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Program Transformation

e Compiler
e Optimization
e Refactoring

e Verification
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How to Apply Program Transformation

1. Analizing the input program

2. Checking properties for the input
(Correctness of transformation)

3. Applying a transformation rule

4. Checking the output

March 5, 2011 4
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Program Transformation by Templates

Template

if a x then b x

else h (d x) (f (e x))

fun f x

fun f x if a x then b x

® & 0 06 0 0 0 0 0 0 0 0 0 ¢ 06 (% 0 0 0 0 0 0 0

else g (e x) (d x)
and g x y = if a x then h y (b x)
else g (e x) (hy (d x))

Vez,y,z.hx (hyz)=h (hzy) 2z

March 5, 2011 5
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Program Transformation by Templates

Template

if a x then b x fun sum x = if null x then O

else h (d x) (f (e x))

fun f x

else (hd x) + (sum (tl x))

® & 0 06 0 0 0 0 0 0 0 0 0 ¢ 06 (% 0 0 0 0 0 0 0

fun f x = if a x then b x
else g (e x) (d x)
and g x y = if a x then h y (b x)

else g (e x) (b y (d x))

Vez,y,z.hx (hyz)=h (hzy) 2z
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Program Transformation by Templates

:ITemplate.........................:

. . matching ,

elfun £f x = if a x then b x . fun sum x = if null x then O

U ﬁ

. else h (d x) (f (e x)) . else (hd x) + (sum (tl x))
o|fun £f x = if a x then b x E

E else g (e x) (d x) .

c|and g x y = if a x then h y (b x) :

. else g (e x) (b y (d x)) E

*|Vz,y,z.hxz(hyz) =h(hzy) =z .
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Program Transformation by Templates

:ITemplate.........................:

. . matching ,

elfun £f x = if a x then b x . fun sum x = if null x then O

U ﬁ

. else h (d x) (f (e x)) . else (hd x) + (sum (tl x))
o|fun £f x = if a x then b x E

E else g (e x) (d x) .

c|and g x y = if a x then h y (b x) :

. else g (e x) (b y (d x)) E

|Vy,z + (Y +2)=( +y) +2
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Program Transformation by Templates

fun sum x = if null x then O

else (hd x) + (sum (tl x))

= if null x then O
else suml (tl1l x) (hd x)

and suml x y = if null x then y + O

else suml (tl x) (y + (hd x))

ITemplate .........................:
matchin
fun £f x = if a x then b x .BtC g
ﬁ
else h (d x) (f (e x)) .
fun £ x = if a x then b x E fun sum x
else g (e x) (d x) Instantiation
—
and g x y = if a x then h y (b x) .
else g (e x) (b y (d x)) E
Vi,y,z.ox + (v + 2) = (¢ + y) +2

March 5, 2011
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Program Transformatin by Templates

e Pattern matching

e [ he correctness of transformations

March 5, 2011 10
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Program Transformatin by Templates

Huet & Lang (1978): Lambda calculus

e Programs

— lambda-terms + Y-combinators

e Pattern matching

— substitution 4+ [S-reduction

e [ he correctness of transformations

— Denotational semantics
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Program Transformatin by Templates

Huet & Lang (1978): Lambda calculus

e Programs

— lambda-terms + Y-combinators

e Pattern matching

— substitution 4+ [S-reduction

e [ he correctness of transformations

— Denotational semantics < Hypothesis

March 5, 2011
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Program Transformatin by Templates

Huet & Lang (1978): Lambda calculus

e Programs

— lambda-terms + Y-combinators

e Pattern matching

— substitution 4+ [S-reduction

« Curien et al. (1996): Improving algorithm by Top-down method
* de Moor & Sittampalam (2001): 3rd-order matching
* Yokoyama et al. (2004): Deterministic patterns

e [ he correctness of transformations

— Denotational semantics < Hypothesis < proof by induction
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Program Transformatin by Templates

Huet & Lang (1978): Lambda calculus
Chiba et. al. (2010): Term Rewriting

e Programs

— lambda-terms + Y-combinators

— term rewriting systems

e Pattern matching

— substitution 4+ [S-reduction

« Curien et al. (1996): Improving algorithm by Top-down method
* de Moor & Sittampalam (2001): 3rd-order matching
* Yokoyama et al. (2004): Deterministic patterns

— Term homomorphism
e [ he correctness of transformations

— Denotational semantics < Hypothesis < proof by induction
— Operational semantics < Hypothesis
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Program Transformatin by Templates

Huet & Lang (1978): Lambda calculus
Chiba et. al. (2010): Term Rewriting

e Programs

— lambda-terms + Y-combinators

— term rewriting systems

e Pattern matching

— substitution 4+ [S-reduction

« Curien et al. (1996): Improving algorithm by Top-down method
* de Moor & Sittampalam (2001): 3rd-order matching
* Yokoyama et al. (2004): Deterministic patterns

— Term homomorphism

e [ he correctness of transformations

— Denotational semantics < Hypothesis < proof by induction
— Operational semantics < Hypothesis < Automated Theorem
Proving
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Program Transformation by Templates

. Template[

f(a) —b
flc(u,v))  —gle(u),f(v))
g(b,u) — U

g(d(u, v), w) = d(u, g(v, w))

f(u) — f1(u, b)

fi(a,u) —u

f1(c(u,v),w) —f1 (v, g(w, e(u)))
g(b,u) —u

g(d(u,v), w) —d(u,g(v,w))

g(b,u) ~g(u,b)
g(g(u,v), w) ~g(u, g(v,w))

March 5, 2011 11
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Program Transformation by Templates

. Template[

f(a) —b
flc(u,v))  —gle(u),f(v))
g(b,u) — U

g(d(u, v), w) = d(u, g(v, w))

f(u) — f1(u, b)

fi(a,u) —u

f1(c(u,v),w) —f1 (v, g(w, e(u)))
g(b,u) — U

g(d(u,v), w) —d(u,g(v,w))

g(b,u) ~g(u,b)
g(g(u,v), w) ~g(u, g(v,w))
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:_

sum([]) —0

sum(z:y) — +(x,sum(y))
+(0,z) —x

+(s(z),y) = s(+(z,9))

12
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Program Transformation by Templates

. Template[

matching

:_

f(a) —b
flc(u,v))  —gle(w),f(v))
g(b,u) —u 2

f(u) s f1 (u, b) a =],

g(d(u,v), w) = d(u,g(v,w)) || F =sum(@u),
g '_>+(E|17E|2)7
f1 r—>sum1(D1,D2),

b— 0,
CI—>|:|1:DQ,
d I—>S(Dg),

er—>D1

sum([]) —0

sum(z:y) — +(x,sum(y))
+(0,z) —x

+(s(z),y) = s(+(z,9))

fi(a,u) —u

f1(c(u,v),w) —f1 (v, g(w, e(u)))
g(b,u) — U

g(d(u,v), w) —d(u,g(v,w))

g(b,u) ~g(u,b)
g(g(u,v), w) ~g(u, g(v,w))

March 5, 2011
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Program Transformation by Templates

. Template[

f(a) — b . _ sum([]) —0
fc(u,v))  — gle(u),f(v)) : matching sum(z : ) — +(z, sum(y))
g(b,u) —u 2 +(0,z) —x
g(d(u,v),w) = d(u, g(v,w)) || F =sum(@i), b0, +(s(x), ) = s(+(x, 1))
g — +(01,02), c — Oq:0s,
fi1 —suml(dy,02), d—s(02),
f(u) s f1 (u, b) a =], el
fi(a,u) —u
f1(c(u,v),w) —f1 (v, g(w, e(u))) :
g(b,u) —u . instantiation ) S 5, O)
g(d(u,v),w) —d(u, g(v,w)) :——# suml([],z) —=
suml(z:y, z) = suml(y, +(z,x))
. +(0, x) —x
g(b, u) ~g(u,b) +(s(z),y)  —s(+(z,9))

g(g(u,v),w) ~g(u, g(v,w))

March 5, 2011 14
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RAPT

o Rewriting—based Automated Program T ransformation System
o SML+#

e Automated verification of the correctness.

e http://www. jaist.ac.jp/~chiba/RAPT/

March 5, 2011

15



Demo

2nd Romanian-Japanese Algebraric Specification Workshop 2011

March 5, 2011
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The Correctness of Transformations

A program transformation is correct.

4

Input and output programs are equivalent.

March 5, 2011 17
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Equivalence of Programs

March 5, 2011

Program P and P’ are equivalent.

|
vd. P(d)=P’ (d)

18



2nd Romanian-Japanese Algebraric Specification Workshop 2011

Equivalence of TRSs

TRS R and R’ are equivalnet for 4. (R ~4 R’)

Y
Vs € T(4),Vt € T(€). s S tiff s St

) am(( D) -0 \ sum(z) —suml(z,0)
| suml([ |,z) —=x
sum(z:y) — +(x,sum(y))

< L0.0) —a 0 § suml(z:y,z) —suml(y,+(z,x)) ¢
H(s(2),9) = s(+(,9) o o
‘ | | ‘ (| +H(s(@),y) = s(+(z,y) )

March 5, 2011 19
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Equivalence of TRSs

TRS R and R’ are equivalnet for 4. (R ~4 R’)

Y
Vs € T(4),Vt € T(€). s S tiff s St

) am(( D) -0 \ sum(z) —suml(z,0)
| suml([ |,z) —=x
sum(z:y) — +(x,sum(y))

X ’ = fsum .S S suml(z:y, z) = suml(y, +(z,2)) ¢
L0.0) —a {sum,+,[ ],:,s,0} - 3(;) Y ):x (y, +(z, x))
L @) st ) Ko@)y o)
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Equivalent Transformation of TRSs

e Toyama (1991)

e Without a help of explicit induction

March 5, 2011 20
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Equivalent Transformation

Ro: left-linear CS over %, &£: set of equations over %

e Introduction

R ReU{fl@n . 5 o1} (= Rer) f(z1,...,zy,) is linear
I - f & P, and
Frir1 = FrU{ [} e T(F, V)
o Addition
R = RiU{l =71} (=Rit1) -18g.er

e Elimination
Ri = Ri\ {1 = 1} (= Ri)

March 5, 2011 21



Example

step(z, y)
m1((2,y))
m2((z,y))

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(z),fact(x))
(s y) e

m2((z,y) —y

factlist(x)  — 1 (step(x))
fact(x) — o (step(x))
factpair(0) —([],s(0))

factpair(s(xz)) — step(s(x), factpair(x))

— (m2(y):71(y), X (2, m2(y)))

March 5, 2011

2nd Romanian-Japanese Algebraric Specification Workshop 2011
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Example

step(z, y)
m1((2,y))
m2((z,y))

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(z),fact(x))
(s y) e

m2((z,y) —y

factlist(x)  — 1 (step(x))
fact(x) — o (step(x))
factpair(0) —([],s(0))

factpair(s(xz)) — step(s(x), factpair(x))

— (m2(y):71(y), X (2, m2(y)))

March 5, 2011
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o Rog = 7zfactlist
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Example

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(x),fact(x))
m((@y) —a

m2((z,y))  —vy

factlist(x)  — 71 (step(x))

fact(x) — 2 (step(x))
factpair(0) —([],s(0))
factpair(s(xz)) — step(s(x), factpair(x))
step(z,y) = (m2(y):m1(y), X (2, m2(y)))
1 ((z,y)) —x

m2((z,y)) =y

March 5, 2011

2nd Romanian-Japanese Algebraric Specification Workshop 2011

o Rog = 7zfactlist

o Ry = Ro U {factpair(z) —

(factlist(x), fact(z))}
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Example

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(x),fact(x))
m((@y) —a

m2((z,y))  —vy

factlist(x)  — 71 (step(x))

fact(x) — 2 (step(x))
factpair(0) —([],s(0))
factpair(s(xz)) — step(s(x), factpair(x))
step(z,y) = (m2(y):m1(y), X (2, m2(y)))
1 ((z,y)) —x

m2((z,y)) =y

March 5, 2011
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o Rog = 7zfactlist

o Ry = Ro U {factpair(z) —

e Ro = R1 U {step(z,y) —

(factlist(x), fact(z))}

(m1(y):m2(y), ® X m2(y)) }
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Example

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(x),fact(x))
m((@y) —a

m2((z,y))  —vy

factlist(x)  — 71 (step(x))

fact(x) — 2 (step(x))
factpair(0) —([],s(0))
factpair(s(xz)) — step(s(x), factpair(x))
step(z,y) = (m2(y):m1(y), X (2, m2(y)))
1 ((z,y)) —x

m2((z,y)) =y

March 5, 2011
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® Ro = Riactlist
o Ry = Ro U {factpair(z) —
(m1(y):m2(y), ¢ X m2(y)) }
s(0))}

(factlist(x), fact(z))}
o Ro ? R1 U {step(z,y) —

o R3 ? Ro U {factpair(0) — ([],
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Example

factlist(0) — ]

factlist(s(x)) — fact(x):factlist(x)
fact(0) —s(0)

fact(s(z)) — x(s(z),fact(x))
mi((z,y)) —w

m2((z,y)  —y

factlist(x) — 71 (step(x))

fact(x) — 2 (step(x))

factpair(0) —([],s(0))

factpair(s(xz)) — step(s(x), factpair(x))

y) = (m2(y):mi(y), x(z, m2(y)))
m((z,y)) —x

m2((z, y))

step(zx,

—Y

March 5, 2011
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— 7zfactlist

= Ro U {factpair(z) — (factlist(z), fact(z))}
? R1 U {step(x,y) — (m1(y):m2(y),x X m2(y)) }
? Ro U {factpair(0) — ([],s(0))}

R4 = Rs U {factpair(s(x)) — step(s(x), factpair(x))}

factpair(s(x)) —Rg (factlist(s(x)), fact(s(x)))

iRS (fact(x):factlist(x), s(x) X fact(x))

éRB (o ((factlist(x), fact(x))):mq ((factlist(x), fact(xz))),
s(x) X wo ((factlist(x), fact(x))

iRS (7o (factpair(x)):7rq (factpair(x)), s(x) X o (factpair(x )

R4 step(s(x), factpair(x))

22-e
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Example

factlist(0) —[] ® Ro = Refactlist

factlist(s(z)) — fact(z)-factlist() e Ri = Ro U {factpair(z) — (factlist(x), fact(z))}
fact(0) —5(0) !

fact(s(z))  — x(s(x), fact(z)) ® Rz = RiUistep(z,y) = (m1(y):m2(y), z X m2(y))}
m((z,y)) —x e R3 = Ro U {factpair(0) — ([],s(0))}

m2((z,y)  —y

R4 = Rs U {factpair(s(x)) — step(s(x), factpair(x))}

factpair(s(x)) —Rg (factlist(s(x)), fact(s(x)))
LRS (fact(x):factlist(x), s(x) X fact(x))
éRB (o ((factlist(x), fact(x))):mq ((factlist(x), fact(xz))),

factlist(x) — T (step(x)) i} s(x) X wo ((factlist(x), fact(x))
T Rg (7o (factpair(x)):7rq (factpair(x)), s(x) X o (factpair(x )

fact(x) — T2 (step(x)) R4 step(s(x), factpair(x))

factpair(0) — ([],s(0))

factpair(s(z)) — step(s(z), factpair(z)) ¢ Rs = RaU {factlist(x) — m (factpair(z))}

y) = (m2(y):mi(y), X (z, m2(y)))
w1 ({(x,y)) — T
Y))

w2 ({z,

March 5, 2011 22-f
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e Rs j> Rs U {fact(x) — m2(factpair(xz))}
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Example

factlist(0) —[] ® Ro = Refactlist

factlist(s(z)) — fact(z)-factlist() e Ri = Ro U {factpair(z) — (factlist(x), fact(z))}
fact(0) —5(0) !

fact(s(z))  — x(s(x), fact(z)) ® Rz = RiUistep(z,y) = (m1(y):m2(y), z X m2(y))}
m((z,y)) —x e R3 = Ro U {factpair(0) — ([],s(0))}

m2((z,y)  —y

R4 = Rs U {factpair(s(x)) — step(s(x), factpair(x))}

factpair(s(x)) —Rg (factlist(s(x)), fact(s(x)))
LRS (fact(x):factlist(x), s(x) X fact(x))
éRB (o ((factlist(x), fact(x))):mq ((factlist(x), fact(xz))),

factlist(x) — T (step(x)) i} s(x) X wo ((factlist(x), fact(x))
T Rg (7o (factpair(x)):7rq (factpair(x)), s(x) X o (factpair(x )

fact(x) — T2 (step(x)) R4 step(s(x), factpair(x))

factpair(0) — ([],s(0))

factpair(s(z)) — step(s(z), factpair(z)) ¢ Rs = RaU {factlist(x) — m (factpair(z))}

y) = (m2(y):mi(y), X (z, m2(y)))
w1 ({(x,y)) — T
Y))

w2 ({z,

March 5, 2011 22.¢g

step(zx, :
e Rs j> Rs U {fact(x) — m2(factpair(xz))}

— Y ORﬁiR
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Verifying Equivalence of TRSs

Theorem
e R is a left-linear CS over ¢

e R'isa TRS over ¥4’

e & is a set of equations over ¢4

e R :> = :> R’ under £ — R g/ R/
o R,g I_z'nd 5
e CR(R), SC(R,9)

o SC(R',9

March 5, 2011 23
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Abstruct Reduction System

Definition
e A= <A7 %>
— TRS: (T(F#,7), =Rr)
— EQL: (T(F,7),=¢)
— lambda-calculus: ({s|s : lambda term}, —3)

— SM: (S, —)

o NF(A) ® facA|-TeAda—i

March 5, 2011 24



Confluence
Definition
o A= (A —)
def  «

® CR(.A) = 3

March 5, 2011

~

I

~

AN

2nd Romanian-Japanese Algebraric Specification Workshop 2011
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Confluence

Definition
o A= (A —)

e CR(A) & & . 5¢c5 . &

~
~
A

Proposition

T

e CR(A) iff SC5 -

March 5, 2011 25-a
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Confluence

Definition

o A= (A —)

o CR(A) & & . ncn. ¢

Proposition
e CR(A) iff &5C5 - &
e CR(A ANa<bAa,be NF(A) imply a =1b
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Reachability

Definition

A’ is reachable from A by — (Reach(A, —, A")) v e Adbe Aa— b

o SC(R, %) ® Reach(T(#4), 5sr, T(¥))

e SC(SP) def Reach(T(F#,Y),~¢, T(%¢,Y))

March 5, 2011 26
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Commutativity of confluence

Ay = (A, —1) and Ay = (A, —9)

Definition

A, commutes with A, (COMM(A4, Ay)) def DA G

Proposition

CR(.A1) A\ CR(AQ) N\ COMM(Al, ./42) imply CR(.A1 L ./42)

March 5, 2011 27
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Commutativity of confluence

Ay = (A, —1) and Ay = (A, —9)

Definition

A; commutes with Ay (COMM(A;, As)) def

b *

ES ES
10 =G =

Proposition

CR(.A1) A\ CR(.AQ) N\ COMM(A1, .AQ) imply CR(.A1 L ./42)

Theorem (Toyama 1988)

If left-linear term rewriting systems R and R, are non-overlapping with each
other, then 'R commutes with K.

March 5, 2011 27-a
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A Principle of Inductionless Induction

Ay = (A, —1) and Ay = (A, —9)
Theorem (Toyama 1986, Koike and Toyama 2000)

1. —1C—,

2. CR(A,),
3. A” C NF(A), and
4. Reach(A’, &, A”)

imply
* * /
<71=<%=29 0N A

March 5, 2011 28
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Equivalent Transformation

Ro: left-linear CS over %, &£: set of equations over %

e Introduction

R ReU{fl@n . 5 o1} (= Rer) f(z1,...,zy,) is linear
I - f & P, and
Frir1 = FrU{ [} e T(F, V)
o Addition
R = RiU{l =71} (=Rit1) -18g.er

e Elimination
Ri = Ri\ {1 = 1} (= Ri)
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Verifying Equivalence of TRSs

Theorem
e R is a left-linear CS over ¢

e R'isa TRS over ¥4’

e & is a set of equations over ¢4

e R :> = :> R’ under £ — R g/ R/
o R,g I_z'nd 5
e CR(R), SC(R,9)

o SC(R',9

March 5, 2011 30
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Proof

R=>R;=Rs=TR
I A E

CR(R;) and Vs € T(F).3s' € T(9).5 g, s
S = Sr, on T(9D)

Sr, = &g, on T(F)

Sr, = Sreoon T(D)

. R ~yng R’

A S

March 5, 2011 31



2nd Romanian-Japanese Algebraric Specification Workshop 2011

CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

— f(x1,...,zy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)
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2nd Romanian-Japanese Algebraric Specification Workshop 2011

CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

— f(x1,...,zy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs e T(F)

S
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., xy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S

o R: left-linear,
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S

e R: left-linear, CR(R),
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry UL{f(@1,. ., 2n) = 7} (= Ripr) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S

e R: left-linear, CR(R), R; \ R: left-linear,
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry ULf(@1,. .., 20) = 7} (= Rip1) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S

o R: left-linear, CR(R), R; \ R: left-linear, CR(R;\ R),
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry ULf(@1,. .., 20) = 7} (= Rip1) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)

* /
S—R; S

e R: left-linear, CR(R), R; \ R: left-linear, CR(R;\ R), and
R and R; \ R do not overlap to each other
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CR(R;) and Vt € T(Z).3t' € T(9).t =g, '

R=>R; = Rs=TR
Il A B

e Introduction

- f(x1,..., Xy) is linear
Ry = Ry ULf(@1,. .., 20) = 7} (= Rip1) 1
I - f € %, and
Fk1 = FrU{S} — r ET(F, V)

o Vs € T(F), ds' € T(¥9)
s—g, S
e R: left-linear, CR(R), R; \ R: left-linear, CR(R;\ R), and

R and R; \ R do not overlap to each other
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R, ON T(%)

—

R=>Rr=>Rs=>TR
I A E

e Introduction

Frr1 = Fr U{f}

R R U{f( ) }( R ) - f(x1,...,xy) is linear
= y ey tM — —
k 7 k 1 x T k+1 g g e
-reT(F,7)
- 7 —t € T(¥Y)

T(Y) > s

March 5, 2011
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QR = éRl on T(g>

R =R = Rs =R
I A E

e Introduction

2nd Romanian-Japanese Algebraric Specification Workshop 2011

- f(x1,...,xyn) is linear
R :I> R U{f(xl,...,ZUn) —>’I“} (: Rk+1) _ ;(g F, and)
Lg‘?kﬂ_l:ﬁlcu{f} - reT(Fg, V)
T(Y) 5 s < = —~t € T(¥)
; Y
T(€) > ¢ t'e T(%)

March 5, 2011
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QR = éRl on T(g>

R =R = Rs =R
I A E

e Introduction

- f(x1,...,xyn) is linear

R :I> R U{f(xl,...,ZUn) —>’I“} (: Rk+1) _ f(Q FL, and)

Lg‘?kﬂ_l:ﬁlcu{f} - reT(Fg, V)
T(¥Y) 2 5 < = —~t cT(9)

o RC Ry
*. Ry * R ¥R w R
...* ; v P..

T(€) > ¢ t'e T(%)
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QR = éRl on T(g)

R =R = Rs =R
I A E

e Introduction

- f(x1,...,xyn) is linear
sz ?RkU{f(xl,,xn)%"“} (:Rk+1) - f(Qﬂk,and)
Lg‘?kﬂ_l:ﬁlcu{f} - reT(Fg, V)
T(¥Y) 2 5 < = —~t cT(9)
- o o SC(R,%)
o RC Ry
*. Rt * R * R *Rr

) CR(R[) and
T(%€) C NF(R;)

R Yoy

T(€) > ¢ — te T(€)

March 5, 2011
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7)

R = orgon T(F)

R =R = Rs =R
I A E

e Addition
Ri = Ry U {l = r} (= Rik+1)

%
-1 <—>Rkug T

T(F)> s-< -

March 5, 2011

-t € T(F)
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QRC = éRi on T(g?)

R =R = Rs =R
I A E

e Addition
Rk ?RkU{Z%T} (: Rk+1) - lénkug’r
T ) _ a
T(f) o S< 3 S T<¢74 )o The definition of reduction
[ [ relation where
C'16,] C'[ré,] ~ Oy : ¥V = T(F)

March 5, 2011 38
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QRC = éRi on T(g?)

R =R = Rs =R
I A E

e Addition
Rk ?RkU{Z%T} (: Rk+1) - lénkug’r
T(F)> s-< 3 >t € T(gi). The definition of reduction
Il [ relation where
C’[leg] C[TQQ] -0, ¥V = T(F)
where
—0.: VvV —>T(9)
C[16.) Clro,]
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QRC = éRi on T(g?)

R =R = Rs =R
I A E

e Addition
Rk ?RkU{Z%T} (: Rk+1) - lénkug’r
T(F)> s-< 3 >t € T(gi). The definition of reduction
Il [ relation where
C'16,] C'[ré,] ~ Oy : ¥V = T(F)
. Where
- 0.: VvV —>T(9Y)
® R, g |_z'nd g
C[i6,] - . - C[r0,]
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QRC = éRi on T(g?)

R =R = Rs =R
I A E

e Addition
Rk ?RkU{Z%T} (: Rk+1) - lénkug’r
T ) _ a
T(f) o S< 3 S T<¢74 )o The definition of reduction
[ [ relation where
C'16,] C'[ré,] ~ Oy : ¥V = T(F)
. Where
- 0.: VvV —>T(9Y)
7;1 .R,gkindg
o * T e RCR;
C[i6,] - . - C[r0,]
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: &)

R =R = Rs =R
I A E

e Elimination
'Rk ? 'Rk \ {l — ’I“}

T(Y') 2 s < =

March 5, 2011

-t € T(¥Y')
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éRL — éR’ on T(g/>

R =R = Rs =R
I A E

e Elimination
'Rk 75? 'Rk \ {l — ’I“}

() 5 s — - ~t € T(Y)
(%) > ¢ t e T(%)

March 5, 2011

o SC(R, 4",
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éRL — éR’ on T(g/>

R =R = Rs =R
I A E

e Elimination
'Rk 75? 'Rk \ {l — ’I“}

T(9) > s < 7 ~t e T(Y')
. . . . ° SC(R/,g/),
: : - : ° éR’géRA_éRI
Rrls =R/ CR/ Ry
A Y Y i
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éRL — éR’ on T(g/>

R =R = Rs =R
I A E

e Elimination
'Rk 75? 'Rk \ {l — ’I“}

2nd Romanian-Japanese Algebraric Specification Workshop 2011

T(Z') 5 s — s ~t e ()
o D ° SC(R/’g/),
: . - ; o SR CEHR,=OR,
RI:* *R/ *R/ RI*
| ° CR(R[),
) T(¢) € NF(Rr)
1Y Y g
T(%) > & = ¥ e T(%)

March 5, 2011
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R ~4ng R (C)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s = ~te T(%)

March 5, 2011 46



2nd Romanian-Japanese Algebraric Specification Workshop 2011

R ~4ng R (C)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s = ~te T(F)
e SC(R',9),

T(¥€) >
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R ~4ng R (C)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s = ~te T(F)
1.
S e SC(R',9),
o S RCOR=OR
R - * *R’
T(¥€) >
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R ~4ng R (C)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s = ~te T(F)
-.-7 : ° SC(R/,(J/%

* * *
o R CEOR=CR

e CR(R),
T(%¢) C NF(R)

Y

T(¥€) >
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R ~gng R (D)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s : ~te T(%)
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R ~gng R (D)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s = ~te T(F)
§ o SC(R, 9",
T(¥€) >
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R ~gng R (D)

From 2 to 4, &g = Speon T(9' NG

T(%m%’)aa ~ ~ 1€ T(%)
.. N SC(R/,‘CJ//),
’
T(¥€) >
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R ~gng R (D)

From 2 to 4, &g = Speon T(9' NG

TYNY)>s : >te T(%)
. SC(R/VCJ//)v

| R | ® éR/géR/:éR
* R /
e CR(R),

T(%) C NF(R)
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Proof

R=>R;=Rs=TR
I A E

CR(R;) and Vs € T(F).3s' € T(9).5 g, s
S = Sr, on T(9D)

Sr, = &g, on T(F)

Sr, = Sreoon T(D)

. R ~yng R’

A S
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Proof

R=>R;=Rs=TR
I A E

1. CR(R;) and Vs € T(#).3s' € T(4).5 g, s
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Problems

e Higher-order functions

map, foldr, filter, ---

March 5, 2011
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Problems

e Higher-order functions
map, foldr, filter, ---

— Simply typed term rewriting system
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Simply Typed Term Rewriting System (Yamada 2001)

[ ((foldr f) &) []  —e ‘
((foldr f) e) (: x xs)— f x (((foldr f) e) xs)
map f — (foldr (sub f)) ||

q (sub f) x xs —: (f x) xs .
sum s — ((foldr +) 0) xs
+ 0y — Y

)y —s (+ z y) }

Nat __ {0} 5‘Nat—>Nat {S} yNathat%Nat {_|_} glest {H}
Natx List—List __ { } a7 (Natx Nat—Nat)—Nat—List—List _ {foldr}

a7 ((Nat—Nat)—NatxList)—List _ {sub}

F

F
gz(Nat—>Nat)—>L|st—>L|st {map}
F

List—Nat __ {sum}

March 5, 2011 57



2nd Romanian-Japanese Algebraric Specification Workshop 2011

Equivalence of STTRSs

Ry R & Vs e TO@) Wt € TND). s S tiff s o
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Equivalence of STTRSs

Ry R & Vs e TO@) Wt € TND). s S tiff s o

[ ((foldr f) e) []  —e ‘
< ((foldr f) e) (: © xs) — f = (((foldr f) e) xs) >
map f — (foldr (sub f)) []
| (sub f) z xs —: (f ) xs )

(map f) [] — [ ]
(map f) (: z xs) —: (f =) ((map f) xs)
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Equivalence of STTRSs

Ry R & Vs e TO@) Wt € TND). s S tiff s o

((foldr ) e) [] —e

((foldr f) e) (: © xs) — f = (((foldr f) e) xs)
map f — (foldr (sub f)) []
(sub f) = xs —: (f ) xs

2{map,[ ],:,s,0}

(map f) [] — [ ]
(map f) (: z xs) —: (f =) ((map f) xs)

March 5, 2011 58-b



2nd Romanian-Japanese Algebraric Specification Workshop 2011

Equivalent Transformation

Ro: left-linear STTRS over %, &£: set of equations over %

e Introduction
— [ is linear and basic

— head(l) & Zy,
Ry ?RkU{Z%T} (:Rk+1)

gzk_H — 9}6 U {head(l)}

— args(l) C 7
- reTl (%, V), and
— WN(Ry+1)

o Addition
Rk j> Rk U {l — T} (: Rk_|_1) — éRkUS T

e Elimination
Ri = Ri\ {1 = 1} (= Res)

March 5, 2011
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e Introduction

R =I> Ry U {l — ?“} (: Rk_|_1)

Fr+1 = Fi U {head(l)}

March 5, 2011

— [ is linear and basic
— head(l) € y,

— args(l) C ¥

- reT(%g,?), and
- WN(Rg+1)
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e Introduction

R =I> Ry U {l — ?“} (: Rk_|_1)

Fry1 = F UA{

March 5, 2011

— [ is linear and basic
— head(l) € y,

— args(l) C ¥

- reT(%g,?), and
- WN(Rg+1)

head(l)}

Reum :I> Rsum U {(suml zs) y — + (sum zs) y}.
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Problem

e Introduction
— [ is linear and basic

~ head(l) & F,

— args(l) C ¥

— r e T(Fr, V), and
- WN(Rk+1)

R =I> Ry U {l — ?“} (: Rk_|_1)

Fr+1 = Fi U {head(l)}

Reum :I> Rsum U {(suml zs) y — + (sum zs) y}.

map (suml [1,2,3]) [4,5,6,7,8,9]
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Higher-order sufficient completeness

(Aoto, Yamada and Toyama, 2004)

Definition

HSC(R, %) 4"

Vs € TP(¢,v?).3t € T*(¥, VP s.t.
1. t € TP(%), or

2. t = C[F10] for some C, #, and F' € ¥

((foldr ) e) [] —e

((foldr f) e) (: ¢ xs) — f = (((foldr f) e) xs)
+ 0y —y

+(sz)y —s (+ 2 y)

((foldr ) 0) [1,2,3] =% f 1 (((foldr f) 0) [2,3])
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Proof

Suppose R :} R, [ € Fp \ %y and HSC(Ry)

Lemma
If a basic ground term ¢ contains f, then t € NF(Ry)

Lemma

For any basic ground term ¢ s.t. f € .%(t), there exists a term s € T*(.%},).

e Introduction
— [ is linear and basic

— head(l) & Fy,

— args(l) 7V
-reT(%,?), and
- WN(Rk+1)

R =I> Ry U {l — ?“} (: Rk_|_1)

Fr+1 = F U {head(l)}
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Proof (sketch)
HSC(R) and WN(R)

*

s' € T(Y,{z})

te T(C, {z))

R

o(=A{z— f}) o

\ \

* ~ * * ~

—s'(= s'o) ~to ~t € T(¥Y)

7QI\7Q R RI\R

s € T(

N
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Verifying Equivalence of STTRSs

Theorem
e R is a left-linear STTRS over ¢4

e R'isa STTRS over ¥’

e & is a set of equations over ¢4

e R :> e :> R’ under £ — R g/ R/
® R,g I_hzndg
e CR(R), SN(R), HSC(R,¥)

o HSC(R',¥4'")
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Conclusion

e Program transformation by templates

e Equivalence of rewriting systems

— TRS
— STTRS (higher order)

e A key part for extension

Future works

e Other rewriting systems
— Order-sorted

— Conditional

e Transformation templates

March 5, 2011
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