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Goal: Numerical pricing of options under a general
class of SV models by the FE method
(Zt)t≥0 a R

d -valued strong Markov process.

Find arbitrage-free price u(z, t) of contract on Z ,

u(z, t) = E
Q[e−r(T−t)g(ZT ) | Zt = z].

u(z, t) is (viscosity) solution of

−∂tu + Au + ru = 0, u(z, T ) = g,

where A is the infinitesimal generator of Z .
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Dynamics of Z = (X , Y )

X R
n-valued, log-price dynamics of underlyings.

Y R
p-valued, dynamics of volatility, p ≥ n.dZt = γ(Zt−, t)dt + Q(Zt−, t)dWt +

∫

E
σ(Zt−, t , ξ)Ñ(dt ,dξ),

Z0 = z.

γ : R
n+p × [0, T ] → R

n+p

Q : R
n+p × [0, T ] → R

(n+p)×m

σ : R
n+p × [0, T ]× R

k → R
(n+p)×ℓ

W R
m-valued Brownian motion, Ñ compensated

martingale measure of ℓ-dim. Poisson random measure
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What is A ?

A = AQ + Aγ + Aν

AQ(u)(z) := −1
2
tr[(QQ⊤)(z)D2u(z)

]

Aγ(u)(z) := −〈γ(z), Du(z)〉

Aν(u)(z) := −
ℓ∑

j=1

Aν,j(u)(z)

Aν,j(u)(z) :=

∫

E

[
u(z +σj(z, ξ))−u(z)−〈σj (z, ξ), Du(z)〉

]
νj(dξ)
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Two examples (n = p = 1)
Heston (’93)

γ(z) =

(
−y/2

α(m − y) + λ(x , y)

)
, α, m > 0,

Q(z) =

( √
y 0

βρ
√

y β
√

1 − ρ2√y

)
, β > 0, ρ ∈ [−1, 1] .

Barndorff-Nielsen and Shepard (’01)

γ(z) =

(
−y/2 + α
−λy + β

)
, α, β ∈ R, λ > 0,

Q(z) =

( √
y

0

)
, σ(z, ξ) =

(
ρξ
ξ

)
, ρ ≤ 0 .
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Analysis and numerics depend on Q
Three classes: QQ⊤ is 1

(A) positive definite: ∃c > 0 : z⊤(QQ⊤)(z)z ≥ cz⊤z,
∀z ∈ R

d

(B) positive semidefinite: ∃z ∈ R
d : rank((QQ⊤)(z)) < d

(C) positive semidefinite: ∀z ∈ R
d : rank((QQ⊤)(z)) < d

(B) & (C) →: P(I)DE with nonnegative characteristic form

typically, (B) holds exactly for one z, usually z = 0

(C) means that there is at least one coordinate direction
without diffusion component

1d := n + p
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Analytical framework for models of class (B)
Given f ∈ L2(0, T ; V ∗), find u ∈ L2(0, T ; V ) ∩ H1(0, T ; V ∗) such
that

〈∂tu, v〉 + 〈Au, v〉︸ ︷︷ ︸
a(u,v)

= 〈f , v〉, ∀v ∈ V

Typically, V is a weighted H1-Sobolev space.

Theorem (Heston, change of var. ũ(x , ỹ) := u(x , 1/4ỹ2))
Assume 1 − 4

√
2|2αβ−2 − 1/2| > ρ2. Then a(·, ·) satisfies:

∃C, c, c0 > 0 such that for all u, v ∈ V

|a(u, v)| ≤ C‖u‖V ‖v‖V , a(u, u) ≥ c‖v‖2
V − c0‖v‖2,

where V = C∞
0 (R2)

‖·‖V
, ‖v‖2

V := ‖y∂x v‖2 + ‖∂y v‖2 + ‖v‖2.
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Analytical framework for models of class (C)
Treat time t as additional space variable. Consider

−div(Q(z)∇u) + 〈γ(z),∇u〉 + cu + Aν(u) = f in D ⊂ R
d

u = 0 in Γ0 ∪ Γ−

V := {u ∈ H1(D) : γ0u |Γ0= 0}. The weak form reads: Find
u ∈ H such that

B(u, v) = (f , v), ∀v ∈ V

Bilinear form B : H×V → R

B(u, v) = (Q∇u,∇v)−(u,div(γv))+c(u, v)+〈u, v〉+ +aν(u, v).
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Example: BNS model

Theorem
Assume the Lévy measure has the form ν(dξ) = Ce−κξξ−1−α,
C, κ > 0, α ∈ (0, 1), ξ ∈ R+. Then the bilinear form associated
to Aν satisfies: ∃C1, C2, C3 > 0 such that for all
u, v ∈ V = H̃α/2(D)

|aν(u, v)| ≤ C1‖u‖V ‖v‖V , aν(u, u) ≥ C2‖v‖2
V − C3‖v‖2,

Theorem
Let ω > 0 satisfy c > λ/2 + C3 + ω. Then ∃ Hilbert space
Ĥ ⊂ H and unique u ∈ Ĥ solving B(u, v) = (f , v), ∀v ∈ V. Here

H := V‖·‖H , ‖w‖2eH := (x2∂x1w , ∂x1w)+(w , w)+〈w , w〉Γ++(w , w)α/2.
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FEM for models of class (B)
V L ⊂ V , dimV L < ∞. The Galerkin approximation: Find
uL ∈ L2(0, T ; V L) ∩ H1(0, T , (V L)∗) such that

〈∂tuL, v〉 + 〈AuL, v〉 = 〈f , v〉, ∀v ∈ V L

is equivalent to the ODE: Find UL(t) ∈ R
dimV L

such that

MU̇L(t) + AUL(t) = F (t)

where, with V L = span{Φj}dimV L

j=1 ,

M =
(
(Φi ,Φj)

)
1≤i ,j≤dimV L , A =

(
a(Φi ,Φj)

)
1≤i ,j≤dimV L .

Note: V L is a sparse tensor product wavelet space, withdimV L = O(2LLd−1) in contrast to classical FE spacesdimV L
c = O(2dL).
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Convergence rates
hp-discontinuous Galerkin discretization in time +
preconditioned GMRES to approximatively solve linear systems
⇒
Theorem
The fully discrete Galerkin scheme with polynomial degree r of
wavelets yields approximate option prices at maturity UL(T )
with accuracy (NL = dimV L, d = n + p)

‖UL(T ) − u(T )‖ ≤ CN−s
L (log NL)

(d−1)s , s = r +
r

d(r + 1) − 1

and can be computed with at most O(NL(log NL)
7) operations

(if ν ≡ 0).

Note: for classical FE spaces we have s = r+1
d
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SDFEM for models of class (C)
Basic idea of streamline diffusion FEM: add extra diffusion in
the direction of streamline: take test functions v + δL〈γ,∇v〉
rather than just v . δL: SD parameter to be chosen later.

Find uL ∈ V L such that

Bδ(uL, v) = ℓδ(v), ∀v ∈ V L,

where

Bδ(ϕ, φ) = B(ϕ, φ) + δL

∑

κ∈T L

(
− div(Q∇ϕ) + cϕ, 〈γ,∇φ〉

)
κ

+δL
(
〈γ,∇ϕ〉, 〈γ,∇φ〉

)
s + δLaν(ϕ, 〈γ,∇φ〉),

ℓδ(φ) = (f , φ) + δL

∑

κ∈T L

(
f , 〈γ,∇φ〉

)
κ
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Choice of δL

Assume ∃c0 : c − 1/2divγ − C3 ≥ c0 > 0.

Streamline diffusion norm ‖ · ‖SD
‖v‖2SD := ‖

√
Q∇v‖2+c0‖v‖2+‖v‖2

Γ
−
∪Γ+

+C2‖v‖2
s +δL‖〈γ,∇v〉‖2

s

Theorem
Let δL satisfy

0 ≤ δ ≤ 1/8 min
{ h2

L

(n + p)r4|
√
Q|2

, 3
C2

C2
1

, 3
c0

c2

}
.

Then Bδ(·, ·) is coercive on V L × V L, i.e. Bδ(v , v) ≥ 1
4‖v‖2SD.
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Convergence rates: European call in Heston model
Set (α, β, ρ, m) = (2.5, 0.5,−0.5, 0.025), T = 0.5, K = 1,
eL := UL(T ) − u(T ). For q ∈ {2,∞} we find
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 sparse

O(N−2log
2
(N)2.59)

||e||∞ full

||e||
2
 full

O(N−0.99)

‖eL‖q = O(N−2
L (log NL)

cq ), c2 ≈ 2.59, c∞ ≈ 3.8.
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Convergence rates: European call in Bates model
Aν(u)(x) := −λ

∫
R

[
u(x1 + ξ, x2) − u(x)

]
k(ξ)dξ. Set

(α, β, ρ, m, λ) = (2.5, 0.5,−0.5, 0.025, 0.5), T = 0.5, K = 1
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cq ), c2 ≈ 3.05, c∞ ≈ 3.85.
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Linear complexity of pricing methodology
Example: twoscale SV (pure diffusion) model, i.e. n = 1, p = 2
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3.1)2

2Matlab, 2GHz CPU, 2G RAM
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European put in BNS model
T = 0.5, K = 1, r = 0, λ = 2.5, IG(γ, δ)-Lévy kernel

k(ξ) =
δ

2
√

2π
ξ−

3
2 (1 + γξ)e− 1

2 γξ, γ = 2, δ = 0.0872.

Left: Price for ρ = −4.
Right: Difference of prices for ρ = −0.01 and ρ = −4.
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Conclusion
Wavelet FEM for stochastic volatility models

Derivative pricing

PIDEs of mixed parabolic/hyperbolic type

Sparse tensor product spaces

Stabilization of method due absence of diffusion

Optimal convergence rates (up to log-terms)

Linear complexity of numerical scheme (up to log-terms)
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