CONVERGENCE RATE OF A SCHWARZ MULTILEVEL METHOD
FOR THE CONSTRAINED MINIMIZATION OF NON-QUADRATIC
FUNCTIONALS
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Abstract. In [5], the convergence of a subspace correction method applied to the constrained
minimization of a functional in a general reflexive Banach space has been proved, provided that the
convex set verifies a certain assumption. This assumption is weaker than that in which the convex
set is decomposed according to the space decomposition as a sum of subsets. In the Sobolev spaces,
the proposed method becomes a multiplicative Schwarz method for the solution of the variational
inequalities coming from the minimization of non-quadratic functionals. We prove in this paper
that this assumption holds for the one-, two- and multi-level multiplicative Schwarz methods in the
finite element space, and we explicitly write the constants in the error estimations depending on
the overlapping and mesh parameters. Our error estimates are similar with those obtained for the
minimization of quadratic functionals in [4], or with those obtained for the one-obstacle problem in
[37].
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1. Introduction. Domain decomposition methods provide efficient numerical
algorithms to solve very large-scale problems. The great interest in these methods
comes from the fact that they are parallelizable on multi-processor machines. Schwarz
overlapping methods represent a typical example of such parallelizable methods, they
traditionally being classified as multiplicative and additive. The main focus of this
paper is the convergence of the multiplicative Schwarz method applied to the con-
strained minimization of non-quadratic convex functionals.

Naturally, most papers dealing with these methods are dedicated to linear prob-
lems. The multiplicative and additive Schwarz methods for elliptic linear problems
have been studied by Lions [26]—[28], Chan, Hou and Lions [10], P. Le Tallec [25],
A. Quarteroni and A. Valli [33], Bramble, Pasciak, Wang and Xu [8], and Badea [1],
for the multiplicative methods, and Dryja [12], Dryja and Widlund [13], [14], and
Nepomnyaschikh [32], for the additive version.

For the application of the Schwarz method to the solution of the variational
inequalities, we can cite the papers written by Hoffman and Zou [19], Kuznetsov and
Neittaanmaéki [22], Kuznetsov, Neittaanméki and Tarvainen [23], [24], Lii, Liem and
Shih [29], Zeng and Zhou [42], Tai [35]-[37], Tai and Tseng [39], Badea and Wang [3],
Badea, Tai and Wang [4], and Badea [2], [6], [7].

Also, the multilevel and multigrid methods can be viewed as domain decompo-
sition methods and we can cite the results obtained by Kornhuber [21], Mandel [31],
and Smith, Bjgrstad and Gropp [34].

However, very few papers deal with the application of these methods to nonlinear
problems. We can cite in this direction the papers written by Tai and Espedal [38],
Tai and Xu [40] for nonlinear equations, Hoffmann and Zhou [20], Lui [30], Zeng and
Zhou in [43] for inequalities having nonlinear source terms, and Badea [5] for a general
result concerning the convergence of the method for the constrained minimization of
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non-quadratic functionals. Evidently, the above lists of citations are not exhaustive
and it can be completed by many other papers.

Almost exclusively, the convergence of the domain decomposition methods for
variational inequalities coming from the minimization of a functional is studied in the
case when this functional is quadratic. Also, most papers consider the convex set
decomposed according to the space decomposition as a sum of convex subsets. The
main goal of this paper is to give error estimates for the one-, two- and multi-level
Schwarz domain decomposition methods applied to the constrained minimization of
the non-quadratic convex functionals over enough general convex sets.

The convergence of a domain decomposition algorithm solving variational inequal-
ities coming from the minimization of quadratic functionals over convex sets is proved
in [2]. In that paper, the convex set, defined by constraints on the function values
at the points of the domain, is not supposed to be decomposed as a sum of convex
subsets. In [40], a subspace correction method applied to the minimization without
constraints of a differentiable and convex functional defined in a reflexive Banach space
is introduced. Also, in [5], the convergence of an algorithm in a reflexive Banach space
for the constrained minimization of convex functionals is proved. There, in order to
prove the convergence, a weaker property than that one given in [2] is imposed on the
convex set. To the author’s knowledge, there are no other papers dealing with the
Schwarz method applied to the constrained minimization of non-quadratic function-
als. Even if sometimes the conditions on the convex functional are general enough,
the authors always consider the space H' and implicitly, quadratic functionals. For
instance, in [4], using the subspace correction techniques in [8] and [41], and more
general conditions in [38] on the convex functional, the convergence rate for the one
and two-level algorithms of the method in [2] is given only for the minimization of
quadratic functionals. Starting from the general convergence result given in cite [5],
we generalize in this paper the results in [4] and [40] to the constrained minimization
of non-quadratic functionals. Our error estimates are similar with those obtained for
the minimization of quadratic functionals in [4] or [37].

The paper is organized as follows. In Section 2, we state the multiplicative
Schwarz method as a subspace correction method in a general reflexive Banach space
for the constrained minimization of convex functionals. We also give the convergence
theorem of this algorithm which has been proved in [5] provided that a certain as-
sumption holds. In Sections 3, 4 and 5 we prove that the introduced assumption holds
and we estimate the error for the one-, two- and multi-level Schwarz methods, respec-
tively, in the finite element spaces. In these cases, we are able to explicitly write the
convergence rate depending on the mesh and domain decomposition parameters. The
proof for the two- and multi-level methods is based on a lemma which can be viewed
as a Friedrichs - Poincaré inequality for the finite element spaces. In Subsection 5.1,
we find the convergence rate of the multigrid method from the results obtained for
the multi-level method.

Finally, for the writing simplicity, we have considered in the next sections prob-
lems in W%*, but all the obtained results hold reading [W!*]¢ in the place of W,

2. General convergence result. We enunciate in this section a general algo-
rithm and give an error estimate theorem for it. This general theory, the proof of the
theorem included, are given in detail in [5]. We consider that V is a reflexive Banach
space and Vip,---,V,,, are some closed subspaces of V. Also, let K C V be a non
empty closed convex set, and we make the following
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ASSUMPTION 2.1. There exists a constant Cy such that for any w,v € K and
w; € Vi with w+ 375wy € K, i = 1,---,m, there exist v; € Vi, i = 1,---,m,
satisfying

i-1
(2.1) w+ij+vi€Kfori:1,~~,m,
j=1

(22) v =Y
=1

and

(2.3) > il < cf (IIv—wII”+Z|wiIIP>-
i=1 i=1

This assumption looks complicated enough, but as we shall see in the following, it is
satisfied for a large kind of convex sets in Sobolev spaces. In our proofs, v is the exact
solution, w is the solution of the iterative algorithm at a certain iteration, and w; are
its corrections on the subspaces V;, i = 1,---,m. In the case of the convex sets written
as a sum of convex subsets, equations (2.1) and (2.2) are always satisfied. We point
out that in the case of the problems without constraints or that of the one-obstacle
problems, the above assumption can be taken with w; = 0 (see [37], for instance),
and, for this reason, equation (2.3) usually is known without the extra terms given
by Wj .

We consider a Gateaux differentiable functional F' : K — R, which is supposed
to be coercive if K is not bounded, and we assume that for any real number M > 0
there exist two functions

(2.4) an (1) = Ay?, B (1) = Byt

such that

(2.5) < F'(v) — F'(u),v —u >> ayn(||v —ul]), for any u,v € K, |Jull,||v]| < M,
and

(2.6)  Bu(lv—ul)) = ||F'(v) = F'(u)llv, for any u,v € K, [[ul],|[v]] < M,

where F’ is the Gateaux derivative of F, and Ap; >0, By > 0, p> 1 and ¢ > 1 are
some real constants. We have marked here that the constants Ap; and By, depend
on M. It is evident that if (2.5) and (2.6) hold, then

ay([lv —ul]) << F'(v) = F'(u),v = u >< By (|lv = ul)[Jv — ull,

(2.7) for any u,v € K, |ull, |[v]] < M.

It follows from (2.7) that we must take p > ¢. Following the way in [17] (Lemmas 1.1
and 1.2, pages 61-63), we can prove that

< F'(u),v—u>+Am(|lv—ul|) < F(v) — F(u) <

@8 Fu),v—u> (o —ull), for any u,v e K, |ull |lv]] < M,
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where

(2.9) A7) =Aurp p(r) = Barga,

It is well known (see [16]) that if V and F satisfy the above assumptions, then
the minimization problem

(2.10) ue K : F(u) < F(v), forany v € K
has a unique solution, and it is also the unique solution of the problem
(2.11) ueK: < F'(u),v—u>>0, for any v € K.

From (2.8), for a given M > 0 such that the solution u of (2.11) satisfies ||u|| < M,
we have

(2.12) A ([lv —ul]) < F(v) — F(u), for any v € K, ||v|| < M.

The proposed algorithm corresponding to the subspaces Vi, -, V,, and the con-
vex set K is written as follows
ALGORITHM 2.1. We start the algorithm with an arbitrary u® € K. At iteration

n+ 1, having u™ € K, n > 0, we compute sequentially for i = 1,--- ,m, w?“ eV;
satisfying
(2.13) w]t = arg _ min G(v;), with G(v;) = F(u"Jri:n1 +v;),
u"twm +uy, €K
v; €V

and then we update
i i1
u"tm =" 4 w?“.

This algorithm does not assume a decomposition of the convex set K depending on
the subspaces V;, and it has been proposed in [2] in an equivalent form. The above
form of this algorithm has been proposed in [4] for the constrained minimization of
the quadratic functions. As for problem (2.10), since the subspaces V; are reflexive
Banach spaces, problem (2.13) has a unique solution and it also satisfies the variational
inequality

i—1
witt e Vi, utw wl T € K
i—1
(2.14) < F'(ut 5 4wl v — wltt >>0,
7—1
for any v; € V;, u"tw +v; € K.
The introduction of some parameters €;; > 0, 7,7 = 1,---,m, is useful to obtain
some sharper error estimations, especially in the case of minimization of the quadratic

functionals. Following this way, we assume that for a given M > 0, ifv € K, ||v|| < M,
and v; € V;, satisfying v +v; € K, |[v+v;|| < M, i=1,---,m, then we have

(2.15) < F'(v+vi) = F'(0),w; >< e Barloil | Juy |

for any w; € Vi, i = 1,---,m. Evidently, using (2.6), we may always take ¢;; = 1,
i,j=1,---,m, in (2.15).
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The following theorem extends to inequalities the result in [40] concerning the
convergence of the method for nonlinear equations.

THEOREM 2.1. We consider that V is a reflexive Banach, Vi,---,V,, are some
closed subspaces of V', K is a non empty closed convex subset of V', and F is Gateaux
differentiable functional on K which is supposed to be coercive if K is not bounded.
We assume that the functional F satisfies (2.5) and (2.6), and we make Assumption
2.1. On these conditions, if u is the solution of problem (2.10) and u™, n > 0, are
its approximations obtained from Algorithm 2.1, then we have the following error
estimations:

(i) if p = q we have

Fur) = Fu) < (527)" [F(u®) - F(u)]

(2.16) C+1 C+Cl* " 0 7
el < G2 (55) " [P ~ Fw).
(i1) if p > q we have
F(u") = F(u) < Peri) o,
[H»né(F(uo)fF(u))%} e
(2.17) h PN =
llu —un||P < % (F(u®)—F(u)) =1 .

I ECE L
[1+(n—1)é(F(u0)—F(u))%} (P=1)(r—9)

The constants C’, C and C are written as

€ = C(m, Co,u®) = Bur ()7 less| [h +2Cp) (F(u) — F(w) 70 +
(2.18) q Lo
(BM(AL;W)E|51']‘|> » ()5’1/77;)1] /(1 —n),

~ (2 - U)AM
(2.19) ="
(2.20) C = P4

(p— 1) (F(u0) — F(w) 7 + (g = )CFT

The value of 7 in the expressions of C' and C' can be arbitrary in (0,1). On the other
hand, we see that the constants in the error estimations of F(u™) — F(u) in (2.16)
and (2.17) are some increasing functions of C, and there is an 7o € (0,1) such that
C(no) < C(n) for any 1 € (0,1). However, this value 79 can be found by solving a
nonlinear algebraic equation.

We point out that a convergence result can be found (see [5]) under weaker condi-
tions on the functions aps and S than those given in (2.4), and an weaker assumption
than Assumption 2.1.

The above algorithm can be viewed as a multiplicative Schwarz method, in a
subspace correction variant, if we use the Sobolev spaces. In this way, we consider
for a domain © in R%, d > 1, with Lipschitz continuous boundary 9, an overlapping
decomposition

m

(2.21) o=/
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in which the subdomains €2; have Lipschitz continuous boundary, too. We associate
with the domain € the space V = Wol’s(ﬂ), 1 < s < 00, and with the subdomains ;
the subspaces V; = Wol’S(QZ-), i=1,---,m. For convex sets K C V satisfying

PROPERTY 2.1. Ifv,w € K, and if § € C1(Q) with0 < 6 < 1, then Qv+ (1—0)w €
K
it has been proved in [5] the following

PROPOSITION 2.2. If for the domain decomposition (2.21) there exist some
continuously differentiable unity partitions {Hlé}j:iﬁ.i.ym associated with U ;i =
1,---,m, (i.e., foranyi=1,--- m, supp@é C Qy, 9; € CY(%y), and 0 < 9; <1, for
j=1i,---,m, and Z;n:z 9} =1 on UJL,Q;), then Assumption 3.1 holds for any convex
set K having Property 2.1.

Consequently, provided that functional F' satisfies (2.5) and (2.6), Algorithm 2.1
converges and we can apply Theorem 2.1 to get the convergence rate. The above
Sobolev spaces I/VO1 *® correspond to Dirichlet boundary conditions. Similar results can
be obtained if we consider appropriate subspaces of W' for the mixed boundary
conditions.

The constant Cjy in Assumption 2.1 depends on the domain decomposition param-
eters. Consequently, since the constants C and C in the error estimations in Theorem
2.1 depend on Cj, then these estimations will depend on domain decomposition pa-
rameters, too. The goal of the next sections is to prove, for the one-, two-level and
multi-level multiplicative Schwarz methods, that Assumption 2.1 also holds for any
closed convex K satisfying a similar property to that given in 2.1. In these cases we
are able to explicitly write the dependence of Cy on the domain decomposition and
mesh parameters.

3. One-level multiplicative Schwarz method. First, let us consider that
the domain © C R? has an overlapping domain decomposition {O;}1<i<m and a
simplicial mesh partition 7, of mesh size h. We assume that 7j is regular (ie. there
exists a constant C' > 0, independent of h, such that each 7 in 7} contains a ball with
the diameter of C'h, and evidently, it is contained in a ball with the diameter of h;
see [11], pag. 124, for instance) and it supplies a mesh partition for each subdomain

O;,i=1,---,M, too. In addition, we suppose that there exists a positive constant
0, the overlapping parameter, such that for any ¢ = 1,---, M, we have
(3.1) 0; N A 0;) # 0 and dist(90,\09, 0; N (| ] 0;) > 6.

J#i J#i

Now, we assume that there exist m colors such that each subdomain O; can be marked
with one color, and the subdomains with the same color do not intersect with each
other. For suitable overlaps, one can always choose m =2 ifd=1 m <4if d = 2,
and m < 8 if d = 3. Let {); be the union of the subdomains O; having the color 7. In
this way, we have obtained an overlapping decomposition (2.21) with overlaps of size
§. Taking into account (3.1), we can assume that the unity partitions {65},—;....
associated with UL (); in Proposition 2.2 satisty

,m

(3.2) |8$k9;\ <C/s, foranyi=1,---,m.j=4,---,m, and k=1,---,d,

Asin (3.2), we denote in the following by C' a generic constant which does not depend
on either the mesh or the domain decomposition parameters.

In this section we prove for the finite element spaces a similar result to that given
in Proposition 2.2 for general Sobolev spaces. The proof is also similar to that given
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in [4] for the minimization of the quadratic functionals. We consider the piecewise
linear finite element space

(3.3) Vi ={veC®Q): v|, € P(r), T €T}, v="0o0n N},

and also, for i = 1,---,m, we take

(3.4) Vi={veV,:v=0in Q\Q}

as some subspaces of V}, corresponding to the domain decomposition €2y, ---,€,,. The
spaces V3, and V}', i = 1,---,m, are considered as subspaces of W*, for some fixed

1 <s < oo. We denote by || - ||o,s the norm in L*, and by || - ||1,s and | - |15 the norm
and seminorm in W*, respectively.

In the following, L will be the P;—Lagrangian interpolation operator which uses
the function values at the nodes of the mesh 7;. The convex set K}, is defined as a
subset of V}, satisfying

PROPERTY 3.1. If v,w € K, and if 0 € C*(Q) with 0 < 0§ < 1, then Lj(0v +
(1 — O)w) € K.

In order to prove that Assumption 2.1 holds, we follow the same way as in [4] or
[5]. Taking into account the additivity of the Lagrangian interpolation Ly, (2.1) and
(2.2) in Assumption 2.1 can be recurrently proved. Indeed, first we write

(35) v = Lh (0%(11 — UJ) + (1 — Hi)wl) s
and prove that

vlevhl and w + v € Ky,
U*Ul+w1€Kh,

v—w—v €W,

s
=
=
B
a

Jj=2
v—w—wv; =0in Q- U0,
Next, for : =2,---,m — 1, we write
(3.6) v; = Ly 9§(v—w—2vj)+(1—€f)wi ,
j=1
and prove

i—1
v; € Vhi andw—i—ij—i—vi € Ky,
=1

i 4
’U—ZUJ‘ +ij € Kp,
j=1 j=1
m

v—w—ivj e Wy%( U Q;) and

j=1 j=it1

K3
v—w—ZvjzoinQ—U;”:iHQj,

Jj=1
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assuming that these equations hold for ¢ — 1. Finally, we take

m—1

(3.7 vm:vfwavj.

j=1

To prove inequality (2.3) in Assumption 2.1, we first notice that, starting from v
given in (3.5), by the recurrent application of (3.6), and then taking v,, given in (3.7),

we get that v;, ¢ = 1,---,m, are of the form
i
(3.8) v; = Ly, Té(v—w)+z'rj?wj Li=1,---,m.
j=1

By a simple calculus we get that
Weohrioioe, |
T=0i(1-0"1)--(1-01), 7/ =1-0, 7} = =0;(1 = 6;_1) --- (1 - 67),
fori=2,---m-—1,j=1,---i—1,
== 0nT) (L= 00), o = 0,70y = —(1—0773),
T;nzem:%(lfgzzg)(lieg)a forj:17-~-,m72.

Consequently, from (3.2), we have

(3.9) I7j| < land [0y, 7| < C(m —1)/8, i=1,---,m, j=0,---,i, k=1,---,d.

Ik]

For a v € V},, we can get (see Theorem 3.1.6, in [11], pag. 124, for instance) that
170 = L(rj0)llo,s < ChlTjolis, |ITjv = Lu(rjv)|l1s < Cl7j0l1,s,
and therefore

(3.10) L4 (0)ls < Cllrfellns, with v € Vi,

forany i =1,---,m, j=0,---,i. On the other hand, from (3.9) we get

-1
B |lollo,s), for any v € Vi,

(3.11) [I7jvllo.s < lvllos,  Imjvlis < C(lvls +
J J )

and therefore, using (3.10), we get

m—1

(3.12) 1La(mj0)lls < Clllvlls + —

[lv]]o,s), for any v € V.

Now, by a application of (3.12) to (3.8) we get

m—1 ‘
(3.13) ||’Ui||1,s§C(1+7§ ) Hv_w||1,s+Zij||1,s ,
j=1

forany i =1,---,m.

Using this equation we get (2.3) in Assumption 2.1, and we have

ProrosiTiON 3.1. Let Qy,---,Q,, be the overlapping decomposition of the do-
main ) defined in this section. Then, Assumption 2.1 holds for the piecewise linear
finite element spaces, V.=V, and V; = V}f, i =1,---,m, and for any convexr set
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K = Kj, C V}, having Property 3.1. The constant in (2.8) of Assumption 2.1 can be
taken of the form

(3.14) CO:C(mH)(HmT*l),

where C' is independent of the mesh parameter and the domain decomposition.

REMARK 3.1. We notice that the number m of the subdomains €; in the decompo-
sition of ) is in fact the number of the colors of the overlapping domain decomposition
{O:}1<i<m, and it depends only on the dimension d of the space R?. Consequently,
error estimations (2.16) and (2.17) in Theorem 2.1 depend only on the size d of the
overlaps through the intermediary of the constant Cy given in (3.14).

4. Two-level multiplicative Schwarz method. We consider a simplicial mesh
partition 7, of the domain © C R? of a mesh size h, and a simplicial coarser mesh
Ty with a mesh size H, 7, being a refinement of 7z. The mesh size h is supposed to
approach zero and we shall consider a family of mesh pairs (h, H). We assume that
both the families, of fine and coarse meshes, are regular.

As in the previous section, we consider an overlapping decomposition = UM, O;,
the mesh partition 7, of Q2 supplying a mesh partition for each O;, 1 <1i < M. Also,
we assume that the overlapping size is J, ie. (3.1) is satisfied. In addition, we suppose
that there exists a constant C' such that

(4.1) diam(0O;) <CH, i=1,---,M.
Now, we color the subdomains O;, i = 1,---, M, and obtain the subdomains €2;,
t = 1,---,m as in the previous section. We point out that the domain 2 may be

different from

(4.2) Q=

T€TH

but we assume that if a node of 7y lies on 9y then it lies on 912, too, and

(4.3) Q\Qo C U Sy
zt node of Ty, zicoQ

where the sets S, are defined as it follows. We first denote by w; the union of all
7 € Ty having 2 as a vertex. Then, S, is the union of w; with all 7 € T, 7 ¢ Qo,
and which are contained in the smallest sphere centered at z? and containing w;.

Now, we introduce the continuous, piecewise linear finite element space corre-
sponding to the H-level,

(4.4) Vi ={veC’ Q) : v, €P(r), €Ty, v=00n 0},

and extending the functions of V) with zero in Q\Qo, it becomes a subspace of V.
The convex set K, C V}, is defined as a subset of V}, having Property 3.1.

The two-level Schwarz method is also obtained from Algorithm 2.1 in which we
take V =V}, K = K}, and the subspaces Vo = V3, Vi =V, Vo = V2, ...V, = V™.
As in the previous section, the spaces Vi, VJ, VI, V}2, -, V;™, are considered as
subspaces of W% for 1 < s < co. We notice that this time, the decomposition of the
domain 2 contains m overlapping subdomains, but we use m + 1 subspaces of V', Vj,
Vi, -+, Vin, in Algorithm 2.1. Naturally, this algorithm will converge if Assumption
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2.1 written for m+ 1 subspaces, will be satisfied for the above choice of the convex set
K and the subspaces Vy, Vi, -+, Vi, of V. As in the previous section, we prove that
Assumption 2.1 holds and find the constant Cjy depending on the mesh and domain
decomposition parameters. First, we have the following lemma in which inequality
(4.5) can be viewed as one of Friedrichs-Poincaré type for the finite element spaces.

LEMMA 4.1. Let w C R? be a domain of diameter H, and w;, i = 0,1,---, N,
be an overlapping decomposition of it, w = UN jw;. We consider a simplicial regular
mesh partition T, of w and assume that it supplies a mesh partition for each w;,
i=0,1,---,N, too. Let 2° € @y be a node of T,. We assume that the overlapping
partition of w satisfies:

(i) for any x € @y, the line segment [x°, x| lies in @y,

(i1) for N >0, if wi Nw; # 0, 0 <1i#j <N, then for any x € &;, y € w; and
z € w; N@j, the line segments [z, z] and [y, 2] lie in @; and @;, respectively.
On these conditions, if v is a continuous function which is linear on each T € Ty, and
v(z%) =0, then

(4.5) [lv]]0,5,0 < C(N, $)C(d, $)HCy,s(H, h)|V|1 5w,
where
1 ifd=s=1o0or1<d<s<o0
d—1
4.6 Cas(H, h) = Inf4+1) 7 ifl<d=s<oo
. h
d—s
(%) if 1 <s<d< oo,
C ifd=s=1lorl=s<d<oo
s—1
s—1 s N < <

(4.7) Cd,s) = C(f_sl—d) iflsd<ssoo

Ccd— ifl<d=s< o

Cds=1)=  ifl<s<d<oo.
and

1 if N=0

4.8 C(N,s) = ) (N+1)/s _ .
(“8) W= g+ et v 2o
with
(4.9) C, = il

max —m—m—
wiNw; #D |w¢ n wj|

In (4.9) we have denoted by | | the measure of a set, and we have marked in (4.5)
that the norm in L® and the semi-norm in W%, 1 < s < 00, refer to the domain w.
The constant C in (4.7) is independent of H, h, d, s and the decomposition of w.

Proof. In this proof, we use the polar coordinates. The Jacobian determinant of
the transformation from the rectangular coordinates to the polar coordinates can be
written as

J(r,0) = E(p),

where E(p) is an algebraic expression of cosines and sines of the component angles of
®.
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We first consider that N = 0, ie. the decomposition of w in the statement of the
lemma has only one element, wy = w. Consequently, for any x € @, the line segment
[0, 2] lies in @. We take the origin of the system of coordinates at the point z°, and,
using the polar coordinates, a point © = (z1,---,z4), will be written as z = (r, ¢),
i being the system of d — 1 angles giving the direction of the vector x. We denote
by r, the maximum size of the radius in the direction ¢ of the points in @, and
consequently, the points on Ow will be written as (r,, ). We denote by o the union
of the 7 € T;, having a vertex at 2, let 79 be the distance from 2° to do\dw. We
consider the open ball with the center at x° of radius 7g, B,,(z°). For two points
' = (r',¢) € wnN By, (2°) and = = (r, p) € w\B,,(z"), we have

[o()] = Jo(r, @)|<|v(7“ o)+ [ gf (p, p)dp| = ,
Fe(r', |7" H 1L (o, @)dpl < (', 9) + - 4 vagee (v o) |r' +

(4.10) Ifr/ ( V122 (p, <p)+ +Vd%’d(p,<p)) dp| <
(g (' o) +- |azd (', o))+
5 (1220 @)l + -+ 122 (0, 0)] ) dp,
where (v1, -+, 14) is the unity vector giving the direction of = (r, ¢) in the rectan-
gular system of coordinates (z1,- -, xq). In the following, we find (4.5) for the various

values of d and s starting from (4.10).
Ford=s=1or1<d<s<oo,wetaker =0in (4.10). If d = s = 1 we get

lo(2)] = fo(r, 0)] < / - 22 (o

Here, we may have ¢ = 0 and ¢ = 7 if 2¥ is a inner point in w, and only ¢ = 0 or
only ¢ = 7 if 2° € dw. Integrating again from 0 to r, < H, we get (4.5) for N =0
andd=s=1. If 1 <d < s =00, we have

v
<red ,¢)| < CdH .
@)l < red max, swp Iog, (ol < Cdhcow

If 1 <d< s < oo we have

s—1
Te i e ov ov
s < s—1 S,f s — S d—1 .
lo(z)]* <d UO P dp] /0 <6x1(p7<p)| + +|8xd(p,so)\ >p dp

Multiplying the above inequality by r?~! and integrating from 0 to ro < H we get

fo“’ [v(r, @)\5 d=1gp <
(a22) 7 fie (122 0.0+ + 122 (0. 0)1) 0.

By multiplication of this equation with the Jacobian part depending on ¢, E(y), and
integrating over the d — 1 dimensional domain of the angles ¢, we get (4.5) for N =0
and 1 <d < s < o0.

Now, from (4.10) for an arbitrary 0 < r’ < rg, we get

u(r, sD)I < (|8z1( )+ [FE 0 e))rot

z)| = |
(4.11) (;L ()l ) do.
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Also, since for a fixed ¢, m L (r', ) is constant for ' € (0,7¢), we have

r s—d r s B
P = o0 1 < 5 8500 ) <
a2 [ (122 (0,91 + - + 125 (0, 0)|°) 07 p.

Multiplying the above inequality by (r)?~!, and integrating from 0 to 7, we get

fom |v P, w)\spd‘ldp <

4.12 5—2 ) . -
i e <|ax1( P+ + |2 (p, 9)| )pd Ldp.
Now, if 1 = s < d < co we get from (4.11),

@)l < gro~ Jo" (15 (0, @)+ + g5 (o, )"~ dpt

—d
R e \awl(/% )|+---+|a%(p7 ) p*tdp <

)
—d _
o o7 (122 (o, @)+ + |2 (p )| ) p*dp.

Using the regularity of the mesh 7;, we have %‘" <C %, and therefore,

S oo, dp < CH (1) fie (182 (o)l + -+ |25 (0.0 ) o7~ .

From this last inequality and (4.12) we get (4.5) for N =0and 1 = s < d < oo by a
multiplication with F () and integrating over the domain of the angles .
Starting again from (4.11), for 1 <d=s< oo or 1 < s < d < oo, we get

S S— a/U S av S S
V@I < O )+ ()it

a1 [ =] [T (12500l 44 125 (0 0) ) ot =
2ty (aml(m )+ "'+|37d(p7s0)|8) p?tdp+
(2d)*~ [f,.;" pﬁdp} 1f7’;“’ (1220 @) + -+ 122 (0, 0)I*) p~Ldp.
Consequently,
[ (o, w)lspd‘ldp <
(202 f3 (122 (0, @)l + o+ |22 (0. 9)*) p L+
25-1s—2yd UT? pijdpr 1.
I (|aw1< )+ + 125 (0, 0)1°) o7 .
Now, from (4.13),if 1 < d = s < 0o we get
[22 wlp @) |?p*dp <
2d_1rd max {dd_l, di—2 (ln :Z’)d_l}
B (120 @)l + -+ 1220, )1 7 p.
Using regularity of the mesh 7, we get

Jod lolo, )| p?tdp <
a a1 2\ e
= (CHY (1) [ (122 (0,0l 4+ 122 ()l .

(4.13)
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This inequality together with (4.12) prove (4.5) for N=0and 1 < d = s < 0.
Finally, if 1 < s < d < 00, we get from (4.13),

d—s s—1
fr’;w |U(p,30)|5,0d_1d,0§ 25—1 max ds—lr s d d@ 2y (2 i) s—1 [(Tr:) s—1 _1] }
B (122 (@)l -+ 122 (0,01 ) 2,

and consequently,

[2 w(p, ) p?tdp <
s—1\s— d—s s s -
(@52 CHYP ()7 7 (12 (o)l + -+ 120, 91 L dp.

Using again (4.12) and the last inequality, we get (4.5) for N =0and 1 < s < d < 0.

Assume now that N > 0, ie. we have more than one subdomain w;, 7 =0,1,---, N
in the overlapping decomposition of w. Such a decomposition is considered when there
exist points 2 € @ for which the line segment [2°, 2] do not wholly lie in ©. Let w;
and wj, © # j, be two fixed subdomains such that w; Nw; # . We consider a fixed
point z € w; Nwj, and denoting by z* and ¢, the nodes of 7;, in @; N w; and the
corresponding functions in the nodal basis, respectively, for a given 1 < s < 0o, we
have

[[0llo,s.0; = IZ ()] < o = Z (=") bk (2)
1D (0= 0(")) $r(2)llo,s0; < lev*v Mo.s.w; 01 (2)-
k

Since v — v(z") vanishes at z*, we get from the first part of the proof and the last
equation that

[vllo.s.w; = IZ (lwil'* <Y O(d, $)HCu,s (H, ) |0]1,5.0, 0k (2) =
k
C(d, $)HC,pu (1) o]0

and integrating over w; Nw;, we get

wi N [[o]lo,8., < le | / o] + wi N wj|C(d, ) HCy o (H, ) <
wiNw;

Jw; M #ws Ny (=7 winw; +|wi Nw;|C(d, s)HCy s(H, h)|v]1,s ;-

Consequently, we have

1/
,<( sl )“
T\ ws Ny

It is easy to see that equation (4.14) holds for s = oo, too. Taking into account that

(4.14)

wi +C(d, s)HCq s(H, h)|v]1,s,0,-

(4.15) |[v] 0,5,00 < C(d,s)HCy s(H, h)[v]1,5 w0,

from (4.14) and (4.15), we get (4.5) for N > 0. 0
REMARK 4.1. As we have already said at the beginning of this section, we are
interested in the error estimation for a family of pairs (H,h). In general, since the
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mesh Ty, is reqular, the overlapping decomposition of w in Lemma 4.1 can be taken
such that the number N and the constant C,, in (4.9) are bounded and independent of
(H,h). In this point of view, the constants C(d,s), C(N,s) and C,,, written in (4.7)-
(4.9), can be considered as independent of H and h, and assimilated to the generic
constant C. In the following we write (4.5) as

(416) ||’UH07s,w < CHCd,S(H7 h)lvll,s,ah

where C'= C(N,s)C(d,s) and Cy s(H,h) is given in (4.6).

The above lemma can be very useful in various error estimations. The following
result, for instance, extends to W'* that in Lemma 2.3 in [9].

COROLLARY 4.2. Letw be a domain of diameter H and having a simplicial reqular
mesh partition Tp,. If v is a continuous function which is linear on each T € Ty, and
v =20 on 0w, then for any 1 < s < oo we have

s—

(4.17) [v]]0,00,0 < CH ™=

d
Cd,s(Hu h)|U|1,s,w7

where Cq s(H, h) is given in (4.6), and C is independent of H and h.
Proof. Let 2° € © be the point where |v(z°)| = [|v|0,00.0, and & € w a current
point. We note that 20 is a node of 7;,. For 1 < s < 0o, we have

[o(@®)* < 227 Ho(a®) —v(@)" + 277 ()],
and integrating it over w, using (4.16), we get

|w\|\1v||8,oo,w < 25’1Hg(fﬂ°) - v(fﬂ)llé,s,ler 22 |o(@)|[5 50 <
227 (CHCqs(H, h))" (@)1 5.0 + 27 [0(@)[[5 5 -

Now, since v = 0 on dw, we can apply the classical Friedrichs-Poincaré inequality and
obtain (4.17). If s = oo, the proof is similar. O

Coming back to the two-level method, let us denote by 2 a node of Ty, by ¢;
the linear nodal basis function associated with ¢ and T, and by w; the support
of ¢;. We point out that we consider all the nodal basis functions, including those
corresponding to the nodes on 0€y. Given a v € Vj, let us write

(4.18) I v = néin_ v(z)” and [ v = néin_ v(z)t,
where v(z)” = max(0, —v(z)) and v(z)" = max(0,v(z)). Since v is piecewise linear,
I vor va are attained at a node of 7}, if they are not zero. For a v € V},, we define
(4.19) Ipv:= > (I v)gi(x) and Tjv = S Io)ei),

zi node of 7y «t node of 74

and we write
(4.20) Igv = Ifv—Iv.

The following result extends that given in [37], where similar operators to Ii+ have
been introduced.
LEMMA 4.3. For any v € V}, we have

(421) HIHU_UHO,S,QO S CHCd’S(H,h)‘U

1,S,QU
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and
(4.22)  |[Iuvlfo,s,00 < Clvllo,s,00 and [Igv|1,s,0, < CCa,s(H, h)[v]1,5,0,

where Qg is the union of the simplexes in Ty written in (4.2), Cqs(H, h) is defined in
(4.6), and C is independent of H, h and 6. Equations (4.21) and (4.22) also hold if
Qo is replaced by ). Moreover, if K is a convex and closed set in V;, having Property
3.1, with 0 € K, then for any v € K we have Iyv € KNVY.

Proof. Let us take an w;, the support of the linear basis function ¢; corresponding
to the node * of T, and a v € Vj,. If v vanishes at a point in w;, then ];rv =Iv=0
and v+ and v~ vanish at some nodes of 7}, in w;. Applying Lemma 4.1, we get

(4 23) ||U||6,s,wi = H'U+s— ’U_HS,s,wi = ||’U+||8,s,wi + ||’U_H(S),s7wi S
[CHCd,S(Ha h)] [| i1 Wi + |’U_|is,wi] = [CHCd,S(Ha h)]s|v|i,s,wi'

Consequently,

(4.24) v = Lo+ I v||o,s.0; < CHCqs(H,B)|0|1,5.0,-

If v # 0 at any point of w; then either v+ = I;'v = 0 or v~ = I; v = 0. Consequently,
there exits at least a node of 7}, in w; at which v —I;'v +Lv=vt—v — Ij'v—kli_v
vanishes. From Lemma 4.1, since I;7v — I; v is a constant, we get again (4.24). We
notice that, since for any x € w; the line segment [z, 2] lies in w;, we can take a
decomposition of w; as in Lemma 4.1 having N < 1. Assuming that N = 1, let w;
and w;; = w be this decomposition. Since w;g contains at least one 7 € 7y and the
mesh Ty is regular, then, according to (4.9), C,, can be taken independent of H and
h. Consequently, C'(N,s) in (4.8) is independent of H and h. Now, using (4.24), we
get

WTav =l s =11 D [Lio=Liv—v] ¢l 50 <

I Ew;

C Z ||I]—'i_v_lj_v_v||8,s,wiﬂw1 [CHCdS H h Z |U|lst

I Ew; I Ew;

Above, 27 are nodes of T, and we used the fact that, since the mesh is regular,
the maximum number of w; which non-emptily intersect a given w; is bounded and
independent of H. Now, we use again this property to obtain

1m0 = vl a0, < Y 1o =0lff 0w, <

zteQo
[CHCdS(H h Z Z ‘v‘lsw CHCdS H h Z |(U|lsw1
T E€Q TI Ew; SION)

Also, from the regularity of the mesh, it follows that each w; contains a bounded
number of simplexes of 7y which is independent of H. Consequently, we have

120 = vll$ .0, < [CHCws(H D" Y Jolf o r.
TETH

and in this way, we get (4.21).
In order to prove (4.22), we notice first that, from the definition of I;*v and I; v, we
have for any z € w;,

0<Itv—1I7v<uv(x)if v(z) >0, and
f

(4.25) 0> va —I7v>v(z) if v(z) <0,
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and therefore,
(4.26) |I;7v — I7 | < |o(z)| for any = € w;.

Using this inequality, we obtain

HIHUH(S),s,wl || Z I v ¢]H09w1 —
zI Ew;
[ (=110 / S 1o@16)° = [ 0@ = lolf e
Wi gicw; Wi picw; Wi

Taking again into account the regularity of the mesh, we get

Do Mol e, < D0 Mol aw, <C D 0l

1 €Qo 1€Qg T€TH

and therefore, the first equation in (4.22) holds. To prove the second equation in
(4.22), first we write

|IH’U|is7wl | Z I v ¢J|1 ,8,w; —
zI Ew;
CHs max |(Liv — I v) — (LT — I v)]5.

zk xlew;,wr Nwi#0

Since wy Nw; # (), taking into account the definition of I;"v and I; v in (4.18), we
get that I,jv — I vand Iﬁv — I; v can not be both different from zero and they have
different signs. Therefore, if we write

+ - + 1 — + - + -
v —I, v = |IJv—1I v|= xk,mlegi)imwgsw‘(lk v—1I v)—(I;"v— I v)|,

using (4.26), we get
Igoli ;. < CHS (Lo — I v| — [Ifv— 17 v])* < CH(|v(z)| — [IJv— I, v])*

for any * € w, Nw,. Since the mesh 7}, is regular, we have H? < Clw, N w,|, and
integrating the above equation over w, Nw, we get

Lavls 0, S CHT® [, o, (@) = v — f’vl)s =
CH [, o, Jo(@) = (Ifv = I;v)|" < CH [, Jo(x) = (Ifv — I;o)]*.

If there exists a point in w, at which v vanishes, then I;rv =1I;v =0, and, as in
(4.23), we get

|IHU|1,s,wi S CCd,S(H7 h)

Also, if v > 0 or v < 0 in wy, then there exists ¢ € wy, node of 75, such that
v(zd) = I; v — I v, and we get again the above inequality applying Lemma 4.1.
Finally, using again the fact that the mesh 7y is regular, we get the second equation
n (4.22).

To prove that (4.21) and (4.22) hold on 2, we see that Iyv = 0 on all the sets S,
introduced in (4.3). Therefore, (4.22) holds on all sets S,:. Also, since v(z%) = 0,
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from Lemma 4.1, we get that (4.21) holds on S,:. Consequently, the above reasoning
we made for )y can be done for €2, too.
From (4.25), (4.19) and (4.20), we get that for any = € Q, we have

(4.27)  0<Iyv(z) <wv(z)ifwv(z) >0, and 0 > Iyv(z) > v(z) if v(z) <0

Therefore, we can find a 6(z) € C1(Q), 0 < 0(z) < 1, such that 8(x%) = Igv(z?)/v(z?)
if Igv(x?) # 0, and 0(x?) = 0 if Igv(z?) = 0, at any node z° of 7;,. Consequently, we
can write Igv = Ly(6v + (1 — 0)0). Finally, if 0,v € K, and K has Property 3.1, we
get that Igv € K. O

Now, we can prove the following proposition which shows that the constant Cj in
Assumption 2.1 is independent of the mesh and domain decomposition parameters if
H/é and H/h are constant. This result is similar to that given in [4] for the inequalities
coming from minimization of the quadratic functionals. In the first part of the proof,
the construction of v;, ¢ = 1,---,m, is similar to that given for the one-level method.
In the second part we define an appropriate vy using the previous lemma.

PROPOSITION 4.4. Let Qq,---,Q, be the overlapping decomposition of the do-
main 0 defined in this section. Then Assumption 2.1 is verified for the piecewise
linear finite element spaces, V.= Vj, and Vo =V, Vi =V}, i = 1,---,m, defined in
(8.3), (3.4) and (4.4), respectively, and any convexr set K = K, satzsfying Property
3.1. The constant in (2.3) of Assumption 2.1 can be taken of the form

(428) OOZC(m+2)1_% (1+(m—1)§[> Od,s(H,h),

where C'is independent of the mesh and domain decomposition parameters, and Cq ¢(H, h)
is given in (4.6).

Pmof. Let us consider w € Ky, wg € V}OI and w; € V,f such that w—i—Z;:O w; € Ky,
1 =0,---,m, and let v be another element in Kj. In the following, we use unity
partitions (9] )j=i,..,m, of the domains U, = Q; i=1,---,m, having property (3.2).

Jj=i,m

Step 1. We assume that we have got a vy € V}} satisfying
(4.29) w+ vy, v+ wy — vy € Kp,

and we recursively construct v; € Vi, i = 1,---,m, which satisfy (2.1) and (2.2) in
Assumption 2.1. To this end, we define

(4.30) v1 = Ly, (01 (v — w —vg) + (1L — 67 )wy)
and, as in the previous section, we get

vlevhl and w + wg + v1 € Ky,
v—vg— v +wy+w € Ky,
m
v —w— vy — V1 GWOLS(U ;) and
=2

_ : o m K
v—w—vg—v; =01in N Uj:ZQJ'

Also, for i = 2,---,m — 1 we write

(4.31) vi =Ly | 0i(v—w— Zvj (1—0)w; |,
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and we prove

i—1
V; EV;f andw+2wj + v; € Ky,
i=0

i %
’U—Z’Uj—f—zwj‘ € Ky,
=0 =0
m

v—w—ivj e Wy5( U Q;) and

§=0 j=i+1

1
v—w—ZvjzoinQ—U}”:iHQj,

Jj=0

assuming that these equations hold for i — 1. Finally, we take
m—1

(4.32) vm:v—w—ZUj
j=0

and we get that (2.1) and (2.2) in Assumption 2.1 hold.

Step 2. We define in this step a vy € V}J satisfying (4.29) and prove that condition
(2.3) in Assumption 2.1 is satisfied with the constant Cy given in (4.28). It is easy to
see that (4.29) is equivalent with

(4.33) v — wo € (Kp — (w+wo)) N (v — Ky),
and also, since v, w + wg € Kj,, we get
(4.34) v—w—wy € (Kp — (w—+wp))N(v—Kp).

We write K = (Kp, — (w+ wp)) N (v — K},), and from the above equation and Lemma
4.3, we get that Iy (v —w —wp) € K. From (4.21) and (4.22) we have

(4.35) |lv—w—wo—Ig(v—w—wo)llos <CHCys(H,h)|v—w—wolis

and

1 (v —w—wo)llo,s < CCas(H,h)|[v—w—wolo,s

(4.36) g (v—w—wo)|s < CCys(H,h)|v —w — woli.s,

where Cy s(H, h) is defined in (4.6). Now, we take
(4.37) vo = wo + Iy (v —w — wp),

and, from 4.34, the second part of Lemma 4.3, and (4.33), we get that it satisfies
condition (4.29). To prove condition (2.3) in Assumption 2.1, we first notice that,
starting from vy given in (4.30), by the recurrent application of (4.31), as in the proof
of Proposition 3.1, we get v;, i =1, -, m, of the form

(4.38) V4 :Lh(TS(U_w_UO)+ZT;wj), i=1,---,m,

j=1
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where 7}, i =1,---,m, j =0, -1, satisfy (3.9). Using (3.10) and (3.11), we get

m—1
T||wj|

It follows from (4.1) that the diameters of the connected component of §2; are less
than C'H, and since w; € V}!, using the classical Friedrichs-Poincaré inequality, we get

1Ln(Tjw))l1,s < CllTjw;ll1,s < C(lJwjll1s + 0,5)-

, H , . .
(4.39)  |ILn(rjwj)lls < O+ (m = D) F]lwjlrs, i =1,--5m, j =1, 4.

On the other hand, taking into account (3.10), (3.11), (4.37) and (4.35), we get

[ L (4(v — w — vo))|[1,s < Cllo —w —vol1,s + (1 + 25| Jv — w — wolo,s] =
Cllv —w —vol1,s + (14 255 |Jv — w — wo — T (v — w — wo)|lo,s] <
Cllv—w—vlr,s + (m—1)Cas(H, h)%h} —w — wply,] <

Clv = wls + [vol1,s) + Cm = 1)Ca s (H, h) E (Jv — wl1 s + |woly,s)-

Consequently, we have

|1 La(r6(v = w = vo))l[1,s < C[1+ (m = 1)F] Cas(H, h):

4.40 .
( ) (lv —wl1,s + |wol1,s) + Clvolr,s, i =1,---,m.

Also, from (4.37) and (4.36), we get

lvol1,s = |wo + Tu(v —w —wo)|1,s < |lwolr,s + [ Ta(v —w —wo)|1,s <
‘w0‘1,s+ccd,s(H; h)|1}7w7’u}0|175,

and therefore,

(441) |’U0|17$ < CCd,S(H, h)(|’U — w|17s + |’LU0|173).

Now, from (4.40) and (4.41), we get

1Zn(76(v = w = vo))[l1,s <

4.42 .
( ) C[l—i—(m—l)%] Cas(H,h)(J[v —w|1s + |wol1,s), t =1,---,m.

Finally, from (4.38), (4.39), (4.41), and (4.42) we obtain that condition (2.3) in As-
sumption 2.1 holds with Cj given in (4.28). O

REMARK 4.2. Asin Remark 3.1, we notice that, since the number m of the subdo-
mains §; is the number of colors of the overlapping domain decomposition {O; }1<i<m,
the error estimates in Theorem 2.1 depends only on Co given in (4.28). Therefore, if
the overlapping size 0 and the mesh sizes H and h are chosen such that H/h and H/d
are constant, then the convergence rate of the two-level multiplicative Schwarz method
1s independent of the mesh and domain decomposition parameters.

5. Multi-level multiplicative Schwarz method. We consider over the do-

main Q C R? a family of regular meshes Th, of mesh sizes hj, j =1,---, L, such that
Th,,, is a refinement of 75, j =1,---, L — 1. We write
(5.1) Q=

TET}Lj

and we assume that Q = Q. As in the previous section, we assume that, if a node of
Th, lies on 0); then it lies on 0§21, too, that is, it lies on 9. Also, for the nodes
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) € 09 of Th,,j=1,---,L—1, we consider the union of the all 7 € 7, having 27 as
a vertex, wj, and we define the set S;; as the union of w; with all 7 € 7, ,, 7 Z €,
which are contained in the smallest sphere which is centered at 27 and contains w;.
We assume that

(5.2) Q;11\Q; C U Syiforj=1,--- L—1.
23 node of T, , 29 €09

Since the mesh 7}, , is a refinement of 7, we have hj,1 < hj;, and we assume that
there exists a constant , independent of the number of meshes, L, such that

b
(5.3) l<y< 1 j=1,---,L—1.
hjt1
At each level j = 1,---, L, we consider an overlapping decomposition {O;}lgig M;

of Q;, and we assume that the mesh partition 7}, of {); supplies a mesh partition
for each O}, 1 <1 < M;. Also, we assume that the overlapping size for the domain
decomposition at the level 1 < j < L is 6, i.e.,

(5.4) 0:No(( 0% # 0 and dist(00;\09;, 0} N (| J O}) > 4;
1#i %4

is satisfied. In addition, we suppose that there exists a constant C' such that

(5.5) diam(0’,,) < Chj, j=1,---,L—1,i=1,---,M;.
Now, at each level j = 1,---, L, we color the subdomains O;, i=1,---,M;, and
obtain the overlapping subdomains Qj», i = 1,---,m;, as in the previous section.

Finally, we assume that m; = 1, and let us write

(5.6) m = j:Hll,a-)-(,L m;.

At each level j = 1,---, L, we introduce the linear finite element spaces,
(5.7) Vi, = {v € C%Qy) : v|, € Pi(7), T € Tp;, v =0 on 09},
and, for i =1,---,m;, we write
(5.8) Vi, = {v €V, - v=0inQ;\Q}}

The convex set will be a subset K}, of V},, having Property 3.1.

In order to prove that Assumption 2.1 holds for the convex set K = K}, and the
spaces V =V, V' = V,fj, j=1,---,L,i=1,---,m;, and to find the constant Cj in
(2.3) as a function of the domain decomposition and mesh parameters, we need the
following lemma. This result generalizes to more than two levels the second inequality
(4.22) in Lemma 4.3. To this end, we introduce operators Ip,, : Vy, ., — Vi, k =
1,--+, L —1, which are similar to the operator Iy : V}, — Vy defined in (4.20).

LEMMA 5.1. For a given1 <j <L —1, let vy, wy € Vg, k=35+1,---,L -1,
such that

(59) VE = Wk + Ihk (karl).
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Then,

L—1
510 In,vjs1 100, < CL—=5)F{ > Caulhy, he)*lwili o0, +
(5.10) k=1

1
Ca,s(hj ho)*|veli s 0,}°-

Moreover, (5.10) also holds if its seminorms over Q; are replaced with seminorms
over Q, foranyk=j+1,---, L.

Proof. Let w; be the support of the nodal basis function in Vj,; corresponding to
the node 27 of Ty, Then there exists two nodes of 7, x{, IL'% € wj, such that

(5.11) 11,0515 o 0, < ORI\ (Tnyv541) (2]) — (Invg4) (€3)]°

Starting from (5.11), we prove that, for each k = j,---, L — 1, there exist two
nodes of 7, . |, x}fH € w,i and xé“ € w,%, wi and w,% being the supports of the nodal
basis function in V},, corresponding to the nodes z¥ and x4 of 7}, , respectively, such
that

|Ihjv]'+1|is,wj < s

L-1
(5.12) Ch™ | Y Jww(ah) — wi(28)| + v (2f) — v (ad)]

k=j+1

First, we assume that, starting with le and :cé in (5.11), at each level k =
gy, L — 1, the values of (I, vpr1)(x¥) and (I, vii1)(2k) are obtained as values

of vi41 at two nodes x’f“ € w,ﬁ and 332+ € w,%, respectively, that is, we have

(513)  (noes) (@) = v (@5H) and (In, o) (25) = v ().

Therefore, starting from (5.11), using (5.9), for any j +1 < N < L — 1, we get

‘Ihjvj+1|i,S7WJ S Ch?_s s
(5.14) N ‘
D lwe@h) — wi @) + [(Tnyon 1) (@7) = Tnyon) (@) ]
k=j+1

and consequently, we have get (5.12). Now, we prove that there exist some nodes z¥
and x5 of 7, such that (5.12) holds, even if (5.13) does not hold for all k = j,---, L—1.
Let us assume that (5.13) holds for k = j,---,N, j+1 < N < L — 1. Therefore we
can get (5.14). From the definition the operators I;” and I; in (4.18), it follows
that if, for instance, (Inyvn11)(2z)) # vny1(z) for any node z € wh of Tpy,,,
then (I,yvn+1)(@d) = 0 and vy, takes both positive and negative values at the
nodes of 7j,,,, in wh. Consequently, if both (Inyvn1)(@Y) # vngi(z) for any
node z € wy of Tpy,,, and (Inyvn41)(@d) # vyyi(z) for any node z € wh of
Thnsar then (Inyong1) (@) = (Inyvv41)(@d) = 0, and we get that (5.12) holds
for some arbitrary nodes of 7j, , x’f S W/i—p :E’2“ S w,%_l, N+1<k<L. Also, if

(Inyvn+1) (@) # vnii(z) for any node @ € wh; of Ty, ,, but there exists 25 ** € w¥;,

node of 7y, ,,, such that (I vn+1)(@d) = vy41 (2 ), then

N+1)

[(Inyvn+1) (@) = Tnyon+1)(@))] = [onvg1 (@) )] < [onga (2] 2

- UN+1($2
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where ' *1 € w}, is an arbitrary node of Thy 4, for which vy (N and vy 1 (25 )
have different signs. In this way we get that (5.14) holds for N+1, and we can continue
the same reasoning for N +2 <k <L —1.

If we write wj_ | = w? | = wj, since, for k = j,---, L, the above nodes x} and x5
of 75, belong to w}_, and w?_,, respectively, and diam(w}_,), diam(w; ;) < 2h,
then 2} and 25, k = j,---, L, belong to the sphere centered at z7 and having the

radius of 2h; +hjy1+hjro+---+hp_1. Using (5.3), we get that they belongs to the
S . 2y—1 . .
sphere centered at z7 with the radius of ﬁha* Consequently, if we write

(5.15) @ = U T,

TET}LJ-, diSt(Xj,T)S%hj
then a%, 25 € ©j, k= j,---, L. For any x € ©;, we get from (5.12),

[In,vj4105 50, < CRY[2(L = §)]°71

L—1
{0 welah) — we(@)]® + Jwe(@f) — wi (@) "]+
k=j+1
lvr(xf) = vr (@) + op(2F) — vr(2)]*},

and integrating over w; we have,

(B 03) U, vj41 3 e, < CRTO[2(L = )
L—-1

{ D we(@h) = will§ o 5, + wr(@5) — wil[§ 5,1+
k=j+1
e (z1) = vrll§ oz, +[lve(ad) — v

0.5,
0,s,0; J°

From this inequality and (4.16), we get
T4 0, < CL =) (g5=7)?
2 1

L1
27 —1 s s Y~ s s
{> Cd,s(thﬁahk) [wilf .0, +Cd,s(2hjﬁ’hL) el s, )
k=j+1

and, taking into account the definition of Cy ;s in (4.6), we have

L—1
Tn, 054105 o, < C(L =307 Caslhy, ha)*lwl} o 5+

k=j+1
Cd,s(hjv hL)S |UL |‘is@j }

Finally, since the mesh 7;, is regular and v is independent of L and of the mesh
parameters, then w; and @; contain a bounded number of simplexes in 7}, which
is also independent of L and of the mesh parameters. Consequently, we get (5.10).
Since the nodes of 7y, belonging to 9€; lie also on 941, and vj11 = 0 on 981, it
follows that Ij,v;11 = 0 on 0€;. Consequently, they are extended with zero to (U,
j+1<k<L,and (5.10) holds for these domains, too. O

The following proposition shows that Assumption 2.1 holds for the multi-level
method and writes the constant Cy as a function of the domain decomposition and
mesh parameters.
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PROPOSITION 5.2. Let, for each levelj =1,---, L, le-, cee Q;RJ be the overlapping
decomposition of the domain §}; defined in this section with Qp, = Q and my = 1. Then
Assumption 2.1 is verified for the piecewise linear finite element spaces, V.=V, and
Vji = V,fj, j=1,---,L,i=1,---,m; defined in (5.7) and (5.8), respectively, and any
convex set K = Ky, C Vi, with Property 3.1. The constant in (2.3) of Assumption
2.1 can be taken of the form

A\H

L h
S+ “Cuas(hj1, hr)

(5.16) Co = Cm3(L+1)>"5 =
J

j=1

in which we take hg = hy, C is independent of the mesh and domain decomposition
parameters, and Cq s(H,h) is given in (4.6).

Proof. Let us consider w € Kj,, w; € V,fj, j=1,---,L, i =1,---,m;y, such
that w—i—Z?;llZ?glw;—i—Zé:lw}; eKp,,k=1,---,L, 1=1,---,my, and let v be

another element in K}, . For j =1,---, L, we write
m J Jomy
wO—E wandw'—g wQ—E w
= J = = J
=1 k=1 k=11:=1

Since v,w + wr_2 € Kp,, and also, w + wr_o +w? | € Kp,, and w+ wp_o +
wl ‘1‘22:1 wh € Ky, ,l=1,---,my, as in the proof of Proposition 4.4, we get that

there exist v) _; € Vi, _, and v € V)i ,i=1,---,my such that
(5.17) w+wr_o+0)_1 € Ky,,
-1
(5.18) w+wL,2+w%71+Zw’L+vlL€KhL, l=1,---,mp,
i=1
mr
(5.19) V—w—wWL_2 :v%_1+2v2,
i=1
and

0 _ 0 0
Uiy =Wy + I (v —w—wp —wp_y)
K3
i i 0 i1y
v, = L, (0(0 —w —wp—2 —vp ) + E Twg), i=1,---,my,
=1

(5.20)

where 74, i = 1,---,m, j = 0,---,i, satisfy (3.9). In this way, using (5.17), we get
that w + wr_3 +wL 9 —i—vL 1,w+wL 3 € Ky, , and also, w + wp,_3 +w%72 € Ky,

and w—i—wL 3 +wL 9+ Zl 1u}L 1 € KhL, l=1,---,mp_;. Consequently, there
exist v} _, € Vi, , and v _, € Vil i=1,---,mg_; such that
(5.21) w4 wp_3+ 1Y _, €K, ,

-1

(5.22) w+wr_z+w?_,+ Zwi_l +ob €Ky, l=1,---,mp_1,
i=1
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mr—1
(5.23) Wy g+ VL =Vp g+ Z Vi1
i=1
and
vy =wh o+ _IhL6z(U%71g .
(5.24) vy = Lny_ (To(wl o +vpy —vp o)+

7

i :
ZTZ wy_q), i=1,---,mp_1.
=1

Starting from (5.21) we successively get for j = 3,---,L — 1 that w + wr_;—1 +
w%fj + v%7j+17w +wp—j—1 € Ky, , and also, w + wr_;_1 + wOij € Ky, and w+

wr—j—1+ w%_j + Zizl wi_j_ﬂ € Ky, ,l=1,---,mr_j41. Consequently, there exist
U%ij €Vhpyandwp_; €V ,i=1,---,mp_ji1 such that
(5.25) W+ w1 +’U%7j € KhL,
-1
] 0 i
i
Ul[,7j+1 S KhL7 l= 17 ML —j41,
ML—j+1
0 0 0 '
(527) 'LUL,]‘ +UL7j+1 :'Uij + Z U27j+1,
i=1
and
v%—j = w%—j + IhL—j (v%—j+1)
i -7 (ri(w? .+ oY —9_ )+
(5.28) Vp—j+1 = Fhp i To\WL—j T VL1 = VL

K3

il ,
E :leL—j-i—l)v i=1,mp_jt1.
1=1

If we write v1 = v, since m1 = 1, then equations (5.18), (5.22) and (5.26) prove that
equation (2.1) of Assumption 2.1 holds. Also, we get (2.2) of Assumption 2.1 from
(5.19), (5.23) and (5.27). Now, if we write

(5.29) W =v—w—wp_y,

we get from (5.20), (5.24) and (5.28) that
U?ﬂ = w?ﬂ +1In; (U?)a _

(530 0l = L (i + 0 — o))+ 3 il
forj—2 L i=lmy.

Similarly to (4.39), we get that

| Zn, (fwi)lls < C[L A+ (my — 1) =] wj1s,

(5.31) . . :
j=2,---,L,i=1,---,m;, I =1,---,1.
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Replacing U?A given in the first equation (5.30) in the second equation of (5.30), and
using (4.21) and (4.22), we get

1L, (6 (wi_y + 0] — v )7)n||1s—||Lh (16(v5 = In;_,v9))lls <
[lv —Ihj , Jlls 1+ =) ) = In, ]||0s]_
mjfl
L A ) O B e AR T Y

Therefore, we have

(5.32)

|| Zn, (6 (w§_, +hv? —vf_))1s <
C[ ( ) g]fl]Cd,S(hj,l,hj)|v§’|1’s fOI‘j:Q,...7L, 7;:17...7mj.

From the second equation in (5.30), (5.31) and (5.32), for j = 2,---,L and i =
1,---,my, we get

i hy
1V5l11.s < C[L+ (my = 1)354]Cas(hj—1, hy) V5 1,6+

h-7 K2
Cl1+ (my = )Y s,
7=1

and using (5.6), we have

||U§‘||1s<0[ (m 1)’”*1]0(13( b1, hy)|v9]1,s+

(5.33)

C[1+ (m ]\“for]—Z

The first equation in (5.30) shows that the conditions of Lemma 5.1 are satisfied, and
we get from (5.10) that for j =1,---, L — 1,

L-1

o s=1 s s
‘V?'LS S C(L _.7) s [Z Od75(hj7hk) |w2‘1,s+
k=j
1
Ca,s(hj, h)* )5 J]%-

Since Cy s(hj, hi) < Cas(hj,hr), j=1,---L—1,j <k < L—1, using (5.29), we get

L-1

FCas(hys hp)[D - [wh]1,s + [0 — w14
k=1

0 _ =
(534) |Uj|1,s < C(L 1)

forj=1,---,L—1.

From (4.6), we have Cy s(h;j_1,h;)Cq s(hj,hr) < Cqs(hj—1,hr), and using it, we get
from (5.33) and (5.34),

[V 1,6 < C(L=1)F [L+ (m = 1)82]Cl s (hy 1, )
L mi

D> lwhhs + v —wh], forj=2,---,L.

k=11=1

Since m; = 1 and since we have written v} = v? which vanishes on 9, it follows from
(5.34) that the above equation also holds for j = 1 with hg = hy. From this equation
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we get

[0il1,6 < Cm'F (L+1)F (L= 1) [L+ (m = 1)"2]Cuo(hj1, hr)
(5.35) & » 11

DD lwili o+ o —wlf ]7,

k=11=1

and (5.16) follows from it. O

5.1. Multigrid method. In the above multi-level method a mesh is the refine-
ment of that one on the previous level, but the domain decompositions are almost
independent from a level to another one. The multigrid method is obtained from the
multi-level method by taking the subsets O; of a particular form: we associate at
each node x; of Ty, j=1,---,L,i=1,---,Mj, an O; defined as the union of the
simplexes in 7,; having x; as a vertex. Consequently, the subspaces Vhij will be direct
sums of some one-dimensional spaces generated by the nodal basis functions associ-
ated with the nodes of 7. Evidently, all the previous assumptions on the domain
decompositions are satisfied and we can take 6; = h;. In the multigrid methods, the
construction of a finer mesh from a coarse one, is made following the same procedure
of division of the simplexes at each level. Therefore, we can replace equation (5.3) by

h;
(5.36) l<ny<—L <Oy, j=1,--,L—1,
hji

where the constant C' is independent of the number of meshes. Starting from the
expression of the constant Cy in (5.16), using (5.36), we have

h

1

L
Cm*(L+1)*"%" §21+ —1)
[

]Cds( j— lth) é

Cm? (L—|—1) T (m— )W]Cd,s(hth) <
Cm3L*"» S’YCd,s(hth)

If we write h = hy and denote by H the diameter of {2, then the constant Cy can be
taken as

(5.37) Co = CL* v~ 54Cy..(H, h).

We point out that an iteration of Algorithm 2.1 using the one-dimensional spaces
generated by the basis functions corresponding to the nodes of the L meshes represents
half of a V-cycle multigrid iteration. Since a full V-cycle multigrid iteration uses more
than once these one-dimensional spaces, in order to describe it, we should repeat them
in the list of the subspaces used by Algorithm 2.1. Consequently, for the multigrid
method, only L in the expression of Cy in (5.37) should be multiplicated by a constant.
Therefore, Cy given in (5.37) is valid for the multigrid method, too.
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