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Abstract

We introduce and analyze some one- and two-level additive
Schwarz methods for variational and quasi-variational inequalities
of the second kind. The methods are introduced as subspace cor-
rection algorithms for problems in a reflexive Banach space. We
prove that these methods are globally convergent and give, under
some assumptions, error estimates. If we utilize the finite element
spaces the introduced algorithms are in fact one- and two-level
Schwarz methods. In this case we prove that the assumptions we
made for the general convergence result hold, and are able to write
the convergence rate depending on the overlapping and mesh pa-
rameters. We get that our methods have an optimal convergence
rate, i.e. their converge is the same as in the case of linear equa-
tions. In this way, we prove that the two-level introduced methods
are very efficient for this type of problems because their conver-
gence is almost independent of the mesh and overlapping param-
eters.
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1 Introduction

Schwarz methods are widely used for linear problems because they pro-
vide robust and efficient solution methods. However, their generaliza-
tion to non-linear problems is not straightforward, in particular the
estimate of the convergence rate for the multilevel methods is far from
being trivial. The convergence of the projected Gauss—Seidel relaxation
(or successive coordinate minimization) for variational inequalities of the
second kind in R? has been proved in [9]. There, the non-differentiable
term has been decomposed as a sum of terms, each of them depend-
ing only on one vector component. Such a localizing decomposition
can be obtained, for instance, if the continuous problem is discretized
by finite elements and the non-differentiable term is approximated by
numerical integration. The projected Gauss-Seidel method is a particu-
lar case of a Schwarz method in which the domain is decomposed into
the interior of the supports of the nodal basis functions. Consequently,
the above representation of the non-differentiable term can be viewed
as a decomposition in concordance with the domain decomposition. A
straightforward generalization of the convergence proof in [9] to more
general decompositions can be obtained using this idea, but it fails if, in
order to get a faster convergence of the non-linear Schwarz method, a
two-level or multilevel method is considered. This is due to the fact that
on the coarser levels the nonlinearities are not decoupled. A remedy can
be found in adapting minimization techniques for the construction and
analysis of multigrid and domain decomposition methods, see [11]-[13].
In [4], two-level multiplicative Schwarz methods have been proposed for
variational and quasi-variational inequalities of the second kind. The
convergence rates of these methods are almost independent of the mesh
and overlapping parameters. On the other hand, it is well-known that
the additive methods are the best on parallel machines even if their con-
vergence is a little more slow. In this paper, we prove that the additive
variants of the methods in [4] are also globally convergent and have an
optimal convergence rate.

The paper is organized as follows. Section 2 is devoted to a general
framework in a reflexive Banach space. We introduce here an assumption
on the convex set and the correction subspaces, which will be necessary
in the convergence proof of the algorithms. Mainly, this hypothesis refers
to the decomposition of the elements in the convex set, and introduces
a constant Cy which will play an important role in the writing of the
convergence rate. In Section 3, we introduce a subspace correction al-
gorithm for variational inequalities of the second kind, and prove that,
under the above assumption, it is globally convergent. We also estimate
its convergence rate. In Section 4, we introduce two subspace correc-
tion algorithms for the quasi-variational inequalities. As in the previous
section, we prove their convergence and estimate the convergence rate,



using the assumption introduced in Section 2 and asking that the non-
differentiable term to satisfy a certain property. Using this property, we
also show that the quasi-variational inequality has an unique solution,
and the convergence condition of the algorithms and the existence and
uniqueness condition of the solution are of the same type. Section 5
is devoted to the one- and two-level methods. If we associate the cor-
rection subspaces to a domain decomposition, the abstract algorithms
introduced in Sections 3 and 4 are Schwarz methods. We show that
the assumption introduced in Section 2 holds for general enough con-
vex sets and we explicitly write the constant Cy depending on the mesh
and domain decomposition parameters. In this way, we get that the
convergence rates of the one- and two-level methods for the variational
and quasi-variational inequalities of the second kind are similar with the
convergence rates obtained for equations, ie., we get an optimal con-
vergence. In the case of the two-level methods, the convergence rate is
almost independent of the mesh and domain decomposition parameters.

2 General framework

Let V be a reflexive Banach space and Vi, --- , V,, be some closed sub-
spaces of V. Also, let K C V be a non empty closed convex set for
which we make the following

ASSUMPTION 2.1. There exists a constant Cy > 0 such that for any

w,v € K there exist v; € Vi, i =1,--- ,m, which satisfy
(2.1) w+v, €K fori=1,---,m,
m
(2.2) v—w = Zvi, and
i=1
m
(2.3) >l < Collw = wl|.
i=1

We consider a Gateaux differentiable functional F' : V' — R, and
assume that there exist two real numbers p, ¢ > 1 such that for any real
number M > 0 there exist two constants aps, B > 0 for which

(2.4) ay|lv—u|P < (F'(v) — F'(u),v — u), and
(2.5) IF'(v) = F'(w)|lvr < Barllo —ul|7,
for any u,v € V with [Ju||, |[v|]| < M. Above, we have denoted by F’ the
Gateaux derivative of F', and we have marked that the constants ajs

and [y may depend on M. It is evident that if (2.4) and (2.5) hold,
then for any u,v € V, |lul],||v]| < M, we have

(26)  owmllv—ul” < (F'(v) = F'(w),v = u) < Byl — ul]®.



Following the way in [10], we can prove that for any u,v € V, |Jul], ||v]| <
M, we have

(F'(u),v —u) + o —ul]P < F(v) = Fu) <

7
B0 )0+ By —

We point out that since F' is Gateaux differentiable and satisfies (2.4),
F' is a convex functional (see Proposition 5.5 in [8], pag. 25). Also, we
can prove that ¢ <2 < p.

3 Subspace correction algorithm for variational

inequalities of the second kind

Let ¢ : V — R be a convex lower semicontinuous functional and we
assume that F' 4+ ¢ is coercive in the sense that

F(v) +¢(v)

(3.1) P

— 00, as ||[v]] = o0, v E K,

if K is not bounded. In addition to the hypotheses of Assumption 2.1,
we suppose that

m
(32) > p(w+vi) < (m—1)p(w) + ¢(v)
i=1
for any v,w € K and v; € V;, i = 1,...,m, which satisfy Assumption

2.1.
Now, we consider the problem

(3.3) ue K : (F'(u),v—u)+ o) —p(u) >0, for any v € K.

It is well known (see [14], Theorem 8.5, page 251, for instance) that the
above problem has a unique solution, and it is also the unique solution
of the minimization problem

(3.4) u€e K : F(u)+ p(u) < F(v) + ¢(v), for any v € K.

From (2.7) we see that, for a given M > 0 such that the solution u of
(3.3) satisfies ||u|| < M, we have

Btflo — ul]P < F(v) = F(u) + 9(v) — o(u),

(3.5)
for any v € K, |jv|| < M.

The proposed algorithm corresponding to the subspaces Vi, -,V
and the convex set K is written as follows



ALGORITHM 3.1. We start the algorithm with an arbitrary u® € K. At
iteration n + 1, having u" € K, n > 0, we stmultaneously solve the
mnequalities

w?“ eV, u"+ w?“ e K :
(3.6)  (F'(u" +wi™h), v — wi™) + p(u" 4 v;) — p(u™ + with) >0,

for any v; € Vi, u" +v; € K,

) r
fori=1,---,m, and then we update v = u™ + — Zw?“, where

0<r<1isa fited constant.

This algorithm does not assume a decomposition of the convex set K
depending on the subspaces V;. Evidently, problem (3.6) has an unique
solution, and it is equivalent with

witt e Vi, ut +wltt € K
(3.7) F(u™ +wl™) 4+ p(u + wl™) < Fu™ + ) + o(u™ +v;),
for any v; € V;, u" +v; € K.

We have the following general convergence result.

Theorem 3.1. Let V be a reflexive Banach, Vi,---,V,, some closed
subspaces of V', and K a non empty closed convex subset of V' which
satisfies Assumption 2.1. Also, we assume that F is Gateauz differ-
entiable and satisfies (2.4) and (2.5), the functional ¢ is convex and
lower semicontinuous, satisfies (3.2), and F + ¢ is coercive if K is not
bounded. If u is the solution of problem (3.3) and u™, n > 0, are its ap-
prozimations obtained from Algorithm 3.1, then there exists an M > 0

such that max(||u||,m§()]< ||, Jnax_ [u"4+w!) < M and we have
n> n>0,1<i<m

the following error estimations:
(i) if p=q =2 we have

) P + () = F(u) — olw) <
| (%) " [F @) + () — Flu) — o(w)]

(39 um—ul? < 2 (Gy)" [F@0) + o) - Fu) - p(u)]
(1) if p > q we have

F(u") 4+ ¢u") = F(u) — ¢(u) <
(3.10) F(u0)+p(u0)~ F(u) ()

|
|

q )

p—q

[0 () ()~ Py =)
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F(u0)-+p(u®) ~ F (u)—p(u)

14+ (F(u0)+p(u0)— F (1) —p(u))

— P < -
(3.11) = —aM{

q=1"
p—q
E={|p=a

The constants Cy and Co are given in (3.26) and (3.30), respectively.

Proof. This proof is similar with that given for the minimization of non-
quadratic functionals in [3]. Except the part concerning the functional
, which will be detailed, we will point out here only the main steps
of the proof. Also, the proof uses the same techniques of that in the
multiplicative case in [4] or [6].

In view of the convexity of F', we get

m m

F(umt) = Z P = F((L -+ Y ;(u ) <

Z‘: i=1

m
(1—-r)F Z (u™ 4+ with)

A similar result can be obtained for ¢, ie., we have

Fu™™) < (1 —r)Fu™) Z F(u" +w)
(3.12)
o(u™) < (1 -7) Zcp (u™ + w"+1

Using equation (3.7) and these inequalities, we get
Fu™) + o™ < Fu") + g(u")
Therefore, using (3.4), for any n >0 and i = 1,--- ,m, we get

F(u) +p(u) < Fu® +wi™) + o +wj™) <
F(u) + p(u) < F(u®) + ¢ (u?),

Consequently, from the coerciveness of I’ + ¢ if K is not bounded, we
get that there exists M > 0, such that

(3.13)

lull < M, [lu™]| < M, [u" +wi™ < M

(3.14) _
foranyn>0,i=1,---,m.
From (3.6) and (2.7), for any n > 0 and ¢ = 1,--- ,m, we have
as PO = O o) — o+l >

[ TP,



and, in view of (3.5), we have

F(u" + with) — F(u) + (u" +wfth) — p(u) >

3.16 ‘ ’

G e g,

forany n >0and ¢=1,--- ,m, and

(3.17) Fu™) = F(u) + ou™) — p(u) > S| [u" — P,

for any n > 0. Writing

m
(3.18) "t =y + Zw?“,

i=1
from the convexity of F', we get

3.19 Fur™) < (1- S)Fu?) + — F@a"+

(3.19) () < (- Dypr) + D)

Applying Assumption 2.1 for w = v” and v = u, we get a decomposition
u, -+, up, of u—u". From (2.1), we can replace v; by u} in (3.6), and
from (3.19) and (2.7), we obtain

F(uh) = F(u) + o(u™™) — (u) + 52 lu —a" P <

I [F(um) = Fu)] + & [F@1) = Fu) + 2t fju - a+|lp] +

(1= SIF (") = F()] + 5 (F @), @ — ) + o) = glu) <
(1= DY P~ Fu) + &S+ 0l ™) - P, —

%
=1

LSl + ) -+ w1 + () — ()
=1

Consequently, we have

F(u™) — F(u) + @u™™) — p(u) + 528 lu —a" P <

(1= D)F@") - Fu) + o(") — p(w)]+

(F/ (" + 0l = P ), uf — wf )+

) )

3=

(3.20)

=1

[p(u" +uf') — p(u” +w )+

3=

u™) — p(u)] + e(u" ) — p(u™)

(2

¥

—~

3|+



As in [3], using (2.5) and (2.3), we get

m
SF W+ 0l ) = P @, — )
=1

m -1
ﬁM(zuwMQ - ] <
=1 =1
m
i

.
DG (N ) " -
Bum-— v (D et >l ]+ i) <

1=1

z:l

(p=1)(a=1) 1)((1 1) U n
Bum (ZHWHHP) <Co||u—u”||+Z|lw?“H> <
=1
m
(p— 1)((1 1) (ZHwnJral)

<CoHu — a4+ (1+Co) Y \w"+1ll>
=1

IN

q—1

—1)( P
BaiCom =0 (lew”“!\”> [lu— a1 |+
(p—1)q m 1
Bu(l+Coym 7 | > [Jwf P

i=1

SES

11 yﬁ-

er—1

But, for any ¢ > 07 > 1 and z,y > 0, we have a:%y <ex+
Consequently, we get
m

Z<F/(u +wn+1) Fl( n+1) un_wn-‘rl) <

7 K3

i=1
Bu(1+ Co)m Hw”“llp e
(3.21) Z
(D=1 7 m =1
,ﬁMCO Z n+1||p +
ep— 1 i=1
(p=1)(g—1)
BuCoem v |ju—a*+||P
for any € > 0.



Also, using (3.12) and (3.2), we get
i DL ) = gl )
[SO(U") — ()] + pu"™) — (") <

m[Zwu +uf) = (m —1)<p(un)—<p(U)]§0

‘33\*3

Consequently, from (3.20) and (3.21), we have

F(u*) = F(u) + (™) — p(u)+

(p=1)(g=1)
L |:O[]\J — ﬁMCOEm = pq :| HU’ _ﬂn-i-al S
mlp

(1- %)[F(U") = F(u) +o(u") = p(u)l+

%
lewnﬂllp +
<p 1><q 1 =1

o (Z Hw”“Hp>

(3.22)

LﬁM (I1+Co)m
m

for any € > 0.
Now, in view of (3.12) and (3.15), we get

Fu") < (1—r)Fu™) + — ZFU +wlth) <

m m
T apr r
F — 772”“’”"'1”7” Z[ ( n) go(u +wn+1)]
i=1 i=1
Consequently, we have
m
ropm
DM P £ B - F) + o) - o)+
(3.23) =L
%Z o(u" —|—w"+1)] o(u™) +(P(un+1)

—_

1=

But, in view of (3.12), we have

L Z[@(Un) gp(u + wnJrl)] cp(u") + gO(Un—i-l) < O,



and consequently,

3:24) 3 wi < O [FG) =~ PO+ plu) = ()]
Finally, from (3.22) and (3.24), we get

P(™) = F(u) + o) — o(u)+

(p—1)(g—1)
L I: _ ﬂMCOEm pq :| Hu _ﬁnJral <
m
(1-—

% F(u") = F(u) + o(u") — ¢(u)]+
(p— 1)q
%ﬁM < T > +a +(C;Oﬂi); (F(un) - F(un-H) + o(u") — (p(un+1))% n
e %&Fﬁ) q—1
(%) p71 ((S::)qjil (F(un) — F(un-I-l) + SO(Un) _ gD(u”‘H))F
With
_ew 1

(p—1)(g—1) "’

P ByCom ™ v
the above equation becomes,

F(u™1) — F(u) + p(u"*!) — p(u) <
PlPr) = F™h) + p(u™) — o(u" )]+

a (p=1)q
Bas (@)5 (1 +Cao)m1

" Sk
(F(u") - F(u "“2 p(u") = p(u)) 7 +
Gl 5 CF mi

" (2)7T

(F(u") — F@™) + o) — o)) 57 *]

(3.25)

Using (3.5), we see that error estimations in (3.9) and (3.11) can be
obtained from (3.8) and (3.10), respectively.

Now, if p = ¢ = 2, from the above equation, we easily get equation
(3.8), where

r oN 2

(3.26) Cr == 1—*+(1+C’0)mﬁM+Co <BM>]

10



Finally, if ¢ < p, from (3.13) and (3.25), we get

o FH) + o)~ Flu) —pw) <

Oy [F(u™) + p(u™) — F(u"1) — p(umth)] =t .

where
Cs = mr— T[F(UO) — F(u) + tp(uo) _ go(u)]p:(11+
<@>% Bar(1+ Coym "7

(3.28) " (2ar)p

(m> i Gt m!
Now, from (3.27), we get
Fum™1) + o(um+) — F(u) — p(u) + —r [Fu*1) + p(un+)—
Cc-
Fu) — ()] i1 < F(um) + p(u") — F(u) — o(u),

I

and, like in [1] or [3], we have

IN

Fu™) + o(u) — F(u) — ¢(u)
(3.29) =] 5

(n+1)Cy + (F(u°) + () = F(u) — p(u)) 7|,

)

3

where
Cy =
(3.30) pP—q |
(0= 1) (F) + 9(u) — Flw) — (@) + (g - DO
Equation (3.29) is another form of the first estimate in (3.10). O

4 Subspace correction algorithms for quasi-variational
inequalities

Let ¢ : V x V — R be a functional such that, for any v € K, ¢(u,-) :
K — R is convex and lower semicontinuous. We assume that F' + ¢ is
coercive in the sense that

F(v) +o(u,v)

(4.1) ol

— 00, as ||v]| = 0o, v € K, for any u € K

11



if K is not bounded.
In this section we assume that p = ¢ = 2 in (2.4) and (2.5). Also,
we assume that for any M > 0 there exists cjs > 0 such that

[p(v1, w2) + (v, w1) — w(v1,w1) — @(v2, we)| <

(4.2)
e |[vr = v flwr — wo|

for any v1, va, wy we € K, ||v1|], [Jv2]l, ||w1] |Jwz]] < M. In addition to
the hypotheses of Assumption 2.1, we suppose that

m
(4.3) > plu,w+ ;) < (m = Dg(u,w) + (u,v)
i=1
for any u € K and for any v,w € K and v; € V;, ¢ = 1,..., m, which
satisfy Assumption 2.1.
Now, we consider the quasi-variational inequality

(4.4) we K : (F'(u),v—u)+p(u,v) —¢(u,u) >0, for any v € K.

Since ¢ is convex in the second variable and F' is differentiable and
satisfies (2.4), problem (4.4) is equivalent with the minimization problem

(4.5) ue K : F(u)+ p(u,u) < F(v) + ¢(u,v), for any v € K.

With a similar proof to that of Theorem 2.1 in [15], we can show that
problem (4.4) has a unique solution if there exists a constant s < 1 such
that 2 < s, for any M > 0. In view of (2.7) we see that, for a given

M > 0 such that the solution u of (4.4) satisfies |lu|| < M, we have

o —ul? < Fv) = Fu) + o(u,v) — o(u, u),

(4.6)
for any v € K, |jv|| < M.

A first algorithm corresponding to the subspaces Vi, --- , V}, and the
convex set K is written as follows

ALGORITHM 4.1. We start the algorithm with an arbitrary u® € K. At
iteration n + 1, having u" € K, n > 0, we stmultaneously solve the
inequalities

w?“ eV, u" + w?“ €EK:
(4.7)  (F'(u™ + w0 — w4 o(um + wP T u + vg) -

7

o(u™ + w?"'l,u” + w?“) >0, foranyv; € Vi, u™ +v; € K,

m
. r
fori=1,---,m, and then we update u" ' = u" + — E w?“, where
m
i=1
0 <r <1 isa fired constant.

12



Evidently, problem (4.7) is equivalent with the finding of w?“ e Vi,
u™ + w?“ € K, which satisfies

witt e Vi, ut +wlt € Ko F(u™ +with+
(4.8) e(u™ +w T u Fwlt) < F(u 4 vi)+
e(u + w?“,u" + v;), for any v; € V, u" +v; € K.
for any v; € Vi, " +v; € K.
A simplified variant of Algorithm 4.1 can be written as

ALGORITHM 4.2. We start the algorithm with an arbitrary u° € K. At
iteration n + 1, having u”™ € K, n > 0, we solve the inequalities
wit e Vi, ut +wl T € K
(4.9) (F'(u™ + wl™), v — w4+ p(u, u™ + v;)—
o(u™,u™ + w;”rl) >0, for any v; € V;, u" +v; € K,
r m
fori=1,---,m, and then we update u" = u™ + po Zw?“, where
i=1
0<r<1isa fited constant.

We can apply Theorem 8.5 in [14], page 251, to prove that problem
(4.9) has an unique solution. Also, like for problem (4.4), with a similar
proof to that of Theorem 2.1 in [15], we can prove that problem (4.7)
has a unique solution if there exists a constant s < 1 such that % < 2,
for any M > 0.

The following theorem proves that if c¢ps is small enough, then Algo-
rithms 4.1 and 4.2 are convergent.

Theorem 4.1. Let V be a reflexive Banach, Vi,---,V,, some closed
subspaces of V', and K a non empty closed convex subset of V' which
satisfies Assumption 2.1. Also, we assume that F is Gateaux differen-
tiable and satisfies (2.4) and (2.5) with p = q = 2, and the functional ¢
is convex, lower semicontinuous in the second variable, satisfies (4.2),
(4.3) and coerciveness condition (4.1), if K is not bounded. Then, if
u s the solution of problem (4.4), u™, n > 0, are its approximations
obtained from one of Algorithms 4.1 or 4.2, and

(4.10) M XM

oM

for any M > 0, where xpr is the smallest positive solution of equa-
tion (4.27), then there exists an M > 0 such that max(||ul|, mg(;;c”u””,
n>

max_ ||u"+w!T|) < M and we have the following error estimations
n>0,1<i<m

(4.11) F(u®) + p(u,u) = F(u) — ¢(u, u) <
| (Clcil) [F(u?) 4 o(u, u®) = F(u) — ¢p(u,u)],

13



n
(412) o —ul? < 2 () [FOO) + () = Fu) - o(w)] -
The constant Cy is given in (4.24) in which €1, €2 and €3 are given in

(4.26).

Proof. As in the proof of Theorem 3.1, we will omit here the details
which are similar with those in [3], [4] or [6]. Also, v and v in equations
(2.4), (2.5), and v;, w;, i = 1,2 in (4.2), will be replaced only by the so-
lution of problem (4.4) or its approximations obtained from Algorithms
4.1 or 4.2. Consequently, we are interested in the boundedness of the
sequences u" and u" + w?“, n>0,1=1,...,m. To this end, we take

P,

(4.13) M = max([|lul|, max [[u"|, max [u"+ w;
0<n<k

0<n<k,1<i<m

for a given k£ > 0 and prove (4.11) for n = 1,...,k. As we shall see in
the following, estimation (4.11) also holds if we replace u™ by u" —|—w?+1,
i=1,---,m. Consequently, in view of the coerciveness condition (4.1),

M < max([[ull, sup{[lv]l + F(v) +p(u,v) < F(u®) + o(u,u)}) < oo,

where u is the solution of problem (4.4). Therefore, we may conclude
that there exists a real constant M > 0 such that

lull < M, [lu™]| < M, [u" +wi™H < M

(4.14) .
forany n >0, ¢=1,--- ,m.

In the following, for a fixed n, we take M given in (4.13). Since the
proof of the theorem is almost the same for both algorithms, we prove
the theorem only for Algorithm 4.1.

In view of (4.6), we notice that (4.12) can be obtained from (4.11).

Now, we prove (4.11). From (4.7) and (2.7), we get that, for any
n>0andi=1,---,m,

F(u™) — F(u™ + w4+ p(u” + wi ™ um)—

p(u +wPth un 4wt > 9wt 2,

(4.15)

Also, in view of (4.6), we get
(4.16)  F(u™ ) — F(u) + o(u,u ) — p(u,u) > 2L{|u o — ul|?

forn>0and i=1,---,m. Applying Assumption 2.1 for w = u™ and
v = u, we get a decomposition uf, -+, u? of u—u". With 4" defined

14



n (3.18), from (2.1), we can replace v; by ] in (4.7), and in view of
(2.7) and the convexity of F', we obtain

FQM) = Flu) + ™) = ol ) + 55 Ju — 7 <
(1= B F() = F@)] + & [F@) = Fu) + 24t flu - 7] +

o, u™) = plu,u) <

(1= IF (") = ()] + 5 (F @), 7 — ) 4 (0™ = () <
(1= DF") = F@)] + = 3 (" + wft) = F@ ), uf — w4

=1
m
r
E Z[ u™ +wn+1 u” Jru?) o SD(U +,wn+1 o +w;t+1)]+
1=
SO(U7 unJrl) - (,O(U, U,)

Consequently, we have

Fu™™) — F(u) + o(u, u"™) — o(u, u)+

=l <
(i %)[F(u”) — F(u) + plu,u") = p(u, u)l+

(417) r F/ n+1 )dtrian n _ . ntl
mZ< (u" 4wt — F/@™ ), uf — wi )+

m
r

— (u" + w?“, u" + ') — e(u” + w"+1 u™ + w?+1)]+

m[w(w u™) — o(u, )] + p(u, u" ) — p(u, u")

Using (2.5) and (2.3) for p = ¢ = 2, and the Hoélder inequality, similarly
with (3.21), we get

S (R W ) — @), uf — wf ) <

i=1

(4.18) 1N 2
Bum 1+Co(1+2€1) ;Hwi |17+

BuCo[lu — a2

for any e; > 0. Similarly with (3.12), from the convexity of ¢ in the
second variable, we get

m

nt+ly 1— n L n+1
™) S (L= o)+ T3l + uf ™)

15



Using this equation, in view of (4.3), (4.2) and (2.3), we have

m

% Z[ap(u + ™ ) — p(u” + w4 w4
=1

r

T () = o))+ ol ) = p(u, ) <
m

% Z[(p(u + wn-‘rl u" + u;l) . ()0(,& + wn+1 u™ + w?—l—l)]_'_

s
Il
—

+
3=

s
Il
—

el + i) = l(m = Do u”) + pu, )] <

(o + ) = ()

)

3=

@
Il
R

[o(u, u™ +wi™h) = p(u,u” +uf!)] <

+
S|~
MS&MS

~

1

r
—cy Yy fJu + wit = o] —uf <
m
=1
r 1 S +1 S n+1 n
e 7™ =l + ) P () + e ]) <
i=1

=1
m

r ~
—CM [HUHH —ul| + § ||wf+l||] :
m

i=1

Colla™" —ull + (1 +Co) Y Hw?“H]

or
r m
— >l Tt ) — o+ wi T + w)]+
=1
-
(4.19) %[‘P(Uyun) —¢(u, )] + o(u, ™) — p(u,u") <

—cM[C’o +(1+ 200) ]||u”Jrl ul| 2+

1—1—20
rep[l+ Co + %) Z” Ik
=1

16



for any €5 > 0. Consequently, from (4.17)—(4.19), we have

F(u ) = F(w) + i u™) = plu,w)+
{55 = BuCT — eulCo+ (1+200) T} flu — 7| <

2
PZUPry = P + p(u,u™) — o(u, w1+
1 1+ 2C,
{ﬂMm[1+Co(l+):|+CMm|:1+Co+ i 0:|}
2¢1 2e9
3wt 2
=1

for any €1, €9 > 0.
In view of (3.12) and (4.15), we have

(4.20)

F(unJrl) < (1 o T)F(Un) 4 r iF(un + w;ﬂ-l) < F(u")_

m

. ZHw"HHQ =3 lp(” ) — (" 4wt )
=1
Consequently, we have

— 2 Z w2 < Fu®) — F(u" )+
(4.21) T = 1
) = ol ™) + 23l + )~
P
(u™ +w T u™ W] — o(u,u™) + o(u, ™t

Similarly with (4.19), we have
m
LSl +up ) — p(u” + 4 )
p(u, u™) + p(u,u ) <
m

.
LS lplu 4wt = o+ w o w )+

r u, u” w""'1 u, u"
(4.22) mz;[ + ) = p(u,u")] <

m

.

—en Y |l with =l flup ) <
i=1

r i -
a3 1 <) Sl <
i=1 =1

T 1 Ui T £
+112 3|7+l 2
CM(1+263)77112;Hw;1 I +ECM§HUTL — |
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for any €3 > 0. In view of (4.21) and (4.22), we get

-l gom] 3 o <
(4.23) % [F(un) . F( n+1) + QO(U,U )_ 90(u7 n+1)] +
eM Hun+1 UHQ

for any €3 > 0. If we write

Cr=""+4+Cy"
Co = 9L — cp(1+ 51 )m
(4.24) Cy = 24t — BuCoF —enr (Co+ H5%0es) — enr 3 Co
m
G 1 14+ —
Cy G [ﬁM( + Co( +2€1)>+

w (14 Co + 1520
then, from (4.20) and (4.23), on the condition Cy > 0, we get

F(u*h) = Fu) + o(u, u™*) — o(u,u) + Csllu —a" T[> <

4.25
U)oy [P — P + g, u) — ol a0
Now, if C3 > 0, then (4.11) can be obtained from (4.25).

We can easily see that ('3, as a function of €1, €9, and €3, reaches its
maximum value for

Cprm
4.26 €1 =€&=€3= g,
(4.26) 1= €2 = €3 ITR——
and this is
C3maz = - — cmCo — [BnCo + ear (1 + 200)]7%1\4613247,1
c?\/lm2

—(1+Co)(Bum + CM)W
2

Condition Csp,4, > 0 is satisfied if

L e sm (a0
(= 0—)—>(1+3Co) +2(1+ Cp) 42—
2" our B - G - 2y

We see that equation

XMm

1
(4.27) (5 = Coxar) 3 .
3= XMm (3 —xmm)

B = (1+3Cy)

18



has a solution xs € (0, ﬁ), and if it is the smallest one and we take
ML XM, then C3max > 0.

N

The value of Cs for €3 in (4.26) is

1 oy
Come = 5 (51— ewm).
Since we can always take Cy > m, the above solution x,s; of equation
(4.27) satisfies xp < ﬁ, and therefore, we get Comax > 0 for any
DL < XM

apn

O

5 Convergence rates for the one- and two-level
methods

Algorithms 3.1, 4.1 and 4.2 can be viewed as additive Schwarz methods
in a subspace correction variant if we use the Sobolev spaces. The con-
vergence rates given in Theorems 3.1 and 4.1 depend on the functionals
F and ¢, the number m of the subspaces and the constant Cy intro-
duced in Assumption 2.1. The number of subspaces can be associated
with the number of colors needed to mark the subdomains such that the
subdomains with the same color do not intersect with each other. Since
this number of colors depends on the dimension of the Euclidean space
where the domain lies, we can conclude that our convergence rates es-
sentially depend on the constant Cj. We shall see in this section that, if
we utilize the finite element spaces, Assumption 2.1 as well as conditions
(3.2) and (4.3) hold for closed convex sets K satisfying a general enough
property. Also, we are able to explicitly write the dependence of Cy on
the domain decomposition and mesh parameters. Therefore, from The-
orems 3.1 and 4.1, we can conclude that the one- and two-level methods
globally converge for variational and quasi-variational inequalities of the
second kind if conditions (2.4) and (2.5) on F, and condition (4.2) on
©, in the case of quasi-variational inequalities, hold. Moreover, from the
dependence of Cy on the mesh and domain decomposition parameters,
the convergence rate is optimal, ie. is similar with that in the case of
linear equations, for instance. The convergence rate of the two-level
method depends very weakly on the mesh and domain decomposition
parameters, and, for some particular choices, it is even independent of
them.

The convergence of these two methods for the minimization of non-
quadratic functionals has been studied in [3]. It is proved there that
Assumption 2.1 holds for the spaces and the convex sets we use in this
paper. Consequently, we will focus especially on the conditions (3.2)
and (4.3) in the proofs .
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5.1 One-level methods

We consider a simplicial regular mesh partition 7 of mesh size h (see
[7], p. 124, for instance) over the domain Q C R?. We assume that the
domain 2 is decomposed as

(5.1) a=Jo

and that 7, supplies a mesh partition for each subdomain €;, ¢ =
1,...,m. In addition, we suppose that the overlapping parameter of
this decomposition is 9.

We associate to the decomposition (5.1), a unity partition {6; }1<i<m,
with 6° € C(Q), ¢°|, € Pi(7) forany 7 € Ty, i = 1,--- ,m,

(5.2) 0<6"<1onQ, supp 6; C Q; and Zﬁizl
i=1

which satisfies

(5.3) 10,:,0'| < C/6, ae. inQ, forany k=1,...,d

As in (5.3), we denote in the following by C' a generic constant which
does not depend on either the mesh or the domain decomposition.
We consider the piecewise linear finite element space

(5.4) Vi={veC’Q): v, € P(r), T €Ty, v=0o0n 00},

and also, for i =1,...,m, let

(5.5) Vi={veV,:v=0in Q\Q}

be the subspaces of Vj, corresponding to the domain decomposition
Qq,...,9y. The spaces V}, and Vy, i = 1,...,m, are considered as
subspaces of W1, for some fixed 1 < s < co. We denote by || - [jo.s the
norm in L*, and by || - ||1.s and | - |15 the norm and seminorm in W1s,
respectively.

The convex set K, is defined as a subset of V}, satisfying the following
property.

PROPERTY 5.1. If v,w € Ky, and if § € C%(Q), 0|, € C* (1) for any
T €T, and 0 <0 <1, then Ly(6v+ (1 — §)w) € K.

Above, we have denoted by L; the Pj-Lagrangian interpolation op-
erator which uses the function values at the nodes of the mesh 7.
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In the case of the variational inequalities of the second kind, we
assume that the functional ¢ is of the form

(5.6) p(v) = D se(W)v(@a) = D su(h)ds(v)

KEN}, keNy,

where ¢ : R — R is a continuous and convex function, N}, is the set
of nodes of the mesh partition 75, and s.(h) > 0, k € N}, are some
non-negative real numbers which may depend on the mesh size h. For
the ease of notation, we have written ¢, (v) = ¢(v(xy)). We see that ¢,
k € Ny, can be viewed as some functionals ¢, : V}, — R which satisfy

(5.7)  u(Ln(Bv+ (1 = O)w)) < 0(zx)dr(v) + (1 — () dr(w)

for any v, w € K}, and any function 6 : Q — R which satisfy § € C°(€),
6|, € C*(7) for any 7 € Tp,, and 0 < 0 < 1.

For the quasi-variational inequalities, we assume that the functional
 is of the form

(58)  pu,v) = D su(h)d(u,v(ws)) = D su(h)u(u,v)

KEN}, kEN},

where ¢ : V;, x R — R is continuous, and, as above, s.(h) > 0, k € Np,
are some non-negative real numbers which may depend on the mesh size
h. Also, we assume that ¢(u,-) : R — R is convex for any u € V}, and,
for the ease of notation, we have written ¢, (u,v) = ¢(u,v(zy)). We see
that ¢, K € Nj, can be viewed as some functionals ¢, : Vj, x V, — R
which satisfy

(5.9) @ (u, Ln(Ov + (1 = O)w)) < 0(xx) P (u, v) + (1 = 0()) o (u, w)

for any u € Vi, v,w € K}, and any function 6 : Q — R with the
properties § € C°(Q), |, € C'(7) for any 7 € 7p,, and 0 < § < 1. The
functionals ¢(u) and ¢(u,v) defined in (5.6) and (5.8), respectively, can
be viewed as numerical approximations of some functionals defined on
Vi

We can conclude from the following proposition that the error es-
timations in Theorems 3.1 and 4.1 hold for the one-level multiplica-
tive Schwarz method applied to the solution of variational and quasi-
variational inequalities of the second kind.

Proposition 5.1. Assumption 2.1 holds for the piecewise linear finite
element spaces, V. =V, and V; = V}f, 1 =1,...,m, for any convex set
K = K}, C Vj, having Property 5.1. Also, conditions (3.2) and (4.3) for
functionals ¢ of the form (5.6) and (5.8), respectively, are satisfied. The
constant in (2.3) can be written as

1
(5.10) Co=Cm (1 + 5) :
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where C is independent of the mesh and domain decomposition parame-
ters.

Proof. If the convex set K} has Property 5.1, we can prove that As-
sumption 2.1 holds with

(5.11) vi=Lyp(0'(v—w)), i=1,...,m,

and the constant Cp in (5.10).
To prove that condition (3.2) holds for a functional ¢ of the form
(5.6), it is sufficient to show that

m

(5.12) D du(w +vi) < (m — 1) (w) + ¢ (v)

i=1

for the v; € Vhi, i=1,...,m, we have defined in (5.11). In view of (5.7),
we have

qbf{(w + ;) = ¢ (w —|— L (0 (v — w)) = ¢ (L (00 + (1 — 0)w) <
0" (xx) P (v) + (1 — 0" (2x)) Pr(w)

and therefore, (5.12) holds.
To prove that condition (4.3) holds for a functional ¢ of the form
(5.8), it sufficient to prove that

m

(5.13) Y el w+v;) < (m = D (u,w) + (u, )
i=1

for any u € V3, and the v; € Vhi, i=1,...,m, we have defined in (5.11).
Since ¢, (u,v) satisfies (5.9) which is similar with (5.7), the proof of
(5.13) is similar with that of (5.12). O

5.2 Two-level methods

We consider two simplicial mesh partitions 7, and 7y of the domain
Q C R? of mesh sizes h and H, respectively. The mesh 7}, is a refinement
of Ty, and we assume that both the families, of fine and coarse meshes,
are regular. Mesh sizes h and H are supposed to approach zero and we
shall consider a family of mesh pairs (h, H).

As in the previous section, we consider an overlapping decomposition
(5.1), the mesh partition 7j of €2 supplying a mesh partition for each Q;,
1 < i <m. Also, we assume that the overlapping size is §. In addition,
we suppose that there exists a constant C, independent of both meshes,
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such that the diameter of the connected components of each €2; are less
than CH. We point out that the domain 2 may be different from

(5.14) Q= J

but we assume that if a node of 7y lies on 9€)y then it also lies on 92,
and there exists a constant C', independent of both meshes, such that

(5.15) dist(x,Qp) < CH

for any node x of 7y,

Now, besides the spaces V}, and V,f, i=1,...,m defined in (5.4) and
(5.5), we introduce the continuous, piecewise linear finite element space
corresponding to the H-level,

(5.16) V}PI = {’U € CO(Q()) : 1)’7— € Pl(T), 7€ Ty, v=0o0n 890} s

where the functions v are extended with zero in 2\€y. The convex set
K C Vj, is defined as a subset of V}, having Property 5.1.

The two-level Schwarz methods are also obtained from Algorithms
3.1, 4.1 and 4.2 in which we take V =V}, K = K}, and the subspaces
Vo = VI(}, Vi=V5h vy = Vh2, ..., Vim = Vi As in the previous section,
the spaces V,, Vi, Vhl, Vh2, ..., V;" are considered as subspaces of whs
for 1 < s < oo. We note that, this time, the decomposition of the domain
() contains m overlapping subdomains, but we utilize m + 1 subspaces of
V, Vo, Vi,..., Vpy, in Algorithms 3.1, 4.1 and 4.2. Naturally, if we prove
that Assumption 2.1, written for m + 1 subspaces, is satisfied for the
previous choice of the convex set K and the subspaces Vp, Vi,...,Vy
of V, we can conclude that these algorithms converge if we prove in
addition that the functionals ¢ of the form (5.6) or (5.8), satisfy (3.2) or
(4.3), respectively. To this end, we consider the operator Iy : V}, — VFOI,
which has been introduced in [2] and has the following properties (see
Lemma 4.3 in [2]) for any v € Vj:

(5.17) 1o —vllo,s < CHCq(H, h)|v|1,s
and
(5.18) I1rvlo,s < Cllvllo,s and [Igv]1,s < CCqs(H, h)|v|1s,
where

1 ifd=s=1or

1<d<s<x
(5:19) CaaH, ) = (ln%—i-l)% if 1 <d=s<o0
d—s

—

NG

S—
)

if1<s<d< oo,



Moreover, for any x € 2, we have

0 < Igv(x) (z) if v(z) >0,
0> Igv(z) (x) if v(z) <0,
and Igv =0 on 7 € Ty if there exists a € 7 such that v(z) =0

v
v

IV IA

for any v € Vj. Consequently, writing

Igv(z) .
bo(z) = 1 @ if v(z) #0
0 if v(z) =0,

then 0, € C°(Q), 0,|, € CY(r) for any 7 € T3, 0 < 0, < 1, and
(5.20) Inv=0,v

for any v € Vj.

Now, we can prove the following proposition which, in particular,
shows that the constant Cp in Assumption 2.1 is independent of the
mesh and domain decomposition parameters if H/0 and H/h are kept
constant when h — 0.

Proposition 5.2. Assumption 2.1 is satisfied for the piecewise linear
finite element spaces V.= Vy and Vy = VIQI, Vi = V,f, andi=1,...,m,
defined in (5.4), (5.5), and (5.16), respectively, any convexr set K = K,
with Property 5.1. Also, conditions (3.2) and (4.3) for functionals ¢
of the form (5.6) and (5.8), respectively, are satisfied. The constant in
(2.3) of Assumption 2.1 can be taken of the form

(5.21) Co=C(m+1) <1 + 1;{) Cas(H, h),

where C is independent of the mesh and domain decomposition parame-
ters, and Cqs(H, h) is given in (5.19).

Proof. By means of Iy and the functions 6%, i = 1, ..., m, with proper-
ties (5.2) and (5.3), we define

(5.22) vo = Ig(v—w).
and
(5.23) v = Lp(6' (v — w — o)),

for i = 1,...,m. Using properties (5.17) and (5.18) of the operator I,
we can prove that wvg,v1,..., vy, defined in (5.22) and (5.23), satisfy
Assumption 2.1 with the constant Cj given in (5.21).
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To prove that condition (3.2) holds for a functional ¢ of the form
(5.6), it is sufficient to prove that

m

(5.24) D du(w +vi) < M (w) + b (v)

1=0

for the v; € V4,1 =0, ..., m, we have defined in (5.22) and (5.23). Using
(5.20) and Property 5.1, we get that v — vy € K},. Like in the proof of
Proposition 5.1, where this time we consider v — vg in the place of v, we
get

m

G(w +v0) + > bulw + 1) < du(w +v0) + (m — 1) (w) + b (v — wp),
=1

and, in view of (5.20) and (5.7), we have

Or(w + v0) + P (v — v0) = (W + Op—yy (v — W)) + P (v — Oy—y (v — w)) <
(1 = Oy (@) (W) + v (1) P (V) +
(1= 0p—u(24)) (V) + Oy (T4) P (0) = P (W) + Pis(v)

Equation (5.24) follows from the last two equations.
To prove that condition (4.3) holds for a functional ¢ of the form
(5.8), it is sufficient to prove that

m

(5.25) D onlu,w +v;) < my(u,w) + B(u,v)

=0

for v; € V;, i = 0,...,m, we have defined in (5.22) and (5.23). Like in
Proposition 5.1, since ¢, (u,v) satisfies (5.9) which is similar with (5.7),
the proof of (5.25) is similar with that of (5.24). O

Remark 5.1. In this Section 5, we have assumed that the functional ¢
is of the form (5.6) or (5.8) in the case of variational or quasi-variational
inequalities, respectively. We notice that the proofs of Propositions 5.1
and 5.2 also hold if we replace the functional ¢(u,v) of form (5.8) with

(5'26) <p(u,v) = Z Sn(h)(b(u(xli)aU(wn)) = Z Sﬂ(h)(ﬁ,{(U,’U)

KEN}, kEN),

where s,(h) > 0, and ¢ : R x R — R is continuous and convex in the
second variable. We have denoted above ¢ (u,v) = ¢(u(zy), v(xy)), k €
Np,. In general, (5.6), (5.8) or (5.26) represent numerical approximations
of some integrals. Concerning to condition (4.2) imposed on ¢ of the
form (5.8) or (5.26), in the case of quasi-variational inequalities, we have
to check it for each particular problem we solve.
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The results of this section have referred to problems in W with
Dirichlet boundary conditions. We point out that similar results can
be obtained for problems in (W'*)? or problems with mixed boundary
conditions.
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