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Abstract

We study certain ergodic properties of equilibrium measures of hyperbolic non-invertible
maps f on basic sets with overlaps A. We prove that if the equilibrium measure p4 of a Holder
potential ¢, is 1-sided Bernoulli, then f is expanding from the point of view of a pointwise section
dimension of 4. If the measure of maximal entropy pg is 1-sided Bernoulli, then f is shown to
be distance expanding on A; and if pg is 1-sided Bernoulli for f expanding, then p, must be
the measure of maximal entropy. These properties are very different from the case of hyperbolic
diffeomorphisms. Another result is about the non 1-sided Bernoullicity for certain equilibrium
measures for hyperbolic toral endomorphisms. We also prove the non-existence of generating
Rokhlin partitions for measure-preserving endomorphisms in several cases, among which the case
of hyperbolic non-expanding toral endomorphisms with Haar measure. Nevertheless the system
(A, f, pe) is shown to have always exponential decay of correlations on Holder observables and

to be mixing of any order.
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1 Introduction and outline of main results.

We investigate some ergodic properties of equilibrium measures on folded basic sets, i.e on locally
maximal invariant sets for non-reversible smooth dynamical systems. Such systems appear naturally
in statistical mechanics or in fractal theory. One central property in ergodic theory is the 1-sided
(2-sided) Bernoullicity, or lack of it, i.e the possibility to code the measure-preserving system with
a shift on a space of sequences. In a sense, 1-sided Bernoulli shifts represent the most chaotic and
unpredictable non-reversible systems (see [15]). Parry and Walters showed in [18] that measurable
endomorphisms of Lebesgue spaces behave very differently than automorphisms. Indeed for
automorphisms Ornstein proved a famous result, namely that two invertible Bernoulli shifts on
Lebesgue spaces are isomorphic if and only if they have the same measure theoretic entropy (see
eg. [15]). However as Parry and Walters showed in [18] for measure-preserving endomorphisms
f:(X,B,n) = (X, B, 1), the entropy alone h,(f) does not determine the conjugacy class. So the
problem of coding for endomorphisms of Lebesgue spaces (in particular for 1-sided Bernoulli shifts)

is subtle and there are no exhaustive classifications.



Hyperbolic diffeomorphisms on basic sets have Markov partitions (see [2]), and these are fun-
damental in establishing a coding to a 2-sided Bernoulli shift, of the diffeomorphism with an
equilibrium measure of a Holder potential ([2], [3]); however such Markov partitions lack in general
for endomorphisms. Endomorphisms on Lebesgue spaces present important differences from the
automorphism /diffeomorphism case (for example [4], [5], [9], [18], [16], [22], [28], [10], [11], [12],
etc.) In [9] Mane proved that some iterate f of a rational map f is 1-sided Bernoulli with respect
to the measure of maximal entropy on the Julia set of f.

In this paper we consider the significantly different case of equilibrium measures for smooth
noninvertible maps (referred to also as endomorphisms) which are hyperbolic on basic sets with
overlaps A; in general the map may have both stable and unstable directions on A. Here the local
unstable manifolds do not form necessarily a foliation (unlike for hyperbolic diffeomorphisms), as
they depend on the whole past. There are many examples of interesting and/or unexpected dy-
namical behaviour for endomorphisms, for instance: examples from statistical mechanics (see [22]);
horseshoes with overlaps ([1]); hyperbolic toral endomorphisms (see [8], [27]), and endomorphisms
on infranilmanifolds ([8]); strange attractors and strange repellers with overlaps ([24], [12], [11]);
holomorphic maps in one complex variable and measures on their Julia sets ([9]); holomorphic
maps in higher dimension, hyperbolic on certain sets ([12]); skew product endomorphisms with
overlaps in fibers, having Cantor sets of points in fibers with infinitely many prehistories, as in [10];
parameterized families of skew products, satisfying a transversality condition ([14]), etc.

We denote by B(A) the o-algebra of borelian sets on A; all our measures are borelian. In
Theorem 1 we will show that, if the system (A, f, 14) is 1-sided Bernoulli, with f a hyperbolic
endomorphism and g4 the equilibrium measure of a Holder continuous potential ¢, then f must
be ”expanding” on A from the point of view of pg. In the proof of Theorem 1 we will use the
notion of folding entropy introduced by Ruelle in [22]. Then in Theorem 2 we show that if
the hyperbolic endomorphism f is 1-sided Bernoulli with respect to the measure of maximal
entropy /i, then f must in fact be (distance)-expanding in the usual sense on A. And that, if
f is expanding on A and if the equilibrium measure 4 is 1-sided Bernoulli, then ;14 must be the
measure of maximal entropy po. Thus there exists a strong relation between 1-sided Bernoullicity,
the distance expanding property and the measure of maximal entropy on A. In particular from
Corollary 1 it will follow that no hyperbolic non-expanding toral endomorphism can be 1-sided
Bernoulli with respect to the Lebesgue (Haar) measure.

In Theorem 3, we study hyperbolic toral endomorphisms and families of Holder potentials
¢ whose respective equilibrium measures g are not 1-sided Bernoulli. To do this we will
employ commuting automorphisms in the case when the Jacobian-generated o-algebra j,,,(f) is
equal to B(A) (see [28], [18]). The lack of 1-sided Bernoullicity above is in clear contrast to the
case of hyperbolic toral automorphisms; and in contrast with a class of 1-sided Bernoulli toral
discontinuous skew-products given in [16].

In Theorem 4 we prove the mixing of arbitrary orders for equilibrium measures of Holder
potentials for hyperbolic endomorphisms on folded basic sets. We obtain also Exponential Decay

of Correlations on Holder observables.



We give then several classes of examples of hyperbolic saddle-type endomorphisms with equi-
librium measures for which we check 1-sided Bernoullicity or lack of it.

Finally in Corollary 2 we prove the non-existence of generating Rokhlin partitions for certain
endomorphisms with equilibrium measures. In particular an arbitrary hyperbolic non-expanding

toral endomorphism with Haar measure does not have a generating Rokhlin partition.

2 Coding and mixing on folded basic sets.

We will work with smooth (say C?), non-invertible maps f : M — M defined on a smooth Rieman-
nian manifold M. A locally maximal set A is an invariant compact set which has a neighbourhood
UC M with A = HQZ f™(U). By basic set for f we mean here a locally maximal set A such that f
is topologically mixing on A. As the map f is non-invertible on A, we will sometimes say that A is
a folded basic set (or a basic set with overlaps, or folded fractal).

Our endomorphisms will be assumed hyperbolic on basic sets; the definition of hyperbolicity for
endomorphisms (see [19], [24]) is different than the one for diffeomorphisms and involves the various
prehistories of points € A with respect to f, namely sequences & = (x,z_1,2_2,...) consisting of
consecutive preimages, i. e f(r—;) = x_;11,7 > 1. We need therefore the inverse limit (or natural
extension) A= {,2 = (z,x_1,2_2,...),2—; € A,i > 0,s. t & is a prehistory of x € A}; thisis a

compact metric space with the canonical metric, d(z,9) := > W, #,4 € A. Notice that the
i>0

canonical projection 7 : A — A, 7(2) = =, is Lipschitz continuous in the above metric. We have

also the shift homeomorphism f: A — A, f(:i‘) = (f(x),z,x_1,...),2 € A.

Definition 1. Let A be a basic set for the smooth endomorphism f : M — M. Then we say that
f is hyperbolic on A if there exists a splitting of the tangent bundle over A, TiM = {(z,v),2 €
A,v € T, MY} into a direct sum T; M = E2 @ EY such that D f,(E3) C By Df.(EY) C E”in,ﬁc eA

and Df contracts uniformly on E; and D f expands uniformly on EY.

Associated to each prehistory we have local unstable manifolds W* () and local stable manifolds
W7 (z) (the local stable manifolds depend only on the base point). Since the unstable tangent spaces
EY depend on the whole past, there may exist many unstable manifolds going through the same
point; this changes the dynamics on A, as compared with diffeomorphisms (see for instance [19],
[24], [10], [11], [13], etc).

We adopt in this paper the above definition for basic set (where f|j is assumed topologically
mixing), which is somewhat more restrictive than the usual one requiring that f be only topo-
logically forward transitive on A. However for hyperbolic locally maximal sets this is not crucial.
Indeed, if f were only transitive on A, then every point in A is nonwandering; hence by the same
proof as in Corollary 6.4.19 from [7], it follows that: if f is hyperbolic on A, then its periodic points
are dense in A. Thus as in the Spectral Decomposition Theorem ([7], [24], etc.), there exists a finite
partition of A, A = AjU.. . UAg s.t for each i = 1,...,k there is a positive integer m; s.t the iterate

f™ invariates and is topologically mixing on A;.



Now by n-preimage of x € A we consider any point y € f~"(x) N A; a word of caution is in
place here: the set A is not necessarily totally f-invariant, so there may exist points z € M \ A
such that f"(z) = = € A. However we work only with the restriction of f to A and will consider
only those preimages remaining in A.

Since we work with a hyperbolic endomorphism f on A, we can lift it to the shift homeomorphism
f : A — A. One can notice quickly that f is expansive. Indeed let us take € > 0 small enough and
assume that &, 9 € A such that d(f"#, f§) < e,n € Z. Then we would have d(f"z, f™y) < e,n >0,
thus y € W(x) and d(x_pn,y—pn) <e,n >0, so y € W*(z). But from [7], pg. 272 one obtains that
any hyperbolic locally maximal set has local product structure; hence from above it follows that
y = x, and similarly y_, = z_,,n > 0. Thus f :A — Ais expansive.

In the sequel we shall use also the specification property for homeomorphisms as defined in [7]
(pg. 578). The proof of the Specification Theorem 18.3.9 from [7] can be repeated for endomor-
phisms to show that if f is hyperbolic on the basic set A, then f|y has the specification property.
From this we see easily that f has the specification property on A too; this follows since for a given

specification S = {31 = (2t 2L ,..),. .., 88 = (2F,2%,.. )} in A we can apply the specification

1 k

X

property of f|x to a specification S in A, formed with iterates of certain preimages z.,,,...,z%

for m > 0 large enough.

So from the discussion above, we know that f is an expansive homeomorphism with the speci-
fication property on the inverse limit space A.

Let now an f-invariant probability measure p on the invariant set A. We always consider the
compact set A endowed with the o-algebra of its borelian subsets, denoted by B(A). All measures
considered are borelian and probabilistic.

Consider a real valued Holder continuous potential ¢ on A. Then from [2] or [7] pg. 635, there
exists a unique equilibrium measure jigor on A for the Holder potential ¢ o 7, where 7 : A= As
the canonical projection 7w(Z) = x. But any f—invariant measure [ on A has a unique push forward
= m.(f1) and viceversa (see [25], pg. 118); also topological pressure is preserved by the canonical
projection. So we obtain a unique equilibrium measure pg on A for the non-invertible map f, and
o = Txflgor-

By using the canonical metric on A, we form the Bowen balls B, (&, ) := {§ € A, d(f9, fiz) <
€,9=0,...,n—1}. Then as in [7] pg. 630, we can estimate figor on these Bowen balls. But there
exists a positive constant 7' depending on f such that By (z, &) C 7(B,(2,€)) C By(z,e),@ € A;
and 7 17(B, (%, €)) is contained in a finite union of balls of type B, (&, T¢) for some prehistories &
of 2. On the other hand we have P(¢) = P(¢ o). Hence from the estimates on B, (&,e) obtained
in [7] pg. 630, and since jty = Ty flgor, we conclude that for any e > 0 there are constants A., B. > 0
s.t:

A en¢@P0) < (B, (2,€)) < BoeSn @ P@) 5 A n >0, (1)

where P(¢) is the topological pressure of ¢, By, (x,¢) := {y € A, d(f'z, fiy) <e,i=0,...,n—1}is
a Bowen ball and S,¢(z) := ¢(z) + ...+ ¢(f*1x). Inspired by (1), we give the following:



Definition 2. Two quantities Q1(n,x),Q2(n,z) depending on the variables n > 1,z € A, are
said to be comparable, i.e Q1(n,z) ~ Q2(n,z), if there exist positive constants A, B such that
A- Ql(n7$) < QQ(n7$) <B- Ql(n7x) for all n, z.

Let us now denote by Z; = {1,...,al}Z+ the space of sequences w of 1,...,d, indexed by
the nonnegative integers. On Z:{ we consider the shift o4 : E:{ — E:{; also for a probability
vector p = (p1, . .., pq) we define the o4-invariant product measure v, with the initial probabilities
vp({w,wp = i}) = pi,i = 1,...,d. The triple (E:,ad,up) is called a (model) I-sided Bernoulli
shift. By extension we call I-sided Bernoulli shift any triple (X, f, u), with p f-invariant, which is
measure-theoretically isomorphic to (Z;, 04d,Vp), for some d > 1 and p = (p1, ..., pq) a probabilistic
vector.

In the sequel we will use the important notions of Jacobian of an invariant measure introduced
by Parry in [17], and that of index of a countable-to-one endomorphism of Lebesgue spaces (see [18]).
In short, the Jacobian of the f-invariant probability measure p on the Lebesgue space (X, f, u)
is the Radon-Nikodym derivative of p o f with respect to pu. If (X, f, u) is a measure-preserving
system (with some o-algebra B), and if € is the point partition, one can form the fiber partition
¢ = f~le which is a measurable partition if f is countable-to-1 on (X, u1); let also 7 : X — X/ be
the canonical projection. This partition induces a factor space (X/&, g,v), where an arbitrary point
z of X/¢is afiber f~(z),2 € X, g(2) := 7(x),2 € X/¢ and v(E) := u(r1(E)), E measurable in
X/€&. Now from the Rokhlin theory of measurable partitions (see [21], [17], etc.), £ induces a family
of conditional measures on the fibers of f, {y.}.ex/e such that u(A) = fX/§ wz(A N z)dv(z), for
A measurable in X. This family of conditional measures is unique modulo v. Notice that u, is a
probability measure on the (at most countable) fiber z = f~1x; its support supp pu, is a subset of

f~lx. Then the index of (X, f,u) is the measurable function
ind,(f)(x) = card(supp ps),z = f ‘o, for y—aexr € X

For an f-invariant probability measure y on A, let A1(z) < ... < Ag(z)(z) < 0 be the negative
Lyapunov exponents of p with respect to f, which are defined for p-a.e x € A; let also the i-th
partial stable manifold W (z) := {y € M, limsup % logd(f"z, f"y) < Ai(z)},1 < i < S(z). It is
clear that the (usual) stable manifold of =, ngrzzcl)y W#(z) is actually Wi (). We also denote for
r > 0 small, by W7, the i-th partial stable manifold of radius r. In our case since we work with
uniformly hyperbolic maps, r can be chosen independent of x.

One can find a measurable partition £ of A, subordinate to the partial stable manifolds W7 (see

for instance [26]) and can define the i-th pointwise stable dimension of y, or the dimension

of 1 on W-manifolds as

5 (p, x, &) := lim inf og pz (B (x, 7))
r—0 10g'r

)

where {ug}x is the system of conditional measures of y associated to the partition & and B*(z,r)
is the ball of radius r centered at x inside W7. It can be shown that 67(u, z, ) does not depend on

& and it is constant along orbits.



log .U‘x(Bz(z "'))
logr

Moreover we have 67 (u, x, &) = limsup

So if p is ergodic, then the pom?w1se i-th stable dimension of y, denoted by 67 (u), i
defined by 87 () = 67 (p, z,§), pra.axz € A, and 1 <i < S(z) = S.

We show now that if the triple (A, f, j1¢) is coded by a 1-sided Bernoulli shift, then f must be
expanding on A from a certain measure-theoretical point of view. This is in contrast with the
hyperbolic diffeomorphism case, where all equilibrium measures of Holder potentials can be coded
with 2-sided Bernoulli shifts.

In general for a measurable partition & of A denote by &(x) the unique (modulo u) set of £
which contains x. For a measurable partition { subordinated to the stable manifolds W§, we can

define the stable dimension of p on £(x) as:
HD* () == HD () = inf{HD(Z), Z © £(x), p(2) = 1}, — ae € A

We remind the definition of ezpanding map from [7], pg. 71; the metric considered on A is the

one induced from the Riemannian metric on M.

Theorem 1. Let f be a smooth hyperbolic endomorphism on a connected basic set A; let also ¢ be a
Holder continuous potential on A and p4 the unique equilibrium measure of ¢. Then, if the measure-
preserving system (A, f, pg) is 1-sided Bernoulli, it follows that either f is distance-expanding on

A, or the stable dimension of pg is zero, i.e HD*(pg,x) =0 for py-a.e x € A.

Proof. Let us assume that (A, f, p4) is 1-sided Bernoulli, i.e isomorphic to (Z:{,ad, vp) for some
d > 1 and probability vector p. Now the equilibrium measure of a Holder potential 14 is supported
everywhere, since the pg-measure of any ball is positive, from estimate (1). Thus, as the index
function is preserved by isomorphisms (see [18]) and since any point from A has finitely many
preimages, it follows that the fiber f~!(x) must contain d points for ps-almost all x € A. Also
since we have an isomorphism with a 1-sided Bernoulli shift, we know from [17] that the Jacobian
Ju ¢( f) of pg, must be equal a.e with the Jacobian of the product measure v,

Let us consider now a measurable partition & of A subordinated to the local stable manifolds
W#; by £(z) we shall denote the set of £ that contains x. We recall that W§, = W, notationally.

Since f is uniformly hyperbolic on A and thus the local stable/unstable manifolds have a fixed
positive radius, it follows that we may take the partition £ to be with borelian subsets of the
stable manifolds which contain a smaller stable set of fixed radius, i. e there exist rg,r; > 0 s.t
Wi (z) C &{(x) C W) (x), pg-a.a x € A. To this measurable partition £, we can associate (uniquely)
a family of conditional measures of 114; a generic element of this family is denoted by ui} , and it is
a probability measure on the subset £(z) of £ (containing the point x).

We want to show now that for pg-almost all points o € A we have that the conditional measure
Hfﬁ,x gives positive measure to any non-empty open subset in the local stable manifold £(z). First
we notice that if A is the intersection of a Bowen ball B,,(y,e) with a neighbourhood of the local
unstable manifold Wau(é), ¢ € A, then the measure ,ug) induced on the factor space A/ has the
property that:

Mg(A/S) = g(Bm(y,€))



But we know from the definition of conditional measures that
nold) = | AN @)

where £(x) are the leaves of the measurable partition £ which intersect A (in the factor space A/
these leaves are identified with points). But p4(A) > 0, since A is an open set in A (thus contains
some Bowen ball); also ,u(i(A/f) = p¢(Bm(y,e) > 0. Thus from the essential uniqueness of the
conditional measures, and since the sets of type A as above form a basis for open sets, we obtain that
for ug—almost all partition leaves &(x) € A, ui’m(V) > 0, for V' a neighbourhood of z and z € &(x).
This implies that
supp,ugm =&(@)NA py —ae

We will now use Theorem 1.1 of [26] translated to our case, for the ergodic equilibrium measure

tg. In this case the Lyapunov exponents are all constant a.e and will be denoted simply by A;.

Denote also by

Y1 1= 07 (pg)s V2 = 05(pgp) — 05 (pgp)s - -+ vs = 05(pg) — V5-1

Recall now the notion of folding entropy F,(f) of an arbitrary f-invariant probability measure

u (see [22]), which is defined as the conditional entropy

Fu(f) = Hu(el f1e),

where € is the partition of M into single points.

We can consider thus the folding entropy F),,(f) of an equilibrium measure pg. From [22], [17]
it follows that the folding entropy F),,(f) is equal to the integral of the logarithm of the Jacobian
of g, i. e

F(f) = /A log J,, (f)dpie

And from [26] we have that:

s (F) = Fuy () = Y ivipg), (2)

1<4i<S

Since (A, f, ) is isomorphic to (X}, 0m, 1) and since the Jacobian is preserved by isomor-

phisms of Lebesgue spaces (see [17]), it follows that

FM¢(f) = /Al()g ‘]M¢(f)d:“d> = /E+ log ‘]Vp(gm)d’/p = hvp(gm) = hu¢(f)

m

Thus from (2) we obtain > Aiyi(pg) = 0. But since we have a uniformly hyperbolic system,
1<i<S
either f is distance-expanding on A (i. e it does not have stable directions), or \; < 0,1 <i < S

and 7i(ug) = 07 (ng) = 0,1 <i < 8.
Thus for a measurable partition £ subordinated to the stable manifolds W* = Wg,

log 15 (B ,T
55 = lim sup g 1ty (B(y, 1))

=0,f —aez,and 15 —aeye€
nst log 7 or pup — a.e z,and py  — a.e y € {(z)



So there exists a set £ C A with puy(F) = 1 so that for any small § > 0, there exists r(y, 5) >
0,y € F such that

1o 2(Bly,r) > 17,0 <r <r(y,pB),y € ENE(w), 3)

for pg-a.e € A. From the definition of conditional measures (see [21], [17]), we deduce that if
te(E) =1 then for almost all z, ,uiw(E N&(x)) = 1. So for almost all leaves &(x) of &, ui@—almost
all points y € &(x) satisfy (3).

Now using the Vitali Covering Theorem, we can cover a set £/ C EN¢(x) having ,ugm (E") =1,
with mutually disjoint balls B(y, p(y)) where p(y) < r(y,8). Thus we obtain a cover with a family
of mutually disjoint balls B(y, p(y)),y € FF C EN&(x) and

1> (Bly, o) = > p(y)”
yeF yeF
Hence HD(E') < f8 for pg-almost all € A. But § > 0 is arbitrarily small; hence recalling also
that u§ ,(E NE(x)) = i ,(E') = 1 we obtain

HD%(pg,x) =0, pp —aex €A

For a system endowed with the measure of maximal entropy, we can say more:

Theorem 2. a) Let f be a smooth endomorphism on a Riemannian manifold M such that f
is hyperbolic on the basic set A and the critical set Cy does not intersect A. Then if the system
(A, f,10) given by the measure of mazimal entropy po is 1-sided Bernoulli, it follows that f is
expanding on A.

b) Assume f is an expanding endomorphism on A. If pg is the equilibrium measure of the
Holder potential ¢ and if (A, f, ) is 1-sided Bernoulli, then pg = po, where po is the unique

measure of maximal entropy for f on A.

Proof. a) In the sequel we work with the restriction of f to A, f|px : A — A. From (1) and
Definition 2 it follows that, for £ > 0 small enough,

1
to(Bn(z,€)) = mﬂ”& > 0,2 € A,

and the comparability constants do not depend on n, x.
Assume that (A, f, o) is isomorphic to (ZJ, 04, Vp) for a certain probability vector p = (p1,...,pa).

Hence since the measure-theoretic entropy is preserved by isomorphisms (see [18]), it follows that

huo (f) = hiop(f) = hu(0a) < logd (4)

Also we know that the index is preserved by isomorphisms (see [18], [28]), thus f is at least
d-to-1 on A pgp-a.e.

Let us now consider a Rokhlin partition of (A, f, o) with the sets Aj,..., Ag (see for example
[17]); we have that f|a, : A; — A is bijective (modulo o) for any i = 1,...,d. Denote G := {z €



A, |f~Y(x)NA| > d}. From above, we know that uo(G) = 1. Let now G7 := f(GNA)N...Nf(GN
Ay); this can be viewed also as the set of points z having at least d preimages in A, and such that
each of its preimages has at least d preimages in turn. Notice now that since pg o f is absolutely
continuous with respect to pg (see [17]), we obtain uo(f(G N A4;)) = po(f(A4;)) = 1,0 =1,...,d.
Therefore po(G1) = 1. In general define inductively

Gj:=f(Gj1NA)N...0f(Gj_1NAg),7>2

Thus all points in G; have at least &/t fitl_preimages in A, and by induction and a similar
argument as above, we have po(G;) = 1,57 > 1. Also it is clear that G; C Gj_1,7 > 1 (mod pyo),
where Gg := G.

But for any given xz € A, the set f~"(xz) N A is an (n,e)-separated set for £ > 0 small enough,
since Cy N A = 0; so if € G,,, then there exist at least d" f"-preimages of x in A for n > 2. This
implies that

hiop(f1a) = logd

This implies that h,,(04) = hy,(f) = logd, hence v, is the measure of maximal entropy on X .
Therefore the probability vector p is equal to (é, ey é) Hence
Ju,(0q) =d,vp —a.e
But the Jacobians are preserved by measure-theoretic isomorphisms, hence

Juo (f) = d, o — a.e,and J,, (f") =d",n >0, po — a.e

Thus from the properties of Jacobians from [17], we obtain that

dn
ol Bulw ) = [ )i = 0" o (Balwn ) = i =1,
By (z,¢) ertop

where the comparability constants do not depend on n, .

This means that for r > 0 sufficiently small, the intersection W;?(x) N A is equal to {z}, for
x € A. Hence f can be considered to be expanding on A since on A there are no points y close to
x and forward-asymptotic to x, for any x € A.

b) Since f is assumed expanding on A now, we have from [23] or [8] that the equilibrium
measure /iy is the weak limit of the sequence of measures

. Snd )
[ i= Z 6yen€P(¢) > 1,
yef~m(@)NA

ie puy b for any € A. This implies easily that the Jacobian of 4 in the expanding case is
Tug (f) (@) = e~ 0EHP@), (5)

for pig-almost all x € A.



On the other hand, the probability vector p = (p1,...,pq) gives the 1-sided Bernoulli measure
v, on Ez{, and we have the invariance of the Jacobians by the measure theoretic isomorphism. So
Jug(f) = Ju,(0q) and J,,, (f) must take the values p%’ e pid respectively, on the sets of a measurable
partition of A. But we showed in (5) that J,,, (f) is in fact equal pg-a. e with the continuous function
e~ ¢tP(@) Since g gives positive measure to open sets we obtain then that all the values p1,...,pq
must be equal, i.e p1 = ... = pg = é. Also it follows that the continuous function ¢ must be

constant a.e. Hence p14 = o, where pg is the measure of maximal entropy. O
From the above Theorem we obtain immediately the following;:

Corollary 1. Let fa be a hyperbolic endomorphism of the torus T™ (m > 2), given by the integer
valued matrix A. Assume that A has both eigenvalues of absolute value larger than 1 and eigenvalues
of absolute value strictly less than 1. Then the measure-preserving system (T™, fa, m) is not 1-sided

Bernoulli, where m is the Lebesque (Haar) measure.
We study now other equilibrium measures ;4 for hyperbolic toral endomorphisms.

Theorem 3. Consider a hyperbolic non-expanding toral endomorphism f4 : T™ — T™ associated
to the integer valued matriz A. Assume |det(A)| = 2, let a # (0,...,0) be a fized point of fa,
and let ¢ be a periodic Holder continuous function of period o on T™. Then (T™, fa, pg) is not

isomorphic to (X3 ,02,1p), for p= (p1,p2),p1 # 3.

Proof. First remark that the number of fa-preimages of any point in T™ is constant and equal
to |det(A)|. So fa is 2-to-1 on T™, then the only 1-sided Bernoulli shifts which could possibly
be isomorphic to (T™, fa, 1) live on (X3 ,02). Assume then that (T™, fa, ug) is isomorphic to
(Z;’ 02, V(py,ps)) With p1 7# %

Since A is hyperbolic, 1 is not an eigenvalue for A, so A — I is invertible. Now remark that
for an integer-valued matrix A, there exist exactly |det(A — I)| isolated fixed points for f4 on T™.
Since in our case A — I is invertible, we have that det(A —1I) # 0, so there exist isolated fixed points
for fa.

Let « be such a fixed point for f4 in T". Denote by Ty (z) == z—a = (x1—a1,...,Tm—Quy), T €
T™. Tt can be seen easily that Ty, is well defined and that it is a bijection on T™. Also since « is

fixed point for fa, T, commutes with f4, i.e
TaofA:onTa (6)

We want to show now that 7T}, preserves the measure p4 if ¢ is periodic of period . For this
recall how the equilibrium measure pg was constructed: gy is the weak limit of a sequence of

probability measures of type
esﬂqb(y)(sy

o= S 9o

VEF(FDNA | cpin(Fr)na
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Now if B is a borelian set in A with py(0B) = ps(0T(B)) = 0, then we know that p1,(B) — pe(B).

esn¢(y)5 esnd)(y)(s
Now :un(B) = Z S egnq{)(y) and Nn(Ta(B)) = ) Z > eg‘nqb(y) . But
y€EFix(f})NB YEFIX(F})NA yEFix(f})NTa(B) VEFix(F})NA

y € Fix(f}) N B if and only if T, (y) € Fix(f}) N T, (B), since f4 is linear and « is a fixed point
for fa; at the same time notice that S, ¢(y) = S,¢(y — ), n > 1 since ¢ was chosen to be periodic
of period a. Therefore we obtain that p,(B) = pn(Tw(B)),n > 1 and thus for the type of sets B
considered above, we have p4(B) = pg(To(B)). But the sets B considered above form a sufficient

family of borelians, hence
1g(B) = po(Ta(B)),

for any borelian set B in A.

Hence we proved that the nontrivial automorphism Ty, preserves the measure j4 and commutes
with fa. Let now 3,,(fa) be the smallest o-algebra contained in B(T™) with respect to which
the Jacobian J,,,(fa) is measurable and s.t f;16“¢(fA) C Buy(fa). The fact that the system
(T™, fa, 1y) was assumed measure-theoretically isomorphic to (Z;, o2, 1
that:

p1op2)) With p1 # % implies

Buy(fa) = B(T™)
(see [28]). Notice that if p; were 3, then the last statement would not hold. Now if 3, ,(fa) is

equal to the g-algebra of borelians on T™ and if we have a nontrivial automorphism 7T, commuting
with fa and preserving pe, we can apply [4] Theorem 2.21 (see also [18] and [28]) in order to get
a contradiction. In conclusion we obtain that (T™, fa, ug) is not a 1-sided {p1,p2} Bernoulli shift
with p; # %

O

We now prove mixing of any order (see [20] for definition) and Exponential Decay of Correlations

(see [2], [3] for definitions) in general, for the triple (A, f, 114).

Theorem 4. Let f be a smooth endomorphism on M, hyperbolic on a basic set A and let ¢ be a
Holder continuous potential defined on A; let g be the unique equilibrium measure of ¢. Then:
a) the measure-preserving system (A, f, j14) is mizing of any order.

b) the measure iy has Exponential Decay of Correlations on Holder observables.

Proof. a) By assumption the map f is uniformly hyperbolic on A, so as in [7], pg. 272, we obtain
that f has local product structure on A, and similarly f has local product structure on A with local

stable sets (defined for some ¢ > 0 small enough):

Vo= {g € A d(f"y, fr2) < 6,n > 0},

xT

and local unstable sets

V.= {ge A d(f "y, f"E) <dn>0}deA

T

This implies that (A, f) has a Smale space structure, as defined in [25].

11



Now since the potential ¢ on A is Holder continuous and as 7 : A= Ais Lipschitz continuous,
it follows that ¢ := ¢ o : A — R is Holder continuous; so to the unique equilibrium measure 7%
of ¢ it corresponds the unique equilibrium measure g $ of gZA) on A st [ = Txfhg: We have that
Py() = P3(9) and hy,, (f) =y, (f). Also [y ¢dug = [5 ¢ o mdu. )

Now we assumed that f is topologically mixing on A, which implies easily that f is topologically
mixing on A (this is standard proof by considering certain preimages of large order). But from [25]
Corollary 7.10 d) we have then, that (f\, fou ¢3) is isomorphic to a Bernoulli automorphism. Hence
as Bernoulli automorphisms are Kolmogorov (by [8], pg. 161), it follows that (A, f, ;) is mixing
of any order. Thus (A, f, ue) is mixing of any order (see [20]).

b) We have Exponential Decay of Correlations on Holder observables, for the inverse limit
(A, f, fiy) since from a), this is a Bernoulli automorphism (see [2], [3]).

Then due to the bijective correspondence between f-invariant probabilities on A and f—invariant
probabilities on A, and by the invariance of measure-theoretic entropies and integrals discussed
above, we obtain Exponential Decay of Correlations on Holder observables for the system (A, f, it¢)

as well.

O]

More Examples: Theorems 2 and 4 apply also to the examples of hyperbolic skew-product
endomorphisms constructed in [10] and in [14].

For the nonlinear skew products with overlaps in fibers f,(x,y) = (9(x), ho(x,y)) and their
basic sets A, from [10], we showed that there exist Cantor sets in fibers, such that every point in
such a set has uncountably many prehistories in A. We also proved in Corollary 2 of [10] that the
stable dimension in that case is non-zero, at any point of A,, by using properties of the thickness
of the intersection of Cantor sets. In fact if a is small enough, we proved that this stable dimension
is close to 1. Thus the examples of [10] are non-invertible, hyperbolic and non-expanding on A,
since the stable dimension is strictly positive. Hence we can apply Theorem 2 to prove that the
system with the measure of maximal entropy (A, f, 1) is not 1-sided Bernoulli. More generally
for the equilibrium measure pg4 of an arbitrary Holder potential ¢, we know from Theorem 1 that
the system (A, f, j1¢) is not 1-sided Bernoulli, as long as the stable dimension of p4 is non-zero a.e.

Also, for the family of parameterized hyperbolic skew products F) satisfying the transversality
condition from [14] we proved for almost all parameters A\, a Bowen-type formula (on the natural

extension) for the stable dimension of the respective basic set Ay. One such example is
F)\(:an) = (f(x)?Al + (I)i(‘r’yv )\)),CL‘ € Xlal = 17 o ada

where f and X; are given by an iterated function system, and \; are real parameters.
Another example from [14] with transversality condition and defined on an open set W C C2,
is:

1
Fy(z,w) = (22 + ¢, h(z) + gw2 + A2?),

where |c| is small enough, h is a Lipschitz function satisfying a growth condition and || < % is a

complex parameter. But since these examples satisfy the transversality condition, we can find the

12



stable dimension as the zero of the pressure function of a certain potential, on the natural extension
A; but since hiop(f|a) > 0, we obtain that the stable dimension is positive, hence the function F)
is not expanding on A. So the system with the measure of maximal entropy (Ay, Fi, io,) is not
1-sided Bernoulli.

Also from Theorem 4 we have Exponential Decay of Correlations on Holder observables and
mixing of any order, for all equilibrium measures of Holder potentials for the above examples of
[10], [14].

0

An important notion related to the coding problem for endomorphisms on Lebesgue spaces
is that of Rokhlin partition. Let € be the point partition on the Lebesgue space (X, f, u), where
1 is an f-invariant probability measure defined on the o-algebra B on X. We denote by P; =
{E1,...,Epn_1} a partition of X into measurable subsets so that f|g, is a bijection a.e between E;
and X, i =0,...,m — 1. Such a partition exists and it is called a Rokhlin partition (see [20],
[17], [5]). Clearly it is not uniquely defined.

In general, given a Rokhlin partition P;, define the measurable partition

P = \/ TP,
i>1
The measurable partition P; is called a 1-sided generator for (X, f, ) if the smallest sub-o-
algebra of B(A) containing P and complete with respect to u, is equal modulo p to the borelian

o-algebra B(A). In this case we will say also that P; is a generating partition.

Corollary 2. a) Let an endomorphism f hyperbolic and non-expanding on a basic set A. Then
there exists no generating Rokhlin partition Py of (A, f, o) s.t Jy, is piecewise constant a.e on the
sets of P1 (where ug is the measure of maximal entropy).

Also if f is expanding on A but pg # o, then there is no generating Rokhlin partition Py of
(A, fypg) 8.t Ju, (f) piecewise constant a.e on the sets of Pr.

b) A hyperbolic non-expanding toral endomorphism fa : T™ — T™ m > 2, does not have

generating Rokhlin partitions with respect to the Lebesque measure.

Proof. a) If there exists a generating Rokhlin partition Py for (A, f, ug) s.t the Jacobian J,, is
constant pg-a.e on the sets of the partition Py, then from Proposition 3.7 of [5] it follows that
(A, f,pg) is isomorphic to a 1-sided Bernoulli shift. But this gives then a contradiction with
Theorem 2, since we assumed that f is non-expanding on A.

Hence no Rokhlin partition can be a generator for hyperbolic non-expanding endomorphisms
as above equipped with the measure of maximal entropy.

Same conclusion holds if f is expanding on A, but p is not the measure of maximal entropy.

b) This follows immediately from b) for ¢ = 0, since the Jacobian of the Lebesgue measure pg
with respect to fa, is constant and equal to |det(A)| a.e. Thus if there were generating Rokhlin
partitions then from [5] it would follow that the system were 1-sided Bernoulli with respect to the

Lebesgue measure, which is also the measure of maximal entropy.
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Thus we obtain a contradiction with respect to Corollary 1.
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