?doy, +co/ u2dah) (10.11)
sd sd

is equivalent to the standard norm ||+ || 2. Now, we define & : H?(S%) —
R by

&G = 5llul?, = [ Wlu(o))don,

which is well-defined since v has a subcritical growth, and H?(S?) is
compactly embedded into LP(S%), p € [1,2*), see Hebey [136, Theo-
rem 2.9, p. 37]. Moreover, £ belongs to C'(H?Z(S%)), it is even, and
it coincides with the energy functional associated to (P) on the set
B>®(3) = {u € L®(S%) : ||lu||p~ < 5} because the functions f and f
coincide on [—3, §].

From now on, we fix i € {1,...,s4} and the corresponding subspace
HG;iv(Sd) of H?(S%) introduced in the previous section. Let us denote

by &; the restriction of the functional £ to Hgr (S%) and for every k € N,
consider the set ’

Tj = {u€ Hoy (8 [lull~ < by}, (10.12)

where by, is from (10.10).
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Proposition 10.3 The functional &; is bounded from below on T} and its
infimum mi, on T} is attained at ui, € T}. Moreover, mi = &;(ul) <0
for every k € N.

Proof. For every u € T,ﬁ we have

Ei(u) = 1||u\|g 7/ U(u(o))doy, > — max - Vol,(S?) > —oo.
2 0 Sd [—bk7bk]

It is clear that 7} is convex and closed, thus weakly closed in H, ar, (S9).

Let m} = infy, &, and {un}n C T} be a minimizing sequence of &; for
my.. Then, for large n € N, we have

Dunl2 <mi+14 max @-Voly(S%),
2 ’ [—b,br]

thus {u,}, is bounded in Hegri (S?). Up to a subsequence, {u,}n
weakly converges in He, (S to some ul € T¢. Since ¢ has a sub-
critical growth, by using the compactness of the embedding HG;’,'i (8% c
H2(S%) — LP(S%), 1 < p < 2*, one can conclude the sequentially weak
continuity of the function u — [s, ¥(u(0))doy, u € HG;Z (S?). Conse-
quently, &; is sequentially weak lower semicontinuous. Combining this
fact with the weak closedness of the set T}, we obtain & (ul) = mi =
infT,’f, 81

The next task is to prove that mj, < 0 for every k£ € N. First, due to
(10.9) and (fY), we have

v
—00 < liminf @ < lim sup 5

s—0t S s—0+ S

= +00. (10.13)

Therefore, the left-hand side of (10.13) and the evenness of ¥ implies
the existence of [ > 0 and ¢ € (0, 5) such that

U(s) > —1s? for every s € (—p, 0). (10.14)

Let D; € S% and C; > 0 be from Proposition 10.2 (which depend only
on Gg,; and 7;), and fix a number [ > 0 large enough such that
_ C?
IVoly(D;) > (; + (io) Vol (84) + 2, (10.15)
2 2
¢o > 0 being from (10.7). Taking into account the right-hand side of
(10.13), there is a sequence {sy }r C (0, ) such that s, < by, and U(sy) =
U (—sy,) > ls? for every k € N.
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Let wy, = w,, € HG;@(Sd) be the function from Proposition 10.2

corresponding to the value s > 0. Then wy € T, ,3 and one has

Ew) = lhonl?, = [ Wwn(o)doy

1
= (C? + coVoly(8h)) s7 — /
2 D;

IN

U (wp(0))don — /Sd\D' U (wy(0))don.

On account of Proposition 10.2 iii), we have
/ U (wy,(0))doy, = ¥ (sy)Voly(D;) > IVoly,(D;)ss.
D;

On the other hand, due to relation (10.14) and Proposition 10.2 i), we
have

/ W(wp(o)don > —1 | w(0)dow > —IVol,(S%)s2.
S\ D; S\D;

Combining (10.15) with the above estimations, we obtain that m} =
inlez & < &;(wy) < 0, which proves our claim. O

Proposition 10.4 Let u}, € T} from Proposition 10.5. Then, |u} || L=
ay. (The number ay, is from (10.10).)

IN

Proof. Let A = {0 € S* : ui(0) ¢ [—ax,axr]} and suppose that
meas(A) > 0. Define the function v(s) = sgn(s)min(|s|,ar) and set
wy, = v out. Since « is Lipschitz continuous, then wy € HZ(S?), see
Hebey [136, Proposition 2.5, p. 24].

We first claim that w;, € HG;ii (S?). To see this, it suffices to prove
that gwy, = wy, for every § € G;fi.yFirst, let § = g € Ga,. Since gul, = ul,
we have

gui(o) = wi(g™' o) = (youp) (g~ 0) = Y(ui(9™'0)) = Y(ui(0)) = wi(0)

for every o € S%. Now, let § = 7,9 € G}, \ Ga,; (with g € Gg;). Since v
is an odd function and (7;g)ui = ut, on account of (10.5) we have

(rghwn(o) = —wilg'r"0) = ~(you)lg~'ri )
= V(zu%(g—lTila)) = ’y((Tig)uz(g>) - 7<u;€(o.))
= Wig\o

for every o € S%. In conclusion, the claim is true, and wy, € HG;:‘(Sd).

Moreover, |wg|/p= < ag. Consequently, wy, € T}.
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We introduce the sets
Ay ={oce€A: ui(o) < —ar} and Ay ={o € A: ul(o) > a}.
Thus, A = A; U Ay, and we have that wy(c) = u} (o) for all 0 € ST\ A,

wi (o) = —ay, for all o € Ay, and wy (o) = ay, for all o € Ay. Moreover,

Ei(wy) — Eiluj,) =

1 - c : ;
= 5 [P+ L [ (o - P~ [ (9~ wldon
A A A

1 . g i
= 75/ |Vuk(0)|2dah + 50 [aﬁ - (Uk(a))Q]dUh
A A

- / [0 (—ar) — U(ul(0))]dory — / [ (a) — U(uy(0))]do.
Ay

Az

Note that [, [w? — (u},)?*]doy < 0. Next, by the mean value theorem, for
a.e. 0 € Ay, there exists 0 (o) € [ag, by] such that ¥(ax) — V(u}(0)) =
Y(0x(0))(ar, — ui(0)). Thus, on account of (10.10), one has

[ @) - (i (o))don = .
Az
In the same way, using the oddness of ¥, we conclude that
[ ()~ ¥ o))don > o
A

In conclusion, every term of the expression &; (wy)—&;(u}) is nonpositive.
On the other hand, since wy, € T}, then & (wy) > &(ul) = inf7: €. So,
every term in & (wy) — & (u},) should be zero. In particular,

/A Vi (o) oy, = /A (a2 — (u(0)))dor, = 0.

These equalities imply that meas(A4) should be 0, contradicting our ini-
tial assumption. O

Proposition 10.5 limy, o mj, = limg oo [[u} [ e = limy oo [|uf || g2 =
0.

Proof. Using Proposition 10.4, we have that ||ul ||z~ < a) < § for a.e.
o € S Therefore, we readily have that limg_, oo ||u}€||Loo =0.
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Moreover, the mean value theorem shows that

my, = &lup) > ,/d U (uj(0))doy, > — max || /d |u,(0)|don
S —5,3 S
> — mgug] | Voly, (S ay,.

Since limg_, o ar = 0, we have limg_, o, my > 0. On the other hand, m; <
0 for every k € N, see Proposition 10.3, which implies limy_,o, m} = 0.
Note that

i |2 _ _ _
m =my, —|—/ T (ul(0))doy, < mi + max [¢|Voly, (S%)ay,
2 54 [=5,3]
thus limg oo [[ul]lc, = 0. But ||+ ||¢, and || - | 72 are equivalent norms. [

Now, we prove the key result of this section where the non-smooth
principle of symmetric criticality for Szulkin-type functions plays a cru-
cial role.

Proposition 10.6 u! is a weak solution of (P) for every k € N.
Proof. We divide the proof into two parts. First, let
Ty = {ue H{(SY) : ||ull~ < by}

Step 1. (€' (up,), w — uj) g2 > 0 for every w € Ty,
The set T}, is closed and convex in HZ(S?). Let (7, be the indicator
function of the set T}, (i.e., (1, (u) = 0 if u € Tk, and (7, (u) = 400, oth-
erwise). We define the Szulkin-type functional Z, : HZ(S%) — RU{+o00}
by Zr, = E+C(r,, see Section 1.6. We deduce that & is of class C*(H?Z(S%)),
1, is convex, lower semicontinuous and proper. On account of (10.12),
we have that T}, = T, N Hgmi (S9); therefore, the restriction of ¢z, to

Hem (S9) is precisely the indicator function ¢z, of the set 7. Since uj, is

a local minimum point of & relative to 7} (see Proposition 10.3), then

uf is a critical point of the functional Z} := & + CT;i’ in the sense of
Szulkin [282, p. 78], that is,
0 € & (up) + i (uj,) in (Hgr (S7)%, (10.16)

where 8CT£ stands for the subdifferential of the convex function Cri-
Since £ is even, by means of (10.5) one can easily check that it is
Gy ;-invariant. The function (7, is also G ;-invariant since g7} C Tk
for every g € G, (we use again (10.5)). Finally, since Gj; C O(d+1) is
compact, and &; and CT;@’ are the restrictions of £ and (r, to HG;’:% (S9),
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respectively, we may apply — via relation (10.16) — the principle of sym-
metric criticality proved by Kobayaski-Otani, see Theorem 1.27. Thus,
we obtain

0€ &' (up) + 9, (up) in (HF(ST)".
Consequently, for every w € HZ(S?), we have
<g/(u§€)7 w— u;c>H12 + (1 (’LU) — (1, (u;c) =0,

which implies our claim.

Step 2. (Proof concluded) ui is a weak solution of (P).
By Step 1, we have

/ (Vu}'wV(w—uZ))dah—i—co/ up(w—ul)don— [ W(up)(w—uk)don, >0, Yw e Ty.
sd §d Jsd

Recall from (10.9) that (s) = f(s) + cos, s € R. Moreover, f and f
coincide on [—3, 3] and u}(c) € [—ak,ax] C (—35,3) for a.e. o € S? (see
Proposition 10.4). Consequently, the above inequality reduces to

/ (Vus, V(w —ul))doy, — [ f(ul)(w —ul)dop, >0, YV w e T.

d d

’ ’ (10.17)
Let us define the function y(s) = sgn(s)min(|s|,by), and fix ¢ > 0 and
v € HE(S?) arbitrarily. Since 7 is Lipschitz continuous, wy, = yo(u, +cv)
belongs to HZ(S?%), see Hebey [136, Proposition 2.5, p. 24]. The explicit
expression of wy, is

—by, if o€ {ul +ev<—by}
wr(o) =< ul(o)+ev(o), if o€ {—bp <ul +ev<by}
b, if o€ {bp <ul +evl.

Therefore, wy, € Ty. Taking w = wy as a test function in (10.17), we
obtain

o< - Vaila [ )
{u},+ev<—br} {u},+ev<—br}
+8/ (Vul, Vo) — 5/ fub)v
{—br<ul+ev<bir} {—br<ul4ev<by}

[ waP- [ ) ).
{bx<uj +ev} {br<u} +ev}
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After a suitable rearrangement of the terms in this inequality, we obtain
that

0 < 6/ (Vui, Vv) —e [ flub)v
Sd Sd

-/ Vi - | Vi
{ui +ev<—by} {bp<u} +ev}

4 / F () (b + wl + ev) + / POl (—by 41t + 20)
{u;‘ﬂ+s7j<fbk} {bkgu;‘CJrsv}

—5/ (Vui, Vv) — E/ (Vui, Vv).
{u;'c+5v<7bk} {bkgu;‘CJrsv}

Let Mj, = max(_q, q,) |f]. Since uf(c) € [—ar,ax] C [—by,bi] for a.e.
o € S?, we have

/ Ful)(bg + uf +ev) < —sMk/ v
{u} +ev<—by} {ul +ev<—by}

and

/ FQl) (—bg + 1l + £v) < sMk/ v,
{bp<u} +ev} {br <uj +ev}

Using the above estimates and dividing by € > 0, we obtain

0 < / (Vul, Vo)doy, — [ f(ub)vdoy,
Sd Sd

—Mk/ vdoy, +Mk/ vdoy,
{u} +ev<—by} {bp<uj +ev}

- / (Vul, Vo)doy, — / (Vui, Vo)doy,.
{ul +ev<—by} {bx <uj +ev}

Now, letting ¢ — 07, and taking into account Proposition 10.4 (i.e.,
—ay, < ul(0) < ay for a.e. o € S?), we have

meas({uf, +ev < —by}) — 0 and meas({by < ul +ev}) — 0,

respectively. Consequently, the above inequality reduces to
0 < / (Vui, Voydop — [ f(ul)vdoy,.
sd sd

Putting (—v) instead of v, we see that u}, is a weak solution of (P), which
completes the proof. O
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Proof of Theorem 10.2. Fix i € {1,...,s4}. Combining Propositions
10.3 and 10.5, one can see that there are infinitely many distinct ele-
ments in the sequence {u} };. These elements are weak solutions of (P)
as Proposition 10.6 shows, and they change sign, see Remark 10.1. More-
over, due to Theorem 10.1 (ii), solutions in different spaces Hegri (S%),
i € {1,...,54}, cannot be compared from symmetrical point of view.
The L°°— and H?-asymptotic behaviour of the sequences of solutions
are described in Proposition 10.5. ]

10.4 Arbitrarily large solutions
Instead of (f{) and (fY), respectively, we assume

(f°)  —oo < liminf,_ . FS(QS) < limsup,_, .,

(fs°) liminf,_. £ <o.

FS(;) — +OO,

Unlike in Theorem 10.2 where no further assumption is needed at
infinity, we have to control here the growth of f. We assume that f has
an asymptotically critical growth at infinity, namely,

(f$°)  supser Hllfs(‘% < 00, where 2% = 24

Theorem 10.3 Let d > 5 and f : R — R be an odd, continuous func-
tion which verifies (f£°), (fs°) and (f$°). Then there exist at least
sa = [d/2] + (=1)4* — 1 sequences {it}, C HZ(SY), i € {1,...,5q},
of sign-changing weak solutions of (P) distinguished by their symmetry
properties. In addition,

lim ||@}| g = lim ||@}]| g2 = oo for every i€ {1,...,54}.
k—o0 k—o0 1

Example 10.2 Let d > 5 and «, 3,7 € R such that % > a > 1,
| — B < 1, and v € (0,1). Then, the function f : R — R defined
by f(s) = |s|* !s(y + sin|s|?) verifies the hypotheses (), (f5°) and
(f$°), respectively.

Certain parts of the proof of Theorem 10.3 are similar to that of The-
orem 10.2; so, we present only the differences. We assume throughout
of this section that the hypotheses of Theorem 10.3 are fulfilled. Due to
(fs°), one can fix ¢, > 0 such that

f(s)

liminf —= < —¢o < 0.
s

8§— 00
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Let {51} C (0,00) be a sequence converging (increasingly) to +oo, such
that f(55) < —CooSk. We define the functions

P(s) = f(8) + cos and V(s) = / Y(t)dt = F(s) + %032, seR.
0
(10.18)
By construction, ¥(5;) < 0; consequently, there are two sequences
{ak i, {br}r C (0,00), both converging to oo, such that ar < 3 <
b < a4 for every k € N and

P(s) < 0 for every s € [ag, by (10.19)
Since ¢oo > 0, the norm || - ||... defined in the same way as (10.11) with
Coo instead of cg, is equivalent to the standard norm || - || g2 Now, we

define the energy functional £ : H?(S?) — R associated with (P) by
1
g = 3l - [ wla(o))don
Sd

Since HZ(S?) is continuously embedded into LP(S?), 1 < p < 2%, see
[136, Corollary 2.1, p. 33]), using hypothesis (f$°), the functional £ is
well-defined, and it belongs to C''(H2(S%)). Moreover, since f is odd on
the whole R, the functional £ is even.

We fix i € {1,..., 84} and the subspace Hgri (S%) of HZ(S?). Let &
be the restriction of the functional € to Hgr (S%) and for every k € N,
define the set 1

Zi = {ue Hyr (8% : [lule < b},

where by, is from (10.19).

Proposition 10.7 The functional &; is bounded from below on Z and
its infimum m}c on Z} is attained at ﬁ}c € Z,i. Moreover, limy_, o Th}c =
—00.

Proof. 1t is easy to check that & is bounded from below on Zi. In
order to see that it attains its infimum on Z,i we show that the function
u — Jou (u(o))don, u € HG;Z (S?) is sequentially weak continuous;
in such case, &; is sequentially weak lower semicontinuous and we may
proceed in the standard way. On one hand, due to (f5°), (10.18) and
the oddness of 1, one can find ¢; > 0 such that

lh(s)] < er(1+ )71, seR. (10.20)
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On the other hand, the definition of G4 ; shows that the Gg;-orbit of
every point o € S? has at least dimension 1, i.e., dim(Gg;0) > 1 for
every o € S%. Thus

dg = min{dim(G4,0) : o0 € S} > 1.

Applying [30, Lemma 3.2], we conclude in particular that Hg dﬂ.(Sd) is

compactly embedded into L(S?%), whenever ¢ € [17 2;%32) . Since %dd%; >
2%, the embedding HG;i‘(Sd) C Hg,,(S%) — L* (S?) is compact. Com-
bining (10.20) with the above compactness property, we conclude the
sequentially weak continuity of the function u — [5, ¥(u(0))dop, u €

HG;; (S?). Consequently, we may assert that the infimum mi on Zj is

attained at the point @} € Z}.

We will prove limy_, m} = —oo. First, due to (10.18) and (f{°), we
have
v v
—o0 < liminf <28> < limsup (28) = +00. (10.21)
s§—00 S s—00 S

The left inequality of (10.21) and the evenness of ¥ implies the existence
of [, o > 0 such that

U(s) > —1s? for every |s| > o. (10.22)

Let D; € S% and C; > 0 be from Proposition 10.2 (which depend only
on G4, and 7;), and fix a number 1 > 0 large enough such that

2

Voly(D;) > (H %’") Vol (%) + % (10.23)

Taking into account the right-hand side of (10.21), there is a sequence

{8k }r C (0,00) such that limy_, 5 = oo and U(3;) = VU(—3;) > 157
for every k € N.

Let {b,, } be an increasing subsequence of {by}, such that §; < b,

for every k € N. Let Wy, := w;, € HG;ii(Sd) be the function from

Proposition 10.2 corresponding to the value s > 0. Then wy, € Zflk and

one has
N 1. .
g = o, - [ wne)do,
Sd
Lo dy) =2 - N
< = (CF + cooVolu(S8Y)) 5% — U (wy(o))doy, — U(wy(0))doy,.
2 D; S9\D;
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On account of Proposition 10.2 iii), we have
/ U (y,(0))doy, = U (5;)Vol,(D;) > IVoly,(D;)32.
D;
Due to Proposition 10.2 i) and (10.22), we have

/ (g (0))doy = W (ioy (o) )don
sS4\ D,

/(sd\Di)m{wkSQ}

+/ \I’(ﬁ)k(d))dUh
(SA\D)N{|wx|>e}

— (max |0 +l§§> Voly, (S).
[—o.0]

Y

Combining these estimates, we obtain that

2
Ei(y) < 57 <—lVolh(Di) + (1+ %’") Voly, (S%) + C2’Z>—|—[max] [T [Voly, (S%).
—0,0

Taking into account (10.23) and that limy_, o, §x = 00, we obtain limy_, & (Wg) =
—00. Since ’ﬁ”L%k = 87,(1];%) = infzibk gi < 51(12%), then limk_,oo ﬁl%k =

—o0. Since the sequence {rm} }) is non-increasing, the claim follows. [

Proposition 10.8 limy, o [|@}[| e = limy oo |34 g2 = oo

Proof. Assume first by contradiction that there exists a subsequence
{ﬁ;k by of {ﬁ}c}k such that ||}, || < M for some M > 0. In particular,
{ty, } C Z] for some | € N. Therefore, for every ny > I, we have

i >, = inf & = &(iil,, ) > inf & = m].
z, Zi
Consequently, m,, = my for every ny > [, and since the sequence {m },
is non-increasing, there exists kg € N such that for every k > ko we have
mt = m}, contradicting Proposition 10.7.

It remains to prove that limg_ ||12}€||le = 0o. Note that (10.20) and
the continuity of the embedding HZ(S?%) into L?"(S%) implies that for
come C > 0 we have

|, wut)don] < (el +

?1*12)7 Vu € H%(Sd)

Similarly as above, we assume that there exists a subsequence {ﬂ;k i of
{@}}1. such that for some M > 0, we have ||a},, [|gz < M. Since || - ||,
is equivalent with || - || g2, due to the above inequality, the sequence

{&(a, )} is bounded. But mf, = &(al, ), thus, the sequence {m}, }
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is also bounded. This fact contradicts Proposition 10.7. O

Proof of Theorem 10.3. Due to Proposition 10.7, we can find infinitely
many distinct elements @} ; similar reasoning as in Propositions 10.4 and
10.6 show that a} are weak solutions of (P) for every k € N. The L>-
and H?-asymptotic behaviour of the sequences of solutions are described
in Proposition 10.8. The rest is similar as in Theorem 10.2. U

Remark 10.2 Theorems 10.2 and 10.3 can be successfully applied to
treat Emden-Fowler equations of the form

—Av = z|* 2 f(jz["*v), 2 eR™\{0} (a<0) (10.24)

whenever f : R — R is enough smooth and oscillates either at zero or
at infinity having an asymptotically critical growth. Finding solutions
of (10.24) in the form v(z) = v(r,0) = r®u(o), (r,0) = (|z|,z/|z|) €
(0,00) x S being the spherical coordinates, we obtain

—Apu+a(l —d—a)u= f(u) on S, (10.25)

see also (9.1)x. Assuming (f{) and liminfs g, f(,:) <a(l—-—d-a)
with L € {0", 400}, and (f$°) whenever L = 400, we may formulate
multiplicity results for (10.25), so for (10.24). Note that the obtained

solutions of (10.24) are sign-changing and non-radial.

10.5 Historical notes, comments and perspectives

A. Historical notes. One of the most famous problems in Differential
Geometry is the so-called Yamabe problem: given a smooth compact
Riemannian manifold (M, g) of dimension d, d > 3, there exists a met-
ric g from the conformal class of g of constant scalar curvature. This
problem has a PDE formulation which has been extensively studied by
many authors; the reader id referred to the monographs of Aubin [19]
and Hebey [136].

Another class of elliptic problems defined on compact manifolds arises
from the Emden-Fowler equation, studied for superlinear nonlineari-
ties via minimization or minimax methods by Cotsiolis-Iliopoulos [79],
Vézquez-Véron [288], Bidaut-Véron-Véron [39], etc.

In Sections 9.2 and 10 we presented some of our contributions related
to Emden-Fowler equations when the nonlinearity has either a sublinear
growth at infinity or it has an oscillatory behavior near zero or at infinity.
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Elliptic problems involving oscillatory nonlinearities have been studied
in Omari-Zanolin [229], Ricceri [258], Saint Raymond [265], subjected to
standard Neumann or Dirichlet boundary value conditions on bounded
open domains of R™, or even on unbounded domains, see Faraci-Kristaly
[111], Kristaly [166]. Results in finding sign-changing solutions for semi-
linear problems can be found in Li-Wang [187], Zou [299] and references
therein. The strategy in these last papers is to construct suitable closed
convex sets which contain all the positive and negative solutions in the
interior, and are invariant with respect to some vector fields. Our ap-
proach is rather different than those of [187], [299] and is related to the
works of Bartsch-Schneider-Weth [30] and Bartsch-Willem [32], where
the existence of non-radial and sign-changing solutions are studied for
Schrédinger and polyharmonic equations defined on R™.

B. Comments. Section 9.2 is based on the paper of Kristaly-Radulescu
[175], while the main results of Section 10 are mainly contained in
Kristaly [169] and Kristdly-Marzantowicz [171].

As we mentioned at the beginning of Section 9.2, when the nonlinear-
ity f is a uniformly Lipschitz function (with Lipschitz constant L > 0),
we have extra information on the eigenvalues:

(a) problem (Py) has only the trivial solution whenever A € (0, \r);

(b) problem (P,) has at least two nontrivial solutions whenever \ >
A*. Clearly, we have A* > A, and usually these two numbers do not
coincide. (For instance, if f(s) = In(1+s?), K(0) = a(o) = const., then
Ar = 1 while A\* ~ 1.32.) Unfortunately, we have no any precise result
when the parameter belongs to the ‘gap-interval’” [Ap, \*].

In Section 10, the minimal number of those sequences of solutions
for (P) which contain mutually symmetrically distinct elements is s4 =
[d/2] + (=1)?*1 — 1. Note that sq ~ d/2 as d — co. However, in lower
dimensions, Theorems 10.2 and 10.3 are not spectacular. For instance,
s4 = 0; therefore, on S* we have no analogous results as Theorems 10.2
and 10.3. Note that s3 = 1; in fact, for G531 = O(2) x O(2) we may apply
our arguments. Hence, on S one can find a sequence of solutions of (P)
with the described properties in our theorems. We may compare these
results with that of Bartsch-Willem [32]; they studied the lower bound
of those sequences of solutions for a Schrodinger equation on R%*! which
contain elements in different O(d+1)-orbits. Due to [32, Proposition 4.1,
p. 457], we deduce that their lower bound is s/, = [log2 %] whenever
d>3and d#4.

Let o, 8 € L>=(S?%) be two G ;-invariant functions such that essinfga 3 >
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0 and consider the problem
~Apu+a(o)u = F(o)f(u) on S (10.26)

If f:R — R has an asymptotically critical growth fulfilling (f{) and
f(s)

. . @
hgri)lilf Y < essmedB,
problem (10.26) admits a sequence of Gy ;-invariant (perhaps not sign-
changing) weak solutions in both cases, i.e. L € {07, 00}. The proofs
can be carried out following Theorems 10.2 and 10.3, respectively, con-
sidering instead of Hgr: (S?) the space Hg, ,(S?). Note that a : S — R
may change its sign. In particular, this type of result complements the
paper of Cotsiolis-Iliopoulos [78].

C. Further perspectives. The symmetry and compactness of the sphere
S? have been deeply exploited in Section 10. We intend to study a
challenging problem related to (P) which is formulated on non-compact
Riemannian symmetric spaces (for instance, on the hyperbolic space
H? = SO(d, 1)/SO(d) which is the dual companion of S = SO(d +
1)/SO(d)). In order to handle this kind of problem, the action of the
isometry group of the symmetric space seems to be essential, as shown
by Hebey [136, Chapter 9], Hebey-Vaugon [138].
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Equations with Critical Exponent

Numbers are the highest
degree of knowledge. It is
knowledge itself.

Plato (429-347 B.C.)

11.1 Introduction

In the last years many books and papers were dedicated to study Sobolev
spaces and equations with critical exponent on compact or non-compact
Riemannian manifold with or without boundary. For recent develop-
ments, we refer to the books by Ambrosetti and Malchiodi [6], Druet,
Hebey, and Robert [96], and Hebey [135], [136]. In this chapter we
present some elementary existence results concerning equations with
critical exponent. Here we follow the paper of Hebey [137].

First we formulate the Yamabe problem to give the geometric moti-
vation of these type problems. Let (M, g) be a Riemannian space and
V the Riemannian connection. Let (x;) is a local system of coordinates

on M, then
0 0
— =1t .
Ve (axj) i By,

The functions Ffj are called the Christoffel symbols of the connection V.
In the local system of coordinates (z;) the components of metric tensor
g we denote by (g;;) with the inverse matrix (¢%/), and let |g| = det (g;5).
The divergence operator div, on the C'! vector field X = (X?) is defined

263
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div ¢ X

= =Y g V)

and the Laplace-Beltrami operator by Aju = div 4(Vu). Here
o Ou
T ig O
SR

In the local system of coordinates (z;) the Laplace-Beltrami operator
Ay, has the following expression:

o 0%u ou
Aju=—g9 | —— Tk _— . 11.1
gt g (81:i8zj * 3xk> (11.1)

The curvature associated to the connection V is defined by:
R(X,Y) =VxVy = VyVx = Vixy]s

where [-;-] denote the Poisson bracket of the vector fields X and Y.
Consider the 4- covariant tensor R(X,Y,Z,T) = g(X,R(Z,T)Y) with
components Rigi; = glmRZ;j. The Ricci tensor is obtained from cur-
vature tensor by contraction and it is only one nonzero tensor or its
negative. Its components are R;; = Rfkj
and its contraction Sy, = R;;g% is called scalar curvature. A metric of
the form g = e"g is said to be conformal metric to g. We denote by [g]

. The Ricci tensor is symmetric

the conformal class of the reference metric g. By definition

[9] = {e"g | u e C=(M)}. (11.2)

If S, and S; are the scalar curvatures of g and g, one easily gets that

e*S; = S, +2(n —1)Ayu— (n— 1)(n72)|Vu\!2]. (11.3)

Let us now write g under the form g = uﬁg, for u : M — R some
smooth positive function. The above relation becomes

n—2 n—2 n+2
—Su=——-S;un2. 114
4(,}17 1) gU g’LL ( )

A
gt A(n—1)

The Yamabe problem can be formulated in the following way:

Geometric formulation. For any smooth compact Riemannian mani-
fold (M, g) of dimension n, n > 3, there exists g € [g] of constant scalar
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curvature.

PDE formulation. For any smooth compact Riemannian manifold
(M, g) of dimension n, n > 3, there exists u € C°°(M),u > 0 and there
ezists A € R such that

n—2 n+2

where Ay is the Laplacian with the respect to g, and Sy is the scalar
curvature of g.
If uw and ) satisfies equation (11.5), and if g = uﬁg, then we gets
4(n—1)
Sz =—7"=A\.
g n—2

In particular, this gives a conformal metric to g of constant scalar cur-
vature. The left hand side in this equation (11.5) is referred to as the
conformal Laplacian. We denoted by

n—2

Lg:AgU+m

Squ.
Note that L, is conformally invariant in the following sense: If § =
@ﬁg is a conformal metric to g, then, for all u € C*°(M),

_nt2
Lg(u) = ¢~ =2 Ly (up).

In this chapter we study the problem like (11.4). For this let (M, g)
be a smooth compact Riemannian manifold of dimension n > 3, and
h: M — R be a smooth function. In the next we study equations of the
following form:

Agu+hu= "1 in M
(CE)
u > 0, in M,

where A € R and 2* = 112?”2 is the critical exponent of the embedding
Wh2(M) — L*".

Before to discuss this problem we remember

Theorem 11.1 Let (X, ||-||) be a real Banach space, Q@ C X be an open
subset, f : Q@ — R be a differentiable function, and ® : Q@ — R™ be of
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class C*. Let also a € R™ be such that H = ®~1(a) is not empty. If
xo € H is a solution of the minimization problem

f(wo) = min f(z)

zEH

and if D®(xg) is surjective, then there exists (A1,...,A,) € R™ such
that

Df(wo) = Y AiD®; (),
i=1

where ® = (®q,...,P,).

The next result is the Hopf’s maximum principle.

Theorem 11.2 Let Q C R™ be an open connected set and let

= 0%u - i
L(u) = E W BT + E bi(m)%ﬁx + h(z)u
i=1

ij=1

be a linear uniformly elliptic differential operator with bounded coeffi-
cients and h < 0. Suppose that u € C*(M) satisfies L(u) > 0. If u
attains its maximum M > 0 in Q, then u is constant equal to M on Q.
Otherwise if at xg € IQ, wu is continuous and u(xg) = M > 0 then the
outer normal derivative at xq, if it exists, satisfies % > 0, provided
o belongs to the boundary of a ball included in 2. Moreover, if h = 0,

the same conclusion hold for a maximum M < 0.

An immediate consequence of the Hopf’s maximum principle is the
following.

Proposition 11.1 Let f : M x R — R be a continuous function and
u € C*(M) such that

Agu > u(z) f(z,u(x)),
then either u > 0 or u = 0.

As usual, C*°(M) and C§° (M) denote the spaces of smooth functions
and smooth compactly supported function on M respectively.

Definition 11.1 The Sobolev space EIZ (M) is the closure of C§°(M)
in Hy (M).
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If (M, g) is a complete Riemannian manifold, then for any p > 1, we
have HY (M) = H;(M).

We finish this section with the Sobolev embedding theorem and the
Rellich- Kondrachov result for compact manifold without and with bound-
ary.

Theorem 11.3 (Sobolev embedding theorems for compact manifolds)
Let M be a cpmpact Riemannian manifold of dimension n.
a) If L > % — Ethen the embedding HY (M) — L"(M) is continu-
ous.
b) (Rellich-Kondrakov theorem) Suppose that the inequality in a) i
s strict, then the embedding HY (M) — L"(M) is compact.
¢) Suppose 0 < a < 1 and % < E=2 then the embedding HE (M) —
C*(M) is continuous.

Theorem 11.4 Let (M,g) be a compact n-dimensional Riemannian
manifold with boundary OM .
a) The embedding HY (M) — L1(M) is continuous, if p < q¢ < T
and compact for p < q < %.
b) If OM # 0, then the embedding HY (M )hookrightarrowL(OM)

(n—1) p(n—1)
n—p

is continuous, if p < q < L and compact forp < q < e

Theorem 11.5 For any smooth compact Riemannian manifold (M, g)
of dimension n > 3, there exists B > 0 such that for any u € H? (M),

2/2*
(/ u|2*dvg) SKTQL/ \Vu|2dvg+B/ u?dv, (11.6)
M M M

and the inequality is sharp.

Theorem 11.6 (Global elliptic reqularity) Let M be a compact Riemann
manifold, and suppose that u € L}, (M) is a weak solution to Aju = f.

loc

a) If f € H (M), then v € H_ ,(M), and

lullmp,, < CUAgullap + [[u]ze)-

b) If f € CF(M), then f € C**2%(M), and

lullcz,, < ClAgullcr + [lulle=)-



268 FEquations with Critical Exponent

11.2 Subcritical case

In this section we study the following subcritical equation, i.e

Aju+hu= " in M
(11.7)
u > 0, in M,

where (M, g) b a smooth compact manifold of dimension n > 3, h :
M — R a smooth function and ¢ € (2,2*) be a fixed number.

Definition 11.2 We say that v € HZ(M) is a weak solution of the
equation (11.7) if for every ¢ € HZ(M) we have

/ (Vu, V(p)deg—k/ hupdv, :a/ u? pdv,.
M M M

We have the following regularity result.

Theorem 11.7 If u € HZ(M) is a weak solution of (11.7), then u €
C>(M).

Proof First we prove that the weak solution u is smooth, i.e. u €

C°°(M). For this let f = p,ui~!, and p; = 2*. Since u € Hf (M), from

Theorem 11.3 follows that v € LP*(M). Hence f € L%(M), and it
1

follows from Theorem 11.6 that u € Hy ' (M). Using again Theorem
11.3 embedding theorem, we obtain

1) w € LP2(M), where py = ﬁ ifn(g—1) >2p
or

2) uwe L*(M) for all sif n(q—1) < 2p;.
If we repeat this process, we get by finite induction that u € L*(M)

for all s. Indeed, let pg = %. Then p; > po. We define p; by
induction letting

Pi+1 = ﬁa if n(q —1) > 2p;
(11.8)
Pit+1 = +00, if n(g—1) <2p;.

For every ¢ € N* we have p; > pg. It follows that p;11 > p;. Moreover,
w € LPitH (M) ifn(g—1) > 2p;, and u € L¥(M) for all sif n(g—1) < 2p;.
Now, either exists ¢ € N* such that p; > @, or p; < @ for all
. In the first case, p;+1 = +00 and we get that v € L5(M) for all s.
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In the second case, (p;) is an increasing sequence bounded from above.
Thus (p;) converges, and if p is the limit of the p;’s, then

np
P=—F" 5=
n(g—1)—2p
so that p = w, which is impossible. This prove that u € L*(M) for

all s. By Theorem 11.6 we get w € H5(M) for all s. From ¢) Theorem
11.3 follows that u € C*(M). Then, since ¢ > 2,u?~! € C1(M), and, in
particular w9~ € Hj (M) for all s. Using again Theorem 11.6, it follows
that u € H5(M) for all s, and ¢) Theorem 11.3 implies u € C?(M).
Since u # 0, applying the maximum principle, i.e. Theorem 11.1 we get
than w > 0. From Theorem 11.6 follows that v € C*°(M). Thus the
assertion of theorem is proved.

O
We define
g = ugl?_f( /M(|Vu|2 + hu?)dvy, (11.9)
where
H, = {u € H} | such that /M lulfdvy, = 1}. (11.10)

We have the following result

Theorem 11.8 Let (M, g) be a smooth compact Riemannian manifold
of dimension n > 3. Given q € (2,2*), there exists u € C*°(M),u >0
in M such that

Agu+ hu = pui™t,

where [,, uldvy =1, where g is as above.

Proof Let (u;) C H, a minimizing sequence for p,. Taking into account
Proposition 3.49 [18] we have |V|u|| = |Vu] a.e., up to replacing u; by
|ui|, we can assume that u; > 0 for all 4. Since (u;) C H, and ¢ > 2,
(u;) using Holder inequality we get

[ e, <v,0n ([ i)
M M

From this inequality follows that (u;) is bounded in L?(M). In par-
ticular, i, is finite, and (u;) is bounded in Hf(M). Since HZ(M) is
a Hilbert space, follows that is reflexive. Taking into account that the
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embedding HZ(M) — L(M) is compact, there exists u € HZ(M) and
a subsequence of (u;) which will denote in the sameway, such that:

a) u; — u weakly in HZ(M)

b) u; — wu strongly in LY(M)

c) ui(xz) — u(z) a.e. x € M.

From c) follows that u > 0, and by b), u € H,. Because the norm is

weakly lower semicontinuous and u; — u weakly in HZ(M) follows that

el < Lim inf flus | .-

Because u; — u strongly in LI(M) and since LI(M) C L?*(M), then we
obtain

o= [ (9l + )i,
M

In particular, v is minimizer for p,. By Theorem 11.1 follows the exis-
tence of a € R, such that for any p € HZ(M),

/ (Vu, V(p)deg—i—/ hupdv, :a/ u? pdv,.
M M M

Taking ¢ = u, we get that o = p,. Thus u € Hg,u > 0, a weak
solutions of (11.7).
O

11.3 Critical case

In this section we study the critical case, i.e. the problem

Agu+ hu = M2l in M

(CE)
u > 0, in M,
where, (M, g) be a smooth compact manifold of dimension n > 3, h :
M — R a smooth function, where A € R and 2* = anQ is the critical
exponent.
We define

= inf Vul? + hu?)d
p= inf, [ (19U -+ by,

where

H={ue H12 | such that/ |u|2*dvg =1}
M
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Because L2 (M) C L?>(M), follows that p is finite. First we state the
following regularity result, which essentially is due to Trudinger [284].
Here we follows the Hebey work [137].

We have the following regularity result.

Theorem 11.9 Let (M, g) be a smooth compact Riemannian manifold
of dimension n > 3, and let h : M — R be a smooth function. If
u € H2(M),u >0 is a weak solution of the equation

Agu+ hu = Au?
where A € R, then u € C°(M) and either u =0, or u > 0 everywhere.
Proof 1t is enough to prove that u € L*(M) for some s > 2*, because

using the argument from Theorem 11.8 follows that u € C*°(M). For a
fixed number L > 0 we consider the following functions Fr,,Gr : R — R

given by
[t[27/2, if |t|<L
Frt)=< L . + g rox
1(?) { ZLE D2 - Z2202°2 i |t > L,
and
e it <L
Gr(t) = { L2 - 222021 i |t > L.

From the definitions of the functions Fj, and G, follows

Fp <t¥?, Gp<t*/? and (FL(t)? > tGL(t).

From these, follows easily (F7} (¢))? < %G’L(t) for t # L. Taking into
account that Fp and G, are locally Lipschitz and if we denote F; =
Fr(u) and G = Gr(u) follows that Fy,G; € HZ(M). Since u €
H?(M) is a weak solutions the equation (CE), follows that

/(VU,VGL>gdUg+/ hu@Ldvgza/ u? " G rdv,.
M M M

Since Gr(u) < ¥~ and u € L? (M), it follows that there exists
C1,C5 > 0, independent of L, such that

/ G, (w)|Vul*dv, < Cy —1—02/ u? "1G L dv,
M M
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and since (F} (t))2 < -G (t) and tG(t) < (FL(t))?, follows that
2% ~ v o~
5/ |VFyp|dv, < Cy +02/ u?* ?Fidv,.
M M
Given K > 0, let
Kt={zeM : ux) <K},
and
K- ={xeM : ulx) > K}.

Because H}(M) — L? (M) the embedding is continuous, from the
Holder’s inequalities we get

/uQ*_zﬁgdvg = / u2*_2ﬁfdvg+/ u2*_21:"fdvg
M - K+

B 2/n 5 2/2*
< / uQ_QFfdvg—F(/ u2> (/ FL>
— K+ K+
B B 2/2*
< / u* ?Fidv, +¢(K) (/ FL>
- M
<

/ u? 2 Fd, +035(K)/ (IVFL)? + F?)dv,,
- M

where e(K) = ([, u* dvy)?*™, and C3 does not depend on K and
L.Since u € L* (M), we have Klir_r& e(K) =0. We fix K > 0 such that
—+o00

CyC3e(K) < 2% We suppose that L > K, then we have
/ u? 2FEdv, < K22 Dy,

where V;; denotes the volume of M with respect the Riemannian metric
g. Since Fp(t) < t*"/2 and u € L* (M) follows the existence of a real
number Cy > 0, which does not depend on L such that

/ ng’l)g S C4.
M

In consequence, then there exist Cs,Cs > 0, independent of L, with
Cs < 1, such that

/ |V Fy[dv, §c5+06/ |V Ey 2 dv,.
M M

From this inequality follows that

- Cs
VL dv, < .
/M| L, < 1o
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Taking into account the Sobolev inequality for the embedding HZ (M) —
L? (M) and the above inequality we get

/ FQ*d’Ug < C’77
M

where C7 does not depend on L. If L — o0, follows that u € L(2")"/2 (M).
But (2%)2/2 > 2 and we get the existence of some s > 2* such that
u € L*(M). Now we can use the procedure from Theorem 11.8 to prove
that u € C*°(M). Now from Theorem 11.1 it follows that either u = 0
or u > 0.

O

Theorem 11.10 Let (M, g) be a smooth compact manifold of dimension
n >3, and let h : M — R be a smooth function. If p < 0, then the
problem (CE) has a smooth positive solution.

Proof
In the following we distinguish two cases.
First case: p < 0. Fix ¢ € (2,2*) and we consider the equation

Agu+hu = pul™t,

where (14 is defined in (11.8).
From Theorem 11.8, there exists uy, € C*°(M),uq > 0, such that

Agug + hug = ,uqugfl,

and [, uldv, = 1. Hence there exists u € H such that I(u) < 0, where
I(u) = / (1Vul? + hu?)du,.
M
We have

w <1 (i)

and that [, [u|?dv, < V=3 where Vg is the volume of M with respect
to g, we easily get that there exists €9 > 0 such that p, < ¢ for every
q € (2,2*). In similar way, we easily get that there exists K > 0 such
that py > —K for all g € (2,2*%). Hence, there exists ey > 0 such that

1
—— < pg < —¢€p
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for all ¢ € (2,2*). Let z, be a point where u, is maximum. Then
Agug(zq) > 0. It follows from the equation satisfied by u, that

h(zq)uq < Nqugil(xq»

In particular, h(z,) < 0, and

1
ug () < — ma |h(a)

therefore the ufls are uniformly bounded. From Theorem 11.6 follows

that the sequence u;s are bounded in HY for all p. In particular, a sub-

sequence of the ugs converge to some u in CY(M) as ¢ — 2*. Assuming
that the ufls converge to some A\ as ¢ — 2%, we get that u is a weak
solution of

Agu+ hu = 2 L

Because / uddvg = 1, follows that u is nonzero and u, — u uniformly
as q — 2*.

From Theorem 11.9 follows that u is smooth and Proposition 11.1
implies that u is everywhere positive. In particular, u is a strong so-

lution of the above equation. With similar arguments as above, we
get that limsup pg < p. Independently, it is straightforward that p <
q—2*

I ((/ ug*dvg)_;*uq), therefore
M
%

% 2
()’

for all g. Since uq — u uniformly, we have that / ug*dvg — / u? dvg.
M
Hence, we also have that lim 12nf fg = p. It follows that p, — p as
q—2*

q — 2%, so that A = . Summarizing, we proved that if u < 0, then
there exists u € C°°(M),u > 0, such that

Agu+ hu = puz**l

and / u2*dvg = 1. In particular, v is a minimizing solution of the
M

equation. Moreover, u is obtained as the uniform limit of a subsequence
of the uys.
The null case: p = 0.
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For the fixed number ¢ € (2,2*) we consider the equation
Agu+ hu = pul™t,

where (14 is defined in (11.9).
From Theorem 11.8 follows the existence of an element u, € C*° (M), uq, >
0 be such that

Agug + hug = pgud™

and / ugdvg = 1. First we claim that if u = 0, then p, = 0 for all g.
M

Given € > 0, we let u. € H be such that I(u.) < e. Thanks to Sobolev
inequality, there exists A > 0 such that for any u € HZ(M,

[ull3. < A(Jull3 + ul3).
Taking u = u, in the above inequality, we get that for any ¢ > 0,
1< Ale + Blluelf3),

where B =1+ max |h(z)|. Hence, there exists C' > 0 such that ||uc||2 >
€
C for all € > 0 sufficiently small. In particular, for ¢ > 2, there exists

Cy > 0 such that
/ lugl?dvg > C,.
M

Independently, it is clear that puy < I([Jucll;  uc), so that [Juc||2u, <e.
Fixing ¢ > 2, and letting ¢ — 0, it follows that ;14 < 0. On the other
hand,

Mg = I(“q) = Huqu*I(HuqHQ_}uq) > Huqu*Ma

so that p1y > 0. This prove the above claim if 4 = 0, then ;14 = 0 for all
q. Letting u = |Jug||5. u, for some g, we get that u is a positive smooth
solution of the equation
Agu+ hu = uuz**l
such that / u? dvy = 1. U
M

The positive case: > 0.
In this case first we prove that the operator Ay + h is coercive in the
sense that, there exists A > 0 such that for any u € HZ(M),

/Muw + hu?)dvy = Mul%e.
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From condition p > 0 and from Hoélder’s inequalities follows the exis-
tence of ji > 0 such that for any u € HZ(M),

/ (IVul> + hu?)dv, > [L/ u?dv,.
M M

. Then

=

We let € € (0, %) be such that (1 —¢)i+eh >

/ (IVul* + hu?)dv, > s/ (IVul* + hu?)dv, + (1 — s)/ u?dv,
M M M
> / \Vu|2dvg+ﬁ/ u?dv,
M 2 Jm
>

s/ (IVul? + u?)dv,.
M

In consequence, the operator A, + h is coercive.
The main result in the case p > 0 is the following:

Theorem 11.11 Let (M, g) be a smooth compact Riemannian manifold
of dimension n > 3, and h : M — R be a smooth function. If

. 1
ulg?f-t /M(|Vu|2 + hu?)dv, < Kz

Then there exists w € C*°(M),u > 0 such that

Agu+ hu = ;Lqul

and fM uQ*dvg = 1. In particular, w is a minimizing solution of the

equation.

Proof Let (u;) C H be a minimizing sequence for p. Using again
Proposition 3.49 [18], we can replace u; by |u;|, so we can assume that the
u;’s are nonnegative. We have that (u;) is bounded in H(M). Taking
into account that HZ(M) is a Hilbert space, we may thus assume that
there exists u € HZ(M), such that

1) u; — u weakly in HZ(M),

2) u; — u strongly in L?(M),

3) u; — u almost everywhere as i — +o0.

In particular, u is nonnegative. From the weak convergence u; — u
follows that

luill3 = 1V (us — w3 + [lull3 + o(1),
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for all 4, where o(1) — 0 as i — +o00. From Brézis-Lieb Lemma (see
Theorem B.2), it follows that

a3 = llws = ull32 + [[ull3: +o(1),

for all i, where, as above, o(1) — 0 as i — +o00. From Theorem 11.5
follows that, there exists B > 0 such that for any 1,

lui = ull3. < K2l (w; = )3 + Bllu; — ull3.
Since u; € H, it follows that
(1= [lul3-)**" < Kz (IVuill3 = [[Vull3) + o(1).

Since I(u;) — p and u; — u strongly in L?(M), we also have that

K2u— K2 (/M |Vul*dv, + /M huzdvg> +o(1)

Koy — Kppllul3. +o(1).

KL (Va3 = [[Vul3)

IN

Hence,
(1= [lul3-)**" < Kp(1 = [|ul3.).

From the assumption pK2 < 1 follows that

1 [lull3. < (1 Jul3)**.

From this we have ||u|l2+ = 1. Then, ||u;|l2 — |jull2 as ¢ — 400, and
since

IVuilly = 1V (ui = w)l3 + [[Vull3 + o(1),

we get that u; — u strongly in HZ(M) as i — +oo. In particular, u is

a minimizer for u, and u is a weak nonnegative solution of the equation
Agu+ hu = ,uu2*_1.

From Theorem 11.9 and Proposition 11.1 follows that u is smooth and

positive. I

11.4 Comments and historical notes

In 1960, Yamabe [294] attempted to solve the problem Given a com-
pact Riemannian manifold (M, g) of dimension n > 3, then there exists
a conformal metric with constant scalar curvature. Unfortunately, his
proof contained an error, discovered by Trudinger [284] and repair the
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proof, but only with a rather restrictive assumption on the manifold
M. In 1976, Aubin [17] and Schoen [267] trait the remaining case. In
1984, Cherrier [68] extend the Yamabe problem to the compact Riemann
manifold with boundary. In 1987 appear a very nice paper due to Lee
and Parker [185] about the Yamabe problem, where heres gave a proof
of the Yamabe problem unifying Aubin’s and Schoen’s arguments. The
Yamabe problem on compact Riemannian manifold with boundary was
studied in many papers by Escobar [104], [105], [106]. In 1993, Hebey
and Vaugon [138] studied the equivariant Yamabe problem. In the last
years many papers are dedicated to study different aspects of Yamabe
or Yamabe like problems. For this see the books of Ambrosetti and Mal-
chiodi [6], Druet, Hebey, and Robert [96], and Hebey [135], [136] and
also the papers of Li and Li [188] and II’'yasov and Runst [142] and there
references. Also many papers is dedicated to study the Yamabe invari-
ant, see for example a very nice paper of Ammann, Dahl, and Humbert
[10]. These problems suggest to study elliptic or semilinear elliptic prob-
lems on a compact Riemannian manifold with or without boundary. In
the present exists a very reach literature which are dedicated to study
these problem.
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Problems to Part I1

In mathematics the art of
proposing a question must be
held of higher value than
solving it.

Georg Cantor (1845-1918)

Problem 12.1 (Hopf’s lemma) Let (M,g) be a connected, compact
Riemannian manifold and f: M — R a smooth function such that

Agf > 0.

Then f is constant.

Problem 12.2 Consider S" the n-dimensional unit sphere endowed with
the Riemannian metric induced by the inclusion ¢ : S — R"*!. Show
that for any smooth function f: R"*! — R we have

) *f | 29f
. orz 5" or
where Apn+1, Agn and % are the Laplace operator on R*t! S" and
the radial derivative, respectively.

(Agn+1 f)

o = Agn (f

i)

Problem 12.3 Let S™ be the unit sphere endowed with the usual Rie-
mannian structure from R"*!. Denote by H; the vector space of the
harmonic polynomial of degree k > 0 defined on R"*1. Let H;, = {fls» :
fe 'Hk}

a) Show that Agnf = k(n + k — 1)f, for all f € Hj, and hence
k(n+ k — 1) is an eigenvalue of the Laplace operator Agn.

279
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b) ‘Hy is the eigenspace corresponding to the eigenvalue A, = k(n +
k—1).
c) The set {k(n+k—1) : k € N} is the set of eigenvalues of Agn.

Problem 12.4 (M. Obata [227] ) If g is a metric on S™ that is conformal
to the standard metric g and has constant scalar curvature, then up to a
constant scale factor, g is obtained from g by a conformal diffeomorphism
of the sphere.

Problem 12.5 Let gy be the standard Riemannian metric on R™. Let
h = (h;;) be a symmetric bilinear form with compact support and con-
sider the metric g. = go +€h on R". If R, _denotes the scalar curvature
of g. prove that

Ry, (z) = eRy(z) + £°Ra(x) + o(e?),

where
x) = ZZ; 68;122] — Atrh,
and
fie = 22}”” 82 Z g aazglal:k 1 Z g};j;j %

k,j,l k,j,l

. Z%%+Z%8hkk_7Z<9h”8hkk_lzahklahjk

Oz; Ox dx; Oz Ox; Ox; Ox; Ox;
kgl b YR O i Ui 1 O !

Also the following formula holds.
) € 2 (1 2 1 2 2
lg|2 :1+§trh+5 g(trh) —Ztr(h ) ) +o(e%).

Problem 12.6 Let (M, E]) be a compact Riemannian manifold with
boundary n > 3. Let 0 € M be a point. We assume that 1 <1i,j,k,[ <
n —1. Let (z1,2a,...,2,—1) be normal coordinate on M at the point
0. Let v(t) be the geodesics leaving from (x1,x9,...,2,—-1) in the or-
thogonal direction to M and parameterized by the arc length. In this
case (z1,a,...,2,—1) will be called Fermi coordinates at 0 € OM. In
these coordinates the arc length is written as

ds? = dt* + g;j(w,t)dz;dz;.
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If g = det(g) then g = det(g;;). If x; and t are sufficiently small, then
the following formula holds

1 . 1—
\/g =1-Ht+ §(H2— ||7T||2—RIC(77))t2—Hit$¢— gRijx'ij +O(|(£E,t)|3),

where 7 is the second fundamental form, H is its trace and Rij are the
coefficients of the Ricci tensor of OM.

Problem 12.7 Let (M, g) be a connected compact n-dimensional Rie-
mannian manifold without boundary. An eigenvalue of the p-Laplace
operator Apu := div ,(|Vu[P72Vu) is a real number A such that there
exists u € WP (M) \ {0} such that

—Apu = NulP~?u.

We denote by o,(M,g) the set of all nonzero eigenvalues. The set
0p,(M,g) is not empty, unbounded and included in (0,+oc0). If A\ =
inf 0,(M, g) prove that A; € 0,(M, g) and

Alzmin{/ [VplPdu, - @620}
M

where
zoz{@eWﬂM) [ el =1, [ lep‘dengO}-
M M

If w C M is a non-empty open subset, define

o) =min{ [ 9ot 50 e wire, [ folrav, =1},
Prove that

w,w

A\ = (Inlp) max{p(w), u(@)},

where (w,®) runs over the set of couples of non-empty disjoint open
subset of M and if u is any nonzero eigenfunction associated to A1, then
M \ v=1(0) has two connected open components.

Problem 12.8 Let (M, g) be an n-dimensional compact Riemannian
manifold without boundary, K : M — R a continuous function (K # 0)
and A € R. We consider the following equation

Agu+ du+ K(z)u? = 0.
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a) f A=0and 1 < ¢ < Z—f% then the equation admits a positive
solutions if and only if the following conditions hold:

i) [ Kdvg < 0;
ii) there exists g € M such that K(z¢) > 0.

b) If A < 0and 1 < ¢ < 22 then the equation admits positive

n—2
solutions if and only if the condition ii) holds.

Problem 12.9 Let Q C RY be a bounded domain with smooth bound-
ary and let \; denote the first eigenvalue of (—A) in H}(Q). Let
f : R=R be a differentiable function such that f(0) = 0, f/(0) < Ay,
and

A1 < lim M<oo

u—>-+0o0 U

Prove that the problem

—Au = f(u) in
u >0 in
u=20 on 0f)

has a solution.

Problem 12.10 Let 2 ¢ RY be a bounded domain with smooth bound-
ary and assume that p is a real number such that 1 < p < (N+2)/(N—2)
if N>3and 1 <p<ooif N e {1,2}.

Prove that there exists A* > 0 such that the problem

—Au = A1+ u)? in Q
u=20 on 0f)

has at least two solutions for any A € (0, \*).
Problem 12.11 Let  C RY be a bounded domain with smooth bound-

ary and assume that p is a real number such that 1 < p < (N+2)/(N—-2)
if N>3and 1 <p<ooif N€{l,2}. Consider the problem

—Au =uP + f(x) in Q
u>0 in (12.1)
u=~0 on 0f),

where f is a smooth function.
Prove that there exists § > 0 such that problem (12.1) has a solution,
provided that || f]lp~ < 6.
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Problem 12.12 Let 2 € RY be a bounded domain with smooth bound-
ary and assume that p is a real number such that 1 < p < (N+2)/(N—-2)
if N>3and 1 <p<ooif Ne€{1,2}. Consider the problem
—Au = |ul” + f(z) in Q
{ u=0 on 09, (12:2)
where f is a smooth function.
Denote

K = {f € C>*(Q); problem (12.2) has a solution}

and
P={heC(Q); h>0inQ}.

a) Prove that K is a convex set and K \ P C K.

b) Prove that for every f € Int K, problem (12.2) has at least two
solutions. In particular, if f < 0 in €, then problem (12.2) has
at least two solutions.
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Mathematical Preliminaries

Knowledge is power. (Ipsa
Scientia Potestas Est)

Sir Francis Bacon
(1561-1626), Meditationes
Sacre. De Heresibus

13.1 Metrics, geodesics, flag curvature

Let M be a connected m-dimensional C*° manifold and let TM =
Upenr TpM be its tangent bundle. If the continuous function F': TM —
[0, 00) satisfies the conditions that it is C°° on TM \ {0}; F(tu) = tF(u)
for all t > 0 and u € T'M, i.e., F is positively homogeneous of degree
one; and the matrix g;;(u) := [$F?],i,(u) is positive definite for all
u € TM \ {0}, then we say that (M, F) is a Finsler manifold. If F is
absolutely homogeneous, then (M, F') is said to be reversible. Let m*T M
be the pull-back of the tangent bundle TM by 7 : TM \ {0} — M; then

Ipy) ‘= gij(p’y)dpl ®dp’ = [%Fz]yiyj dp'®@dp’, pe M, yeT,M,
(13.1)

is the natural Riemannian metric on the pulled-back bundle 7#*T M.
Unlike the Levi-Civita connection in Riemann geometry, there is no
unique natural connection in the Finsler case. Among these connec-
tions on w*T'M, we choose the Chern connection whose coefficients are
denoted by Ffj; see [22, p.38]). This connection induces the curvature
tensor, denoted by R; see [22, Chapter 3]. The Chern connection de-
fines the covariant derivative Dy U of a vector field U in the direction
V € T,M. Since, in general, the Chern connection coefficients F;k in

284
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natural coordinates have a directional dependence, we must say explic-
itly that Dy U is defined with a fixed reference vector. In particular, let
o :[0,7] = M be a smooth curve with velocity field T' = T'(t) = 5 (¢).
Suppose that U and W are vector fields defined along 0. We define DU
with reference vector W as

du’
dt

0
P o1y

DrU = |: +Uka(F§'k)(a,W)

where {a%il (t)} is a basis of T,;) M. A C* curve o : [0,7] — M,
4 i=1,m
with velocity T' = ¢ is a (Finslerian) geodesic if
D T - 0 with reference vector T' (13.2)
T F(T) = W Vi . .

If the Finslerian velocity of the geodesic o is constant, then (13.2) be-
comes

d%ot  dol do* . .
dt2 +EW( jk)(U,T) :O7 1 = 1,...,m:d1mM. (133)

For any p € M and y € T,M we may define the exponential map
exp, : T,M — M, exp,(y) = o(1,p,y), where o(t,p,y) is the unique
solution (geodesic) of the second order differential equation (13.2) (or,
(13.3)) which passes through p at ¢ = 0 with velocity y.

If U, V and W are vector fields along a curve o, which has velocity
T = &, we have the derivative rule

d
%Q(U,W)(U7 V) = 9(o,W) (DTUa V) + g(O',W)(U7 DTV) (134)

whenever DrU and D7V are with reference vector W and one of the
following conditions holds:
e U or V is proportional to W, or
e W =T and o is a geodesic.
Let v : [0,1] — M be a smooth regular curve and 3 : [0,1] x [—¢,¢] —
M be a smooth regular variation of v (i.e. X(¢,0) = ~(t) for all ¢t € [0,1])
with variation vector field U = U(t,u) = 2. Then

9]
%Q(U,T) (T7 T) = 2g(a,T)(T7 DUT)u (135)

where T' = % and the covariant derivative Dy T is with reference vector
T.
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A vector field J along a geodesic ¢ : [0,7] — M (with velocity field
T) is said to be a Jacobi field if it satisfies the equation

DrDpJ + R(J,T)T =0, (13.6)

where R is the curvature tensor. Here, the covariant derivative Dr is
defined with reference vector 7.

We say that q is conjugate to p along the geodesic o if there exists a
nonzero Jacobi field J along o which vanishes at p and q.

Let v : [0,7r] — M be a piecewise C™ curve. Its integral length is

defined as
/ F(v(t), (1) dt.

Let ¥ : [0,7] x [—¢,¢] = M (¢ > 0) be a piecewise C* variation of
a geodesic v : [0,7] — M with X(-,0) = . Let T = T(t,u) = %%, U=
Ult,u) = 3—2 the velocities of the t-curves and u-curves, respectively.

The formula for the first variation of arc length, see Bao-Chern-Shen

[22, Exercise 5.1.4], gives us
T
o (i)
< F(T) IU_J

For p,q € M, denote by I'(p,q) the set of all piecewise C*° curves
v : [0,7] — M such that v(0) = p and (r) = ¢. Define the map
drp: M x M — [0,00) by

dr(p,q) = inf Lp(7v). (13.8)
Y€l (p,q)

t=r
. (13.7)
t=0

L/F(E(v O)) = ZLF(E(v u))\u:O =

Of course, we have dr(p, q) > 0, where equality holds if and only if p = g,
and the triangle inequality holds, i.e., dr(po,p2) < dr(po,p1)+dr(p1,p2)
for every pg,p1,p2 € M. In general, since F is only a positive homoge-
neous function, dg(p, q) # dr(q,p); thus, (M, dr) is only a quasi-metric
space. If (M, g) is a Riemannian manifold, we will use the notation d,
instead of dr which becomes a usual metric function.

For p € M, r > 0, we define the forward and backward Finsler-metric
balls, respectively, with center p € M and radius r > 0, by

B;'(r) ={q¢eM:dr(p,q) <r} and B, (r) ={qg € M : dr(q,p) <r}.

We denote by By(r) := {y € T,M : F(p,y) < r} the open tangent
ball at p € M with radius r > 0. It is well-known that the topology
generated by the forward (resp. backward) metric balls coincide with
the underlying manifold topology, respectively.
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By Whitehead’s theorem (see [292] or [22, Exercise 6.4.3, p. 164]) and
[22, Lemma 6.2.1, p. 146] we can conclude the following useful local
result (see also [179]).

Proposition 13.1 Let (M, F) be a Finsler manifold, where F is posi-
tively (but perhaps not absolutely) homogeneous of degree one. For every
point p € M there exist a small p, > 0 and ¢, > 1 (depending only on
p) such that for every pair of points qo,q in B;‘ (pp) we have

1

;dF(QI7QO) < dr(q0,q1) < cpdr(q1;qo)- (13.9)
P

Moreover, for every real number k > 1 and q € B} (py/k) the mapping
exp, is C'-diffeomorphism from By(2p,/k) onto Bf (2p,/k) and every
pair of points qo,q1 in B;‘(pp/k) can be joined by a unique minimal
geodesic from qo to qu lying entirely in B (pp/k).

A set My C M is forward bounded if there exist p € M and r > 0 such
that Mo C B,f (r). Similarly, Mo C M is backward bounded if there exist
p € M and r > 0 such that Mo C B, (r).

A set My C M is geodesic convex if for any two points of M there
exists a unique geodesic joining them which belongs entirely to M.

Let (p,y) € TM \ 0 and let V be a section of the pulled-back bundle
7*TM. Then,

I RV, y)y, V)

Ky, V)=
W) = o 0 090 V) — B @ VIE

(13.10)

is the flag curvature with flag y and transverse edge V. In particular,
when the Finsler structure F arises from a Riemannian metric g (i.e.,
the fundamental tensor g;; = [1F?],,,. does not depend on the direction
y), the flag curvature coincides with the usual sectional curvature.

If K(V,W) <0 for every 0 # V,W € T,M, and p € M, with V and
W not collinear, we say that the flag curvature of (M, F') is non-positive.

A Finsler manifold (M, F) is said to be forward (resp. backward)
geodesically complete if every geodesic o : [0,1] — M parameterized to
have constant Finslerian speed, can be extended to a geodesic defined on
[0,00) (resp. (—o0,1)). (M, F) is geodesically complete if every geodesic
o :[0,1] — M can be extended to a geodesic defined on (—o0,c0). In
the Riemannian case, instead of geodesically complete we simply say
complete Riemannian manifold.
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Theorem 13.1 (Theorem of Hopf-Rinow, [22, p. 168]) Let (M, F)
be a connected Finsler manifold, where F is positively (but perhaps not
absolutely) homogeneous of degree one. The following two criteria are
equivalent:

(a) (M, F) is forward (backward) geodesically complete;
(b) Every closed and forward (backward) bounded subset of (M,dp)
18 compact.

Moreover, if any of the above holds, then every pair of points in M can
be joined by a minimizing geodesic.

Theorem 13.2 (Theorem of Cartan-Hadamard, [22, p. 238]) Let
(M, F) be a forward/backward geodesically complete, simply connected
Finsler manifold of non-positive flag curvature. Then:

(a) Geodesics in (M, F) do not contain conjugate points.

b) The exponential map exp, : T,M — M is a C* diffeomorphism

( P p exp, : Tj D
from the tangent space T, M onto the manifold M.

A Finsler manifold (M, F) is a Minkowski space if M is a vector space
and F' is a Minkowski norm inducing a Finsler structure on M by trans-
lation; its flag curvature is identically zero, the geodesics are straight
lines, and for any two points p,q € M, we have F(q — p) = dr(p,q),
see Bao-Chern-Shen [22, Chapter 14]. In particular, (M, F) is both for-
ward and backward geodesically complete. The fundamental inequality
for Minkowski norms implies

94y, w)| <\ 9y(y,9) - Vgw(w,w) = F(y) - F(w) for all y # 0 # w,
(13.11)
which is the generalized Cauchy-Schwarz inequality, see Bao-Chern-Shen
22, p. 6-10].

A Finsler manifold is of Berwald type if the Chern connection coeffi-
cients Ffj in natural coordinates depend only on the base point. Special
Berwald spaces are the (locally) Minkowski spaces and the Riemannian
manifolds. In the latter case, the Chern connection coefficients Ffj co-
incide the usual Christofel symbols

Fi' = — + —

where the ¢%’s are such that ¢;,,¢™ = 0ij-
A Riemannian manifold is said to be of Hadamard-type, if it is simply
connected, complete, having non-positive sectional curvature.
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Theorem 13.3 (Cosine inequality, see [91, Lemma 3.1]) Let (M, g) be
a Hadamard-type Riemannian manifold. Consider the geodesic triangle

determined by vertices a,b,c € M. If ¢ is the angle belonging to vertex
c and if A=dgy(b,c), B=dg4(a,c), C =dy(a,b), then

A% 4+ B2 _2ABcos¢c < C?.

The following result is probably know, but since we have not found
an explicit reference, we give its proof.

Proposition 13.2 Let (M, g) be a complete, finite-dimensional Rieman-
nian manifold. Then any geodesic convex set K C M 1is contractible.

Proof Let us fix p € K arbitrarily. Since K is geodesic convex, every
point ¢ € K can be connected to p uniquely by the geodesic segment
ve 1 10,1] — K, ie., %(0) = p, 7,(1) = ¢q. Moreover, the map K >
q — exp, Y(q) € T,M is well-defined and continuous. Note actually
that v,4(t) = exp,(texp,'(q)). We define the map F : [0,1] x K — K
by F(t,q) = 74(t). It is clear that F is continuous, F(1,q) = ¢ and
F(0,q) =p for all g € K, i.e., the identity map idx is homotopic to the
constant map p. ]

13.2 Busemann-type inequalities on Finsler manifolds

In the forties, Busemann developed a synthetic geometry on metric
spaces. In particular, he axiomatically elaborated a whole theory of
non-positively curved metric spaces which have no differential structure
a priori and they possess the essential qualitative geometric properties
of Finsler manifolds. These spaces are the so-called G-spaces, see Buse-
mann [54, p. 37]. This notion of non-positive curvature requires that in
small geodesic triangles the length of a side is at least the twice of the
geodesic distance of the mid-points of the other two sides, see Busemann
[54, p. 237].

To formulate in a precise way this notion, let (M, d) be a quasi-metric
space and for every p € M and radius r > 0, we introduce the forward
and backward metric balls

B;(r) ={qe M :d(p,q) <r} and B, (r) ={qe M :d(q,p) <r}.

A continuous curve 7 : [a,b] — M with y(a) = z, y(b) = y is a shortest
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geodesic, if () = d(x,y), where [(v) denotes the generalized length of ~
and it is defined by

I(y) = sup{z d(y(ti1),v(t:)) ra=tg <t1 < ... <t, =b, n € N}
i=1

In the sequel, we always assume that the shortest geodesics are parametrized
proportionally to arclength, i.e., {(vjo,4) = t/(7).

Remark 13.1 A famous result of Busemann-Meyer (see [55, Theorem
2, p. 186]) from Calculus of Variations shows that the generalized length
I(v) and the integral length L () of any (piecewise) C*° curves coin-
cide for Finsler manifolds. Therefore, the minimal Finsler geodesic and
shortest geodesic notions coincide.

We say that (M, d) is a locally geodesic (length) space if for every point
p € M there is a p, > 0 such that for every two points x,y € Brf(pp)
there exists a shortest geodesic joining them.

Definition 13.1 A locally geodesic space (M, d) is said to be a Buse-
mann non-positive curvature space (shortly, Busemann NPC space), if
for every p € M there exists p, > 0 such that for any two shortest
geodesics v1,72 : [0, 1] — M with 71(0) = 72(0) = = € B, (pp) and with
endpoints v1(1),72(1) € B, (pp) we have

2d(1(3),72(3)) < din (1), (1),

(We shall say that 1 and 9 satisfy the Busemann NPC inequality).

Let (M, g) be a Riemannian manifold and (M, d,) the metric space
induced by itself. In this context, the Busemann NPC inequality is
well-known. Namely, we have

Proposition 13.3 [54, Theorem (41.6)] (M,d,) is a Busemann non-
positive curvature space if and only if the sectional curvature of (M, g)
18 mon-positive.

However, the picture for Finsler spaces is not so nice as in Proposition
13.3 for Riemannian manifolds. To see this, we consider the Hilbert
metric of the interior of a simple, closed and convex curve C in the
Euclidean plane. In order to describe this metric, let Mo C R? be the
region defined by the interior of the curve C' and fix z1, 29 € Int(Mc¢).
Assume first that ;1 # z5. Since C is a convex curve, the straight
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line passing to the points x1,zs intersects the curve C in two point;
denote them by wuy,us € C. Then, there are 71,72 € (0,1) such that
x; =7ur + (1 —7m)uz (i=1,2).

The Hilbert distance between x1 and x4 is

<1—T1 7'2)’
log =1
].—T2 T1

We complete this definition by dy(z,z) = 0 for every = € Int(Mc¢).
One can easily prove that (Int(M¢),dp) is a metric space and it is a

dp(xy,22) =

projective Finsler metric with constant flag curvature —1. However, due
to Kelly-Straus, we have

Proposition 13.4 (see [156]) The metric space (Int(M¢),dyr) is a Buse-
mann non-positive curvature space if and only if the curve C C R? is an
ellipse.

This means that, although for Riemannian spaces the non-positivity
of the sectional curvature and Busemann’s curvature conditions are mu-
tually equivalent, the non-positivity of the flag curvature of a generic
Finsler manifold is not enough to guarantee Busemann’s property.

Therefore, in order to obtain a characterization of Busemann’s curva-
ture condition for Finsler spaces, we have two possibilities:

(I) To find a new notion of curvature in Finsler geometry such that
for an arbitrary Finsler manifold the non-positivity of this cur-
vature is equivalent with the Busemann non-positive curvature
condition, as it was proposed by Z. Shen, see [276, Open Prob-
lem 41]; or,

(IT) To keep the flag curvature, but put some restrictive condition on
the Finsler metric.

In spite of the fact that (reversible) Finsler manifolds are included in
G-spaces, only few results are known which establish a link between
the differential invariants of a Finsler manifold and the metric prop-
erties of the induced metric space. The main result of this section is
due Kristaly-Kozma [170] (see also Kristdly-Varga-Kozma [179]), which
makes a strong connection between an analytical property and a syn-
thetic concept of non-positively curved metric spaces. Namely, we have

Theorem 13.4 Let (M, F) be a Berwald space with non-positive flag
curvature, where F' is positively (but perhaps not absolutely) homoge-
neous of degree one. Then (M,dr) is a Busemann NPC space.
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Proof Let us fix p € M and consider p, > 0, ¢, > 1 from Proposition
13.1. We will prove that pj, = g—;’ is a good choice in Definition 13.1. To
do this, let y1,7v2 : [0,1] — M be two (minimal) geodesics with 71 (0) =
72(0) =z € B (p;,) and 71(1),72(1) € B/ (p;,). By Proposition 13.1, we
can construct a unique geodesic v : [0,1] — M joining 7 (1) with v2(1)
and dp(71(1),72(1)) = L(v). Clearly, v(s) € B} (p;,) for all s € [0,1] (we
applied Proposition 13.1 for k = ¢,). Moreover, z € B;:'(S)(pr). Indeed,
by (13.9), we obtain

dp(v(s),z) < dp(y(s),p)+dr(p, ) < cpdr(p,7(s))+p), < (cp+1)p;, < 20p.

Therefore, we can define ¥ : [0,1] x [0,1] — M by

3(t,s) = exp,y(s)((l —t)- exp;(ls)(x)).

The curve t — (1 — t,s) is a radial geodesic which joins ~(s) with
x. Taking into account that (M, F') is of Berwald type, the reverse of
t— X(1—1t,s),ie. t— 3(t,s) is a geodesic too (see [22, Exercise 5.3.3,
p. 128]) for all s € [0,1]. Moreover, £(0,0) = z = 71(0), 3(1,0) =
~7(0) =71 (1). From the uniqueness of the geodesic between x and 7, (1),
we have X(-,0) = 71. Analogously, we have ¥(-,1) = +2. Since ¥ is a
geodesic variation (of the curves 77 and s2), the vector field J,, defined
by

0

Js(t) = 8*2@,8) c Tg(t,s)M

s
is a Jacobi field along X(-, s), s € [0,1] (see [22, p. 130]). In particular,
we have 2(1,s) = 7(s), J5(0) =0, J,(1) = £3(1,s) = Z—;’ and Jy(3) =
%Z(%, s).

Now, we fix s € [0, 1]. Since J5(0) = 0 and the flag curvature in non-

positive, then the geodesic (-, s) has no conjugated points, see Theorem
13.2. Therefore,

Js(t) #0 for all ¢ € (0,1].
Hence g;,(Js, Js)(t) is well defined for every ¢ € (0, 1]. Moreover,
F(J)(1) = F(S(t,5), Js() = o2, (T TN () #£0 Ve (0.1,

(13.12)
Let T the velocity field of X(-,s). Applying twice formula (13.4), we
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obtain

. T ) {M

1 d
Sl 0 1@ = G = g | 2GRt ) -
99.(D1, D1, 13, ) + 93, (Dr. Jo, D, 1)] - F(2) = 3, (D, . J2) - ()™
()
95.(Dr, D1, Js, J5) - F?(Js) + g1, (D1, Js, Dr, Js) - F*(Js) — g3, (D1, Js, Js)
F5 ()

(t) =

(t),

where the covariant derivatives (for generic Finsler manifolds) are with

reference vector Js. Since (M, F') is a Berwald space, the Chern con-
nection coefficients do not depend on the direction, i.e., the notion of
reference vector becomes irrelevant. Therefore, we can use the Jacobi
equation (13.6), concluding that

97, (DTsDTs Js, Js) = —9J, (R(Js, Ts)Ts, J)-

Using the symmetry property of the curvature tensor, the formula of the
flag curvature, and the Schwarz inequality we have

7ng(R(JS7TS)TS7JS) = 7ng(R(TS7JS)JSaTS)
= —K(Jo,Ts) [0, (Js, Jo)gs. (Ts, Ts) — g7, (Js, Ts)] > 0.

For the last two terms of the numerator we apply again the Schwarz
inequality and we conclude that

d2

ﬁF(JS)(t) >0 for all t € (0,1].
Since J,(t) # 0 for t € (0, 1], the mapping t — F(J)(¢) is C* on (0, 1].
From the above inequality and the second order Taylor expansion about
v € (0, 1], we obtain

F(Js)(v)+ (t— v)%F(JS)(v) < F(Js)(t) forallt e (0,1]. (13.13)

Letting ¢ — 0 and v = 1/2 in (13.13), by the continuity of F, we obtain

1 1d 1
Y2 ) <o0.
() — 3 SF()(3) <0
Let v = 1/2 and ¢ = 1 in (13.13), and adding the obtained inequality
with the above one, we conclude that
1 0.1 1 dl

2F(X(5,8), 5-2(5,9) = 2F(J6)(5) < F(J)(1) = F(v(s)

2'7 9572 2/ = ’ds)'
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Integrating the last inequality with respect to s from 0 to 1, we obtain

2p(E(G) = 2 [ PG 2 G ds

IN

1 d’}/
| Pt s

Lr(v)
= dp((1),72(1)).

Since (3,0) = 71(3),5(3,1) = 2(3) and £(3, ) is a C* curve, by the
definition of the metric function dp, we conclude that v; and 7, satisfy
the Busemann NPC inequality. This concludes the proof of Theorem
13.4. O

In view of Theorem 13.4, Berwald spaces seem to be the first class
of Finsler metrics that are non-positively curved in the sense of Buse-
mann and which are neither flat nor Riemannian. Moreover, the above
result suggests a full characterization of the Busemann curvature no-
tion for Berwald spaces. Indeed, we refer the reader to Kristaly-Kozma
[170] where the converse of Theorem 13.4 is also proved; here we omit
this technical part since only the above result is applied for Economical
problems.

Note that Theorem 13.4 includes a partial answer to the question
of Busemann [54] (see also [235, p. 87]), i.e., every reversible Berwald
space of non-positive flag curvature has convex capsules (i.e., the loci
equidistant to geodesic segments).

In the fifties, Aleksandrov introduced independently an other notion
of curvature in metric spaces, based on the convexity of the distance
function. It is well-known that the condition of Busemann curvature is
weaker than the Aleksandrov one, see [150, Corollary 2.3.1]. Neverthe-
less, in Riemannian spaces the Aleksandrov curvature condition holds
if and only if the sectional curvature is non-positive (see [52, Theorem
1A.6]), but in the Finsler case the picture is quite rigid. Namely, if on a
reversible Finsler manifold (M, F) the Aleksandrov curvature condition
holds (on the induced metric space by (M, F')) then (M, F) it must be
Riemannian, see [52, Proposition 1.14].

A direct consequence of Theorem 13.4 is

Corollary 13.1 Let (M, F) be a forward/backward geodesically com-
plete, simply connected Berwald space with non-positive flag curvature,
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where F is positively (but perhaps not absolutely) homogeneous of degree
one. Then (M,dg) is a global Busemann NPC space, i.c., the Busemann
NPC inequality holds for any pair of geodesics.

The following result is crucial in Chapters 14 and 15.

Proposition 13.5 Let (M, F) be a forward/backward geodesically com-
plete, simply connected Berwald space with non-positive flag curvature,
where F is positively (but perhaps not absolutely) homogeneous of de-
gree one. Fix two geodesics 1,72 : [0,1] — M. Then, the function
t— dp(11(t),2(t)) is conver.

Proof Due to Hopf-Rinow theorem (see Theorem 13.1), there exists a
geodesic v3 : [0,1] — M joining 71(0) and v2(1). Moreover, due to
Cartan-Hadamard theorem (see Theorem 13.2), 3 is unique. Applying
Corollary 13.1 first to the pair 71,73 and then to the pair «s,~v2 (with
opposite orientation), we obtain

1 1 1

d = “N< =

F(71(2)7’73(2)) =9

1 1 1

Z 2\ < =

dF(73(2)7’72(2)) S35

Note that the opposite of 3 and 7, are also geodesics, since (M, F)

is of Berwald type, see [22, Example 5.3.3]. Now, using the triangle
inequality, we obtain

dr(1(3),72(3)) = 5dr(n (1), 32(0) + 5dp(13(0),7(0)),

which means actually the 1-convexity of the function t — dp (v1(t), y2(t)).
Continuing in this way and taking a limit if necessarily, we conclude the
convexity of the above function. |

13.3 Variational inequalities

Existence results for Nash equilibria are often derived from intersec-
tion theorems (KKM theorems) or fixed point theorems. For instance,
the original proof of Nash concerning equilibrium point is based on the
Brouwer fixed point theorem. These theorems are actually equivalent to
minimax theorems or variational inequalities, as Ky Fan minimax the-
orem, etc. In this section we recall a few results which will be used in
Chapter 16.
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A nonempty set X is acyclic if it is connected and its Cech homology
(coefficients in a fixed field) is zero in dimensions greater than zero. Note
that every contractible set is acyclic (but the converse need not holds
in general). The following result is a Ky Fan type minimax theorem,
proved by McClendon:

Theorem 13.5 [207, Theorem 3.1] Suppose that X is a compact acyclic
finite-dimensional ANR. Suppose h : X x X — R is a function such

that {(z,y) : h(y,y) > h(z,y)} is open and {x : h(y,y) > h(z,y)}
is contractible or empty for all y € X. Then there is a yo € X with

h(yo,%0) < h(z,yo) for all v € X.

In the sequel, we state some well-known results from the theory of
variational inequalities. To do this, we consider a Gateaux differentiable
function f : K — R where K is a closed convex subset of the topological
vector space X.

Lemma 13.1 Let xg € K be a relative minimum point of f to K, i.e.,
f(x) > f(zo) for every x € K. Then,

f'(@o) (& —x9) 20, VoK. (13.14)

Furthermore, if f is convex, then the converse also holds.

Lemma 13.2 Let xg € K such that
f'(x)(x —x9) >0, VzeK. (13.15)

Then, xg € K 1is a relative minimum point of f to K. Furthermore, if
f is convezx, then the converse also holds.

Note that if we replace f’ by an operator A : X — X*, then (13.14)
appearing in Lemma 13.1 is called a Stampacchia-type variational in-
equality, while (13.15) from Lemma 13.2 is a Minty-type variational
inequality.
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Minimization of Cost-functions on Manifolds

Geography has made us
neighbors. History has made
us friends. Economics has
made us partners, and
necessity has made us allies.
Those whom God has so
joined together, let no man
put asunder.

John F. Kennedy (1917-1963)

14.1 Introduction

Let us consider three markets P, P», P3s placed on an inclined plane
(slope) with an angle « to the horizontal plane, denoted by (S,,). Assume
that three cars transport products from (resp. to) deposit P € (S,) to
(resp. from) markets Pi, Py, P3 € (S,) such that

e they move always in (S, ) along straight roads;

e the Earth gravity acts on them (we omit other physical pertur-
bations such as friction, air resistance, etc.);

e the transport costs coincide with the distance (measuring actually
the time elapsed to arrive) from (resp. to) deposit P to (resp.
from) markets P; (i = 1,2, 3).

We emphasize that usually the two distances, i.e., from the deposit to
the markets and conversely, are not the same. The point here is that the
travel speed depends heavily on both the slope of the terrain and the
direction of travel. More precisely, if a car moves with a constant speed
v [m/s] on a horizontal plane, it goes l; = vt + $t*sin acos§ meters in

297
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t seconds on (S, ), where 6 is the angle between the straight road and
the direct downhill road (6 is measured in clockwise direction). The law
of the above phenomenon can be described relatively to the horizontal
plane by means of the parametrized function

Fulyr, o) = — Y1 H Y3 (y1,92) € B2\ {(0,0)). (14.1)

oY+ s+ S sina’

Here, g ~ 9.81m/s%. The distance (measuring the time to arrive) from
P = (P, P? to P,= (P! P?)is

2

do(P, P;) = F, (P} — P!, P? — P?),
and for the converse it is
do(P;, P) = F,(P' — P!, P2 — P?).

Consequently, we have to minimize the functions

3 3
Cr(P)=> do(P,P;) and Cy(P) =Y du(P;,P), (14.2)

i=1 i=1
when P moves on (S,). The function C (resp. Cj) denotes the total
forward (resp. backward) cost between the deposit P € (S,) and mar-
kets Py, Py, Ps € (S,). The minimum points of Cy and CY, respectively,
may be far from each other (see Figure 14.1), due to the fact that F,
(and dy) is not symmetric unless o = 0, i.e., Fo(—y1, —y2) # Fa(y1,y2)

for each (y1,y2) € R?\ {(0,0)}.

We will use in general Ty (resp. Tp) to denote a minimum point of
Cy (resp. Cp), which corresponds to the position of a deposit when we
measure costs in forward (resp. backward) manner, see (14.2).

In the case o = 0 (when (S,) is a horizontal plane), the functions C
and Cy coincide (the same is true for Ty and Tp). The minimum point
T = Ty = Ty is the well-known Torricelli point corresponding to the
triangle Py PaPs3a. Note that Fy(y1,y2) = \/y? + y3/v corresponds to
the standard Euclidean metric; indeed,

do(P, P;) = do(P;, P) = \/(P} — PL)2 4 (P2 — P2)2[u

measures the time, which is needed to arrive from P to P; (and vice-
versa) with constant velocity v.

Unfortunately, finding critical points as possible minima does not yield
any result: either the minimization function is not smooth enough (usu-
ally, it is only a locally Lipschitz function) or the system, which would
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Xa

Fig. 14.1. We fix P, = (—250,—50), P» = (0,—100) and P3 = (—50,100) on
the slope (So) with angle @ = 35°. If v = 10, the minimum of the total for-
ward cost on the slope is Cy ~ 40.3265; the corresponding deposit is located at
Ty ~ (—226.11,—-39.4995) € (Sa). However, the minimum of the total backward
cost on the slope is Cy =~ 38.4143; the corresponding deposit has the coordinates
Ty ~ (—25.1332, —35.097) € (Sa).

give the critical points, becomes very complicated even in quite simple
cases (see (14.5) below). Consequently, the main purpose of the present
chapter is to study the set of these minima (existence, location) in vari-
ous geometrical settings.

Note, that the function appearing in (14.1) is a typically Finsler met-
ric on R?| introduced and studied first by Matsumoto [204]. In this way,
elements from Riemann-Finsler geometry are needed in order to handle
the question formulated above. In the next sections we prove some neces-
sarily, existence, uniqueness and multiplicity results for the economical
problem on non-positively curved Berwald space which model various
real life phenomena. Simultaneously, relevant numerical examples and
counterexamples are constructed by means of evolutionary methods and
computational geometry tools, emphasizing the applicability and sharp-
ness of our results.
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14.2 A necessary condition

Let (M, F) be an m-dimensional connected Finsler manifold, where F'
is positively (but perhaps not absolutely) homogeneous of degree one.

In this section we prove some results concerning the set of minima for
functions

C(Pi,n,s)(P) =Y du(P,P;) and Cy(P;,n,s)(P) =Y du(P,P),
i=1 i=1
where s > 1 and P, € M, i = 1,...,n, correspond to n € N markets.
The value Cy¢(P;,n,s)(P) (resp. Cy(P;,n,s)(P)) denotes the total s-
forward (resp. s-backward) cost between the deposit P € M and the
markets P; € M, i =1,...,n. When s = 1, we simply say total forward
(resp. backward) cost.
By using the triangle inequality, for every xg,x1,22 € M we have

|dp(x1,20) — dp(ze, )| < max{dp(x1,22),dr(x2,x1)}. (14.3)

Given any point P € M, there exists a coordinate map ¢p defined
on the closure of some precompact open subset U containing P such
that pp maps the set U diffeomorphically onto the open Euclidean ball
B™(r), r > 0, with ¢p(P) = Ogm. Moreover, there is a constant ¢ > 1,
depending only on P and U such that

cHigp(xr) — ep(@2)|| < dp(x1,22) < cllpp(r1) — op(za)|  (14.4)

for every z1,2z2 € U; see [22, p. 149]. Here, || - || denotes the Eu-
clidean norm on R". We claim that for every Q € M, the function
dr(pp'(),Q) is a Lipschitz function on ¢p(U) = B™(r). Indeed, for
every y; = pp(x;) € pp(U), i = 1,2, due to (14.3) and (14.4), one has

ldr(pp' (11): Q) — dr(vp! (12), Q) = dr (21, Q) — dp (2, Q)| <

< max{dp(z1,22),dp(x2,21)} < cllyr — y2]|-

Consequently, for every @@ € M, there exists the generalized gradient
of the locally Lipschitz function dr(¢p'(-),Q) on ¢p(U) = B™(r), see
Clarke [71, p. 27], i.e., for every y € ¢p(U) = B™(r) we have

0dr(0p' (), Q)(y) = {€ € R™ - di(0p' (), Q)(y; h) > (€, h) for allh € R™},

where (-, ) denotes the standard inner product on R™ and

dp(pp'(z +th), Q) — dr(pp'(2),Q)
t

d%(ep" (1), Q)(y; h) = limsup

z—Y, t—0+
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is the generalized directional derivative.

Theorem 14.1 (Necessary Condition) Assume that Ty € M is a mini-
mum point for Cy(P;,n,s) and @1, is a map as above. Then

Orm € Y5 (Ty, P)Adr (97} (), P) (1, (Ty)). (14.5)
i=1

Proof Since Ty € M is a minimum point of the locally Lipschitz function
Cy(P;,m,s), then

Ogm €0 (Z d%(#?;fl(')’Pz‘)) (o1, (T})),

see [71, Proposition 2.3.2]. Now, using the basic properties of the gener-
alized gradient, see 71, Proposition 2.3.3] and [71, Theorem 2.3.10], we
conclude the proof. ]

Remark 14.1 A result similar to Theorem 14.1 can also be obtained
for Cy(P;,n, s).

Example 14.1 Let M = R™, m > 2, be endowed with the natural
Euclidean metric. Taking into account (14.5), a simple computation
shows that the unique minimum point Ty = T; (i.e., the place of the
deposit) for Cy(P;, n,2) = Cy(P;,n,2) is the centre of gravity of markets
{P1,..., P}, ie., %Z?zl P;. In this case, o7, can be the identity map
on R™.

Remark 14.2 The system (14.5) may become very complicate even for
simple cases; it is enough to consider the Matsumoto metric given by
(14.1). In such cases, we are not able to give an explicit formula for
minimal points.

14.3 Existence and uniqueness results

The next result gives an alternative concerning the number of minimum
points of the function Cy¢(P;,n,s) in a general geometrical framework.
(Similar result can be obtained for Cy(P;, n,s).) Namely, we have the
following theorem.
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Theorem 14.2 Let (M, F) be a simply connected, geodesically complete
Berwald manifold of nonpositive flag curvature, where F is positively
(but perhaps not absolutely) homogeneous of degree one. Then

(a) there exists either a unique or infinitely many minimum points
fOT Cf(jjivna 1)7

(b) there exists a unique minimum point for Cy(P;,n,s) whenever
s> 1.

Proof First of all, we observe that M is not a backward bounded set.
Indeed, if we assume that it is, then M is compact due to Hopf-Rinow
theorem, see Theorem 13.1. On the other hand, due Cartan-Hadamard
theorem, see Theorem 13.2, the exponential map exp, : T,M — M
is a diffeomorphism for every p € M. Thus, the tangent space T,M =
exp, L(M) is compact, a contradiction. Since M is not backward bounded,
in particular, for every ¢ = 1,...,n, we have that

sup dp(P, P;) = co.

PeM
Consequently, outside of a large backward bounded subset of M, denoted
by My, the value of C¢(P;,n,s) is large. But, M, being compact, the
continuous function C¢(P;,n,s) attains its infimum, i.e., the set of the
minima for C¢(P;, n, s) is always nonempty.

On the other hand, due to Proposition 13.5 for every nonconstant
geodesic o : [0,1] — M and p € M, the function ¢t — dp(c(t),p) is
convex and t — d%.(o(t),p) is strictly convex, whenever s > 1 (see also
[150, Corollary 2.2.6]).

(a) Let us assume that there are at least two minimum points for
Cs(Pi,n,1), denoting them by T7 and T}. Let o : [0,1] — M be a
geodesic with constant Finslerian speed such that o(0) = TJ? and o(1) =
T}. Then, for every ¢t € (0,1) we have

Cp(Pi,n, 1)(0(t) = Z dp(o(t), P)

< (1—t)ZdF(a(O),Pi)+tZdF(U(1),BiZ}.6)
= (1—t)nzinC'f(Pi,n,l)—|—tn;inC'f(Pi,n, 1)
= minCy(F;,n,1).

Consequently, for every ¢t € [0,1], o(t) € M is a minimum point for
Cf (P27 n, ].)
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(b) It follows directly from the strict convexity of the function ¢ —
d%(o(t),p), whenever s > 1; indeed, in (14.6) we have < instead of <
which shows we cannot have more then one minimum point for Cy(P;, n, s).

O

Example 14.2 Let F be the Finsler metric introduced in (14.1). One
can see that (R% F) is a typically nonsymmetric Finsler manifold. Ac-
tually, it is a (locally) Minkowski space, so a Berwald space as well; its
Chern connection vanishes, see [22, p. 384]. According to (13.3) and
(13.10), the geodesics are straight lines (hence (R2, F) is geodesically
complete in both sense) and the flag curvature is identically 0. Thus,
we can apply Theorem 14.2. For instance, if we consider the points
P; = (a,—b) € R? and P, = (a,b) € R? with b # 0, the minimum points
of the function Cy(FP;,2,1) form the segment [P, P»], independently of
the value of «. The same is true for Cy(P;,2,1). However, considering
more complicated constellations, the situation changes dramatically, see
Figure 14.2.

It would be interesting to study in similar cases the precise orbit of
the (Torricelli) points 7§ and T when « varies from 0 to /2. Several
numerical experiments show that 7" tends to a top point of the convex
polygon (as in the Figure 14.2).

In the sequel, we want to study our problem in a special constellation:
we assume the markets are situated on a common ”straight line”, i.e.,
on a geodesic which is in a Riemannian manifold. Note that, in the
Riemannian context, the forward and backward costs coincide, i.e.,

Cf(Pi7n7 ]-) = Cb(Pi,nv 1)

We denote this common value by C(P;,n,1). We have

Theorem 14.3 Let (M, g) be a Hadamard-type Riemannian manifold.
Assume the points P; € M, i = 1,...,n, (n > 2), belong to a geodesic
0:[0,1] = M such that P, = o(t;) with 0 <t; < .. <t, <1. Then
(a) the unique minimum point for C(P;,n, 1) is Py, /9 whenever n is
odd;
(b) the minimum points for C(P;,n,1) is the whole geodesic segment
situated on o between P, ;5 and P, /51 whenever n is even.

Proof Since (M, g) is complete, we extend o to (—oo,00), keeping the
same notation. First, we prove that the minimum point(s) for C(P;, n, 1)
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Fig. 14.2. A hexagon with vertices Py, Ps, ..., Ps in the Matsumoto space. Increasing
the slope’s angle « from 0 to 7/2, points Tfa and T are wandering in the presented

directions. Orbits of points TJ?‘ and T were generated by natural cubic spline curve
interpolation.

belong to the geodesic 0. We assume the contrary, i.e., let T € M \
Image(o) be a minimum point of C'(P;,n,1). Let T} € Image(c) be the
projection of T" on the geodesic o, i.e.

d,(T,T,) = min dy (T, o(t)).

It is clear that the (unique) geodesic lying between T" and T'; is perpen-
dicular to o with respect to the Riemannian metric g.

Let i9 € {1,...,n} such that P;, # T, . Applying the cosine inequality,
see Theorem 13.3 (a), for the triangle with vertices P;,, T and T (so,
T, = 7/2), we have

0

dz(TJ_’T) + d_z2](TJ-a-Pio) < dgzy(T7 Pio)'
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Since
dg(T,T) >0,
we have
dg(TL, Pyy) < dg(T, Py,).
Consequently,
C(P;,n,1)(T.) = zn:dg(Tl,Pi) < idg(P,R;) =min C(P;,n,1),
i=1 i=1

a contradiction. Now, conclusions (a) and (b) follow easily by using
simple arithmetical reasons. |

14.4 Examples on the Finslerian-Poincaré disc

We emphasize that Theorem 14.3 is sharp in the following sense: neither
the nonpositivity of the sectional curvature (see Example 14.3) nor the
Riemannian structure (see Example 14.4) can be omitted.

Example 14.3 (Sphere) Let us consider the 2-dimensional unit sphere
S? ¢ R? endowed with its natural Riemannian metric A inherited by
R3. We know that it has constant curvature 1. Let us fix P, P, € S?
(Py # P») and their antipodals P3 = —P;, P, = —P,. There exists
a unique great circle (geodesic) connecting P;, i = 1,...,4. However,
we observe that the function C(P;,4,1) is constant on S?%; its value is
27. Consequently, every point on S? is a minimum for the function
C(P,,4,1).

Example 14.4 (Finslerian-Poincaré disc) Let us consider the disc
M = {(z,y) € R? : 2® + 42 < 4}.

Introducing the polar coordinates (r,0) on M, i.e., © = rcosf, y =
rsiné, we define the non-reversible Finsler metric on M by

pr
VP + 123 + ——,
T ~ %

F((r0),V) = —

where

0 0]
V= pa + q% € T(,-ﬂ)M.
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Yy

Fig. 14.3.

Step 1: The minimum of the total backward (resp. forward) cost function Cy(P;,2,1)
(resp. Cjy(P;,2,1)) is restricted to the geodesic determined by Pi(1.6,170°) and
P>(1.3,250°). The point which minimizes Cy(P;,2,1) (resp. Cy¢(F;,2,1)) is approxi-
mated by P,(0.8541,212.2545°) (resp. Py = P1); in this case Cy,(P;,2,1)(Pp) ~ 1.26
(resp. Cf(P;,2,1)(Py) =~ 2.32507).

Step 2: The minimum of the total backward (resp. forward) cost function
Cy(P;,2,1) (resp. Cjf(P;,2,1)) is on the whole Randers space M. The mini-
mum point of total backward (resp. forward) cost function is approximated by
T;(0.4472,212.5589°) (resp. Ty (1.9999,171.5237°)), which gives Cy(P;, 2, 1)(T}) ~
0.950825 < Cy(P;, 2,1)(Py) (resp. Cy(P;,2,1)(Ty) & 2.32079 < Cy(P;, 2,1)(Py)).

The pair (M, F) is the so-called Finslerian-Poincaré disc. Within the
classification of Finsler manifolds, (M, F') is a Randers space, see [22,
Section 12.6], which has the following properties:

(pl) it has constant negative flag curvature —1/4;

(p2) the geodesics have the following trajectories: Euclidean circular
arcs that intersect the boundary OM of M at Euclidean right
angles; Euclidean straight rays that emanate from the origin; and
Euclidean straight rays that aim to the origin;

(p3) distp((0,0),0M) = oo, while dist (M, (0,0)) = log 2.

Although (M, F) is forward geodesically complete (but not backward
geodesically complete), it has constant negative flag curvature f% and
it is contractible (thus, simply connected), the conclusion of Theorem
14.3 may be false. Indeed, one can find points in M (belonging to the
same geodesic) such that the minimum point for the total forward (resp.

backward) cost function is not situated on the geodesic, see Figure 14.3.



14.5 Comments and further perspectives 307

Remark 14.3 Note that Example 14.4 (Finslerian-Poincaré disc) may
give a model of a gravitational field whose centre of gravity is located at
the origin O = (0, 0), while the boundary OM means the ”infinity”. Sup-
pose that in this gravitational field, we have several spaceships, which
are delivering some cargo to certain bases or to another spacecraft. Also,
assume that these spaceships are of the same type and they consume k
liter /second fuel (k > 0). Note that the expression F(do) denotes the
physical time elapsed to traverse a short portion do of the spaceship
orbit. Consequently, traversing a short path do, a spaceship consumes
kF(do) liter of fuel. In this way, the number k fol F(o(t),do(t))dt ex-
presses the quantity of fuel used up by a spaceship traversing an orbit
o:[0,1] - M.

Suppose that two spaceships have to meet each other (for logistical
reasons) starting their trip from bases P; and Ps, respectively. Con-
suming as low total quantity of fuel as possible, they will choose T} as
a meeting point and not P, on the geodesic determined by P; and Ps.
Thus, the point T} could be a position for an optimal deposit-base.

Now, suppose that we have two damaged spacecraft (e.g., without
fuel) at positions P, and P,. Two rescue spaceships consuming as low
total quantity of fuel as possible, will blastoff from base T’y and not from
Py = P, on the geodesic determined by P, and P,. In this case, the point
T is the position for an optimal rescue-base. If the spaceships in trouble
are close to the center of the gravitational field M, then any rescue-base
located closely also to the center O, implies the consumption of a great
amount of energy (fuel) by the rescue spaceships in order to reach their
destinations (namely, P; and P5). Indeed, they have to overcome the
strong gravitational force near the center 0. Consequently, this is the
reason why the point 7% is so far from O, as Figure 14.3 shows. Note
that further numerical experiments support this observation. However,
there are certain special cases when the position of the optimal rescue-
base is either P; or Py: from these two points, the farthest one from the
gravitational center O will be the position of the rescue-base. In such
case, the orbit of the (single) rescue spaceship is exactly the geodesic
determined by points P; and Ps.

14.5 Comments and further perspectives

A. Comments. The results of this chapter are based on the paper of
Kristdly-Kozma [170] and Kristaly-Morosanu-R6th[172]. In this chap-
ter we studied variational problems arising from Economical contexts
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via Riemann-Finsler geometry. Real life phenomena may be well mod-
elized involving Finsler metrics, which represent external force as cur-
rent or gravitation. A special class of Finsler manifolds, called Berwald
space, played a central role in our investigation. Indeed, a recent result
of Kristaly-Kozma [170] concerning metric relations on non-positively
curved Berwald spaces has been exploited which includes several real
life applications (as the slope metric of a hillside, described by Mat-
sumoto [204]). Beside of these applications, we also presented a com-
pletely new material on non-positively curved Berwald spaces as well as
a conjecture regarding the rigidity of Finsler manifolds under the Buse-
mann curvature condition which could be of interest for the community
of Geometers.

B. Further perspectives. We propose an optimization problems which
arises in a real life situation.

Problem 14.1 There are given n ships moving on different paths (we
know all the details on their speed, direction, etc.). Determine the posi-
tion of the optimum point(s) of the aircraft-carrier (mother ship) from
where other n ships can reach the first n ships within a given time in-
terval using the lowest amount of (total) combustible.

We give some hints concerning Problem 14.1. We consider it in a
particular case as follows. Two pleasure boats are moving on given
paths within an estuary ending in a waterfall (see Figure 14.4), and
a mother ship Mg is positioned in the same area for safety reasons
transporting two lifeboats. The problem is to determine the optimal
position of the mother ship Mg at every moment such that the two
lifeboats reach the two pleasure boats within a T period consuming
the minimal total combustible (for a lifeboat it is allowed to wait the
pleasure boat but not conversely). On Figure 14.4, the points z;(0)
and z2(0) correspond to the alerting moment (when the lifeboats start
their trips) while z1(T") and z5(T) are the last possible points where the
lifeboats and the corresponding pleasure boats may meet each other. In
this case, the external force is the current flow towards the waterfall;
the law describing this force — up to some constants — can be given as a
submanifold of the Finslerian-Poincaré disc, see Example 14.4.

We now formulate the first problem within a general mathematical
framework. We consider the quasi-metric space (M, dr) associated with
a Finsler manifold (M, F') which is not necessarily symmetric, the paths
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Fig. 14.4. The force of the current flow towards the waterfall may be described by
means of the Finslerian-Poincaré disc model. The points z1(0) and x2(0) correspond
to the alerting moment when the lifeboats from the mother-ship Mg start their
trips, while z1(T") and x2(T') are the last possible points where the lifeboats and the
corresponding pleasure boats may meet each other.

z; + [0,T] - M (i = 1,...,n) and some numbers v; > 0 (i = 1,...,n)
representing the speeds of the last n ships moving towards the paths z;
in order to meet the i*® ship from the first group. Let us consider the
function

fi(P) = tg[l()i},}r]{dF(P7 zi(t)) : dp (P, z(t)) < vit}

and the convex functions ¢; : R — R (¢ = 1,...,n). The variational
problem we are dealing with is

min{f(P): P € M} (Poptim)
where
F(P) =" il fu(P)).
i=1
We assume that

S = ﬁ{P € M : dp(P,zi(T)) < viT} £ 0,

=1
which is a sufficient condition for the existence of a solution to the vari-
ational problem (Poptim)-
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Best Approximation Problems on Manifolds

If that enabled us to predict
the succeeding situation with
the same approximation, that
is all we require, and we
should say that the
phenomenon had been
predicted, that it is governed
by the laws.

Henri Poincaré (1854-1912)

15.1 Introduction

One of the most famous questions of functional and numerical analy-
sis is the best approximation problem: find the nearest point (called
also projection) from a given point to a nonempty set, both situated
in an ambient space endowed with a certain metric structure by means
of which one can measure metric distances. In the classical theory of
best approximations the ambient space has a vector space structure,
the distance function is symmetric which comes from a norm or, spe-
cially, from an inner product. However, non-symmetry is abundant in
important real life situations; indeed, it is enough to consider the swim-
ming (with/against a current) in a river, or the walking (up/down) on
a mountain slope. These kinds of non-symmetric phenomena lead us to
spaces with possible no vector space structure while the distance func-
tion is not necessarily symmetric, see also Chapter 14. Thus, the most
appropriate framework is to consider not necessarily reversible Finsler
manifolds. This nonlinear context throws completely new light upon the
problem of best approximations where well-tried methods usually fail.

310
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The purpose of this chapter is to initiate a systematic study of best
approximation problems on Finsler manifolds by exploiting notions from
Finsler geometry as geodesics, forward /backward geodesically complete-
ness, flag curvature, fundamental inequality of Finsler geometry, and
first variation of arc length. Beyond of this new approach, we premise a
sharp contrast between the classical results of best approximation theory
and those obtained in the present paper.

Throughout this chapter, (M, F) is a connected finite-dimensional
Finsler manifold, F' is positively (but perhaps not absolutely) homo-
geneous of degree one. Let dp : M x M — [0,00) be the quasi-metric
associated with F, see (13.8). Let ¢ € M be a point and S C M a
nonempty set. Since dp is not necessarily symmetric, let

distr (g, S) = inf{dr(q,s) : s € S} and distp(S,q) = inf{dr(s,q):s € S}

the forward and backward distances between the point g and the set S,
respectively. The forward (resp. backward) best approximation problem
can be formulated as follows: find sy € S (resp. s, € S) such that

dr(q,sy) = distr(q,S) (resp. dr(sp,q) = distp(S,q)).
We define the set of forward (resp. backward) projections of g to S by

Pl (q) = {s; € S:dr(q,ss) = distr(q,S)}

(resp. Pg(q) = {sp € S : dp(sp,q) = distr(S,q)}).

If P$(g) and Pg (q) coincide (for instance, when the Finsler metric F
is absolutely homogeneous), we simple write Ps(q) instead of the above
sets. If any of the above sets is a singleton, we do not make any difference
between the set and its unique point.

In the following sections we are dealing in detail with the existence,
characterization and non-expansiveness of projections, geodesic convex-
ity and Chebyshevity of closed sets as well as with nearest points between
two sets.

15.2 Existence of projections

Let (M, F) be a Finsler manifold. A set S C M is forward (vesp. back-
ward) proziminal if Pg (q) # 0 (vesp. Pg (q) # 0) for every q € M.
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Theorem 15.1 Let (M, F) be a forward (resp. backward) geodesically
complete Finsler manifold, S C M a nonempty closed set. Then, S is a
forward (resp. backward) proximinal set.

Proof We consider the statement only for the ”forward” case, the
"backward” case works similarly. Let us fix ¢ € M arbitrarily and let
{$n}tnen C S be a forward minimizing sequence, i.e., lim,, o dr(g, $,) =
distr (g, S) =: dp. In order to conclude the proof, it is enough to show
that the sequence {s,}nen contains a convergent subsequence. Indeed,
let {sk, }n C S be a convergent subsequence of {sy},. Since S is closed,
then lim, .o sk, = sy € S. Moreover, since dr(q,-) is continuous, we
have dp(q,s;) = lim,—o dp(q,sk,) = distp(g,S), which proves that
s¢ € Pg‘ (¢), i.e., S is a forward proximinal set.

Let A = {s, : n € N} and assume that A has no any convergent
subsequence. Then, for every a € A, there exists r, > 0 such that

Bf(ro)NAC {a}. (15.1)

On the other hand, for n large enough, we have dr(q, s,,) < do+ 1; thus,
we may assume that A C B (do+1). Since the set A is forward bounded
and closed, due to Hopf-Rinow’s theorem, it is also compact. Since
A C U, 5B (ra) and B (r4) are open balls in the manifold topology,
there exist a1, ...,a; € A such that A C U._, B (r,,). In particular, for
every n € N, there exists ig € {1,...,1} such that s, € B(‘l“io (Ta;, ). Due

to (15.1),
+
sn € By, (ra,) VA C{ay,},

ie., s, = a;,. Consequently, the set A contains finitely many elements,
which contradicts our assumption. |

The geodesically completeness cannot be dropped in Theorem 15.1.
We describe here a concrete example on the Finslerian-Poincaré disc, see
Example 14.4. The idea to construct a closed, not backward proximinal
set in (M, F') comes from the property (p3) and from the fact that (M, F')
is not geodesically backward complete, see Bao-Chern-Shen [22, p. 342].
We consider the point ¢ = (1,0) € M and the set S = {(t,—v/2) :
t € [1,v/2)} € M, see Figure 1. Clearly, S is closed in the topology of
(M, F). However, a numerical calculation based on property (p2) and on
Maple codes shows that the function ¢ — dp((t, —v/2),q), t € [1,V/2), is
strictly decreasing, thus the value dist (5, ¢) = lim,_, 5 dr((t, —V/2),q) =
0.8808 is not achieved by any point of S, i.e., Py (¢q) = 0.
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YA

Fig. 15.1. S = {(t,—v/2) : t € [1,4/2)} is a closed, but not backward proximi-
nal set on the Finslerian-Poincaré disc.

15.3 Geometric properties of projections

Let (X, (-,-)) be a real prehilbert space, S C X be a nonempty convex
set, x € X, y € S. Due to Moskovitz-Dines [220] one has:

yePs(x) e (r—y,z—y) <0 forall z€S. (15.2)

The geometrical meaning of this characterization is that the vectors z—y
and z — y (for every z € S) form an obtuse-angle with respect to the
inner product (-, -).

For a Finsler manifold (M, F'), the function F is not necessarily in-
duced by an inner product, thus angle-measuring looses its original
meaning. The ’inner product’ on a Finsler manifold (M, F') is the Rie-
mannian metric on the pulled-back bundle 7*T'M depending not only
on the points of M but also on the directions in T'M, defined by g(;,,)
from (13.1), y € T, M.

Let S C M be a nonempty set and ¢ € M. We consider the following
statements:

3

(MDY): se€ Pd(q)
(MDF): 1f 4 : [0,1] — M is the unique minimal geodesic from ~(0) = ¢ to
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v(1) = s € S, then every geodesic o : [0,d] — S (§ > 0) emanating
from the point s fulfills g(, 4 1y)(7(1),5(0)) > 0.

Theorem 15.2 Let (M, F) be a forward geodesically complete Finsler
manifold, S C M be a nonempty closed set. Then, (M D]) = (MDY).

Proof One may assume that 6 > 0; otherwise, the statement is triv-
ial since the curve o shrinks to a point. Standard ODE theory shows
that the geodesic segment o : [0,6] — M has a C* extension & :
(—¢,0] — M, where € > 0, see Bao-Chern-Shen [22, Exercise 5.4.2].
Since 7y is the unique minimal geodesic lying the points ¢ and s, there
exists vg € Ty M such that y(t) = exp,(tvg) and exp,, is nonsingular at
the point vg. On account of Bao-Chern-Shen [22, p. 205], one may fix
0 < g9 < min{e, §} and a C vector field V' : [—&g, 9] — T, M such that
V(0) = vo, exp,(V(u)) = 6(u) and exp,, is not singular at V'(u) for ev-
ery u € [—¢o, gg]. Let us introduce the map ¥ : [0,1] x [—£¢,e09] — M by
Y(t,u) = exp,(tV (u)). Note that ¥ is well-defined and ¥ is a variation
of the geodesic v with X(-,0) = 4. By definition, we have

Lip(3(,0) = égLFaxHu»WZOZ h%+LFQx””»;;LFQXw0D
>l @) Z L) _ oy, dr(@,0(u) —drles)
T u—ot u u—0+ U

Since s € PJ (q) and o(u) € S for small values of u > 0, the latter limit
is non-negative; thus, L'’»(2X(-,0)) > 0. On the other hand, combining
this relation with the first variation formula, see (13.7), we obtain

9(s,5(1))(¥(1),5(0))
F(s,4(1))

0< Lip(5(-,0)) =

We now consider the statements for the ”backward” case:

(MDy): s € P (q);

(MDy3): Ify:[0,1] — M is the unique minimal geodesic from v(0) = s € S
to v(1) = ¢, then every geodesic o : [0,d] — S (6 > 0) emanating
from the point s fulfills g(s 5(0y)(7(0),5(0)) < 0.

The proof of the following result works similarly to that of Theorem
15.2.
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Theorem 15.3 Let (M, F) be a backward geodesically complete Finsler
manifold, S C M be a nonempty, closed set. Then, (MD]) = (MDy).

Remark 15.1 Let (M, g) be a Riemannian manifold. In this special
case, since the fundamental tensor g is independent on the directions,
the statements (M D7) and (M DJ) (as well as (M Dy ) and (M D))
reduce to:

(MD:) : s € Ps(q);

(MDy): If v : [0,1] — M is the unique minimal geodesic from ~(0) =
s € S to v(1) = q, then every geodesic o : [0,d] — S (6§ > 0)
emanating from the point s fulfills g(%(0),5(0)) < 0.

Remark 15.2 The implications in Theorems 15.2 and 15.3 cannot be
reversed in general, not even for Riemannian manifolds. Indeed, we
consider the m-dimensional unit sphere (S™, go) (m > 2), and we fix the
set S as the equator of S™. Let also ¢ € S™\ (SU{N, —N}) where N is
the North pole. One can see that hypothesis (M Ds) holds exactly for two
points s; € S and sy = —s1 € S; these points are the intersection points
of the equator S and the plane throughout the points g, N and —N. Let
us fix an order of the points on the great circle: NV, q, sy, —N, sa. Then,
we have distg, (g, S) = dg, (g, 51) < /2 < dg,(q, s2), thus s1 € Pg(q) but
s2 & Ps(q).

In spite of Remark 15.2 we have two Moskovitz-Dines type characteri-
zations. The first is due to Walter [290] for Hadamard-type Riemannian
manifolds.

Theorem 15.4 Let (M,g) be a Hadamard-type Riemannian manifold
and let S C M be a nonempty, closed, geodesic convex set. Then

For not necessarily reversible Minkowski spaces, we may prove the
following.

Theorem 15.5 Let (M, F) = (R™, F) be a Minkowski space and S C M
be a nonempty, closed, geodesic convex set. Then

(i) (MDY) < (MD3);

(i) (MDy) <« (MDy).

Proof On account of Theorems 15.2 and 15.3 we have (M D7) = (M DY)
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and (M D7) = (MD5), respectively. We now prove that (M D) =
(M D); the implication (M D5 ) = (M D;) works in a similar way.

We may assume that s # ¢. The unique minimal geodesic v : [0, 1] —
M from v(0) = qtoy(1)=s€ Sisvy(t) =q+t(s—q). Fix z € S, and
define the geodesic segment o : [0,1] — M by o(t) = s + t(z — s). Since
S is geodesic convex, then o(]0,1]) € S. Consequently, the inequality
from (M Dj) reduces to

gs—q(s —q,z2—s) > 0. (15.3)

Relations (15.3) and (13.11) yield

di(q,8) = F*(s—q)

= gsq(s—¢,5—q)
gs—q(s —q,2—q)
F(s—q) F(z—q)
dr(q,s) - dr(q,2),

ie., dr(q,s) < dr(q,z). Since z € S is arbitrarily fixed, we have s €
P (q). O

IN A

15.4 Geodesic convexity and Chebyshev sets

If (X, (-, ")) is a finite-dimensional Hilbert space and S C X is a nonempty
closed set, the equivalence of the following statements is well-known (see
Borwein [43] and Phelps [239)):

e S is convex;

e S is Chebyshev, i.e., card Pg(z) = 1 for every x € X;

e Pg is non-expansive, i.e., for every z1,z2 € X,

| Ps(x1) — Ps(22)|| < llz1 — 2.

On manifolds, as might be expected, uniqueness of the projection is in-
fluenced not only by the geodesical convexity of the set but also by the
curvature of the space. The latter is well emphasized by considering
the standard m-dimensional unit sphere S™ (m > 2) with its natural
Riemannian metric gg, having constant sectional curvature 1. The pro-
jection of the North pole N € S™ to a geodesic ball centered at the
South pole and radius r < 1/2 is the whole boundary of this geodesic
ball. As far as we know, there is only one class guaranteeing the unique-
ness of projections on non-positively curved spaces from any point to
any; namely, the geodesic convex sets on global Busemann NPC spaces,
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see Jost [150, Section 3.3]. Note that all Hadamard-type Riemannian
manifolds belong to this class, see also Udriste [286].

However, uniqueness of projections to generic geodesic convex sets are
not known either for reversible or for non-reversible Finsler manifolds
with non-positive curvature. In the sequel, we delimit a class of not nec-
essarily reversible Finsler manifolds (so, in particular, non-Riemannian
manifolds) for which the forward/backward projections are singletons to
any geodesic convex sets.

Let (M, F) be a Finsler manifold. A set S C M is a forward (resp.
backward) Chebyshev set if cardPd (g) = 1 (resp. cardPg (q) = 1) for
each g € M.

Theorem 15.6 Let (M, F') be a forward (resp. backward) geodesically
complete, simply connected Berwald space with non-positive flag curva-
ture, and S C M a nonempty, closed, geodesic convex set. Then, S is a
forward (resp. backward) Chebyshev set.

Proof By Theorem 15.1, we know that card Pg (q) > 1 (resp. cardPg (q) >
1) for every ¢ € M. On the other hand, Proposition 13.5 guaran-

tees that ¢ — dp(v1(t),v2(t)) is convex for any two minimal geodesics

Y,7% ¢ [0,1] — M (with not necessarily a common starting point).

In particular, for every ¢ € M and any non-constant geodesic v :

[0,1] — M, the function ¢ — d%(q,~(t)) is strictly convex. Now, as-

sume that CardP;(q) > 1, i.e., there exists s1,s89 € P;(q), S1 # Sa.

Let v : [0,1] — M be the minimal geodesic which joins these points.

Consequently, Im~y C S and for every 0 < t < 1, we have

db(q,7(1)) < tdF(g,7(1)) + (L = t)d%:(g,7(0)) = distz: (g, 5),

a contradiction. O

Remark 15.3 Both Hadamard-type Riemannian manifolds and Min-
kowski spaces fulfill the hypotheses of Theorem 15.6. Now, we present a
typical class of Berwald spaces where Theorem 15.6 applies. Let (N, h)
be an arbitrarily closed hyperbolic Riemannian manifold of dimension
at least 2, and € > 0. Let us define the Finsler metric F. : T(R x N) —
[0, 00) by

F.(t,p;T,w) = \/hp(w,w) + 7%+ ey /h2(w,w) + 74,

where (t,p) € R x N and (7,w) € T{;,)(R x N). Shen [273] pointed out
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that the pair (R x N, F;) is a reversible Berwald space with non-positive
flag curvature which is neither a Riemannian manifold nor a Minkowski
space.

Remark 15.4 There are Finsler manifolds with non-positive flag cur-
vature which are not curved in the sense of Busemann and the function
t — dp(y1(t),72(t)) is not convex; simple examples of these types can
be given theoretically on Hilbert geometries (see Socié-Méthou [277]), or
numerically on certain Randers spaces (see Shen [271], [272]) by using
evolutive programming in the spirit of Kristdly-Moroganu-Réth [172].
Thus, no convexity property of the function ¢t — dp(v1(t),v2(t)) can be
guaranteed in general which raises doubts on the validity of Theorem
15.6 for arbitrary Finsler manifolds with non-positive flag curvature.

Remark 15.5 The Chebyshevity of a closed set does not imply always
its geodesic convexity in arbitrarily Hadamard-type Riemannian mani-
folds. Indeed, consider the Poincaré upper half-plane model H? (with
sectional curvature —1) and the closed set S = H? \ By 1y(2), where
Bo,1)(2) is the standard euclidean 2-dimensional open ball with center
(0,1) € R? and radius 2. S is a Chebyshev set since every horocycle
which is below of the boundary 95 and tangent to the same set 95, is
situated in the interior of B 1)(2). However, it is clear that S is not
geodesic convex. For further examples and comments, see Grognet [130,
Section 2]. These examples show the converse of Theorem 15.6 does not
hold in general. Moreover, the following rigidity result does hold.

Theorem 15.7 (Busemann [54, p. 152]) Let (M,F) be a simply-
connected, complete, reversible Finsler manifold with non-positive flag
curvature. If any Chebyshev set in M is geodesic convez, then (M, F')
18 a Minkowski space.

The following characterization of geodesic convexity is due to Grognet
[130] (see also Udrigte [286] for an alternative proof via the second vari-
ation formula of the arc lenght):

Theorem 15.8 Let (M,g) be a Hadamard-type Riemannian manifold
and S C M be a nonempty closed set. The following two statements are
equivalent:

(i) S is geodesic convex;
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(ii) Ps is non-expansive, i.e., dg(Ps(q1), Ps(q2)) < dg(g1,g2) for any
q; € M, =1, 2.

Proof (i)=-(ii) This part is contained in Udrigte [286]; for complete-

ness we give its outline. First, on account of Theorem 15.6, S is a

Chebyshev set. Fix ¢1,¢q2 € M and let 7; : [-1,1] — M be the unique

geodesic with constant speed from ~;(—1) = ¢; to 1, (1) = s; = Ps(¢;),

i = 1,2. Define the variation ¥ : [0,1] x [-1,1] — M by X(¢t,u) =
-1

exp.y, (u)(t XD () (v2(u))). Note that

L2 (3( ( / \/ (t u))dt>2

0%
:/ (at (tu), 5 (8 w)dt

t
Throughout the first variational formula, we obtain that

(51 1)) =2 a00300), G (01 1) = g1 0. 0,17

Since S is geodesic convex, then the geodesic (-, 1) belongs to S. Ap-
plying Theorem 15.4, we obtain that

, 0% 0%

9(=71(1), 57 (0,1)) <0 and g(=75(1), =5-(1,1)) < 0.

Consequently, (L7)'(2(-,1)) < 0. Now, using the second variational for-
mula, and taking into account that 1, v are geodesics, we deduce that

'T /DJT DIx 9% 9% 0% 0%
2\ . = a7 a: a1 as - ot ou’ Ot u
(Lg)"(2Cs ) 2/0 {g (815 ot ot at> R(@t’au’ 8t’6u>}dt’

where R is the Riemannian curvature tensor. Since the sectional cur-
vature is non-positive, we obtain (L2)”(3(-,u)) > 0. Now, the Taylor
expansion yields Ly(X(-,1)) < Lg(2(-, —1)), i.e., dg(s1,52) < dg(q1,q2)-

(ii)=(i) Assume that S is not geodesic convex, i.e., there exists two
distinct points s1,s2 € S such that the unique geodesic with constant
speed 7 : [0,1] — M, with (0) = s; and (1) = s2 has the property
that v(t) ¢ S for every ¢t € (0,1). Since S is proximinal, cf. Theorem
15.1, we fix an element § € Pg(y(1/2)).

We claim that either dg(s1,3) or dg4(8,s2) is strictly greater than
dg(s1,82)/2. If § = s1 or § = s9, the claim is true. Now, if 51 # § #
s2, we assume that max{d,(s1,3),dy(3,s2)} < dg(s1,52)/2. Therefore,
dg(s1,82) < dg(s1,8) +dg(3,52) < dg(s1,s2), which implies that § € S
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belongs to the geodesic 7, contradicting our initial assumption. Thus,
the claim is true. Suppose that dg(s1,38) > dy(s1,52)/2; the other case
works similarly. Since Pg(s1) = s1 and dg(s1,52)/2 = dg(s1,7(1/2)),
relation dy(s1,8) > dgy(s1,7(1/2)) contradicts (ii). O

Remark 15.6 In spite of Theorem 15.8 there is no way to give a simi-
lar characterization for generic Finsler manifolds with non-positive flag
curvature. In the sequel, we give such a simple counterexample on Mat-
sumoto mountain slope (R2, F,,), see (14.1). More precisely, let v = 10
and o = 60° in (R?, F,), and

S={(y1,y2) ER® 1y +y = 1}.

It is clear that S is closed and geodesic convex. Let ¢ = (0,0) and
g2 = (0,1). Since g2 € S, then P;(qg) = ¢o. Due to Theorem 15.6,
cardPg (q1)=1, and from Theorem 15.5, s; € Pd(qi) if and only if
gs;(sf,e) = 0 where e = (1,—1) is the direction vector of the straight
line S. Solving the equation gs, (sf,e) = 0, we obtain the unique solution
sy = (0.58988935,0.41011065) € S. Moreover,

dr, (Pg (1), Ps (a2)) = dr,(sf,92) = Falaz — sy)

= 0.58988935 - F,,(—1,1) = 0.11923844
0.1=Fu(g2 — q1)
dr, (q1,q2)-

V

Consequently, ng is not a non-expansive map in general.

15.5 Optimal connection of two submanifolds

Let us assume that two disjoint closed sets M; and M, are fixed in a
(not necessarily reversible) Finsler manifold (M, F'). Roughly speaking,
we are interested in the number of those Finslerian geodesics which con-
nect My and M5 in an optimal way, i.e., satisfying certain boundary
conditions. In order to handle this problem, following Mercuri [209],
Caponio, Javaloyes and Masiello [56], we first describe the structure of
a special Riemann-Hilbert manifold.

Let (M, F) be a forward or backward complete Finsler manifold and
let us endow in the same time M with any complete Riemannian met-
ric h. Let N be a smooth submanifold of M x M. We consider the
collection An (M) of curves ¢ : [0,1] — M with (¢(0),¢(1)) € N and
having H' regularity, that is, ¢ is absolutely continuous and the integral
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1
/ h(¢, ¢)ds is finite. It is well known that Ax (M) is a Hilbert manifold
0

modeled on any of the equivalent Hilbert spaces of H' sections, with
endpoints in TN, of the pulled back bundle ¢*T'M, ¢ being any regular
curve in Ax(M). For every H! sections X and Y of ¢*T'M the scalar
product is given by

1 1
(X,Y) :/ h(X,Y)ds+/ R(VEX, V'Y )ds (15.4)
0 0

where V" is the usual covariant derivative along c associated to the
Levi-Civita connection of the Riemannian metric h.

Let J : Ay (M) — R be the energy functional defined by

1
J(e) = 1/0 F2(c,¢)ds. (15.5)

2
For further use, we denote the function F2? by G. Note that the func-
tional J is of class C?~ on the space Ax (M), i.e., it is of class C* with
locally Lipschitz differential.

Proposition 15.1 A curve v € Ax(M) is a constant (non zero) speed
geodesic for the Finsler manifold (M, F) satisfying the boundary condi-
tion

9(v0).40) (Vo 7(0)) = 9(y1) 51 W, 4(1)),  V(V,W) € T(5(0) (1)) N
(15.6)
if and only if it is a (non constant) critical point of J.

Proof Assume that v € Ay(M) is a critical point of J. One can prove
that ~ is a smooth regular curve which argument is based on local coor-
dinates. Now let Z € T,An (M) be a smooth vector field along v and let
Y :[0,1] x [—€,€] — M be a smooth regular variation of v with variation
vector field U = % having endpoints in T'N and such that U(t,0) = Z(t)
for all t € [0,1]. Let also 7' = 22, Since G(2,y) = gy (y,y) for any
(z,y) € TM\ 0, from (13.5) we get

d

1 /o !
7@ =5 [ Groen@ Tt = [ g (@ 0uTy (15)

Since X is smooth, we have that DyT' = DU both considered with the
reference vector T'; therefore, using this equality in (15.7) and evaluating
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at u = 0 we obtain
1
4J(7)2) = / G (3 Ds Z)dt, (15.8)
0

where D5 Z has reference vector 4. Now, applying relation (13.4), we
have

d _ _ .
7969 (%, Z) = 9(,4) (D53, Z) + g(+,4) (3 D+ Z),

which, when applied to (15.8), gives us

1
0=dJ(y)[Z] = —/ 9(v,3) (D5Y, Z)dt+9(1),5(1)) (1(1), Z(1))=9(7(0),4(0)) (1(0), Z(0)).
’ (15.9)
Now, by choosing an endpoints vanishing vector field Z one can see
that 7 should verify the equation Ds¥ = 0, i.e., v is a constant speed
geodesic. Consequently, the remaining part of the above relation gives
precisely the boundary conditions (15.6).
For the converse, we observe that if + is a constant non-zero speed
geodesic satisfying the boundary conditions (15.6) then (15.9) holds and
hence 7 is a critical point of J. |

Remark 15.7 Two particular cases is presented concerning the form of
N.

(i) Let A be the diagonal in M x M and N = A. By using the
Euler theorem for homogeneous functions, we know that 9,G(z,y) =
29(z,y)(-,y) for any (x,y) € TM. Hence, from v(0) = (1) and (15.6)
we clearly have

9yG(7(0),%(0)) = 8,G(~(0),4(1)).

Since the map y — 0,G(x,y) is an injective map, we necessarily have
that 4(0) = (1), i.e., the curve ~ in Proposition 15.1 is a closed geodesic.
See Mercuri [209].

(ii) Let M; and My be two submanifolds of M and N = M; x Ms. In
(156) put W = 0. Then, forany V' € T'y(O)Ml we get g(,y(o),;y(o))(v, ’)/(0)) =
0. Analogously, taking V' = 0, we have g(y(1),5(1))(W,¥(0)) = 0 for any
W € T, 1yMs. When (M, F') is a Riemannian manifold, these conditions
are actually the well-known perpendicularity conditions to M; and Mo,
respectively. See Grove [133].

Based on the papers of Caponio, Javaloyes and Masiello [56], Kozma,
Kristdly and Varga [160], and Mercuri [209], we sketch the proof of the
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fact that J satisfies the (PS)-condition under natural assumptions. This
result allows us to give several multiplicity results concerning the number
of geodesics joining two different submanifolds in a Finsler manifold.

Proposition 15.2 Let (M, F) be forward (resp. backward) complete
and N be a closed submanifold on M x M such that the first projection
(resp. the second projection) of N to M is compact. Then J satisfies
the (PS)-condition on An(M).

Proof (Sketch) We sketch the proof in the forward complete case, the
backward being similar.

Step 1. Differentiable structure on Ay(M). The manifold Ay (M) is
a closed submanifold of the complete Hilbert manifold A(M); the last
one being the set of all the H! curves in M parameterized on [0, 1] with
scalar product from (15.4). The differentiable manifold structure on
A(M) is given by the charts {(Ou, expy!)}oec(ar), where expy?! is the
inverse of the map exp,,(§) = exp,, §(t), for all £ € H'(0,), being O,
a neighborhood of the zero section in w*T M.

Step 2. Uniform convergence of a (PS)-sequence. We consider the
sequence {cp tnen contained in Ay (M) which verifies the assumptions
from the (PS)-condition. In particular, {J(c,)}, is bounded. We shall
prove that the sequence {c,}, converges uniformly. To do this, we fix a
point P € p1(N), where p; is the first projection on M x M. Then

dr (P, cn(s)) < dp(P;cn(0)) + dr(cn(0), cn(s))
1
< dp(p,cn(0)) —|—/O F(ep, éy)ds,

for all s € [0,1], n € N. Since p;(N) is compact, there exists a constant
K such that dp(p,c,(0)) < K. By the Holder inequality, for every
s € [0,1] we have

dp (P, cn(s)) < K + </01 G(cn,c'n)ds); =K +/J(cn) < K.

Consequently, the set S = {c,(s) : s € [0,1],n € N} is a forward
bounded set; thus, Hopf-Rinow theorem, see Theorem 13.1, shows that
there exists a compact subset C' of M which contains S. Hence there
exist k1, ko > 0 such that

Ep|v]* < G(x,v) < kao|v]?, Vo€ C, ve T, M.

Here, we denoted by |- | the norm associated to the metric h. Moreover,
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let dp, be the distance associated to the Riemannian metric h, then using
the last and Holder’s inequalities, we get

1
2

dn(cn(51),cn(s2)) < /12 |Calds < /59— s1 (/01 Ién|2d8>

S

1 3
< VEa ( / G(cn,en>ds) < Ka/as 5,
with s1 < s2 in [0,1] and K» > 0, so that {c,(¢)} is relatively compact
for every t € [0, 1] and uniformly Holder. Thus we can use the symmetric
distance dj, and the Ascoli-Arzela theorem to obtain a subsequence, that
will be denoted again by {c,}, converging uniformly to a curve ¢ of class
C° parameterized in [0, 1] and having endpoints in N.

Step 3. Reduction of the strong convergence of {cp}n to an appropri-
ate convergence in H'-topology. For any n > 0 small enough the set
C = {expgv = s € [0,1]; v € B((s),n)} is compact in M. Let inj(p)
be the injectivity radius of p in (M, h) and p = inf{inj(p) : p € C}.
Since the injectivity radius is continuous, we have that p > 0; therefore,
there exists a curve w of class C* such that ||¢ — w||e < min{n, p/2}.
Let [0,1] > t — E(t) = (E1(t),...,En(t)) be a parallel orthonormal
frame along w with m = dim M, and let P, : R™ — T, M de-
fined as Pi(vi,...,vm) = 11 E({) + -+ + v En(t). Consider the Eu-
clidean open ball of radius p, denoted in the sequel by U, and the map
@(t,v) = expy, ) Px(v). Since p < inj(w(?)), the map ¢y : U — M, de-
fined as ¢t (v) = (¢, v), is locally invertible and injective with invertible
differential dy;(v), for every t € [0,1] and v € U. By taking a smaller
open set in U that contains the closed ball of radius p/2 and contained
in the closed ball of radius 2p/3, we can assume that all the continu-
ous functions involved in the rest of the proof are uniformly bounded in
[0,1] x U or in Uyepoqy{t} x ¢({t} x U), as for example the norms of
dp(t,v) and dp(t, ), where o(t,x) = ;' (z). Let O, be a neighbor-
hood of w in H'([0,1], M) such that the map ¢! : O, — H'([0,1],U),
defined as @' (z)(t) = ¢; ' (z(t)) is the map of coordinate system cen-
tered at w. Observe that the inverse of ¢! is the map ., defined by
0 (6)(t) = p(t,&(t)). Clearly if n is big enough, ¢, € p.(H([0,1],U)),
so that we call &, = p;1(c,). Consequently, taking into account the
above reduction argument inspired by [1, Appendix A.1], the strong
convergence of {¢, }, is equivalent with the strong convergence of {£,},,
in H([0,1],U).

Step 4. Splitting argument. Taking the vector space of dimension 2m



15.5 Optimal connection of two submanifolds 325

defined by V = {¢ € C*°([0,1],R™) : (" — ¢ = 0}, we have the following
orthogonal splitting

H*([0,1],R™) = Hy([0,1],R™) @& V.

Therefore, if n € N is big enough there exist £ € H}([0,1],U) and
¢, € V such that &, = €2 + ¢,. Note that {c,} is a sequence which
verifies the assumptions of the (P.S)-condition. Moreover, the norm of
dy. is bounded in H1([0,1],U), {¢,}x is a converging sequence in the C!
norm (which follows from the C° convergence of {£,}, and the smooth
dependence of the solutions of the differential equation defining V' from
boundary data) and {&,}, is a bounded sequence in H'([0,1],U) (&2
is a bounded sequence in H}([0,1],U)). Due to the above facts and
considering J defined on the manifold A(M), we have

d(J 0 ) (&n)[6n — &k
= d(J 0 ¢.)(&n)[€n — &1+ d(J 0 9.)(€n)[Cn — Ci]

= dJ (cp)[dp«(&n)[€n — &I+ d(J 0 9:)(€n)[Gn — G] — 0. (15.10)

Step 5. Boundedness of {&}n in H([0,1]),U). To see this, it is
enough to observe that

/0 €0 2ds = / (dp(s, ea)[(1, &) ds

1
< Kg/ (1+ h(én, én))ds < K3 + K1J(cn) < K5 < 400, (15.11)
0

where ¢(s,z) = p;'(z), for every s € [0,1] and z € ¢s(U), and
K3, K4, K5 are positive constants.

Step 6. (Final) The sequence {£,}, is fundamental in H'([0,1],U).
Technical estimations show that

1
|16 =éas o
0
as n, k — oo. This concludes the proof. |

Now, we are in the position to establish an existence and some multi-
plicity results concerning the number of geodesics joining two submani-
folds in a Finsler manifold.
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Theorem 15.9 Let (M, F) be a forward or backward complete Finsler
manifold and let My and My be two closed submanifolds of M such that
My or My is compact. Then in any homotopy class of curves from M,
to My there exists a geodesic with energy smaller than that of any other
curve in this class satisfying (15.6). Furthermore, there are at least
catAns, x i, (M) geodesics joining My and Ma with the property (15.6).

Proof Since Apg, xa, (M) is a complete Hilbert-Riemann manifold and
the energy functional satisfies the (PS)-condition, see Proposition 15.2,
it follows that the energy integral attains its infimum on any component
of A s, (M) and its lower bound, see Theorem 1.4. The infimum
points are critical points of J, while any critical point ¢ for J is a geodesic
with the property (15.6), see Proposition 15.1. Therefore, the first part
is proved. Now, applying Theorem 1.9, we obtain our last claim. ]

Theorem 15.10 Let (M, F) be a compact, connected and simply con-
nected Finsler manifold, and let My and Ms be two closed disjoint sub-
manifolds of M with My contractible. Then there are infinitely many
geodesics joining My and Ms with the property (15.6).

Proof Due to Theorem C.3, we have that cuplong Ans, xa, (M) = oo.
Using the inequality cat Aps, s, (M) > 1+ cuplong Apg, x s, (M), from
Theorem 15.9 the statement follows. |

Theorem 15.11 Let (M, F) be a complete, non-contractible Finsler
manifold, and let My and My be two closed, disjoint and contractible
submanifolds of M such that My or My is compact. Then there are
infinitely many geodesics joining My and My with the property (15.6).

Proof Since M7 x My is a submanifold of M x M, the inclusion Ay, x pr, M —
O, xar, (M) = {0 € C°([0,1], M) : 0(0) € My,0(1) € Ma} is a homo-
topy equivalence, see Grove [133, Theorem 1.3]. Since M; and M, are
contractible subsets of M, the sets C}; , ., (M) and My x My x Q(M)
are homotopically equivalent, see Fadell-Husseini [109, Proposition 3.2].
Since M is non contractible, we have cat Q(M) = oo, see Theorem C.1.
Therefore, cat Apr, xar, (M) = oo and we apply again Theorem 15.9 to
obtain the desired conclusion. |
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15.6 Final remarks and perspectives

Further questions arise concerning the best approximation problems on
Finsler manifolds. We formulate only a few of them:

(i) The Moskovitz-Dines type characterization of projections has been
proved for Minkowski spaces (Theorem 15.5) and for Hadamard-
type Riemannian manifolds (Theorem 15.4). We feel quite certain
we face a rigidity result: if (M D) & (MDY) (or, (MD;) <
(MDy)) holds on a Finsler manifold (M, F) with non-positive
flag curvature, than (M, F) is either a Riemannian manifold or a
Minkowski space.

(ii) We were able to prove the uniqueness result (Theorem 15.6) only
on Berwald spaces. Try to extend Theorem 15.6 to any (not nec-
essarily reversible) Finsler manifold with non-positive flag curva-
ture; see also Remark 15.4.

(iii) Determine those classes of Finsler manifolds with non-positive
flag curvature whose (forward and backward) projections are non-
expansive for every nonempty, closed, geodesic convex set. We be-
lieve the only class fulfilling this property is the class of Hadamard-
type Riemannian manifolds. There are three supporting reasons
for this fact: (i) non-expansiveness of the projection map holds
on Hadamard-type Riemannian manifolds, see Theorem 15.8; (ii)
in Remark 15.6 we gave a counterexample for non-expansivity of
the projection map on a slightly general case than Riemannian
manifolds; (iii) the non-expansiveness of the projection map holds
on a normed vector space if and only if the norm comes from an
inner product, see Phelps [239].
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A Variational Approach of the Nash
Equilibria

I did have strange ideas during
certain periods of time.

John F. Nash (b. 1928)

16.1 Introduction

Nash equilibrium plays a central role in game theory; it is a concept strat-
egy of a game involving n-players (n > 2) in which every player know
the equilibrium strategies of the other players, and changing his/her own
strategy alone, a player has nothing to gain.

Let Kiq,...,K, (n > 2) be the nonempty sets of strategies of the
players and f; : K1 x ... x K, — R (i € {1,...,n}) be the payoff
functions. A point p = (p1,...,pn) € K is a Nash equilibrium point for
(f,K) if

filp;qi) = fi(p) forall ; € K;, i € {1,...,n}.

Here and in the sequel, the following notations are used: K = I}, Kj;;

P=(p1,-pn); (F.K) = (fr, o fus Ky K)s (P50) = (Prs -5 Gy -

The most well-known existence result is due to Nash (see [225], [224])
which works for compact and convex subsets K; of Hausdorff topological
vector spaces, and the continuous payoff functions f; are (quasi)convex
in the i*"-variable, i € {1,...,n}. A natural question that arises at this
point is:

How 1is it possible to guarantee the existence of Nash equilibrium points for a

family of payoff functions (perhaps set-valued) without any convezity, or even
more, when their domains are not convex in the usual sense?

328
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In this chapter we focus our attention to the existence and location
of Nash equilibrium points in various context. First, in Section 16.2
we give several formulations of Nash equilibria via variational inequal-
ities of Stampacchia and Minty type following the paper of Cavazzuti,
Pappalardo and Passacantando [62], in Section 16.3 we are dealing with
Nash equilibrium points for set-valued maps on vector spaces. In Section
16.4, we treat a case when the domain of the strategy sets are not neces-
sarily convex in the usual sense by applying elements from Riemannian
geometry.

16.2 Nash equilibria and variational inequalities

We first recall the well-known result of Nash (see [225], [224]), concerning
the existence of at least one Nash equilibrium point for a system (f, K).

Theorem 16.1 Let K1,..., K, be nonempty compact convex subsets of
Hausdorff topological vector spaces, and let f; : K — R (i € {1,...,n})
be continuous functions such that q; € K; — f;(p; q:) is quasiconvez for
all fired pj € K; (j #i). Then there exists a Nash equilibrium point for
(f,K).

In the sequel, assume that the sets of strategies of the players, i.e.,
Ki,..., K, (n > 2), are closed convex subsets of a common vector space
X. Moreover, we also assume that the payoff functions f; are continuous
on K and each f; is of class C! in its i*" variable on an open set D; D K.
Let p € K; we introduce the notations

of Ofn 0

i=1

Vi(p) = (—(p)

(p)aqi>a

where (-, -) inside the sum denotes the duality pair between X and X*.
A point p = (p1,...,pn) € K is a Nash-Stampacchia point for (f,K)
if
(Vf(p),q—p) >0 forall g K.

In a similar way, a point p = (p1,...,pn) € K is a Nash-Minty point for
(f,K) if

(Vf(q),q—p) >0 for all q € K.

Theorem 16.2 (a) Every Nash equilibrium point for (£f,K) is a Nash-
Stampacchia point for (f,K).
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(b) Every Nash-Minty equilibrium point for (f,K) is a Nash equilib-
rium point for (f,K).

(c) If each f; is convex in its i'" variable, then the converses also hold
in (a) and (b).

Proof The proof easily follows from Lemmas 13.1 and 13.2. 0

Theorem 16.3 Assume that V{ is a strictly monotone operator. Then,
the following assertions hold true:

(a) (£,K) has at most one Nash-Stampacchia point.

(b) (£, K) has at most one Nash equilibrium point.

Proof (a) Assume that p; # p2 € K are Nash-Stampacchia points for
(f,K). In particular, we clearly have that

(VE(p1),p2 —pP1) >0,

(VE(p2),p1 — p2) > 0.
Therefore, by the strict monotonicity assumptions we have
0 < (VE(p1) — VE(p2),p2 — P1) <0,

contradiction.
(b) It follows from Theorem 16.2 (a). O

Usually, the set of Nash-Stampacchia points and the set of Nash equi-
librium points are different. A simple example which support this state-
ment is presented in what follows, see also [153].

Example 16.1 Let K1 = Ky = [-1,1], D; = Dy = R, and f1, fo :
Dy x Dy — R defined by
fi(@y, w) = aiwg +x1, fo(wr,w2) = —2izs + zo.
One can prove that the set of Nash-Stampacchia points for (f, K) is
{(1/27 _1)a (_17 1/2)? (_17 _1)7 (la _1)}
However, the unique Nash equilibrium point for (f,K) is (-1, —1).

In the rest of this section we assume that X is a prehilbert space.
Consequently, the inequality from the definition of Nash-Stampacchia
point for (f,K) can be written equivalently as

((p—aVf(p)) —p,a—p) <0 forallqe K, a > 0.
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Furthermore, in terms of projections, the Moskovitz-Dines type relation,
see relation 15.2, gives actually that

p € Pk(p — aVf(p)) for all a > 0.

Note that since K is convex, it is also a Chebyshev set, i.e., the above
relation has the form

0= Px(p—aVf(p)) —p forall o> 0.

The last relation motivates the study of the following continuous dy-
namical system

(1) = Pg(x(t) — aVE(x(t))) — x(2), (16.1)

where o > 0 is fixed. Following Cavazzuti, Pappalardo and Passacan-
tando [62], we prove

Theorem 16.4 Assume that VE(p) = 0. If Vf is strongly monotone
on K with constant n > 0 and Lipschitz continuous on K with constant
L > 0, then there exists ag > 0 such that for every o € (0, ) there
exists a constant C' > 0 such that for each solution x(t) of (16.1), with
x(0) € K, we have

Ix(t) = pll < [%(0) = pllexp(=C1), ¥t =0,

i.e., x(t) converges exponentially to p € K.

Proof First of all, due to the non-expansiveness of the projection oper-
ator Pk, we have that

1P (x(t) — aVEx(1))) - p[|* =
= [[Pxc(x(t) — aVE(x(1)) — Px(p — aVE(p))|* <
< [lx(t) — p — a(VE(x(1)) — VE(p))®
= |1x(t) = plI* —2a(VE (x(t)) = VE(p), () — p) +?|| VE(x(t)) — VE(p) ||

< (1-2am+ o*L?)|x(t) — p||*.

Let ap = 2n/L? and o € (0,ap). Note that the whole orbit of x(t)
remains in K. We consider the function

h(t) = 5 lIx(t) - p[*.
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Then, we have

h(t) = (x(t) = p, Pr(x(t) — aVE(x(t))) — x(t))
= (x(t) - p, Px(x(t) — aVE(x(t))) — p) — [Ix(t) - p|*
< x(®) = pl - [ Pr(x(t) — aVE(x(t) - pll = [Ix(t) - plI*
< (V1-2an+a2l? - 1)|x(t) - p|

= —2Ch(t),

where C = 1 — /1 — 2an + a2L? > 0. Consequently, we have h(t) <
—2Ch(t), with h(0) = $]/x(0) — p||*. After an integration, we have that

Ix(t) = pl| < [%(0) = p[lexp(=C1), Vt=0.

The proof is complete. ]

16.3 Nash equilibria for set-valued maps

In some cases the objective/payoff functions are not single-valued, i.e.,
the values of a payoff functions are not real numbers but some sets.
Set-valued versions of the Nash equilibrium problem can be founded in
the literature, see for example Guillerme [134] and Luo [196]. In this
section we propose a new approach in the study of the existence of
Nash equilibria for set-valued maps which is based on the contingent
derivative.

Let Kq,..., K, be nonempty subsets of a real normed space X, and
let F; : K ~ R (i € {1,...,n}) be set-valued maps with nonempty
compact values. A point p = (p1,...,pn) € K is a Nash equilibrium
point for (F,K) = (F1,...,Fy; K1,...,K,) if p is a Nash equilibrium
point for (min F, K).

The following result is an easy consequence of Theorem 16.1.

Theorem 16.5 Let Ki,...,K, be nonempty compact convexr subsets
of a real normed space X, and let F; : K ~» R (i € {1,...,n}) be
continuous set-valued maps on K with nonempty compact values such
that ¢; € K; ~ F;(p;q;) is convex on K; for all fized p; € K; (j # ).
Then there exists a Nash equilibrium point for (F,K).

Proof Let f; = minF; (i € {1,...,n}). It is easy to prove that the
functions f; are continuous and convex in the i‘" variable. We apply
Theorem 16.1. |
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Let K = K; = Ko = [-1,1], X = R, and F1, F : K x K ~ R be
defined by

Fi(z1,22) = [max{|xy],|z2|} — 1,0]; (16.2)

Fo(w1,20) = [1—max{|z1],|z2|},2 — 2] — 23] (16.3)

Clearly, Fy and F5 are continuous on K X K, but x5 € K ~» F5(0,z2)
is not convex on K. Therefore, Theorem 16.5 can not be applied. How-
ever, we will see in Example 16.2 that there are Nash equilibrium points
for (F,K) = (F1, F»; K, K). To determine these points we elaborate a
method by using the contingent derivative of set-valued maps.

Let Ki,..., K, be nonempty convex subsets of a real normed space
X,andlet F; : K1 X...x X X...xK, ~ R (i € {1,...,n}) be set-valued
maps with compact, nonempty values. Here, X is in the i*" position.
Let be a fixed element. We can define the (partial) contingent derivative
of F; in the i*" variable at the point (p, min F;(p)), i.e., the contingent
derivative of F;(p1,...,Pi—1, " Pit1,---,Pn) at the point (p;, min F;(p)),
see Appendix, Definition E.4.

Definition 16.1 A point p = (p1,...,pn) € K is said to be a Nash
contingent point for (F,K) if
D;F;(p, min F;(p))(g: — pi) € Ry

for all ¢; € K; and all i € {1,...,n}.
Proposition 16.1 Let p = (p1,...,pn) € K be a Nash equilibrium point
for (F,K)). If each map q; ~ Fi(p;q;) (i € {1,...,n}) is K;-locally
Lipschitz, then p is a Nash contingent point for (F,K).
Proof Since p is a Nash equilibrium point for (F, K), we have

Fi(p;¢;) — min Fi(p) C Ry (16.4)

forall ¢; € K; and all i € {1,...,n}.

Let i € {1,...,n}, ¢; € K; be fixed elements and we fix arbitrarily
¢i € D;F;(p, min F;(p))(q; — pi). We prove that ¢; > 0. From (E.2) we
have that

lim inf dist <ci7

Fy(p;pi + t(¢; — pi)) — min Fi(p)> _o
t—0t ’

t (16.5)

since the map v; ~ F;(p;v;) is K;-locally Lipschitz. Since K; is convex,
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for t > 0 small enough, y! = p; +t(¢; — p;) € K;. Using (16.4), we have
that
Fi(p; yf) — min Fi(p)
t

CR,.

Suppose that ¢; < 0. Then

0 < [ei] = dist(e;, R.) < dist ( (pi) — min <p>>’

which is in contradiction with (16.5). O

The above proposition allows to select the Nash equilibrium points
from the set of Nash contingent points. In most of the cases the de-
termination of contingent Nash points is much more easier than those
of the Nash equilibrium points. We will present two examples in this
direction. We will use the notation

la,b] = [min{a, b}, max{a,b}], where a,b € R.
Example 16.2 Let us consider the set-valued maps from (16.2) and

(16.3) in extended forms, i.e. K = K1 = Ky = [-1,1], X = R and let
Fi: X xXK~R, Fy: KxX ~ R be defined by

Fi(x1,x2) = |max{|x1],|z2|} — 1,0];

Fy(z1,22) = [1 - max{|z1], |22]},2 - 2T — 23].

It is easy to verify that u € K ~» Fy(u,z2) and v € K ~» Fy(x1,v) are
K-locally Lipschitz maps (z1,z2 € K being fixed points). We are first
looking for those points (x1,z2) € K x K which fulfill

Dy Fy((z1,22), min Fy (21, 22))(v1 — 1) C Ry for all v; € K;  (16.6)
Dy Fy((z1,m2), min Fy(x1,x2))(ve — x2) C Ry for all v, € K. (16.7)

Using the geometric meaning of the contingent derivative (see relation
(E.1)), after an elementary discussion and computation, the points which
satisfy the inclusions (16.6) and (16.7) respectively, are

CNP, = {(1‘1,2132) c K xK: |$1| < |SC2|};
CNP, = {(.1‘1,.132) c KxK: ‘.131| > |.’132|}U{(.131,$2) c KxK: |x2| = 1}.
Therefore, the contingent Nash points for (F,K) = (Fy, F»; K, K) are
CNP=CNP NCNP, = {(.’El,xg) e KxK: |£C2‘ = 1}
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A direct computation shows that the set of Nash equilibrium points for
(F,K) coincides the set C N P.

Example 16.3 Let K = [—1,1], and let F; : R x K ~ R and F; :
K x R ~~ R be defined by

L?, |I1 — 1|J7 if T2 Z O,

Fi(z1,22) = { (2, |z +1]], if 29 <O,

and
o LZ, |I2+1|J7 if I ZO,
Folay,wz) = { 12, |z — 1]], if 21 < 0.

The points which satisfy the corresponding inclusions from (16.6) and
(16.7) respectively, are

CNPl = {(1,1’2) X2 € [0, 1}} U {(—1,%2) X9 € [—1,0)};

CNP, = {(1’1,—1) 11 € [0, ].]} @] {(.’El, 1) 1T € [—1,0)}

The maps u € K ~» Fi(u,z3) and v € K ~» Fy(z1,v) are K-locally
Lipschitz (1,22 € K being fixed points), however the set of Nash con-
tingent points for (F,K) = (F1, Fy; K,K) is CNP = CNP, N CN Py,
which is empty. Hence the set of Nash equilibrium points is empty too,
due to Proposition 16.1.

Note that the set-valued maps from Examples 16.2 and 16.3 are not
continuous on K x K. In the sequel, we give sufficient conditions to
obtain Nash contingent points, assuming some continuity hypotheses
on the set-valued maps. Before to do this, we can state the converse of
Proposition 16.1 by taking a convexity assumption for the corresponding
set-valued maps. Let X be a normed space, and let K be a nonempty
subset of X.

Definition 16.2 The set-valued map F : X ~» R is called K-pseudo-
convex at (u,c) € Graph(F) if

F(') Cc+ DF(u,c)(u' —u) forall v € K.

In the case when K = Dom(F'), the above definition reduces to [16,
Definition 5.1.1]. The following result can be easily proved.

Proposition 16.2 Let K1, ..., K, be nonempty subsets of a real normed
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space X, and let F; : Ky X...x X X... XK, ~R (i € {1,...,n}) be set-
valued maps with nonempty compact values. Let p = (p1,...,pn) € K be
a Nash contingent point for (F,K). If ¢; ~ F;y(p;¢;) (i € {1,...,n}) is
K;-pseudo-convez at (p;, min F;(p)), then p is a Nash equilibrium point
for (F,K).

We give and existence theorem concerning the Nash contingent points
for a system (F,K) by using a Ky Fan type result proved by Kristaly
and Varga [176]:

Theorem 16.6 Let X be a real normed space, let K be a nonempty
convex compact subset of X, and let F : K x K ~ R be a set-valued map
satisfying the following conditions:
(i) for allv € K, u € K ~ F(u,v) is lower semicontinuous on K;
(i) for allu € K, v € K ~ F(u,v) is conver on K;
(#i3) for allu € K, F(u,u) C R4.
Then there exists an element w € K such that

F(u,v) CRy forall ve K. (16.8)

Let K; and F; (i € {1,...,n}) be as in Proposition 16.2. We denote
by F;|k the restriction of F; to K= Kj x ... x K; X ... x K.

Definition 16.3 F;|x is called i-lower semicontinuously differentiable
if
Graph(F;|k) x X 2 (p, ¢, h) ~ D;Fi(p, ¢)(h)

is lower semicontinuous.

Now, we are in the position to give an existence result concerning the
Nash contingent points.

Theorem 16.7 Let Ki,...,K, be nonempty compact convexr subsets
of a real normed space X and let F; : K1 X ... x X x ... x K, ~ R
(i € {1,...,n}) be set-valued maps with nonempty compact values and
with closed graph. Suppose that for each i € {1,...,n} the map F; is K;-
locally Lipschitz in the i*" variable, Fj|k is continuous on K and i-lower
semicontinuously differentiable. Then there exists a Nash contingent

point for (F,K).

Proof Let X = X x ... x X. Clearly, K is a compact, convex subset of
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X. We define the map G : K x K ~» R by

n

G(p,q) = Y _ D;F,(p, min F;(p))(¢; — ps),

i=1

where p = (p1,...,pn) and q = (q1, - - -, ¢n ). We will verify the hypothe-
ses from Theorem 16.6.

(¢) Let us fix q € K. Since the sum of finite lower semicontinuous
maps is lower semicontinuous, it is enough to prove that p € K ~
D, F;(p, min F;(p))(¢q; — p;) is lower semicontinuous on K for each i €
{1,...,n}. Todo this, let us fix an p € K. Now, let ¢; € D, F;(p, min F;(p))(g;—
p;) and {p™} be a sequence from K which converges to p. Since F;|k
is continuous on K, the function min(F;|k) is also continuous. There-
fore min F;(p™) — min F;(p) as m — oo. Using the fact that F;|k
is 4-lower semicontinuously differentiable, there exists a sequence c}* €
D, F;(p™, min F;(p™))(g; — p!*) such that ¢/* — ¢; as m — oo.

(1) Let us consider p € K. fixed. We will prove that q € K ~~ G(p, q)
is convex on K. Since the sum of convex maps is also convex, it is enough
to prove that q € K ~» D, F;(p, min F;(p))(¢; — p;) is convex. Using the
fact that F;|k is i-lower semicontinuously differentiable (in particular
gi ~ F;(p;qi) is sleek at (p;, min F;(p))) and Remark E.2, the above
set-valued map is a closed convex process.

(i7i) Let p € K and ¢ € {1,...,n} be fixed. We prove that every
element ¢; from D;F;(p, min F;(p))(0) is non-negative. In fact, since
qi ~ Fi(p; ¢;) is K;-locally Lipschitz, from (E.2) we have

Fi(p;pi +1t-0) — minFi(p)> _0
; )

lim inf dist (ci,
t—0t
Since

Fi(p) — min Fi(p)

t
we obtain that ¢; > 0. Therefore, G(p, p) = >_.—, D; F;(p, min F;(p))(0) C
R,.
By Theorem 16.6 we obtain an element p = (py,...,p,) € K such

that

CR; forallt >0,

n

> DiF;(p, min F;(p))(¢; — B;) € Ry for all q € K. (16.9)

i=1

Let i € {1,...,n} be fixed. We may choose ¢; = p;, j # 4. Since
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the (partial) contingent derivatives are closed convex process, we clearly
have that 0 € D; F;(p, min F;(p))(0), j # i. From (16.9), we obtain

D,F;(p,min F;(p))(q; — ;) C Ry for all ¢; € K.
The proof is complete. ]

Using Remark E.1, we immediately obtain a consequence of the above
theorem. A similar result was obtained by Kassay, Kolumban and Péles
[153].

Corollary 16.1 Let K, ..., K, be nonempty compact convez subsets of
a real normed space X and let f; : K1 x ... x X x...x K, - R (i €
{1,...,n}) be continuous functions. Suppose that there exist open convex
sets D; € X such that K; C D; and f; is continuously differentiable in
the it" variable on D; and 0;f; is continuous on K1 x ... xD;x ... x K.
Then there exists an element p € K such that

(0ifi(P);qi —pi) =0
forall ¢; € K; and alli € {1,...,n}.

Example 16.4 Let K = K; = Ky = [-1,1], X = D; = Dy = R, and
let f1, fo : D1 X D1 — R be defined by

filz1,22) = 2122 + 27, fo(21,22) = 22 — 32123,

Clearly, the above sets and functions satisfy the assumptions from Corol-
lary 16.1, hence a solution for the above system is guaranteed. It is
easy to observe that, for ¢ € {1,2}, we have 0, f;(x1,x2)(v; — x;) >
0 for all v; € K if and only if

e Oifi(x1,20) =01if —1 <2; <1;

e 0;fi(x1,22) >0, if z; = —1 and

[ 8ifi(:v1,a:2) S 0if Tr; = 1.
Discussing all the cases, we establish that the set of Nash contingent
points for (f,K) = (f1, fo; K, K) is CNP = {(%,—1)}. This point will
be also a Nash equilibrium point for (f, K).

16.4 Lack of convexity: a Riemannian approach

In this section we are going to treat a case when the strategy sets K;
are not necessarily convex in the usual sense. In order to handle this
problem a geometrical method will be exploited: we assume that one
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can find suitable Riemannian manifolds (M;,¢;) such that the set K;
becomes a geodesic convex set in M;. Note that the choice of such
Riemannian structures does not influence the Nash equilibrium points
for (f,K). Moreover, after fixing these manifolds if the payoff functions
fi become conver on K; (i.e., f; o7, : [0,1] — R is convex in the usual
sense for every geodesic ; : [0,1] — Kj;), the following existence result
may be stated.

Theorem 16.8 Let (M;,g;) be finite-dimensional Riemannian mani-
folds, K; C M; be nonempty, compact, geodesic convex sets, and f; :
K — R be continuous functions such that K; > ¢; — fi(p;q) is con-
vexr on K; for every p € K, i € {1,...,n}. Then, there exists a Nash
equilibrium point for (f,K).

Proof We apply Theorem 13.5 by choosing X = K =1I?" , K; and h :
X xX — R defined by h(q,p) = >, [fi(p; ¢:)— fi(p)]. First of all, note
that the sets K; are ANRs, being closed subsets of finite-dimensional
manifolds (thus, locally contractible spaces). Moreover, since a product
of a finite family of ANRs is an ANR (see Bessage and Pelczyniski [37,
p. 69]), it follows that X is an ANR. Due to Proposition 13.2, X is
contractible, thus acyclic.

Note that the function h is continuous, and h(p,p) = 0 for every
p € X. Consequently, the set {(q,p) € X x X : 0 > h(q,p)} is open.

It remains to prove that S, = {q € X : 0 > h(q, p)} is contractible or
empty for all p € X. Assume that Sp # () for some p € X. Then, there
exists ig € {1,...,n} such that f;, (p;q,)— fi, (P) < 0 for some ¢;, € K;,.
Therefore, q = (p; ¢i,) € Sp, 1.e., pr;Sp # 0 for every i € {1,...,n}. Now,
we fix ¢/ = (¢, ....¢)) € Sp, j € {1,2} and let ; : [0,1] — K, be the
unique geodesic joining the points ¢; € K; and ¢? € K; (note that
K; is geodesic convex), i € {1,...,n}. Let v : [0,1] — K defined by
¥(t) = (71(t), ..., v (t)). Due to the convexity of the function K; 3> ¢; —
fi(p; @), for every t € [0, 1], we have

h(y(),p) = Y [fi(P:7(t) - fi(p)]
i=1

< Z[tfi(p;%‘(l)) + (L =1) fi(p;7:(0)) — fi(p)]

=1
= th(a®,p) + (1 —t)h(d", p)
< 0.
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Consequently, y(t) € Sp for every t € [0,1], i.e., Sp is a geodesic con-
vex set in the product manifold M = II7" ; M; endowed with its natural
(warped-)product metric (with the constant weight functions 1), see
O’Neill [230, p. 208]. Now, Proposition 13.2 implies that Sp is con-
tractible. Alternatively, we may exploit the fact that the projections
pr;Sp are geodesic convex, thus contractible sets, ¢ € {1,...,n}.

On account of Theorem 13.5, there exists p € K such that 0 =
h(p,p) < h(q,p) for every q € K. In particular, putting q = (p; ¢;),
q; € K; fixed, we obtain that f;(p;¢;) — fi(p) > 0 for every i € {1,.

i,
i.e., p is a Nash equilibrium point for (f, K). O

Our further investigation is motivated by the following two questions:

e What about the case when some payoff functions f; are not convex on
K; in spite of the geodesic convexity of K; on (M;, g;)?

e Even for convex payoff functions f; on K;, how can we localize the
Nash equilibrium points for (f,K)?

The following concept is destined for simultaneously handling the above
questions.

Let (M;,g;) be complete finite-dimensional Riemannian manifolds,
K; C M; be nonempty, geodesic convex sets, and f; : (K;D;) — R
functions such that D; > ¢; — f;(p;¢) is of class C! for every p € K,
where (K;D;) = Ky X ... x D; x ... x K,,, with D; open and geodesic
convex, and K; C D, C M;, i € {1,...,n}.

A point p = (p1,...,pn) € K is a Nash critical point for (f,K) if

gi(aifi(p),exp;il(qi)) >0 forall ¢; € K;, i € {1,...,n}.

Here, 9; f;(p) denotes the i*® partial derivative of f; at the point p; € K.
A useful relation between Nash equilibrium points and Nash critical
points is established by the following result.

Proposition 16.3 Any Nash equilibrium point for (£,K) is a Nash
critical point for (f,K). In addition, if D; 3 ¢; — fi(p;¢;) is convex for
every p € K, i € {1,...,n}, the converse also holds.

Proof Let p € K be a Nash equilibrium point for (f, K). In particular,
for every ¢; € K; with i € {1,...,n} fixed, the geodesic segment t —
exp,, (texp, *(¢:)), t € [0,1] joining the points p; and g;, belongs entirely
to K;; thus,

fi(p;exp,, (t exp;i1 (¢:))) — fi(p) >0 forall t €]0,1]. (16.10)
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Combining relation (16.10) with
. fi(p;exp,, (texp,(q:)) — fi(p)
lim

B t—0t t ’

9:(0: fi(p), exp,. (i)

we indeed have that p € K is a Nash critical point for (f, K).
Now, let us assume that p € K is a Nash critical point for (f,K), i.e.,

0 < gi(9i fi(p), expy, (¢:)) = lim fi(ps expy, (texpy, () — fi(p).

t—0+ t
(16.11)

The function
fi(p;exp,, (texp, (¢:))) — fi(p)
t

is well-defined on the whole interval (0, 1]; indeed, t — exp, (texp, ()
is the minimal geodesic joining the points p; € K; and ¢; € K; which

g(t) =

belongs to K; C D;. Moreover, a standard computation shows that
t — g¢(t) is non-decreasing on (0,1] due to the convexity of D; 5 ¢; —
fi(p;qi). Consequently, (16.11) implies that

0< lim g(t) < g(1) = fi(p;expy, (expy,, (¢:)))—fi(p) = fi(p; ai)—fi(p),
which completes the proof. |

In order to state our existence result concerning Nash critical points,
we consider the hypothesis

(H) K; 3 q; — gi(0ifi(p),exp, (¢:)) is convex for every p € K and
ie{l,...,n}.

Remark 16.1 Let I;,I5 C {1,...,n} be such that I U I, = {1,...,n}.
Hypothesis (H) holds, for instance, when

o (M;,g;) is Euclidean, i € Iy;

e K; =Im~y,; where v; : [0,1] — M; is a minimal geodesic, i € Is.

(a) In the first case, we have exp,,, = idgaim v, ; in this case K; 3 ¢; —
(0: fi(P), ¢; — p;) becomes affine, so convex.

(b) In the second case, if o; : [0, 1] — M; is a geodesic segment joining
the points 7;(0) = 7;(fo) with o;(1) = v;(f1) (0 <y < £; < 1), then
IHlJi g Im'yl = Kz Fix pi = ’yz(tz) € Ki (O S El S 1) Let ap,a1 € R
(ag < ay) such that exp,, (aov;(ti)) = i (to) and exp,, (a17;(t:)) = v (t1).
Then, o;(t) = exp,,((ao + (a1 — ao)t)vi(t:)). Now, the claim easily
follows since the convexity of function from (H) reduces to the affinity
of t — gi(9ifi(p), (a0 + (a1 — ao)t)v;(t:)).
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Theorem 16.9 Let (M;, g;) be complete finite-dimensional Riemannian
manifolds, K; C M; be nonempty, compact, geodesic convex sets and
fi  (K; D;) — R continuous functions such that D; 3 q; — fi(p;q:) is
of class C1 for every p € K, i € {1,...,n}. If (H) holds, there exists a
Nash critical point for (f,K).

Proof The proof is similar to that of Theorem 16.8; we show only the
differences. Let X = K = II? ;K; and h : X X X — R defined by
h(q,p) = Z?zl gi(aifi(p),exp;il(qi)). It is clear that h(p,p) = 0 for
every p € X.

First of all, the (upper-semi)continuity of A(-,-) on X x X implies the
fact that the set {(q,p) € X x X : 0 > h(q,p)} is open.

Now, let p € X such that S, = {qg € X : 0 > h(q,p)} is not empty.
Then, there exists ig € {1, ...,n} such that g;,(9;, fi, (P), exp;ii (gi)) <O
for some ¢;, € K;,. Consequently, q = (p; ¢i,) € Sp, i-e., pr;Sp # 0 for
every i € {1,...,n}. Now, we fix ¢/ = (¢},....,¢7) € Sp, j € {1,2}, and
let 7; : [0,1] — K; be the unique geodesic joining the points ¢} € K; and
¢? € K;. Let also 7 : [0,1] — K defined by ~(t) = (71(t), ..., Ya(t)). Due
to hypotheses (H), the convexity of the function [0,1] 3 t — h(v(t), p),
t € [0, 1] easily follows. Therefore, () € Sp for every t € [0,1], i.e., Sp
is a geodesic convex set, thus contractible.

Theorem 13.5 implies the existence of p € K such that 0 = h(p,p) <
h(q,p) for every q € K. In particular, if q = (p; ), ¢ € K; fixed, we
obtain that gi(aifi(p),exp;jl(qi)) >0 for every i € {1,...,n}, e, pisa
Nash critical point for (f,K). The proof is complete. O

Remark 16.2 Proposition 16.3 and Theorem 16.9 give together a pos-
sible answer to the location of Nash equilibrium points. Indeed, on
account of Theorem 16.9 we are able to find explicitly the Nash critical
points for (f,K); then, due to Proposition 16.3, among Nash critical
points for (f, K) we may choose the Nash equilibrium points for (f, K).

Remark 16.3 The set of Nash critical points and the set of Nash equi-
librium points are usually different. Indeed, let f1, fo : [-1,1]> — R be
defined by fi(z1,22) = fa(z1,22) = 23 + 23. Note that (0,0), (0,—1),
(—=1,0) and (—1,—1) are Nash critical points, but only (—1,—1) is a
Nash equilibrium point for (f1, f2;[—1,1], [-1,1]).

The following examples show the applicability of our results.
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Example 16.5 Let Ky = [—1,1], Ky = {(cost,sint) : ¢t € [r/4,37/4]},
and f1, fo : K1 X Ky — R defined for every x € K1, (y1,y2) € Ko by

Sz, (Y1, 92)) = 12108 — 2, falz, (y1,92)) = (L= |z)) (55 — v3)-

Note that K; C R is convex in the usual sense, but K» C R? is not.
However, if we consider the Poincaré upper-plane model (H2, gg), the
set Ko C H? is geodesic convex with respect to the metric gy, being the
image of a geodesic segment from (H?, gi). It is clear that fi(-, (y1,¥2))
is a convex function on K7 in the usual sense for every (y1,y2) € Ko.
Moreover, fa(z,-) is also a convex function on Ky C H? for every x €
Ki. Indeed, the latter fact reduces to the convexity of the function
t— (1—|z|) cos(2t), t € [r/4,3mw/4]. Therefore, Theorem 16.8 guarantees
the existence of at least one Nash equilibrium point for (f1, fo; K1, K2).
Using Proposition 16.3, a simple calculation shows that the set of Nash
equilibrium (=critical) points for (f1, fo; K1, K2) is K7 x {(0,1)}.

Example 16.6 Let K1 = [—1,1]%, Ko = {(y1,v2) : y2 = ¥, v1 € [0,1]},
and f1, fo : K1 x Ko — R defined for every (z1,22) € K1, (y1,y2) € K»
by

fil(z1,22), (Y1, 92)) = —atyet+aoy1, fo((@1,22), (Y1,92)) = T1Y5+22y7.

The set K; C R2 is convex, but K5 C R? is not in the usual sense.
However, K5 may be considered as the image of a geodesic segment
on the paraboloid of revolution prey(u,v) = (vcosu,vsinu,v?). More
precisely, K5 becomes geodesic convex on Imp,.y, being actually a com-
pact part of a meridian on Impye,. Note that neither fi(-, (y1,y2)) nor
fa((z1,x2),-) is convex (the convexity of the latter function being con-
sidered on K5 CImp,ey); thus, Theorem 16.8 is not applicable. In view
of Remark 16.1 (c), Theorem 16.9 can be applied in order to determine
the set of Nash critical points. This set is nothing but the set of solutions
in the form ((Z1,72), (§,7?%)) € K1 x Ky of the system

{ —25?1:1]2(1‘1 — 5?1) + ?j(.’L‘Q —F9) >0, V(l’l,.rg) e Ky,
25781+ B2)(y — ) 2 0, vy & [0,1].
(Systemycp)
We distinguish three cases: (a) §=0; (b) y=1;and (¢) 0 < g < 1.
(a) § = 0. Then, any ((Z1,Z2),(0,0)) € K; x K solves (Systemycp)-
(b) g = 1. After an easy computation, we obtain that ((—1,—1),(1,1)) €
K, x Ko and ((0,—1),(1,1)) € K1 x K3 solve (Systemycp)-
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(¢) 0 < g < 1. The unique situation when (Systemyep) is solv-
able is § = v/2/2. In this case, (Systemycp) has a unique solution
((1,-1), (V2/2,1/2)) € K % Ks.

Consequently, the set of Nash critical points for (f1, fo; K1, K3), de-
noted in the sequel by Sncp, is the union of the points from (a), (b) and
(c), respectively.

Let us denote by Sygp the set of Nash equilibrium points for (f1, fo; K1, K2).
Due to Proposition 16.3, we may select the elements of Sygp from Sxcp.
Therefore, the elements of Sygp are the solutions ((Z1,%2), (9,7?)) €
Sncp of the system

{ —UY w2 I Dy, Vanme) €K g

Tyt + Toy? > TG + 2277, vy € [0,1].

We consider again the above three cases.

(a) § = 0. Among the elements ((Z1, Z2), (0,0)) € K7 x Ko which solve
(Systemycp ), only those are solutions for (Systemypgp) which fulfill the
condition Z3 > max{—21,0}.

(b) § = 1. We have ((—1,-1),(1,1)) € Sngp, but ((0,-1),(1,1)) ¢
SNEP-

(¢) 0 < § < 1. We have ((1,—-1),(+v/2/2,1/2)) € Sxgp.

16.5 Historical comments and perspectives

A. Historical comments. Although many extensions and applications
can be found of Nash’s result (see, for instance, Chang [66], Georgiev
[125], Guillerme [134], Kulpa and Szymanski [181], Luo [196], Morgan
and Scalzo [214], Yu and Zhang [295], and references therein), to the
best of our knowledge, only a few works can be found in the literature
dealing with the question addressed in the Introduction, i.e., the location
of Nash equilibrium points for a functions with non-usual properties (for
instance, set-valued maps) which are defined on sets with non-standard
structures. Nessah and Kerstens [226] characterize the existence of Nash
equilibrium points on non-convex strategy sets via a modified diagonal
transfer convexity notion; Tala and Marchi [283] also treat games with
non-convex strategies reducing the problem to the convex case via cer-
tain homeomorphism; Kassay, Kolumbéan and Pales [153] and Ziad [298]
considered Nash equilibrium points on convex domains for non-convex
payoff functions having suitable regularity instead of their convexity.
In this chapter we treated the existence and location of Nash equilib-
rium points in various context. Via variational inequalities and dynam-
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ical systems, we established stability results concerning Nash critical
points following the paper of Cavazzuti, Pappalardo and Passacantando
[62]. In Section 16.3 we studied Nash equilibrium points for set-valued
maps on vector spaces. The purpose of the last section was to initiate a
new approach concerning the study of Nash equilibria, where the payoff
functions are defined on sets which are not necessarily convex in the
usual sense, by embedding these sets into suitable Riemannian mani-
folds.

B. Perspectives. The main challenging question is to study the (expo-
nential) stability of Nash critical points for functions which are defined
on sets embedded into certain Riemannian manifolds. Since the non-
expansiveness and the validity of Moskovitz-Dines property of the pro-
jection operator are indispensable in such an argument (see Theorem
16.4), we believe that this fact is possible only for those cases where the
strategy sets can be embedded into Hadamard-type Riemannian mani-
foldsm (see Theorems 15.4 and 15.8).
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Problems to Part I11

God exists since mathematics
is consistent, and the Devil
exists since we cannot prove it.

André Weil (1906-1998)

Problem 17.1 Prove that (Int(M¢), dg) is a metric space, where C'is a
simple, closed and convex curves and dg is the Hilbert distance. [Hint:
See Section 13.2]

Problem 17.2 Let C be an ellipse with semi-axes a > b > 0, and
consider three points Py = (a/2,0), P» = (—a/2,0) and P3 = (a/2, —b/2)
in the interior of the ellipse Int(M¢). Determine the minimum points
of the total cost function C(P;,3,s) = Z?:l d3; (-, P;) on Int(M¢) for
s =1 and s = 2, respectively.

Problem 17.3 Let M = R™, m > 2, be endowed with the natural
Euclidean metric, and P; € M, ¢« = 1,...,n given points. Prove that
the unique minimum point Ty = Ty (i.e., the place of the deposit) for
Cy(P;,n,s) = Cyp(Pi,n, s) is the center of gravity of points {Pi, ..., Py}
if and only if s = 2. [Hint: See Example 14.1]

Problem 17.4 There is a ship which moves on a closed curve and there
are n fixed ambulance stations. Suppose that at a certain moment,
the ship’s crew asks for first-aid continuing their trip. Determine the
position of ambulance station from where the team assistance reaches
the ship within minimal time. [Hint: Follow Problem 14.1]

346
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Problem 17.5 If M, is a submanifold of the Riemannian manifold
(M,g) and v : [0,1] — M is a geodesic of M with the properties that
(1) € My and dy(v(0),y) > Ly(v) for every y € My, then g(¥(1),X) =
0 for every X € T, 1yMpy, i.e., v is perpendicular to My at the point of
contact. [Hint: Use the first variational formula and follow Proposition
15.1]

Problem 17.6 If M; and M, are submanifolds of the Riemannian mani-
fold (M, g) and ~y : [0,1] — M is a geodesic of M with the properties that
zo =v(0) € My, yo = (1) € Ma, and dy(z,y) > dg(xo,yo) = Lg(y) for
every (z,y) € My X Ms, then ¢g(%(0), X) = 0 and g(%(1),Y) = 0 for every
(X,Y) € TyyM; x T,1yMa, i.e., v is a common perpendicular of M;
and M. [Hint: Use the first variational formula and follow Proposition
15.1]

Problem 17.7 Let (M, g) be a simply connected Riemannian manifold
with non-positive sectional curvature and let o, : R — M be two
geodesics. We allow that ((t) =constant, and ||&| = 1. The distance
function f(t) = dg4(a(t), 5(t)) has the following properties:

1) the equation f(t) = 0 has at most one solution;

2) f is a function of class C™ for all t € R with f(¢) # 0.

[Hint: Use the first and second variational formula.]

Problem 17.8 Let K; = [-5,3], Ko = {(cost,sint) : ¢t € [n/4,37/4]},
and f1,fa2 : K1 X Ko — R defined for every z € K1, (y1,y2) € Ks

by fl(xa (ylayQ)) = .,L,ny.l% - y%’ f2(l‘> (yhy?)) = (16 - $2)(y% - y%)
Determine the set of Nash equilibrium points for (f, K).

Problem 17.9 Let Ky = {(sint,cost) : t € [7/8,37/7]}, K2 = {(y1,y2) :
yo = 3 4+2, y1 €[0,2]}, and f1,fo : K x K5 — R defined for ev-
ery (z1,72) € K1, (y1,42) € Kz by fi((z1,22), (Y1,%2)) = 3z1935 +
223y3,  f2((@1,22), (Y1, y2)) = 4a3y3 + 523y;. Determine the set of Nash
equilibrium points for (f, K).

Problem 17.10 Let K = K; = K5 = [-2,3], X =R, and Fy, F5 : K X
K ~ R be defined by F;(z1,72) = [max{z?, 23} —1,0] and Fy(x1,72) =
[1 — max{|x1],23},6 — 21 — 23]. Determine the set of Nash equilibrium
points for (F,K) = (Fy, Fy; K, K).

Problem 17.11 (Location of Post Office) Let P, = (1,0) € R? and
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Py = (0,1) € R? be two Post Offices, and let two players moving on
the set K = K x K where K = (—00,0]. The purpose of the ith player
is to minimize the distance between (x1,x2) € K and his favorite goal
P;. What about the case when the players moving area is subject to the
social constraint S = {(z1,22) € K : 1 + 2 < —2}7 [Hint: Use Nash
point notions from Section 16.2.]
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A

Elements of convex analysis

By plucking her petals, you do
not gather the beauty of the
flower.

Rabindranath Tagore
(1861-1941)

A.1 Convex sets and convex functions

Mathematically, the notion of convex set can be made precise by defining
the segment joining any two points x and y in a vector space to be the
set of of all points having the form Az + (1 — Ay for 0 < A < 1. A set
is convex if and only if it contains all the segments joining any two of
its points. The geometric nature of this definition is depicted in Figures
A1l and A.2.

Given a collection of convex sets, it is always possible to create other
convex sets by the operations of dilation, sum or intersection. More
precisely, if A and B are convex sets in a linear space then the sets

aA = {ax; z € A} where o € R
and
A+B:={a+b ac A be B}

are convex, too. Moreover, any intersection of convex sets is convex.

The notion of convex function was introduced in the first part of the
twentieth century, though it was implicitly used earlier by Gibbs and
Maxwell in order to describe relationships between thermodynamic vari-
ables.
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Fig. A.1. Geometric illustration of a convex set.

Fig. A.2. Shape of a nonconvex set.

Definition A.1 Let C be a convex set in a linear space. A function
f: C—Ris convex if and only if

fOr+ (1 =Ny) <Af(2) + (1 =A)f(y)  forany A€ [0,1].

A\

X Ax+(1-1)y y

Fig. A.3. Geometric illustration of a convex function.
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A

\/

Fig. A.4. Geometric illustration of the epigraph of a function f : [a, b)]—R.

Thus, a functional is convex if the segment connecting two points on
its graph lies above the graph of the function, as shown in Figure A.3.
Now, this definition is often expressed concisely by defining the set of all
points that lie above the graph of a functional to be the epigraph (see
Figure A.4). This set plays an important role in optimization theory
and is usually referred in economics as an upper contour set.

Definition A.2 The epigraph of a functional f acting on a vector space
X is the subset

epi (f) :={(z,a) € X xR; f(z) <a}.

The following result makes clear how the notions of convexity of a set
and convexity of a functional are related.

Proposition A.1 Suppose f is a functional defined on a convex set.
Then f is a convex functional if and only if the set epi(f) is convex.

We have seen in this volume that convexity plays an important role
in many optimization problems. In addition, some classes of inequality
constraints couched in terms of convex cones are amenable to Lagrange
multiplier methods for abstract spaces. Convex cones are also used to
define orderings on vector spaces, which in turn facilitate the introduc-
tion of inequality constraints.
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A\

Fig. A.5. A convex closed cone with vertex at the origin in R2.

Definition A.3 Let X be a vector space. A set Cy C X is a cone with
vertex at the origin if

rzeX implies azx € Cy,

for all @ > 0. A cone with vertex at a point v € X is defined to be the
translation v + C' of a cone Cj with vertex at the origin:

C={v+uz; ze€Cy}.
A positive cone Cj” C X is defined by
Ci = {x; € Cy, x>0}.

A cone with vertex at the origin need not be convex. We also point
out that a cone need not be closed, in general. Examples of cones (either
convex or not convex ) are depicted in Figures A.5, A.6, and A.7.

The next theorem is a result due to Efimov and Stechkin in the theory
of best approximation. Roughly speaking, this property assures that
in a certain class of Banach spaces, every sequentially weakly closed
Chebyshev set is convex.

Theorem A.1 (Lemma 1 of [99], Theorem 2 of [285]) Let X be a uni-

formly convexr Banach space with strictly convex topological dual. As-

sume that M is a sequentially weakly closed non—convex subset of X.
Then, for any convex dense subset S of X, there exists xg € S such
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A

\/

Fig. A.6. A nonconvex closed cone with vertex at the origin in R2.

\/

Fig. A.7. A nonconvex open cone with vertex at the origin in R2.

that the set
{fye M - |ly — ol = d(xo, M)}

contains at least two points.
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A.2 Convex analysis in Banach spaces

Throughout this section we assume that (X, || -||) is a Banach space.

Definition A.4 Let a : X — (—o00,400] be a function and let x € X
be a point where « is finite. The one-sided directional derivative of « at
x with respect to a vector y € X is

oy o ol@ 4 Ay) — o)
a(:v,y)—;{% 3 :

if it exists.

Lemma A.1 Let be o : X — (—00,+00] be a conver function, and let
x € X be a point where alpha(z) is finite. For eachy € X, the difference
quotient in the definition of ' (x;y) is a non-decreasing function of A >
0, so that o/ (z;y) exists and

ooy e @+ Ay) — o(x)
a(x,y)-)l\% 3 .

Moreover, o/ (x;y) is a positively homogeneous conver of y € X.

Definition A.5 Let o : X — (—00,+0o0] be a convex function. An
element z* € X is said to be a subgradient of the convex function a at
a point z € X provided that for any z € X,

alz) > alz)+ (%, z — x) .

The set of all subgradient of « at = is called the subdifferential of « at
z and is denoted by da(z).

Lemma A.2 Let o : X — (—o00,+00] be a convex function and let
x € X be a point where a(x) is finite. Then x* € da(z) if and only if
forallye X,

o (z3y) = (27, y) -

Now, let S C X be a non-empty closed convex set and denote by
as 1 X — (—o0, +00] the indicator function associated to S, that is,

(@) = 0, if ze€8
IS = 4o, if zeX\S.
In this case dag(x) = {z* € X* | (z*,z —x) <0, V z € S}, that

is, dag(x) coincide with the normal cone associated to S at the point
x € S. Thus, dag(z) = Ng(x).

(A1)
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Let S C X be a nonempty set. As usual, we denote the distance
function distg : X — R defined by

distg(z) = inf{||z — y|| : y € S}.

It is clear that distg is a globally Lipschitz function. Consequently, one
may define its directional derivative in the sense of Clarke at the point
x € S with direction v € X, denoted by dist%(z;v).

Definition A.6 Let z € S. A vector v € X is tangent to S at x if
dist2(z;v) = 0. The set of tangent vectors of S at z is denoted by

TS (:E)
Note that Ts(x) is a closed convex cone in X; in particular, 0 € Ts(x).
Definition A.7 Let z € S. The normal cone to S at x is

Ng(z) ={z" € X" : (z",x) <0 for all v € Tg(x)}.

Proposition A.2 Let X = X; x X5, where X1, Xy are Banach spaces,
and let x = (x1,x2) € S1 X S, where S1,Sy are subsets of X, Xo,
respectively. Then

Ts,xs,(x) = Ts, (x1) x Ts,(22);

N31XSQ<:I;) - N.S’l (xl) X NS2($2)
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Function spaces

All the effects of Nature are
only the mathematical
consequences of a small
number of immutable laws.

Pierre-Simon Laplace
(1749-1827)

In this part we recall some basic facts on Lebesgue and Sobolev spaces.
A central place is dedicated to the main theorems in these basic function
spaces.

B.1 Lebesgue spaces

Let © C RY be an open set. We recall that the Lebesgue spaces are
defined by

LP(Q) := {u : Q—R; w is measurable and /Q |u(x)|P dx < oo}
if 1 <p < oo, and
L*>*(Q) := {u: Q—R; u is measurable and esssup,cq |u(z)| < 0o} .
For any 1 < p < co we define the space

LP

loc

(Q) :={u: Q—R; u e LP(w) for each w CC N}.

We have used in this volume the following basic results on Lebesgue
spaces.
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Theorem B.1 (Fatou’s Lemma). Assume that for any n > 1, u, €
LY(Q) and u, >0 a.e. on Q. Then

/ liminf u,, dx < lim inf/ Uy, AT .
Q n—>00 n—>00 Q

The next theorem is due to Brezis and Lieb [48] provides us with a
correction term that changes Fatou’s lemma from an inequality to an
equality.

Theorem B.2 (Brézis-Lieb Lemma). Let (u,) be a sequence of func-
tions defined on Q that converges pointwise a.e. to a function u. Assume
that for some 1 < p < oo, there exists a positive constant C' such that

for all x € Q,

sup/ [un (2)|P de < C'.
Q

n>1

Then

lim [Jun(z)]P — |un(z) — u(x)|P] de = / |u(z)|P d .
n—oo [o Q

Theorem B.3 (Lebesgue’s Dominated Convergence Theorem). Assume
that for any n > 1, u, € L*(Q). Suppose that u,—u a.e. on 2 and
|un| < v a.e., for some function v € L*(Q). Then

lim A up () do = /Qu(x) dx .

n—o0

B.2 Sobolev spaces

Let u € L{, (Q) be a function. A function v, € L{ () such that

loc

[ wle)Dapla)ds = (1) [ va(e)p(e)da

Q Q

for any ¢ € C§°() is called the weak distributional derivative of u and

is denoted by D*u. Here a = (o, ..., p,), where «; (i = 1,...,N) are
- o olal

nonnegative integers and D%u = . T

It is clear that if such a v, exists, it is unique up to sets of measure zero.

with |a| = a1 +...+an.

To define a Sobolev space we introduce a functional || - ||, p, where m
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is a nonnegative integer and 1 < p < oo, as follows

1/p
il = 3 [ ID"ut@pas| .
0<lal<m ’ ¢
for 1 < p < oo and
[lul|lm,co = max sup|D%(x)]
0<|al<m @
if p = oo. It is obvious that || - ||, and || - ||m,co define norms on any

vector space of functions for which values of these functionals are finite,
provided functions are identified in the space if they are equal almost
everywhere.

For any integer m > 1 and any 1 < p < oo we can define the following
spaces

H"™P?(Q) = the completion of {u € C™() : ||ump|| < oo}
with respect the norm || - ||, p;
WmP(Q) = {u € LP(Q) : D € LP(Q) for 0 < |a| < m},
where D% denotes the weak partial derivative of u;
WP (§2) = the closure of C5°(f2) in the space W™ P(1Q).

The above spaces equipped with the norms ||- ||, , are called Sobolev
spaces over ).

It is clear that WO? = W = LP. It is also known that H™P?(Q) =
WLP(Q) for every domain Q C RY. The spaces W™P(Q) and WP ()
are Banach spaces and these spaces are reflexive if and only if 1 < p < co.
Moreover, W*2(Q) and W(f 2(Q) are Hilbert spaces with scalar product

(u,v) = D%u(z)Dv(x)dx,
Zh

where D% = u. Also, W™P(Q) and Wy (Q) are separable for 1 < p <
00. For any 1 < p < oo we denote p’ =p/(p—1) (if p=1,p' = 00) and
we denote by W =2 () the dual space of WJ"*(2) and we write

W () = (W)

Then every element 7' € W~=""*'(Q) has the form

T(u) = Z /QDau(x)va(x)dx,

jal<k
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where v, are suitable elements in L* ().

B.3 Compact embedding results

Let (X, || ]Ix),(Y,]] - |ly) be Banach spaces. We say that X is continu-
ously embedded into Y if there exists an injective linear map i : X — Y
and a constant C' such that ||i(z)||ly < C||z||x for all x € X. We iden-
tify X with the image ¢(X). We say that X is compactly embedded
into Y if 7 is a compact map, that is, ¢ maps bounded subsets of X into
relatively compact subset of Y.

The following theorem has a particular importance in the variational
and qualitative analysis of differential and partial differential equations,
due to the control over the nonlinear terms.

Theorem B.4 (Sobolev embedding theorem) Suppose that @ C RY is
a bounded domain with Lipschitz boundary. Then

(i) Ifkp < N, then W*P(Q) is continuously embedded into LI($2) for
each1 < g < N]ka:p ; this embedding is compact, if g < %

(i) If 0 < m < k — % < m + 1, then WFP(Q) is continuously
embedded into C™*(Q), for0 < a<k—m— %, this embedding
is compact if « < k —m — %

Let C™A(2) denote the set of all functions u belonging to C™(f2)
and whose partial derivatives D%u, with |a| = m, are Holder continuous
with exponent 0 < 3 < 1.

For a bounded domain €, C™#(Q) becomes a Banach space with a
norm

[ D%u(x) — D%u(y)|
|[ullgm.s = 1Dyl + sup .
Z Z aAyeQ lz — y|?

la|<m |al=m
For an arbitrary domain Q ¢ RY and u € WE?(Q) we have
Klulp. < Y / |Du(x)|Pd, (B.1)
la|=k Q

where p* = Nprkp and K = K(k,n,p) is the best Sobolev constant.

This inequality says that W*? is continuously embedded in LP" (Q).
If u € W*P(RYN), then the best Sobolev constant S is given by
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r(%)m EN - %) ’

where I'(-) denotes Euler’s Gamma function. Moreover, the equality
holds in (B.1) if and only if « has the form

u(z) = [a + b|x|ﬁ} o (B.2)

where a and b are positive constants.
If Kk = 1,p = 2, then the sharp constant will be denoted by K, and
we have

4
Kp= |———, (B.3)

2
n(n — 2)wy

where w,, is the volume of the unit sphere.
We denote by D*P?(RY) completion of C§°(RY) with respect to the
norm

lal, = 3 /Q|Dau(x)|17dx.

lal=k

According to the inequality (B.1), the function space D¥P(RY) is
continuously embedded in LP" (RN).

Let © be an unbounded domain in RY with smooth boundary 9 and
let G be a subgroup of O(N) whose elements leave Q) invariant, that is,
g(Q) = Q for all g € G. We assume that  is compatible with G, that
is, for some r > 0

m(y,r,G) — oo, as dist(y,Q) <r, |yl — oo (B.4)

where

m(yﬂ"yG)ZSup {neN . 3 91,9253 9n € Gs.t. }

B(gjy,r) N Blgry,m) = 0if j # k
Let X = Wy () and define a representation of G over X as follows:
(n(9)u)(z) =ulg~'2), g€CG, ueX 2.

As usual we shall write gu in place of 7(g)u.
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A function u defined on € is said to be G-invariant if
u(gr) =u(x), V g€ G, ae x €.
Then u € X is G-invariant if and only if
uEXG:W()l”g(Q) ={ueX:gu=u, VgeaqG}.

On X we take the norm

Jull ={ [ (vup + u|P>}1/p.

The next result is essentially given by Willem [292] and in this form was
proved by Kobayashi-Otani [158].
Theorem B.5 If Q) is compatible with G, then the embeddings

Np
N-—p

XC=Wyt(Q) = LI(Q), p<q<p’ =
are compact.
Now, we consider the space
H'RY) :={ue L*(RY) : Vue L*RY)}
with the inner product
(u,v) = / [VuVu + uvl.
RN
The space (H'(RY), (-,-)) becomes a Hilbert space.
Let G be a subgroup of O(N). We define
H.RY)={uec H" :gu=u, VgeG},

where gu(r) = u(g~'x).
The following result establishes a compact embedding in the case of
lack of compactness.

k
Theorem B.6 (Lions [190]) Let Nj > 2,j =1,...k, » _N; = N and

j=1
G :=O(Ny) x O(Ng) X ... x O(Ng).
Then the following embedding is compact:
HLRY) — LP(RY), 2 <p< 2~
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In the following we consider Q = Q xRN, N —m > 2,Q C R™(m > 1)
is open bounded and 1 < p < N We consider the space W,™*()

with the norm |Ju|| = </ |Vu|p> . Let G be a subgroup of O(N)
defined by G = id™ x O(N — m). The action of G on W,P(Q) is
given by gu(zy,x2) = u(a:l,glxg) for every (x1,72) € Q x R¥N=™ and
g =1d™ x g1 € G. The subspace of invariant functions is defined by
W&’g:{ueX:gu:u, Vg € G}.
The action of G on W, (Q) is isometric, that is
llgull = [[ull, Vg € G.

We have the following result.

Theorem B.7 (Lions [190]) If 2 <p < N, then the embedding
Wol’g — L°(Q), p<s<p"
18 compact.

We end this section with a result given by Esteban and Lions [108].
For this we consider 2 C R™ a bounded open set €2 = Q x R and let

HYQ)={ue L*(Q) : Vue L*(Q),u =0 on 0 = dQ x R}.
We denote by K the cone of H}(Q) defined by

K={u € H}wxR):uis nonnegative,
y +— u(x,y) is nonincreasing for x € w, y > 0, and
y — u(x,y) is nondecreasing for z € w, y < 0},

Theorem B.8 (Esteban and Lions [108]) The embeddings K — L%(§2)
are compact for q € (2,2%,), where 2%, = 2(m+1) ifm>1, and 2}, = 0o
ifm=1.

B.4 Sobolev spaces on Riemann manifolds

Let (M,g) be a Riemannian manifold of dimension n. For k an inte-
ger and k an integer and u € C*(M), VFu denotes the k-th covariant
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derivative of u (with the convection V%u = u.) The component of Vu

in the local coordinates (z!,---,2™) are given by
0%u ou
V%)= o — I

(V)i topdornl Y Ok

By definition on has

|vku|2 = giljl o 'gikjk (vku)lllk (vku)jl"'jk'
For k € N and p > 1 real, we denote by C;*(M) the space of smooth

functions u € C*°(M) such that |Viu| € LP(M) for any j = 0,--- , k.
Hence,

CP = {ue C®(M): Vj=0,..k / Vi ulPdv(g) < oo }
M

where, in local coordinates, dv(g) = \/det(g;;)dx, and where dz stands
for the Lebesque’s volume element of R™. If M is compact, on has that
Ch(M)=C>(M) for all k and p > 1.

Definition B.1 The Sobolev space H} (M) is the completion of C} (M)
with respect the norm

ullzp = 2_: ( /M |va‘updv<g>>; |

More precisely, one can look at H} (M) as the space of functions u €
LP (M) which are limit in LP (M) of a Cauchy sequence (u,,) C Cg, and
define the norm |[u||gr as above where |V7u|,0 < j < k, is now the
limit in LP(M) of |V?u,,|. These space are Banach space, and if p > 1,
then H} is reflexive. We note that, if M is compact, H}, (M) does not
depend on the Riemannian metric. If p =2, H ,f(M ) is a Hilbert space
when equipped with the equivalent norm

k .
ul| = Z / Vo). (B.5)

The scalar product (-, -) associated to || - || is defined by

k
(u,v) = mz—:o/M (977" g (V)i i (V0) g ) dU(9). (BL6)
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We denote by C*(M) the set of k times continuously differentiable
functions, for which the norm

n
lullex = sup |V
-1 M

is finite. The Holder space C*®(M) is defined for 0 < o < 1 as the set
of u € CF(M) for which the norm

vk —Vk
lulloma = ulls + sup —4&) = V7uly)]
T,y \x - y|

is finite, where the supremum is over all « # y such that y is contained
in a normal neighborhood of x, and V¥u(y) is taken to mean the tensor
at = obtained by parallel transport along the radial geodesics from z to
Y.

As usual, C*°(M) and C§°(M) denote the spaces of smooth functions
and smooth compactly supported function on M respectively.

Definition B.2 The Sobolev space HY (M) is the closure of C§°(M) in
HY(M).

If (M, g) is a complete Riemannian manifold, then for any p > 1, we
have HY (M) = HY (M).
We finish this section with the Sobolev embedding theorem and the

Rellich-Kondrachov result for compact manifold without and with bound-
ary.

Theorem B.9 (Sobolev embedding theorems for compact manifolds) Let
M be a compact Riemannian manifold of dimension n.
a) If £ > 1% — & then the embedding HY (M) — L"(M) is continu-
ous.
b) (Rellich-Kondrachov theorem) Suppose that the inequality in a) i
s strict, then the embedding H} (M) — L"(M) is compact.
¢) Suppose 0 < a < 1 and % < ]“*To‘, then the embedding Hy (M) —
C*(M) is continuous.

Theorem B.10 Let (M,g) be a compact n-dimensional Riemannian
manifold with boundary OM .

a) The embedding HY (M) — L1(M) is continuous, if p < ¢ < &

<5
and compact for p < q < %-
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b) IfOM # 0, then the embedding HY (M) — LI(OM) is continuous,

z'fpgqu(fi:;) andcompactforp§q<%.

n

Theorem B.11 For any smooth compact Riemannian manifold (M, g)
of dimension n > 3, there exists B > 0 such that for any u € H? (M),

2/2*
(/ u|2*dvg) gKﬁ/ \vu|2dvg+B/ udv, (B.7)
M M M

and the inequality is sharp.

Theorem B.12 (Global elliptic reqularity) Let M be a compact Riemann
manifold, and suppose that u € L., (M) is a weak solution to Agu = f.

loc

a) If f € H (M), then v € H_ ,(M), and

lullmp,, < CUAgullap + [[u]ze)-

b) If f € C**(M), then f € C**2%(M), and

lullez,, < CllAgullcp + llullos)-
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Category and genus

Every human activity, good or
bad, except mathematics,
must come to an end.

Paul Erdos (1913-1996)

Topological tools play a central role in the study of variational prob-
lems. Though this approach was foreshadowed in the works of H. Poin-
caré and G. Birkhoff, the force of these ideas was realized in the first
decades of the 20th century, in the pioneering works of Ljusternik and
Schnirelmann [194] and Morse [215, 216]. In this section we recall the
notions of Ljusternik-Schnirelmann category and Krasnoselski genus as
well as some basic properties of them.

Definition C.1 Let M be a topological space and A C M a subset.
The continuous map 7 : A x [0,1] — M is called a deformation of A in
M if n(u,0) = u for every u € A. The set A is said be contractible in
M if there exists a deformation 1 : A x [0,1] — M with n(4,1) = {p}
for some p € M.

Definition C.2 Let M be a topological space. A set A C M is said to be
of Ljusternik-Schnirelmann category k in M (denoted catys(A) = k) if
it can be covered by k but not by k—1 closed sets which are contractible
to a point in M. If such k does not exist, then catp (A) = +oo. We
define cat(M) = catp (M).

The Ljusternik-Schnirelmann category has the following basic prop-
erties.

368
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Proposition C.1 If A and B are subsets of the topological space M,
then the following properties hold true.

(a) If A C B, then catp(A) < catp(B);

(b) catar(AU B) < catp(A) + catpr(B).

(¢c) If A is closed in X and n: Ax[0,1] — M a deformation of A in
X, then catpr(A) < catar(n(A,1)).

(d) If M is an ANR (in particular, it is a Banach-Finsler manifold
of class C1) and A C M, then there exist a neighborhood of A in

M, such that catpr(U) = catar(A).

Theorem C.1 [109] Let M be a non-contractible topological space and
let Q(M) denote the space of based loops in M. Then cat(2(M)) = co.

Definition C.1 Let M be an arcwise connected topological space. Then
cuplong(M) is the greatest non-vanishing iterated cup-product of singu-
lar cocycles of M such that each component is of dimension greater than
Z€ero.

Theorem C.2 [268] If M is an arcwise connected metric space, then
cat(M) > cuplong(M) + 1.

Theorem C.3 [269] Let M be a compact, connected, simply connected
and non-contractible Riemannian manifold. If Q(M) denotes the space
of the free loops on M, then cuplong(f)) = co.

Let X be a real Banach space and denote

A={AcCX\{0}: A=—A, Ais closed}.

Definition C.3 We say that the positive integer k is the Krasnoselski
genus of A € A, if there exists an odd map ¢ € C(A,R* \ {0}) and
k is the smallest integer with this property. The genus of the set A is
denoted by v(A) = k. When there does not exist a finite such k, set
v(A) = co. Finally, set () = 0.

Example C.1 Suppose A C X \ {0} is closed and AN (—A) = 0. Let
A =AU (—A). Then vy(A) = 1 since the function ¢(z) =1 for z € A
and p(x) = —1 for x € —A is odd and lies in C(A,R\ {0}).

For A € A and 6 > 0 we denote by Ns(A) the uniform é-neighborhood
of A, that is, N5(A) = {z € X : dista(x) < §}.
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Proposition C.2 Let A,B € A. Then the following properties hold

true.
10
20

30
40
50

Normalization: If x # 0, y({z} U{—2}) = 1;

Mapping property: If there exists an odd map f € C(A, B), then
V(4) <(B);

Monotonicity property: If A C B, then y(A) < ~(B);
Subadditivity: v(AU B) < ~y(A) + ~v(B);

Continuity property: If A is compact then y(A) < oo and there
is 0 > 0 such that N5(A) € A. In such a case, v(Ns(A)) = v(A).

Example C.2 (a) If S*7! is the (k — 1)-dimensional unit sphere in R*,
k € N, then v(S*71) = k.
(b) If S is the unit sphere in an infinite dimensional and separable

Banach space, then v(S) = +o0.
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Clarke and Degiovanni gradients

Profound study of nature is
the most fertile source of
mathematical discoveries.

Baron Jean Baptiste Joseph
Fourier (1768-1830)

In many time independent problems arising in applications, the so-
lutions of a given problem are critical points of an appropriate energy
functional f, which is usually supposed to be real and of class C' (or
even differentiable) on a real Banach space. One may ask what happens
if f, which often is associated to the original equation in a canonical
way, fails to be C! or differentiable. In this case the gradient of f
must be replaced by a generalized one, in a sense which is described
in this Appendix, either for locally Lipschitz or for continuous/lower
semi-continuous functionals. In the latter case we use in the general
framework of metric spaces.

D.1 Locally Lipschitz functionals

Let X will denote a real Banach space. Let X* be its dual and, for every
z € X and z* € X*, let (z*,z) denote the duality pairing between X*
and X.

Definition D.1 A functional f : X — R is said to be locally Lipschitz
provided that, for every x € X, there exists a neighbourhood V' of x and
a positive constant k = k(V') depending on V such that for all y,z € V,

[f(y) = FR) < klly ==l

371



372 Clarke and Degiovanni gradients

Definition D.2 Let f : X — R be a locally Lipschitz functional and
z,v € X. We call the Clarke generalized directional derivative of f in x
with respect to the direction v the number

AN0

If f is a locally Lipschitz functional, then f°(x,v) is a finite number
and

|, 0)] < Kllo|-

Moreover, if z € X is fixed, then the mapping v —— f°(x,v) is positive
homogeneous and subadditive, so convex continuous. By the Hahn-
Banach theorem, there exists a linear map z* : X — R such that for
every v € X,

x*(v) < fo(:c,v).

Definition D.3 Let f : X — R be a locally Lipschitz functional and
z € X. The generalized gradient (Clarke subdifferential) of f at the
point z is the nonempty subset 9f(x) of X* which is defined by

of(x) = {a* € X*; fOx,v) > (2*,v), forall ve X}.

We also point out that if f is convex, then Jf(z) coincides with the
subdifferential of f in x in the sense of the convex analysis, that is,

Of(x) ={z" € X*; f(y) — f(x) = («",y —x), forall yeX}.

We list in what follows the main properties of the Clarke gradient of
a locally Lipschitz functional. We refer to [71], [72] for further details
and proofs.

a) For every © € X, 0f(x) is a convex and o(X*, X)-compact set.

b) For every z,v € X the following holds

fO(z,v) = max{(z*,v); z* € df(x)}.

¢) The multivalued mapping  — 9f(x) is upper semicontinuous, in
the sense that for every zg € X, ¢ > 0 and v € X, there exists § > 0
such that, for any =* € 0f(x) satisfying ||z — xzo|| < 0, there is some
xg € 0f (o) satistying |(z* — xf,v)| < €.

d) The functional f°(-,-) is upper semi-continuous.

e) If = is an extremum point of f, then 0 € df(z).
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f) The mapping
Az) = min ||z*
( ) z*€df(x) H ||

exists and is lower semicontinuous.

8)  O(—f)a) = —0f(x).

h) Lebourg’s mean value theorem: if z and y are two distinct point
in X then there exists a point z situated in the open segment joining =
and y such that

fy) = f(z) € (0f(2),y — x)

i) If f has a Gateaux derivative f’ which is continuous in a neighbour-
hood of x, then df(x) = {f/(x)}. If X is finite dimensional, then Jf(x)
reduces at one point if and only if f is Fréchet-differentiable at x.

Definition D.4 A point z € X is said to be a critical point of the
locally Lipschitz functional f : X — R if 0 € 9f(x), that is fO(x,v) > 0,
for every v € X. A number c is a critical value of f provided that there
exists a critical point € X such that f(z) = c.

We remark that a minimum point is also a critical point. Indeed, if x
is a local minimum point, then for every v € X,

0 < limsup fl@+ o) — f(x)

< Ox,v.
sy . < f(e,0)

Definition D.5 If f : X — R is a locally Lipschitz functional and
¢ is a real number, we say that f satisfies the Palais-Smale condition
at the level ¢ (in short, (PS).) if any sequence (x,) in X satisfying
f(zy) — c and A(z,) — 0, contains a convergent subsequence. The
mapping f satisfies the Palais-Smale condition (in short, (PS)) if every
sequence (z,,) which satisfies (f(zy)) is bounded and A(x,) — 0, has
a convergent subsequence.

D.2 Continuous or lower semi-continuous functionals

We are now interested in the main properties of the corresponding prop-
erties in the case where f is a continuous or even a lower semi-continuous
functional defined on a metric space.

Definition D.6 Let (X,d) be a metric space and let f : X — R be
a continuous function. Let u € X be a fixed element. We denote by
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|df|(u) the supremum of the o € [0, 0o[ such that there exist 6 > 0 and
a continuous map H : B(u,d) x [0,0] — X such that for all v € B(u, )
and ¢ € [0, 6] we have

a) d(H(v,t),v) <t;

b) f(H(v,1)) < f(v) —at.

The extended real number |df|(u) is called the weak slope of f at w.

Definition D.7 Let (X,d) be a metric space and f : X — R be a
continuous function. A point u € X is said to be a critical point of f if

|df|(u) =0

Definition D.8 Let (X,d) be a metric space. A continuous function
f+ X — R satisfies the Palais-Smale condition at level ¢ € R (shortly,
(PS).-condition) if every sequence {u,} C X such that lim,, o f(u,) =
¢ and lim,, . |df|(un) = 0, possesses a convergent subsequence.

For every c € R we set
K.={ue X :|df|(u) =0, f(u)=c};
fe={ueX: flu) <c}

Remark D.1 Note that |df|(v) = |/f'(v)|| whenever X is a Finsler
manifold of class C* and f is of class C!, see [83]. In particular, when
X is a Banach space, Definition D.8 reduces to Definition 1.1 (a).

Theorem D.1 [Deformation lemma, [74, Theorem 2.3]] Let (X,d) be a
complete metric space and let f: X — R be a continuous function, and
c € R. Assume that f satisfies the (PS).-condition. Then, given € > 0,
O a neighborhood of K. (if K. =0, we choose O =0) and X\ > 0, there
exist € > 0 and a continuous map n: X x [0,1] — X such that

(1) d(n(u,t),u)) < At for alluw € Xand t € [0,1];

(i) f(n(u,t)) < f(u) for allueXandte[O 1];

(iii) n(u,t) =u for allu ¢ f~*(Jc —,c+€[) and t € [0,1];
) n(frEN0, 1) € feE

iv

These notions can be extended to arbitrary functions defined on a
metric space (X,d). Let f: X — R be a function. We denote by B,.(u)
the open ball of center u and radius r» and we set

epi (f) = {(u,\) € X x R: f(u) <A} .
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In the following, X x R will be endowed with the metric

d ((’LL, /\)a (Ua /u')) = (d(uv v)2 + ()‘ - :U‘)2)

and epi (f) with the induced metric.

1/2

Definition D.9 For every u € X with f(u) € R, we denote by |df]|(u)
the supremum of the o’s in [0, 400 such that there exist 6 > 0 and a
continuous map

H: (Bs(u, f(u)) Nepi(f)) x [0,0] — X
satisfying
d(H((w,u),t),w) <t, f(H((wwu‘)vt)) S,u—ot,

whenever (w, p) € Bs(u, f(u)) Nepi(f) and ¢ € [0, 4].
The extended real number |df|(u) is called the weak slope of f at w.

Define a function Gy : epi(f) — R by G¢(u,A) = A. Of course, Gy is
Lipschitz continuous of constant 1.

Proposition D.1 For every u € X with f(u) € R, we have f(u) =
Gy (u, f(u)) and

|dGr|(u, f(u))
df|(u) = { V1= 1dGsl(u, f(u))?
+00 if 1dGs|(u, f(u)) =1.

We refer to [59, Proposition 2.3] for a complete proof of this result.

if 1dGs|(u, f(u)) <1,

The previous proposition allows us to reduce, at some extent, the
study of the general function f to that of the continuous function Gy.
Moreover, if f is continuous then Definition D.9 reduces to Definition
D.6.

Two important notions which are very well related to the notion of
weak slope are those of generalized directional derivative and generalized
gradient in the sense of Degiovanni. For every u € X with f(u) € R,
v € X and € > 0, let f(u;v) be the infimum of € R such that there
are 0 > 0 and a continuous map

Vi (Bs(u, f(u)) Nepi(f)) x (0,0]—Be(v)
satisfying
flw+tV((w,p),t) < p+rt,
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whenever (w, ) € Bs(u, f(u)) Nepi(f) and ¢ € (0,0]. Under these
assumptions, we define the generalized directional derivative of f at u
with respect to v by

F(u;0) = sup f2(u; ).
e>0

We also define the generalized gradient of f at u by

Of(u) :={o € X*; fou;v) > ¢(v) for every v € X}.

Theorem D.2 Ifu € X and f(u) € R, the following facts hold:

(a) |df|(u) < +oo <= Of(u) #0;
(b) |df|(u) < 400 = Of(u) = min {[ju*||: u* € Of(u)}.

We point out that fO(u;v) is greater or equal than the directional
derivative in the sense of Clarke-Rockafellar, hence df(u) contains the
subdifferential of f at u in the sense of Clarke. However, if f : X — R
is locally Lipschitz, these notions agree with those of Clarke. Thus, in
such a case, fO(u; -) is also Lipschitz continuous and we have for all
u,v € X,

[z +tw) - ()

f°(u;v) = limsup . , (D.1)
et
{(u,v) — fO(u;v)} is upper semicontinuous on X x X . (D.2)

By means of the weak slope, we can now introduce the two main
notions of critical point theory.

Definition D.10 We say that v € X is a (lower) critical point of f, if
f(u) € R and |df|(u) = 0. We say that ¢ € R is a (lower) critical value
of f, if there exists a (lower) critical point v € X of f with f(u) = c.

Definition D.11 Let ¢ € R. A sequence (u,) in X is said to be a
Palais-Smale sequence at level ¢ ( (PS).—sequence, for short) for f, if
f(un) — c and |df]|(u,) — 0.

We say that f satisfies the Palais-Smale condition at level ¢ ((PS)e,
for short), if every (PS).—sequence (uy) for f admits a convergent sub-
sequence (uy, ) in X.
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The main feature of the weak slope is that it allows to prove natural
extensions of the classical critical point theory for general continuous
functions defined on complete metric spaces. Moreover, one can try to
reduce the study of a lower semicontinuous function f to that of the
continuous function Gy. Actually, Proposition D.1 suggests to exploit
the bijective correspondence between the set where f is finite and the
graph of f.

Assuming that (X,d) is a metric space and f : X—R is continuous,
for any a € R := RU {—o0, +00} we set

"= {u e X; f(u) < a}.

Definition D.12 Let a, b € R with a < b. The pair (f?, f¢) is said to
be trivial if for every neighborhoods [a/, @] of a and [, 3"] of b in R,
there exists a continuous function H : f#" x [0,1]— 7" such that for all
ze fP H(x,0) =z, H(fP x {1}) € fo, and H(f* % [0,1])  f*".

Definition D.13 A real number c is said to be an essential value of f
if for every £ > 0 there exist a, b € (¢ — g,¢ + €) with a < b such that
the pair (f°, f¢) is not trivial.

Example D.1 Let f : R>=R defined by f(x,y) = e — y?. Then 0 is
an essential value of f, but not a critical value of f. On the other hand,
condition (PS)g is not satisfied for f

Definition D.14 Let X be a normed space and f : X — R an even
function with f(0) < 4oo0. For every (0,A) € epi(f) we denote by
|dz,G¢](0,A) the supremum of the ¢’s in [0, +00) such that there exist
4 > 0 and a continuous map

H = (H1,Hz) : (Bs(0,A) Nepi(f)) x [0,0] — epi(f)
satisfying
d(H((wau)’t)v(w’M)) <t, H2((w7:u’)7t) < u—ot,
Hl((_whu)vt) = —Hl((UJ,/J:), t) )
whenever (w, u) € Bs(0,A) Nepi(f) and t € [0,4].

The following result is the saddle point theorem for nondifferentiable
functions.
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Theorem D.3 Let X be a Banach space and assume that f : X —
RU{+o0} is an even lower semicontinuous function. Assume that there

exists a strictly increasing sequence (V) of finite-dimensional subspaces
of X with the following properties:

(a) there exist a closed subspace Z of X, o0 > 0 and a > f(0) such
that X = Vo ® Z and

VueZ: ul =0 — f(u)>a;

(b) there exists a sequence (Ry) in]o,4o00[ such that

Vue Vi lull > Ry = f(u) < f(0);

(¢) for every ¢ > «, the function f satisfies (PS). and (epi)¢;
(d) we have |dz,Gr|(0,A) # 0 whenever X > «.

Then there exists a sequence (uy) of critical points of f with f(up) —
+o00.
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Elements of set—valued analysis

To myself I am only a child
playing on the beach, while
vast oceans of truth lie
undiscovered before me.

Sir Isaac Newton (1642-1727)

Let X and Y be metric spaces, and let F' : X ~» Y be a set-valued
map with nonempty values.

Definition E.1 (i) F : X ~ Y is upper semi-continuous at v € X (usc
at u) if for any neighborhood U of F(u) there exists n > 0 such that for
every u' € Bx(u,n) we have F(u') CU.

(ii) F : X ~ Y is lower semi-continuous at u € X (Isc at u) if for any
y € F(u) and for any sequence of elements {u,} in X converging to u
there exists a sequence {y,} converging to y and y,, € F(u,).

(iii) F': X ~» Y is upper (resp. lower) semi-continuous on X if F' is
upper (resp. lower) semi-continuous at every point u € X.

(iv) F : X ~ Y is continuous at v € X if it is both upper semi-
continuous and lower semi-continuous at u, and that it is continuous on
X if and only if it is continuous at every point of X.

Let M be a subset of Y. We set
FY(M)={zeX:FluynM #0};
FHY (M) ={re X : F(u) C M}.

The subset F'~1(M) is called the inverse image of M by F and F*1(M)
is called the core of M by F'. The following characterization of the upper
(resp. lower) semicontinuity of F' on X can be given.

379
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Proposition E.1 Let X and Y be metric spaces. A set-valued map
F: X ~Y with nonempty values is upper semicontinuous on X if and
only if the inverse image of any closed subset M C'Y is closed, and it is

lower semicontinuous on X if and only if the core of any closed subset
M CY is closed.

Let X and Y be vector spaces, let F': X ~» Y be a set-valued map,
and let K be a convex subset of X.

Definition E.2 (i) F is a process if AF(u) = F(A\u) for all v € X,
A >0, and 0 € F(0).

(ii) We say that F' is convex on K if
for all 21,22 € K and all X € [0,1].

Let X be a normed space, K be a subset of X, and let u € K, where
K is the closure of K. The contingent cone Ty (u) is defined by

N .
Ti(u)={veX: nmigfw
t—0

=0}.

In particular, if K is convex, then K C u + Tk (u).
Let F: X ~» R be a set-valued map with nonempty compact values.

Definition E.3 (i) We say that F' is Lipschitz around u € X if there
exist a positive constant L and a neighborhood U of u such that

F(u1) C F(u2) + L|lur — uzl| - [-1,1] for all uy,us € U.

(ii) Let K C X. F'is K-locally Lipschitz if it is Lipschitz around all
ue K.

Proposition E.2 Let X be a normed space. If F: X ~ R is K-locally
Lipschitz, then the restriction F|i : K ~ R is continuous on K.

Definition E.4 The contingent derivative DF(u,c) of F': X ~» R at
(u,¢) € GraphF is the set-valued map from X to R defined by

Graph(DF'(u, ¢)) = Tgraphr(u, ¢), (E.1)

where TGrapnr (u, ) is the contingent cone at (u, c) to the GraphF.
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We can characterize the contingent derivative by a limit of a differ-
ential quotient. Let (u,c) € GraphF and suppose that F is Lipschitz
around u. We have

F th) —
v € DF(u,¢)(h) <= lim inf dist (v, %
t—

(see Aubin and Frankowska [16, Proposition 5.1.4, p.186]). If we intro-
duce the Kuratowski upper limit

)=0 (B2

Limsup,,_,, F(u') = {c € R: liminf dist(c, F(u')) = O} ,

then (E.2) can be written in the following form:

F(u+th)—c

DF(u,c)(h) = Limsup,_, g+ ;

Remark E.1 Let us consider the case when F' is single-valued, that
is, F'(u) = {f(u)} for all w € X. Suppose that f : X — R is continu-
ously differentiable. From Aubin and Frankowska [16, Proposition 5.1.3,
p.184], we have that

DF(u, f(u))(h) = f'(u)(h) for all h € X. (E.3)

Definition E.5 (i) We say that F : X ~ R is sleek at (u,c) € Graph F
if the map

GraphF > (u/, ¢') ~» Graph (DF(u', ¢'))
is lower semicontinuous at (u,c). F is said to be sleek if it is sleek at

every point (u,c) € Graph F.
(ii) F': X ~ R is lower semicontinuously differentiable if the map

(u,c,h) € Graph F x X ~» DF(u, ¢)(h)
is lower semicontinuous.
The lower semicontinuous differentiability of a set-valued may clearly

implies its sleekness.

Remark E.2 If F': X ~~ R is a set-valued map with nonempty compact
values and closed graph, and it is sleek at (u,c) € Graph F', then its con-
tingent derivative at (u,c) is a closed convex process (see [16, Theorem
4.1.8, p.130]).
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