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Chapter 1

Topological Dynamical Systems

In the sequel, we shall use the following notations:

P(D) = the power set of D,
N = {0,1,2,...}, Z,={12..},
m,n] = {mm+1,...,n} form<né€eZ.

Definition 1.0.1. A topological dynamical system (TDS for short) is a pair (X,T),
where X is a compact Hausdorff nonempty topological space andT' : X — X is a continuous
mapping. The TDS (X, T) is called invertible if T is a homeomorphism.

An invertible TDS (X, T') defines two ”one-sided” TDSs, namely the forward system
(X, T) and the backward system (X,T7!).

Topological dynamics is about what happens when the map 7' is applied repeatedly. If
one takes a point z € X, then we are primarily interested in the behaviour of 7"z as n
tends to infinity. Some basic questions one might ask are:

(i) Will two points that are close to each other initially, stay close even after a long
time?

(ii) Will a point return to its original position (at least very near to it)?

(iii) Will a certain point = never leave a certain region or will it come arbitrarily close to
any other given point ot X7

Let (X,T) be a TDS and = € X. The forward orbit of x is given by
orby (z) = {T"x | n € N} = {2, Tz, T?x,...}. (1.1)
If (X, T) is invertible, the (total) orbit of x is
orb(z) = {T"x | n € Z}. (1.2)

7
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We shall write

orb, (z) = {T"x |n € N} and orb(z) = {T"z |n € Z} (1.3)

for the closure of the forward and the total orbit, respectively.
Furthermore, we shall use the notation

orbog(z) = {T"x |n € Z.} = orb (x) \ {z} = orb, (Tz) = {Tx, T?x, T?x,...}. (1.4)

It is obvious that many notions, like the forward orbit of a point x, do make sense
in the more general setting of a continuous self-map of a topological space. However, we
restrict ourselves to compact Hausdorff spaces and reserve the term TDS for this special
situation.

Lemma 1.0.2. Let (X,T) be a TDS and U C X.
(i) T(orby(z)) = orbso(x).
(i) For allx € X, orby () NU # 0 iff v € U5, T"(U).
(iii) If (X, T) is invertible, then for all x € X, orb(zx) NU # 0 iff x € |, T"(U).

Definition 1.0.3. Let (X, T) be a TDS. A point x € X is called periodic if there isn > 1
such that T"x = x.

Thus, z is periodic if and only if € orb-(x).

1.1 Examples

Let us give some examples of topological dynamical systems.

1.1.1 Finite state spaces

Let X be a finite set with the discrete metric. Then X is a compact metric space and every
map 7 : X — X is continuous. The TDS (X, T) is invertible if and only if 7" is injective
(or surjective).

1.1.2 Finite-dimensional linear nonexpansive mappings

Let || - || be a norm on R™ and let T : R™ — R™ be linear and nonexpansive with respect to
the chosen norm, i.e.:

Tz — Ty|| < ||z —yl for all z,y € R". (1.5)

Lemma 1.1.1. Let T : R™ — R" be linear. The following are equivalent
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(i) T is nonexpansive
(i) |Tz|| < ||z|| for all z € R".

Proof. (i) = (ii) Take y = 0 in (1.5) and use the fact that 70 = 0.
(17) = (i) Since T is linear, ||Tx — Ty|| = ||T(x — v)|| < ||z — y||- O

Then the unit ball K := {x € R" | ||z|]| < 1} is compact and T|x is a continuous
self-map of K.
Hence, (K, T|k) is a TDS.

1.1.3 Translations on compact groups

Let G be a compact group.
For every a € G, let

L,:G—G, L.g)=a-g.

be the left translation. By D.0.4, L, is a homeomorphism for all a € G.
Hence, (G, L,) is an invertible TDS.

1.1.4 Rotations on the circle group

The unit circle S' = {z € C | |z| = 1} with the group operation being multiplication is an
abelian compact group, called the circle group.

Since the group is abelian, left and right translations coincide, we call them rotations
and denote them R, for a € S!.

Hence, (S', R,) is an invertible TDS.

1.1.5 Rotations on the n-torus T"

The n-dimensional torus, often called the n-torus for short is the topological space
T" :=S' x ... x S..

with the product topology. The 2-dimensional torus is simply called the torus.
If we define the multiplication on T™ pointwise, the n-torus T" becomes another example

of an abelian compact group. For any a = (ay,...,a,) € T", the rotation by a is given
by
Ry :T" —T", Ra(x)=a-x=(a121,...,a,z,) foral x=(z1,29...,2,) €T".
(1.6)

Then (T", R,) is a TDS.
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1.1.6 The tent map
Let [0, 1] be the unit interval and define the tent map by

2x ifz <

2(1—x2) ifx> (L.7)

T:10,1] — [0,1], T(x):1—|2x—1|:{

N — N

It is easy to see that T'is well-defined and continuous. Since [0, 1] is a compact subset of
R, we get that (X,T) is a TDS.

1.2 The shift

Let W be a finite nonempty set of symbols which we will call the alphabet. We assume
|W| > 2. Elements of W are also called letters, and they will typically be denoted by
a,b,c,...or by digits 0,1,2, .. ..

Although in real life sequences of symbols are finite, it is often extremely useful to treat
long sequences as infinite in both directions (or bi-infinite).

Definition 1.2.1. The full W-shift is the set W% of all bi-infinite sequences of symbols
from W, i.e. sequences taking values in W indexed by Z. The full r-shift (or simply
r-shift ) is the full shift over the alphabet {0,1, ... ,r—1}.

We shall denote with boldface letters x,y, z, . .. the elements of W% and call them also
points of W%. Points from the full 2-shift are also called binary sequences. If W has
size |W| = r, then there is a natural correspondence between the full W-shift and the full
r-shift, and sometimes the distinction between them is blurred. For example, it can be
convenient to refer to the full shift on {+1, —1} as the full 2-shift.

Bi-infinite sequences are denoted by x = (z,,)nez, Or by

X=... 2901921 T2.... (18)

The symbol z; is the ith coordinate of x. When writing a specific sequence, you need to
specify which is the Oth coordinate. This is conveniently done with a ”decimal point” to
separate the z;’s with ¢ > 0 from those with ¢ < 0. For example,

x = ...010.1101...

means that x 3 =0,x o =1,xr_1 =0, =1,y = 1,29 = 0,23 = 1, and so on.

A block or word over W is a finite sequence of symbols from W. We will write blocks
without separating their symbols by commas or other punctuation, so that a typical block
over W = {a,b} looks like aababbabbb. It is convenient to include the sequence of no
symbols, called the empty block (or empty word) and denoted by e.

The length of a block u is the number of symbols it contains, and is denoted by |u].
Thus if u = ajas...a; is a nonempty block, then |u| = k, while |¢|] = 0. A k-block is
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simply a block of length k. The set of all k-blocks over W is denoted W*. A subblock or
subword of u = a;jas...a; is a block of the form a;a;41...a;, where 1 <1 < j < k. By
convenience, the empty block ¢ is a subblock of every block. Denote

wr=Jw", wr=wrufe=Jw" (1.9)

n>1 n>0

fu=a...ap,v="0...b, € A* define uv to be a;...ayb;...b, (an element of
Wm+m) . By convention, eu = ue = u for all blocks u. This gives a binary operation on
W* called concatenation or juxtaposition. If u,v € W then uv € W7 too. Note that
uv is in general not the same as vu, although they have the same length. If n > 1, then
u™ denotes the concatenation of n copies of u, and we put u’ = . The law of exponents
u™u™ = u™*™ then holds for all integers m,n > 0. The point ... uuw.uuw . .. is denoted by
u°.

If x € W% and i < j, then we will denote the block of coordinates in x from position i
to position j by

X[i,j] = Tiljy1 .- - Tj_1T5. (110)

If i > j, define xj; ;) to be €. It is also convenient to define
X[i,j) = Tiljty1 -+ - Tj—1.- (111)

The central (2% + 1)-block of X is X[_j ] = T_pT—jt1 - - . Tp—1Tk-

If x € W% and u is a block over W, we will say that u occurs in x (or that x contains
u) if there are indices 4 and j so that v = xj; ;. Note that the empty block € occurs in
every X, since € = Xy g|.

The index n in a point x = (z,)nez can be thought of as indicating time, so that, for
example, the time-0 coordinate of x is 3. The passage of time corresponds to shifting the
sequence one place to the left, and this gives a map or transformation from WZ to itself.

Definition 1.2.2. The (left) shift map T on W7 is defined by
T W% = WZE  (TX), = 2pi1 for alln € Z. (1.12)

In the sequel, we shall give a metric on W#. The metric should capture the idea that
points are close when large central blocks of their coordinates agree.

If X = (Zn)nez, Y = (Yn)nez are two sequences in W7 such that x # y, then there exists
N > 0 such that zx # yny or x_n # y_n, so the set {n >0 |z, # y, or x_,, # y_,} is
nonempty. Then N(x,y) = min{n >0 |z, # y, or x_,, # y_,} is well-defined. Thus,

N(x,y) = 0 ifz+# 1y, and (1.13)
N(x,y) = 14+max{k >0 | Xty =Yret if 2o = w0 (1.14)
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Let us define d : W% x W% — [0, +00) by
o-NGEy)+L  if
d(x,y) = L 7y (1.15)
0 ifx=y

2 if x #y and z¢ # yo
= 27F ifx £y, 29 =1y and k > 0 is maximal with X[—kk] = Y[—kK]
0 ifx=y.

In other words, to measure the distance between x and y, we find the largest £ for which the
central (2k + 1)-blocks of x and y agree, and use 27% as the distance (with the conventions
that if x =y then k& = oo and 27°° = 0, while if 2y # yo, then k = —1).

For every k > 0 and x € WZ, let B, x(x) be the open ball with center x and radius
27" and By-«(x) be the closed ball with center x and radius 27*.

Proposition 1.2.3. (i) If x,y € WZ, then for all k > 0,
d(x,y) <27Fiff d(x,y) < 27" iff Xk = Yok
(ii) d is a metric on WZ.
(i4i) For all x € W%, By(x) = W%, and, for all k > 0,
By-ri1(x) = Byi(x) = {y € W# | Y-k = X[k}

(iv) Let (x™) be a sequence in W2 and x € W2, Then lim x™ = x exactly when, for

each k > 0, there is ny such that

(n)  _
X _kk] = X[-kK]

for all n > ny.

Proof. (i) If x =y or x # y and xy # yo, the conclusion is trivial. We can assume that
x #y and 79 = yo. Then d(x,y) < 27F iff 27N+ <27 iff —N(x,y) +1 < —k
iff k < N(x,y) = 1iff X4 = Y-k, by (1.14)

(ii) It remains to verify the triangle inequality. Let x,y,z be pairwise distinct points of
WZ. Ifd(x,y) = 2 or d(y,z) = 2, this is obvious, so we can assume that d(x,y) = 27*
and d(y,z) = 2! with k,1 > 0. By (i), we get that X[k = Y-k and Y1) = Z[_).
If we put m := min{k,l} > 0, it follows that X|_,,m] = Z[—m,m], hence

d(x,z) <27 <27+ 27 = d(x,y) +d(y, 2).

(iii) By (i).
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(iv) We have that

lim x™ =x iff for all k> 0 there exists n;, such that d(x(”), x) < 27k for all n > ny

n—oo

iff for all £ > 0 there exists n; such that X@c,k] = X[_p for all n > ny.

]

Thus, a sequence of points in a full shift converges exactly when, for each k& > 0, the
central (2k + 1)-blocks stabilize starting at some element of the sequence. For example, if

x™ = (10")* = ... 10"10™.10"10" . . .,

then lim x™ = ...0000.10000.. ..

n—oo

Proposition 1.2.4. (i) T is invertible, its inverse being the right shift
T Ws =W (T7'x), =, for alln € Z. (1.16)

(ii) For all x,y € W7,

d(Tx,Ty) < 2d(x,y) and d(T'x, T 'y) < 2d(x,y).
Hence, both T and T~ are Lipschitz continuous.
Proof. (i) It is easy to see.

(ii) The cases d(x,y) = 0 and d(x,y) = 2 are obvious, so we can assume d(x,y) = 27F
with k& > 0, so that x_; 1) = y[—kx. It follows that

(Tx); = Xi41 = yit1 = (Ty); foralli=—(k+1),—k,—(k—1),...,k—1,and
(T'x)i=xi1=yi1=(T'y) foralli=—(k—1),...,k— 1,k k+1,

50 that (TX)(-(e-1) k-1) = (TY) (k=151 and (T X) -1 1] = (T7Y) [ (h-1)h-1)-
By Proposition 1.2.3.(i), we get that

d(Tx, Ty),d(T'x, T "y) <27°¢7D = 2d(x,y).

Theorem 1.2.5. (W2 T) is an invertible TDS.

Proof. By Proposition 1.2.4, T is a homeomorphism. Furthermore, W? is Hasudorff, since
it is a metric space. It remains to prove that W7 is compact. We shall actually show that
W7 is sequentially compact. Given a sequence (X("))n>1 in W%, we construct a convergent
subsequence using Cantor diagonalization as follows.
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First consider the Oth coordinates XO ) for n > 1. Since there are only finitely many

symbols, there is an infinite set So C Z, for which x(() is the same for all n € S.

Next, the central 3-blocks x for n € Sy all belong to the finite set of possible 3-

1 1]
blocks, so there is an infinite Subset S1 C 5y so that xfn)l 1 is the same for all n € S;.
Continuing this way, we find for each £ > 1 an infinite set Sy C Si_; so that all blocks
xff)k’k] are equal for n € Sj.

Define x € W7 as follows: for any k& > 0, take n € S), arbitrary and define z;, = :v,(gn),

T_p = x(_”lz By our construction, x,&”), resp. ;1:(_",2, have the same values for all n € S}, so x

is well-defined. Furthermore, since (Sy)i>o is decreasing, we have that x;_j 4 = X@C’k] for
all n € S;.

Define inductively a strictly increasing sequence of natural numbers (ng)g>o by: ng is
any element in Sy, and, for £ > 0, ng,q is the smallest element in Sy strictly greater than
ng.

Then (x( ))k>0 is a subsequence of x(™ such that khm x(™) = x. by Proposition

1.2.3.(iv). 0
1.2.1 Cylinder sets and product topology

For every n € Z, let
Tn : WE W, 1,(x) = 2,. (1.17)

be the nth-projection.
An elementary cylinder is a set of the form

cv = mt{w)) ={xeW?|z,=w}, wherencZ wecW.

n

A cylinder in W7 is a set of the form

Crivt = Ax €W |2y, = wi foralli=1,....t}
t
— ﬂc;v
i=1

where t > 1, nq,...,n; € Z are pairwise distinct and wy,...,w; € W. A particular case
of cylinder is the following: if u is a block over X and n € Z, define C),(u) as the set of
points in which the block u occurs starting at position n. Thus,

Cn(U) = {X c WZ ‘ Xipmtful 1] = U} Cul,ug, ]

n,n+1,...,n+u|—

Notation 1.2.6. We shall use the notations C for the set of all cylinders and C. for the
set of elementary cylinders.

The following lemma collects some obvious properties of cylinders.
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Lemma 1.2.7. (i) Foralln € Z, W* =, C¥.

(i) For allm,n € Z, u,w € W,

0 if m=n and w # u,
cyna, =<Cv if m=mn and w = u,
Com i m#n.
wi\ey= | ¢ oconncn= | crnc.

zeW, z#£w zeW, z#u

(iii) For allk >0 and x € W7,
Byk(x) = C—k—l(X[—k—LkH})-

() Foralln € Z, w e W,

T(CY)=C", and T~H(CY) = Chpt

(v) Forallt>1,ny <ng<...<ng €Z, and wy,...,wy € W,
T(Cwl ----- wt) — th“l.’wtntfl and Tfl(C::z; ,,,,, wt) — C:ler.fmn,ﬁl

..........

Let us consider the discrete metric on W:

1 ifx=uy,
d(z,y) = { !

0 otherwise.

Since W is finite, we have that (W,d) is a compact metric space. Furthermore, a
subbasis for the metric topology is given by

Sw = {{w} | we W}. (1.18)
Let us consider the product topology on WZ.

Proposition 1.2.8. (i) The set C. of elementary cylinders is a subbasis for the product
topology on WZ.

(ii) The set C of cylinders is a basis for the product topology on WZ.
(11i) Cylinders are clopen sets in the product topology.
Proof. (i) By the fact that Sy is a subbasis on W and apply B.7.2.(ii).

(ii) Any cylinder is a finite intersection of elementary cylinders.
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(iii) Since C* = 7' ({w}) and {w} is closed in W, we have that elementary cylinders are
closed. As cylinders are finite intersections of elementary cylinders, they are closed
too.

O
Proposition 1.2.9. The metric d given by (1.15) induces the product topology on WZ.

Proof. By Lemma 1.2.7.(iii), any ball B,-«(x) (k > 0) is a cylinder, hence is open in the
product topology. Let us prove now that every elementary cylinder C¥ (n € Z,w € W)
is open in the metric topology. Let y € CV and take & > 0 such that & > |n| — 1, so
n € [k —1,k+1]. Then By-x(y) € CY, since z € By-i(y) = C_p—1(Y[-k—1,k+1)), implies
that z, =y, = w. O

1.3 Basic constructions

1.3.1 Homomorphisms, factors, extensions

Definition 1.3.1. Let (X,T) and (Y,S) be two TDSs. A homomorphism from (X,T)
to (Y, S) is a continuous map ¢ : X — 'Y such that the following diagram commutes:

¥

X Y
T S
X— 7% |y

which means ¢ o T = S o . We use the notation ¢ : (X,T) — (Y, 9).
A homomorphism ¢ : (X,T) — (Y,S) is an isomorphism if ¢ : X — Y is a homeo-
morphism; in this case the TDSs are called isomorphic.

If o : (X, T) — (Y,9) is a homomorphism (resp. isomorphism), it is easy to see by
induction on n that ¢ o T™ = S™ o ¢ for all n > 1 (resp. for all n € Z).

An automorphism of a TDS (X,T) is a self-isomorphism ¢ : (X,T) — (X,T).
Hence, ¢ : (X,T) — (X, T) is an automorphism of (X,T") if and only if p : X — X is a
homeomorphism that commutes with 7.

Definition 1.3.2. Let (X, T) and (Y,S) be two TDSs. We say that (Y,S) is a factor of
(X,T) or that (X,T) is an extension of (Y, S) if there exists a surjective homomorphism
p: (X, T) = (V,5).

1.3.2 Invariant and strongly invariant sets

In the following, (X,T’) is a TDS.
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Definition 1.3.3. A nonempty subset A C X is called

(i) invariant under 7' or T-invariant if T'(A) C A.

(11) strongly invariant under T or strongly T-invariant if T-1(A) = A.

Trivial strongly T-invariant subsets of X are () and X.

Lemma 1.3.4. Let (X,T) be a TDS.

(i) Any strongly T-invariant set is also T'-

muvariant.

(i1) The complement of a strongly T-invariant set is strongly T-invariant.

(i1i) The closure of a T-invariant set is also T-invariant.

(iv) The union of any family of (strongly) T-invariant sets is (strongly) T-invariant.

(v) The intersection of any family of (strongly) T-invariant sets is (strongly) T-invariant.

(vi) If A is T-invariant, then T™(A) C A and T™(A) is T-invariant for all n > 0.

(vit) If A is strongly T-invariant, then T"(A) C A and T~"(A) = A for alln > 0; in
particular, T~"(A) is strongly T-invariant for all n > 0.

(viii) For any x € X, the forward orbit orb, (z) of x is the smallest T-invariant set con-
taining x and orby (x) is the smallest T-invariant closed set containing x.

Proof. (i) By A.0.7.(v).

(ii) If T-1(A) = A, then T-1(X \ A) = X \ T} (A4) = X \ A.

(iii) If T(A) C A, then T(A) C

(iv) Let (A;)ier be a family of subsets of X.

r(Ja) =

iel
If T71(A;) = A, for all i € I, then
(A

el

(v) Let (A;);er be a family of subsets of X.
T(() As)

icl
If T-1(A;) = A; for all i € I, then
() A)

el

C

(A) C A, by B.4.2.

If T(A;) C A; for all ¢ € I, then

U T(A;) € U A;.

i€l i€l

Ur ') =4

i€l icl
If T(A;) C A; for all i € I, then

(T(A) <A

i€l i€l

(77 (A) =) A

el el
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(vi) By A.0.7.(i).

(vii) By (i), A is T-invariant, hence we can apply (vi) to conclude that T"(A) C A for all
n > 0. Apply A.0.7.(vi) to obtain that T7"(A) = A for all n > 0.

(viii) By Lemma 1.0.2, We have that T'(orb,(x)) = orbs¢(x) C orby(x), hence orby(x) is
T-invariant . If B is a T-invariant set containing z, then Tz € T'(B) C B and, by
induction, 7"z € B for all n > 1. Thus, orb, (z) C B.

By (iii), orb, (z) is also T-invariant. Furthermore, if B is a closed T-invariant set
containing x, then orb, (x) C B and, since B is closed, orb,(x) C B.
O

Lemma 1.3.5. Let (X, T) be an invertible TDS.

(i) A C X is strongly T-invariant if and only if T(A) = A if and only if A is strongly
T~ -invariant.

(i1) The closure of a strongly T-invariant set is also strongly T-invariant .

(i5i) If A C X is strongly T-invariant , then T"(A) = A for all n € Z; in particular,
T™(A) is strongly T-invariant for all n € Z.

(iv) For any x € X, the orbit orb(z) of x is the smallest strongly T-invariant set contain-
ing  and orb(x) is the smallest strongly T-invariant closed set containing x.

(v) For any nonempty open set U of X, |, T"(U) is a nonempty open strongly T'-
invariant set, and X \ U, ., T"(U) is a proper closed strongly T-invariant subset of
X.

nez

Proof. (i) Using the fact that 7" is a homeomorphism, we get that A C X is strongly
T-invariant if and only if T71(A) = A if and only if T(T'(A)) = T(A) if and only
it A=T(A).

(ii) Let A be strongly T-invariant. By (i) and B.4.6, we get that T(A) = T(A) = A.

(iii) Apply (i) and A.0.8.(ii).
(iv)
T(orb(z)) =T (U T”x) = U T g = orb(z),

neEL <yA
so orb(z) is strongly T-invariant. If B is a strongly T-invariant set containing x, then

foralln € Z, T"x € T"(B) = B, by(iii). Thus, orb(z) C B.

By (ii), orb(x) is also strongly T-invariant. Furthermore, if B is a closed strongly
T-invariant set containing x, then orb(z) C B and, since B is closed, orb(x) C B.
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(v) Let A:=,c,T"(U). Then A is open, since 7" is an open mapping for all n € Z,
and A is nonempty, since () # U = T°(U) C A. Furthermore,

T(A) = T (U T”(U)) =Jr(w) = A

Finally, X \ A is proper, closed and strongly 7T-invariant, as a complement of an open
strongly T-invariant set).
O

1.3.3 Subsystems

Let (X,T) be a TDS, A C X be a nonempty closed T-invariant set and
jarA—= X, jalr)=2

be the inclusion.

Notation 1.3.6. We shall use the notation Ty for the mapping obtained from T by re-
stricting both the domain and the codomain to A.

Ty:A— A, Taz =Tz forallxe A (1.19)
Obuviously, Ty is continuous.
Then A is compact Hausdorff and T4 : A — A is continuous, hence (A, Ty) is a TDS.

Definition 1.3.7. A subsystem of the TDS (X, T) is any TDS of the form (A, T,), where
A is a nonempty closed T-invariant set.

For simplicity, we shall say that A is a subsystem of (X, 7). Obviously, X is a trivial
subsystem of itself. A proper subsystem is one different from (X, 7).

Lemma 1.3.8. Let (X, T) be a TDS.
(i) For any subsystem A of (X, T), ja: (A, Ta) — (X, T) is an injective homomorphism.
(i) Any subsystem of a subsystem of (X, T) is also a subsystem of (X, T).

(iii) For any x € X, orby () is a subsystem of (X, T).

() If (X, T) is invertible, and A C X is a nonempty closed strongly T-invariant set,
then the subsystem (A, Tx) is invertible.

(v) If (X, T) is invertible, then orb(z) is an invertible subsystem of (X,T).

Proof. (i),(ii),(iv) are easy to see.
(iii),(v) follow by Lemma 1.3.4.(viii) and Lemma 1.3.5.(iv). O
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The next proposition shows that every TDS contains a surjective subsystem.

Proposition 1.3.9. Let A be a subsystem of a TDS (X,T). Then there exists a nonempty
closed set B C A such that T(B) = B.

Proof. Using the fact that X is compact Hausdorff, A is closed (hence compact) and 7™ is
continuous, we get that 7"(A) is compact (hence closed) in X for all n > 0. Furthermore,
by A.0.7.(i), (T"(A))n>0 is a decreasing sequence. Applying B.10.5, it follows that

B:=()T"(4)

is nonempty. Furthermore, B C A and B is closed, as intersection of closed sets.
Claim T(B) = B.

Proof of Claim ” C” B is T-invariant as the intersection of a family of T-invariant sets,
by Lemma 1.3.4.(vi),(v.

? D7 Let z € B and set B,y := T '({z})NT"(A) for all n > 0. Since {z} is closed in
the compact Hausdorff space X and T is continuous, we get that 7' ({z}) is also closed,
hence, B, is closed. Furthermore, (B,11)n>0 is a decreasing sequence.

Let us prove that B,,;; is nonempty for allm > 0. Since x € B, we get that z € T""1(A),
so x = Ty for some y € T"(A). Thus, y € By41.

We can apply again B.10.5 to conclude that

0# () Bur =T ({z})n () T"(A) =T~ ({x}) N B.

n>0 n>0

Thus, there exists y € B such that Ty = z, i.e. © € T(B).

Applying the above proposition for A := X, we get the following useful results.

Corollary 1.3.10. If (X,T) is a TDS, then there exists a nonempty closed set B C X
such that T(B) = B.

Corollary 1.3.11. In an invertible TDS (X,T), any nonempty closed T-invariant subset
contains a nonempty closed strongly T'-invariant set.

Proof. Apply Proposition 1.3.9 and Proposition 1.3.5.(i). ]

1.3.4 Products
Let (X1,T1),...,(Xn, T,) be TDSs, where n > 2. The product TDS is defined by:

X = ﬁXi:Xlx...xXn
=1

T = [[Ti=Tix..xT,: X =X, thatis T(x,...,2,) = (Thar, ..., Toxy).
=1
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For any ¢ = 1,...,n, let us consider the natural projections
n
T HX" — X;, mi(xy, ..., 1) = @
i=1

Proposition 1.3.12. (i) (X,T) is a TDS.
(1) (X;,T;) is a factor of (X, T) for alli=1,... n.
(11i) (X,T) is invertible whenever (X;,T;) (i =1,...,n) are invertible TDSs.

Proof. (i) X is compact Hausdorff as a product of compact Hausdorff spaces. Further-
more, T is continuos as a product of continuous functions, by B.7.4.

(ii) It is easy to see that m; : (X,T) — (X;,T;) is a surjective homomorphism: m; is
surjective, continuous, and for all x = (z1,...,z,) € X, we have that

(mioT)(z) =m(Tx) =Tix; and (T;om)(x)=Tx;.
(iii) 7" is a homeomorphism as a product of homeomorphisms, by B.7.4.
O
Example 1.3.13. The TDS (T", R,,) (see Example 1.1.5) is the n-fold product of the TDSs
(SY, R,,), i =1,...,n (see Example 1.1.4).
1.3.5 Disjoint unions

Let (X7,T1) and (X5, T3) be TDSs and consider the disjoint union X := X; Ul X5 of the
topological spaces X, Xs.
Let us define

TlfL’ if%EXl,

T: X —-X, Tr= )
Tox if v € X,.

Proposition 1.3.14. (X,T) is a TDS, called the disjoint union of the TDSs (Xi,T})
and (Xo,Ty).
Proof. Apply B.6.2 and B.10.6.(vdisj-union-compact). O
Lemma 1.3.15. Let (X,T) be a disjoint union of (X1,T1) and (Xo,T5).

(i) both (X1,T1) and (Xs,Ty) are subsystems of (X, T).

(1) If (X1,T1) and (Xs,Ts) are both invertible, then (X, T) is invertible too.

Proof. (i) X is nonempty closed and T-invariant, since T(X;) = T1(X;) € X;. Fur-
thermore, 77 = T',. Similarly for Xs.
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(i) The inverse 7' : X — X of T is given by

T T e ifr e Xy,
T, 'z if v € Xo.

and is continuous, by B.6.2.(ii).

1.4 Transitivity

Definition 1.4.1. Let (X,T) be a TDS. A point x € X is called forward transitive if
its forward orbit orby(x) is dense in X. If there is at least one forward transitive point,
the TDS is called (topologically) forward transitive.

The property of a TDS being forward transitive expresses the fact that if we start at
the point x we can reach, at least approximately, any other point in X after some time.

Definition 1.4.2. Let (X,T') be an invertible TDS. A point x € X is called transitive if
its orbit orb(x) is dense in X. The TDS is called (topologically) transitive if there is
at least one transitive point.

The following is obvious.
Lemma 1.4.3. Let (X,T) be a TDS.
(i) For every v € X, (orby(z),T

o (x)) 18 a forward transitive subsystem of (X, T).

(i3) If (X,T) is invertible, then (orb(x), Tor)) 18 a transitive subsystem of (X, T) for all
reX.

Lemma 1.4.4. Let (X,T) be a TDS and x € X.

(i) x is a forward transitive point if and only if ¥ € J, 50T "(U) for every nonempty
open subset U of X.

(ii) Assume that (X,T) is invertible. Then x is a transitive point if and only if v €
Unez I7(U) for every nonempty open subset U of X.

Proof. (i) Applying B.1.5.(ii) and Lemma 1.0.2.(ii), we get that z is forward transitive
if and only if orb, (z) N U # ) for any nonempty open set U iff z € |J,,,7"(U) for
any nonempty open set U.

(ii) Similarly, using Lemma 1.0.2.(iii).
]

Lemma 1.4.5. Let (X,T) be a TDS with X metrizable and (U, ),>1 be a countable basis
of X (which exists, by B.10.11).
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(i) {o € X | orby(2) = X} = (Y U T 4.

(ii) If (X, T) is invertible, then {x € X | orb(z) = X} = ﬂ U U,

n>1keZ

Proof. As the proof of the above lemma, using B.1.5.(iii). O

Theorem 1.4.6. Let (X,T') be an invertible TDS and assume that X is metrizable. The
following are equivalent:

(i) (X,T) is transitive.
(i1) If U is a nonempty open subset of X such that T(U) = U, then U is dense in X.

(i) If E # X is a proper closed subset of X such that T(FE) = E, then E is nowhere
dense in X.

(iv) for any nonempty open subset U of X, |, ., T"(U) is dense in X.

nez

(v) for any nonempty open subsets U,V of X, there exists n € Z such that T"(U)NV # ().
(vi) The set of transitive points is residual.

Proof. (i) = (ii) Let = be a transitive point, so that orb(x) is dense. Let U be a nonempty
open set satisfying T(U) = U. Since orb(z) N U # (), we have that T*x € U for some
k € Z. Tt follows that for all n € Z, T"x = T *(T*z) € T"*(U) = U, by A.0.7.(vi).
Hence, orb(z) C U and, since orb(z) = X, we must have U = X.

(ii) « (i) By B.1.5.(iv).

(iv) < (v) follows immediately from B.1.5.

(ii) = (iv) Apply Proposition 1.3.5.(v).

(iv) = (vi) Let (U,)n>1 be a countable basis of X. By Lemma 1.4.5, the set of transitive
points is m U T’“(Un), which is an intersection of countably many open dense sets, by

n>1kezZ
(iv). Hence, the set of transitive points is residual, by B.11.3.

(vi) = (i) Since X is compact Hausdorff, we get that X is a Baire space, by Baire Category
Theorem B.11.7. Apply now B.11.6 to conclude that there exist transitive points.
O

1.5 Minimality

Definition 1.5.1. A TDS (X,T) is called minimal if there are no non-trivial closed
T-invariant sets i X.
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This means that if A C X is closed and T'(A) C A, then A = () or A = X. Equivalently,
(X, T) is minimal if and only if it does not have proper subsystems. Hence, "irreducible”
appears to be the adequate term. However, the term "minimal” is generally used in
topological dynamics.

Proposition 1.5.2. (i) (X, 1x) is minimal if and only if | X| = 1.
(i1) If (X, T) is minimal, then T is surjective.

(i1i) A factor of a minimal TDS is also minimal.

() If a product TDS is minimal, then so are each of its components.

(v) If (X1,Tx,), (X2,Tx,) are two minimal subsystems of a TDS (X,T), then either
XlﬂXQZQ) OTX1:X2~

Proof. Exercise. ]

As a consequence of the above proposition, minimality is an isomorphism invariant, i.e.
if two TDSs are isomorphic and one of them is minimal, so is the other.

Proposition 1.5.3. Let (X,T) be a TDS. The following are equivalent:
(i) (X,T) is minimal.
(i1) Every x € X is forward transitive.

(ii1) X =, T "(U) for every nonempty open subset U of X.

(iv) For every nonempty open subset U of X, there are nq,...,ng > 0 such that X =
k
Jr ().
i=1

Proof. (i) = (ii) By Lemma 1.3.8.(iii).

(il) = (i) Assume that A # () is a closed T-invariant set and let € A be arbitrary. Then
X = orb, (z) C A, by Proposition 1.3.4.(viii). Hence, X = A.

(ii) < (ili) Apply Lemma 1.4.4.(i).

(iv) = (iii) Obviously.

(iii) = (iv) By the compactness of X, since T-"(U) is open for all n > 0. O

Corollary 1.5.4. Every minimal TDS is forward transitive.
Theorem 1.5.5. Any TDS (X,T) has a minimal subsystem.

Proof. Let M be the family of all nonempty closed T-invariant subsets of X with the
partial ordering by inclusion. Then, of course, X € M, so M is non-empty. Let (A;);c; be
a chain in M and take A :=(),.; A;. Then A € M, since A is nonempty (by B.10.4), A is
closed, and A is T-invariant (by Proposition 1.3.4.(v)). Thus, by Zorn’s Lemma A.0.6 there
exists a minimal element F' € M. Then (F,Tr) is a minimal subsystem of (X, T). O
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1.6 Topological recurrence

We now turn to the question whether a state returns (at least approximately) to itself from
time to time.

Let A C X be arbitrary and consider the successive sites x, Tz, T?z,...,T"x, ... of an
arbitrary point x € A as time runs through 0,1,2,...,n,.... The set of all points which
return (= are back) to A at time n > 1 is

{re A|T'x € A} = ANT"(A).
Notation 1.6.1. We shall use the following notations:
(i) Ayer is the set of those points of A which return to A at least once.
(11) Ajny is the set of those points of A which return to A infinitely often.
(iii) For every x € A, rt(x, A) is the set of return times of x in A.

Thus,

A = AN JT™A), Amp=An()J T7(A),

n>1 n>1m>n

rt(x,A)={n>1|T"x e A} ={n>1|zecT "(A)}.

Furthermore, for every z € A we have that x € A, if and only if rt(x, A) is nonempty,
and x € A;, s if and only if rt(z, A) is infinite.

Definition 1.6.2. Let (X, T) be a TDS. A point x € X is called
(i) recurrent if x € U, for every open neighborhood U of x.
(1) infinitely recurrent if x € Uy, for every open neighborhood U of x.

Thus, x is recurrent if and only if x returns at least once to U for every open neighbor-
hood U if and only if € orb~g(x).

Definition 1.6.3. A set S C Z, is called syndetic if there exists an integer N > 1 such
that [k, k+ NS # 0 for any k € Z.

Thus syndetic sets have "bounded gaps”. Any syndetic set is obviously infinite.

Definition 1.6.4. Let (X,T) be a TDS. A point x € X is called almost periodic or
uniformly recurrent if for every open neighborhood U of x the set of return times rt(x,U)
18 syndetic.

Lemma 1.6.5. (i) Any periodic point is almost periodic.

(i) Any almost periodic point is recurrent.
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Proof. (i) Let x be a periodic point. Let N > 1 be the smallest positive integer such
that Tz = x. Then for every k > 1, there exists n € [k, k + N] such that T"z = x,
in particular n € rt(z, U) for every open neighborhood U of .

(ii) Obviously.
]

Lemma 1.6.6. (i) If ¢ : (X,T) — (Y,S) is a homomorphism of TDSs and v € X
is recurrent (almost periodic) in (X, T), then o(x) is recurrent (almost periodic) in

(Y, S).

(11) If (A, T4) is a subsystem of (X,T) and x € A, then x is recurrent (almost periodic)
in (X, T) if and only if x is recurrent (almost periodic) in (A, Tx).

Proof. Exercise. ]

As a consequence, isomorphisms map recurrent (almost periodic) points in recurrent
(almost periodic) points.

Proposition 1.6.7. Let (X,T) be a TDS and x € X. The following are equivalent:
(i) x is recurrent.
(i) x is infinitely recurrent.
Proof. Exercise. ]

Lemma 1.6.8. Let (X,T) be a TDS and assume that X is metrizable. For any x € X,
the following are equivalent:

(i) x is recurrent.

(i1) klim T x =z for some sequence (ny) in Z..
— 00

(1i) lim T x = x for some sequence (ng) in Z, such that lim ny = co.
k—o0 k—o0

Proof. Exercise. ]

Proposition 1.6.9. /G. D. Birkhoff]
Every point in a minimal TDS (X, T) is almost periodic.

Proof. Assume that (X, T) is minimal and let z € X, and U be a an open neighborhood of
x. Applying Proposition 1.5.3.(iv), there are ny,...,ng > 0 such that X = Ule T-"(U).
Let N := max{nq,...,n;}. For each n > 1, there exists i = 1,...,k such that T"z €
T—"(U), that is T"*t"z € U. It follows that n + n; € [n,n + N|Nri(z,U). O

Combining Theorem 1.5.5 with Proposition 1.6.9, we immediately obtain the
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Theorem 1.6.10 (Birkhoff Recurrence Theorem).
Every TDS contains at least one point x which is almost periodic (and hence recurrent).

Corollary 1.6.11. Let (X, T) be a TDS and assume that X is metrizable. Then there ezists

x € X satisfying klim Tz = x for some sequence (ng) in Z such that klim n = 00.
—00 —00

Proof. Apply Theorem 1.6.10 and Lemma 1.6.8. [
Proposition 1.6.12. Let (X,T) be a TDS and x € X. The following are equivalent:
(i) x is almost periodic.

(ii) For any open neighborhood U of x there exists N > 1 such that

orby (z) C U T5U).

(iii) (orby(x), T

W(x)) 15 a minimal subsystem.

Proof. Exercise. ]

1.6.1 An application to a result of Hilbert

The following result, due to Hilbert [53], is presumably the first result of Ramsey theory.
Hilbert used this lemma to prove his irreducibility theorem: If the polynomial P(X,Y") €
Z[X,Y] is irreducible, then there exists some a € N with P(a,Y) € Z[Y].

The finite sums of a set D of natural numbers are all those numbers that can be
obtained by adding up the elements of some finite nonempty subset of D. The set of all
finite sums over D will be denoted by F'S(D). Thus,

FS(D)= {Z m | F' is a finite nonempty subset of D} . (1.20)

meF

If D ={ny,na,...,m}, we shall denote F'S(D) by FS(ny,...,n).

Theorem 1.6.13 (Hilbert (1892). Letr € Z, and N = UCi. Then for any 1 > 1 there
i=1
exist ny < ng < ... < ny € N such that infinitely many translates of FS(nl, o ,nl) belong
to the same C;. That is,
U (a+FS’(n1,...,nl)) -e

a€B

for some finite sequence ny < no < ... < n; in N and some infinite set B C N.



28 CHAPTER 1. TOPOLOGICAL DYNAMICAL SYSTEMS

Proof. Let W = {1,2,...,r} and consider the full shift (W% T). Let x € W?Z be defined
by:

K ifn>0andn e C;
" arbitrarily if n < 0.

Step 1 Assume that x is recurrent.
We construct a finite sequence (W), k= 0,1,...,1 of blocks of x inductively as follows:

(i) Let N := z( and define Wy := N.

(ii) Assume that Wy, ..., W} were defined. Since x is recurrent, the block W}, occurs in
x a second time (see H2.5). Hence, there exists a (possibly empty) block Yj; such
that WkYk—HWk occurs in x. Define Wk—i—l = WkYk—i-ka‘

For every k = 1,...,1, let nx be the length of W;Yy.q, so that 1 < n; < ... <mn;. Let us
remark that

Wi, = X{[0,|Wp|—1] |Wk+1| = |Wk| + N,

and that if some symbol occurs at position p in W, then it occurs also at position p + ny
in Wk—i—l-

Let 1 <4 <ig<...<i, <[, where 1 <p <. Then N occurs at position 0 in x, at
position n;, in W, , at position n;, + n;, 11 in W;, 11, at position n;, + n;, 42 in W;, 19, and
so on, at position n;, + n;, in W;,. Applying the above argument repeatedly, we get that
N occurs at position n;, +ng, + ... +mn;, in W; , hence in x. It follows that N occurs in x
at any position in FS(nl, e ,nl).

Applying again the fact that x is recurrent, we get that the block W, occurs in x at an
infinite number of positions, say 0 = p; < ps < ... < pr < .... Take B = {p | k > 1} to
get that N occurs at any position in U (a + FS(nl, . ,nl)). That is,

a€EB

U (a—{—FS(nl,...,nl)) C COy.

aceB

Step 2 Let us consider the general case, when x is not necessarily recurrent. Consider
the subsystem (orb. (), T55+(,)), and apply Birkhoff recurrence theorem 1.6.10 to get a
recurrent point y of this TDS. We have two cases:

Case 1: y = T"x for some m > 0. Applying Step 1 for y, we get that N := yy = x,,

occurs in y at any position in U (a + FS(nl, e ,nl)). Letting C' := m + B, we get that
a€EB

U (a+FS(n1,...,m)) C Oy

aeC

C' is infinite and
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Case 2: y g orb,(x). Then klim T™x =y for some strictly increasing sequence (my)

of natural numbers. Applying Step 1 for the recurrent point y, we get that N := y, occurs
at any position p € FS(nl, - ,nl) for some finite sequence n; < ny < ... <mn;in N,

Take n := ny+ng+...+n;. It follows that there exists K > 0 such that (77*X)_p ) =
Yi-nn for all k> K. Let B = {my | k > K}. Then B is infinite, and

Tingrp = (17"X), =y, = N for all p € FS(nl,...,nl), and all m; € B.

Thus
U (a—i—FS(nl,...,nl)) g CN'

aceB
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1.7 Multiple recurrence
Let X be a compact metric space, [ > 1, and T}, ...,7T; : X — X be continuous mappings.

Definition 1.7.1. We say that a point x € X is multiply recurrent (for Ty,...,T;) if
there exists a sequence (ny) in N with klim ny = oo such that

—00

lim 77"z = lim Ty%z = ... = lim T2 = . (1.21)

k—o00 k—o0 k—o0

Furthermore, the mappings 74, ...,7; : X — X are said to be commuting if 7; 0 T; =
TjoT; forall i,j =1,...,0. This implies T}" o T}" = T;" o T} for all m,n € Z; if the T}’s
are homeomorphisms, then 77" o 77" = T7" o T}" holds for all m,n € Z.

In this section, we extend Birkhoff’s Recurrence Theorem. We shall prove the following
result.

Theorem 1.7.2 (Multiple Recurrence Theorem (MRT)).
Let 1 > 1 and Ty,...,T; : X — X be commuting homeomorphisms of a compact metric
space (X,d). Then there exists a multiply recurrent point for Ty, ..., T;.

Corollary 1.7.3.
Let (X,d) be a compact metric space and T : X — X be a homeomorphism. For all 1 > 1,
there exists a multiply recurrent point for T, T?, ... T

Proof. Let Ty := T" for all 1 < i < [. Then T},...,T; are commuting homeomorphisms
of the compact metric space (X, d), so we can apply MRT to conclude that there exists a
multiply recurrent point z € X. O]

Corollary 1.7.4.
Let (X,d) be a compact metric space and T : X — X be a continuous mapping. For all
[ > 1, there exists a multiply recurrent point for T,T?,...,T".

Proof. Exercise. ]

1.7.1 Some useful lemmas

In the sequel, (X,d) is a compact metric space, [ > 1, and T3,...,7; : X — X are
continuous mappings. .
Consider the product TDS (X!, T):

X'=XxXx.xX  T=]]T

1 1=1

.....
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For every ) #Y C X, let

Vai={y=wy. ..y lyeY}
be the diagonal of Y. For every i = 1,...,1[, let

T, X'—- X, T,=T,x...xT;.
l

Lemma 1.7.5. (i) di(x,y) = d(z,y) for all x,y € X}.
(ii) For allx € X, (B.(z))\ = {y € XL | di(x,y) < e} = B.(x) N X.
(iii) V is open in X4 if and only if V = UL for some open subset U of X.
(iv) Let Y C X be a nonempty closed set. Then

(a) YL is a compact metric space.
(b) Foralli=1,...,1, T,(YL) = (T,(Y))k.

We have the following characterization of multiply recurrent points.

Lemma 1.7.6. Let v € X and x = (x,...,x) € X4. The following are equivalent:

(i) x is multiply recurrent for Ty, ..., T;.

(ii) x is a recurrent point in (X', T).

(iii) For all € > 0 there exists N > 1 such that dj(x, TVx) < .

(iv) For all e > 0 there exists N > 1 such that d(z, TNz) < e foralli=1,...,1l.
Proof. Exercise. O
Lemma 1.7.7. Assume that Ty, ...,T; : X — X are commuting homeomorphisms. Then

(i) X contains a subset Xy which is minimal with the property that it is nonempty closed
and strongly T;-invariant for alli=1,...,1.

(ii) For every nonempty open subset U of Xy, there are M > 1 and n;; € Z,i =
M

L., j=1,...,M such that Xo = (_J (T]" o...0 T}"") (V).

j=1
(iii) (Xo)y is strongly Ti-invariant for all i =1,... 1.
Proof. Exercise. ]

The following lemma is one of the most important steps in proving Theorem 1.7.2.
According to Furstenberg, its proof is due to Rufus Bowen.
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Lemma 1.7.8. Let (X,T) be a TDS with (X, d) metric space. Let A C X be a subset with
the property that

for every e > 0 and for all x € A there exist y € A and n > 1 with d(T"y,z) < e. (1.22)

Then for every e > 0 there exist a point z € A and N > 1 satisfying d(TVz,z) < ¢.

Proof. Let € > 0 be given. We define inductively sequences ; > 9 > ... of positive
parameters, 2g, 21, ..., of points in A, and py,ps, ..., pn, ... of positive integers satisfying
the following for all £ > 1:

(1) € < Qk%?
(i) d(zk, TP+ 2p41) < €kq1, and
(iii) for all u,v € X, d(u,v) < €41 implies

d(TPru, TPk v) < gy, d(TP=1TPey, TPE-1FPhy) < gy d(TPT TPy, TP TPhy) < g

Let zgp € A be arbitrarily. Let €; < £/4 and apply (1.22) to get z; € A and p; > 1 such
that

d(TP z1, z9) < 1.
Since TP' : X — X is uniformly continuous, there exists 6 > 0 such that for all u,v € X,
d(u,v) <6 implies d(T"'u,T?'v) < ¢;.
Let 5 < min{d,e1/2} and apply again (1.22) to get zo € A and py > 1 such that
d(z1, TP z9) < €9.

Since TP2,TP1*P2 . X — X are uniformly continuous, there exists ¢ > 0 such that for all
u,v € X,

d(u,v) <& implies d(T" u,TP'v) < g9, d(TP*P?u, T"*P20) < 5.
Let 5 < min{d, e2/2} and apply again (1.22) to get z3 € A and p3 > 1 such that
d(z9, TP z3) < e3.

Assume ey, ..., ek, 20,21, - - -, 2k, and py, ..., pp were defined. Since TPk TPr—11Pk TPLH- Pk
X — X are uniformly continuous, there exist dy,...,d; > 0 such that for all u,v € X,

d(u,v) < implies d(T?*u, TP*v) < e, and forall i =1,... k—1,
d(u,v) < 6; implies d(TPHTPey TPHFPhy) < g
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Let exp1 < min{dy, ..., 0k, ex/2} and apply again (1.22) to get zx1 € A and py1 > 1 such
that

d(Zk, Tpk+12k+1) < Ekt1-

By sequential compactness, the sequence (z,) has a convergent subsequence. In particular,
there exist 1 < ¢ < j such that d(z;, z;) < ¢/2. It follows that

d(z sz+1Z i1

) git1, by (ii) for
d(Tpi+1 sz+1+Pz+2Z 2)

)

i)

< ) for k

< €iy1, by (i), (111) for k =i+ 1,
< &ite, by (ii), (iii) for k =i+ 2,
< €j_1, by (i), (iii) for k =j — 1.

d(Tpi+1+pi+2 2i42, sz+1+pz+2+pz+3z 43

d(Tpi+1+Pi+2+---pj—lz sz+1+pz+2+ Pj .

Hence,

3 9 3 9
Pit1+Pit2t...+p;
d(ZZ',T +1+DPite J,Zj,) < €i+1+€i+1+"'+€j_1<2i+2+2i+2+2i+3+"’§

< ¢/8 +5/8§: 1/2" =¢/8 +¢/4 < ¢/2.

k=0

By the triangle inequality we then have
d(zj, Tpi+1+pi+2+--.+pjzj) < d(zﬁ Zz) + d(zi’ Tpi+1+pi+2+---pjzj) < 5/2 + 5/2 = .

The conclusion of the lemma follows on taking x := z; and N := p; 11 + pit2 + ... p;.

1.7.2 Proof of the Multiple Recurrence Theorem

In the sequel, we give a proof of Theorem 1.7.2.

Let us denote with M RT(l) the statement of the theorem. We prove it by induction on
[>1

MRT(1) follows from Birkhoff Recurrence Theorem (see Corollary 1.6.11).

MRT(l —1)= MRT(l) Let [ > 2 and Ty,...,7; : X — X be [ commuting homeomor-
phisms of X. By Lemma 1.7.7.(i), we can assume that X does not contain a proper
nonempty closed subset Y such that T;(Y) =Y foralli=1,... 1L

Claim 1: For all ¢ > 0 there exist x,y € X4 and N > 1 such that d;(x,T"y) < ¢.

Proof: For every ¢ = 1,....01 — 1, let S; := T, 0 Tl_l. Then Si,...,5,_1 are commuting
homeomorphisms, so we can apply M RT'(l — 1) to get the existence of x € X such that,
for all € > 0, there exists N > 1 satisfying d(x, S¥x) < e foralli =1,...,1— 1. By letting
Y= Tl_Nx, and x,y € Xy, x= (z,2,...,2),y = (y,¥,...,y), we get that

di(x, T"y) = max{d(x, SNz),... d(z, SN x),d(x,x)} <e. O
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Claim 2: For all £ > 0 and for all x € XY there exist y € X4 and N > 1 such that
dl(X, TNy) <e&.

Proof: Let U := B.3(x) € X. Applying Lemma 1.7.7.(ii), we get the existence of M > 1

M

and n;; € Z,i=1,...,1, j = 1,..., M such that X = U (T7" o ... 0o T)(U). As an
j=1

immediate consequence,

XL = <U (Tf”o...oCl}”lj)(U)> =@ o . o) (UL). (1.23)

j=1
Let us denote, for all j =1,..., M,

-1
& —nyj —ni;

S; = (Tln” 0...0 Tln”) =T o...oT; ", since Ty’s commute. (1.24)

X! is compact and strongly Sj-invariant, by Lemma 1.7.7.(iii), so S; : Xy — X\ is
uniformly continuous. We get then for all 7 = 1,..., M the existence of §; > 0 such that
for all z,u € X,

di(z,u) < §; implies d;(S;z,Sju) <e/2. (1.25)

Take 0 := min{dy,...,d;} > 0 and apply Claim 1 to get z,up € X4 and N > 1 such that
di(ug, TN zg) < 6. (1.26)
Since ug € X4, by (1.23) there exists jo = 1,..., M such that S;,uy € Uk, hence
di(x, Sjup) < €/2. (1.27)

Let y := Sj,zo. Applying (1.25), (1.26), and the fact that 7V and S;, commute, we get
that
dl(TNy, Sjouo) = dl(Sjo (TNZO), Sjollo) < 8/2 (128)

Finally, it follows that

dl(TNy,X) S dl(TNy,Sjouo)—l—dl(SjOuo,x)
< ¢/24+¢/2=¢e. O

Claim 3: For all € > 0 there exist x € X4 and N > 1 such that d;(x, T"x) < «.

Proof: follows from Claim 2, after applying Lemma 1.7.8 with A = X. ]

Claim 4: For all € > 0 the set
Y. = {x € X4 | there exists N > 1 such that d;(x,TVx) < e} (1.29)

is dense in X4.
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Proof: Let ¢ > 0. We shall prove that Y. N U4 # 0 for any open subset U of X. As in the
proof of Claim 2, we get

—ny;

M>1,n;€Zi=1,...,1, j=1,....,.M, S; =T, “o...0T,

satisfying

M
() x4 = J5;'(U4), and

j=1
(i) there exists § > 0 such that for all j =1,..., M, and for all z,u € X},

di(z,u) < ¢ implies d;(5;z,Sju) <e.

By Claim 3, Y; is nonempty. Let x € Y5 and N > 1 be such that dj(x, TNX) < . Since
x € X', there exists jo = 1,..., M such that y := S;,x € U\. Since T" and S}, commute,
it follows that

diy, T"y) = di(Sjx, 85,(T"x)) < e,

hence y € U\ NY..
O

Claim 5: M RT(l) is true, that is there exists x € X such that, for all € > 0, there exists
N > 1 such that B
di(TVx,x) < e.

Proof: For every n > 1, by Claim 5, By Claim 5, Y/, is dense in X . Furthermore,
Yim = UIA, where

U=J(WeeX|daT ) <1/n}.

N>1i=1

It is easy to see that U is open in X, hence Y}/, is is open in XZA. Thus, Y := ﬂ Yi/n is
n>1

a residual set and we can apply B.11.6 to conclude that Y is nonempty. Then any x € YV

satisfies the claim. ]
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Chapter 2

Ramsey Theory

Ramsey theory is that branch of combinatorics which deals with structure which is pre-
served under partitions. The theme of Ramsey theory:

”Complete disorder is impossible.” (T.S. Motzkin)

Thus, inside any large structure, no matter how chaotic, will lie a smaller substructure
with great regularity. One looks typically at the following kind of question: If a particular
structure (e.g. algebraic, combinatorial or geometric) is arbitrarily partitioned into finitely
many classes, what kind of substructure must always remain intact in at least one class?

Ramsey theorems are natural, and they can be very powerful, as they assume very
little information; they are usually very easy to state, but can have very complicated
combinatorial proofs.

Ramsey theory owes its name to a very general theorem of Ramsey from 1930 [89],
popularized by Erdos in the 30’s.

A number of results in Ramsey theory have the following general form:

(*)  Let X be a set. For anyr € Z., and any r-partition X = U C; of X, at least
i=1
one of the classes possesses some property P.

X could be N, Z,N¢ Z (d > 1), .... The statement can be expressed also in terms of finite
colourings of X. For any r > 1, an r-colouring of X is a mapping ¢: X — {1,2,...,r}.

Then (*) becomes:

For any finite colouring of a set X, there exists a monochromatic subset of X having
some property P.

An affine image of a set F' C N (resp. F' C Z) is a set of the form

a+bF ={a+0bf | feF} whereaeN,beZ(resp. a€Z,beZ\{0}). (2.1)

37
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2.1 van der Waerden theorem

One of the most fundamental results of Ramsey theory is the celebrated van der Waerden
theorem:

Theorem 2.1.1 (van der Waerden).

Letr > 1 and N = UCi' For any k > 1, there exists i € [1,r] such that C; contains an
i=1
arithmetic progression of length k.

This result was conjectured by Baudet and proved by van der Waerden in 1927 [111].
The theorem gained a wider audience when it was included in Khintchine’s famous book
Three pearls in number theory [60].

Let us denote with (vdW1) the above formulation of van der Waerden theorem and
consider the following statements:

(vdW2) Letr>1and N= U C;. There exists ¢ € [1,r] such that C; contains
i=1
arithmetic progression of arbitrary finite length.

(vdW3) Letr>1and N= U C;. For any finite set F' C N there exists i € [1, 7]
i=1
such that C; contains affine images of F'.

(vdW4) Letr >1and N = U C;. There exists i € [1,7] such that C; contains
i=1
affine images of every finite set /' C N.
Let (vdWix), i = 1,2, 3,4 be the statements obtained from (vdWi),i = 1,2, 3,4 by chang-
ing N to Z in their formulations.

Proposition 2.1.2. (vdWi), (vdWix), i = 1,2,3,4 are all equivalent.
Proof. Exercise. ]

(vdW2) states that for any finite partition of N, one of the cells contains arithmetic
progressions of arbitrary finite length. Equivalently, any finite colouring of N contains
monochromatic arithmetic progressions of arbitrary finite length.

We remark that one cannot, in general, expect to get from any finite colouring of N a
monochromatic infinite arithmetic progression (why?).

2.1.1 Topological dynamics proof of van der Waerden Theorem

The topological dynamics proof we give here is due to Furstenberg and Weiss [39].

Proposition 2.1.3.
Letl > 1 and e > 0. For any compact metric space (X,d) and homeomorphism T : X — X
there exist x € X and N > 1 such that

d(z, TN x) < e for all 1 <i <. (2.2)
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Proof. Apply Corollary 1.7.3 and Lemma 1.7.6.(iv) [
Let us denote with (vdW-dynamic) the statement of the above proposition.

Theorem 2.1.4. (vdW-dynamic) implies (vdW1%*).

Proof. Let r,k > 1 and let Z = U C;. Set W = {1,2,...,r} and consider the full shift
i=1

(WZ,T). Let v € WZ be defined by:

Yo =1 if and only if n € C;.

Let X := {T™y | n € Z} be the orbit closure of vy and consider the subsystem (X, Ty).
Applying (vdW-dynamic) with ¢ := 2 and [ := k — 1, we get x € X and N > 1 such
that

d(x, T""x) < 2forall 1 <j<k—1.
Thus, by Proposition 1.2.3.(i),

Ty — (TNX)O =...= (T(k_l)NX) ie. To=2IN = ... = T(k=1)N-

0’
Since x € X, by letting p = (k — 1) N — 1, we get the existence of M € Z such that
d(x,T"~) <277, hence, X -1~ k—1)5] = (7)1 (s—1) ¥, (k—1)N]-
Let i := x¢. It follows that i = 2o = 2y = ... T(x—1)n, hence
i=(T"y)=(TYy)y=...= (TM’y)(k,l)N, ie. i =Yy = VM4N = - = VYM+(—1)N-
By the definition of ~, it follows that the k-term arithmetic progression
{M,M +N,M+2N...,M+ (k—1)N} (2.3)

is contained in Cj.

Theorem 2.1.5. (vdW1) implies (vdW-dynamic).

Proof. Let | > 1, ¢ > 0, (X,d) be a compact metric space, and 7" : X — X be a
homeomorphism. Since X is compact, it is totally bounded (see B.10.15). Thus, there
exists a finite cover of X by e/2-balls. From this we can construct a finite cover of X by
pairwise disjoint sets Uy, ..., U, of less than ¢ diameter (see A.1.3).

Let y € X and define for all t =1,...,r,
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Then N = U C;, and the C;’s are pairwise disjoint, so by taking the nonempty ones of
i=1
them we get a finite partition of N.
Applying (vdW1), one of the cells C; contains an arithmetic progression {a,a +
N,...;,a+ IN} of length [ + 1, where a € N, and N > 1, since [ > 1. This means

that
Ty eU, T NycU,..., Ty c U,.

By letting z := T%, it follows that {z,T"z,..., T"VNz} C U;. Since U; is of diameter less
than e, the conclusion follows. ]

2.1.2 The compactness principle

The compactness principle, in very general terms, is a way of going from the infinite
to the finite. It gives us a "finite” (or finitary) Ramsey-type statement providing the
corresponding "infinite” Ramsey-type statement is true.

Theorem 2.1.6 (The Compactness Principle).

Let r > 1 and let F be a family of finite subsets of Z,. Assume that for every r-colouring
of Z. there is a monochromatic member of F. Then there exists a least positive integer
N = N(F,r) such that, for every r-colouring of [1, N|, there is a monochromatic member

of F.

Proof. The proof we give is essentially what is known as Cantor’s diagonal argument. Let
r > 1 be fixed and assume that every r-colouring of Z. admits a monochromatic member
of F. Assume by contradiction that for each n > 1 there exists an r-colouring

Xn [1,71] - [17T]

with no monochromatic member of F. We proceed by constructing a specific r-colouring
X of Z... Since there are only finitely many colours, among x1(1), x2(1), ..., there must be
some colour that appears an infinite number of times. Call this colour ¢q, and let C; be the
infinite set of all colourings x; with x;(1) = ¢;. Within the set of colours {x;(2) | x; € C1}
there must be some colour ¢y that occurs an infinite number of times. Let Cy C Cy be the
infinite set of all colourings x; € C; with x;(2) = ¢p. Continuing in this way, we find for
each k > 2 a colour ¢, such that the family of colourings

Ce = {X; € Co1 [ X5(K) = e}
is infinite. We define the r-colouring
X:Zy—[1,r], x(k)=c.

Then x has the property that for every k > 1, C; is the collection of colourings x; with
x(7) = x;(i) forall i =1,... k.
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By assumption, xy admits a monochromatic member of F, say S. Let M := max S and
take some arbitrary colouring x; € Cp. Then x;|s = x|s, hence S € F is monochromatic
under x;. This contradicts our assumption that all of the x,’s avoid monochromatic
members of F. [

Remark 2.1.7. The compactness principle does not give us any bound for N(F,r); it only
gives us ils existence.

Corollary 2.1.8. Let r > 1 and let F be a family of finite subsets of Z.. The following
are equivalent:

(i) For every r-colouring of Z, there is a monochromatic member of F.

(i) There exists a least positive integer N = N(F,r) such that, for every r-colouring of
[1, N, there is a monochromatic member of F.

(i1i) There exists a least positive integer N = N(F,r) such that, for allm > N and for
every r-colouring of [1,m], there is a monochromatic member of F.

Proof. (i) = (ii) By the Compactness Principle.

(i1) = (uii) If m > N(F,r), and x is an r-colouring of [1,m], then we can apply (ii) for its
restriction to [1, N(F,r)] to get a monochromatic member of F.

(7ii) = (1) is obvious. O

2.1.3 Finitary version of van der Waerden theorem

As a consequence of the Compactness Principle, we get the following

Theorem 2.1.9 (Finitary van der Waerden theorem).
Let r k. > 1. There exists a least positive integer W = W (k,r) such that for any n > W

and for any partition [1,n] = U C; of [1,n], some C; contains an arithmetic progression
i=1

of length k.

In terms of colourings, there exists a least positive integer W = W (k, r) such that for all
n > W, and for any r-colouring of [1,n] there is a monochromatic arithmetic progression
of length k. In fact, by Corollary 2.1.8, van der Waerden theorem and its finitary version
are equivalent.

Definition 2.1.10. The numbers W (r, k) are called the van der Waerden numbers.

We have that W(1,k) = k for any £k > 1, since one colour produces only trivial
colourings. W (r,2) = r + 1, since we may construct a colouring that avoids arithmetic
progressions of length 2 by using each color at most once, but once we use a color twice, a
length 2 arithmetic progression is formed.
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The combinatorial proof of van der Waerden theorem proceeds by a double induction
on r and k and yields extremely large upper bounds for W (k,r). Shelah [99] proved that
van der Waerden numbers are primitive recursive. In 2001, Gowers [11] showed that van
der Waerden numbers with r > 2 are bounded by

2k +9
Wir k) <22 . (2.4)

There are only a few known nontrivial van der Waerden numbers. We refer to

http://www.st.ewi.tudelft.nl/sat/waerden.php

for known values and lower bounds for van der Waerden numbers.

2.1.4 Multidimensional van der Waerden Theorem
An affine image of a set /' C N¢ (resp. F' C Z9) is a set of the form
a+bF ={a+bf|feF} whereae N beZ, (resp. acZ beZ\{0}). (2.5)

Here is the formulation of the multidimensional analogue of van der Waerden’s theorem.
It was first proved by Griinwald (also referred to in the literature by the name of Gallai),
who apparently never published his proof (Griilnwald’s authorship is acknowledged in [87,
p.123]).

Theorem 2.1.11 (Multidimensional van der Waerden).

Letd> 1,7 > 1, and N? = U C; be an r-partition of N%. There exists i € [1,r] such that
i=1
C; contains affine images of every finite set F' C N¢.

Proof. Exercise. ]

2.1.5 Polynomial van der Waerden’s theorem

The following generalization of van der Waerden theorem is due to Bergelson and Leib-
man [13], who proved it using topological dynamics methods. A combinatorial proof was
obtained in 2000 by Walters [112].

Theorem 2.1.12 (Polynomial van der Waerden theorem). [1.5/

Let k> 1, and pq,...,px : Z — 7Z be polynomials of one variable with integer coefficients,
which vanish at the origin (i.e. p;(0) =0 for alli =1,... k). For any finite colouring of
7, there exists a monochromatic configuration of the form

{a+pi(d),...;a+pe(d)}, a,deZ,dF#0.

The case with a single polynomial was proved by Furstenberg [34] and Sarkozy [90]
independently.

Remark that by specializing to the linear case p;(n) :=in, i = 1,..., k one recovers the
ordinary van der Waerden theorem.


http://www.st.ewi.tudelft.nl/sat/waerden.php
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2.2 The ultrafilter approach to Ramsey theory

We present now a different approach to Ramsey theory, based on wultrafilters via the Stone-
Cech compactification. We refer to [55] or to the surveys [11, 7, 8] for details.

Definition 2.2.1. Let D be any set. A filter on D is a nonempty set F of subsets of D
with the following properties:

(i) 0 F.
(ii) If A,B € F, then ANB e F.
(i) If A€ F and AC B C D, then B € F.

We remark that D € F for any filter F on D. A classic example of a filter is the set
of neighborhoods of a point in a topological space. If D is an infinite set, an example of a
filter on D is the family of cofinite subsets of D, defined to be those subsets of D whose
complement is finite.

Definition 2.2.2. An ultrafilter on D is a filter on D which is not properly contained in
any other filter on D.

Proposition 2.2.3. Let U C P(D). The following are equivalent.
(i) U is an ultrafilter on D.

(i1) U has the finite intersection property and for each A € P(D)\U there is some B € U
such that AN B = ).

(111) U is mazimal with respect to the finite intersection property. (That is, U is a maximal

member of {V C P(D) | V has the finite intersection property}.)

(iv) U is a filter on D and for any collection Cy,...,C, of subsets of D, if OCi eu,
then C; € U for some j =1,...n. =
(v) U is a filter on D and for all A C D either AcU or D\ A€ U.
Proof. Exercise. See [55, Theorem 3.6, p.49]. O

If @ € D, then e(a) := {A € P(D) | a € A} is easily seen to be an ultrafilter on D,
called the principal ultrafilter defined by a. It is immediate the fact that e(a) = e(b) if
and only if @ = b, so e is an embedding of D into the set of ultrafilters of D.

Proposition 2.2.4. Let U be an ultrafilter on D. The following are equivalent:
(i) U is a principal ultrafilter.
(1) There is some F' € Pr(D) such that F € U.
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(1) The set {A C D | D\ A is finite } is not contained in U.

() Nacu A7 0.

(v) There is some v € D such that ()5, A = {x}.
Proof. Exercise. See [55, Theorem 3.7, p.50]. ]

Proposition 2.2.5. Let D be set and let A be a subset of P(D) which has the finite
intersection property. Then there is an ultrafilter U on D such that A CU.

Proof. Exercise. ]

Corollary 2.2.6. Let D be set, let F be a filter on D, and let A C D. Then A & F if and
only if there is some ultrafilter U with F U{D \ A} CU.

Proof. Exercise. ]

To see that non-principal ultrafilters exist, take, for example,
A={ACZ,|Z;\ Ais finite}.

Clearly A has the finite intersection property, so there is an ultrafilter ¢ on Z, such that
A CU. Tt is easy to see that such U cannot be principal.

The following result shows that questions in Ramsey theory are questions about ultra-
filters.

Proposition 2.2.7. Let D be a set and let G C P(D). The following are equivalent.
(i) Wheneverr > 1 and D = J;_, C;, there existsi € [1,r] and G € G such that G C C;.

(ii) There is an ultrafilter U on D such that for every member A of U, there exists G € G
with G C A.

Proof. Exercise. ]

Those more familiar with measures may find it helpful to view an ultrafilter on D as
a {0, 1}-valued finitely additive measure on P(D). Given an ultrafilter p on D, define a
mapping p, : P(D) — {0,1} by u,(A) =1 < A € p. It is easy to see that p,(0) =
0, pup(D) = 1, and the fact that for any finite collection of pairwise disjoint sets C1, ..., C,,

one has p, (U C’i> = Z tp(C;). The members of the ultrafilters are the "big” sets.
i=1

i=1
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2.2.1 The Stone-Cech compactification

Let D be a discrete topological space. We shall denote with p, ¢ ultrafilters on D and we
shall use the following notations

BD = {p|p ultrafilter on D},

~

A = {pepD|Aep} forany ACD,
B = {A|ACD}.
Lemma 2.2.8. Let A,BC D.

L ~

(i) ANB=ANDB and AUB = AUB.
(i) D\ A= 5D\ 4.
(iii) A =10 if and only if A= 0.
(iv) A= B3D if and only if A= D.
(v) A= B if and only if A = B.
Proof. Exercise. See [55, Lemma 3.17, p.53]. O

It follows that the family B forms a basis for a topology on GD. We define the topology
of 8D to be the topology which has these sets as a basis.

We consider any a € D as an element of 8D by identifying it with the principal filter
e(a) defined by a.

Theorem 2.2.9. 3D is the Stone-Cech compactification of D.
Proof. See [55, Theorem 3.27, p.56]. O

Being a nice compact Hausdorff space, 5D is, for infinite discrete spaces D, quite a
strange object.

Proposition 2.2.10. Let D be an infinite discrete topological space.

1 D|=22"" Ip articular, |BZ.| = 2¢, where ¢ is the cardinality of the continuum,
. D +
c = |R| = 2%.

(ii) BD is not metrizable.
(11i) Any infinite closed subset of SD contains a homeomorphic copy of all BZ, .
Proof. (i) See [55, Section 3.6, p.66].

(ii) Otherwise, being a compact and hence separable metric space, it would have cardi-
nality not exceeding c.

(iii) See [55, Theorem 3.59, p.66].
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2.2.2 Topological semigroups

In the sequel, (S, +) is a semigroup. For every A,BC S, A+ B={a+b|a€ Abe B}.
An element z € S is an idempotent if and only if 2 + x = x. We shall denote with
E(S) the set of all idempotents of S.

Definition 2.2.11. Let ) # L, R, 1 C S.
(i) L is a left ideal of S if and only if S+ L C L.
(i) R is a right ideal of S if and only if R+ S C R.
(iii) I is an ideal of S if and only if I is both a left and a right ideal of S.

Of special importance is the notion of minimal left and right ideals. By this we mean
simply left or right ideals which are minimal with respect to set inclusion.

Let (S,+) be a semigroup with S a topological space and define for each z € S, the
functions

Puy e S — S, py)=y+z, M(y)=2x+vy. (2.9)

Definition 2.2.12. (i) (S,+) is a right topological semigroup if p, is continuous
forallz € S.

(i1) (S,+) is a left topological semigroup if \, is continuous for all z € S.

(ii) (S,+) is a semitopological semigroup if it is both a left and a right topological
Semigroup.

(iv) (S,+) is a topological semigroup if +: S x S — S is continuous.

We shall be concerned with compact Hausdorff right topological semigroups. Of fun-
damental importance is the following result.

Theorem 2.2.13. Any compact Hausdorff right topological semigroup has an idempotent.
Proof. See [55, Theorem 2.5, p.33]. O

Proposition 2.2.14. Let (S,+) be a compact Hausdorff right topological semigroup. Then
every left ideal of S contains a minimal left ideal. Minimal left ideals are closed, and each
mainimal left ideal has an idempotent.

Proof. See [55, Corollary 2.5, p.34]. O

Definition 2.2.15. A minimal idempotent of (S,+) is an idempotent which belongs to
a minimal left ideal.

Hence, any compact Hausdorff right topological semigroup has minimal idempotents.
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2.2.3 The Stone-Cech compactification of Z,

Let us consider the discrete semigroup (Z,,+) and its Stone-Cech compactification 37, .
It is natural to attempt to extend the addition + from Z, to SZ,. We recall that we
consider Z, C 7., by identifying n € Z, with the principal ultrafilter e(n).

We define the following operation on $Z,: for all p,q € 5Z.,

p+q={ACZi|{ne€Zi|A—necq}ep} (2.10)
Proposition 2.2.16. (i) + extends to BZ, the addition + on Z..
(ii) (BZ+,+) is a right topological semigroup.
(11i) (BZy,+) is not commutative. In fact, for all non-principal ultrafilters p,q € BZ.,

we have that p+ q # q + p.

Proof. (i), (ii) See [11, p. 43-44], or, for arbitrary discrete semigroups, [55, Chapter 4].
(iii) See [55, Theorem 6.9, p.109].

Proposition 2.2.17. (i) Any idempotent ultrafilter is non-principal.

(ii) There are minimal idempotents in BZ, .

Proof. (i) This follows from the fact that (Z,,+) has no idempotents.

(ii) Apply the fact that (8Z,,+) is a compact Hausdorff right topological semigroup.
]

Proposition 2.2.18. Let p be an idempotent ultrafilter and define for all A C Z.,
A*(p) ={ne A| A—n € p}. (2.11)
Then
(i) For every A € p, A*(p) € p.
(ii) For each n € A*(p), A*(p) —n € p.

Proof. (i) We have that p+p ={A C Z, | {n€ Z, | (A—n) € p} € p}. Hence,
A€ep=p+pimplies {n € Z, | (A—n) € p} € p. In particular, A*(p) = AN{n €
Z,|A—ne€p}enp.

(ii) Let n € A*(p), and let B := A—n. Then B € p and, by (i), B*(p) € p. We prove that
B*(p) C A*(p) — n and then apply (ii) from the definition of a filter to conclude that
A*(p) —n € p. Assume that m € B*(p). It follows that m € B, hence m +n € A.
Furthermore, B —m € p, that is A — (n +m) € p. We get that m +n € A*(p), i.e.
m € A*(p) —n.

[

Property (i) from the above proposition is a shift-invariance property of idempotent
ultrafilters.
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2.2.4 Finite Sums Theorem

In this section, we shall give an ultrafilter proof of Hindman’s classical Finite Sums theorem
[54], which contains as very special cases two early classical results in Ramsey theory:
Hilbert theorem 1.6.13 and Schur theorem. Hindman’s original proof, elementary though
difficult, was greatly simplified by Baumgartner [3]. A topological dynamics proof was
given by Furstenberg and Weiss [39].

Given an infinite sequence (z,),>1 in Z;, the IP-set generated by (z,) is the set
FS((2n)n>1) of finite sums of elements of (z,,) with distinct indices:

FS((zp)n>1) = {Z T, | F'is a finite nonempty subset of Z+} : (2.12)

meF

The term "IP-set”, coined by Furstenberg and Weiss [39], stands for infinite-dimensional
parallelepiped, as IP-sets can be viewed as a natural generalization of the notion of a
parallelepiped of dimension d.

Furthermore, for any finite sequence (xy)}_;, let

FS((zp)iy) = {Z T | Fis a finite nonempty subset of {1,...,n}}. (2.13)
mekF
Then FS((zn)n>1) = U FS((zr)j—)-
n>1

Theorem 2.2.19. Let p € BZ., be a minimal idempotent and let A € p. There exists a
sequence (Ty)n>1 in Zy such that FS((mn)nzl) C A.

Proof. Let p be a minimal idempotent and A € p. By Proposition 2.2.18.(i), we have that
A*(p) € p. We define (z,,),>1 in Zy such that F.S((z)p_,) € A*(p) for all n > 1. Since
A*(p) C A, the conclusion follows.
n = 1: Take 1 € A*(p) arbitrary. Remark that A*(p) is nonempty, since p is a filter, hence
0 g A.
n = n+1: Let n > 1 and assume that we have chosen (x;)}_; satisfying F.S((z)}_;) C
A*(p). Let

E=FS((zr)i—). (2.14)

Then E is a finite subset of Z, and for each a € E we have, by Proposition 2.2.18.(ii),
that A*(p) — a € p. Hence, B := A*(p) N(,cp (A*(p) — a) € p, so we can pick z,1 € B.
Then x,,1 € A*(p) and given a € E, x,41 +a € A*(p). Thus, FS((a:k)Zii) C A (p). O

As an immediate corollary we obtain the Finite Sums theorem.
Corollary 2.2.20 (Finite Sums theorem).
Letr > 1 and Z, = U Ci. There exist i € [1,7] and a sequence (xy,)n>1 in Z such that

i=1

such that FS((xn)n21> g Cz
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Proof. By Proposition 2.2.17.(ii), there exists a minimal idempotent p € [Z,. Since
Z, € BZ,, we can apply Proposition 2.2.3.(iv) to get ¢ € [1,r] such that C; € p. The
conclusion follows from Theorem 2.2.19. ]

As an immediate corollary, we obtain Schur theorem, one of the earliest results in
Ramsey theory.

Corollary 2.2.21 (Schur theorem). [958/

Letr > 1 andlet Z, = U C;. There existi € [1,r] and x,y € N such that {z,y, z+y} C C;.
i=1

Hilbert theorem 1.6.13, proved in Section 1.6.1 using topological dynamics, is also an
immediate consequence of Finite Sums theorem.

Corollary 2.2.22 ( see Hilbert theorem 1.6.13).
Letr € Z, and N = UCi' Then for any 1 > 1 there exist ny < ng < ... < n; € N such

i=1
that infinitely many translates of F'S (nl, e ,nl) belong to the same C;. That is,

U (a—i—FS(nl,...,nl)) CcC

a€EB
for some finite sequence ny < no < ... <n; in N and some infinite set B C N.

Proof. Exercise. ]

2.2.5 Ultrafilter proof of van der Waerden

Theorem 2.2.23. Let p € BZ, be a minimal idempotent and let A € p. Then A contains
arbitrarily long arithmetic progressions.

Proof. See [11, Theorem 3.11, p. 50] or [, |. O

As an immediate corollary, we get van der Waerden theorem.

Corollary 2.2.24. Letr > 1 and Z, = U C;. There ezists i € [1,r] such that C; contains

i=1
arithmetic progression of arbitrary finite length.

2.2.6 Ultralimits

Definition 2.2.25. Let p € Z, X be a Hausdorff topological space, x € X, and (x,)n>1
be a sequence in X. Then x is said to be a p-limit of (z,,) if

{neZ, |z, eU}ep

for every open neighborhood U of x.
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We write p—lim x,, = x.

Proposition 2.2.26. Let X be a Hausdorff topological space and (z,)n,>1 be a sequence in
X.

(i) For every p € BZ,, the following are satisfied:

(a) The p-limit of (x,), if exists, is unique.
(b) If X is compact, then p—limx,, exists.
(c) If f: X — Y is continuous and p—limz, = x, then p—lim f(z,) = f(z).

(i) lim z, = x implies p—limz,, = x for every non-principal ultrafilter p.
Proof. Exercise. ]

Proposition 2.2.27. Let (2,)n>1, (Yn)n>1 be bounded sequences in R, and p be a non-
principal ultrafilter on Z. .

(i) (x,) has a unique p-limit. If a < x, <b, then a < p—limz, <b.
(ii) For any c € R, p—limcx, = ¢-p—limz,.
(iii) p—lim(z, + y,) = p—limx, + p—limy,.
(iv) [fnh_{go(:cn —Yn) =0, then p—limz, = p—limy,.

Proof. Exercise. ]

2.3 Hales-Jewett Theorem

The Hales-Jewett theorem strips van der Waerden’s theorem of its unessential elements
and reveals the heart of Ramsey theory. It provides a focal point from which many results
can be derived and acts as a cornerstone for much of the more advanced work.

To state the Hales-Jewett theorem, we need a little more terminology.

Let W be a finite set with k := [W| > 2, n > 1 and W™ be the n-cube over W. We
refer to the elements of W™ as strings or points. We will typically use letters A, y, ... for
strings.

Notation 2.3.1. Let \ be a string. We introduce the notation \>=% for the string formed
by changing all occurences of symbol b to symbol a in .

Definition 2.3.2. (i) A line template over W with wildcard symbol x W is a string
Ae (WU {xh)n.

(i) We say that the line template A is degenerate if A contains no 'x" symbols.
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(#i) A combinatorial line is a set
L= {N""acW}CW", (2.15)

where X 1s a nondegenerate line template over W™. We also say that L. is the
combinatorial line associated with A and X\ is called a combinatorial line template

Example 2.3.3. Let W := {1,2} and A = 1 x %% 221% € (W U {%x})®. The combinatorial
line associated to A is {1112211,2222212}.

Remark 2.3.4. (i) For any combinatorial line L., we have that |L.| = |W|.

(1) If W =[1,k], then a combinatorial line template A € ([1, k] U{x})" is again a string
over an alphabet of size k+ 1. If we use the symbol 'k + 1" in place of ¥, we see that
a point in [1,k + 1]" can be interpreted as a line in [1, k", namely the combinatorial
line
Lo = {\FD=1 4 € [1, K]}

Theorem 2.3.5 (Hales-Jewett).
Let v,k > 1. There exists HJ] = HJ(k,r) > 1 such that for any n > HJ and for any

T
partition [1, k]" = U C; of [1,k]", some C; contains a combinatorial line.
i=1

Proof. See [16, Theorem 3, p.36] or [51]. For the Shelah proof see [99] or [16, Section 2.6,
p. 54-60]. O

The original proof given by Hales-Jewett [51] proceeded by double induction (on the
number r of colours and the size k of the monochromatic set). Shelah’s celebrated proof
of the theorem [99] uses simple induction (on k). It gives primitive recursive bounds for
the Hales-Jewett theorem (and thus also for van der Waerden theorem).

Remark 2.3.6. The following are obvious reformulations of the Hales-Jewett Theorem:

(i) For all r,k > 1 there exists HJ = HJ(k,r) > 1 such that for any n > H.J, the
following holds: if [1,k]|™ is r-coloured there exists a monochromatic combinatorial
line.

(i1) For all r,k > 1 there exists HJ = HJ(k,r) > 1 such that for any n > HJ, the
following holds: for any finite set W with |W| =k, if W™ is r-coloured there exists a
monochromatic combinatorial line.

Proposition 2.3.7. Hales-Jewett Theorem implies van der Waerden Theorem.

Proof. We shall prove that Hales-Jewett theorem implies the finitary version of van der
Waerden theorem. Let k,r > 1, and apply the Hales-Jewett theorem with W = [0,k — 1]
instead of W = [1, k]. Then there exists HJ = HJ(k,r) > 1 such that for any n > H.J, if
[0,k — 1]™ is r-coloured there exists a monochromatic combinatorial line.
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The idea now is to identify the integers with their base k-representation. Thus, for all
n > 1, we have a bijection

n

e [0k —1" = [0,k 1], @lar,...,an) =Y ak". (2.16)

i=1

Let us take N := kf/. We shall prove that Theorem 2.1.9 holds with this N. Let
c:[1,N] — [1,7] be an r-colouring of [1, N]. Then ¢ : [0, N — 1] — [1,r], ¢(j) = ¢(j + 1)
is an r-colouring of [0, N — 1], and C := o : [0,k — 1]/ — [1,r] is an r-colouring of the
cube [0,k — 1]H7.

By the Hales-Jewett theorem, there exists a monochromatic combinatorial line. Thus,
there exists nondegenerate A € ([0, k — 1] U {x})#7 such that the associated combinatorial
line

Le= {70 o k1 (2.17)
is monochromatic. Let Cy := C'(A\*%) for all 7 € [0,k — 1], and denote S := {l € [1, HJ] |
)\l = *}.

For every i € [0,k — 1], let z; := p(A*™") + 1 € [1, N]. Then
c(z;) = (W) +1) =d(e(\T) =C(N\") = Cp, and (2.18)
mo= 3 NETI Y ik 1 =a+id, (2.19)
IS les
where a = Z MNET 1, d = Z [ (2.20)
1S les

Thus, {zo,..., 2,1} C [1, N] is a monochromatic arithmetic progression of length k. [
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Chapter 3

Measure-preserving systems

In the following we shall consider only probability spaces.

Definition 3.0.8. Let (X, B, u) and (Y,C,v) be probability spaces, and T : X — Y be a
mapping.

(i) T is measurable if T~(C) C B.

(ii) T is measure-preserving if T is measurable and
w(T-HA)=v(A) forall AeC.

(iii) T is an invertible measure-preserving transformation if T' is bijective and both
T and T~' are measure-preserving.

We should write T : (X, B,u) — (Y,C,v) since the measure-preserving property de-
pends on B,C and u,r. Measure-preserving transformations are the structure preserving
maps (morphisms) between probability spaces.

We shall be mainly interested in the case (X, B, u) = (Y,C,v) since we wish to study
the iterates 7". When T': X — X is a measure-preserving transformation of (X, B, u) we
also say that T' preserves p or that p is T-invariant.

Definition 3.0.9. (i) A measure-preserving dynamical system (MDS for short)
is a quadruple (X, B, u, T), where (X, B, p) is a probability space and T : X — X is
a measure-preserving transformation.

(ii) An invertible measure-preserving dynamical system is a quadruple (X, B, u,T),
where (X, B, ) is a probability space and T : X — X is an invertible measure-
preserving transformation.

If (X,B,u,T)is a MDS, we also say that p is T-invariant.

Lemma 3.0.10. (i) 1x : X — X, the identity on (X, B, ), is an invertible measure-
preserving transformation.

95
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(ii) The composition of two measure-preserving transformations is a measure-preserving
transformation.

Proof. Exercise. ]

Lemma 3.0.11. Let (X, B, u) and (Y,C,v) be probability spaces and T : X — Y be bijective
such that both T and T~ are measurable. The following are equivalent

(i) T is measure-preserving.
(i) w(B) =v(T(B))) for all B € B.
(iii) T~ is measure-preserving.

Proof. (i)=-(ii) Assume that 7" is measure-preserving. Then for all B € B, u(B) =
T HT(B))) = v(T(B)).

(i)« (iii) Obviously, since for all B € B, (T~*)""(B) = T(B).

(ii)=(i) Let C € C. Then T~1(C) € Bsince T is measurable. Hence, v(C) = v(T(T~1(C))) =
p(T=HC)). 0

In practice it would be difficult to check, using Definition 3.0.8, whether a given trans-
formation is measure-preserving or not, since one usually does not have explicit knowledge
of all the members of B. The following result is very useful.

Proposition 3.0.12. Let (X, B, 1) and (Y,C,v) be probability spaces and T : X — 'Y be
a mapping. The following are equivalent

(i) T is a measure-preserving transformation.

(ii) TY(A) € B and n(T7'(A)) = v(A) for each A € S, where S is a semialgebra that
generates C.

Proof. (it) = (i) Let
F—{AeC|T(4) € Band u(T™(4)) = v(A)}.

We want to show that F =C.
Claim 1: F is a monotone class.

Proof: If (A,),>1 is an increasing sequence in F, then lim A, = U A,,. Further-

n—00
n>1

more, (T~%(A,)) is also increasing, hence lim T~ '(A4,) = U T YA, =T" <U An> =
n>1 n>1
T7'(lim A,). We get that

n—oo

(i) T7'(lim A,) = lim T7'(A,) € B, by C.2.2.(iii), and

n—oo n—0oo



3.1. THE INDUCED OPERATOR o7

(ii) v(lim A,) = lim v(4,) = lim (T HA)) = p(lim T71(A,)) = w(TH(lim A,)),

n— o0 n—0o0 n—00 n—0o0
by C.5.5.(ii).
Hence, lim A, € F. The case when (4,),>1 is a decreasing sequence is similar. O]
n—oo

Claim 2: A(S) C F.

Proof: By (ii), we have that S C F. If A € A(S), by C.1.7, A = |J;" | A, for some pairwise
disjoint sets Ay,..., A, € S. It follows that

i) T7Y(A) =U™, T ' (A,) € B, by (i), and, from the finite additivity of measures,

(i) v(A) =32 v(A) = 3205 (T (A)) = (UL T7H(A) = w(TH(A)).

Apply now Halmos’ Monotone Class theorem C.2.6 to conclude that C = o(S) = o(A(S))
F. Hence, F =C.

tin o

3.1 The induced operator

For any measurable space (X, ), we shall use the notations
(i) Mc(X,B) is the set of all complex-valued measurable functions f : X — C.
(ii) Mg(X,B) is the set of all real-valued measurable functions f: X — R.

Definition 3.1.1. Let (X, B), (Y,C) be measurable spaces and T : X — 'Y be a measurable
transformation. The operator

Up: Mc(Y,C) = Mc(X,B), Ur(f)=foT. (3.1)
15 called the operator induced by T
Definition 3.1.2. A mapping f € Mc(Y,C) is said to be T-invariant if Up(f) = f.
The following lemmas collect some basic properties of the induced operator.

Lemma 3.1.3. Let (X, B), (Y,C), (Z,D) be measurable spaces, T : X — Y, S:Y — Z be
measurable transformations.

(1) Usor = Ur o Us.

(ii) Urp is linear and Up(f - g) = (Urf) - (Urg) for all f,g € Mc(Y,C).
(iii) If f - Y — C, f(y) = ¢ is a constant function, then Up(f)(z) = ¢ for every z € X.
(v) Ur(Mr(Y,C)) € Mg(X, B).

(v) If f € Mg(Y,C) is nonnegative, then Urf is nonnegative too, hence Ur is a positive
operator.
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(vi) For all C € C, Ur(xc) = Xr-1(¢)-

(vii) If f is a simple function in Mc(Y,C), f = ZCiXCw ¢ € C,C; €C, then Urf is a

i=1

simple function in Mc(X,B), Urf = ZCiXT—l(Ci)'

i=1
Proof. Exercise. O

Lemma 3.1.4. Let (X, B) be a measurable space and T : X — X be measurable.

(1) Uiy = Lue(x )
(ii) Uprn = (Ur)"™ for all n € N.

(iii) If T : X — X is bijective and both T and T—' are measurable, then Ur is invertible
and its inverse is Up-1. Furthermore, Upn = (Ur)" for all n € Z.

Proposition 3.1.5.
Let (X, B, ), (Y,C,v) be probability spaces and T : X — 'Y be a measurable transformation.
The following are equivalent

(1) T is a measure-preserving transformation.

(ii) For all f € Mc(Y,C),
/Ude/L:/fdl/. (3.2)
X Y

Proof. (i)=-(ii) It suffices to prove the result when f is real-valued and, by considering
positive and negative parts of f, it suffices to consider non-negative functions. So, suppose

that f > 0. If f is a measurable simple function, f = Z ¢iXc;, then by Lemma 3.1.3.(vii),

i=1

n
Urf = Z ciXT-1(c,) 18 a measurable simple function, hence
i=1

/ Urfdp = Z (T~ HCy)) = Z civ(Cy), as T is measure-preserving
X = i=1

i=1
= / fdv.
Y
Otherwise, by (C.7.10), there exists an increasing sequence of simple functions (s,) such
that 0 < s,, < f for all n, and lim s,(y) = f(y) for ally € Y. Then (Urs,) is an increasing

sequence of simple functions such that 0 < Urs, < Urf, and for all x € X,

lim (Urs,)(z) = lim s,(Tx) = f(Tx) = Urf(x).

n—oo n—0o0
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Apply now (C.8.1) to get that

/ Urfdpu = lim Urs,dyp = lim Spdy = / fduv.
X X Y Y

n—oo n—0o0

(ii)=-(i) Let A € C. Then x4 € Mc(Y,C) and Ur(xa) = Xr-1(a) by Lemma 3.1.3.(vi).
Applying (ii) with f := x, we get that

o) = [ xado = [ Vst dn= [ xaiadn = @ ().

Theorem 3.1.6.
Let (X,B,u),(Y,C,v) be probability spaces, and T : X — X be a measure-preserving
transformation. For all 1 < p < o0,

(i) Ur(LP(Y,C,v)) C LP(X, B, p) and Ur(Lg(Y,C,v)) € Lg(X, B, p),

(ii) the operator Urp : LP(Y,C,v) — LP(X, B, 1) is a linear isometry, i.e.

U fllp =l forall f € L(Y.C,v). (3-3)

Proof. Let f € LP(Y,C,v) and let g : Y — C, g(y) := |f(y)|P. Then g is integrable, since
f € LP(Y,C,v) and, furthermore, Urg(z) = ¢g(Tz) = |f(Tx)|? = |Urf(x)|P. Applying
Theorem 3.1.5 for g, it follows that

/|UTf|pd,u = /Ung,u:/ng:/mpdu.

Thus, Urf € LP(X, B, p) and [Urfll, = |/l =

Therefore a measure-preserving transformation 7" : X — Y induces a linear isometry
of LP(Y,C,v) and LP(X,B,u) for all 1 < p < cc.

Proposition 3.1.7. If (X, B, u,T) is an invertible measure-preserving system, then Ur is
an unitary operator on the Hilbert space L*(X,B, ).

Proof. Ur is invertible by Proposition 3.1.4. Furthermore, Ur is an isometry. [

The study of Ur is called the spectral study of T" and this is useful in formulating
concepts such as ergodicity and mixing.
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3.2 Basic constructions

3.2.1 Invariant subsets
Let (X, B, 1, T) be a MDS.
Definition 3.2.1. A set A € B is invariant by T, or T-invariant if T~'(A) = A.

The fundamental property of this concept is the following: if A is T-invariant, then so
is X \ A. Thus, when A is T-invariant we obtain by restriction two well-defined transfor-
mations

Ta:A— A Txya:X\A— X\A

Hence, the existence of an invariant subset allows one to decompose the set X into two
disjoint subsets and study the transformation 7" in each of these subsets.

Lemma 3.2.2. (i) The set of all T-invariant subsets of X is a o-algebra on X.
(i1) If A € B is T-invariant, then (A, AN B, p|ans, Ta) is a MDS.
Proof. (i) Exercise.

(ii) We have that (A, AN B, u|ans) is a probability space. It remains to prove that T4 is
measure-preserving. Let B € B. Then

THANB) = TH(ANT ' (B)=ANT YB) € ANB, since T is measurable
wW(T™H(ANB)) = u(ANB), since ANB € B.

We shall denote with BT the o-algebra of T-invariant subsets of X.

3.3 Bernoulli shift

Let W = {wy,...,w;} be a finite nonempty set with k = |W| > 2, WZ be the full W-shift,
and
T W2 W% (Tx), =2, foralln € Z (3.4)

be the shift map. We refer to Section 1.2 for details.
We consider the measurable space (W, P(W)). Let (p1,...,pxr) be a probability vector
k

with non-zero entries, i.e. p; > 0 for all7=1,...,k and Zpi = 1. Define a probability
i=1

measure v : P(W) — [0, 1] by
v({wi}) = pi, v(A) = Y ca v({w}) for any (finite) subset of W.
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The probability measure v is called the (py, ..., pg)-product measure. Thus, (W, P(W),v)
is a probability space.
Consider the product probability space

(WZ,B =QQPW),n=Q ,,) =W, PW),v). (3.5)

S/ €L €7

We refer to C.3 for details.
Let us recall the following notations:

cY = {xeW?|z,=w}, wheren€Z wecW, (3.6)
t
O™ = {x e W |z, =w; forall j=1,...,t}=[)Cn’, (3.7)
j=1
where t > 1,ny <ng < ...<ny € Z,w;,,...,w;, €W,
R4 = {XGWZ|xn€A}:UC;”, where n € Z, ACW, (3.8)
weA

t t
R — {XGWZ]xm.GAZ-forallizl,...,t}:ﬂRf;:ﬂ UCﬁ’ (3.9)
i=1 i=1 weA;
where t > 1,ny <ng <...<ny € Z,A1,..., A, CW.

Let R be the set of all measurable rectangles. Then B is the o-algebra generated by
R, and p is the unique probability measure on (X, B) such that

t

p(RAL-Ary — H v(A;) for every rectangle Rl (3.10)

In particular,

W) = p(RY) = v({w}) = pi,
t
uCntnt) = 11w
j=1
We recall that we use the notations C for the set of all cylinders Cp. 2.t and C, for
the set of elementary cylinders C}’.

.....

Proposition 3.3.1. (i) S = C U {0} is a semialgebra on WZ.
(ii) B=0(S) =0(C.).

(iii) B coincides with the Borel o-algebra on W.
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Proof. (i) We have that ) € S and that S is closed under finite intersections as an
immediate consequence of Lemma 1.2.7.(ii). Furthermore,

Z Wiq geeey it ul wil,ug wz1 ..... Wiy Ut
W \Onl ,,,,, nt - Onl U Cm,nz -U SNt—1,M¢

U FW4 U2F Wiy utFW;,
is a finite union of pairwise disjoint cylinders.

(ii) B is the o-algebra generated by the set R of measurable rectangles. By (3.9), we
have that C. € R C A(C.), hence o(C.) € B = o(R) C o(A(C.)) = o(C.). Thus,
B =o(C.). Since C. €S C R, we also get that o(S) = B.

(iii) Let B(W?%) be the Borel o-algebra on W%. We have to prove that B = B(WZ).
7C” follows from the fact that the elementary cylinders are open sets in WZ.
DO The set C of cylinders is countable, since W is finite. Since C is a basis for the
product topology on W%, any open set U of WZ is a union of sets in C, hence U is

an at most countable union of sets in C. Thus, any open set is in o(C) = o(S) = B.
]

Proposition 3.3.2. (WZ B, u,T) is an invertible MDS.

Proof. We know already that T is invertible, and by Proposition 3.0.11, it remains to prove
that 7' is measure- preserving We shall apply Proposition 3.0.12 for the semialgebra S that

-----

T7HCwm ) = Ci”f:i '''''' Y €SCB
HOntin™) = sz]— (Gt ) = (TN (CLnd™)).

O

The invertible MDS (WZ%, B, i, T) is called the Bernoulli shift and is also denoted by
B(p1, .- D)

3.4 Recurrence

Let (X, B, u, T) be a MDS. In this section we discuss the problem of recurrence, one of the
most basic questions to be asked about the natures of orbits of points and measurable sets.
Given a measurable set A € B, we recall the following notations:

(i) A,e is the set of those points of A which return to A at least once.

(i) Ajny is the set of those points of A which return to A infinitely often.
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Using the notations

A= TM4), A =AUAT = T4,

n>1 n>0

we have that

A = ANJTMA) = ANA", A\ A=A\ A" = A"\ AT,

Amp = A0V T7"@ = JANT™A) =An [T (A

A point x € A, is also said to be recurrent with respect to A, while a point x € A;,,¢
is infinitely recurrent with respect to A.

Definition 3.4.1. A measurable set A € B is called wandering if the sets
AT YA, ..., T (A),...
are pairwise disjoint.
Lemma 3.4.2. Let A € B.
(i) A\ Aver is wandering.

(i) A\ Ay = A0 | T7(AN Arer).

n>0
Proof. Exercise. O
Definition 3.4.3.

(i) T is recurrent if for all A € B almost all points of A return to A.

(i) T is infinitely recurrent if for all A € B almost all points of A return infinitely
often to A.

Thus, T is recurrent if and only if u(A\ A,e;) = 0 if and only if u(A) = pu(A,e). Further-
more, 7" is infinitely recurrent if and only if (A \ Aip) = 0 if and only if p(A) = p(Ainy)-

Definition 3.4.4.
(i) T is conservative if there are no wandering sets A with (A) > 0.
(ii) T is incompressible if whenever A € B and T~'(A) C A, then u(A\T7'(A)) = 0.

The following theorem and its proof are due to F. B. Wright [116]. The crucial point is
the simple proof of (i)=-(iv). The truth of this conclusion was already known before, but
only by heavy technics: Halmos [19] and Taam [104].
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Theorem 3.4.5. Let (X,B,u) be a measure space and T : X — X be a measurable
transformation. The following are equivalent

(i) T is incompressible.

(i) T is conservative.
(i1i) T is recurrent.

(i) T is infinitely recurrent.

(v) For all A € B with u(A) > 0, there exists n > 1 such that p(ANT"(A)) > 0.

(vi) For all A € B with u(A) > 0, there exist infinitely many n > 1 such that p(A N
T-"(A)) > 0.

Proof. Let A € B.

(i) = (#i1) We have that T-1(A*) = AT C A* and A\ A,y = A*\ AT = A*\ T71(A*).
Since T' is incompressible, it follows that (A \ Ayet) = p(A*\ T71(A*)) = 0. Hence, T is
recurrent.

(i17) = (i) Assume that T1(A) C A. Then AT = T~1(A), hence
P(ANTH(A)) = p(A\ A) = (A Ay) = 0.

(i1) = (i7i) By Lemma 3.4.2.(i), A\ A, is wandering, hence using the fact that 7 is
conservative, (((A \ A,e;) = 0. Thus, T is recurrent.

(174) = (i1) Assume that A is wandering. Then the sets A and 77"(A) are disjoint for all
n > 1, hence

A = ANAT = [ J(ANT™(A)) = 0.

n>1

Since T' is recurrent, we have that p(A) = pu(Aye) = 0.
(iv) = (i4i) Obvious.
(1) = (iv) By Lemma 3.4.2, we have that

A\ Ay = A0 JT A\ A) = AN | T4\ T71(4Y)

n>0 n>0
= AnlJ (@ @)\ T H(AY).
n>0
Apply now the fact that T

Since T1(A*) C A*, we get that T-""1(A*) C T-"(A
is incompressible to obtain p(T"(A*) \ T~ 1(A ) =
p(A\ Aing) =0, hence T is infinitely recurrent.

")
0 for all n > 0. Consequently,
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(i7i) = (v) Assume that p(ANT"(A)) =0 for all n > 1. Then

WA) = p(ANAY) = p (U(AmT-”<A>>) <3 uANT(A) = 0,

n>1 n>1

hence (A, et) = 0. On the other hand, since T is recurrent, we have that p(A,¢) = u(A) >
0. We have got a contradiction.

(v) = (i7) If A is a wandering set, then ANT"(A) =0, hence u(ANT™(A)) =0 for all
n > 1. By (v), we must have u(A) = 0.

(vi) = (v) is obvious.

(v) = (vi) Assume that u(ANT""(A)) > 0 only for finitely many n > 1. Hence there
exists N > 1 such that u(ANT""(A)) =0 for all n > N. It follows that

(Aing) = p (ﬂ U AﬂT"”(A)) <u ( U AﬂT"”(A)) <> u(ANT"(A)) =0.

n>1m>n m>N m>N

On the other hand, T is infinitely recurrent, hence p(A;,r) = p(A) > 0. We have got a
contradiction. m

3.4.1 Poincaré Recurrence Theorem

The mathematically simple Poincaré recurrence threorem has become famous because of
its physical and philosophical implications, some of which are indicated in [33, p. 34-36].
It may be considered to be the most basic result in ergodic theory.

Theorem 3.4.6 (Poincaré Recurrence Theorem (1899)).
Let (X, B, p,T) be a MDS. Then for all A € B with u(A) > 0, there exists n > 1 such that
w(ANT—"(A)) > 0.

Proof. We prove that T is conservative and then apply Theorem 3.4.5 to get the conclusion.
Let A € B be a wandering set. Then A,T7(A),... is a sequence of mutually disjoint
measurable sets having the same measure, since T is measure-preserving. If p(A) > 0,
then

1= p(X) 2 4 (U T—”<A>> =3 (TA) = plA) = o,

n>0

that is a contradictions. We must have then p(A) = 0, hence T is conservative. ]

A quantitative version of Poincaré Recurrence Theorem is the following.
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Proposition 3.4.7.
Let (X,B,u,T) be a MDS. If A € B is such that u(A) > 0, then there exists 1 < N < ®
such that

where ® = [ﬁ} .

Proof. Exercise. ]

WANT N (A)) >0,

3.5 Ergodicity

Let (X,B,p,T) be a MDS. If A € B is T-invariant (i.e. T7'(A) = A), then also X \ A is
T-invariant and we could study 7" by studying two simpler transformations T4 and T'x\ 4. If
w1(A) # 0 and (X \ A) # 0 this has simplified the study of 7. If u(A) = 0 (or u(X\A) = 0)
we can ignore A (or X'\ A) and we have not significantly simplified 7" since neglecting a set of
measure zero is allowed in measure theory. This raises the idea of studying transformations
that cannot be decomposed as above and of trying to express every measure-preserving
transformation in terms of the indecomposable ones. The indecomposable transformations
are called ergodic.

Definition 3.5.1. Let (X, B,u,T) be a MDS. T is called ergodic if for all A € B,
T YA)=A implies u(A) =0 oru(X\A) =0. (3.11)
We also say that the MDS (X, B, u, T) is ergodic or that p is T-ergodic.

Since p(X \ A) = u(X) — p(A) =1 — u(A), we have that pu(X \ A) = 0 is equivalent
with u(A) = 1.
The next theorem characterizes ergodicity in terms of the induced operator Ur.

Proposition 3.5.2. Let (X, B, u,T) be a MDS. The following are equivalent
(i) T is ergodic.
(ii) Whenever [ is measurable and foT = f a.e., then f is constant a.e.
Proof. Exercise. ]

Example 3.5.3. (i) The identity transformation 1x is ergodic if and only if all members
of B have measure 0 or 1.

(ii) The Bernoulli shift is ergodic.

(iii) Let (S*, R,) be the rotation on the circle group. Then it is ergodic if and only of a
is not a root of unity.
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Proof. (i) Obviously.
(ii) See Example 7.0.4 for the proof of a stronger fact.

(iii) See [113, Example (2), p.24].
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Chapter 4

Invariant measures on compact
metric spaces

Let (X, d) be a compact metric space and B(X) be the Borel o-algebra on X. We shall
denote with M(X) the set of all Borel probability measures on X. By a Borel probability

space we mean a probability space (X, B(X), u), where u is a Borel probability measure
on X.

Definition 4.0.4. A Borel measure-preserving dynamical system (Borel MDS for
short) is a MDS (X, B(X), pn, T'), where (X, d) is a compact metric space, B(X) is the Borel
o-algebra on X.

4.1 Ergodic decomposition

Definition 4.1.1. Let (X, B), (Y,C) be measurable spaces. A probability kernel y — p,
is an assignment of a probability measure p,, on X to each y € Y in such a way that the

map
Y — / fduy
X

is measurable for every bounded measurable f : X — C.

Theorem 4.1.2. [Ergodic decomposition]

Let (X,B(X),u, T) be a Borel MDS and B” be the o-algebra of T-invariants sets of X.
Then there exists a probability kernel x +— p, between the measurable spaces (X, B) and
(X, BT satisfying

(i) . is T-invariant and ergodic for almost all x € X.

(i1) /deu = /X (/X fdum> du(x) for any bounded measurable f: X — C.

Proof. See [109, Theorem 2.9.21, p. 265] and [109, Theorem 2.9.22, p. 266]. See also [28,
Theorem 6.3]. O
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Let A € B. By taking f := x4 in (ii) above we get that u(A) = [y pa(A)du(x).



Chapter 5

Ergodic theorems

In the following, (X, B, i, T) is a MDS.
For every f € Mc(X,B), we consider the ergodic average

n—1

Suf X =T, Suf(x) ==Y f(T"). (5.1)

k=0

3

We shall also use the following notations for f € Mg(X, B):

F(a) = s S, (@), i) = int S, (0) (5.2
flx) = hﬁrii%f S,f(x), f(z):=limsupS,f(z). (5.3)

Lemma 5.0.3. Let f € Mc(X,B) andn > 1.
(i) If f is T-invariant (a.e.), then S,f = f (a.e.).

(ii) S,f € Mc(X,B).
(iii) Snf = %ZUka.
k=0

(iv) For anyp > 1, f € LP(X,B,pn) (resp. LE(X, B, 1)) implies S, f € LP(X,B, i) (resp.
Ly(X, B, ).

(v) For allx € X, nT—HSnH(:B) — Spf(Tx) = %f(x)
(vi) If f € Mp(X,B), then foT = f and foT = f.

(vii) /XSnfd,u:/deu.
71
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(viii) If f € LL(X,B,u) is nonnegative, then S,f € LL(X,B,u) is nonnegative and
1Snflln = 1 £1l1-

Proof. Exercise. ]
Lemma 5.0.4. Let A,B € B andn > 1.

n—1 n—1
) 1 1
(i) Spxa = - g X7-k(4) and XB - SpXa = - % XT-(A)NB-

(ii) /X S = p(A).

n—1
1 _
(iii) / X5 Soxadi = > u(TH(4) N B)
X k=0

Proof. Exercise. ]

5.1 Maximal Ergodic Theorems

A linear operator U : L(X,B,u) — Li(X,B, ) is said to be positive if for all f €
Ly (X,B,p), f > 0 implies Uf > 0 a.e. We assume also that U is nonexpansive, i.e.
[Ufll < N1 £l for all f € Ly (X, B, ).

We recall the following notations for an arbitrary mapping g : X — R and o € R:

{g > a} = 971<(O" OO))? {g > 04} = 971([057 OO))

The following theorem was obtained by Hopf [56]; the proof we present here was given
by Garsia [10].

Theorem 5.1.1 (Hopf Maximal Ergodic Theorem).
Let U : LLy(X,B, ) — Ly(X,B, 1) be a nonexpansive positive linear operator. For all

f E LI}%(X7 B? /’L)J
/ fdu>0. (5.4)
{f*>0}

n—1

1
where f* = sup — Z U*f.
k=0

n>1 10—

Proof. First, let us remark that f* is measurable, as a maximum of measurable functions.
Hence, {f* > 0} is a measurable set.
Define the sequence (f,,)n>0 in L(X, B, 1) by:

n—1

for=0, f, ::Zka forn >1
k=0
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and the sequence (F},),>; in L (X, B, i) by:

F, := max f;.
n nggnfk

Let us remark that F,, > fo > 0 for all n > 1 and that f,.1 = f + Uf, for all n > 0.
Let n > 1 and = € {F,, > 0}. It follows that

Fo(z) = Jnax fr(x) = [max fr(x), since F,(z) >0
< max fi(z) = max fi(r) = max (f + Ufi)(z) < (f + UF) (),

since F}, > fr, hence UF,, > U f; by the positivity of U.

Claim For all n > 1, f{Fn>0} fdu>0.
Proof:

/ 7 dy
{Fn>0}

v

/ (Fn—UFn)dp:/ Fndu—/ UF, du
{F>0} {Fn>0} {Fn>0}

= /Fndu—/ UF, du, since F, =0on X \ {F, > 0}
X {Fn>0}
> /Fnd,u—/UFnd,u, since F,, > 0, so UF,, > 0,
X X
and hence/ UFndpg/ UF, du
{F,>0} X
= [ 1Bldu= [ R de=|Fl - [UF,
X X
> 0. [

Furthermore, z € {f* > 0} if and only if there exists n > 1 such that f,(x) > 0 if and
only if there exists n > 1 such that F),(x) > 0. Thus,

{f >0} = J{F. >0}

n>1

Furthermore, since (F,),>1 is increasing, we get that ({F, > 0}),>1 is an increasing se-
quence of measurable subsets of X. We can apply C.8.9.(v) to conclude that

/ fdp = lim fdu>0.
{f*>0}

n—o0 Jip S0}

O

As an immediate consequence, we get the Yosida-Kakutani maximal ergodic theorem
[118].
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Theorem 5.1.2 (Maximal Ergodic Theorem).
Let (X,B,u, T) be a MDS. For all f € Ly(X, B, ),

| tinzo (5.5)
{f*>0}

where f* = sup S, [ is defined in (5.2).

n>1

Proof. Apply Theorem 5.1.1 for the operator Ur : Li (X, B, ) — Li(X, B, i) induced by
T, which is positive and nonexpansive, by see Lemma 3.1.3 and Theorem 3.1.6. [

The following mazimal ergodic inequality was already known to Wiener [115].

Corollary 5.1.3.
Let (X, B, 11, T) be a MDS. For all f € LL(X,B, ) and all o € R,

/L§Mfduzaw6f*>ab- (5.6)
Proof. Let g:= f —a. Then g € LL(X, B, i) and
1 n—1 n—1
g'(x) = sup ;; g(T"x) = sup = ko(f(T’“@ —a)=f*(z)—a

Thus, {f* > a} = {g* > 0}, so we can apply Theorem 5.1.2 for g to conclude that
f{g*>0} gdp > 0. On the other hand,

| et = [ (eadu= [ gau- [ adu= [ fdu-au((s>ah.
{g*>0} {f*>a} {f*>a} {f*>a} {f*>a}

]

Corollary 5.1.4.
Let (X,B,u,T) be a MDS and A C X be T-invariant. For all f € Ly(X,B, 1) and all
aeR,

| pauzapanis>ap. (57)
An{f*>a}
Proof. Apply Corollary 5.1.3 to the MDS (A, BN A, p|gna, Ta). ]

5.2 Birkhoff Ergodic Theorem

The following result of G. D. Birkhoftf is the fundamental theorem of ergodic theory, known
as the Pointwise Ergodic Theorem or as just the Ergodic Theorem.
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Theorem 5.2.1.
Let (X,B,u, T) be a MDS and f € L'(X,B, ). Then

(i) Spf converges a.e. to a function [T satisfying ftoT = fT a.e.
(i) f+ € LYX,B,p) and, in fact, |+ < |-
(i) If A € B is T-invariant, then [, fdu= [, f*dpu.

(iv) If T is ergodic, then f* is constant a.e., namely f* :/ fdu a.e..
X

Proof. By considering real and imaginary parts it suffices to consider f € Lg (X, B, p).

(i) Let f =liminfS,f, f =limsupS,f be as in (5.3). Then, by Proposition 5.0.3.(vi),

we have that - B
fol =fand foT = f. (5.8)

We have to show that f = S a.e., ie. that the set

A={zeX|flx) <T@} (5.9)

has measure 0.

For each o, 8 € R with § < «, let
Eop={zeX|f(z)<f<a< f(z) (5.10)

It is easy to see that A = U{Eaﬂ | B < aand «, ( are both rational}. Thus, in
order to see that p(A) = 0 it is enough to show that p(E, 3) = 0 whenever 8 < a.

Claim 1: E,3 C {f* > a} is T-invariant.

Proof: If v € E, g, then a < f(x) < f*(2), hence x € {f* > a}. Furthermore, for
all # € X we have that € T™'(E,p) iff T € E,p3iff f(Tx) < § < a < f(Tx) iff

f(z) < B <a< f(z)iff z € Eyp by (5.8). O
We apply Corollary 5.1.4 to conclude that

[ rau= | [ 2 ap(Bap O > a}) = apl(Bag).  (5.11)
Ea,ﬁ Ea’ﬁﬂ{f*>a}

Claim 2: E,3 C {(—f)" > -0}
Proof: If v € E, 3, then f(x) = liminf S, f(z) < 3, so there exists n > 1 such that
Snf(z) < B. We get that

—f < =Snf(x) = Sn(=f)(x) < (=f)"(x). O
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We apply again Corollary 5.1.4 for —f and [ to conclude that
/ (—f)dp => —Bu(Eap),
Eo,p

hence

/E [ < Bp(Eap).-. (5.12)

We conclude from (5.11) and (5.12) that au(E,z) < Bu(Eap). Since f < «, we

must have p(Eq, ). This gives f = f a.e. as explained above.

Therefore S,, f converges a.e. to f* := f. Furthermore, f*oT = f* a.e., by (5.8). In
general, if f = g+4ih: X — C, then S, f converges a.e. to [ := g" +ih" = g +ih.

/1 is measurable, as the limit of a sequence of measurable mappings. Let
sl X = [0,400),  gu() = [Suf ()], ha(z) := Su([f])(2).

Then lim g,(z) = lim |S,f(z)| = |f*(z)] a.e.. Since f € L'(X, B, ), we have that
|f] € LL(X,B, 1), so we can apply (i) for |f| to conclude that lim h, = |f|" a.e..
Since obviously 0 < g, < h,, for all n > 1, we get that

I 1T ae. (5.13)

It follows that

/|f+|d,u < /|f|+d,u:/ lim hnd,u:/liminfhnd,u (5.14)
X X X x "
< liminf/ hyndp by Fatou’s Lemma (5.15)
X

n

= hminf/ |f|dp by Proposition 5.0.3.(vii) (5.16)
" X
= [ =l < oo, since € X BLp). (517)
b
Thus, f* € LY(X, B, p) and [[f ¥l < [ f]h.

Let A be T-invariant and define for each m > 0 and k € 7Z,

k k+1
It is easy to see that each A,  is T-invariant. Furthermore, for fixed m > 0, (A, 1 )kez

is a countable family of pairwise disjoint sets satisfying A = U Ak
keZ
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k k
Let ¢ > 0, m > 0,k € Z. IfoAm7kthen2—m—5< o < fHz) = f(z) =
liminf S, f(z), so S,f(z) > & —¢ for all n from some N on. It follows that f*(z) =

k
sup S, f(z) > om € Thus, we have proved that
n>1

AmJg - {f* > 2% — 8} . (519)

We apply Corollary 5.1.4 to conclude that for all € > 0,

/ fdp > (Qﬁm - e) (A,
Am k

Hence, by letting ¢ — 0, we have that

[ rdnz poutang) (5.20)
A

m,k

Then

E+1

1
[t < St < gonnd + [ sdn
Am,k Am,k

Summing over k, we get that for all m > 0,

/Aerdu = /UkezAmkfdu_Z/Am,kf+du§Z (2%M(Am’k)+/fxm,kfdﬂ>

keZ keZ
_ 1 _ A
- 2—mZu<Am,k>+Z/A fau =12 +/Afdu-
keZ keZ m,k

By letting m — oo, it follows that

[ 5tin < fisdn

Applying the above reasoning to — f instead of f gives

Jentans [ —ran
/Afdu > —./A(—f)er_M:_/Aﬂdlu:_/A_fdu:/AfdM:/Aﬁdm
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(iv) Since Urp(f*) = fToT = f* ae. and T is ergodic, we can use Theorem 3.5.2 to
conclude that f*(x) = ¢ a.e. for some constant ¢ € C. By (iii), we get that

X)Z/Xﬁdﬂz/deu-
O

Let (X,B,u,T) be a MDS and f € L*(X,B,p). The time mean of f at x € X is
defined to be

lim S, f(z) = lim — Z f(T*z) if the limit exists. (5.21)

n—o00 n—oo N,

The space mean or phase mean of f is deﬁned to be

/X fdp. (5.22)

The ergodic theorem implies that for ergodic transformations the space mean is equal
almost everywhere with the time mean. This assertion, of great significance in the physical
aspects of the theory, is sometimes (incorrectly) identified with the ergodic theorem.

5.3 Mean ergodic theorem

In this section we present the proof given in 1939 by Garrett Birkhoff [17] of the general-
ization of von Neumann mean ergodic theorem to uniformly convex Banach spaces.

5.3.1 Uniformly convex Banach spaces

Uniformly convex Banach spaces were introduced in 1936 by Clarkson in his seminal paper
[20]. A Banach space X is called uniformly convex if for all ¢ € (0,2] there exists
d € (0,1] such that for all z,y € X,

1
lell <1, fyl <1 and z—y] > imply H—<x+y>H31—& (5.23)

2
A mapping 7 : (0,2] — (0,1] providing such a 0 := n(e) for given ¢ € (0,2] is called a
modulus of uniform convexity.

This is a geometric property of the unit ball of the space. If the midpoint of a line
segment with endpoints on the surface of the unit ball approaches the surface, then the
endpoints must come close together.

An example of a modulus of uniform convexity is Clarkson’s modulus of convexity
[20], defined for any Banach space X as the function dy : [0,2] — [0, 1] given by

. 1
(o) =int {1 |3+ o) el <1l < Lo sl zeh. G2
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It is easy to see that dx(0) = 0 and that Jy is monotone increasing. Note that for uniformly
convex Banach spaces X, dx is the largest modulus of uniform convexity. Furthermore, a
Banach space X is uniformly convex if and only if dx(¢) > 0 for ¢ € (0, 2].

Example 5.3.1. (i) Any Hilbert space H is uniformly convex with modulus of convexity

op(e) =1—4/1— %. A modulus of uniform convexity for a Hilbert space H is given

by n(e) := &2/8.
(ii) LP-spaces for 1 < p < oo are uniformly convex.

We refer to [20], [24, Chapter 3] or [61, Chapter 5] for details on uniformly convex
Banach spaces and moduli of convexity.

Remark 5.3.2. Since there are no z,y € X satisfying condition (5.23) for e > 2 we can
simply extend any modulus of uniform convexity n to all strictly positive real numbers by
stipulating ' () := n(min(2, €)) if n is not already defined for ¢ > 2. We will make free use
of this without further mentioning.

Lemma 5.3.3. Let X be a uniformly convex Banach space and n be a modulus of uniform
convexity. Define

(0,2 = (0,1, (&) =5 -m(e).

Then for all e > 0 and for all z,y € X
) 1
ol < Il < Vand e =l 22 ity |t +0)| <ol - wE 529)

Proof. Exercise. O

We use the notation uy for us,, where dx is the modulus of convexity.

5.3.2 Mean ergodic theorem in uniformly convex Banach spaces

If X is a Banach space and T : X — X, the Cesaro average starting with x € X is the
sequence (z,),>1 defined by

Lemma 5.3.4. Let X be a Banach space, T : X — X be linear and (z,) be the Cesaro
average starting with x.
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(i) For alln,k > 1,

k—1
n 1 )
ik = " T g, 5.26
Tntk nt ke JrnJFIfZ0 v (5.26)
1 k—1
T = T T"x,, (5.27)
1=0
1529
1=0

(i) Assume moreover that T is nonexpansive. Then for all n,k > 1,

2k |||
fones —aall < 200 (5.29)
|Zrn — znl| < max ||T"z, — 2, (5.30)
i=0,...k—1
Proof. Exercise. O

Theorem 5.3.5 (Mean ergodic theorem for uniformly convex Banach spaces).
Let X be a uniformly convex Banach space and T : X — X be a nonexpansive linear
operator. Then for any v € X, the Cesaro average (z,) converges to a fized point of T

Proof. Let n be a modulus of uniform convexity, € X and b > 0 be such that b > ||z||.
We remark that || 7"x| < ||z|| for all n > 1, hence

n—1

1 i
ol < = 37Tl < flal) < b
=0

for all n > 1. Let
a = inf ||z, |
n>1

Given € > 0, define

€ €
=—n(=—)>0 5.31
T 6 <8b) (5.31)
Then there exists N > 1 such that
[en|l < a+7.
Denote for all £ > 1,
Yp = HTkNxN — x|

€

Claim: y, < - for all £ > 1.

oo
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Proof: If y, = 0, then it is obvious, so we can assume in the sequel that y, # 0. We get
that for all &k > 1

1 1
HET]“N:UN < 'ZxN g@gl and
1 1 2||x
B |G = an)| < T enl + vl < B <2

1
Thus, applying Lemma 5.3.3 (with x := ETkNxN,y = TN, and ¢ := ¥ = ||z — y||), we
get that

1 1
H%@wmmm < cllanl —ux (5). (5.32)
that is
1
H§<T’€NxN )| < llen] — bux (y—;) (5.33)
for all £ > 1.

Using now (5.28) of Lemma 5.3.4, we obtain

1 k—1 1 1 k—1 1
|zoenl = T §T1N (zy + T zy)|| < z T~ (5(501\7 + TkNSCN)) H
=0 1=0
1 — 1 kN 1 kN
< E §($N+T $N) = §($N+T $N)
1=0
< awl| = bux (%‘f) <aty—buy ("J—;) .

On the other hand, ||zary| > «. Thus we must have that

bux (y_;) <~ forall £>1. (5.34)

€
Assume that y;, > 3 Then, since dx is increasing and dy > 7, we get that

e (8 =050 (8) > e (5) 2 g0 () = 09

that is a contradiction with (5.34). Hence, we must have y;, < % for all £ > 1. This finishes

the proof of the claim. O
Using the claim it follows that for all m > 1 and 0 <7 < N, we get that
£

|lzmy+s — 2wl < —+ 2, (5.36)

oo
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since
[Zmnei — 2Nl < lZmnts — T + [[2my — 2]
21b

< mN — , by (5.29) and the fact that ||z|| <b

< oy — ol by (5.29) ol <
2b 21 2

< — 4+ ||zmy —2n|], since 0 <i< N implies - < —
m mN +1i m
2b

< —+4 max y;, by (5.30)
m  j=0,.,
2b

< ——i—i by the above claim.

Let us define

M = ’71—6[)—‘, P := MN.
€

For all 7 > P, there are ¢ > 0 and 0 <4 < N such that j — P = Nqg+ . It follows that

|z; —zpl| = l[2MneNgri — Tunll = T804+ — Zun |
< |lren@rrgri — onll + llzmn — ol
< e (5.36) with m = M and m = M +
— o — . W1 m .= =

Mtqg 8 M8 ™ 1
e 4b €

< S22t

- 4 + M — 2

It follows immediately that for all j,[ > P, we have that
[z — 2|l < |lzj — zpll + [z — zpl| <&

Hence, (z,) is a Cauchy sequence. As X is a Banach space, we get that (z,) converges to
some z € X. Since

1 ; n+1 1
T” - = T'z = n+l — —dy
x E X o Tp1 nl’

we get that Tz = lim Tx, = 2.

n—oo

As an immediate corollary we get

Theorem 5.3.6 (von Neumann L ergodic theorem). [77, 78]
Let (X, B, 1, T) be a MDS and f € LP(X, B, n), where 1 < p < oo. Then S, f converges in
LP(X, B, 1) to a function f+ € LP(X, B, u) satisfying fToT = fT a.e..

Proof. LP(X, B, i) is a uniformly convex Banach space, and Ur : LP(X, B, u) — LP(X, B, i)
is a linear nonexpansive mapping. Furthermore, the Cesaro average (x,) is exactly the
ergodic average S, f. So, we can apply Theorem 5.3.5 to conclude that S,, f converges to a
function f* e LP(X, B, u) satisfying Ur(f*) = f*,ie. fToT = f* ae. O
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We refer to [113, Corollaries 1.5(ii), p.36-37] for another proof of the von Neumann L?
ergodic theorem for 1 < p < oo.

Theorem 5.3.7 (von Neumann mean ergodic theorem). [77]
Let (X, B, 1, T) be a MDS. and f € L*(X,B,u). Then

(i) S,f converges in L*(X,B,u) to a function fT € L*(X,B,u) satisfying fToT = f+
a.e..

(ii) If T is ergodic, then T is constant a.e., namely f* :/ fdu a.e..
X

Proof. (i) Take p =2 in Theorem 5.3.6.

(i) Since T is ergodic, we can use Theorem 3.5.2 to conclude that f*(z) = ¢ a.e. for
some constant ¢ € C. We get that

c = /f+d,u:<f+,1>: lim (S,f,1) = lim [ S,fdu= lim/fd,u
X n—0oo X n—oo [y

n—o0

by Proposition 5.0.3.(vii)

- [ rau

5.3.3 A finitary version of the mean ergodic theorem

Let (a,) be a sequence in a metric space (X, d). If lim a, = a, then a function ~y : (0, 00) —

N is called a rate of convergence of (a,) if
Ve > 0Vn > v(¢) (d(ay, a) < ¢). (5.37)

In [1], Avigad, Gerhardy and Towsner address the issue of finding an effective rate of
convergence for the Cesaro average (z,) in Hilbert spaces. They show that even for the
separable Hilbert space L? there are simple computable such operators 7" and computable
points € L? such that there is no computable rate of convergence of (z,). In such a
situation the best one can hope for is an effective bound on the following reformulation of
the Cauchy property of (z,) which in logic is called the Herbrand normal form of the
latter:

Ve >0Vg:N—N3IN eNVi,j € [N,N+g(N)| ||lz; —zj]| <e. (5.38)

It is trivial to see that (5.38) is implied by the Cauchy property. However, ineffectively,
also the converse implication holds.

The mathematical relevance of this reformulation of the Cauchy property was recently
pointed out by Terence Tao [107, 108], who also uses the term metastability. The state-
ment (5.38) looks easier to prove because (once one fixes the function g) one asks only for
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the sequence (z,) to be metastable rather than stable - that is stable on a finite range
[N, N + g(N)] rather than an infinite range [N, c0).

In Tao’s terminology, an effective uniform bound on ‘IN’ in (5.38) is called a rate of
metastability.

The following finitary version of Theorem 5.3.5 was obtained in [62] by a logical analysis
of its proof.

Theorem 5.3.8. Assume that X is a uniformly convexr Banach space, 1 is a modulus of
uniform convexity and T : X — X is a nonexpansive linear operator. Let b > 0. Then for
all z € X with ||z]| <0,

Ve > 0Vg: Zy — Z, 3P < ®(c,g,b,n) Vi, j € [P, P+ g(P)] (|lz: — x| <¢).  (5.39)

where (x,,) is the Cesaro average starting with x and

(e, g,b,m) == M - h"(1), (5.40)
with L6b )
M =|1—1, 7 = in i , K — | =
e 16 ' \8b v’
hy by — Ly, hin) = 2(Mn+ g(Mn)), h(n) = maxh(i).

If n(e) can be written as e - 7(e) with 0 < e; < g9 — 7(e1) < 7(e2), then we can replace n
by 1 and the constant 16° by 8 in the definition of v in the bound above.

Note that our bound ® is independent from 7" and depends on the space X and the
starting point x € X only via the modulus of convexity n and the norm upper bound
b > ||x||. Moreover, it is easy to see that the bound depends on b and ¢ only via b/e.

As an immediate consequence of the above theorem we get in the case of Hilbert spaces
the following result.

Corollary 5.3.9. Assume that X is a Hilbert space and T : X — X is a nonexpansive
linear operator. Let b > 0. Then for all x € X with ||z|| < b,

Ve > 0Vg: N — N3P < ®(e,9,b) Vi, j € [P, P+ g(P)] (||z; — z;]| <e). (5.41)
12b°
where ® is defined as above, but with K = [5 = —‘ )

Proof. Use the fact that n(e) := £2/8 is a modulus of convexity satisfying the requirements
in the last claim of the theorem. O

By applying a logical analysis of the standard textbook proof of von Neumann mean
ergodic theorem, Avigad, Gerhardy and Towsner [1] extracted for Hilbert spaces the fol-
lowing bound

®(e, g
p =

(

b) = (1) where h(n) = n+ 23p*g((n + 1)g(2np)p?) with
|, K =512p% and g(n) = max(i + g(i)).

[ONIS
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Note that the number of iterations K in both this bound and in the bound in Corollary
5.3.9 coincide (disregading the different placement of ‘[-]’) whereas the function i being
iterated in the bound in Corollary 5.3.9 is much simpler than that occurring in the above
bound from [1].

5.4 Directions of research

5.4.1 More general averages

An idea of research is to obtain finitary versions (with effective bounds) of generalizations
of the mean ergodic theorem obtained by replacing the Cesaro averages with weighted
averages.

If X is a Banach space, T : X — X, and x € X, let us define

rn= Y anTz, (5.42)
j=1

where A = (a,;) is a regular matrix.
By a regular matrix we understand an infinite matrix A = (a,;) with the property
that for every convergent sequence (z;) of complex numbers, we have that

(e}
lim 2z, =z implies lim ApiZi = 2.
e nﬁm; 3%
We refer to [82] for details on regular matrices.

In the literature, there are more results stating convergence of the weighted averages
for power bounded operators linear operators 7" : X — X (see [64, Chapter 8| for a nice
exposution).

Direction of research: Try to get finitary versions of these result for nonexpansive
linear operators in uniformly convex Banach spaces, by generalizing the proofs of Theorem
5.3.5 and of its finitary version, Theorem 5.3.8.

5.4.2 Multiple commuting transformations

In [108], Tao settles in full generality the norm convergence problem for several commuting
transformations.

Theorem 5.4.1. Letl > 1 be an integer. Assume that Ty,...,T; : X — X are commuting
invertible measure-preserving transformations of a probability space (X,B,pu). Then for
any f1,..., fi € L=(X, B, n), the averages

1 N—-1
~ > ATy . (T )
n=0

are convergent in L*(X, B, ).
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The case [ = 1 is essentially the Mean Ergodic Theorem. Tao deduces Theorem 5.4.1
from the following finitary version, proved by finitary ergodic theory techniques, inspired
by those used by him an Green [48] to establish arbitrary arithmetic progressions in the
primes.

Theorem 5.4.2 (Finitary norm convergence). [108, Theorem 1.6]

Let | > 1 be an integer, let F': Z, — Zy be a function, and let € > 0. Then there exists
an integer M* > 0 with the following property: if P > 1 and fi,..., f; : Z% — [—1,1] are
arbitrary functions on 7k, then there exists an integer 1 < M < M* such that we have the
L? metastability

||SN(f17--‘>fl)_SN’(fh-u;fl)HL?(ZlP) <eg fOT allM§ N,N’ SF(M),

The finitary version is obtained by replacing the general probability space (X, B, i)
with the finite abelian group Zt, = (Z/pZ)" for some large integer P, with the discrete o-

Y
algebra, and the uniform probability measure pu(Y') := ’ | forallY C ZbL. If ey, ..., e are

2|
the standard generators of Z!,, we consider the standard | commuting shifts T;(x) := x+e;.
For any N > 1 and any functions fy,..., f; : Zt, — R, we define the multiple average

l
Sy(fiseo s 1)1 2% =R, Sn(fi,. .., fi)(a) = Epcon1 Hfi(a+ne7;),
N—-1

with [0, N —1]:={0,1,...,N =1} and E,cony_1)f(n) = f(n) for every f:]0, N —

1

N
n=0

1] = R.

Example 5.4.3. If | = 2 and fi, f» : Z3 — R, then

N-1

1
Sn(f1, f2)(ar,a2) = Z filay +n,az) folar,as +n) for all ay,as € Zp.

Assume that [ = 1. For all f :Zp — R,

S0 = 5 D St = 5 3 ATT@)

where Ti(a) = a+ 1 for all @ € Zp is an invertible measure-preserving transformation.
Thus, Sy(f) is the ergodic average associated to f. Furthermore, the real Hilbert space
L*(Zp) is endowed with the inner product

1
(f,9) = Baoez, fa)g(a) = 5 > fla)g(a). (5.43)
a€Zp
Therefore, the [ = 1 version of Theorem 5.4.2 follows from Corollary5.3.9.

Direction of research: Obtain an explicit uniform bound on M?*, whose ineffective
existence is proved by Tao in Theorem 5.4.2.
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5.5 FErgodicity again

Proposition 5.5.1. Let (X, B, u,T) be a MDS. The following are equivalent
(i) T is ergodic.
(ii) For all A € B, if n(T7'(A)AA) = 0 implies u(A) =0 or u(A) = 1.

(11i) For all A, B € B such that u(A) > 0 and u(B) > 0 there exists n > 1 such that
w(T=Y(A)N B) > 0.
Proof. Exercise. See [113, Theorem 1.3, p. 22]. O
Let A € B. For x € X we could ask with what frequency do the elements of the orbit
{z,Tx,T?z,...} lie in the set A (equivalently, how often the orbit {z, Tz, T?x,...} of x

is in A). Since clearly, T"x € A iff x4(T"x) = 1, it follows that the number of elements
{z,Tz,T?z,..., T" 'z} in A is

n—1
0.0 = 1N {k>0|TFz e A} = xa(TF). (5.44)
k=0
The relative number of elements of {z, Tz, T?x, ..., T" 'z} in A (equivalently the average

number of times that the first n points of the orbit of x are in A) is given by

0,n—1N{k>0|Trz e A}| 1
n _n

i: xa(T*z) = Spxa(z). (5.45)

Theorem 5.5.2. Let (X,B,u,T) be a MDS. The following are equivalent
(i) T is ergodic.

(11) For each f € L'(X,B,u), the time mean of f equals the space mean of f, i.e.:
lim S, f :/ fdu ae..
n—oo X
(i1i) Whenever f € LP(X,B,u) for 1 < p < oo,
lim S, f :/ fdp a.e..
n—oo X

(iv) For all A € B,

_|0,n=1n{k>0]|T"z € A}|
lim —

n—oo n

w(A) almost for all x € X.

(or, equivalently lim S,xa = u(A) a.e.)
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Proof. (i)=(ii) By the Birkhoff Ergodic Theorem.

(ii)=-(iii) Apply the fact that for p > 1, LP(X, B, u) C LY (X, B, p).

(iii)=(iv) Apply (iii) with f := x4 € LP(X, B, p).

(iv)=-(i) Let A € B be such that T71(A) = A, hence T~%(A) = A for all k > 1. Then

n—1
1

SpXa = EE XT-+(A) = XA-
k=0

By (iv), it follows that
X4 = lim Syxa = pu(A) ae..

Hence, u(A) € {0,1}.
[

Theorem 5.5.3. Let (X, B, u,T) be a MDS and let S be a semialgebra that generates B.
The following are equivalent

(i) T is ergodic.

(ii) For all A, B € B,

lim 23" W14 11 B) = (A (B). (5.40)
(iii) For all A,B € S,
T 3™ (T (A) N B) = pl A)p(B). (5.47)

Proof. (i)=-(ii) Assume that 7" is ergodic and let A, B € B. By Theorem 5.5.2.(iv), we have
that lim S,xa = p(A) a.e. Multiplying by xp gives lim xpS,xa = u(A)xp a.e.. Since

w(A)xp € LYX,B,pn) and xpSpxa € LY(X,B,u) for all n > 1, we can apply Lebesgue
Dominated Convergence Theorem to conclude that

i | Sy di — / w(A)xs du = p(A)u(B).
X X

n—o0

By Proposition 5.0.4, we have that

n—1
1 .
/ XB - Snxadp=— > T (A) N B).
X i=0
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(ii))=-(i) Let A € B be such that T~!(A) = A, hence T7*(A) = A for all i > 0. Applying

(il) with B := A we get that

AP =1 T 1
HA) n:ff;onZM nEEOnZM
It follows that p(A) € {0,1}. Thus, T is ergodic.

(11) < (i1i) Exercise. See [114, Theorem 1.17, p.41].

Proposition 5.5.4. Let (X, B, 1, T) be a MDS. The following are equivalent
(i) T is ergodic.
(11) For each f,g € L*(X,B, ), we have

lim — Z<UTf g>

n—oo N,

where 1 is the constant function X — C, x +— 1.

Proof. TO WRITE.

(5.48)
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Chapter 6

Density Ramsey Theory

For all Ramsey theorems, one can express (but not always prove) the corresponding den-
sity statements. While the main theme of partition Ramsey theory is to look for
nontrivial patterns in one cell of an arbitrary finite partition, the typical density Ramsey
theory statement concerns an appropriately defined notion of largeness: any large subset
of a highly organized structure contains large, highly organized substructures. One basic
property required from the notion of largeness is the following:

If Aislarge and A = J;_, C;, then at least one of the C; is large.

6.1 Different notions of density

Definition 6.1.1. Let A C 7Z. For any real number x, let A(x) denote the number of
positive elements of A not exceeding x, that is

Alx) = > 1=]An[1,a]| (6.1)

acA, 1<a<lzx
The function A : R — N s called the counting function on the set A.

Let us recall that the prime counting function, denoted by 7(z), gives the number
of primes less than or equal to a given real number z. Thus, A(x) = m(x) if A C Z, is the
set of prime numbers.

Remark 6.1.2. (i) Forxz <1, A(z) =0, as [1,z] = 0.

<1

(ii) Fora>1, A(z) = A([z]) < [z], hence 0 < 22
Lemma 6.1.3. Let A, B C Z.
(i) (AU B)(n) < A(n) + B(n), with equality if AN B = 0.
(i1) If A is finite, then A is constant eventually, i.e.: A(n) = A(N) for alln > N, where
N = max A.

91
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(iti) If A= {a+id|i>0},a,d € Zy is an arithmetic progression, then A(n) = ["5%] +1.
(iv) If A C Z, is the set of even integers, then A(n) = [2].
+

(v) If AC Zy is the set of odd integers, then A(n) = [254].

[\

Proof. Exercise. O

6.1.1 Shnirel’man density

Shnirel’'man density is an important additive measure of the size of a set of integers. We
refer to [76, Ch.7] for details.

Definition 6.1.4. The Shnirel’man density of the set A C Z, denoted by o(A), is

defined by

o(A) = inf Aln) = inf M (6.2)

neZi n nely n

Lemma 6.1.5. Let A C Z.

(i) 0<o(A) <1 ando(A)=0c(ANZ,).

(i) If m § A for some m € Z., then 0(A) <1— L <1.
(11i) o(A) =1 if and only if A contains Z, .

(iv) If A is finite, then o(A) = 0.

(v) If A C Z, is the set of even integers, then o(A) = 0.
(vi) If A C Z, is the set of odd integers, then o(A) = %

Proof. Exercise. ]

From (ii) of the above lemma, we conclude that the Shnirel'man density is sensitive
to the first values of a set. In particular, if 1 € A, then o(A) = 0, while if 2 & A, then
g(A) <1/2.

6.1.2 Asymptotic density
Definition 6.1.6. Let A C Z.
(i) The upper (asymptotic) density of A, denoted by d(A), is defined by

d(A) = limsup Aln) = lim sup M (6.3)

n—oo n n—oo
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(ii) The lower (asymptotic) density of A, denoted by d(A), is defined by

d(A) = Timinf 20 _ i A0 L

n— o0 n n—o0 n

(6.4)

(iii) If d(A) = d(A), then the common value is denoted by d(A) and it is called the
(asymptotic) density of A.

The asymptotic density is also called natural density. For convenience, we have
defined density in terms of the interval [1,n] rather than [—n,n| in order to deal simulta-
neously with subsets of Z, and Z.

It is obvious that for all A C Z,

0<o(A)<d(A)<dA)<1. (6.5)
Lemma 6.1.7. Let A C Z.
(i) If A contains Z., then d(A) = 1.
(i1) Finite sets have density 0.

(i) If A ={a+1id|i>0},a,d € Z; is an arithmetic progression, then d(A) = <. In

particular, the set of positive odd (resp. odd) integers has density %

1
E

(iv) The set A C Zy of prime numbers has density 0.
Proof. Exercise. ]
Proposition 6.1.8.
(i) If A,B C 7Z, then d(AU B) < d(A) + d(B).
(ii) If A, B C Z are such that d(A) > 0 and d(B) = 0, then d(A\ B) > 0.
(iii) d is not countably subadditive: d({n}) =0 for all n € Z,., while d(Z) = 1.

d(A)

r

> 0.

(i) If d(A) > 0 and A = |J]_, C;, then there exists i € [1,7] such that d(C;) >

Proof. (i) Exercise. B B
(ii) We have that 0 < d(A) C d(B) + d(A\ B).
(iii) Exercise. O

Proposition 6.1.9. Any syndetic set A C Z has positive lower density.

Proof. Exercise. ]
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6.1.3 Banach density

It is the notion of positive upper Banach density which naturally appears in many questions
and results of density Ramsey theory.

Definition 6.1.10. Let A C Z, (resp. A C 7Z). The upper Banach density of A is
defined by

ANT
Bd*(A) := limsup| ni|

T where I ranges over intervals of Z, ( resp. of Z).  (6.6)
[]—o00

That is, there exists a sequence of intervals (Iy)k>1 in Z (resp. in Z) such that klim | 1| =

oo and
. AN
lim

= Bd*(A), (6.7)

and for any other sequence (Ji)i>1 in Zy (resp. in Z) with klim | k| = o0,

i ]A N Jk]
1m su
P A

< Bd*(A). (6.8)

The lower Banach density of A is defined similarly and is denoted by Bd,(A). If
Bd*(A) = Bd,(A), then the common value is denoted by Bd(A) and it is called the Banach
density of A. This, however, is a much rarer phenomenon than the equality of upper and
lower density.

We have obviously that

0 <d(A) < Bd*(A) <1, and0 < Bd,(A) <d(A) <1. (6.9)
Lemma 6.1.11. (i) If A contains Z, then Bd*(A) = 1.
(i1) Finite sets have Banach density 0.
(iii) If A, B C Z, then Bd*(AU B) < Bd*(A) + Bd*(B).
(iv) Bd* is not countably sub-additive: Bd*({n}) =0 for alln € Z., while Bd*(Z,) = 1.

(v) If A={a+id|i>0},ade Z is an arithmetic progession, then Bd(A) = <. In
particular, the set of positive even (resp. odd) integers has Banach density %
(vi) If Bd*d(A) > 0 and A = |J;_, C;, then there exists i € [1,r] such that Bd*(C;) >
Bd*(A)
— > 0.
r

Proof. Exercise. ]
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6.2 A notion of density convergence

Let (z,) be a sequence in C and z € C.

Definition 6.2.1. If there exists a set E C Z* of zero density such that lim a, =0, then
n¢E
we say that (x,) D-converges to x and we write D—1im,, ., x,, = .

Lemma 6.2.2. Consider a bounded sequence (an)n>1 of real numbers. The following are
equivalent

n—1

1
) lim — | =0.
() Jim, 22

(ii) D—lim, . z, = .

=

(i1i) nlggoﬁ;a? =

Proof. See [113, Theorem 1.8, p.40]. O

Proposition 6.2.3. (i) Let (a,), (b,) be sequences in C. If D— lim a,, = 0 and (b,) is
bounded, then D—Jirgo(anbn) = 0. o

Proof. Easy exercise. ]

6.3 Furstenberg Correspondence Principle

Theorem 6.3.1. Let A C Z with Bd*(A) > 0. Then there exist an invertible MDS
(X, B, 1, T) (in which X is a compact metric space and T is a homeomorphism from X
onto X ) and a set A" € B such that

(1) uw(A’) = Bd*(A) and
(2) For every finite subset F C Z,

Bd* (ﬂ (—n + A)) > (ﬂ T”(A’)) . (6.10)

nekl ner

Proof. Step 1 Let W = {0,1} and consider the Bernoulli shift (W%, B(WZ%), u,T). The
full 2-shift (W%, T) is an invertible TDS with W% being a compact metric space.
Let x4 : Z — {0,1} be the characteristic function of A,

X ={T"xa|nez} (6.11)
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be the orbit closure of x4, and consider the invertible subsystem (X, T ) of the full shift
(WZ.T). We have that X is a compact metric space and Ty : X — X, denoted also by T
in the sequel, is a homeomorphism. If B := X N B(WZ%), then B is the Borel o-algebra on
X, by C.5.6.

Let A = A(C.) be the algebra on W7 generated by the elementary cylinders, and Ay :=
X N A. Since elementary cylinders are clopen subsets of W% by Proposition 1.2.8.(iii),
we can apply C.1.6 to conclude that the elements of A are clopen subsets of X. As a
consequence, the elements of Ax are clopen subsets of X.

Since any elementary cylinder in W is of the form C? or C! = W%\ O, we get that
A= A(C.) = A(C!) and BIW?) = o(C.) = o(Cl), where C! = {C} | n € Z}.

Let

D, = XNC} forn€Z andD:={D,|ncZ}=XNC!

Applying C.1.8 and C.2.5, we get the following relations:

B = Xno(C))=0ox(XNC))=o0x(D), (6.12)
Ax = XNACC)=Ax(XNC) = Ax(D), (6.13)
Ux(.Ax> = Ux<D) = B (614)

Furthermore, T'(D,,) = D,,_y and T-Y(D,,) = D,,4; for all n € Z, so T(D) C D and
T~1(D) C D. Since B = ox(D), we get by C.7.2 that both T" and T~! are measurable, by
C.7.2.

Thus, we have already defined a measurable space (X, B) with X compact metric space
and a homeomorphism T : X — X such that 7" and T—! are measurable. It remains to
define a measure on B.

Step 2 Let us define
p:P(X)—=P(Z), ¢B)={necZ|T'xaeB}={necZ|xacT "(B)}

Then ¢ has the following easy to verify properties:

(i) ¢(0) =0 and p(X) = Z.

(i) B C C implies p(B) C 4(C).

(i) o(UierBi) = U;e; v(Bi)

(iv) @(NicrBi) = ey (Bi).
(v) If B and C are disjoint, then o(B) N¢(C) = (.

Furthermore, for all n € Z

©(Dn) = —n+ A, (6.15)
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since

p(Dn) = {k€Z|xa€TMDn)}={k €Z]|xa € Duii}
{keZ|xaln+k)=1}={ke€eZ]|n+ke A}
—n + A,

and for all B C X,
p(T7H(B)) = —1+¢(B), (6.16)

since

o(T(B) = neZ|T'xacT (B)}={necZ|T""xvse B}
= —14+{meZ|T"xa € B} = -1+ p(B).

Since Bd*(A) > 0, we get a sequence (Iy)gez, of intervals in Z such that

AN,
lim |Ix| = oo and lim AQ L = Bd*(A). (6.17)
k—o0 k—oo |[kz|
Pick any non-principal ultrafilter p € 8Z, and define
B)NI
v:P(X)—[0,1], v(B)=p-lim MH)—IH’ (6.18)
k

\@(JI?)TIkI
I,
conclude that (xj) has a unique p-limit satisfying 0 < p—limx, < 1. Thus, v is well-

defined. Furthermore,

Since 0 < x = < 1 for all & € Z,, we can apply Proposition 2.2.27.(i) to

X I Z N1

v(X) = p-—Ilim M = p—lim M =p—lim1 (6.19)
| 1] 1]

= 1, by Proposition 2.2.26.(ii). (6.20)

Claim 1 v is T-invariant, i.e. v (T '(B)) = v(B) for all B C X.
Proof: Let B C X. We have that

|0 (T71(B)) N I (=1 +¢(B)) N I

v(TY(B = p—lim = p—lim
B)NnlI —1 B))yNI
Let yy, := W and zy, := =1 9|0]( | ) k| Since |p(B)NI| and [(—14¢(B))NI|
k k
differ at most by 1, it follows that |z, — yx| < ﬁ for all k € Z,. Hence, by Proposition
2.2.27.(iv), we have that p—limy, = p—lim 2. It follows that v (T'(B)) = v(B). O

Claim 2 v is finitely additive.
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Proof: Let B,C C X be such that BNC = 0.

v(BUC) = p-—lim P(B L|JIC|) aEd = p—lim
k

|(p(B) N 1) U (p(C) N 1)

| 11|

since BN C = ) implies ¢(B) N p(C) =0

p(B) N 1| _|o(C) N I

s P 4p—1 -

[T

= v(B)+v(C). O

Step 3 Let v : Ax — [0, 1] be the restriction of v to the algebra Ax on X. Then v(X) =1,
v is finitely additive and Ay is an algebra of clopen sets of the compact metric space X.
Hence, we can apply C.5.7 to conclude that v is countably additive.

Apply now C.6.2 to conclude that there is a unique extension of v to a probability
measure g on the o-algebra ox(Ax) = B To conclude that (X, B, u,T) is an invertible
MDS, it is enough, by Lemma 3.0.11, to show that T is measure-preserving. Since v is
T-invariant and v|4, = |4y, it follows that u(T-1(B)) = u(B) for all B € Ax. Apply
now Proposition 3.0.12 and the fact that B = ox(Ax) to get that 7" is measure-preserving.

[(0(B) Up(C)) N I
1]

lo(B) N Ii| + [p(C) N I
1]

= p—Ilim = p—lim

= p—lim by Proposition 2.2.27.(iii)

Step 4 It remains to find A’ € B satisfying the conclusion of the theorem. Let
A= Dy = {X e X | To = ]_} (621)
Then A" € Ay,
T (A" =D,, p(A)=A, by (6.15).
It follows that
lp(A)N L] [AN T
———— =p-—lim
| 11| | L

AN
= Bd*(A), since lim AL = Bd*(A).

pA) = v(A) =p-lim

We prove finally (6.10). Let F' C Z be finite and let C' := m (—n + A). It follows that

nekF

u(ﬂT‘”(A’)) = u(ﬂpn):y<ﬂDn> since () Dy € Ax

nek neF nel s
i PO D) OB O (D) 0 1]
i I
_ p—lim (Moer(—n+ A) N I — p—lim (Nyer(—n+ A) NI
|| 7]
|1k

< Bd*(C), by the definition of the upper Banach density.
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Chapter 7
Mixing

In the sequel, (X, B, u,T) is a MDS.

Definition 7.0.2. (i) T is weak-mixing if for all A, B € B,
1 n—1
lim -3 u(T(A4) 1 B) — p(A)u(B)] = 0. (7.)
i=0

(i) T is (strong) mixing if for all A, B € B,

lim p(T~"(A) N B) = p(A)u(B). (7.2)

n—oo

If T is weak (strong) mixing, we also say that the MDS (X, B, u,T) is weak (strong)
mixing.
By Theorem 5.5.3, T' is ergodic if and only if for all A, B € B,

T S (T(4) 1 B) = u(Apu(B)

It is well known that for any sequence (a,,) of real numbers, we have that

n—1 n—1
1 1

It follows that
T strong mixing = 1" weak-mixing = T" ergodic.

The following result gives a way of checking the mixing properties for examples by
reducing the computations to a class of sets we can manipulate with. For example, it
implies we need only consider cylinder sets when dealing with the mixing properties of
shifts.

101
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Proposition 7.0.3.
Let (X,B, 1, T) be a MDS and let S be a semialgebra that generates B. Then
(i) T is weak-mizing if and only if for all A,B € S,

T 237 [u(T(4) 1 B) — w(A)u(B)| = 0. (7.4

(i1) T is strong mizing if and only if for all A,B € S,

Jim p(T7(A) N B) = p(A)p(B). (7.5)
Proof. See [114, Theorem 1.17, p.41] or [83, Proposition 5.3, p. 58]. ]

Example 7.0.4. (i) The Bernoulli shift is strong mixing.
(ii) No rotation on a compact group is weak mixing.
Proof. (i) Exercise.

(ii) See [113, Examples (4), p.48].
[

We refer to [83, Section 4.5] for examples of MDSs which are weakly mixing but not
strong mixing.

Proposition 7.0.5. Let (X,B,u,T) be a MDS. If T is weak mixing, then T"™ is weak
maxing for alln > 1.

Proof. Exercise. [

7.1 Density characterizations of weak mixing

Proposition 7.1.1. Let (X,B,u,T) be a MDS. The following are equivalent:
(i) T is weak mizing
(ii) For all A, B € B,
D= lim p(T7"(A) N B) = p(A)u(B).

n—oo

(i1i) For all A, B € B,
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Proof. Apply Proposition 6.2.2 for a, := u(T~"(A) N B) — u(A)u(B). O
Proposition 7.1.2. Let (X,B,u,T) be a MDS. The following are equivalent:
(i) T is weak mizing.

(ii) For all f,g € L*(X,B, ),
n—1
T =S |(Usf g~ (£, 1){1,)] = 0.
=0

(iii) For all f,g € L*(X,B, ),

Proof. (i)<(ii) See [113, Theorem 1.9, p. 42].
(i)« (iii) Apply Proposition 6.2.2 for a,, := (U} f,g) — (f,1)(1, g). O

7.2 A generalization of the von Neumann mean er-
godic theorem

The main tool is an abstract version of the classical van der Corput’s difference theorem
(see, e.g., [65, p.25-26].

Lemma 7.2.1 (van der Corput Lemma). Let (z,,) be a bounded sequence in a Hilbert space
H. If

N

) .1
D— lim lim N Z (T, Tpan) = 0,

h—o00 N—oo
n=1

then lim =0.

N—oo

1 N
N2

Proof. TO WRITE. ]

Theorem 7.2.2 (Weak mixing of order k).
Let (X, B, u, T) be a weak mizing MDS. For all fi ..., fr € L°(X),

N

1 k ‘ k
NZHU%"fi—H/Xfidu

n=1 1=1

=0.
2

lim
N—oo
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Proof. The proof is by induction on k. When k = 1 the result follows from von Neumann
ergodic Theorem 5.3.7, since any weak mixing transformation is ergodic.

Suppose that the result has been established for k functions.
k41

Step 1: Assume that foi dp =0 forsometr=1,....,k+ 1. Let z,, := l_IU}"f2 We have

i=1
an

Applying repeatedly the fact that Ur(gr - g2) = Ur(g1) - Ur(ge) for all g1, go € Mc(X, B)
(by Lemma 3.1.3.(ii)), we get for all h,n > 1

to show that hm = 0. The idea is to apply van der Corput Lemma 7.2.1.

k-+1 k+1
<xn; xn+h> - / H ( U%nfz Z(n+h f'L ) d,u / H U fojlﬂhf’L
k+1 k+1

= [ (HU(” fo%"fz> -/ [T (FU ) do

by Proposition 3.1.5

k
- /X (f1U%f1) (H U (fi+1U7(j+1)hfi+l)) dp
i=1
k
- <f1U;’;f1, [Lui (fealf ™" i) > ,

=1

so that

N N k-1
1 i
T2 T Tgn) = <f1UTf1, ~ 2 1Iur (fZHU( ) fz+1>>
n=1 n=1 =1
Let g; := fi+1U7(j+1)hfi+1. Then g; € L®(X,B,u) for all i = 1,... k, hence we can apply
the induction hypothesis to obtain

lim =0.
N—oo

N k k
1 , i i
N E H ur' (fi+1U7(’+1)hfi+l> - H/ fi+1U;(r+1)hfi+1 dp
el i=1 i=17X

2

It follows that

k

. 1 .

lim Nz <xn7~rn+h> - <f1U%f17H/fi+1UrZ(w+1)hfi+1 dlu>
/X

k+1

! / fU3 fsd.
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Let j = 1,...,k+ 1 be such that [, f; du = 0. By Proposition ?? T7 is weak mixing, so
we can apply Proposition 7.1.2 to conclude that

—11m/ijjhf]du D~ lim <Ujhfj,fj> (f;,1) (/f]d,u) —0.

Since / f:Uih £, dp is bounded for all i # j, we can apply Proposition 6.2.3.(i) to conclude
b's
that

N
. 1 ih
D= 3= tre) = D= I [ 40—

Step 2: In general, let ¢; := / fidp and take g; == f; — ¢;, so that / gidp = 0 for all
X X
1=1,...,k+ 1. Using the identity

P P

HCLZ' _HbZ = (Cll —bl)bQ...bp+a1(CL2 —bg)bgbp++ (76)

i=1 i=1
+ay ... (Zp_l((lp — bp) (77)
P i—1 P

= (H a;-) (ai — by) < 1T bj) , (7.8)
=1 = J=i+1
We get that
k-f—

1 k+1 k+1 /i—1 k+1
Ui f; — H/fzdu = Z(HU%) 7o I o
=i+1
k+1 k+1 o

= >_1[urn,

i=1 j=1
where h; = fiforj=1,...i—1, hl = g, h; =cjfor j =i+ 1,...k+ 1. Furthermore,
/ hi: = Odp. For all i = 1,...,k+ 1, we can apply Step 1 for the functions hé-,j =
X
.,k +1 to get that

k+1
li U]nhZ
Nl—r>noo N ;jl_[l
Since
N k+1 k+1 1 N k+1 k+1
B 1 n;lk 1 k+1 ' ' k+1 N k+1
2> HU%”hz- SZ ZHUJ"’“ ’
n=1 i=1 j=1 9 i=1 n=1 j=1
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it follows that

N k+1 k+1

1 -
s Ilors =11 [ s

n=1 i=1 i=1

lim
N—oo

2



Chapter 8

Szemeredi Theorem

In 1975, E. Szemerédi proved the following theorem conjectured some forty years earlier
by Erdés and Turan [30].

Theorem 8.0.3. [102] Let A C 7 with d(A) > 0. Then A contains arbitrarily long
arithmetic progressions.

Let us denote with (Sz) the above formulation of Szemeredi theorem. It is obvious
that (Sz) is equivalent with the following statement: For any A C Z with d(A) > 0 and
any k € Z,, there exists n € Z, such that

ANn(—n+A)N(2n+A)N...0(—=(k—1)n+ A) #£0.

Definition 8.0.4. We say that a MDS (X, B, 1, T) has the Szemeredi property at level
k> 1 if, for any A € B with u(A) > 0 there exists n > 1 such that

p(ANT(A)NT(A)N...nT-*4)) > 0. (8.1)
Theorem 8.0.5. Fvery MDS has the Szemeredi property at any level k > 1.
This turns out to be equivalent with Szemeredi Theorem. That is why we label it
(Sz-ergodic).
In this chapter we shall prove the following result.
Proposition 8.0.6. (Sz-ergodic) implies (Sz).

Proof. Let A C Z with d(A) > 0 and k > 1. Since 0 < d(A) < Bd*(A), we can apply
Furstenberg correspondence principle (Theorem 6.3.1) to obtain a MDS (X, B, i1, T') and a
set A" € B such that u(A’) = Bd*(A) and for every finite subset F' C Z,

Bd* (ﬂ (—n + A)) > (ﬂ T‘”(A’)) : (8.2)

nel ner
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Since p(A’) = Bd*(A) > 0, we can apply (Sz-ergodic) to obtain the existence of n > 1
such that

p(ANTAYNT A N...nT-FDmAh) > 0. (8.3)

Apply now (8.2) with F' = {0,n,2n...,(k — 1)n} to obtain that
Bd*(AN(—n+A)N(—2n+A)Nn...N(—(k—1)n+A4) > pu (ﬂT nd( A’) > 0.

In particular, we get that AN (—n+ A)N(=2n+A)N...N(—(k—1)n+ A) # 0. O

8.1 Finitary versions

Let us consider the following finitary version of Szemeredi Theorem:
(Sz-finitary) For any k£ > 1 and € € (0, 1] there exists N = N(k,e) > 1 such that
if m> N and S C{1,...,m} satisfies |S| > em then
S contains an arithmetic progression of length k.
Furthermore, we consider also the finitary version of (Sz-ergodic):
(Sz-ergodic-finitary) For any k> 1 and ¢ € (0, 1] there exist M = M(k,e) > 1 and
d = 0(k,e) > 0 such that for any MDS (X, B, 1, T') and any
A € B with p(A) > e there exists n with 1 < n < M satisfying

p(ANT A NT(A)N...nT-k=n(4)) > 6.
Proposition 8.1.1. (Sz)« (Sz-finitary)< (Sz-ergodic) < (Sz-ergodic-finitary)

Proof. (Sz-ergodic) implies (Sz) By Proposition 8.0.6.

= - ANl
(Sz-finitary)=- (Sz) Assume d(A) > 0 and let £ > 1. Since d(A) = lim sup AN nl >

0, we get the existence of ¢ > 0 such that for every n > 1 there exists m > n with
|AN[1,m]| > em. Let N = N(k,e) and take m > N such that |[AN[1, m]| > em. We can
apply now (Sz-finitary) to conclude that S := AN [1,m] contains an arithmetic progres-
sion of length k. Hence, A contains an arithmetic progression of length k.

(Sz-ergodic-finitary)=-(Sz-ergodic) follows immediately: Apply (Sz-ergodic-finitary)
with € := u(A) > 0.
(Sz-finitary)=(Sz-ergodic-finitary) Let k > 1, ¢ € (0,1], and N = N(k,e) > 1 satis-
fying (Sz-finitary). Define

M=N (k: g) . (8.4)
Denote with P the set of all distinct arithmetic progressions of length k in {1,..., M},
and let J = |P|. Let us remark that J # 0, since the set S := {1,..., M} satisfies
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S| = M > %M , 80 1t contains an arithmetic progression of length k by (Sz-finitary).

Put

9
6= (8.5)

Let now (X, B, 1, T) be a MDS and A € B be with pu(A) > e. Define

M-—1 M
[ X =R, f(x) = (Suxr-14)(z) = % D> Xy (@) = % > Xronay(x), (8.6)
=0 =1

and let
B = {xeX| f(x)>¢e/2}.

By Proposition 5.0.4 , we have that / fdu=p(A) >e. We get that
X

e < /fdu—/fd,u—i— fd,ug/ld,ujL/ Ed,u, since f <1
X B X\B B X\B 2

= u(B)+ (1= p(B) =S+ (1-35) uB).

It follows that (1 - %) u(B) >

wu(B) > e/2. (8.7)
For all x € X, let us denote
E,={ne{l,.... M} |zeT (A}

We have that |E,| = M f(x). For x € B, it follows that |E,| > $M, hence we can apply
(Sz-finitary) to concl