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Abstract. We give approximations for the Gibbs states of arbitrary Hölder
potentials φ, with the help of weighted sums of atomic measures on preimage

sets, in the case of smooth non-invertible maps hyperbolic on folded basic

sets Λ. The endomorphism may have also stable directions on Λ and is non-
expanding in general. Folding of the phase space means that we do not have

a foliation structure for the local unstable manifolds (instead they depend on
the whole past and may intersect each other both inside and outside Λ). We

consider here simultaneously all n-preimages in Λ of a point, instead of the

usual way of taking only the consecutive preimages from some given prehistory.
We thus obtain the weighted distribution of consecutive preimage sets, with

respect to various equilibrium measures on the saddle-type folded set Λ. In

particular we obtain the distribution of preimage sets on Λ, with respect to
the measure of maximal entropy. Our result is not a direct application of

Birkhoff Ergodic Theorem on the inverse limit Λ̂, since the set of prehistories
of a point is uncountable in general, and the speed of convergence may vary for

different prehistories in Λ̂. For hyperbolic toral endomorphisms, we obtain the

distribution of the consecutive preimage sets towards an inverse SRB measure,
for Lebesgue-almost all points.

1. Introduction. Gibbs states (equilibrium measures) of Hölder potentials for
smooth maps appear naturally in chaotic dynamics and statistical physics and ini-
tially were studied in the invertible setting ([2], [15], [16], [3], etc).

The setting in which we work here is however different from both the hyperbolic
diffeomorphism case (see [2]), as well as from the expanding case (see [13]). We
assume that f : M → M is a smooth map (endomorphism), not necessarily a
diffeomorphism, and that Λ is a basic set for f so that f is hyperbolic on Λ but not
necessarily expanding. For such chaotic non-expanding endomorphisms there are no
Markov partitions in general, so it is not possible to code the system using Markov
partitions like in the diffeomorphism case. Also, the presence of stable directions
on Λ makes the local inverse iterates of small balls to grow exponentially (up to a
certain order).

For instance in [1] it was introduced a family of horseshoes with self intersections
and it was proved that there are open sets of parameters which give non-injectivity
of the map on its respective basic set. In the non-invertible case, if f is hyperbolic
on Λ, we do not have a foliation structure for the local unstable manifolds; the local
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unstable manifolds depend now on the whole prehistories (see [14]). This folding
of the phase space is a major difference from the diffeomorphism case, since we are
forced to work on Λ̂ which is not a manifold. The local unstable manifolds may
intersect each other and through any given point there may pass infinitely many
local unstable manifolds. Moreover the number of f -preimages belonging to Λ may
vary from point to point, so the map is not necessarily constant-to-1; hence the set
Λ is not necessarily totally invariant.

The local unstable manifolds depend Holder on their respective prehistories in
the canonical metric on Λ̂ ([8]). The existence of several n-preimages in Λ for any
point x ∈ Λ means that we can have n-preimages y ∈ f−n(x) ∩ Λ of x where the
consecutive sum Snφ(y) := φ(y) + . . . + φ(fn−1y) is well behaved, but also other
n-preimages z ∈ f−n(x) ∩ Λ where Snφ(z) is badly behaved. In the case of smooth
non-invertible expanding maps the problem of finding the weighted distributions of
preimages was solved by Ruelle in [13]; in that situation it was important that the
local inverse iterates contract uniformly on small balls.

In our present non-invertible non-expanding setting, we will describe the weighted
distributions of preimages by studying the intersections between different tubular
neighbourhoods of the (many) different local unstable manifolds. The main results
of the paper are in Theorem 6 and its Corollaries:

Theorem 6. Let f : M →M be a smooth map (say C2) on a smooth Riemannian
manifold M , so that f is hyperbolic and finite-to-one on a basic set Λ; assume also
that the critical set Cf of f does not intersect Λ. Let also φ a Holder continous
potential on Λ and µφ be the equilibrium measure of φ on Λ. Then ∀g ∈ C(Λ,R),∫

Λ

| < 1

n

∑
y∈f−n(x)∩Λ

eSnφ(y)∑
z∈f−n(x)∩Λ

eSnφ(z)
·
n−1∑
i=0

δfiy − µφ, g > |dµφ(x) −→
n→∞

0

In Corollary 7 we obtain an approximation for the equilibrium measure µφ, i.e
the weak-? convergence of a sequence of weighted atomic probabilities of the above
type towards µφ.

Corollary 7. In the same setting as in Theorem 6, for any Holder potential
φ with equilibrium measure µφ, it follows that there exists a subset E ⊂ Λ, with
µφ(E) = 1 and an infinite subsequence (nk)k such that for any x ∈ E we have the
weak-? convergence of measures:

1

nk

∑
y∈f−nk (x)∩Λ

eSnkφ(y)∑
z∈f−nk (x)∩Λ

eSnkφ(z)
·
nk−1∑
i=0

δfiy −→
k→∞

µφ

In particular, if µ0 is the measure of maximal entropy, it follows that for µ0-almost

all points x ∈ Λ, 1
nk

∑
y∈f−nk (x)∩Λ

nk−1∑
i=0

δfiy

Card(f−nk (x)∩Λ)
−→
k→∞

µ0, for a subsequence (nk)k.

Remark that, since µφ is positive on any open set (as any open set contains some
small Bowen ball and one can apply Proposition 1), there exists a dense set in Λ of
points x for which we have the above weak convergence of weighted atomic measures
generated by x, towards µφ. Therefore in a physical non-reversible system, if we
know the past trajectories of such a generic point x up to a high order n, then we
can approximate the Gibbs state µφ as above.
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We notice that the basic set Λ considered above is not necessarily an attractor,
nor a repellor; thus the usual SRB (Sinai, Ruelle, Bowen), as well as the inverse SRB
measure (when there is an inverse function f−1) may not exist. One may compare
this result with the (forward) SRB measure in the case of diffeomorphisms (see
for example [2], [15], [16] or endomorphisms ([12], [11]); whenever µφ is equivalent
to the Lebesgue measure, like in the case of toral endomorphisms and φ ≡ 0, we
obtain an inverse SRB result. Our setting and methods are however different due
to the lack of an inverse function, the fact that unstable manifolds depend on whole
prehistories (not just base points), and also to the fact that the number of preimages
is not necessarily constant on Λ. We will apply combinatorial arguments in order
to estimate the measure µφ on the intersections between different tubular unstable
sets; and we will estimate carefully the equilibrium measure on the different parts
of the consecutive preimage sets in Λ, by separating the prehistories from the point
of view of the convergence properties of certain weighted sums of Dirac measures
along them.

In our Theorem we average over all n-preimages of points, so we do not consider

only one prehistory at a time, like in the usual Birkhoff Ergodic Theorem for f̂−1

on the inverse limit Λ̂. This simultaneous consideration of all n-preimages is what
makes the proof difficult. It cannot be obtained just by applying Birkhoff Ergodic
Theorem to different prehistories since the speeds of convergence may be different
over the uncountable collection of prehistories.

Among the examples of smooth endomorphisms on folded basic sets, let us
mention the horseshoes with self-intersections from [1], the hyperbolic skew products
with overlaps in their fibers from [10], or dynamical systems generating from certain
non-reversible statistical physics models (see [15]).

We proved the existence of a very strong non-invertible character in the examples
of [5], by using intersections of Cantor sets in fibers and estimates of the stable
dimension by means of the thickness of such Cantor sets; in those examples, there
exist infinitely many points each having uncountably many prehistories.

Examples may be obtained also from non-degenerate holomorphic maps on com-
plex projective spaces (for instance [9], [6]).

An application of Theorem 6 will be in Corollary 8, where it will be applied to
Anosov endomorphisms, in order to give the distribution of consecutive preimage
sets, with respect to different equilibrium measures. A classical example of Anosov
endomorphism is given by a toral endomorphism fA : Tm → Tm,m ≥ 2, where fA is
the map induced on the m-dimensional torus by a matrix A with integer coefficients
and detA 6= 0; the map fA is |detA|-to-1 on Tm ([17]). If A has all its eigenvalues
of absolute values different from 1, then fA is a hyperbolic endomorphism and
the above Theorem will apply. Since the equilibrium measure of any constant
function is the Haar measure ([17]), we obtain the asymptotic distribution of the
local inverse iterates toward an inverse SRB measure in this case. A generalization
of this class of examples is given by smooth perturbations of hyperbolic toral
endomorphisms on Tm,m ≥ 2. They will be again constant-to-1 and we can
apply our main Theorem, to obtain the weighted distribution of preimages with
respect to equilibrium measures of Holder potentials.
Remark: On algebraic-type manifolds, like the infranilmanifolds, the situation
of Anosov endomorphisms is very different from that of Anosov diffeomorphisms.
Indeed in the case of infranilmanifolds ([4], [18]), Franks and separately Manning
showed that any Anosov diffeomorphism can be “linearized”, i.e it is topologically
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conjugate to some hyperbolic automorphism. Also Gromov ([4]) showed that if f
is an expanding map on a compact manifold, then f is topologically conjugate to
some expanding endomorphism on some infranilmanifold. However this is not the
case for Anosov endomorphisms. As was proved in [18], if M is an infranilmanifold
then there exists a C1 dense subset U in the set of “true” Anosov endomorphisms on
M (i.e those endomorphisms which are not Anosov diffeomorphisms nor expanding
maps), such that every f ∈ U is not shift equivalent (hence also not topologically
equivalent) to any hyperbolic infranilmanifold endomorphism. In particular this
applies to tori Tm,m ≥ 2, which are natural examples of infranilmanifolds. For such
Anosov endomorphisms which are neither diffeomorphisms nor expanding,
one cannot apply results similar to the ones from those two previous cases; however
we can apply Theorem 6 to get the distribution of preimage sets with respect to
equilibrium measures.

2. Distributions of consecutive preimages on basic sets. First let us estab-
lish some notations. The next definition is parallel to that of basic set from [3] (see
also [6]).

Definition 1. Let f : M → M a smooth map (say C2) defined on the smooth
manifold M . We will say that a compact f -invariant set Λ is a basic set for f if
there exists a neighbourhood U of Λ such that Λ = ∩

n∈Z
fn(U), and if f is transitive

on Λ. As we work here with non-invertible maps, such sets will also be called
folded basic sets.

Definition 2. The natural extension (or inverse limit) of the dynamical system

(f,Λ) is the dynamical system (f̂ , Λ̂), where Λ̂ := {x̂ = (x, x−1, x−2, . . .), f(x−i) =

x−i+1, x0 = x, x−i ∈ Λ, i ≥ 1} and f̂(x̂) := (f(x), x, x−1, . . .), x̂ ∈ Λ̂. It follows

that f̂ is a homeomorphism on Λ̂. An element x̂ = (x, x−1, . . .) of Λ̂, starting with
x, is called a prehistory of x (or full prehistory of x). The canonical projection

π : Λ̂→ Λ is defined by π(x̂) = x, x̂ ∈ Λ̂. If f(y) = x, y ∈ Λ we call y a preimage of
x; if fn(z) = x, z ∈ Λ, we call z an n-preimage of x (through f). A finite sequence
(x, x−1, . . . , x−n) will be called an n-prehistory of x.

Let us mention that if µ is an f -invariant probability measure on Λ, then there

exists a unique probability f̂ -invariant measure µ̂ on Λ̂ such that π∗(µ̂) = µ. It

can be seen that µ is ergodic if and only if µ̂ is ergodic on Λ̂. Also the topological
pressure of φ (denoted by Pf (φ) to emphasize dependence on f) is equal to the
topological pressure of φ ◦π, namely Pf̂ (φ ◦π); and µ is an equilibrium measure for

φ : Λ→ R if and only if µ̂ is an equilibrium measure for φ ◦ π.
The concept of hyperbolicity on Λ makes sense for non-invertible maps (i.e endo-

morphisms), but now the unstable tangent subspaces and the local unstable mani-
folds depend on whole prehistories, not only on the base points (for exp. [14]). In
this hyperbolic setting we will denote by Esx,W

s
r (x) the stable tangent subspace,

respectively the local stable manifold at x (for x ∈ Λ); and by Eux̂ ,W
u
r (x̂) the un-

stable tangent subspace, respectively the local unstable manifold corresponding to
the prehistory x̂ (for x̂ ∈ Λ̂). Also by Dfs(x) we shall denote the stable deriva-
tive Dfx|Esx and by Dfu(x̂) the unstable derivative Dfx|Eux̂ . In [8] we studied the
Holder dependence of local unstable manifolds with respect to the prehistories and
proved a Bowen type formula, giving the unstable dimension as being the zero tu of
the pressure of the unstable potential Φu(x̂) := − log |Dfu(x̂)|, x̂ ∈ Λ̂. We proved
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also that given a measurable partition of Λ̂ subordinated to the unstable manifolds,
the equilibrium measure of Φu has conditional measures which are geometric of
exponent tu.

If f : M → M is a smooth map which is hyperbolic on a basic set Λ, let
x̂ = (x, x−1, . . . , x−n, . . .) ∈ Λ̂, n ≥ 1, ε > 0 small. Then we call an (n, ε)-tubular
unstable neighbourhood (or tubular unstable set) the set

Tn(x̂, ε) := {y ∈ Λ,∃ y−n ∈ Λ ∩ f−n(y), s.t d(f iy−n, f
ix−n) < ε, i = 0, . . . , n}

The notion of tubular unstable set can be extended to those y ∈M which have an
n-preimage y−n ∈M with the above property, but since we will work in this paper
only with measures supported on Λ, we preferred to give the definition restricted
to Λ. It is important to keep in mind that tubular unstable sets corresponding to
two different prehistories of the same point x ∈ Λ may not be the same; still they
intersect in a set containing x.

It is well-known that any f -invariant measure µ on Λ can be lifted to a unique

f̂ -invariant measure µ̂ on Λ̂ such that π∗(µ̂) = µ. It will be important to see exactly

how to calculate the measure µ̂ of an arbitrary closed set from Λ̂, in terms of the
µ-measures of sets in Λ.

Lemma 3. Let f : Λ→ Λ be a continuous map on a compact metric space Λ, and

µ an f -invariant borelian probability measure on Λ. Let µ̂ be the unique f̂ -invariant
probability measure on Λ̂ with the property that π∗(µ̂) = µ. Then for an arbitrary

closed set Ê ⊂ Λ̂, we have that

µ̂(Ê) = lim
n
µ({x−n,∃x̂ = (x, . . . , x−n, . . .) ∈ Ê})

Proof. The arbitrary closed set Ê is not necessarily of the form π−1(E) for some E

borelian set in Λ. Let us denote Ên := f̂−nÊ, n ≥ 1; then µ̂(Ên) = µ̂(Ê) since µ̂ is

f̂ -invariant. Let also F̂n := π−1(π(Ên)), n ≥ 1. We will prove that

Ê = ∩
n≥0

f̂n(F̂n)

We have clearly Ê ⊂ f̂n(F̂n), n ≥ 0. Let now a prehistory ẑ ∈ ∩
n≥0

f̂nF̂n; then if

ẑ = (z, z−1, . . . , z−n, . . .), we obtain that z−n ∈ πÊn,∀n ≥ 0, hence ẑ ∈ Ê since Ê

is assumed closed. Thus we showed the equality Ê = ∩
n≥0

f̂n(F̂n). Now let us notice

that the above intersection is decreasing, since f̂n+1F̂n+1 ⊂ f̂nF̂n, n ≥ 0, since for a

prehistory from f̂n+1F̂n+1 the (n+ 1)-th entry is from πÊn+1 and the n-th entry is

in πÊn, whereas the (n+ 1)-entry of a prehistory from f̂nF̂n can be any preimage

of a point from πÊn. Since the above intersection is decreasing, we get

µ̂(Ê) = lim
n
µ̂(f̂nF̂n) = lim

n
µ̂(F̂n) =

= lim
n
µ̂(π−1(π(Ên))) = lim

n
µ(π(Ên)) = lim

n
µ(π ◦ f̂−nÊ)

We used that π∗µ̂ = µ and that µ̂ is f̂ -invariant on Λ̂. Therefore we obtain that
µ̂(Ê) = lim

n
µ({x−n,∃x̂ ∈ Ê, x̂ = (x, . . . , x−n, . . .)}).

For a basic set Λ for a smooth map f we will denote by f−1
Λ x, x ∈ Λ the set of

f -preimages of x which belong to Λ. Similarly f−nΛ x will denote the n-preimages

of x belonging to Λ, i.e f−nΛ x := f−nx ∩ Λ. In general in this paper we will be
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interested only in the preimages belonging to Λ. We will denote also by Snφ(y)
for a point y ∈ Λ, the consecutive sum Snφ(y) := φ(y) + . . . + φ(fn−1y), n ≥ 1.
Define then for n ≥ 1 and x ∈ Λ, the probability measure:

µxn :=
1

n

∑
y∈f−nΛ x

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
·
n−1∑
i=0

δfiy (1)

The µxn, n ≥ 1 are probability measures and thus from the weak compactness of
the unit ball in the space of measures, we obtain that any sequence of such measures
(for x ∈ Λ given) contains a convergent subsequence; the limit of such a sequence
(µxnk)k≥1 is then an f -invariant probability measure on Λ. We will show that such
limit measures have in fact an important thermodynamical property, namely they
are equilibrium measures (i.e maximize in the Variational Principle, [17]).

We shall use in the sequel equilibrium measures for endomorphisms; the
existence of these measures for non-invertible maps, and estimates on Bowen balls
for these measures are similar to the corresponding properties for diffeomorphisms
(see the proof of Proposition 4 below). We denote the Bowen ball Bn(y, ε) := {z ∈
Λ, d(f iy, f iz) < ε, i = 0, . . . , n− 1}, for y ∈ Λ, n ≥ 1, ε > 0.

Proposition 4. Let Λ be a hyperbolic basic set for a smooth endomorphism f :
M →M , and φ be a Holder continuous function on Λ. Then there exists a unique
equilibrium measure µφ for φ on Λ which has the following properties:

a) for any ε > 0 there exist positive constants Aε, Bε and an integer n0 ≥ 1 such
that for any y ∈ Λ, n ≥ n0,

Aεe
Snφ(y)−nP (φ) ≤ µφ(Bn(y, ε)) ≤ BεeSnφ(y)−nP (φ)

b) By working eventually with a finite iteration of f , we have

µφ = lim
n→∞

1

PΛ(f, φ, n)

∑
x∈Fix(fn)∩Λ

eSnφ(x)δx,

where PΛ(f, φ, n) :=
∑

x∈Fix(fn)∩Λ

eSnφ(x), n ≥ 1.

Proof. a) We work in the natural extension Λ̂ with the expansive homeomorphism

f̂ : Λ̂→ Λ̂. The existence of a unique equilibrium measure for the Holder potential

φ ◦ π with respect to the expansive homeomorphism f̂ : Λ̂ → Λ̂ follows from the
standard theory for homeomorphisms on compact metric spaces (see for example

[2], [3]); let us denote this equilibrium measure by µ̂φ. Then, given an f̂ -invariant

probability measure µ̂ on Λ̂, there exists a unique f -invariant measure µ on Λ such
that π∗µ̂ = µ. If we take the measure µ̂φ instead of µ̂, we will obtain a measure µφ.

It is easy to show that hµ̂(f̂) = hµ(f) and that Pf̂ (φ ◦ π) = Pf (φ),∀φ ∈ C(Λ,R).

Thus it follows that µ is an equilibrium measure for φ if and only if its unique f̂ -
invariant lifting µ̂ is an equilibrium measure for φ ◦π on Λ̂. Thus µφ := π∗µ̂φ is the
unique equilibrium measure for φ on Λ. Now we see that there exists a k = k(ε) ≥ 1

such that f̂k(π−1Bn(y, ε)) ⊂ Bn−k(f̂kŷ, 2ε) ⊂ Λ̂, for any y ∈ Λ. On the other hand

for any ŷ ∈ Λ̂, we have π(Bn(ŷ, ε)) ⊂ Bn(y, ε). These two inclusions and the f̂ -
invariance of µ̂φ, together with the estimates for the µ̂φ-measure of the Bowen balls

in Λ̂ (from [3]) imply that there exist positive constants Aε, Bε (depending on ε > 0
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and on φ) such that:

Aεe
Snφ(y)−nP (φ) ≤ µφ(Bn(y, ε)) ≤ BεeSn(φ)(y)−nP (φ),∀y ∈ Λ, n ≥ 1

So the estimates for Bowen balls are true also for endomorphisms.
b) The iterate of f may be needed in order to have topological mixing (needed

to guarantee specification, [3]). However without loss of generality we may as-
sume that f is topologically mixing on Λ. If x is a periodic point for f |Λ, say

fm(x) = x, then we obtain a periodic point for f̂ , namely the prehistory x̂ =

(x, fm−1(x), . . . , f(x), x, . . . , f(x), x, . . .) ∈ Λ̂. Conversely, if x̂ is a periodic point

for f̂ , then x is a periodic point (of the same period) for f . Similarly as for dif-
feomorphisms we prove that if f is hyperbolic then f satisfies specification. Then
specification is used to show the convergence of the weighted sums of Dirac measures
concentrated at periodic points towards µφ, in the same way as in [3].

Let us recall now a Lemma proved in [7], giving the relationship between the
measures of different parts of the preimage of some set of positive measure; by
approximating an arbitrary borelian set with sets having boundaries of µφ-measure
zero from [7], we obtain:

Lemma 5. In the above setting, let a Holder potential φ : Λ → R and its unique
equilibrium measure µφ. Consider ε > 0, k disjoint Bowen balls Bm(y1, ε), . . . ,
Bm(yk, ε) and a borelian set A ⊂ fmBm(y1, ε)∩. . .∩fmBm(yk, ε) such that µφ(A) >
0; denote by A1 := f−mA ∩ Bm(y1, ε), . . . , Ak := f−mA ∩ Bm(yk, ε). Then there
exists a positive constant Cε independent of m, y1, . . . , ym such that

1

Cε
µφ(Aj) ·

eSmφ(yi)

eSmφ(yj)
≤ µφ(Ai) ≤ Cεµφ(Aj) ·

eSmφ(yi)

eSmφ(yj)
, i, j = 1, . . . ,m

Theorem 6. Let f : M →M be a smooth (say C2) map on a Riemannian manifold
M , which is hyperbolic and finite-to-one on a basic set Λ so that Cf∩Λ = ∅. Assume
that φ is a Holder continuous potential on Λ and that µφ is the equilibrium measure
of φ on Λ. Then with the notation from (1),∫

Λ

| < µxn − µφ, g > |dµφ(x) →
n→∞

0,∀g ∈ C(Λ,R)

Proof. We make the convention that all the preimages that we work with are in Λ.
So we shall write f−nx for f−nΛ x, n ≥ 1, x ∈ Λ.

If φ is a Holder continuous function on Λ if follows from Proposition 4 that there
exists a unique equilibrium measure µφ for φ, and µφ is the push-forward of the

equilibrium measure µ̂φ of φ ◦ π on Λ̂. For simplicity of notation, we shall denote
the measure µφ by µ, with φ being fixed. This measure is ergodic as being an
equilibrium measure.

Let us fix now a continuous test function g : Λ → R. From von Neumann’s L1

Ergodic Theorem applied to the homeomorphism f̂−1 : Λ̂ → Λ̂ and the potential
g ◦ π , we know that

∫
Λ̂

| 1
n

n−1∑
i=0

g(x−i)−
∫

Λ̂

g ◦ π dµ̂| dµ̂(x̂) →
n→∞

0, (2)
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where the prehistory x̂ = (x, x−1, x−2, . . . , x−i, . . .) ∈ Λ̂. Denote by

Σn(g, y) :=

n−1∑
i=0

g(f iy)

n
−

∫
Λ

gdµ, y ∈ Λ, n ≥ 2

Hence for an arbitrary small η > 0, we have from (2) that:

µ̂({x̂ = (x, x−1, . . .) ∈ Λ̂, |Σn(g, x−n)| ≥ η}) →
n→∞

0

So for any ε′ > 0, ε′ = ε′(η) << η, there exists n(η) ≥ 1 so that if n > n(η) then

µ̂(x̂, |Σn(g, x−n)| ≥ η) < ε′

But now {x̂ ∈ Λ̂, |Σn(g, x−n)| ≥ η} is a closed set in Λ̂, thus we can apply Lemma
3 to prove that:

µ(x−n ∈ Λ, |Σn(g, x−n)| ≥ η) < ε′, (3)

if n is large enough ( without loss of generality we can take n > n(η)).
Now let us consider a small ε > 0 with ε < ε(η) << η such that ω(3ε) < η, where

ω(r) denotes in general the maximal oscillation of g on a ball of radius r > 0. Let
us take also a maximal set of mutually disjoint n-Bowen balls Bn(y, ε) in Λ; denote
the set of such y by Fn. Thus {Bn(y, ε), y ∈ Fn} is our maximal set. If z /∈ Fn,
then from the definition, Bn(z, ε) must intersect some Bowen ball Bn(y, ε), y ∈ Fn.
Thus Bn(z, ε) ⊂ Bn(y, 3ε). Let us notice also that if w ∈ Bn(z, 3ε) then

|Σn(g, w)| ≤ |Σn(g, z)|+ ω(3ε) (4)

In the sequel we will split different subsets of Fn in two disjoint subsets Rn,Gn,
with Rn ⊂ {x ∈ Λ, |Σn(g, x)| ≥ 2η} and Gn ⊂ {x ∈ Λ, |Σn(g, x)| < 2η}. Intuitively
Rn consists of the “bad” n-preimages (corresponding to g, η) and Gn are the “good”
n-preimages.

Recall now that we denoted f−nΛ x := Λ ∩ f−nx, n ≥ 1, x ∈ Λ, and that Λ is not
necessarily totally invariant. Consider then

In(g, x) :=
∑

y∈f−nΛ x

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
· |Σn(g, y)|, x ∈ Λ, n ≥ 1

Denote also by

Λ(n, η) := {x ∈ Λ, s. t x has at least one n−preimage x−n with |Σn(g, x−n)| ≥ 2η}

The problem is that the unstable manifolds may depend on the whole prehistories,
thus if we take z, w ∈ f−nx, then fnBn(w, ε) and fnBn(z, ε) may be different
unstable tubular sets; these unstable tubular sets intersect each other in a (possibly
smaller) set containing x. By taking n-preimages for all points in Fn and then the
corresponding tubular unstable sets as above, we shall obtain a collection of such
tubular unstable sets which intersect each other in different smaller pieces, denoted
generically by D. We have to estimate

∫
Λ
In(g, x)dµ(x), which is a sum of integrals

on sets of type D. The problematic terms in this sum are those of type

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
· |Σn(g, y)| · µ(D),
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with |Σn(g, y)| ≥ 2η and such that, at the same time, there exist also good n-
preimages for every point x ∈ D . In other words x ∈ Λ(n, η), but x has also good
n-preimages. The set of points where all n-preimages from Λ are bad, is easier
to measure, by using Lemma 3. In the integral

∫
Λ
In(g, x)dµ(x) we have to deal

both with the measures of subsets D, and with the n-preimages y of points x ∈ D,
namely with the quantities Σn(g, y)|.

For the measures of subsets D we shall use the f -invariance of µ, namely µ(D) =
µ(f−n(D)). Then we will use the estimate on the measure of the set of bad preim-
ages from Lemma 3, coupled with the existent control on the good preimages given
by |Σn(g, y)| < η. For the rest of the preimages, the idea is to control the sum of
the measures of these inverse iterates by the measure of the set of bad preimages.

First let us notice that if x ∈ Λ and y, z ∈ f−1x∩Λ, y 6= z, then since the critical
set Cf does not intersect Λ, it must exist a positive constant ε0 so that d(y, z) > ε0.
Hence if similarly for some n ≥ 1, we take two distinct n-preimages y, z ∈ Λ of x
(fny = fnz = x, y 6= z), then we cannot have y, z ∈ Bn(w, 3ε) for any w ∈ Λ, if
ε << ε0. We know also that the Bowen balls Bn(y, 3ε) cover Λ when y ranges in
Fn, and Bn(yi, ε) ∩Bn(yj , ε) = ∅ for any two different points yi, yj from Fn.

Let us take then a small 0 < β < 1 such that η < β; to fix ideas we will
consider β = 3η. If x ∈ Λ, denote by Rn(x) the set of n-preimages y ∈ Λ of x with
|Σn(g, y)| > 2η (in fact Rn(x) depends on the η as well, but we do not record this
here in order to simplify notation). Let us denote now

Dn(β, η) := {x ∈ Λ(n, η),

∑
y∈Rn(x)

eSnφ(y)

∑
y∈f−nx

eSnφ(y)
< β} (5)

Now if ||g|| := sup
y∈Λ
|g(y)|, it follows from definition that for any y ∈ Λ, we have

|Σn(g, y)| ≤ 2||g||; thus for a point x ∈ Dn(β, η):

∑
y∈f−nΛ x

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
|Σn(g, y)| =

=
∑

y∈Rn(x)

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
|Σn(g, y)|+

∑
y∈f−nΛ x\Rn(x)

eSnφ(y)∑
z∈f−nΛ x

eSnφ(z)
|Σn(g, y)|

≤ 2||g|| · β + η

Therefore ∫
Dn(β,η)

In(g, x)dµ(x) ≤ 2||g||β + 2η (6)

We will now restrict to the complement of Dn(β, η) in Λ, so we work with points

x ∈ Λ for which

∑
y∈Rn(x)

eSnφ(y)

∑
y∈f−nx

eSnφ(y) ≥ β. From Proposition 4 we know that for any

z ∈ Λ, n ≥ 1, Aε · eSnφ(z)−nP (φ) ≤ µ(Bn(z, ε)) ≤ Bε · eSnφ(z)−nP (φ). Therefore we
have
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∑
y∈f−nΛ x

µ(Bn(y, ε)) ≤ Cε
β
·

∑
z∈Rn(x)

µ(Bn(z, ε)) (7)

Obviously from the definition of Fn we can place any n-preimage of x in a distinct
Bowen ball of type Bn(z, 3ε), for some z ∈ Fn. From Proposition 4 it follows that
the µ-measure of a Bowen ball of type Bn(z, ε) is comparable to the µ-measure of
the Bowen ball Bn(z, 3ε) (by comparable we mean that their quotient is bounded
below and above by a positive constant independent of z, n).

The idea is to split now the set Λ\Dn(β, η) into subsets A such that points from
A have the same number of n-preimages. Let us assume that d is the maximum
number of 1-preimages that a point may have in Λ. Then any point from Λ has at
most dn n-preimages in Λ. We will use next tubular unstable sets Tn(x̂, 3ε) obtained
from different Bowen balls centered at the points of Fn. For an integer ` ≥ 2 let us
consider the sets of type

fn(Bi1) ∩ . . . ∩ fn(Bi`) \ [ ∪
`<|J|≤dn,J⊂Fn

∩
j∈J

fn(Bj)],

where Bj := Bn(yj , 3ε) for some points yj ∈ Fn, and where we assume no repetitions
among the respective Bowen balls. This means actually that we do not repeat a
Bowen ball Bj in the above intersection; if y, z are different n-preimages of the
same point x and ε is small enough, then we cannot have y, z in the same Bn(ζ, 3ε).
Each point in such a set has exactly ` n-preimages, one in each of the Bowen balls
Bi1 , . . . , Bi` .

Let us denote the collection of all such sets by F (`, n, ε) and let D ∈ F (`, n, ε).
Consider the sets of type

D \ ∪
D′∈F (`,n,ε),D′ 6=D

D′, D ∈ F (`, n, ε)

These sets are now mutually disjointed, borelian, and cover Λ. Their collection will
be denoted by F̃ (`, n, ε).

We want to estimate the measure µ(Λ\Dn(β, η)). In order to do this, we will split
Λ \ Dn(β, η) into mutually disjoint borelian subsets, obtained by intersecting the

sets of F̃ (`, n, ε) with Λ\Dn(β, η). Let us denote the collection of these intersections
by H(`, n, ε), ` ≥ 1.

We will take an arbitrary subset S ∈ H(`, n, ε), say S ⊂ fn(Bi1)∩ . . .∩ fn(Bi`).
From the f -invariance of µ, it follows that

µ(S) = µ(f−nS) = µ(f−nS ∩Bi1) + . . .+ µ(f−nS ∩Bi`)

We have that the Bowen balls Bis , s = 1, . . . , ` are mutually disjoint as they contain
different n-preimages of the same point (we know that for small ε one cannot have
two different n-preimages of the same point, belonging to the same Bn(y, 3ε), y ∈ Λ).
Let us denote by Sn(i1) := f−nS ∩Bi1 , . . . , Sn(ik) := f−nS ∩Bik . Hence

µ(S) = µ(Sn(i1)) + . . .+ µ(Sn(ik))

We assume that µ(Sn(i1)) > 0, otherwise we can take a different Sn(ij). But now
from Lemma 5 and the fact that S ⊂ Λ \Dn(β, η), it follows that
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µ(Sn(i1)) + . . .+ µ(Sn(ik)) ≤ Cε
µ(Sn(i1))

µ(Bi1)
[µ(Bi1) + . . .+ µ(Bik)] ≤

≤ Cε
µ(Sn(i1))

µ(Bi1)
· 1

β

∑
Bj∈Rn(x),j∈{i1,...,ik}

µ(Bj)
(8)

Suppose that T is another disjoint set from some H(p, n, ε), so that T ⊂ fn(Bi1)∩
fn(Bj2)∩ . . .∩fn(Bjp) and let Tn(i1), Tn(j2), . . . , Tn(jp) be the corresponding parts
of f−nT belonging respectively to Bi1 , Bj2 , . . . , Bjp .

So the sets Sn(i1), . . . , Sn(i`), Tn(i1), Tn(j2), . . . , Tn(jp) are mutually disjoint bore-
lian subsets. We assumed that S and T have both n-preimages in Bi1 (for example).
If they have n-preimages in completely different Bowen balls, then the situation will
be simpler, since there will be no repetitions below in (9).

Let us estimate now µ(S) + µ(T ); for this we consider two points x ∈ S and
y ∈ T and assume that {i1, . . . , i`} ∩ {i1, j2, . . . , jp} ∩ Rn(x) = {l1, . . . , lr}. Then
from (8), we obtain:

µ(S) + µ(T ) ≤

≤ Cε
β

µ(Sn(i1))

µ(Bi1)
·

∑
Bj∈Rn(x),j∈{i1,...,i`}

µ(Bj)+

+
µ(Tn(t1))

µ(Bi1)
·

∑
Bs∈Rn(y),s∈{i1,j2,...,jp}

µ(Bs)


≤ Cε
βµ(Bi1)

· [µ(Sn(i1)) + µ(Tn(i1))] · [µ(Bl1) + . . . µ(Blr )] +

+ Cε ·
µ(Sn(i1))

βµ(Bi1)
· Σ(S, n) + Cε ·

µ(Tn(i1))

βµ(Bi1)
· Σ(T, n),

(9)
where

Σ(S, n) :=
∑

j∈Rn(x)∩{i1,...,i`}\{l1,...,lr}

µ(Bj) and

Σ(T, n) :=
∑

j′∈{i1,j2,...,jp}∩Rn(x)\{l1,...,lr}

µ(Bj′)

But recall that the subsets Sn(i1) and Tn(i1) are disjoint inside Bi1 , hence
µ(Sn(i1)) + µ(Tn(i1)) ≤ µ(Bi1). Since {l1, . . . , lr} = {i1, . . . , il} ∩ {i1, j2, . . . , jp} ∩
Rn(x), the sums Σ(S, n) and Σ(T, n) do not have common terms and do not have
any term from the collection {Bl1 , . . . , Blr}. Thus from (9) we obtain that

µ(S) + µ(T ) ≤ Cε
β

[µ(Bl1) + . . .+ µ(Blr ) + Σ(S, n) + Σ(T, n)]

From (4) we obtain that Bi ⊂ {y ∈ Λ, |Σn(g, y)| ≥ η}. Also from the estimates of
Proposition 1, we know that there exists a positive constant χε such that µ(Bi) ≤
χεµ(Bn(yi, ε)), i ≥ 1. Therefore, recalling also that the balls Bn(yi, ε), yi ∈ Fn are
mutually disjoint we have that:
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∑
1≤k≤r

µ(Blk) + Σ(S, n) + Σ(T, n) ≤

≤ χε[
∑

1≤k≤r

µ(Bn(ylk , ε)) +
∑

j∈Rn(x)∩{i1,...,i`}\{l1,...,lr}

µ(Bn(yj , ε))+

+
∑

j′∈Rn(x)∩{i1,j2,...,jp}\{l1,...,lr}

µ(Bn(yj′ , ε))] =

= χε · µ( ∪
j∈Rn(x)

Bn(yj , ε)) ≤ χε · µ({y, |Σn(g, y)| ≥ η})

But from (3) we can control the total measure of the set of bad n-preimages,
which is thus smaller than ε′. Hence∑

1≤k≤r

µ(Blk) + Σ(S, n) + Σ(T, n) ≤ χε · ε′ (10)

This procedure can be used for any collection of mutually disjoint borelian subsets
from the collectionsH(`, n, ε), 1 ≤ ` ≤ dn, not only for S, T . Indeed by using Lemma
5 and the disjointness of sets from H(`, n, ε) (hence also the mutual disjointness of
the sets of their n-preimages) we see that the weights associated in (9) to any
measure µ(Bj) (where Bj corresponds to a bad n-preimage) never add up to more
than 1.

Then similarly as in (10), by employing the control on the total measure of bad
n-preimages from (3), we can conclude that for n > n(η):

µ(Λ \Dn(β, η)) ≤ Cε ·
ε′

β
· χε = C̃ε ·

ε′

β
(11)

Therefore by using (6) and (11)∫
Λ

In(g, x)dµ(x) ≤ 2η +

∫
Λ(η)

In(g, x)dµ(x) ≤

≤ 2η +

∫
Dn(β,η)

In(g, x)dµ(x) +

∫
Λ\Dn(β,η)

In(g, x)dµ(x) ≤

≤ 2η + 2||g||β + 2η + 2||g||µ(Λ \Dn(β, η)) ≤

≤ 4η + 2||g||β + 2||g||C̃ε
ε′

β
,

for n > n(η). Recall however that we assumed before that 3η = β. Assume that ε′

is so small that C̃ε · ε
′

3η < η. Then from the last displayed inequality, it follows that

there exists a positive constant C ′ = 4 + 8||g|| so that:∫
Λ

In(g, x)dµ(x) ≤ C ′ · η, for n > n(η)

This shows in conclusion that∫
Λ

In(g, x)dµ(x) →
n→∞

0,∀g ∈ C(Λ,R).

Hence we proved the convergence in integral (with respect to dµn(x)) of the
measures µxn from (1), towards the equilibrium measure µφ of φ, in the hyperbolic
non-invertible case.
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Corollary 7. In the same setting as in Theorem 6, for any Holder potential φ, it
follows that there exists a subset E ⊂ Λ, with µφ(E) = 1 and an infinite subsequence
(nk)k such that for any z ∈ E we have the weak convergence of measures

µznk →k→∞µφ

In particular, if µ0 is the measure of maximal entropy, it follows that for µ0-almost

all points x ∈ Λ, 1
nk

∑
y∈f−nk (x)∩Λ

nk−1∑
i=0

δfiy

Card(f−nk (x)∩Λ)
−→
k→∞

µ0, for a subsequence (nk)k.

Proof. Let us fix g ∈ C(Λ,R). From the convergence in µφ-measure of the sequence
of functions z → µzn(g), n ≥ 1 obtained from Theorem 6, it follows that there
exists a borelian set E(g) with µφ(E(g)) = 1 and a subsequence (np)p so that
µznp(g)→

p
µφ(g), z ∈ E(g).

Let us consider now a sequence of functions (gm)m dense in C(Λ,R). By ap-
plying a diagonal sequence procedure we shall obtain then a subsequence (nk)k so
that µznk(g)→

k
µφ(g),∀z ∈ ∩

m
E(gm). We notice also that µφ(∩

m
E(gm)) = 1, since

µφ(E(gm)) = 1,m ≥ 1. But since any continuous function g can be approximated
in the uniform norm by the functions gm, it will follow that µznk(g)→

k
µφ(g),∀z ∈

E := ∩
m
E(gm). Therefore we obtain that µznk→k µφ, z ∈ E, i.e we have weak con-

vergence of the measures µznk , k ≥ 1, on a set of z’s having full µφ-measure in
Λ.

The Theorem applies to Anosov endomorphisms in particular.

Corollary 8. Assume that f : M →M is an Anosov endomorphism without critical
points on a Riemannian manifold. Let also φ a Holder continuous potential on M
and µφ the equilibrium measure of φ. Then∫

M

| < 1

n

∑
y∈f−n(x)∩Λ

eSnφ(y)∑
z∈f−n(x)∩Λ

eSnφ(z)
·
n−1∑
i=0

δfiy − µφ, g > |dµφ(x) →
n→∞

0,

for any function g ∈ C(M,R).

We can compare these results to the usual SRB measure for the endomorphism
f , defined as a measure µ having the property that for any measurable partition η
of M̂ subordinate to the lifts of the local unstable manifolds, and for µ̂ almost all
x̂ ∈ M̂ , the projection of the conditional measure of µ̂, namely π∗(µ̂

η
x̂) is absolutely

continuous with respect to the induced Lebesgue measure on Wu
x̂ ([12]). In [12] it

is shown that µ satisfies the SRB property for the Anosov endomorphism f if and

only if 1
n

n−1∑
i=0

δfix→
n
µ for Lebesgue almost every x ∈M .

Corollary 9. Let f : M → M be an Anosov endomorphism, φ : Λ → R a Holder
potential and assume that the equilibrium measure µφ is absolutely continuous with
respect to the Lebesgue measure on M . Then the measure µφ with this property is
unique, it is an SRB measure and it also satisfies an inverse SRB condition in the
sense that there exists a set E of full Lebesgue measure in M and a sequence (nk)k
such that µznk→k µφ, z ∈ E.
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Proof. The proof follows immediately from Theorem 6, Corollary 8 and from the
results of [12] and [11]. The potential φ for which µφ is SRB, can be taken in fact
to be the unstable potential.

A classical example of Anosov endomorphism without critical points is a toral
hyperbolic endomorphism fA : Tm → Tm, associated to an m×m integer valued
matrix A, all of whose eigenvalues λi have absolute values different from 1. Each
point from Tm has exactly |detA| fA-preimages in Tm. If we consider the potential
φ ≡ 0, then the equilibrium measure of φ is the Haar measure ω on Tm which is
also the measure of maximal entropy (its entropy is equal to

∑
λi,|λi|>1

log |λi|, where

each eigenvalue is taken with its multiplicity). In [17] it was proved the asymptotic
distribution of periodic points towards ω. Here we prove the convergence towards
ω (which is also the unique measure of maximal entropy) of the measures {µxn}n
which correspond to the potential φ ≡ 0; this convergence happens for ω-almost all
points x ∈ Tm. We thus obtain the existence of an inverse SRB measure in this
case.

Moreover Theorem 6 applies also to smooth (say C2) perturbations fA,ε, of hy-
perbolic toral endomorphisms fA. Indeed they will also be hyperbolic on the m-
dimensional torus Tm and the basic set considered is the whole Tm. Also the
non-invertible map fA,ε remains |det(A)|-to-1 on Tm. We thus obtain the weighted
distribution (with respect to a Holder potential φ on Tm) of preimage sets of fA,ε,
with respect to the equilibrium measure µφ of φ, for perturbations of hyperbolic
toral endomorphisms.

Anosov endomorphisms on infranilmanifolds represent a generalization of toral
linear endomorphisms (see the Remark at the end of Section 1). Let us notice that
our Theorem 6 applies to Anosov endomorphisms on infranilmanifolds which are
not topologically conjugate to Anosov diffeomorphisms nor to expanding maps.
Thus, besides Theorem 6, one cannot apply any of the previously known results for
the distributions of preimages from the case of diffeomorphisms ([2]), or expanding
endomorphisms ([13]).

Theorem 6 applies also to hyperbolic basic sets of saddle type for endo-
morphisms which are not necessarily Anosov, like the class of examples from [10],
namely skew products with overlaps in their fibers

F : X × V → X × V, F (x, y) = (f(x), h(x, y)),

where f : X → X is an expanding map on a compact metric space, while h(x, ·) :
V → V (denoted also by hx) is a contraction on an open convex set V ⊂ Rm; hx is
assumed to depend continuously on x ∈ X. The basic set is in this case given by

Λ := ∪
x∈X

∞
∩
n=0

∪
z∈f−nx

hnz (V̄ ),

where hnz := hfn−1z ◦ . . . ◦ hz, n ≥ 1, z ∈ X. In [10] we studied the conditional
measures of equilibrium states induced on fibers and their relation to the stable
dimension of fibers. So from Theorem 6 we obtain the weighted distributions of
preimages of the non-invertible map F over Λ, with respect to equilibrium measures
of Holder potentials.

We collect the above remarks in the following:

Corollary 10. a) The conclusions of Corollary 8 hold in particular for toral hy-
perbolic endomorphisms and for smooth perturbations of these.
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b) The conclusions of Theorem 6 hold for the basic sets of hyperbolic skew prod-
ucts with overlaps in their fibers from [10], as well as for the attractors of the
noninvertible horseshoes from [1].
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