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Afterglow Light
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Dark Ages Davelopment of
400,000 yrs. Galaxies, Planets, etc

1st Stars
about 400 million yrs.

Big Bang Expansion
13.7 billion years
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Three Generations of Matter

Leptons Quarks
Force Carriers
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Model for noncommutative space: leaf space

Complete transversal Holonomy
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Spectral model: Dirac operator

@ Spin® manifold: closed Riemannian manifold (M?", g) such that the
Clifford algebra bundle has “square root”:

NT*M@C=Clff(M)®C = End(S)=S*"® S
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Spectral model: Dirac operator

@ Spin® manifold: closed Riemannian manifold (M?", g) such that the
Clifford algebra bundle has “square root”:

NT*M@C=Clff(M)®C = End(S)=S*"® S

@ Spin‘-Dirac operator: “square root” of Laplace operator:

1
b=, @2 =A% + Zﬁg (scalar curvature)
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Spectral model: Dirac operator

@ Spin® manifold: closed Riemannian manifold (M?", g) such that the
Clifford algebra bundle has “square root”:

NT'MeC=Cliff(M)®C = End(S)=S"®S
@ Spin‘-Dirac operator: “square root” of Laplace operator:

D=1, @2 =A° + %,«;g (scalar curvature)
e Dirac spectral triple: (Coo(MPM), L2(S7F), D),

D=1, Doy = —yo D, ~ = chirality operator
(P +1)"2 € £,
(D, f] :=c(df) € L(®), VfeA=C*(M).
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Spectral presentation of spaces

e Spectral triple: (A,$,D), AC L($) involutive subalgebra

D = D* unbounded (F =SignD)
(D? + 1)_% € LP(H), forsome p>1
[D,a]:=Da — aD bounded Vac A.
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Spectral presentation of spaces

e Spectral triple: (A, $,D), AC L($) involutive subalgebra
D = D* unbounded (F =SignD)
(D? + 1)_% € LP(H), forsome p>1
[D,a]:=Da — aD bounded Vac A.

o Grading (= even): ~y=17*cL(9), =1,
ay = va, VacA, D~y = —~D.
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Spectral presentation of spaces

e Spectral triple: (A,$,D), AC L($) involutive subalgebra

D = D* unbounded (F =SignD)
(D? + 1)_% € LP(H), forsome p>1
[D,a]:=Da — aD bounded Vac A.

o Grading (= even): ~y=17*cL(9), =1,
ay = va, VacA, D~y = —~D.

o Simplest example: the circle

u D, u]=1, w=uu=1,

1d
= 5" =Spec(A), A=C>(u), e
= dla,x) = sup [x(f) —x(f)].
D fll<1
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Local-Global Principle in Global Analysis

Theorem (ATIYAH-SINGER)

M?" = closed spin manifold, D*= Dirac operator, E= vector bundle

Index(Df) = /M A(Rg)ch(E, V)

@ cohomological expression to the index pairing:

K.(M)  ® K* (M) e g
chy ch*

Henri Moscovici A GLIMPSE OF NONCOMMUTATIVE CURVATURE



Local-Global Principle in Global Analysis

Theorem (ATIYAH-SINGER)

M?" = closed spin manifold, D*= Dirac operator, E= vector bundle

Index(Df) = /M A(Rg)ch(E, V)

@ cohomological expression to the index pairing:

K.(M)  ® K* (M) e g
chy ch*

o limg o Tr (ye*tDE:) — lime o' Tr (ve*tDEf>
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Cyclic cohomology and index pairing [Connes (1981)]

Let A be a C*-algebra represented in £($)), and let
FecL(®), F>=1, Fy=-F, [F,alc€LP($), VacACA.
CONNES turned the ‘parametrix’ index formula
Index (e F'e) = (—1)* Tr (ve[F, €], n=20>p,
into a cyclic cohomological formulation of the index pairing:
K*(A) ® Ki(A) — HC*(A) ® HC(A) — Z
Index (e F™e) =: ([F], [e]) = (ch*(F), ch.(e))
where
o ch*(F) :=[rf] € HC°(A), with 7P € HCJ(A) given by
R &t .. a") == o Tr(y FIF,a%...[F,a"), a' €A
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Cyclic cohomology and index pairing [Connes (1981)]

Let A be a C*-algebra represented in £($)), and let
FecL(®), F>=1, Fy=-F, [F,alc€LP($), VacACA.
CONNES turned the ‘parametrix’ index formula

Index (e F'e) = (—1)* Tr (ve[F, €], n=20>p,
into a cyclic cohomological formulation of the index pairing:
K*(A) ® Ki(A) — HC*(A) ® HC(A) — Z
Index (e F* e) =: ([F], [e]) = (ch*(F), ch.(e))

where
o ch*(F) :=[rf] € HC°(A), with 7P € HCJ(A) given by

R &t .. a") == o Tr(y FIF,a%...[F,a"), a' €A
o e =ec M (A), cho(e)c HPy(A) given by

= tro(e) + i(— 2k) trgk((e - %) ® e®(2k)).
k=1
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Locality and zeta-function regularization

@ Spectral triple (A, $, D) with discrete dimension spectrum: 3 discrete
subset ¥ C C, such that (p(z) = Tr(b|D|7%), Rz > p, b€ B,
admit holomorphic extensions to C\ X, and I'(z) {5(z) decays rapidly
on finite vertical strips.

Simple dimension spectrum: X consists of simple poles.
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Locality and zeta-function regularization

@ Spectral triple (A, $, D) with discrete dimension spectrum: 3 discrete
subset ¥ C C, such that (p(z) = Tr(b|D|7%), Rz > p, b€ B,
admit holomorphic extensions to C\ X, and I'(z) {5(z) decays rapidly
on finite vertical strips.

Simple dimension spectrum: X consists of simple poles.

@ Then the residue functional
][P = Res;=0(p(22), PeV*(A 9, D)

is an algebraic trace (assuming s. d. s.).
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Locality and zeta-function regularization

@ Spectral triple (A, $, D) with discrete dimension spectrum: 3 discrete
subset ¥ C C, such that (p(z) = Tr(b|D|7%), Rz > p, b€ B,
admit holomorphic extensions to C\ X, and I'(z) {5(z) decays rapidly
on finite vertical strips.

Simple dimension spectrum: X consists of simple poles.

@ Then the residue functional
][P = Res,—0 (p(22), PeV*(A 9, D)
is an algebraic trace (assuming s. d. s.).

° ][P vanishes on W*(A, $, D) N L1($), and thus descends to a trace
on the algebra of symbols CS*(A, 9, D).
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Local Index Formula in NcG [Connes - M, 1995]

For an (odd) spectral triple (A, $), D) such that 3 residues
fr;:R%FﬂﬂTm|%% T € {A,[D, A],|D| "% z € C}

Q [(pn)n=13,.] is a cocycle in the (b, B)-bicomplex of A,

il chk][ oD, 8% ... [D, a"|(k») | D21k

V(T) =[D%a], TW = VK(T), [k| =k +... + k",
o (=) (1K +3)
n,k_kllknl(k1+1)(k1++kn+n)
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Local Index Formula in NcG [Connes - M, 1995]

For an (odd) spectral triple (A, $), D) such that 3 residues
fr;:R%FﬂﬂTm|%% T € {A,[D, A],|D| "% z € C}

Q [(pn)n=13,.] is a cocycle in the (b, B)-bicomplex of A,

nl chk][ 0D, a'|*) . . [D, a"|(kn)| p|~"=2IK

V(T) =[D%a], TW = VK(T), [k| =k +... + k",
o (=) (1K +3)
n,k_kllknl(k1+1)(k1++kn+n)

O [(¢n)n=13..] = ch"(A,H,D) € HC*(A).
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Example: the Dirac spectral triple

@ The dimension spectrum of the Dirac spectral triple
(C®(M™), L%(S), D) is simple, and = {1,..., m}

ch*(C=(M™), L2(S), ) = [(¢n)] = [A(R)]-
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Example: the Dirac spectral triple

@ The dimension spectrum of the Dirac spectral triple
(C®(M™), L%(S), D) is simple, and = {1,..., m}

(2] ][P = Wodzicki-Guillemin residue (P), VP € WDO(M)

ch*(C=(M™), L2(S), ) = [(¢n)] = [A(R)]-
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Example: the Dirac spectral triple

@ The dimension spectrum of the Dirac spectral triple
(C®(M™), L%(S), D) is simple, and = {1,..., m}

(2] ][P = Wodzicki-Guillemin residue (P), VP € WDO(M)

o ][fo[lZ), Fk) i, k) o= (+2KD =0 . if (k| >0

ch*(C=(M™), L2(S), ) = [(¢n)] = [A(R)]-

Henri Moscovici A GLIMPSE OF NONCOMMUTATIVE CURVATURE



Example: the Dirac spectral triple

@ The dimension spectrum of the Dirac spectral triple
(C®(M™), L%(S), D) is simple, and = {1,..., m}

(2] ][P = Wodzicki-Guillemin residue (P), VP € WDO(M)
O [P AR [P0 [P 0H2D —0, it [k >0

o [ 15 -

1

24 : 2

c,,/det Lf’ AFOdfFt AL A"
M sinh V2/4i

ch*(C=(M™), L2(S), ) = [(¢n)] = [A(R)]-

Henri Moscovici A GLIMPSE OF NONCOMMUTATIVE CURVATURE



Example: the Dirac spectral triple

@ The dimension spectrum of the Dirac spectral triple
(C®(M™), L%(S), D) is simple, and = {1,..., m}

(2] ][P = Wodzicki-Guillemin residue (P), VP € WDO(M)
O [P AR [P0 [P 0H2D —0, it [k >0

o [ 15 -

1

24 : 2

c,,/det Lf’ AFOdfFt AL A"
M sinh V2/4i

© Connes’ H-K-Riso:  HP*(C>®(M™)) = HI® (M, C)

ch*(C=(M™), L2(S), ) = [(¢n)] = [A(R)]-
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Twisted spectral triples

e Twisted commutators : (A, H, D, o), where o € Aut(A),

[D,al, := Da — o(a) D
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Twisted spectral triples

e Twisted commutators : (A, H, D, o), where o € Aut(A),

[D,al, := Da — o(a) D

o Example: codimension 1 foliation:
Ag = C>(S") % G, fU g Ut = o (g) Uy,
acting on § = L?(S1) := {¢ = £(x) dx2 |€ € L2}, via

Ujte = "),  £el(Sh);
o(fUN) = ¢ fUL, FeC™(Sh), ¢€G,

1d 1 d
D= = - — -1 = — — / _1.
P=cg0  [PUTDo= 5 g e d) Uy
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Conformal twisting

o Dirac spectral triple Let g’ = e~*" g. Natural identifications of
spinorial frames [Hitchin, Bourguignon-Goduchon| give to the
transported Dirac operator the expression

g@g’ _ e(n+1)h o wg ° e—(n—l)h;

when taking into account the change vol,s = e 2" vol,,

= g[pg,:ehépgeh.
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Conformal twisting

o Dirac spectral triple Let g’ = e~*" g. Natural identifications of
spinorial frames [Hitchin, Bourguignon-Goduchon| give to the
transported Dirac operator the expression

g@g’ _ e(n+1)h o wg ° e—(n—l)h;
when taking into account the change vol,s = e 2" vol,,
= gwg, = eh 4Dg eh .

e General spectral triple. Given (A, 9, D) and h = h* € A define
D, = e De". [Dp, a] is unbounded if h is not central.
However, with the twisting automorphism

o(a) = e®"ae " = Dy, 3], := Dya— o(a) Dy € L(H).
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
o Action of s € R?, as(UmVn) = el<s:(mn)>ymyn,
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
o Action of s € R?, as(UmVn) = el<s:(mn)>ymyn,
@ Smooth subalgebra:

A =1 Z amaU™V" | mK|n|9am.n| < Ciq Vk,q > 0}.

m,n€Z
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
o Action of s € R?, as(UmVn) = el<s:(mn)>ymyn,

@ Smooth subalgebra:

30 = { Z am,nUm\/n : |m‘k‘n‘q‘am’n| S Ck,qa Vk7q > 0}

m,n€Z

@ Infinitesimal generators : derivations 91, d2 : Ag® — AZ°,

s1(U) = U, 61(V) =0, &(U) =0, &(V)=V.
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
o Action of s € R?, as(UmVn) = el<s:(mn)>ymyn,

@ Smooth subalgebra:

30 = { Z am,nUm\/n : |m‘k‘n‘q‘am’n| S Ck,qa Vk7q > 0}

m,n€Z

@ Infinitesimal generators : derivations 91, d2 : Ag® — AZ°,
01(U)=U, 61(V)=0, &5n(U)=0, §5(V)=V.

@ Unique normalized trace: T(X - mnez @amnUMV™) = ago.
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Noncommutative 2-torus

o Ay:= C*{U,V}, U,V unitaries, VU = >0V, 0cR\Q.
Action of s € R?, as(UmVn) = el<s:(mn)>ymyn,

@ Smooth subalgebra:

30 = { Z am,nUm\/n : |m‘k‘n‘q‘am’n| S Ck,qa Vk7q > 0}

m,neZ
@ Infinitesimal generators : derivations 91, d2 : Ag® — AZ°,
n(U)=U, 61(V) =0, 6&(U)=0, &(V)=V.
@ Unique normalized trace: 7'(2mmGZ amaUMV") = agp.
o Dirac operator on Ho = Ay, w.r.t. (a,b) = 7(b*a),
D; = (_51 i o 75252> . Sz>o0
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Conformal change on Ay

o Conformal state: (a) = 7(ae™"),
p(ab) = p(boi(a)), a,be Ay,
i.e. p is KMS with 1-parameter group

oe(x) = etfxe ™ = A~ teR.
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Conformal change on Ay

o Conformal state: (a) = 7(ae™"),
v(ab) = p(boj(a)), a,be Ay,
i.e. p is KMS with 1-parameter group
oe(x) = etfxe ™ = A~ teR.

e Modular operator: A(x) = e "xe"; o, generated by the
derivation —log A(x) = [h,x], x € AF.
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Conformal change on Ay

o Conformal state: (a) = 7(ae™"),
v(ab) = p(boj(a)), a,be Ay,
i.e. p is KMS with 1-parameter group
oe(x) = etfxe ™ = A~ teR.

e Modular operator: A(x) = e "xe"; o, generated by the
derivation —log A(x) = [h,x], x € AF.

o M}: = Hilbert space completion of Ay w.r.t. (a, b), = @(b*a).
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Conformal change on Ay

o Conformal state: (a) = 7(ae™"),
v(ab) = p(boj(a)), a,be Ay,
i.e. p is KMS with 1-parameter group
oe(x) = etfxe ™ = A~ teR.

e Modular operator: A(x) = e "xe"; o, generated by the
derivation —log A(x) = [h,x], x € AF.

o M}: = Hilbert space completion of Ay w.r.t. (a, b), = @(b*a).

o Bi-module of (1,0)-forms  7{(19) = Hilbert space completion of
the space of ) © a 0b, a,b € A3° w.r.t.

(adb,a'0b’) = 7((a')* a(db)(Ob')*), a,d,b,b € A7 .
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Asssociated spectral triples over Ay

@ 0, =01 + 209, 07 = 01 + 209, z=x+1y, y>0,

szH;j@H(l,O)? D(p_(aoso %@), 8¢181H$—>H(170);
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Asssociated spectral triples over Ay

® 0, =01+ zdo, 0% = 61 + 209, z=x+1iy, y>0,
H, =HreH®O p, = 0 9 0. =0 HT — H1O.
(R © @ 3 © — aso 0 5 p = . ) — ’

o the left action of Ay in H, = H;f ® H™O) yields a spectral triple
(Ag, Htpv Dcp) )
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Asssociated spectral triples over Ay

@ 0, =01 + 209, 07 = 01 + 209, z=x+1y, y>0,

0 I

HWZH:OF@H(LO)? D, = ( 9, 0

), 0y =0 H — HEY,

o the left action of Ay in H, = H;f ® H™O) yields a spectral triple
(A9, Hy, Dy) ;

@ the right action a +— a°P of Ay yields a twisted spectral triple
(A", Hyp, Dy), with

h
2

[Dy, a°")y = D, a°" — (e_gae )’’D, ,  Va € Ag.
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Asssociated spectral triples over Ay

® 0, =01+ zdo, 0% = 61 + 209, z=x+1iy, y>0,
H, =HreH®O p, = 0 9 0. =0 HT — H1O.
(R © @ 3 © — aso 0 5 p = . ) — ’

o the left action of Ay in H, = H;f ® H™O) yields a spectral triple
(A9, Hy, Dy) ;

@ the right action a +— a°P of Ay yields a twisted spectral triple
(A", Hyp, Dy), with

h
2

[Dy, a°")y = D, a°" — (e_gae )’’D, ,  Va € Ag.

. . . . . h h
o A, =030, is anti-unitarily equivalent to  e2/Aez.
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Asssociated spectral triples over Ay

® 0, =01+ zdo, 0% = 61 + 209, z=x+1iy, y>0,
H, =HreH®O p, = 0 9 0. =0 HT — H1O.
(R © @ 3 © — aso 0 5 p = . ) — ’

o the left action of Ay in H, = H;f ® H™O) yields a spectral triple
(A9, Hy, Dy) ;

@ the right action a +— a°P of Ay yields a twisted spectral triple
(A", Hyp, Dy), with

h
2

[Dy, a°")y = D, a°" — (e_gae )’’D, ,  Va € Ag.

. . . . . h h
o A, =030, is anti-unitarily equivalent to  e2/Aez.

o (o) i=Ta(|D,|~*) = 2Tx((e? Ae?)5/2).
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For a Riemannian surface &,  ((s) = Tr(A™*) satisfies

1

. 1
¢(0) + dimKerA = 12W/{K = gx(Z),

in particular, ¢(0) is a topological invariant.
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For a Riemannian surface &,  ((s) = Tr(A™*) satisfies

1 1
¢(0) + dimKerA = / K = =x(X),
127 5 6

in particular, ¢(0) is a topological invariant.

Theorem (Connes-Tretkoff)

For§ e R\ Q and z=0, let h € A, and A, = 8;;@, ~ e2/Ne3. Then
Ca,(0) of the operator is independent of h.
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For a Riemannian surface &,  ((s) = Tr(A™*) satisfies

1

. 1
¢(0) + dimKerA = 12W/{K = gx(Z),

in particular, ¢(0) is a topological invariant.

Theorem (Connes-Tretkoff)

For§ e R\ Q and z=0, let h € A, and A, = 8;;@, ~ e2/Ne3. Then
Ca,(0) of the operator is independent of h.

Since A is the same for the ordinary torus, this implies Gauss-Bonnet.
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Pseudodifferential calculus [Connes,1980]

Symbols of order n: S, formed of smooth maps p : R? — Ap° such that
Vi, b, j1,j2 € ZT, 3 constant G,

16620008 p(€)]| < Ciy(1+ |E))™ R,
and 3 o€ C(R?\{0},Ay) such that

lim A""p(A, M%) = o(€r, &2)-
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Pseudodifferential calculus [Connes,1980]

Symbols of order n: S, formed of smooth maps p : R? — Ap° such that
Vi, b, j1,j2 € ZT, 3 constant G,

16620008 p(€)]| < Ciy(1+ |E))™ R,
and 3 o€ C(R?\{0},Ay) such that

Jim AT"p(A&r, ML) = o(&1, &2).
Associated pseudodifferential operator on Az° :

Pu(a) = (20) 2 [ [ e #¢p(€)an(a) ds .
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Pseudodifferential calculus [Connes,1980]

Symbols of order n: S, formed of smooth maps p : R? — Ap° such that
Vi, b, j1,j2 € ZT, 3 constant G,

163 820708 p(€)[| < Ciy(1 + |¢))" %,
and 3 o€ C(R?\{0},Ay) such that

Jim AT"p(A&r, ML) = o(&1, &2).
Associated pseudodifferential operator on Az° :
Pu(a) = (20) 2 [ [ e #¢p(€)an(a) ds .

Elliptic:  p(€) is invertible for £ # 0, and 3 constant ¢ such that

(€)Y < c(1 4 1€)7, £>>0.
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Symbolic calculations

o(kDk +1) = a(€) + a1(§) + a0 (§),

[SIES

x
I
o

where
() = &K + |2|PE k> + 2x&1 6K,

a1 (&) = 261kd1(k) + 2|z[262k2(k) + 2xE1kda (k) + 2xEakdr (k),
a0(€) = k3 (k) + |z[° k65 (k) + 2xké162(k).
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Symbolic calculations

o(kAk+1) = a(§) + ar(§) + a0(8), &

I
()
[SIES

where
(&) = K + 2P K> + 2x616K,
a1 (&) = 261kd1(k) + 2|z[262k2(k) + 2xE1kda (k) + 2xEakdr (k),
a0(€) = ko3 (k) + |z k65 (k) + 2xkd162(k).

Inverse symbol = bg + by + by +---,  with

1
R S w e
24 jtly+l—i=n, 1%
0<j<n, 0<iL2

of order —2 — n.
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by = (§2Kk% + |22 K% + 2x&16ak® + 1) 71,
b1 = —(boaibo + b1aibg + 01(bo)d1(a2)bo + 92(bo)d2(a2)bo),

by = —bokd3(k)by — 2xbokd102(k)bo — |z|? bokd3 (k) bo+
61 b k>61(k)?bo + £7 b3 k>6% (k) bok + 5€% b3 k8% (k) bo+
263 bokd1 (k) bod1 (k) bok + 6&% bokd(k)bokd(k)bo+
6x¢2b3 k201 (k)da(k)bo + 6xE2b3k285(k)d1 (k) bo+
2xE3b3k26102(k)bok + 10x€3b3 k35162 (k)bo+
2xE3 bokd1 (k) boda(k)bok + 6xE3 bokdy (k) bokda(k)bo+
2x€3 bokda (k) bod1 (k) bok + 6xE7 bokda(k)boké (k) bo+
12x€162b5k%01(k)? bo + 2x€1&2b5 k%07 (k) bok+
2x€1£2b5 k263 (k) bok10xE1E2b3 k363 (k)bo + . ..

(...+ 100s more such terms)
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Scalar curvature

Theorem (Connes)

Let 0 be an irrational number and k an invertible positive element of A°.

Then the value at the origin of the zeta function of the twisted spectral
triple (Ay°,H, D) is given for any a € Ag° by

2
Tr(a|D|™*)ls=0 = (a | K(log A)(A(h) + D K(V), V(2);(h)sj(h) |)-

j=1

; . ho ho,
Thus, the scalar curvature of the metric D, with As@ > e2/\e2 s

2

kn = K(log A)(A(R) + ) K(Vy, Vi2))di(h)gi(h)
=1

where V(;) is the action of log A on the i-th factor of the product

Henri Moscovici
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Scalar curvature functions

K(u) = 6(—_11/:%31 K(s, t) = <1+ch (5; t)) Ko(s, t)
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Scalar curvature functions

K(u) = 6(—_11/:%31 K(s, t) = <1+ch (5; t)) Ko(s, t)

/’(0(57 t) =
—t(s + t)ch(s) + s(s + t)ch(t) — (s — t)(s + t + sh(s) + sh(t) — sh(s + t))
(s + )5 () h (£) sh (55°)
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Scalar curvature functions

K(u) = 6(—_11/:%31 K(s, t) = <1+ch (5; t)) Ko(s, t)

/’(0(57 t) =
—t(s + t)ch(s) + s(s + t)ch(t) — (s — t)(s + t + sh(s) + sh(t) — sh(s + t))
(s + )5 () h (£) sh (55°)

Ko(t, S) = —Ko(S, t); Ko(—S./ —t) = —Ko(S, i‘).
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Conformal index of a spectral triple

(A, 9, D) = p-summable spectral triple with good pseudodifferential
calculus, i.e. 3 asymptotic expansions

D2 > j=N—p
Tr (Ae t S) =0 Z%aj(A, s)t 2z + 0(1),
J:

for anyAEDN(.A,j’J,D) c h=h*c¢ A Ds= ehDeh.
Moreover, assume good resolvent approximation, implying that these
expansions can be differentiated in the term-by-term in s € [—1,1].
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Conformal index of a spectral triple

(A, 9, D) = p-summable spectral triple with good pseudodifferential
calculus, i.e. 3 asymptotic expansions

Tr (Ae™™F) =0 D ai(As) 2" + 0(1),

for any A€ DN(A, 9, D) ; h=h*c¢ A Ds= ehDeh.
Moreover, assume good resolvent approximation, implying that these
expansions can be differentiated in the term-by-term in s € [—1,1].

Theorem (Conformal index a la Branson-@rsted)

¢p(0) is a conformal invariant.
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—D? 1 2
D, = esh D esh — deT — _/ equf dd& ef(lfu)Ds2 S
S 0 S
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—D? 1 2
D.— &Shpesh — de _ _/ o—uD? dDg e—(1-u)D? 4,
ds 0 ds
Ds
dds = %(eShDeSh) = hDs + Dsh,
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—D? 1 2
D; = e D’ — de = —/ e—uD: dabs e~ (1-u)DZ gy
ds 0 ds
dDs

— = %(eShDeSh) = hDs + Dsh,

9y (e—ro3) = —tTr <(D3h +2DshD; + hDg)e_tDsz>

d
= 4Ty (h D2 e_tDs2> =4t —Ir (h e_tD52>.
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—D? 1 2
D; = e D’ — ded = —/ e—uD: —dst e~ (1-u)DZ gy
S 0 S

Ds
dds = %(eShDeSh) = hDs + Dsh,

%Tr(e_tD52> - —tTr<(D§h+2DshDs+hD§)e—fD3)

d
= 4Ty (h D2 e_tDs2> =4t —Ir (h e_tD52>.

Equating the coefficients of the asymptotic expansions,

d
ds

d
aj(s) = 2(j — p) aj(h,s), in particular gap(s) = 0.
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Corollary (1) (Connes-Tretkoff, Khalkhali-Fathi Zadeh)

Gauss-Bonnet for the noncommutative 2-torus with any translation
invariant metric.
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Corollary (1) (Connes-Tretkoff, Khalkhali-Fathi Zadeh)

Gauss-Bonnet for the noncommutative 2-torus with any translation
invariant metric.

Proof.

Same argument as above, but for the Laplacian A, = eSh Aesh :

| A\

%Tr (e_m5> = —tTr ((Ash+ hAs)e—fAs) - —2t%Tr (h e—fﬂs> .
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Corollary (1) (Connes-Tretkoff, Khalkhali-Fathi Zadeh)

Gauss-Bonnet for the noncommutative 2-torus with any translation
invariant metric.

Proof.

Same argument as above, but for the Laplacian A, = eSh Aesh :

| A\

%Tr (e_m5> = —tTr ((Ash+ hAs)e—fAs) - —2t%Tr (h e—fﬂs) .

A\

Corollary (2) (Connes-Chamseddine)

The constant term in the SM spectral action Tr F (%ﬁ) + (V|D|V) is

independent of dilaton field rescaling D? — e/ D? e

§

D2 4 2
TrF <m2> ~ ”;f()][[)—‘l n ’gfz][fﬂ + £ Cp2(0) + ...
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