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Abstract. We generalis¢heultraproductsnethodfrom conventionalmodeltheoryto aninstitution-
independenti.e. independenbf the detailsof the actuallogic formalisedasan institution) frame-
work basedon a novel very generakreatmenbf the semantic®f someimportantconceptsn logic,
suchasquantification logical connectves,andgroundatomicsentencesUnlike previous abstract
modeltheoreticapproacheso ultraproductsbasedon category theory our work makes essential
useof conceptcentralto institution theory suchassignaturemorphismsandmodelreducts. The
institution-independentundamentaltheoremon ultraproductsis presentedn a modularmanney
differentcombinationf its variouspartsgiving differentresultsin differentlogics or institutions.
We presentapplicationgo institution-independentompactnessaxiomatizability and higherorder
sentencesandillustrateour conceptsandresultswith examplesfrom four differentalgebraicspec-
ification logics. In the introductionwe also discussthe relevanceof our institution-independent
approacho the modeltheoryof algebraicspecificatiorandcomputingsciencebut alsoto classical
andabstractmodeltheory

Keywords: Institutions,modeltheory, algebraicspecificationultraproducts

1. Intr oduction

Thetheoryof institutions[15] is a cateyoricalabstractodeltheorywhich formalisegheintuitive notion
of logical systemjncluding syntax,semanticsandthe satishctionbetweerthem.Institutionsbecomea
commontool in the study of algebraicspecificationtheoryandcanbe consideredts mostfundamental
mathematicastructure.lt is alreadyanalgebraicspecificatiortraditionto have aninstitutionunderlying
eachlanguageor system,in which all language/systermonstructsand featurescan be rigorously ex-
plainedasmathematicaéntities. This hasbeenfirst speltout asa programmewith a sampledefinition
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of specificationanguageconstructsn [32]. Most modernalgebraicspecificationanguagedollow this
tradition,including CASL [5], Maude[29], or CafeOBJ [11]. Thereis anincreasingnultitudeof logics
in useasinstitutionsin algebraicspecificationand computingscience.Someof them, suchasfirst or-
derpredicatg(in mary variants),secondorder higherorder Horn, type theoretic,equationalmodal(in
mary variants),infinitary logics, etc.,arewell known or atleastfamiliar to the ordinarylogicians,while
otherssuchasbehaioural or rewriting logicsareknown andusedmostlyin computingscience.

The original goalsof institution theoryareto do as much computingscienceand modeltheoryas
possiblejndependentf whatthe actuallogic maybe[15]. This mathematicaparadigmis oftencalled
‘institution-indepadent computingscienceor modeltheory While theformergoalhasbeengreatlyac-
complishedn thealgebraicspecificatioriterature therewereonly very few andratherisolatedattempts
towardsthe latter[34, 35, 36, 31]. The paper[34] formulatedfor thefirst time institution-indepadent
conceptf logical connecties,interpolation,etc. A relatedwork is [27], however this is orientedto-
wardsprooftheoreticaspect®f logicsratherthanmodeltheory This situationcontrastsvith thefeeling
sharedy someresearcherthatdeepconceptaindresultsin modeltheorycanbereachedn asignificant
way via institutiontheory This papercanberegardedasa new steptowardsthis goal, partof a coming
seriesof worksin institution-indepedert modeltheory

Thesignificanceof institution-indepedert modeltheoryis manifold:

e It providesmodel-theoreticesultsandanalysisfor variouslogicsin agenericway. Only alimited
numberof model-theoretipropertiesareusuallystudiedfor thelogicsin usein computingscience
and algebraicspecification,however it is importantto have as deepas possibleunderstanding
of the model-theoretiqoropertiesof the underlyinglogic becausehe specificationor software
engineeringoropertiesof thelogic dependntimately on theformerones([12] is oneof theworks
thatsupportthis agument).We sometimesoticethatthefailure of somespecificatiorproperties
of alogic is dueto the rathersubtlewrong definition of somedetailsof thelogic. We alsonotice
that often the right definition of a logic canbe checled throughits model-theoretiqroperties,
otherwisesaidgoodmodel-theoretipropertiedeadto goodspecificatiorproperties.

e |t exportsmodel-theoretienethodsrom classicalogic to otherlogics. Classicalfirst-orderpred-
icate logic has developedvery rich powerful model-theoreticomethods,which exportedto an
institution-indepadent framewvork canbecomeavailable for the multitude of computingscience
or algebraicspecificatiorlogics.

e It provides a new way of doing modeltheory While the points we madeabore have a more
applicationorientedsignificance this point hasa pure mathematicsnethodologicakignificance.
Theinstitution-indepedent way of obtaininga modeltheoreticresult,or just viewing a concept,
leadsto a deepemnderstandingf why a certainmodeltheoreticohenomenorholds. Suchtop-
down understandings not sufocatedby the detailsof the actuallogic, it decomposéhe model-
theoreticphenomenofiin variouslayersof abstractonditions),andprovidesa clearpictureof its
limits.

Althoughthesepointsarelargely valid for ary form of abstractnodeltheory they areespeciallyrelevant
for theinstitution-indepedert abstracmodeltheory Oneof thereasondor thisis thatupto our knowl-
edge thetheoryof institutionsprovidesthe mostcompletedefinition of abstracimodeltheory the only
one including signaturemorphisms,model reducts,and even mappings(morphisms)betweenlogical
systemsas primary concepts.Also, asmentionedabove, the currentalgebraicspecificatiorlogics and
anincreasinghumberof computingsciencdogicsareformalisedasinstitutions.
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This work exportsoneof the mostimportantandpowerful classicaimodeltheorymethodsnamely
the ultraproductsmethod[7, 21], to an institution-indepadent frameavork. This framevork not only
clarifiesthe conditionsthatarenecessaryor the developmentof the ultraproductsmethod,but alsode-
velopsa simplebut effective institution-indepedent approactto quantificationandlogical connecties.
In this approachthe conceptof variableand valuationis presentedn a more uniform and much sim-
pler way thanin the usualpresentationsf logic, without the needto distinguishbetweenclosedand
openformulaeand naturallyincluding higherordervariables. We think that this very simpleandgen-
eralinstitution-indepadert ‘internal logic’ is oneof the main contritutions of this work, reflectingthe
benefitsof theway of doingmodeltheorypromotedby thetheoryof institutions.

Sincethecatayoricaldefinitionof theultraproductonstructiontherehave beenafew abstractnodel
theoreticapproacheto ultraproducts[3] beingoneof the mostrepresentate. If we comparet to [3],
ourinstitution-indepedent approacho ultraproductss differentin mary essentiahspectsFor example,
we work with the given sentencesf the institution ratherthandefininga semantics-orientedonceptof
sentencandsatishctionasin [3, 4] which leadsto very complex combinatorialdefinitionsand proofs
and doesnot go beyond first order Besidesgainsin simplicity and clarity, our approachmalke the
applicationsmucheasierandthe understandingf the ultraproductsnethodsmoother This is a direct
consequencef the more fundamentabifferenceof usinginstitutionsratherthan simple categoriesas
the basicframewvork for the ultraproductamethod. By usinginstitutionsratherthan cateories,we are
ableto male useof essentiaimodeltheoreticconceptssuchas signaturemorphismand modelreduct
andexpansion(not possiblein otherabstracimodeltheoreticapproache§3]), andalsogetsclearerand
simplerproofs,in partdueto beingableto exploit prooftheory modeltheory andtherelationbetween
themin aflexible way.

1.1. Summary and Contrib utions of this Work

In the preliminary section,besidesbriefly reviewing someterminology conceptsandnotationsabout
filters, catayories,andinstitutions,we introducethe novel institution conceptof representableignatue
morphismandexplore someof its basicproperties Representablsignaturenorphismsanberegarded
asanabstracinstitution-indepedert formulationof the concepbf first-ordersignaturesntities(suchas
variablesor constants).

Thenext sectionis devotedto aninstitution-indepadent studyof logical connecties,quantification
(in bothexistentialanduniversalform), andof basicsentencesyhich arethe simplestsentencematch-
ing themodeltheoreticstructureof theinstitution. We shaw thatin the applicationsall sentencesanbe
obtainedby iterationof someof thelogical connectiesandsomequantificationoverthebasicsentences.
This decompositiorof the satishctionrelationbetweenmodelsandsentenceito satishctionof basic
sentencexf logical connecties,andof quantificationjs oneof the contrikutionsof this section.While
theinstitution-indepadent conceptof logical connectiesis obvious andthe conceptof basicsentence
is basedupona simpleform of satishction via injectivity in the senseof [4], the key contritution of
this sectionlies in our approachto quantification.In the applicationsthe latterincludesnaturallyboth
first-orderandhigherorderforms of quantification.

The main sectionof the paperstartsby recallingthe cateyorical definition of reducedproductsand
ultraproductsthenstudiesthe interactionbetweerreducedproductsandmodelreducts.Thelatterplays
a crucial role for dealingwith quantifiersin our institution-indepedent approachto the fundamental
theoremon ultraproducts.
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By following the structureof the internallogic introducedin the previous section,our formulation
of the institution-indepadent fundamentakheoremon ultraproductsdeconstructsghis main resulton
ultraproductsnto partshaving individual significance.Dependingof the actualinstitution, theseparts
can be combinedin variousdifferentways and can also be usedindependentlyfor obtainingwealer
preseration propertiesbut for a larger classof sentencesThis presentatiorof the mainresulthasalso
the benefitof enablinga clearperspectie onthe semantidimits of anactuallogic or institution.

Thefinal sectionis devotedto someapplicationssuchasinstitution-indepadent compactnessle-
mentaryaxiomatizability or higherorderquantification.Theapplicationsaremeantonly to illustratein
aratherlimited way theinstitution-indepedent ultraproductamethod,the emphasi®f this paperbeing
onthefundamentalsWider applicationss topic for furtherresearctbasedn this work.

The conceptdntroducedandthe resultsobtainedareillustratedwith examplesfrom four different
institutions:first-orderpredicatdogic (with equality),rewriting logic, partialalgebraandhiddenalgebra
for behaiourallogic. All thesefour logicsarevery briefly presentedn the Appendix,mainly for setting
up somenotationandterminology Thereadelis requiredto have somefamiliarity with themor elseto
studythe correspondinditerature. Although the examplesfrom theseactualinstitutionssene alsoas
applicationgroundfor theresultsof this paperthey aremainly usedfor helpingthe understandingf the
conceptsntroducedby this work.

Acknowledgements

The authorthanksJosephGoguenfor useful commentson this work and encouragemengndto An-
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2. Preliminaries

2.1. Filters and Ultrafilters

In this sectionwe recallthe basicconceptsaanddefinitionsaboultfilters and ultrafilters, restrictedto the
caseof subset®f aset,partially orderedby inclusion. Let | beanonemptyset. We denoteby 2' the set
of all subset®f |. Recallthatafilter F over| is definedto beasetF C 2' suchthat

e | cF,
e XNY eFif XeF andY € F, and
eYeFifXCYandX eF.
A filter F is properif andonly if F is not2' andit is anultrafilter if andonly if
X eF if andonlyif (1\X)¢&F

for all X € 2'. Noticethatultrafiltersareproperfilters.
A setSC 2! hasthefinite intersectionpropertyif JyNJbN---NJy # O forall Iy, J,..., I €S The
following classicakesultis known asthe ‘Ultrafilter Theorem'’:

Theorem 2.1. [7] If SC 2' hasthefinite intersectionproperty thenthereexists an ultrafilter U over |
suchthatSC U.
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2.2. Categories

This work assumesomefamiliarity with cateyory theory and generallyusesthe samenotationsand
terminologyasMac Lane[23], exceptthat compositionis denotedby “;” andwritten in the diagram-
maticorder Theapplicationof functions(functors)to agumentsmay be written eithernormally using
parenthesesyr elsein diagrammaticorderwithout parenthesegr, morerarely by usingsub-scriptsor
superscripts. The category of setsis denotedasSet, andthe cateyory of categyories asCat. The op-
positeof a catgory C is denotedby C°P. The classof objectsof a category C is denotedby |C|; also
the setof arrons in C having the objecta assourceandthe objectb astamgetis denotedasC(a, b). The
isomorphismof objectsin cateyoriesis denotedby ~. A diagram D in a cateyory C is just a functor

D .
J = C whenJ is asmallcateyory.
For ary objecta, thecommacateyory a/C has

e arrons f € C(a,b), asobjects,and
e arravsh e C(b,b') suchthat f;h = f’, asarrons betweenf € C(a,b) andf’ € C(a,b').

A functorL: J — Jis calledfinal if for eachobjectj € |J| the commacateyory j/L is non-empty
andconnectedConsequentlya subcatgory J' C J is final whenthe correspondingnclusionfunctoris
final.

2.2.1. Finiteness

A catgory J is directedif to ary two objectsi and | thereexist arravsi — k < j. A limit (colimit) of a
functorD : J — C is directedif the cateyory J is adirectedposet.

We saythatanobjecta in acategory C is finitely presented?2] if andonly if for ary arrov f: a—d
to the vertex of a colimiting co-conep: D = d of adirecteddiagramD : J — C thereexistsi € |J|
andanarrov fi: a— D(i) suchthat f = fi; . This is equialentto the fact that the hom-functor
C(a,—) : C— Set preseresdirectedcolimits. For example,asetis finitely presentedh Set if andonly
if it is finite, andan algebrais finitely presentedn the catayory of algebrasof a signatureif andonly
if it canbe presentedin the usualgeneralalgebrasense)y finitely mary generatorandfinitely mary
equations.

2.3. Institutions

In thissectiorbesidedriefly reviewing someof thebasicconcept®f institutiontheory wealsointroduce
somenovel conceptiecessarjor this work.

Froma logic perspectie, institutionsare much more abstracthan Tarski's modeltheory andalso
have anotherasicingredienthamelysignaturesandthe possibility of translatingsentenceandmodels
acrosssignaturemorphisms.A specialcaseof this translationis familiar in first-ordermodeltheory: if
5> — ¥ is aninclusionof first-ordersignature% andM is a ¥’-model,thenwe canform thereductof M
to =, denotedM |s. Similarly, if eis aZ-sentencewe canalwaysview it asas’'-sentencébut thereis no
standardhotationfor this).

1we steerclearof ary foundationalproblemrelatedto the “category of all cateyories”; several solutionscanbe found in the
literature,see for example[23].
2Called“languages’in [7].
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Institutionsformalizethe conceptof ‘logic’ from a cataeyorical abstracimodel-theoretigperspectie.
Thekey axiom,calledthe satisfactioncondition saysthatthe meaningof asentenceloesnotdepencdn
the context in whichit is interpretedwhichis surelya very basicintuition for classicalogic.

Definition 2.1. An institution = (Sign, SenM oD, =) consistof
1. acateyory Sign, whoseobjectsarecalledsignatues

2. afunctor Sen: Sign— Set, giving for eachsignaturea setwhoseelementsare calledsentences
overthatsignature,

3. afunctorMobD : Sign°? — Cat giving for eachsignatureX a catgory whoseobjectsare called
>-models andwhosearrowns arecalled>-modelhomomorphismsand

4. arelation=5 C [MoD(Z)| x SertZ) for eachX € |Sign|, calledX-satisfaction
suchthatfor eachmorphism¢ : = — ¥’ in Sign, the satisfactioncondition
M’ =5 Sertd)(e) iff Mobp($)(M') =se

holdsfor eachM’ € [MoD(Y')| ande € Ser{Z). We maydenotethe reductfunctorMop(¢) by _[4 and
the sentencdranslationSert¢) by ¢(-). Also, we will sometimessay that the signaturemorphismé
hasa certainproperty'P’ if MoD(¢) hasthe property'P’. WhenM = M'[y, we will saythatM’ is an
expansionof M along¢.

Definition 2.2. Let X beasignaturdn aninstitution (Sign, SepMop, |=).

e Foreachsetof Z-sentenceg, letE* = {M € MoD(Z) | M |=5 e for eache€ E}, and
e ForeachclassM of Z-modelsjet M* = {e€ Ser(Z) | M |=s e foreachM € M }.

If E is asetof sentenceandeis asinglesentencethene € E** is denotetby E = e.

Two modelsM andM’ of thesamesignatureareelementarilyequivalentdenotecasM = M’) if they
satisfythe samesetof sentences,e. {M}* = {M'}*.

Two sentences and€ of the samesignaturearesemanticallyequivalent(denotedase = €) if they
aresatisfiedby the sameclassof models;.e., {e}* = {€}*.

Definition 2.3. In ary institution, a classX of modelsfor a signaturds elementanyf it is closed,i.e.,
K™= XK.

Remark 2.1. Eachelementaryclassof modelsis closedunderelementaryequivalence.

Definition 2.4. Let (Sign, SenM oD, =) beaninstitution. (Z,E) is atheorywhenZ is a signatureand
E is closedsetof 2-sentences,e.,E = E**.

A theoryE is presentedy Ey if Eg C E andEg |= e for eache € E, andis finitely presentedf there
existsafinite Ep which presents.

A theorymorphismé : (Z,E) — (Z',E’) is asignaturemorphism¢ : ¥ — ¥’ suchthat¢(E) C E'.
Let Th denotethe categyory of all theoriesin .
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Remark 2.2. For ary institution, modelfunctor MoD extendsfrom the cateory of its signaturesSign
to the categyory of its theoriesTh, by mappinga theory (%, E) to the full subcatgory MoD(Z,E) of
Mob(Z) formedby the Z-modelswhich satisfyE.

Definition 2.5. [12] A theorymorphism¢ : (Z,E) — (¥',E’) is conservativef andonly if each(Z,E)-
modelhasanexpansiortoa (', E’)-model,i.e.,for each>-modelM satisfyingE, thereexistsaZ'-model
M’ satisfyingE’ suchthatM'[y = M.

Example 2.1. An importantparticularcasefor thiswork is thatof conservativesignaturemorphismsin

corventionalmodeltheory asignaturemorphismd : < — X' is conserative wheng is injective (onsort,
function,andrelationsymbols)anddoesnot add newv operationf sortsthatare‘empty’ (i.e., without
terms)in Z. Consequentlyif < hasonly ‘non-empty’ sorts, then eachinjective signaturemorphism
¢ : X — ¥ isconserative.

Definition 2.6. A theory morphism¢ : (Z,E) — (¥',E’) is liberal if andonly if the reductfunctor
s : MoD(Z',E’) = MoD(Z, E) hasalleft-adjoint,denoted)®.

MEsE |v| — (M%)}
/ ‘%ereemstsaumque o
MI ‘:Z’ EI

Consequentlya signaturemorphismis liberal whenit is liberal astheorymorphism(betweerthe corre-
spondingemptytheories).

While in the actualinstitutionsliberality of theorymorphismsis a non-trivial property the liberality of
signaturemorphismdor typical institution of interesthere.

Definition 2.7. An institution(Sign, SenM oD, =) is exactif andonly if themodelfunctorM oD :
Sign°P — Cat preseresfinite limits. Theinstitutionis semi-&actif andonly if MobD preseres pull-
backs.

Fact 2.1. Considerasemi-&actinstitution,a pushoutof signatures

s—* o5

J s

2 ——7%

andtwo models,a Z;-model M; and a >,-model M, suchthat M1[y = M2[g,. Thenby the semi-
exactnessthereexistsa uniquex’-modelM’ suchthatM’[y = M1 andM’[y = M. We call this model
theamalgamatiorof M; andM; anddenoteit by M3 ®¢, o, Ma.

A similar amalgamatiorronceptcanalsobe definedfor modelhomomorphisms.

Exactnespropertiedor institutionsformalisethe possibilityof amalgamatingnodelsof differentsigna-
tureswhenthey areconsistenbn somekind of ‘intersection’of the signaturegformalisedasa pushout
square).
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2.3.1. Representablesignature morphisms

The topic of this subsectiorrepresents novel catayorical generalisatiorof the conceptof first-order
variablesfrom corventionallogic to the frameawvork of institutions.

Let us have a brief look at the conventional conceptof variablein generalalgebraor first-order
logic (AppendixA). Givena signature> anda setof variablesX for Z, we may considerthe extended
signature> U X by regardingthe variablesas constants.Then eachX U X-modelis just a Z-modelM
plusaninterpretationof the elementsof X into M. But theinterpretationof X into M arein canonical
bijection with the Z-modelhomomorphismss(X) — M, where Tz (X) is the free Z-algebraover X.
Therefore,a ~ U X-modelis the samewith a Z-modelhomomorphisnis(X) — M with M a Z-model.
This canbe regardedas a cateyorical propertyof the signatureinclusion~ <— 2 U X, suggestinghe
following institution-indepedent definition:

Definition 2.8. Let (Sign, SepMoD, =) be aninstitution. A signaturemorphismg: % — %' is repre-
sentablef andonly if thereexistsa Z-modelM,, (calledthe representatiorof ¢) andanisomorphismig,
of cateyoriessuchthatthe following diagramcommutes:

MoD(Z') —2 (My/MoD(E))

m lforgetful

MoD(Z)
If therepresentatiolV is finitely presentedn MoD(Z), we saythat@is finitary representable

Informally, this definition saysthat eachZ’-modelis just a Z-modelplus aninterpretationof the repre-
sentatiormodelinto the Z-model.

Example 2.2. In theinstitutionof first-orderlogic (AppendixA) eachextensionof signaturesp: (S F,
P) — (SF UX,P) only addingconstantsX to F is representabley the free (S, F, P)-model over the
addedconstant. If X is finite, thengis finitary representable.

Similarly, signaturemorphismsonly addingconstantarealsorepresentablan rewriting logic (Ap-
pendixB), partialalgebra(AppendixC), andhiddenalgebra(AppendixD).

Representableignaturemorphismscaptureexactly the idea of first ordervariablesin an abstract
institution-indepedent setting. Extensionsof the signatureswith higherordervariables(suchassort,
operationyelationsymbols etc.) arenot representablsignaturemorphisms.

Although the next resultsare not usedanywherein this paper it shavs somebasicpropertiesof
representablsignatureanorphisms.

Proposition 2.1. The modelreductfunctor MoD(¢) correspondingdo a finitary representablsignature
morphismg: X — ' presere finitely presentednodels,i.e. M'[ is finitely presentedor eachfinitely
presented’-modelM’.

Proof:
Let (J, <) beadirectedposet]etA: (J,<) — MobD(Z) bea(J, <)-diagramof Z-modelsandletp: A=
B beits colimit. Assumea Z-modelhomomorphisnf : M’[, — B.
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Definent =iy(M’) : My — M’[, andthe>'-modelB' = i;l(m; f). NoticethatB' is anexpansion
of Balong@andthat f' =i *(f): M’ —B'.

Ontheotherhand,becauséV, is finitely presentedthereexistsi € J suchthatfor eachi < j there
existsh! : My — Aj suchthath!; ! = nt; f. This determinesa final sub-poset) C J consistingof all
elementgreaterthani. Foreachj € J let A| = i;l(hj), henceeachA; is an expansionof A; along .
Thereforethe sub-diagranof A determinedy J; lifts to a (J, <)-diagramA’ : (J,<) — Mob(Z'), and
alsothe partof the co-coneu determinedy J; lifts toaco-conel : A' = B'.

Becausd J;, <) is afinal sub-posebf (J, <), the partof the co-coneu determinedby J; is still acol-
imiting co-cone(see[23]), andbecausehe forgetful functorMe/MoD(X) — MoD(%) createdlirected
colimits,we deducethatl : A’ = B' is adirectedcolimit.

Now, becauseM’ is finitely presentedve have thatthereexists j € J andg: M’ — Aj suchthat

g =t Thereforegy: M'[— Aj suchthatg; W = f. ]

The propertiesdescribedn Proposition2.2 belov are expectedcomposabilitypropertiesfor repre-
sentablesignaturemorphisms.Thesepropertiesarestatedn two versions:a generabneanda ‘finitary’
one.Theinformalmeaningof thefirst threeitemsof Propositior2.2belaw is thatthe‘union of variables’
exists, is associatie, andhasthe ‘empty set’ asidentity, while the meaningof the fifth item is thatthis
‘union’ is commutatve too.

Proposition2.2. In ary institution

1. thecompositionof [finitary] representablsignaturenorphismsds [finitary] representable,

2. theidentity signaturemorphismis [finitary] representabld andonly if the correspondingigna-
ture hasinitial models,

3. if eachsignatureof the institution hasinitial modelsthenthe [finitary] representablsignature
morphismdorm a subcatgory of the catayory of signatures,

4. if ¢; @is [finitary] representabland¢ is representablehengis [finitary] representablegnd

5. if theinstitutionis semi-&actandits cateyoriesof modelshave finite coproductsthenthe subcat-
egory of [finitary] representablsignaturemorphismscreatepushouts.

Proof:

1. Considerthe following representablsignaturemorphismss % 5/ ﬂ) . We shav that ¢ ¢ is
representedy My [, whereMy is therepresentatioof ¢
For eachx’-modelM”, we defineigy (M") = ig(M") .
Ontheotherhand givenary m: (Mg)[o— M, wedefinei & (m) =i *(i
h;min My/MoD(Z) whereh = ix(Mgy)).

-1

¢ (M) (noticethatm: h—
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Moreover, if both@ andg arefinitary representablehenby Proposition2.1 we have thatMy [ is
finitely presentednenceg; ¢ is finitary representable.

2. isimmediateand3. follows immediatelyfrom 1. and2.

4. Letdp: Z— > andg: ¥ — 2", LettheZ-modelM, betherepresentationf ¢ andMy., bethe
representationf ¢; @. Let my = i¢(iqj;}p(1M¢;(p) lo) © Mg — My.o. Theconclusiorfollows by noticingthat
My:o/MOD(Z) is isomorphicto my/(My/MOD(Z)).

Thefinitary casefollows by noticing thatmy, is finitely presentedn My /MoD(X) asanimmediate
consequencef thefactthatMy,, is finitely presentedn MoD(Z).

5. Considetthefollowing pushoutof signaturenorphisms

T—2

N

25 >/

We needto prove that@, andg, arerepresentablesheng, andg, arerepresentable.

Let the Z-modelM, representp, andthe Z-modelMy, representp,. Let My, o Mg, + Mg, & Mg,
bethecoproductof My, andMg,. Thenthe conclusiorfollows because

¢ thefollowing diagramof forgetful functorsis a pullback(we leave this simplecalculationasexer
ciseto thereader):

MoD (%) Mg, /MOD(Z)

| |

Mg,/MOD(Z) <—— mp/(Mg,/MOD(Z)) =~ (Mg, + Mg,) /MOD(Z) =~ my/ (Mg, /MOD(Z))

[For the finitary casewe notice that My, + My, is finitely presentedas a coproductof finitely
presentednodels which furtherimpliesthatm, andm, arefinitely presented.and

¢ by 4. themediatingmorphismdor representableo-conesare[finitary] representable.

3. Internal Logic

In this sectionwe definea methodof describingthe sentencesupportingour resultson institution-
independentltraproducts.If we fix the institution, theseare sentence®f this institution ratherthan
beingnew sentencesonstructedn top of the sentencesf the original institution via someinstitution-
independenbuilding operationssuchaslogical connectres and someform of quantification(suchas
[36] doesfor the sentenceslefining the quasi-arietiesof modelsin arbitrary institutions). This de-
scriptionof thesentencesupportingour resultsoninstitution-indepedent ultraproductswill allow usto
noticeeasilythat,in mostof theinstitutionsusedin algebraicspecificatioror computingscienceheory
thesesentencesarein factall the sentencesf theinstitution; this givesa wide rangeof applicationgo
theresultsof this paper
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At the basiclevel we have the basic sentencesvhich arethe basicconstituentdor the sentences
supportingour resultson institution-indepadent ultraproducts.The comple level is obtainedfrom the
basiclevel by iterationsof logical connectivesandan abstractform of quantification(both universally
andexistentially). Althoughthis descriptionmight have a strongfirst-orderflavour, it goeswell beyond
corventionalfirst orderlogic becauseof two reasons.On the one hand, this is donein an arbitrary
institution, almostwithout ary technicalrestrictions. On the otherhand,the level of generalityof our
conceptof quantificationis muchhigherthanthe corventionalquantificationwith first-ordervariables,
particularcorventionalcasesncluding secondrderquantificationfor example.

3.1. Basicsentences

In the actualinstitutions, the basicsentencesre the simplestsentencesnatchingthe structureof the
modelsof the institution, i.e. which are presered by the model homomorphismsand they usually
constitutethe bricksfrom which thecomplex sentenceareconstructedy usinglogical connectiesand
guantification.

Notice that the satishction of basicsentencess a particularcaseof ‘injectivity’ satishctionin the
senseof [4].

Definition 3.1. Givena signatureX, a 2-sentencee is basicif thereexists a Z-modelM, suchthatfor
eachz-modelM, M |=s eif andonly if thereexistsamodelhomomorphisnMe — M.

We say that an basic sentencee is finitary if the model Mg is finitely presentedn the cateyory
MobD(Z) of Z-models.

Remark 3.1. In ary institution basicsentencesire presered by modelhomomorphismsi.e., N = e
when&er M = e andthereexistsa modelhomomorphisnh: M — N.

Example 3.1. First-oderlogic.

In the caseof first-orderpredicatdogic with equality(AppendixA), the groundatomsarefinitary basic.
Recallthatagroundatomis eitheranequalitybetweergroundtermsor arelation(predicatewith ground
termsasarguments.

If we considera groundequation(v0) t = t' for analgebraicsignature(S F), thenlet Tisg)/E be
the (quotient)initial (S F)-algebrasatisfying(v0) t = t’. In this caseE is the congruencegenerated
by the pair (t,t'). Then,analgebraA satisfies(V0) t = t' if andonly if thereexistsa homomorphism

If we considera groundatomicrelationTi(t; ...t,) for afirst-orderlogic signature(S F,P), where
t1,...,tn is alist of F-terms,thenwe considerthe (S F,P)-model T suchthatasan algebra,T is the
initial term (S F)-algebraTsr), andwhich interpretsall relationsymbolsasthe emptyrelationexcept
Tn={(t1,...,tn)}. ThenM = 1(t;...t,) if andonly if thereexistsa homomorphisnil — M, for each
(S F,P)-modelM.

Finite conjunctionsof groundatomswould alsobe finitary basic,but in the caseof infinitary logic,
infinite conjunctionsof groundatomswould be only basic.

Example 3.2. Rewriting logic.
In the caseof the rewriting logic (seeAppendixB), the (atomic)groundequationsandthe groundtran-
sitionsarefinitary basic.
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For example,given a groundtransition(V0) t => t' for a signaturez, let (Ts,<) bethe preorder
modelwhereTs is the initial term Z-algebra,and < is the preordercompatiblewith the Z-operations
generatedy the pair (t,t'). Onecannoticeeasilythatfor eachpreordemodelM, M =5 (V0)t => t’
if andonly if thereexistsapreordemodelhomomorphisn{Ts, <) — M.

Example 3.3. Partial algebra.
In the caseof partial algebra(Appendix C), we shav that the stronggroundequationsare basic. Let
(VD) t = t' be a strongground (S TF, PF)-equationfor a partial algebraicsignature(S TF,PF). By
PropositionC.1, considerthe initial total TF UPFU L-algebraTrrypruy rugi—ry for the theory I U
{(V0) t = t'}. Its correspondingpartial (S TF,PF)-algebraby PropositionC.1 is (the total algebra)
Treupre, WhereE istheTF UPF-congruencgeneratedy (t,t') ontheinitial TF UPF-algebralteypr.

Notice that, by PropositionC.1, for eachpartial algebraA, A = (V0) t =t if andonly if A =
(V0)t = t'if andonly if thereexistsatotal (TF UPFU L)-homomorphisnh : TrrUPFUL FUft=t} — A
if andonly if thereexistsa partial (S TF, PF)-homomorphismh: Treupre — A

Finally, a stronggroundequationis finitary basicif the signatures finite. Thereasorfor thisis that
in thiscase is finite andthereforeTrrpry. rufi—ry is finitely presentedwhich meanghat Trryupre is
finitely presentedndthusfinitely presentedhn the cateyory of partial (S, TF, PF)-algebras.

In theweakversionof partialalgebrathe groundexistenceor strongequationsarebasicby consid-
eringtheinitial partialalgebratoo.

3.2. Logical connectives

The institution-indepedent approachto logical connectiesis straightforvard. We only give herethe
definitionsfor negation and conjunctionbecauseall otherlogical connectres canbe generatedrom
these.

Definition 3.2. GivenasignatureX in aninstitution [,

the Z-sentence-eis thengyationof ewhenM =5 —eif andonly if M 5 e, for eachz-modelM,
and

theX-sentenceA € is theconjunctionof the Z-sentences ande’ whenM =5 eA € if andonly if
(M =5 eandM =5 €) for eachz-modelM.

Theinstitution

hasnegationif andonly if for eache € Ser{Z) thereexists€ € Ser{Z) suchthate’ = —e, and
hasconjunctionif andonly if for eache/,€’ € Ser{Z) thereexistse € Ser(Z) suchthate=€ A€’

for eachsignaturex.

The institution-indepedent semanticsof other logical connectres, such as disjunction, implication,
equialence,etc. canbe defineddirectly in a sameway. This canalsobe extendedto infinitary ver
sionsof thelogical connecties,suchasinfinitary conjunctionsandinfinitary disjunctions.
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3.3. Quantifiers

Definition 3.3. Givenasignaturemorphismy : X — %', aZ-sentencéVy)€ is universal x-quantification
of theZ'-sentence if andonly if for eachZ-modelM

M =5 (V)€ if andonly if (M’ =5 € for all Z'-modelsM’ with M'[y = M)

Existentialquantification(3x)€ canbedefinedsimilarly by replacingall’ by ‘some’in thedefinitionof
theuniversalquantification.

This very abstractand generalconceptof quantification,introducedfirst time by [36], for example,in
the particularcaseof classicalmodeltheoryincludesthe secondorderquantification. Notice that this
internalisationof the quantificationdoesnot usethe ordinary conceptof openformulaeandvaluations
(of unboundedrariables) but ratherconsiderghe“variables’aspartof the signatureandtreatsthe “val-
uations”as model expansionsalongthe signatureextensiondefinedby the additionof the “variables”
to thesignature.This is exactly whathappensn applicationsbecauseachvaluationof variablesinto a
modelcanbe regardedasan expansionof the modelto the signatureextendedwith the variables.Oth-
erwisesaid,for quantificatiorwe needonly to marka partof the signatureover which the quantification
is done.Althoughthis way of thinking aboutvariablesandquantificationis well known in conventional
mathematicalogic [33, 21] it is quiterarein the usualpresentationsf classicalogic.

Notice thatalthoughin classicalone sortedfirst orderlogic universalandexistentialquantifiersare
interdefinableby (3x)p = —(VX)—p, in generathisis notalwaystrue.

Remark 3.2. In eachinstitution((3x)p)* C (=(VX)—p)* for eachx’-sentenc@ andeachsignaturemor
phismy: ~ — %', but

(3x)p and—(VX)—p aresemanticallyequivalentif andonly if x is conserative.

Example 3.4. Givena signature(S F, P) in first orderlogic, the ordinaryfirst orderquantificationby a
setX of variabless the samewith the x-quantificationwherey : (SF,P) — (SF UX,P). Noticethat
in this casey is representabléefinition 2.8), andis finitary representablerhenX is finite.

Thecasesvheny : (SF,P) — (S,F’,P') is anarbitrarysignaturanclusioncorrespondo the sec-
ondorderquantificatiorby theoperations='\ F andpredicategrelations)P'\ PwhenS= S, andextends
alsoto sort quantificationwhenS C S. ‘Weak’ secondorderquantificationonly over finite subsetof
the modelscanbe obtainedby enrichingthe signatureswith (1-ary) symbolsdenotingfinite subsetf
modelsand,andconsequentlyhe modelshave to interpretthemaccordingly

Quantificationsigherthansecondrdercanbemodelledby Definition 3.3 providedthattheclassical
conceptof first orderpredicatelogic signatureis extendedin orderto accommodatsymbolsdenoting
higherorderstructures.

While quantificationin rewriting logic (AppendixB) andhiddenalgebra(AppendixD) aremodelled
by Definition 3.3in the sameway asin first-orderpredicatdogic, somespecialnoticeis neededor the
caseof partialalgebra.

Givenapartialalgebrasignaturg(S TF, PF) (AppendixC), the ordinaryfirst orderquantificationby
asetX of variableds thesamewith thex-quantificationwherey : (S TF,PF) — (STFUX,PF) isthe
signaturanclusion. Notice thatthe variablesX aretreatedastotal ratherthanpartial constantsymbols
becauséhevaluationsof thevariablesin partialalgebraaretotal. Thisis possibledueto having explicit
declarationdgor total operationsaspartof the partialalgebrasignatures.
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4. Model Ultrapr oductsin Institutions

4.1. Categoricalreducedproducts

Thereducedproductconstructionfrom classicalmodeltheory (see[7]) hasbeenprobablydefinedcat-
egorically for the first time in [26] and hasbeenintensvely usedin abstractmodeltheoretic[3, 4] or
cateyorical logic [24, 25] works. The equivalencebetweenthe catgory theoreticandthe settheoretic
definitionsof the reducedproductsis shavn in [19]. Let usrecall herethe cateyory theoreticdefinition
of thereducedproducts:

Definition 4.1. Let C be a catgory with small productsand directedcolimits. Considera family of
objects{Ai}ic;. Eachfilter F over the setof indices| determinesa functor A : F — C suchthat
AEdCd)=prs: MicrA = iesA foreachd,J’ € F with J C J', andwith py ; beingthecanonical
projection.

Thenthereducedoroductof {A; }ici moduloF is thecolimit p: Ar = [ A of thefunctorAr.

V]

Miey A Mics A
N
MeA

If F is ultrafilter thenthereducedproductmoduloF is calledanultraproduct

Remark 4.1. NoticethatF is adirectedposethenceundertheassumptionsf Definition4.1thereduced
productsalwaysexist.

Example 4.1. For eachsignaturdn first-orderpredicatdogic (AppendixA), rewriting logic (Appendix
B), partial algebra(AppendixC), or hiddenalgebra(AppendixD), its cateyory of modelshasreduced
products.

In all thesecasesthe forgetful functor from the cateyory of modelsto the cateyory of mary-sorted
setsmappingeachmodelto its underlyingcarrier createssmall productsanddirectedcolimits. While
this obsenationis olvious in the caseof the products,in the caseof the directedcolimits it is a direct
consequencef the finitenessof the arities of the operationor relation symbolsof the signature(see
Proposition2, ChaptenX of [23] for the caseof [varietiesof] mary-sortedalgebra).

Noticealsothatin the caseof the partialalgebrasthis agumentis obtainedvia PropositionC.1.

Definition 4.2. LetG: C' — C beafunctorandF beafilter overasetl. Then

e G preservesthe reducedproduct |f : Bg = [1g Bi (for {Bj}ici a family of objectsin C'), if
HG: Bgr;G= [r G(B) is alsoareducedoroductin C of {G(B;) }ici, and

e Glifts thereducedproductu: Ar = [ A (for {Ai}ic) afamily of objectsin C), if for eachobject
Bin C suchthatG(B) = [ A, thereexists{Bi }ic| afamily of objectsin C' suchthatG(B;) = A
for eachi € | andthereexistsareducedproducty : B = B suchthat/G = .

Givenaclass¥ of filters, we saythatfunctor preserves/liftsf -reducedproductsif it preseres/liftsall
reducedoroductsmoduloF for eachfilter F € .
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In generaljn the applicationsthe preseration of reducedproductsis an easypropertythatholdsnatu-
rally without otherconditions.

Fact 4.1. Any functorpreservingsmall productsanddirectedcolimits preseresreducedproducts.

Example 4.2. Any signaturemorphismin first-orderpredicatdogic (AppendixA), rewriting logic (Ap-
pendixB), partialalgebra(AppendixC), andhiddenalgebra(AppendixD), presere? thereducedorod-
uctsof models.

The modelproductsare presered by the signaturemorphismsbecausén all theseinstitutionsthe
signaturenorphismsareliberal andall limits arepresered by right-adjointfunctors[23].

Thedirectedcolimits of modelsarecreated andthuspresered, by the signaturemorphismsby the
generalisatiof the agumentthattheforgetful functorsfrom the cateyoriesof modelsto the cateyories
of mary-sortedsetsmappingeachmodelto its underlyingcarriercreateslirectedcolimits (seeExample
4.1).

Althoughin the literaturethereare quite establisheadtonceptf lifting of colimits (see[1] for ex-
ample),thereseemdo be no standardcatayorical notion for the lifting notion of Definition 4.2. Also,
by contrastto the preseration of the reducedproducts,in general,only a restrictedclassof signature
morphismdlift the reducedproductsin the applications. The following resultgives a generalclassof
signaturemorphismghatlift thereducedoroductsin ary institution.

Proposition4.1. In ary institution the finitary representableonserative signaturemorphismdlift all
reducedproducts.

Proof:

Considera finitary representableonserative signaturemorphismg: ~ — ¥'. Let My bethe Z-model
representing. Recallthatthereexistsancanonicaisomorphisnig, of catgoriessuchthatthefollowing
diagramcommutes:

MOD(5') —% (Mg/MOD(E))

m J{forgetful

MobD(Z)

Considera family {A }ici of Z-modelsandafilter F overl. Letu: Ar = [ Ai bethe corresponding
reducedbroductandlet B bea >’-modelsuchthatBl, = [ A

Letiy(B) =b: My — [ A. BecauseMy is finitely presentedthereexistsJ € F andby : My —
[Tics A suchthatby; g = b. Foreachj € J, letbj = by; py j, wherepj : []icgA — Aj istheprojection
from the productto its j-th component.Thenwe defineB; = i;l(bj) for eachj € J and,becausep is
conserative, let B; beanarbitraryexpansionof A to a>’-modelif i ¢ J. Let bj = iy(B;) for eachi €1,
andfor eachd’ € F let (by theuniversalpropertyof theproduct)by : My — [icy Ai betheuniquearronv
suchthatby; py ; = by for eachi € J'. If we shawv thatp is a colimiting co-conedefiningthe reduced

SNoticethatfor reason®f simplicity of terminologywe inaccuratelyattribute the preseration of reducedoroductsof models
to signaturemorphismsratherthanto their correspondingnodelreductfunctors. Suchabbreiation of terminologyhasbeen
introducedmoregenerallyby Definition 2.1.
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productb = [¢ b in My/MoOD(Z), thenthis propositionis provedbecaus®f the canonicaisomorphism
betweerMy/MoD(X) andMoD(Z').

Micany A

SARIN Py oy
Hony
Pa,j

Al s MieaA ——> e A ~—"— Ticy A

Mo

We first shaw thatp: be = bis aco-conewherebg : F — My/MoD(Z) is thefunctorwith bg (J') =
by for eachJ’ € F and with bg(J' C J”) = py y. Consideran arbitrary J' € F. Then by;py =
by, Py 30y Many = biny s luny = by} Paany s Many = by; Wy = b. (Noticethatherewe have usedthecrucial
factthatdNJ’' € F becausdothJ,J € F andeachfilter is closedunderfinite intersections.)

Now consideranotherco-conev : br = b with b’ : My — A'. By theforgetful functor
My/MoOD(Z) - MoD(Z), v : As = A’ isaco-conethereforeby the colimit propertyin MoD(Z), there
existsa uniqueh: []gAi — A suchthatp;h =v. All we still have to prove is thath: b — b in
My/MoOD(Z). Butwe have thatb; h = by; y;h=by;vy =D O

Example 4.3. Any signaturenclusion> — > U X in first-orderpredicatdogic (AppendixA), rewriting
logic (AppendixB), partial algebra(Appendix C), and hiddenalgebra(AppendixD) lifts the reduced
productsof modelswhereX is afinite setof arbitraryconstantandwhenX doesnotintroducea constant
onasortwhich doesnothave termsin Z.

Suchsignaturenclusionsarefinitary representabley the free Z-modelover X, andthe factthat X
doesnot introducea constanton a sort which doesnot have termsin X guaranteeshat> — 2 U X is
consenrative too.

4.2. The fundamental theorem

For this sectionwe assumaea fixedinstitution (Sign, SepM oD, =) suchthatall its cateyoriesof models
have small productsanddirectedcolimits.

Definition 4.3. Let F beaclassof filters. For eachsignaturex, a Z-sentence is

e preservedy ¥ -reducedactorsif [ A =z eimplies{i € | | A =z e} € F,
e preservedy ¥ -reducedproductsif {i € | | A =5 e} € F implies[]g Ai =5 e, and

for eachfilter F € 7 overasetl andfor eachfamily {A }ic; of Z-models.
A sentencés atos-sentencavhenis presered by all ultrafactorsandall ultraproducts.

Thefollowing theoremis the fundamentatesultof this paper

Theorem4.1. For ary class¥ of filters,

1. Thebasicsentencearepreseredby all reducedproducts.
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2. Thefinitary basicsentencearepreseredby all reducedporoductsandall reducedactors.

3. Thesetof sentencepreseredby ¥ -reducedoroductss closedunderexistentialx-quantification,
wheny is conserative andpreseres ¥ -reducedoroducts.

4. Thesetof sentencegpresered by ¥ -reducedfactorsis closedunderexistentialx-quantification,
wheny lifts #-reducedproducts.

5. The setof sentencepresered by 7 -reducedfactorsandthe setof sentencepresered by 7 -
reducedproductsarebothclosedunderconjunction.

6. Thesetof sentencepreseredby ¥ -reducedoroductss closedunderinfinite conjunctions.

7. If asentencés preseredby ¥ -reducedactorsthenits negationis presered by ¥ -reducedorod-
ucts.

And finally, if we furtherassumehat F containsonly ultrafilters,

8. If a sentencas presered by ¥ -reducedproductsthenits negationis presered by ¥ -reduced
factors.

9. Thesetof sentencepresered by both F -reducedroductsandfactorsis closedundernegation.

Proof:
1. LetF beary filter over| andlet {A }ici beafamily of of Z-modelsfor asignature>.

Let e beabasicsentencendconsiderd = {i € | | A |=5 e}. Thereexistsamodelhomomorphism
Me — A for eachi € J, thereforeby the universalpropertyof the productsthereexistsa modelhomo-
morphismMe — [Ticg Ai. Whencomposinghiswith [ics A B, M A, we getamodelhomomorphism
Me — [ Ai, whichimpliesthat [ A = e.

2. Considera finitary basicz-sentencee. By 1. we have to prove only that e is presered by
reducedfactors. If [] A = e thenthereexists a modelhomomorphismMe — [ Ai. SinceMe is
finitely presentedthereexistsa modelhomomorphisnMe — [icy Al for somenonemptyd € F, which,
by the productprojections,meansthat A; |= e for all i € J. Therefore{i € | | A/ =5 €} € F because
JC{iel|A =s¢e}.

3. Letx: Z — X' beasignaturemorphismwhich is conserative and preseresreducedproducts.
Let € bea X'-sentencepresered by reducedproducts,andlet e be an existentialx-quantificationof €.
Considerafilter F € F overasetl, andlet {A }ic; beafamily of Z-modelssuchthatd = {i € | | A |=5
e} € F. Wehaveto provethat[] A =5 e

For eachi € J let B; bea >’-modelsuchthatB;[y = A andB; =5 €. Becausg is consenative, for
eachi ¢ J, let B; bea X'-modelsuchthatB;[y = A.. Because is presered by reducedproductsand
becausd C {i € | | Bj = €} andF is filter, we have that []¢ Bj |=s €. Becausg preseresreduced
productswe have that ([g Bi) [y = [1r A, whichimpliesthat[] A =5 €.

4. Letx: X — %' beasignaturemorphismwhich lifts reducedproducts. Let € be a Z'-sentence
presered by reducedfactors,andlet e be an existentialx-quantificationof €. Considerafilter F € F
over a setl, andlet {A }ic; be afamily of Z-modelssuchthat [ A =z & We have to prove that
{iel|AEsefeF.

Let B bea x-expansionof [¢ Ai suchthatB |=5 €. Becausg lifts reducedproductsfor eachi € |
thereexists a 2'-model B; suchthat By = A andsuchthat [z B; = B. Becauseg is presered by
reducedactorsJ={i €l |BiEs €} e F. ButJC {i €l | A =5 €}, therefore{i € | | Az e} € F
becausé- isfilter.

5. Thisfollows from thefollowing:
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e {icl|AEe={icl|AE€EIn{icl|AEF€Y},
e JNJ'eF if andonlyif J,J" € F, and
e [ A =eif andonlyif [ A =€ and[]e A = €.

wherethe sentence is the conjunctionof € ande’ in asignaturez, F € ¥ is afilter over a setl, and
{Ai}iel is ary family of Z-models.

6. Givena signatureX, for eachfamily {q }c. of Z-sentencepresered by ¥ -reducedproducts,
assumdhat{i € | | A =g foreachl € L} € F, whereF € ¥ is ary filter over asetl and{A }ic is
ary family of Z-models. Thenfor eachl e L, {ic | |A=a} D {icl|A =g foreachl €L} €F,
thus{i €| | A |=a} € F, therefore[]¢ A |= & for eachl € L.

7. Let e bethe nggationof a Z-sentence for a signature> suchthat€ is presered by ¥ -reduced
factors.Let F beary filter in # overasetl andlet {A}ici beafamily of modelssuchthatd = {j €| |
Aj |= e} €F.

We have to prove that[]g A [= e. If we assumehe contrary it meansthat[]g A |= €. Since€ is
preseredby 7 -reducedactorsJ = {j € | | Aj =€} € F. Becausé- is apropeffilter JNJ’ € F is not
empty hencewe canfind j suchthatA; = eandA; = €, whichis impossible.

8. Lete bethenegationof € suchthat€ is preseredby ¥ -reducedproducts.Let F beary ultrafilter
in F overasetl andlet {A}ic; beafamily of modelssuchthat[JcAil=e If {jel |Aj=¢e} €F
thenits complementj € | | Aj = €} belongsto F (becausé- is ultrafilter). Because is presered by
F -reducedproducts thiswould imply [ Ai = € which contradicty]r Ai = e, therefore{j €| | A} |=
e} € F.

9. From7. and8. O

Thefollowing Corollarycanberegardedasaninstitution-indepadert generalisatiomf theso-called
‘Fundamentallheoremon Ultraproducts’or first-orderpredicatdogic [7], originally dueto £.05[22].

Corollary 4.1. Thetos-sentencesontainall finitary basicsentenceandare closedunderlogical con-
nectivesandary x-quantificationfor which x is conserative andpreseresandlifts reducedoroducts.

Proof:
Althoughthis Corollaryfollows directly from Theoremd.1,a specialnoticeis neededor thecasewhen
theinstitution doesnot have negationsof its sentencesThis is neededecauséhe universalquantifica-
tion canbe expressedn termsof existentialquantificationandnegation,andall logical connectiescan
alsobe expressedn termsof conjunctionsandnegation.

For example, consider(V¥x)e an universal x-quantificationof a tos-sentencee. Then (Vx)e =
—(3x)—e in the closured" undernegatiorf of the original institution 0. Therefore(Vx)e is a t.0s-
sentencén (07, whichimpliesthatit is at 05-sentencén theinstitution O too. O

Corollary4.1 canbespecialisedy usingPropositiord. 1:

Corollary 4.2. Thetos-sentencesontainall finitary basicsentenceandareclosedunderlogical con-
nectvesandary x-quantificatiorfor whichx is conserative finitary representablandpreseresreduced
products.

40Obtainedby addingthe negationsof all sentence necessary
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Definition 4.4. An institutionis atos-institutionif andonly if all its sentencearetos-sentences.

Example 4.4. First-orderlogic (AppendixA), rewriting logic (AppendixB), and partial algebra(Ap-
pendixC) aret.os-institutions.This follows from Corollary 4.2 by noticingthat:

e eachsentencef first-orderandrewriting logic andeachstrongequationin partialalgebrais ob-
tainedfrom thefinitary basicsentenceé&f. Examples3.1,3.2,3.3py conjunctionjmplication,and
universalguantificationand,the existenceequationsn partialalgebraareobtainedvia Proposition
C.1from finitary basicsentenceby conjunctionnegation,anduniversalguantificationwhere

¢ the quantificationof all thesesentencess finitary representablécf. Example3.4 and Example
4.3) andpreseresthereducedoroducts(cf. Example4.2).

The sameobsenation holds when the sentence®f thoseinstitutions are extendedto full first-order
sentencebuilt ontop of thecorrespondindpasicsentences.

Ontheotherhand,in generalthe behaioural sentencem the hiddenalgebrainstitution (Appendix
D) arenottos-sentenceslhisis dueto theinfinitary natureof thebehaioural satisaction,becauseach
groundbehaioural equation(V0) t ~ t’ is semanticallyequialentto the setof (universally quantified
strict) equations{(VX) c[z/t] = c[z/t'] | ¢ visible behaioural context} whereX denoteghe setof the
variablesof c.

However, we canprove thatexistentially quantifiedoehaioural unconditionalkequationgalsocalled
behavioual querie$ [16] are presered by ultraproducts. This is a consequencef the fact that the
universally quantified(strict) equationsare L. os-sentenceand of 6. and3. of Theorem4.1for ¥ the
classof ultrafilters.

5. SomeApplications

In this section,the institutionsareimplicitly assumedo have small productsanddirectedcolimits for
their catayoriesof models.

5.1. ri sentences

Recall[7] that a x}-sentencen first-orderlogic is a second-ordesentenceall of whoserelationand
operationguantifiersoccurat the beginning andareexistential. The following Definition generaliseghe
concepbf £i-sentenceo ary institution:

Definition 5.1. In ary institution, e is a x}-sentencsf it is an existentialx-quantificationof a .05 sen-
tencewherey is ary conserative reducedoroductspreservingsignaturenorphism.

Thefollowing Corollaryfollows from Theoremd.1andcanberegardedasaninstitution-indepedert
generalisatiorof the resultof [7] statingthat the £}-sentencesn first-orderlogic (Appendix A) are
presered by ultraproducts. Notice that, unlike in the particularcaseof first-orderlogic, this result
follows directlyfrom thefundamentatheorem4.1 dueto our generakoncepiof quantification.

Corollary 5.1. In ary institutioneachzi-sentencés preseredby ultraproducts.

We encouragehe interestedreadergo explore the significanceof the £i-sentences otherinstitu-
tionsof interestotherthanfirst-orderlogic.
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5.2. Compactness

The following resultis not only aninstitution-indepadent generalisatiorof the compactnessia ultra-
productsresultof [14] (seealso[7]), but it is alsoobtainedfor a moregeneraklassof sentencesyhich
for examplein the particularcaseof classicallogic (AppendixA) includea classof second-ordesen-
tenceg(seeSection5.1) or in the caseof hiddenalgebra(AppendixD) includebehaioural queries(cf.
Example4.4).

Theorem5.1. In ary institution,let E beasetof sentencepreseredby ultraproductsLet| bethesetof
all finite subset®f E. Considera modelA; for eachfinite subsei € |. Thenthereexistsanultraproduct
Mu A suchthat[y A = E.

Proof:
LetS={{i €l |pe€i}|p € E}. Shasthefinite intersectiorpropertybecause

{P1,P2,--,pnt€fiel |preiln{iel|pzeiln---n{iel|pnei}

By the'Ultrafilter Theorem’2.1,letU beanultrafilter suchthatSC U.

Foreachp € E,wehavethat{iel |[pei} C{i€l|A Ep}. Thismeanghat{i €l |A = p} eU.
Because is preseredby ultraproductsit impliesthat[]y Ai = p. Because € E is arbitrary it follows
that[Jy A = E. 0

Corollary 5.2. Let E beasetof sentencepresered by ultraproductsandlet e beasentenceresered
by ultrafactorssuchthatE = e. Thenthereexistsafinite subse€’ C E suchthatE' = e.

Proof:
Let usassumehe contrary i.e., thatfor eachfinite i C E, i [~ e. This meanghatthereexist modelsA;
suchthatA; =i but A i~ e

Let | bethe setof all finite subsetof E. By Theorem5.1, thereexists an ultraproductsuchthat
MuA E E. Therefore[)y Ai = e. Becausee is presered by ultrafactors,{i € | | A |= e} € U. But
{i e I | A =€} = 0 whichis acontradictionsinceasultrafilterU is a properfilter. O

Definition 5.2. An institutionis compactif for eachsetof sentence& andeachsentence, if E = e
thenthereexistsafinite subse€’ C E suchthatE' |- e.

Corollary 5.3. Any Lo§-institutionis compact.

Example5.1. By Exampled.4,first-orderlogic, rewriting logic, andpartialalgebraarecompact.These
resultsare expectedobecausefor example,first-orderlogic andrewriting logic arecomplete.The com-
pactnessesultsinvolving £} -sentenceareprobablylessusual(seeCorollary5.1): “if E = ewhereE is

asetof zi-sentenceande is ary sentencethenthereexistsafinite subse€’ C E suchthatE’ = e”
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5.3. Axiomatizability

Theresults(andproofs)of this sectionareinstitution-indepedert generalisationsf the basicaxiomati-
zability resultsin first-orderlogic of [14] (seealso[7]).

Theorem5.2. Consideran institution that hasnegation and conjunctionand suchthat eachsentence
is presered by ultraproducts. Then a classof modelsis elementanyif andonly if it is closedunder
ultraproductaindelementaryequivalence.

Proof:
Theimplicationthatary elementaryclassof modelsis closedunderelementaryequivalenceandultra-
productdollows immediatelyfrom Remark2.1andthefactthateachsentencés preseredby ultraprod-
ucts.

For theoppositamplication,consideraclassof modelsk closedunderultraproduct@ndelementary
equivalencelLet E = K*. We provethat X = MoD(Z,E).

Let B€ MoD(Z,E). Considerl the setof the finite subsetof {B}*. For eachi € I, thereexists
A € X suchthatA; =i. (Otherwisefor all A€ K, A= —(e1A--- A&y), wherei = {ey,...,en}, which
impliesthat—(e; A --- A ey) € E, which furtherimpliesthatB = —(e; A --- A &,) which contradictsthe
factthatB |= e A--- Ae,.) By Theoremb.1,thereexistsanultrafilterU over| suchthat[]y A = {B}*.
Thisimpliesthat[]y Ai = B (otherwiseif thereexists a sentencee suchthat[]y A |= e but B [~ e, then
B = —e andtherefore[]y A = —e which is a contradiction).BecauseX is closedunderultraproducts
andelementanequialenceijt followsthatB € XK. O

Corollary 5.4. Consideran institution which hasnegation and conjunctionand eachsentences pre-
sened by ultraproducts. Then a classof modelsfor a signatureis the classof modelsof a finitely
presentedheoryif andonly if bothit andits complementareelementary

Proof:
If E={ey,...,en} is afinite setof Z-sentenceghenthe complementf Mob(Z,E) is MOD(Z, —~(e; A
For the oppositeimplication, considertM oD (Z, E) anelementaryclassof modelssuchthatits com-
plemenis alsoelementary\We shav by thatthereexistsEq C E finite suchthatMob(%,E) = MoD(Z, Ey).
If we assumehe opposite,thenfor eachEg C E finite there exists a model A in the complementof
MoD(Z,E) suchthatA = Eq. Let| = {Eo C E | Eg finite}. Becausesachsentenceas presered by
ultraproducts,by Theorem5.1, there exists an ultraproduct[]y Ai over | suchthat [y A = E and
A ¢ MoD(Z,E) andA; =i for eachi € |. But becausehe complemenbf MoD(Z, E) is closedun-
derultraproductsyve alsogetthat [y Al ¢ MoD(Z, E), whichis acontradiction. O

6. Conclusionsand Futur e Reseach

We generalisedhe ultraproductsmethodfrom classicalmodel theory to an institution-indepedert
framewvork basedon a very generalinstitution-indepedent treatmentof quantification Jogical connec-
tives,andbasicsentencegsimplestsentencegpresered by modelhomomorphisms)We shaved some
immediateapplicationsof the fundamentatheoremon ultraproductssuchas institution-indepedert
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compactnessaxiomatizability and xi-sentencesWe illustratedthe conceptsand resultsof our work
with examplesfrom four differentlogicsor institutions.

Our developmentof the institution-indepenent ultraproductsmethodalso leadsto several novel
conceptsn thetheoryof institutions,suchas

e representablsignaturenorphisms usedto abstracthe concepf first-ordervariablesto institu-
tions,and

¢ ageneralinstitution-indepadent treatmenif quantifiers,naturallyincluding higherorder quan-
tifiers - resultingin a simpler presentatiorof logics without openformulae, valuationsof free
variablesgetc.

This work opensup mary futureresearchtirections we mentionseveral of them:

e Extendthe areaof the institution-indepadent applicationsof the ultraproductsmethodstarted
in this paperby non-trivial generalisatiorof otherresultsfrom classicalor non-classicamodel
theory

A recenimportantexampleis givenby anovel institution-indepadert proofof Craiginterpolation
theorem[9] in dependencef avery generalandabstracform of Birkhoff-style axiomatizability
propertyof theactualinstitution. In thatwork the theoryof institution-indepeden reducedprod-
uctsplaysa crucialrole.

Anotherrecentlydevelopedapplicationconsistf aninstitution-indepedent proofof preseration
of modalsentenceby frameultraproductsgdonefor avery generapossiblevorldssemantic$13].
¢ Studyof themodeltheoreticpropertiesof the variousinstitutionsin usein algebraicspecification
andcomputingscienceby applyingtheinstitution-indepeneint ultraproductsnethod.
¢ Furtherexplore the significanceof our internallogic, especiallyour approachto quantification,

andapplyit for exportingothermethoddrom classicalmodeltheoryto aninstitution-indepadent
framework.

Theideason internallogic alreadyplay a centralimportantrole in [8], they have alsobeenused
for theinstitution-indepedent approacho possibleworlds semanticandmodalities[13], which
alsoextendsourinternallogic with variousmodaloperators.
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In the Appendixwe give very brief presentationsf a numberof institutionswhich areusedin this
paperasexamplesfor illustrating someof the conceptsntroducedby this work andsomeof the appli-
cationsof the main results. Although we assumesomefamiliarity with theseinstitutions,the readeris
encouragetb consulttherecommendedeferencegor moredetails.Also, somenotationsandterminol-
ogy usedin somesectionf the Appendixrely on notationsandterminologyfrom previous sections.

A. First-order Logic

Theroleof thisverybrief presentationf (mary-sorted)first-orderdogic with equalityis mainlyfor fixing
somenotationsandcornventions.A detaileddefinition of thefirst-orderlogic institution canbe foundin
[15].
Recallthata (mary-sorted)signaturen first-orderlogic is atuple (S, F, P) whereSis the setof sorts,
F is thesetof (Ssorted)operationsymbols,andP is the setof (S-sorted)relationsymbols.By F,_,s we
denotethe setof operationswith arity w andsorts, andby R,, we denotehe setof relationswith arity w.
GivenasignaturgS F,P), amodelM of first-orderlogic interprets:

e eachsortsasasetMg,

e eachoperatiorsymbolo € F,_,s asafunctionMg : My — Ms, whereM,, standgor Mg, x - -+ x Mg,
forw=s...5, and

e eachrelationsymbolmn e Ry asarelationM; C My,.
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Any ground (i.e., without variables)F-termt = o(t; .. .t,), whereo is an operationsymbol and
t1,...,ty aresubtermsgetsinterpretecasanelementVk in a (S F,P)-modelM by M; = Mg(My, ... My, ).

A (S F,P)-modelhomomorphisnm: M — M’ is anindexedfamily of functions{hs: Ms— M{}ss
suchthat

e hisaF-algebrahomomorphisnM — M', i.e.,h(Mg(m)) = M/ (h(m)) for eacho € F,_,s andeach
me My, and

e h(m) € M/, if me My for eachrelationtt€ R, andeachm e M,,.

Thesentencearethewell-known first-orderclosedformulee(includingequations)andtheir satishction
by the modelsis the well-known Tarskiansatistction (sege[15, 7] for details). In the mary-sortedcase
we restrictthe quantificationof the sentenceto conservativesetsof variablesfor asignaturej.e., which
do not have variablesfor the ‘empty’ sorts,which are sortsnot having termsin the signature. This
conditiononthequantificationin the mary-sortedcasewasnoticedfor thefirsttime in thecontext of the
completenesef mary-sortedequationalogic [17].

A signatue morphismo = (¢*°", ¢°°,@®) : (SF,P) — (S,F’,P') consistsof a function between
the setsof sorts@°": S— S, afunction betweerthe setsof operationsymbols¢®®: F — F/, anda
function betweerthe setsof relationsymbols@®: P — P’ suchthat ¢°P(Fy_s) C F(;)Sm(w) o) and
g®'(Py) C P! o) for ary stringof sortsw € S* andeachsortse S°

Givenasignaturemorphism@: (S,F,P) — (S,F’,P'), thereductM’[, of a (S,F’,P’)-modelM’ is
definedby (M'[¢)s = prson(s) for eachsortse S (M'[¢)g = Mépop(a) for eachoperationsymbolo € F,
and(M'[g)n= prre'(n) for eachrelationsymbolrm e P.

The sentencearanslationalong of ary sentences definedinductively on the structureof the sen-
tencedy replacingthe symbolsfrom (S F, P) with symbolsfrom (S,F',P’) asdefinedby ¢.

Notice that by discardingthe relationalpart, we get the mary-sortedalgebrainstitution with full
first-orderequationakentences.

B. Rewriting Logic

Rewriting logic [28] is emeging asoneof the mostimportantnew algebraicspecificationogics. Here
wereferto asimplifiedvariantof rewriting logic whichis usedfor definingthe CafeOBJ institution[11],
howeverthis examplecanbe extendedo the original definitionof rewriting logic without ary difficulty.

Recall(from [11]) thatour rewriting logic signaturesarejust ordinary (mary-sorted)algebraicsig-
natures.The modelsarepreorder modelswhich are(algebraic)interpretation®f the signaturesnto Pre
(the category of preordersyatherthanin Set (the cateyory of sets)asin the caseof ordinaryalgebras.
More precisely givenasignature(S F) amodelM interprets:

e eachsortsasapreorderMs, and

e eachoperatioro € Ry_,s asapreorderfunctorMg : My — Mg, whereM,, standgor Mg, x - -+ x Mg,
forw=s...5,.

5By h(m) we meanin facthy(m), wherehy, : My — M/, is the canonicakomponent-wisextensionof h.
SFor ary stringof sortsw = s . ... &, by @*°"(w) we meanthe string of sorts@®(s;) ... ¢*°"(sn).
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The sentenceareeitherordinaryequationr transitions bothin their unconditionalr conditional
form. For example the unconditionalk-transitionsfor a signature~, aresentencesf theform

(vX)t => t'

whereX is a conserative mary-sortedsetof variablesfor (S F) andt,t’ areZ-termswith variablesX.
Conditionalsentencem rewriting logic areuniversallyquantifiedimplicationswherethehypotheseare
finite conjunctionsof transitionsor equationsandthe conclusionis atransitionor anequation.

The signaturemorphisms,the model reducts,and the sentenceranslationsalong signaturemor-
phismsaredefinedin the sameway with ordinary(mary-sorted)algebra(AppendixA).

A preordermodel M satisfiesa transitionM = (VX)t => t', if andonly if M{ <M/, for each
expansionM’ of M alongthe signatureinclusion (SF) — (S F U X). The satishctionof conditional
sentencesxtendsthe satishction of equationsandtransitionsto the conditionalcase;we leave this as
exerciseto thereader

More detailsof this institution of rewriting logic canbefoundin [11], while [28] hasthe detailsof
theinstitutionof full rewriting logic.

C. Partial Algebra

Therearemary approacheto partialalgebratwo classicakeferencedeing[6, 30]. Our formalisation
of the partial algebrainstitutionis tailoredto the needof this paperbut without affectingthe logic and
modeltheoryof partialalgebra.

A partial algebraic signatue is a pair (S, TF,PF), whereTF is the setof the total operationsand
PF is the setof the partial operationd. A partial (S, TF, PF)-algebra A is just like a TF U PF-algebra
but interpretingthe operationsof PF aspartial functionsratherthantotal functions. A homomorphism
h: A — B betweerpartialalgebrasijs a family of partialfunctions{hs: As-e—+ Bs}ssindexed by the
setof sortsSof (S TF, PF) suchthateitherbothh(Ag(a)) andBg(h(a)) areundefinedrthey aredefined
andequal for eachoperationo € (X UPF),._,s andeachargumenta € A,.8

Theinterpretation A, of a TF UPF-groundtermt in a partial (S, TF, PF)-algebrais definedinduc-
tively by

e A is undefinedf A, is undefinedfor somek € {1,...,n} or (A,,...,A,) doesnot belongto the
definitiondomainof A5, otherwise

o A=Ac(Ay,--5A)-

wheret = o(t; .. .t,) isatermwith o ary (S TF, PF)-operationandty, .. .,t, subterms.
Signaturemorphismsmodelreducts,and sentenceranslationsare definedsimilarly to the caseof
thetotal algebra(seeAppendixA).
The sentencesre either strong or existenceequationspoth in their conditionalor unconditional
form. For ary unconditionalstrong(TF U PF)-equation(VX) t = t/, whereX is a conserative mary-
sortedsetof variablesfor (S, TF, PF), apartial (S TF, PF)-algebraA satisfiest if andonly if

e A{ andA], arebothundefinedpr

7In this notationwe ignorethe setof sorts,which areof coursecommonto the total andthe partial operations.
8Noticethatby corventionh(a) is definedif andonly if is definedon all componentsf a.
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e A andA, arebothdefinedandA{ = A;,.

for eachexpansionA’ of the partialalgebraA alongthesignaturenclusion(S TF,PF) — (TFUX,PF).
For ary unconditionalexistence(TF U PF)-equation(VX) t = t', whereX is a mary-sortedsetof
variablesfor (S TF,PF), apartial (S, TF,PF)-algebraA satisfiest if andonly if

o A{ andA], arebothdefinedandA{ = A;,.

for eachexpansiorA’ of the partialalgebraA alongthesignaturenclusion(S TF,PF) — (TFUX, PF).
Thesedefinitionsextend without ary problemsto the conditionalcase. We leave it asexerciseto the
reader

Thefollowing resultshav how this versionof partialalgebras equivalentto anequationallydefined
class(i.e. variety) of total algebraswhich is very useful for establishingsomepropertiesof partial
algebrasWe omit hereits straightforvard proof.

Proposition C.1. For ary partialalgebrasignature(S, TF, PF) with Sthe setof sorts,let L= { Ls}ss
beanindexed setof new constansymbolsandlet I' be setof theequations

(VX1...¥%)O(Xg -+ Ls...Xn) =Ly

for all operationsy € 2 U PF.
Thenthefunctormappingeachpartial (S TF, PF)-algebraA to thetotal (TF UPFU L, I")-algebraA
suchthat

o As=AsU{Lg} for eachsortse S
e for eachoperationo € ZUPF, Ag(a) = As(a) if a belongsto thedefinitiondomainof As, and
e As(a) =Lsotherwisewheresis thesortof o,

andmappingeachpartialalgebrahomomorphisnin : A — B to thetotal algebrahomomorphisnin: A —
B suchthatfor eachsorts,

e hs(a) = hs(a) if a belongsto the definitiondomainof hs, and

e hy(a) =L otherwise.
is anisomorphismbetweerthe cateyory of partial (S TF, PF)-algebrasandthe cateyory of total (TF U

PFU L,IN)-algebras.
Moreover,

Alstepr (VX)) t =t iff Altroprul (WX) T = 1
for eachstrongequation(vX) t =t’, and

Al=stepr (VX) =t iff AlTroprus ((VX)t =t and ~(3X)t =1)
for eachexistenceequation(VX)t = t'.

We mayalsoconsideaweakvariantof partialalgebravhich adoptsveakhomomorphismgetween
partial algebras.A weakhomomorphisnibetweenpartial algebrasA — B preseresbut not necessarily
reflectsdefinedness,e. h: A — Bisaweakhomomorphisnwhenit consistf an S-indexed family of
totalfunctionssuchthatAs(a) definedmpliesBg(h(a)) definedandequalto h(As(a)) for eachoperation
o € (TF UPF),_s andeacha € Ay,.
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D. Hidden Algebra

Hiddenalgebrais theinstitutionunderlyingbehaioural specificationwhichis oneof themostimportant
new algebraicspecificatiorformalisms.In theliteraturethereareseveralversionsof hiddenalgebrawith
only slight technicaldifferencesbetweenthem[10, 20, 18]. Herewe adopta slightly modifiedversion
of coheenthiddenalgebra (abbreiatedCHA) of [10].

A CHAsignatueis atuple (H,V,F,FP), where

¢ H andV aredisjoint setsof hiddensortsandvisible sorts,respectiely,
e FisaHUV-sortedsignature,
e FP CF isasubsebf behavioual opemtionssuchthato € FP_ ; hasexactlyonehiddensortin w.

A CHA modelM for asignature(H,V, F,FP) is justanordinaryF-algebra.

CHA sentencesanbe ordinary(strict) equationspehavioual equationgbothin conditionalor un-
conditionalformat),or coheencedeclaiations(seg[10, 11] for details).Recall([10, 11]) thatcoherence
declarationgresemanticallyequivalentto conditionalbehaioural equationsandthatthestrictequations
aretreatedn thesameway asin the caseof theordinaryalgebra.An unconditionabehavioual equation
is asentencef theform

(VX)t ~ t

whereX is a conserative setof variablesandt,t’ areF-termsover X.

Recallthata F-context c[Z is ary F-term c with a marked variablez occurringonly oncein c. A
contet c[Z] is behavioual iff all operationsabove® zarebehaioural.

GivenaF-algebraA, two elementgof thesamesorts) a anda’ arecalledbehavioually equivalent
denoteca~s & (orjusta~ &), iff A2 = AZ for eachvisible behaioural context ¢, whereA? andA? are
ary expansionf A alongthe signatureinclusionF < F UY, whereY is the setof variablesof ¢, and
suchthatA2 = AZ for eachy € Y \ {z}, A2 = a, andA? = 4.

Then,a F-algebraA satisfiesan (unconditional)behaioural equationA |= (VX) t ~ t/, iff Al ~ A},
for eachA’ expansionof thealgebraA alongthe signaturenclusionF < F U X.
Thisdefinitionextendswithoutary problemsgo theconditionalcase Weleave it asexerciseto thereader

Recallalsothat a CHA signatue morphisme: (H,V,F,F?) — (H’,V',F’, F’b) is an mary-sorted
signaturemorphism(H UV, F) — (H' UV',F’) suchthat

(M1) (V) CV’'and@H) C H’,
(M2) @(F®) = F"® andg-1(F'®) C FP,

Finally, modelreductsaandsentencéranslationsalongCHA signaturanorphismsarethesamewith those
from ordinarymary-sortedalgebra/AppendixA).

9Meaningthatzis in the subtermdeterminecy the operation.



