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Abstract: Pseudo-BL algebras[2, 5] are
non-commutative generalizations of BL-
algebras, the algebraic structures for Ba-
sic Logic, the fuzzy logic introduced by
Héjek [7]. In this paper we study some al-
gebraic properties concerning co-annihila-
tors and minimal prime filters on pseudo-
BL algebras, extending some results ob-
tained in [1] for distributive lattices .
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1 Introduction

BL-algebras are the algebraic structures
for Héjek’s Basic Logic [7]. The main ex-
ample of a BL-algebra is the interval [0, 1]
endowed with the structure induced by
a t-norm. MV-algebras, Gddel algebras
and product algebras are the most known
classes of BL-algebras. Recent investiga-
tions are concerned with non-commutative
generalizations for these structures.

In [2, 5], pseudo-BL algebras were defined
as non-commutative generalizations of BL-
algebras. In [4], there was introduced a
notion of pseudo-t-norm in order to recap-
ture some of the properties of pseudo-BL
algebras. For the interval [0,1], this no-
tion induces more general algebras named
weak pseudo-BL algebras.

In [1], Davey studies the interrelation be-
tween minimal prime ideals conditions and
annihilators conditions on distributive lat-
tices.

In this paper we extend some of Davey’s

results to pseudo-BL algebras. The same
results hold in BL-algebras too, since they
are a particular case.

2 Definitions and first
properties

A pseudo-BL algebra ([2, 5]) is an alge-
bra A = (A4,A,V,®,~,—,0,1) with five
binary operations A, V,®,~, — and two
constants 0,1 such that:
(A1) (A,A,V,0,1) is a bounded lattice;
(A2) (A,©,1) is a monoid;
(A3) a@b<cifa<b~ciff b<a— ¢
(Ad) aNb=(a~b)Oa=a0®(a—b)
(A5) (a~b)V(b~a)=1;
(a—=b)V((b—=a)=1.
In the sequel, we shall agree that the op-
erations A, V,® have priority towards the
operations ~», —. Sometimes, for the sick
of clearness, we shall put parantheses even
if this is not necessary.
It is proved in [2] that commutative pseu-
do-BL algebras are BL-algebras. For de-
tails on BL-algebras see [7, 8].
A pseudo-BL algebra A is non-trivial iff
0 # 1. For any pseudo-BL algebra A, the
reduct L(A) = (A, A, V,0,1) is a bounded
distributive lattice. A pseudo-BL chain is
a linear pseudo-BL algebra, i.e. a pseudo-
BL algebra such that its lattice order is
total.
For any a € A, we define a™~ = a ~ 0 and
a~ = a — 0. We shall write o™ instead of
(a™)~ and o~ instead of (a” )~
We denote the set of natural numbers by
w. We define a® =1 and ¢ =a" ' Qa



for n € w — {0}. The order of a € A,
in symbols ord(a), is the smallest n € w
such that ™ = 0. If no such n exists, then
ord(a) = oo.

The following properties hold in any pseu-
do-BL algebra A and will be used in the
sequel. See [2] for details.

(1) a©b<a,b;

(2) a <bimpliesa®c<bOGcand cOa <
cOb;

(3) a®@b<aAb;

(4) (avb)e(aVe)<aV(boc)

Let A be a pseudo-BL algebra. According
to [2], a filter of A is a non-empty subset
F of A such that for all a,b € A,

(i) if a,b € F, then a © b € F}

(ii) if a € F and a < b, then b € F.

By (3), it is obvious that any filter of A
is also a filter of the lattice L(A).

A filter F of A is proper if F # A. A
proper filter P of A is prime if for all
a,b € A, aVb € P implies a € P or
b € P. We shall denote by Spec(A) the
set of prime filters of the pseudo-BL alge-
bra A.

A proper filter U of A is an ultrafilter (or
a mazimal filter) if it is not contained in
any other proper filter. We shall denote
by M(A) the intersection of all ultrafil-
ters of A. Obviously, M(A) is a proper
filter of A.

We remind some properties of filters that
will be used in the sequel.

Proposition 2.1 ([2], Theorem 3.25)
Let F be a filter of the pseudo-BL algebra
A and let S be a V-closed subset of A
(i.e. if a,b € S, then a V b € S) such that
FNS = (. Then there exists a prime filter
P of A such that F C Pand PNS = 0.

Proposition 2.2 Any proper filter of A
can be extended to a prime filter.

Proof: By [2], Corollary 3.26. O

Proposition 2.3 ([2], Corollary 3.32)
Any ultrafilter of A is a prime filter of A.

Proposition 2.4 ([2], Remark 3.33)
Any proper filter of A can be extended to
an ultrafilter.

Let X C A. The filter of A generated by
X will be denoted by < X > . We have
that < @ >= {1} and < X >={a € A4 |
10Oz, <aforsomen € w—{0} and
some z1,---,Tn € X} if ) # X C A. For
any a € A, < a > denotes the principal
filter of A generated by {a}. It follows
that < @ >= {b € A | a™ < b for some
n € w—{0}}.

Proposition 2.5 ([2], Lemma 3.11 )
For any a,b € A,
<aVb>=<a>N<b>.

Let us denote by F(.A) the set of all filters
of A. Then

Proposition 2.6 ([2], Proposition 3.8)
(F(A),C) is a complete lattice. For ev-
ery family {F;}icr of filters of A, we have
that /\iel F; = NierF; and v F; =<
Uier F; > .

i€l

3 Co-annihilators and
co-annihilator filters

Let A be a pseudo-BL algebra, F' be a fil-
ter of A and a € A. The co-annihilator
of a relative to F' is the set (F,a) = {z €
A | zVa € F}. To indicate the rele-
vant pseudo-BL algebra, (F,a) is some-
times written (F,a)4. The co-annihilator
(< b>,a) is abbreviated to (b, a).

Proposition 3.1 Let F be a filter of A
and a € A. Then (F,a) is a filter of A.

Proof: We have that aV1 =1 € F|
hence 1 € (F,a). If x <y and z € (F)a),
then xVa € F and xtVa < yVa,soyVa €
F, that is y € (F,a). Suppose now that
z,y € (F,a),i.e. zVa,yVa € F. It follows
that (xVa)®(yVa) € F. But, by (4), we



have that (xVa)® (yVa) < (zOy) Va.
Hence, (tOy)Va € F,soxzVy € (F,a).
O

Proposition 3.2 Let F, G be filters of A
and a,b € A. Then
(i) F C (F,a);
(ii) a < b implies (F,a) C (F,b);
(i) F C G implies (F,a) C (G, a);
(iv) (Fya) = Aiffa € F;
(v) (Fya Ab) = (F,a) N (F,b);
(vi) (FNG,a) = (F,a) N (G, a);
(vii) (b,a) = (b,aNb) = (aVb,a) = (b,a®
b).
Proof: (i)Let z € F. ThenzVa >z €
F, hence ¢ Va € F. That is, z € (F,a).
(ii) Let z € (F,a). Then ¢V a € F and
zVa<zVb, since a <b. It follows that
xzVbeF, that is ¢ € (F,b).
(iii) Let € (Fya). ThenzVa € F C G,
hence z € (G, a).
(iv) If (F,a) = A, then 0 € (F,a), hence
a=aV0e€F. Conversely, if a € F, then
foranyx € A,a<rVa,soxVac€F.
That is, for any z € A, z € (F, a).
(v) Since aNnb < a, b, by (ii), it follows that
(Fya Ab) C (F,a) N (F,b). Conversely, let
€ (F,a) N (F,b), i.e. zVa € F and
Vb € F. Since F is also a filter of the
distributive lattice L(A), we have that zV
(anb) =(xVa)A(zVDb) € F. That is,
z € (F,aAD).
(vi) Applying (iii) and the fact that F N
G C F,QG, it follows that (F N G,a) C
(F,a) N (G,a). The converse inclusion is
obvious.
(vii) Since a @b < a A b < a, by (ii), we
have that (b,a®b) C (b,aAb) C (b,a). We
shall prove now that (b,a) C (b,a © b).
Let z € (b,a), so x Va €< b >. Then,
there is n € w — {0} such that " <z Va.
Applying twice (2) and (4), it follows that
"t < (zVa)Ob< (zVa)® (zVh) <
zV(a©®b). Hence, 2V (a®b) €< b >, that
is z € (b,a®b). Thus, we have proved that
(b,a) = (b,a ANb) = (b,a ®b). Applying
Proposition 2.5, (v) and (iv), we get that

(aVba) =(<aVb >a) = (<a>
N<b>a) =((<a>a)N(<b>a) =
AN (b,a) = (bya). O

If X is a non-empty subset of A, then
tX={a€A|zVa=1foranyz € X}
is a filter of A called the co-annihilator
filter of X (see [2]). It is easy to see that
for any a € A, ta = ({1},a) = {x € A |
zVa=1}

Proposition 3.3 ([2], Proposition 3.37)
Let ) # X,Y C A. Then,

(i) If X CY, then 1Y C + X;

(ii) X c J‘J‘X

( ) J_J_J_X;

(iv) LX <X >

(v )<X>ﬂLX_{1}

Now, let us recall some facts from lattice
theory (see [6]). Let (L,V,A,0) be a lat-
tice with 0. An element a* € L is a pseu-
docomplement of a € L iff a Aa* = 0 and
a Az = 0 implies that z < a*. The lattice
L is called pseudocomplemented iff every
element has a pseudocomplement.

Proposition 3.4 Let A be a pseudo-BL
algebra. Then the lattice F(A) is pseudo-
complemented. For any filter F, its pseu-
docomplement is L F.

Proof: By Proposition 3.3(v), we have
that FNLF = {1}. Let G be a filter of
A such that F NG = {1}. We shall prove
that G C *F. Let a € G. For any z € F,
we have that ¢ Va € FNG = {1}, since
xVa>x € FandaVz>aé€G. Hence,
zVa=1foranyz € F,s0a € “F. It
follows that  F is the pseudocomplement
of F. O

Let Co — An(A) = {+ X | X C A} be the
set of co-annihilator filters of A. Apply-
ing Proposition 3.3(iv), we get that Co —
An(A) = {*F | F € F(A)}. Hence,
Co — An(A) is the set of pseudocomple-
ments of the pseudocomplemented lattice
F(A). Applying known results from lat-
tice theory, the folowing proposition fol-
lows.



Proposition 3.5 Let a be a pseudo-BL

algebra and F, G filters of A. Then

(i) *1= A and +A = {1};

(if) {1}, A € Co — An(A);

(iii) F € Co— An(A) iff H1F = F;

(iv) if F,G € Co— An(A), then FNG €

Co — An(A);

(v)if F,G € Co— An(A), then
FVcooanayG="(*FN*G);

(Vl) (CO_An(A); n, VCa—An(A)7 J—: {1}, A)

is a Boolean algebra;

(vii) *Y(FNG) =**Fn*taG.

Proof: See [6], Theorem 6.4, p. 58 and
Theorem 15.1, p. 166 O

Proposition 3.6 Let a,b € A. Then

(i) @ < bimplies ta C *band 16 C +4q;
(iY**a={r€A|zvy=1foranyyc
A such that y Va =1};

(iii) a € +ta;

(iv) *ran*ttb=tt(a Vv b).

Proof: (i) a < b implies < b >C< a >.
Hence, applying Proposition 3.3(v), (ii),
we have that tfa =1t <a>C 1 <b>=
1b. Applying again Proposition 3.3(ii),
we get T1b C 1a.

(ii) By the definition.

(iii) It follows from (ii).

(iv) Applying Proposition 3.3(iv), Propo-
sition 3.5(vii) and Proposition 2.5 we get
that *tan*tb =t <a>ntt <b>=
t<a>n<b>) = <avb>=
tlavb). O

4 Minimal prime filters
belonging to a filter
F

A prime filter M which is minimal in the
poset of prime filters containing a filter F'
is called a minimal prime filter belonging
to F. A minimal prime filter belonging to
{1} is called simply a minimal prime fil-
ter. Hence, a minimal prime filter of A is a

minimal element of the poset (Spec(A4), C
).

In the sequel, we shall present some re-
sults concerning minimal prime filters be-
longing to a filter. All these propositions
are inspired by [1].

Proposition 4.1 If S is V-closed and F
is a proper filter of A, then there is a min-
imal prime filter M belonging to F' and
disjoint from S.

Proof: If F is a proper filter, then the
set {P € Spec(A) | F C P and FNS = 0}
is non-empty, by Proposition 2.1. Apply
Zorn’s Lemma to get a minimal element
of this set. O

Proposition 4.2 Let F be a filter of A
and M be a prime filter including F. The
following are equivalent:

(i) M is a minimal prime filter belonging
to F';

(ii) for all @ € M, there is b ¢M such that
aVbeF.

Proof: (i)=(ii) Let a € M and let S =
{avb|be A—M}. IfaVbi,aVb €S,
then (aVb1)V(aVb) =aV (b1 Vb)) €S,
since A— M is V-closed, so b1,bo € A— M
implies b1 V by € A — M. Hence, S is
V-closed. Let us suppose that F NS =
0. Applying Proposition 2.1, there exist
a prime filter P such that FF € P and
PNS=40. Sincea=aV0and 0 € A— M,
we have that @ € S, so a ¢P. It follows
that M # P, since a € M and a ¢P.
If there is © € P such that x ¢M, then
r€EA—M,soaVr €S Butz<aVz
and ¢ € P, hence a V& € P. We have
got that aVe € PN S = ), that is a
contradiction. Hence, P C M and P #
M, which contradicts the fact that M is
a minimal prime filter belonging to F. It
follows that FF NS # . Hence, there is
be A— M such that a Vb € F.

(ii)=(i) Let P be a prime filter of A such
that FF C P C M. We shall prove that



M C P also. Let a € M. Then there is
b €M such that a Vb € F C P. Since P
is a prime filter of A, from a Vb € P it
follows that @ € P or b € P. But b §M
and and P C M, so b ¢P. We get that
a€P. O

A simple induction gives the following co-
rollary for n € w — {0}.

Corollary 4.3 Let F be a filter of A and
Moy, - - - My, be n+1 distinct minimal prime
filters belonging to F. Then, there are
ao,---an € Asuchthat a;Va; € F (i # j)
and a; ¢M; (i =0,---,n).

Proof: If n =1, let zo € M1 — My and
x1 € Mo — M. By the above proposition,
it follows that there is y1 €Mo such that
z1Vy1 € F. Since M is prime, from zo €
/My and y1 ¢Mo, we get that xoVy: ¢Mp.
It follows that ap = zoVy1 and a; = z; are
the required elements. Assume the result
is true for n = k and let us prove it for
n = k+ 1. Let MO;"'Mk+1 be k + 2
distinct minimal prime filters belonging to
F. Letz; (i=0,---,k) satisfy z;Va; € F
(¢ # j) and z; gM; (¢ = 0,---,k). For
any ¢ = 0,---k, there is y; € Mj4+1 such
that y; §M;. If we take y = y1 A -+ A
Yk, then y € My, — UE_oM;. Applying
Proposition 4.2, we get z ¢M}y4+1 such that
yVz € F. It follows that a; = z; Vy
(# = 0,---k) and ar+1 = z establish the
result. O

From now on all indexed joins and meets
range from 0 to n, where n € w—{0}, and
all joins of filters are taken in the lattice
F(A) of filters of A. A family of filters is
comazimal if its join is A.

Proposition 4.4 Let F be a filter of A.
Then for n € w — {0} the following are
equivalent:

(i) any n+1 distinct minimal prime filters
belonging to F' are comaximal;

(ii) any prime filter containing F' contains
at most n distinct minimal prime filters
belonging to F

(iii) if ao, -+ ,an € A with a; Va; € F
(i # j), then \/ (F,a;) = A;

(iV) (F, Vjaj) = Vl(F, Vj#aj) holds iden-
tically in A.

Proof: (i)<(ii) Trivial.

(if)=>(iii) Let ao,---,an € A such that
a;Va; € F (i #j) and \/,(F,a;) # A.
It follows that (F,a;) # A for all i =
0,---,n and, by Proposition 3.2(iv), we
get that a; @F for all i. Since \/,(F, a;)
is a proper filter of A, applying Proposi-
tion 2.2 we obtain a prime filter P of A
such that \/,(F,a;) C P. Fori =0,---,n,
let S; = {zVvVy |z < a,y P} If
21Vy1,22Vy2 € S;, then 1 < ai,z2 < a;
and yi,y2 ¢P. Hence z1 V z2 < a; and
y1 V y2 €P, since P is prime. It follows
that (z1 Vy1) V (22 Vy2) = (1 V 22) V
(y1 V y2) € Si. Hence, S; is V-closed. If
FNS; #0, then there are z < a; and
y €P such that x Vy € F. It follows
that a; Vy € F, hence y € (F,a;). But
y ¢P, so (F,a;) CP, which is a contradic-
tion. Hence FNS; = P for all 7. Applying
Proposition 4.1, for each ¢ there is M; a
minimal prime filter belonging to F' such
that M; N S; = 0. Suppose that M; P,
so there is ¢ € M; such that « ¢P. Then
z =zV0 € S;, hence x € M;NS; = 0, that
is a contradiction. Hence, M; C P for all
i,s0 \/; M; C P # A. Since a; ¢P, we
get that a; ¢M; for any i. But, a; Va; €
F C M; (i # j) and M; is prime, hence
aj € M; (i # j). It follows that M; # M;
(¢ # j). Thus, we have obtained n + 1
minimal prime filters belonging to F' such
that their join is not A, that is a contra-
diction with (ii).

(iii)=(iv) Applying Proposition 3.2(ii) it
follows that \/,(F,V;zia;) C (F,Vja;).
Thus, it remains to prove that (F,V;a;) C
V. (F,Vjzia;). Let x € (F,Vja;), i.e. V
Vja; € F. For any ¢, let b; = x V Vjxa;.
Then, b; Vb; = xV Vja; € F for all j # 1,
hence, by (iii), we get that \/ (F,b;) = A.
From z € \/ (F,b;), we get k € w — {0}
a‘ndy(l)a"'7yk € (F,bo), ay?a"',y}: €



(F,b,) such that 2 @ - Oy ® -+ ®
Ye© - Oyp < z. Letting t), = z V ¢},
(:=0,---,n,and p =1,---, k), we have
that = < t}, and t}, € (F,b;), since y}, < t},
and y, € (F,b;). Since z < t}, we have
that ), V Vjzia; =t5 VoV Vjga; =tV
bi € F, because t}, € (F,b;). Hence, t;, €
(F:Vj-?éia]') (Z =0,--,mp = lyak)
Applying (4), we get that ()0 ---Ot7 ©
e ot =(VY)e---o(zV
v O 0 @Vy) e 0 (e Vyp) <
V(IO Oyl O OO OyF) = .
Thus, we have got that « € \/,(F, V,xia;)
(iv) = (i) Let Mo, --- M, be n+1 distinct
prime filters belonging to F. Then, by
Corrolary 4.3 there are ao, - - - an € A such
that a; Va; € F (i # j) and a; ¢M; (i =
0,---,n). We have that for n € w — {0},
Vj(Arzjar) = Nj<k(aj Vag) is an identity
in the class of distributive lattices, hence
in the class of pseudo-BL algebras. We
shall denote this identity by (I). Apply-
ing (I), it follows that Vjzi(Arxjar) =
Visilas A (Max | k ¢, 1)) =
aiN(Vjzi(Alar | k ¢{,5}))) = ain(A(a;V
ai |5 < ki ¢, k}))- But Aa; Vai | j <
k,i €{j,k}) € F, hence, by Proposition
3.2(iv) we get that (FyA(a; Var | 7 <
k,i ¢{j,k})) = A. Applying Proposition
3.2(v), it follows that (F, Vjx;i (Arzj ak)) =
(Fyai A (A(U’j Vag | J <k ¢{]a k}))) =
(F,a5) N(F, Ala; Var | § < kyi €1, £})) =
(Fya;) N A = (Fya;). If x € (F,a;), then
xVa;, €F C M,;. Since M; is a prime
filter and a; §M;, we get that x € M;.
Hence, M; DO (F,a;) for all 4 = 0,---,n.
It follows that \/, M; D \/.(F,a:) =

Vi (F, Vizi(Arzj ar)) = (F,V;(Akzj ar)),
by (iv). But, applying (I), we obtain that
Vi(Akziar) = Aj<k(a; Var) € F, so,
by Proposition 3.2(iv), (F, V;(Arzjar)) =
A. Tt follows that \/, M; D A, that is
V, M; = A, as required. O

Corollary 4.5 Let n € w—{0}. The fol-
lowing are equivalent:

(i) any n+1 distinct minimal prime filters
are comaximal;

(ii) any prime filter contains at most n dis-
tinct minimal prime filters;

(iii) if @o,- - -,an € A such that a;Va; =1
(i # j), then \/, “a; = 4;

(iv) *(Vja;) =\, " (Vjzia;) holds iden-
tically in A.

Proof: Take F' = {1} in Proposition 4.4.
O
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