
FundamentaInformaticae55 (2001)1–28 1

IOSPress

Institution-independent Ultrapr oducts
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Abstract. Wegeneralisetheultraproductsmethodfrom conventionalmodeltheoryto aninstitution-
independent(i.e. independentof thedetailsof theactuallogic formalisedasan institution) frame-
work basedona novel verygeneraltreatmentof thesemanticsof someimportantconceptsin logic,
suchasquantification,logical connectives,andgroundatomicsentences.Unlike previousabstract
model theoreticapproachesto ultraproductsbasedon category theory, our work makesessential
useof conceptscentralto institution theory, suchassignaturemorphismsandmodelreducts.The
institution-independentfundamentaltheoremon ultraproductsis presentedin a modularmanner,
differentcombinationsof its variouspartsgiving differentresultsin differentlogicsor institutions.
We presentapplicationsto institution-independentcompactness,axiomatizability, andhigherorder
sentences,andillustrateour conceptsandresultswith examplesfrom four differentalgebraicspec-
ification logics. In the introductionwe also discussthe relevanceof our institution-independent
approachto themodeltheoryof algebraicspecificationandcomputingscience,but alsoto classical
andabstractmodeltheory.
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1. Intr oduction

Thetheoryof institutions[15] is acategoricalabstractmodeltheorywhichformalisestheintuitivenotion
of logical system,includingsyntax,semantics,andthesatisfactionbetweenthem.Institutionsbecomea
commontool in thestudyof algebraicspecificationtheoryandcanbeconsideredits mostfundamental
mathematicalstructure.It is alreadyanalgebraicspecificationtraditionto have aninstitutionunderlying
eachlanguageor system,in which all language/systemconstructsand featurescanbe rigorouslyex-
plainedasmathematicalentities.This hasbeenfirst speltout asa programmewith a sampledefinition
�
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of specificationlanguageconstructsin [32]. Most modernalgebraicspecificationlanguagesfollow this
tradition,includingCASL [5], Maude[29], or CafeOBJ [11]. Thereis anincreasingmultitudeof logics
in useasinstitutionsin algebraicspecificationandcomputingscience.Someof them,suchasfirst or-
derpredicate(in many variants),secondorder, higherorder, Horn, typetheoretic,equational,modal(in
many variants),infinitary logics,etc.,arewell known or at leastfamiliar to theordinarylogicians,while
otherssuchasbehavioural or rewriting logicsareknown andusedmostlyin computingscience.

The original goalsof institution theoryareto do asmuchcomputingscienceandmodel theoryas
possible,independentof whattheactuallogic maybe[15]. This mathematicalparadigmis oftencalled
‘institution-independent’ computingscienceor modeltheory. While theformergoalhasbeengreatlyac-
complishedin thealgebraicspecificationliterature,therewereonly very few andratherisolatedattempts
towardsthe latter [34, 35, 36, 31]. Thepaper[34] formulatedfor thefirst time institution-independent
conceptsof logical connectives, interpolation,etc. A relatedwork is [27], however this is orientedto-
wardsproof theoreticaspectsof logicsratherthanmodeltheory. Thissituationcontrastswith thefeeling
sharedby someresearchersthatdeepconceptsandresultsin modeltheorycanbereachedin asignificant
way via institutiontheory. This papercanberegardedasa new steptowardsthis goal,partof a coming
seriesof worksin institution-independent modeltheory.

Thesignificanceof institution-independent modeltheoryis manifold:
� It providesmodel-theoreticresultsandanalysisfor variouslogicsin agenericway. Only a limited

numberof model-theoreticpropertiesareusuallystudiedfor thelogicsin usein computingscience
and algebraicspecification,however it is important to have as deepas possibleunderstanding
of the model-theoreticpropertiesof the underlyinglogic becausethe specificationor software
engineeringpropertiesof thelogic dependintimatelyon theformerones([12] is oneof theworks
thatsupportthis argument).We sometimesnoticethatthefailureof somespecificationproperties
of a logic is dueto therathersubtlewrongdefinitionof somedetailsof thelogic. We alsonotice
that often the right definition of a logic canbe checked throughits model-theoreticproperties,
otherwisesaidgoodmodel-theoreticpropertiesleadto goodspecificationproperties.� It exportsmodel-theoreticmethodsfrom classicallogic to otherlogics. Classicalfirst-orderpred-
icate logic has developedvery rich powerful model-theoreticmethods,which exported to an
institution-independent framework canbecomeavailablefor themultitudeof computingscience
or algebraicspecificationlogics.� It provides a new way of doing model theory. While the points we madeabove have a more
applicationorientedsignificance,this point hasa puremathematicsmethodologicalsignificance.
The institution-independent way of obtaininga modeltheoreticresult,or just viewing a concept,
leadsto a deeperunderstandingof why a certainmodel theoreticphenomenonholds. Suchtop-
down understandingis not suffocatedby thedetailsof theactuallogic, it decomposethemodel-
theoreticphenomenon(in variouslayersof abstractconditions),andprovidesaclearpictureof its
limits.

Althoughthesepointsarelargelyvalid for any form of abstractmodeltheory, they areespeciallyrelevant
for theinstitution-independent abstractmodeltheory. Oneof thereasonsfor this is thatup to ourknowl-
edge,thetheoryof institutionsprovidesthemostcompletedefinitionof abstractmodeltheory, theonly
one including signaturemorphisms,model reducts,andeven mappings(morphisms)betweenlogical
systems,asprimaryconcepts.Also, asmentionedabove, thecurrentalgebraicspecificationlogicsand
anincreasingnumberof computingsciencelogicsareformalisedasinstitutions.
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This work exportsoneof themostimportantandpowerful classicalmodeltheorymethods,namely
the ultraproductsmethod[7, 21], to an institution-independent framework. This framework not only
clarifiestheconditionsthatarenecessaryfor thedevelopmentof theultraproductsmethod,but alsode-
velopsa simplebut effective institution-independent approachto quantificationandlogical connectives.
In this approachthe conceptof variableandvaluationis presentedin a moreuniform andmuchsim-
pler way than in the usualpresentationsof logic, without the needto distinguishbetweenclosedand
openformulæandnaturallyincluding higherordervariables.We think that this very simpleandgen-
eral institution-independent ‘internal logic’ is oneof themaincontributionsof this work, reflectingthe
benefitsof theway of doingmodeltheorypromotedby thetheoryof institutions.

Sincethecategoricaldefinitionof theultraproductconstruction,therehavebeenafew abstractmodel
theoreticapproachesto ultraproducts,[3] beingoneof themostrepresentative. If we compareit to [3],
ourinstitution-independent approachto ultraproductsis differentin many essentialaspects.For example,
we work with thegivensentencesof theinstitutionratherthandefininga semantics-orientedconceptof
sentenceandsatisfactionasin [3, 4] which leadsto very complex combinatorialdefinitionsandproofs
and doesnot go beyond first order. Besidesgains in simplicity and clarity, our approachmake the
applicationsmucheasierandtheunderstandingof theultraproductsmethodsmoother. This is a direct
consequenceof the morefundamentaldifferenceof usinginstitutionsratherthansimplecategoriesas
thebasicframework for theultraproductsmethod.By usinginstitutionsratherthancategories,we are
ableto make useof essentialmodel theoreticconceptssuchassignaturemorphismandmodel reduct
andexpansion(not possiblein otherabstractmodeltheoreticapproaches[3]), andalsogetsclearerand
simplerproofs,in partdueto beingableto exploit proof theory, modeltheory, andtherelationbetween
themin aflexible way.

1.1. Summary and Contributions of this Work

In the preliminarysection,besidesbriefly reviewing someterminology, concepts,andnotationsabout
filters,categories,andinstitutions,we introducethenovel institutionconceptof representablesignature
morphismandexploresomeof its basicproperties.Representablesignaturemorphismscanberegarded
asanabstractinstitution-independent formulationof theconceptof first-ordersignatureentities(suchas
variablesor constants).

Thenext sectionis devotedto aninstitution-independent studyof logical connectives,quantification
(in bothexistentialanduniversalform), andof basicsentences,whicharethesimplestsentencesmatch-
ing themodeltheoreticstructureof theinstitution.Weshow thatin theapplications,all sentencescanbe
obtainedby iterationof someof thelogicalconnectivesandsomequantificationoverthebasicsentences.
This decompositionof thesatisfactionrelationbetweenmodelsandsentencesinto satisfactionof basic
sentences,of logical connectives,andof quantification,is oneof thecontributionsof this section.While
the institution-independent conceptof logical connectivesis obvious andtheconceptof basicsentence
is basedupona simple form of satisfaction via injectivity in the senseof [4], the key contribution of
this sectionlies in our approachto quantification.In theapplications,the latter includesnaturallyboth
first-orderandhigher-orderformsof quantification.

Themainsectionof thepaperstartsby recallingthecategoricaldefinitionof reducedproductsand
ultraproducts,thenstudiestheinteractionbetweenreducedproductsandmodelreducts.Thelatterplays
a crucial role for dealingwith quantifiersin our institution-independent approachto the fundamental
theoremon ultraproducts.
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By following the structureof the internallogic introducedin theprevious section,our formulation
of the institution-independent fundamentaltheoremon ultraproductsdeconstructsthis main result on
ultraproductsinto partshaving individual significance.Dependingof theactualinstitution, theseparts
canbe combinedin variousdifferent waysandcanalsobe usedindependentlyfor obtainingweaker
preservation propertiesbut for a largerclassof sentences.This presentationof themainresulthasalso
thebenefitof enablingaclearperspective on thesemanticlimits of anactuallogic or institution.

Thefinal sectionis devotedto someapplications,suchasinstitution-independent compactness,ele-
mentaryaxiomatizability, or higher-orderquantification.Theapplicationsaremeantonly to illustratein
a ratherlimited way theinstitution-independent ultraproductsmethod,theemphasisof this paperbeing
on thefundamentals.Widerapplicationsis topic for furtherresearchbasedon thiswork.

The conceptsintroducedandthe resultsobtainedareillustratedwith examplesfrom four different
institutions:first-orderpredicatelogic (with equality),rewriting logic,partialalgebra,andhiddenalgebra
for behavioural logic. All thesefour logicsareverybriefly presentedin theAppendix,mainly for setting
up somenotationandterminology. Thereaderis requiredto have somefamiliarity with themor elseto
studythe correspondingliterature. Although the examplesfrom theseactualinstitutionsserve alsoas
applicationgroundfor theresultsof thispaper, they aremainlyusedfor helpingtheunderstandingof the
conceptsintroducedby thiswork.
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The authorthanksJosephGoguenfor usefulcommentson this work andencouragement,andto An-
drzejTarleckiandto thefirst refereefor their carefulstudyof thework andcompetentsuggestionsfor
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2. Preliminaries

2.1. Filters and Ultrafilters

In this sectionwe recall thebasicconceptsanddefinitionsaboutfilters andultrafilters,restrictedto the
caseof subsetsof a set,partially orderedby inclusion.Let I bea nonemptyset.Wedenoteby 2I theset
of all subsetsof I . Recallthatafilter F over I is definedto beasetF

�
2I suchthat

� I � F,� X � Y � F if X � F andY � F, and� Y � F if X
�

Y andX � F .

A filter F is proper if andonly if F is not2I andit is anultrafilter if andonly if

X � F if andonly if � I � X �
	� F

for all X � 2I . Noticethatultrafiltersareproperfilters.
A setS

�
2I hasthefinite intersectionpropertyif J1 � J2 ������� Jn 	� /0 for all J1 � J2 ������ Jn � S. The

following classicalresultis known asthe‘Ultrafilter Theorem’:

Theorem 2.1. [7] If S
�

2I hasthefinite intersectionproperty, thenthereexists anultrafilter U over I
suchthatS

�
U .
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2.2. Categories

This work assumessomefamiliarity with category theory, andgenerallyusesthe samenotationsand
terminologyasMac Lane[23], exceptthat compositionis denotedby “;” andwritten in the diagram-
maticorder. Theapplicationof functions(functors)to argumentsmaybewritten eithernormallyusing
parentheses,or elsein diagrammaticorderwithout parentheses,or, morerarely, by usingsub-scriptsor
super-scripts. The category of setsis denotedas � et, andthecategory of categories1 as � at. The op-
positeof a category � is denotedby � op. Theclassof objectsof a category � is denotedby � ��� ; also
thesetof arrows in � having theobjecta assourceandtheobjectb astarget is denotedas ��� a � b� . The
isomorphismof objectsin categoriesis denotedby � . A diagram D in a category � is just a functor

J
D� � whenJ is asmallcategory.

For any objecta, thecommacategory a��� has

� arrows f ����� a � b� , asobjects,and
� arrows h ����� b � b��� suchthat f ;h � f � , asarrows betweenf ����� a � b� and f ������� a � b��� .
A functorL : J � � J is calledfinal if for eachobject j � � J � thecommacategory j � L is non-empty

andconnected.Consequently, a subcategory J � � J is final whenthecorrespondinginclusionfunctor is
final.

2.2.1. Finiteness

A category J is directedif to any two objectsi and j thereexist arrows i � k ! j. A limit (colimit) of a
functorD : J � � is directedif thecategory J is adirectedposet.

Wesaythatanobjecta in acategory � is finitelypresented[2] if andonly if for any arrow f : a � d
to the vertex of a colimiting co-coneµ : D " d of a directeddiagramD : J � � thereexists i �#� J �
and an arrow fi : a � D � i � suchthat f � fi ;µi . This is equivalent to the fact that the hom-functor
��� a �$ � : � � � et preservesdirectedcolimits. For example,asetis finitely presentedin � et if andonly
if it is finite, andan algebrais finitely presentedin the category of algebrasof a signatureif andonly
if it canbepresented(in theusualgeneralalgebrasense)by finitely many generatorsandfinitely many
equations.

2.3. Institutions

In thissectionbesidesbriefly reviewing someof thebasicconceptsof institutiontheory, wealsointroduce
somenovel conceptsnecessaryfor thiswork.

From a logic perspective, institutionsaremuchmoreabstractthanTarski’s modeltheory, andalso
have anotherbasicingredient,namelysignaturesandthepossibilityof translatingsentencesandmodels
acrosssignaturemorphisms.A specialcaseof this translationis familiar in first-ordermodeltheory: if
Σ � Σ � is aninclusionof first-ordersignatures2 andM is a Σ � -model,thenwe canform thereductof M
to Σ, denotedM % Σ. Similarly, if e is aΣ-sentence,wecanalwaysview it asaΣ � -sentence(but thereis no
standardnotationfor this).

1We steerclearof any foundationalproblemrelatedto the “category of all categories”; several solutionscanbe found in the
literature,see,for example[23].
2Called“languages”in [7].
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Institutionsformalizetheconceptof ‘logic’ from a categoricalabstractmodel-theoreticperspective.
Thekey axiom,calledthesatisfactioncondition, saysthatthemeaningof asentencedoesnotdependon
thecontext in which it is interpreted,which is surelyavery basicintuition for classicallogic.

Definition 2.1. An institutionℑ � �&� ign � Sen� MOD � � � � consistsof

1. acategory � ign, whoseobjectsarecalledsignatures,

2. a functorSen: � ign � � et, giving for eachsignaturea setwhoseelementsarecalledsentences
over thatsignature,

3. a functor MOD : � ignop � � at giving for eachsignatureΣ a category whoseobjectsarecalled
Σ-models, andwhosearrows arecalledΣ-modelhomomorphisms, and

4. a relation � � Σ
� �MOD � Σ �'�)( Sen� Σ � for eachΣ �*� � ign � , calledΣ-satisfaction,

suchthatfor eachmorphismϕ : Σ � Σ � in � ign, thesatisfactioncondition

M �+� � Σ , Sen� ϕ �-� e� if f MOD � ϕ �-� M �.�/� � Σ e

holdsfor eachM ���*�MOD � Σ �.�'� ande � Sen� Σ � . We maydenotethereductfunctorMOD � ϕ � by % ϕ and
the sentencetranslationSen� ϕ � by ϕ � � . Also, we will sometimessaythat the signaturemorphismϕ
hasa certainproperty‘P’ if MOD � ϕ � hastheproperty‘P’. WhenM � M �0% ϕ, we will saythatM � is an
expansionof M alongϕ.

Definition 2.2. Let Σ bea signaturein aninstitution �&� ign � Sen� MOD � � � � .
� For eachsetof Σ-sentencesE, let E

� �21 M � MOD � Σ �3� M � � Σ e for each e � E 4 , and� For eachclass5 of Σ-models,let 5 � �21 e � Sen� Σ �3� M � � Σ e for each M �6574 .
If E is asetof sentencesande is asinglesentence,thene � E

�8�
is denotedby E � � e.

Two modelsM andM � of thesamesignatureareelementarilyequivalent(denotedasM 9 M � ) if they
satisfythesamesetof sentences,i.e. 1 M 4 � �21 M � 4 � .

Two sentencese ande� of thesamesignaturearesemanticallyequivalent(denotedase 9 e� ) if they
aresatisfiedby thesameclassof models,i.e., 1 e4 � �:1 e�;4 � .
Definition 2.3. In any institution,a class < of modelsfor a signatureis elementaryif it is closed,i.e.,
< �=� � < .

Remark 2.1. Eachelementaryclassof modelsis closedunderelementaryequivalence.

Definition 2.4. Let �&� ign � Sen� MOD � � � � bean institution. � Σ � E � is a theorywhenΣ is a signatureand
E is closedsetof Σ-sentences,i.e.,E � E

�8�
.

A theoryE is presentedby E0 if E0
�

E andE0 � � e for eache � E, andis finitely presentedif there
existsa finite E0 whichpresentsE.

A theorymorphismϕ : � Σ � E � � � Σ � � E �.� is a signaturemorphismϕ : Σ � Σ � suchthatϕ � E � � E � .
Let > h denotethecategory of all theoriesin ℑ.
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Remark 2.2. For any institution,modelfunctor MOD extendsfrom thecategory of its signatures� ign
to the category of its theories > h, by mappinga theory � Σ � E � to the full subcategory MOD � Σ � E � of
MOD � Σ � formedby theΣ-modelswhichsatisfyE.

Definition 2.5. [12] A theorymorphismϕ : � Σ � E � � � Σ � � E � � is conservativeif andonly if each� Σ � E � -
modelhasanexpansionto a � Σ � � E �.� -model,i.e.,for eachΣ-modelM satisfyingE, thereexistsaΣ � -model
M � satisfyingE � suchthatM � % ϕ � M.

Example2.1. An importantparticularcasefor thiswork is thatof conservativesignaturemorphisms.In
conventionalmodeltheory, asignaturemorphismϕ : Σ � Σ � is conservative whenϕ is injective (onsort,
function,andrelationsymbols)anddoesnot addnew operationsof sortsthatare‘empty’ (i.e., without
terms)in Σ. Consequently, if Σ hasonly ‘non-empty’ sorts, then eachinjective signaturemorphism
ϕ : Σ � Σ � is conservative.

Definition 2.6. A theory morphismϕ : � Σ � E � � � Σ � � E �.� is liberal if and only if the reduct functor
% ϕ : MOD � Σ � � E � � � MOD � Σ � E � hasa left-adjoint,denoted� � ϕ.

M � � Σ E M ?@
h AB

� Mϕ �C% ϕ
h,ED ϕFGH H H H H
H H H H

Mϕ

thereexistsa unique h,FGI I I I I
I I I I I

M �J� � Σ , E � M � % ϕ M �
Consequently, asignaturemorphismis liberal whenit is liberal astheorymorphism(betweenthecorre-
spondingemptytheories).

While in theactualinstitutionsliberality of theorymorphismsis a non-trivial property, the liberality of
signaturemorphismsfor typical institutionof interesthere.

Definition 2.7. An institution �&� ign � Sen� MOD � � � � is exact if andonly if themodelfunctorMOD :
� ignop � � at preservesfinite limits. The institution is semi-exact if andonly if MOD preservespull-
backs.

Fact 2.1. Considerasemi-exactinstitution,apushoutof signatures

Σ
φ1 ?@

φ2 AB
Σ1

φ ,1AB
Σ2 φ ,2 ?@ Σ �

and two models,a Σ1-model M1 and a Σ2-model M2 suchthat M1 % φ1
� M2 % φ2. Then by the semi-

exactness,thereexistsa uniqueΣ � -modelM � suchthatM ��% φ ,1 � M1 andM ��% φ ,2 � M2. Wecall this model
theamalgamationof M1 andM2 anddenoteit by M1 K φ1 L φ2 M2.

A similaramalgamationconceptcanalsobedefinedfor modelhomomorphisms.

Exactnesspropertiesfor institutionsformalisethepossibilityof amalgamatingmodelsof differentsigna-
tureswhenthey areconsistenton somekind of ‘intersection’of thesignatures(formalisedasa pushout
square).
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2.3.1. Representablesignature morphisms

The topic of this subsectionrepresentsa novel categorical generalisationof the conceptof first-order
variablesfrom conventionallogic to theframework of institutions.

Let us have a brief look at the conventionalconceptof variable in generalalgebraor first-order
logic (AppendixA). Givena signatureΣ anda setof variablesX for Σ, we mayconsidertheextended
signatureΣ M X by regardingthe variablesasconstants.TheneachΣ M X-model is just a Σ-modelM
plusan interpretationof theelementsof X into M. But theinterpretationsof X into M arein canonical
bijection with the Σ-model homomorphismsTΣ � X � � M, whereTΣ � X � is the free Σ-algebraover X.
Therefore,a Σ M X-modelis thesamewith a Σ-modelhomomorphismTΣ � X � � M with M a Σ-model.
This can be regardedas a categorical propertyof the signatureinclusion Σ N � Σ M X, suggestingthe
following institution-independent definition:

Definition 2.8. Let �&� ign � Sen� MOD � � � � bean institution. A signaturemorphismφ : Σ � Σ � is repre-
sentableif andonly if thereexistsa Σ-modelMφ (calledtherepresentationof φ) andanisomorphismiφ
of categoriessuchthatthefollowing diagramcommutes:

MOD � Σ � � iφ?@
MOD O φ P QR SSSSSS

SSSSSS
� Mφ � MOD � Σ ��

forgetfulAB
MOD � Σ �

If therepresentationMφ is finitely presentedin MOD � Σ � , we saythatφ is finitary representable.

Informally, this definitionsaysthateachΣ � -modelis just a Σ-modelplusan interpretationof the repre-
sentationmodelinto theΣ-model.

Example2.2. In theinstitutionof first-orderlogic (AppendixA) eachextensionof signaturesφ : � S� F ,
P�TN � � S� F M X � P� only addingconstantsX to F is representableby the free � S� F � P� -modelover the
addedconstantsX. If X is finite, thenφ is finitary representable.

Similarly, signaturemorphismsonly addingconstantsarealsorepresentablein rewriting logic (Ap-
pendixB), partialalgebra(AppendixC), andhiddenalgebra(AppendixD).

Representablesignaturemorphismscaptureexactly the ideaof first ordervariablesin an abstract
institution-independent setting. Extensionsof the signatureswith higherordervariables(suchassort,
operation,relationsymbols,etc.)arenot representablesignaturemorphisms.

Although the next resultsarenot usedanywherein this paper, it shows somebasicpropertiesof
representablesignaturemorphisms.

Proposition 2.1. ThemodelreductfunctorMOD � φ � correspondingto a finitary representablesignature
morphismφ : Σ � Σ � preserve finitely presentedmodels,i.e. M � % φ is finitely presentedfor eachfinitely
presentedΣ � -modelM � .
Proof:
Let � J �U � beadirectedposet,letA : � J �U � � MOD � Σ � bea � J �U � -diagramof Σ-models,andletµ : A "
B beits colimit. Assumea Σ-modelhomomorphismf : M � % φ � B.
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Definem� � iφ � M �V� : Mφ
� M ��% φ andtheΣ � -modelB� � i W 1

φ � m� ; f � . Notice thatB� is anexpansion

of B alongφ andthat f � � i W 1
φ � f � : M � � B� .

Mφ
hj ?@

m, AB

A j

µjAB

Ai
XY

µiZ[\ \ \ \
\ \ \ \
\ \ \

M ��% φ f
?@

g D φ
] ^___________

B

On theotherhand,becauseMφ is finitely presented,thereexists i � J suchthat for eachi U j there
existsh j : Mφ

� A j suchthath j ;µj � m� ; f . This determinesa final sub-posetJi
�

J consistingof all
elementsgreaterthan i. For each j � Ji let A� j � i W 1

φ � h j � , henceeachA� j is anexpansionof A j alongφ.
Thereforethesub-diagramof A determinedby Ji lifts to a � Ji �U � -diagramA� : � Ji �U � � MOD � Σ �V� , and
alsothepartof theco-coneµ determinedby Ji lifts to aco-coneµ� : A� " B� .

Because� Ji �U � is afinal sub-posetof � J �U � , thepartof theco-coneµ determinedby Ji is still a col-
imiting co-cone(see[23]), andbecausetheforgetful functorMφ � MOD � Σ � � MOD � Σ � createsdirected
colimits,we deducethatµ� : A�`" B� is adirectedcolimit.

Now, becauseM � is finitely presentedwe have that thereexists j � Ji andg : M � � A� j suchthat

g;µ� j � f � . Thereforeg % φ : M � % φ � A j suchthatg;µj � f . ab
Thepropertiesdescribedin Proposition2.2 below areexpectedcomposabilitypropertiesfor repre-

sentablesignaturemorphisms.Thesepropertiesarestatedin two versions:ageneraloneanda ‘finitary’
one.Theinformalmeaningof thefirst threeitemsof Proposition2.2below is thatthe‘union of variables’
exists, is associative, andhasthe ‘empty set’ asidentity, while themeaningof thefifth item is that this
‘union’ is commutative too.

Proposition2.2. In any institution

1. thecompositionof [finitary] representablesignaturemorphismsis [finitary] representable,

2. the identity signaturemorphismis [finitary] representableif andonly if thecorrespondingsigna-
turehasinitial models,

3. if eachsignatureof the institution hasinitial modelsthen the [finitary] representablesignature
morphismsform asubcategory of thecategory of signatures,

4. if ϕ;φ is [finitary] representableandϕ is representable,thenφ is [finitary] representable,and

5. if theinstitutionis semi-exactandits categoriesof modelshavefinite coproducts,thenthesubcat-
egoryof [finitary] representablesignaturemorphismscreatespushouts.

Proof:
1. Considerthe following representablesignaturemorphismsΣ φ� Σ � φ ,� Σ � � . We show that φ;φ � is
representedby Mφ , % φ whereMφ , is therepresentationof φ � .

For eachΣ � � -modelM � � , we defineiφ;φ , � M � �.� � iφ , � M � �V�C% φ.
Ontheotherhand,givenany m : � Mφ , �C% φ � M, wedefinei W 1

φ;φ , � m� � i W 1
φ , � i W 1

φ � m�� (noticethatm : h �
h;m in Mφ � MOD � Σ � whereh � iφ � Mφ , � ).
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Moreover, if bothφ andφ � arefinitary representable,thenby Proposition2.1 we have thatMφ , % φ is
finitely presented,henceφ;φ � is finitary representable.

2. is immediateand3. follows immediatelyfrom 1. and2.
4. Let ϕ : Σ � Σ � andφ : Σ � � Σ � � . Let theΣ-modelMϕ betherepresentationof ϕ andMϕ;φ bethe

representationof ϕ;φ. Let mφ
� iϕ � i W 1

ϕ;φ � 1Mϕ;φ �C% φ � : Mϕ
� Mϕ;φ. Theconclusionfollows by noticingthat

Mϕ;φ � MOD � Σ � is isomorphicto mφ �J� Mϕ � MOD � Σ �� .
Thefinitary casefollows by noticing thatmφ is finitely presentedin Mϕ � MOD � Σ � asan immediate

consequenceof thefactthatMϕ;φ is finitely presentedin MOD � Σ � .
5. Considerthefollowing pushoutof signaturemorphisms

Σ
φ1 ?@

φ2 AB
Σ1

φ ,1AB
Σ2 φ ,2 ?@ Σ �

Weneedto prove thatφ �1 andφ �2 arerepresentablewhenφ1 andφ2 arerepresentable.

Let theΣ-modelMφ1 representφ1 andtheΣ-modelMφ2 representφ2. Let Mφ1

m1� Mφ1 c Mφ2

m2! Mφ2

bethecoproductof Mφ1 andMφ2. Thentheconclusionfollows because

� thefollowing diagramof forgetful functorsis apullback(we leave thissimplecalculationasexer-
ciseto thereader):

MOD � Σ � Mφ1 � MOD � Σ �XY

Mφ2 � MOD � Σ �

d e

m2 �J� Mφ2 � MOD � Σ ��f�g� Mφ1 c Mφ2 �� MOD � Σ �h� m1 �J� Mφ1 � MOD � Σ ��

d e

XY

[For the finitary casewe notice that Mφ1 c Mφ2 is finitely presentedas a coproductof finitely
presentedmodels,which furtherimpliesthatm1 andm2 arefinitely presented.]and

� by 4. themediatingmorphismsfor representableco-conesare[finitary] representable.
ab

3. Inter nal Logic

In this sectionwe definea methodof describingthe sentencessupportingour resultson institution-
independentultraproducts.If we fix the institution, thesearesentencesof this institution ratherthan
beingnew sentencesconstructedon top of thesentencesof theoriginal institutionvia someinstitution-
independentbuilding operationssuchaslogical connectives andsomeform of quantification(suchas
[36] doesfor the sentencesdefining the quasi-varietiesof modelsin arbitrary institutions). This de-
scriptionof thesentencessupportingour resultson institution-independent ultraproductswill allow usto
noticeeasilythat,in mostof theinstitutionsusedin algebraicspecificationor computingsciencetheory,
thesesentencesarein factall thesentencesof the institution; this givesa wide rangeof applicationsto
theresultsof thispaper.
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At the basiclevel we have the basicsentenceswhich are the basicconstituentsfor the sentences
supportingour resultson institution-independent ultraproducts.Thecomplex level is obtainedfrom the
basiclevel by iterationsof logical connectivesandan abstractform of quantification(both universally
andexistentially). Althoughthis descriptionmight have a strongfirst-orderflavour, it goeswell beyond
conventionalfirst order logic becauseof two reasons.On the one hand,this is donein an arbitrary
institution, almostwithout any technicalrestrictions.On the otherhand,the level of generalityof our
conceptof quantificationis muchhigherthantheconventionalquantificationwith first-ordervariables,
particularconventionalcasesincludingsecondorderquantification,for example.

3.1. Basicsentences

In the actualinstitutions,the basicsentencesare the simplestsentencesmatchingthe structureof the
modelsof the institution, i.e. which are preserved by the model homomorphisms,and they usually
constitutethebricksfrom which thecomplex sentencesareconstructedby usinglogicalconnectivesand
quantification.

Notice that thesatisfactionof basicsentencesis a particularcaseof ‘injectivity’ satisfactionin the
senseof [4].

Definition 3.1. Given a signatureΣ, a Σ-sentencee is basic if thereexists a Σ-modelMe suchthat for
eachΣ-modelM, M � � Σ e if andonly if thereexistsamodelhomomorphismMe

� M.
We say that an basicsentencee is finitary if the model Me is finitely presentedin the category

MOD � Σ � of Σ-models.

Remark 3.1. In any institution basicsentencesarepreserved by modelhomomorphisms,i.e., N � � e
whenever M � � eandthereexistsa modelhomomorphismh : M � N.

Example3.1. First-order logic.
In thecaseof first-orderpredicatelogic with equality(AppendixA), thegroundatomsarefinitary basic.
Recallthatagroundatomis eitheranequalitybetweengroundtermsor arelation(predicate)with ground
termsasarguments.

If we considera groundequation �;i /0 � t j t � for analgebraicsignature� S� F � , thenlet TO SL F P � E be
the (quotient)initial � S� F � -algebrasatisfying �;i /0 � t j t � . In this caseE is the congruencegenerated
by the pair � t � t �k� . Then,an algebraA satisfies�;i /0 � t j t � if andonly if thereexists a homomorphism
TO SL F P � E � A.

If we considera groundatomicrelationπ � t1 ��� tn � for a first-orderlogic signature� S� F � P� , where
t1 ����0� tn is a list of F-terms,thenwe considerthe � S� F � P� -modelT suchthat asan algebra,T is the
initial term � S� F � -algebraTO SL F P , andwhich interpretsall relationsymbolsastheemptyrelationexcept
Tπ
�g1 � t1 ����0� tn ��4 . ThenM � � π � t1 ��� tn � if andonly if thereexistsa homomorphismT � M, for each

� S� F � P� -modelM.
Finite conjunctionsof groundatomswould alsobefinitary basic,but in thecaseof infinitary logic,

infinite conjunctionsof groundatomswouldbeonly basic.

Example3.2. Rewriting logic.
In thecaseof therewriting logic (seeAppendixB), the(atomic)groundequationsandthegroundtran-
sitionsarefinitary basic.



12 R.Diaconescu/ Institution-independentUltraproducts

For example,given a groundtransition �;i /0 � t �ml t � for a signatureΣ, let � TΣ �U � be thepreorder
modelwhereTΣ is the initial term Σ-algebra,and U is the preordercompatiblewith the Σ-operations
generatedby thepair � t � t �;� . Onecannoticeeasilythat for eachpreordermodelM, M � � Σ �;i /0 � t �nl t �
if andonly if thereexistsapreordermodelhomomorphism� TΣ �U � � M.

Example3.3. Partial algebra.
In the caseof partial algebra(AppendixC), we show that the stronggroundequationsarebasic. Let
�;i /0 � t

s� t � be a strongground � S� TF � PF � -equationfor a partial algebraicsignature � S� TF � PF � . By
PropositionC.1, considerthe initial total TF M PF Mpo -algebraTTF q PF q`r L Γ q`s t t t ,vu for the theory Γ M1 �;i /0 � t j t �k4 . Its correspondingpartial � S� TF � PF � -algebraby PropositionC.1 is (the total algebra)
TTF q PFL E, whereE is theTF M PF-congruencegeneratedby � t � t � � ontheinitial TF M PF-algebraTTF q PF.

Notice that, by PropositionC.1, for eachpartial algebraA, A � � �;i /0 � t
s� t � if and only if A � �

�;i /0 � t j t � if andonly if thereexistsa total � TF M PF Mwox� -homomorphismh : TTF q PF q`r L Γ q`s t t t , u � A
if andonly if thereexistsapartial � S� TF � PF � -homomorphismh : TTF q PFL E � A.

Finally, a stronggroundequationis finitary basicif thesignatureis finite. Thereasonfor this is that
in thiscaseΓ is finite andthereforeTTF q PF q`r L Γ q�s t t t ,vu is finitely presented,whichmeansthatTTF q PFL E is
finitely presentedandthusfinitely presentedin thecategory of partial � S� TF � PF � -algebras.

In theweakversionof partialalgebra,thegroundexistenceor strongequationsarebasicby consid-
eringtheinitial partialalgebratoo.

3.2. Logical connectives

The institution-independent approachto logical connectives is straightforward. We only give herethe
definitionsfor negation and conjunctionbecauseall other logical connectives canbe generatedfrom
these.

Definition 3.2. GivenasignatureΣ in aninstitutionℑ,

theΣ-sentencey e is thenegationof ewhenM � � Σ y e if andonly if M 	� � Σ e, for eachΣ-modelM,
and

theΣ-sentencee z e� is theconjunctionof theΣ-sentenceseande� whenM � � Σ e z e� if andonly if
(M � � Σ e andM � � Σ e� ) for eachΣ-modelM.

Theinstitution

hasnegation if andonly if for eache � Sen� Σ � thereexistse� � Sen� Σ � suchthate� 9{y e, and

hasconjunctionif andonly if for eache� � e� ��� Sen� Σ � thereexistse � Sen� Σ � suchthate 9 e�|z e� �
for eachsignatureΣ.

The institution-independent semanticsof other logical connectives, suchas disjunction, implication,
equivalence,etc. canbe defineddirectly in a sameway. This canalsobe extendedto infinitary ver-
sionsof thelogical connectives,suchasinfinitary conjunctionsandinfinitary disjunctions.
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3.3. Quantifiers

Definition 3.3. Givenasignaturemorphismχ : Σ � Σ � , aΣ-sentence�;i χ � e� isuniversalχ-quantification
of theΣ � -sentencee� if andonly if for eachΣ-modelM

M � � Σ �;i χ � e� if andonly if (M �J� � Σ , e� for all Σ � -modelsM � with M �|% χ � M)

Existentialquantification��} χ � e� canbedefinedsimilarly by replacing‘all’ by ‘some’ in thedefinitionof
theuniversalquantification.

This very abstractandgeneralconceptof quantification,introducedfirst time by [36], for example,in
the particularcaseof classicalmodeltheoryincludesthe secondorderquantification.Notice that this
internalisationof thequantificationdoesnot usetheordinaryconceptsof openformulæandvaluations
(of unboundedvariables),but ratherconsidersthe“variables”aspartof thesignatureandtreatsthe“val-
uations”asmodelexpansionsalongthe signatureextensiondefinedby the additionof the “variables”
to thesignature.This is exactly whathappensin applicationsbecauseeachvaluationof variablesinto a
modelcanberegardedasanexpansionof themodelto thesignatureextendedwith thevariables.Oth-
erwisesaid,for quantificationweneedonly to markapartof thesignatureoverwhich thequantification
is done.Althoughthis way of thinking aboutvariablesandquantificationis well known in conventional
mathematicallogic [33, 21] it is quiterarein theusualpresentationsof classicallogic.

Noticethatalthoughin classicalonesortedfirst orderlogic universalandexistentialquantifiersare
interdefinableby ��} χ � ρ 9{y��;i χ �y ρ, in generalthis is notalwaystrue.

Remark 3.2. In eachinstitution ���} χ � ρ � � � ��y��;i χ �y ρ � � for eachΣ � -sentenceρ andeachsignaturemor-
phismχ : Σ � Σ � , but

��} χ � ρ and y��;i χ �y ρ aresemanticallyequivalentif andonly if χ is conservative.

Example3.4. Givena signature� S� F � P� in first orderlogic, theordinaryfirst orderquantificationby a
setX of variablesis thesamewith theχ-quantification,whereχ : � S� F � P�~N � � S� F M X � P� . Noticethat
in thiscaseχ is representable(Definition2.8),andis finitary representablewhenX is finite.

Thecaseswhenχ : � S� F � P�fN � � S� � F � � P�.� is anarbitrarysignatureinclusioncorrespondto thesec-
ondorderquantificationby theoperationsF � � F andpredicates(relations)P� � PwhenS � S� , andextends
alsoto sort quantificationwhenS

�
S� . ‘Weak’ secondorderquantificationonly over finite subsetsof

themodelscanbeobtainedby enrichingthesignatureswith (1-ary)symbolsdenotingfinite subsetsof
modelsand,andconsequentlythemodelshave to interpretthemaccordingly.

Quantificationshigherthansecondordercanbemodelledby Definition3.3providedthattheclassical
conceptof first orderpredicatelogic signatureis extendedin orderto accommodatesymbolsdenoting
higherorderstructures.

While quantificationin rewriting logic (AppendixB) andhiddenalgebra(AppendixD) aremodelled
by Definition 3.3 in thesameway asin first-orderpredicatelogic, somespecialnoticeis neededfor the
caseof partialalgebra.

Givenapartialalgebrasignature� S� TF � PF � (AppendixC), theordinaryfirst orderquantificationby
asetX of variablesis thesamewith theχ-quantification,whereχ : � S� TF � PF ��N � � S� TF M X � PF � is the
signatureinclusion. Notice that thevariablesX aretreatedastotal ratherthanpartial constantsymbols
becausethevaluationsof thevariablesin partialalgebraaretotal. This is possibledueto having explicit
declarationsfor total operationsaspartof thepartialalgebrasignatures.
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4. Model Ultrapr oductsin Institutions

4.1. Categorical reducedproducts

Thereducedproductconstructionfrom classicalmodeltheory(see[7]) hasbeenprobablydefinedcat-
egorically for the first time in [26] andhasbeenintensively usedin abstractmodel theoretic[3, 4] or
categorical logic [24, 25] works. The equivalencebetweenthecategory theoreticandthe settheoretic
definitionsof thereducedproductsis shown in [19]. Let usrecallherethecategory theoreticdefinition
of thereducedproducts:

Definition 4.1. Let � be a category with small productsanddirectedcolimits. Considera family of
objects 1 Ai 4 i � I . Eachfilter F over the set of indices I determinesa functor AF : F � � suchthat
AF � J � J � � � pJ, L J : ∏i � J, Ai

� ∏i � J Ai for eachJ � J � � F with J � J � , andwith pJ, L J beingthecanonical
projection.

Thenthereducedproductof 1 Ai 4 i � I moduloF is thecolimit µ : AF " ∏F Ai of thefunctorAF .

∏i � J, Ai
pJ ,�� J ?@

µJ , �� ����
����

∏i � J Ai

µJ��_ _ _ _
_ _ _ _

∏F Ai

If F is ultrafilter thenthereducedproductmoduloF is calledanultraproduct.

Remark 4.1. NoticethatF is adirectedposet,henceundertheassumptionsof Definition4.1thereduced
productsalwaysexist.

Example4.1. For eachsignaturein first-orderpredicatelogic (AppendixA), rewriting logic (Appendix
B), partial algebra(AppendixC), or hiddenalgebra(AppendixD), its category of modelshasreduced
products.

In all thesecases,theforgetful functor from thecategory of modelsto thecategory of many-sorted
setsmappingeachmodelto its underlyingcarriercreatessmall productsanddirectedcolimits. While
this observation is obvious in thecaseof theproducts,in thecaseof thedirectedcolimits it is a direct
consequenceof the finitenessof the aritiesof the operationor relationsymbolsof the signature(see
Proposition2, ChapterIX of [23] for thecaseof [varietiesof] many-sortedalgebra).

Noticealsothatin thecaseof thepartialalgebras,thisargumentis obtainedvia PropositionC.1.

Definition 4.2. Let G : �T� � � bea functorandF beafilter overasetI . Then

� G preservesthe reducedproduct µ� : BF " ∏F Bi (for 1 Bi 4 i � I a family of objectsin ��� ), if
µ� G : BF ;G " ∏F G � Bi � is alsoa reducedproductin � of 1 G � Bi ��4 i � I , and

� G lifts thereducedproductµ : AF " ∏F Ai (for 1 Ai 4 i � I afamily of objectsin � ), if for eachobject
B in �~� suchthatG � B� � ∏F Ai , thereexists 1 Bi 4 i � I a family of objectsin �T� suchthatG � Bi � � Ai

for eachi � I andthereexistsa reducedproductµ� : BF " B suchthatµ�G � µ.

Givena class � of filters, we saythat functorpreserves/lifts� -reducedproductsif it preserves/liftsall
reducedproductsmoduloF for eachfilter F ��� .
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In general,in theapplications,thepreservationof reducedproductsis aneasypropertythatholdsnatu-
rally without otherconditions.

Fact 4.1. Any functorpreservingsmallproductsanddirectedcolimits preservesreducedproducts.

Example4.2. Any signaturemorphismin first-orderpredicatelogic (AppendixA), rewriting logic (Ap-
pendixB), partialalgebra(AppendixC), andhiddenalgebra(AppendixD), preserve3 thereducedprod-
uctsof models.

The modelproductsarepreserved by the signaturemorphismsbecausein all theseinstitutionsthe
signaturemorphismsareliberal andall limits arepreservedby right-adjointfunctors[23].

Thedirectedcolimits of modelsarecreated,andthuspreserved,by thesignaturemorphismsby the
generalisationof theargumentthattheforgetful functorsfrom thecategoriesof modelsto thecategories
of many-sortedsetsmappingeachmodelto its underlyingcarriercreatesdirectedcolimits (seeExample
4.1).

Although in the literaturetherearequite establishedconceptsof lifting of colimits (see[1] for ex-
ample),thereseemsto be no standardcategorical notion for the lifting notionof Definition 4.2. Also,
by contrastto the preservation of the reducedproducts,in general,only a restrictedclassof signature
morphismslift the reducedproductsin the applications.The following resultgivesa generalclassof
signaturemorphismsthatlift thereducedproductsin any institution.

Proposition4.1. In any institution the finitary representableconservative signaturemorphismslift all
reducedproducts.

Proof:
Considera finitary representableconservative signaturemorphismφ : Σ � Σ � . Let Mφ betheΣ-model
representingφ. Recallthatthereexistsancanonicalisomorphismiφ of categoriessuchthatthefollowing
diagramcommutes:

MOD � Σ �.� iφ?@
MOD O φ P QR SSSSSS

SSSSSS
� Mφ � MOD � Σ ��

forgetfulAB
MOD � Σ �

Considera family 1 Ai 4 i � I of Σ-modelsanda filter F over I . Let µ : AF " ∏F Ai bethecorresponding
reducedproductandlet B bea Σ � -modelsuchthatB % φ � ∏F Ai .

Let iφ � B� � b : Mφ
� ∏F Ai. BecauseMφ is finitely presented,thereexists J � F andbJ : Mφ

�
∏i � J Ai suchthatbJ;µJ

� b. For eachj � J, let b j
� bJ; pJ L j , wherepJ L j : ∏i � J Ai

� A j is theprojection
from theproductto its j-th component.Thenwe defineB j

� i W 1
φ � b j � for each j � J and,becauseφ is

conservative, let Bi beanarbitraryexpansionof Ai to a Σ � -modelif i 	� J. Let bi
� iφ � Bi � for eachi � I ,

andfor eachJ ��� F let (by theuniversalpropertyof theproduct)bJ, : Mφ
� ∏i � J, Ai betheuniquearrow

suchthat bJ, ; pJ, L i � bi for eachi � J � . If we show that µ is a colimiting co-conedefiningthe reduced

3Noticethatfor reasonsof simplicity of terminologywe inaccuratelyattributethepreservationof reducedproductsof models
to signaturemorphismsratherthanto their correspondingmodelreductfunctors. Suchabbreviation of terminologyhasbeen
introducedmoregenerallyby Definition 2.1.
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productb � ∏F bi in Mφ � MOD � Σ � , thenthispropositionis provedbecauseof thecanonicalisomorphism
betweenMφ � MOD � Σ � andMOD � Σ � � .

∏i � J � J, Ai

µJ � J ,AB
A j ∏i � J Ai

pJ � jXY µJ ?@

pJ � J � J , � ������������
∏F Ai ∏i � J, Ai

µJ ,XY
pJ , � J � J ,��� � � � � � � � � � �

Mφ

bj

��� � � � � � � � � � � � � � � � � � � � � � � � �
bJ

��� � � � � � � � � � � � b

d e
bJ ,
� �������������

We first show thatµ : bF " b is a co-cone,wherebF : F � Mφ � MOD � Σ � is thefunctorwith bF � J �.� �
bJ, for eachJ �~� F and with bF � J � � J � �.� � pJ, , L J, . Consideran arbitrary J �f� F. Then bJ, ;µJ, �
bJ, ; pJ, L J � J, ;µJ � J, � bJ � J, ;µJ � J, � bJ; pJ L J � J, ;µJ � J, � bJ;µJ

� b. (Noticethatherewehaveusedthecrucial
factthatJ � J ��� F becausebothJ � J �C� F andeachfilter is closedunderfinite intersections.)

Now consideranotherco-coneν : bF " b� with b� : Mφ
� A� . By theforgetful functor

Mφ � MOD � Σ � � MOD � Σ � , ν : AF " A� is aco-cone,thereforeby thecolimit propertyin MOD � Σ � , there
exists a uniqueh : ∏F Ai

� A� suchthat µ;h � ν. All we still have to prove is that h : b � b� in
Mφ � MOD � Σ � . But wehave thatb;h � bJ;µJ;h � bJ;νJ

� b� . ab
Example4.3. Any signatureinclusionΣ N � Σ M X in first-orderpredicatelogic (AppendixA), rewriting
logic (AppendixB), partial algebra(AppendixC), andhiddenalgebra(AppendixD) lifts the reduced
productsof modelswhereX is afinite setof arbitraryconstantsandwhenX doesnotintroduceaconstant
on asortwhichdoesnothave termsin Σ.

Suchsignatureinclusionsarefinitary representableby thefreeΣ-modelover X, andthe fact thatX
doesnot introducea constanton a sort which doesnot have termsin Σ guaranteesthat Σ N � Σ M X is
conservative too.

4.2. The fundamental theorem

For this sectionwe assumea fixedinstitution �&� ign � Sen� MOD � � � � suchthatall its categoriesof models
have smallproductsanddirectedcolimits.

Definition 4.3. Let � beaclassof filters. For eachsignatureΣ, a Σ-sentencee is

� preservedby � -reducedfactors if ∏F Ai � � Σ e implies 1 i � I � Ai � � Σ e4�� F,� preservedby � -reducedproductsif 1 i � I � Ai � � Σ e4�� F implies∏F Ai � � Σ e, and

for eachfilter F �6� over asetI andfor eachfamily 1 Ai 4 i � I of Σ-models.
A sentenceis aŁoś-sentencewhenis preservedby all ultrafactorsandall ultraproducts.

Thefollowing theoremis thefundamentalresultof thispaper.

Theorem 4.1. For any class� of filters,

1. Thebasicsentencesarepreservedby all reducedproducts.
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2. Thefinitary basicsentencesarepreservedby all reducedproductsandall reducedfactors.

3. Thesetof sentencespreservedby � -reducedproductsis closedunderexistentialχ-quantification,
whenχ is conservative andpreserves � -reducedproducts.

4. Thesetof sentencespreserved by � -reducedfactorsis closedunderexistentialχ-quantification,
whenχ lifts � -reducedproducts.

5. The setof sentencespreserved by � -reducedfactorsand the setof sentencespreserved by � -
reducedproductsarebothclosedunderconjunction.

6. Thesetof sentencespreservedby � -reducedproductsis closedunderinfinite conjunctions.

7. If asentenceis preservedby � -reducedfactorsthenits negationis preservedby � -reducedprod-
ucts.

And finally, if we furtherassumethat � containsonly ultrafilters,

8. If a sentenceis preserved by � -reducedproductsthen its negation is preserved by � -reduced
factors.

9. Thesetof sentencespreservedby both � -reducedproductsandfactorsis closedundernegation.

Proof:
1. Let F beany filter over I andlet 1 Ai 4 i � I bea family of of Σ-modelsfor asignatureΣ.

Let e bea basicsentenceandconsiderJ ��1 i � I � Ai � � Σ e4 . Thereexistsa modelhomomorphism
Me
� Ai for eachi � J, thereforeby theuniversalpropertyof theproducts,thereexistsa modelhomo-

morphismMe
� ∏i � J Ai. Whencomposingthiswith ∏i � J Ai

µJ$ � ∏F Ai, wegetamodelhomomorphism
Me
� ∏F Ai, which impliesthat∏F Ai � � e.
2. Considera finitary basicΣ-sentencee. By 1. we have to prove only that e is preserved by

reducedfactors. If ∏F Ai � � e, then thereexists a model homomorphismMe
� ∏F Ai. SinceMe is

finitely presented,thereexistsa modelhomomorphismMe
� ∏i � J Ai for somenonemptyJ � F, which,

by the productprojections,meansthat Ai � � e for all i � J. Therefore 1 i � I � Ai � � Σ e4�� F because
J
� 1 i � I � Ai � � Σ e4 .

3. Let χ : Σ � Σ � bea signaturemorphismwhich is conservative andpreservesreducedproducts.
Let e� bea Σ � -sentencepreserved by reducedproducts,andlet e beanexistentialχ-quantificationof e� .
Considerafilter F �6� over asetI , andlet 1 Ai 4 i � I bea family of Σ-modelssuchthatJ ��1 i � I � Ai � � Σ
e4�� F . Wehave to prove that∏F Ai � � Σ e.

For eachi � J let Bi bea Σ � -modelsuchthatBi % χ � Ai andBi � � Σ , e� . Becauseχ is conservative, for
eachi 	� J, let Bi be a Σ � -modelsuchthat Bi % χ � Ai. Becausee� is preserved by reducedproductsand
becauseJ

� 1 i � I � Bi � � Σ , e��4 andF is filter, we have that∏F Bi � � Σ , e� . Becauseχ preservesreduced
products,we have that � ∏F Bi �C% χ � ∏F Ai, which impliesthat∏F Ai � � Σ e.

4. Let χ : Σ � Σ � be a signaturemorphismwhich lifts reducedproducts.Let e� be a Σ � -sentence
preserved by reducedfactors,andlet e beanexistentialχ-quantificationof e� . Considera filter F �w�
over a set I , and let 1 Ai 4 i � I be a family of Σ-modelssuchthat ∏F Ai � � Σ e. We have to prove that1 i � I � Ai � � Σ e4�� F.

Let B bea χ-expansionof ∏F Ai suchthatB � � Σ , e� . Becauseχ lifts reducedproducts,for eachi � I
thereexists a Σ � -model Bi suchthat Bi % χ � Ai and suchthat ∏F Bi

� B. Becausee� is preserved by
reducedfactors,J �g1 i � I � Bi � � Σ , e� 4�� F. But J

� 1 i � I � Ai � � Σ e4 , therefore1 i � I � Ai � � Σ e4�� F
becauseF is filter.

5. This follows from thefollowing:
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� 1 i � I � Ai � � e4 �:1 i � I � Ai � � e��4f� 1 i � I � Ai � � e� ��4 ,� J � � J � � � F if andonly if J � � J � � � F, and� ∏F Ai � � e if andonly if ∏F Ai � � e� and∏F Ai � � e� � .
wherethesentencee is theconjunctionof e� ande� � in a signatureΣ, F � � is a filter over a setI , and1 Ai 4 i � I is any family of Σ-models.

6. Given a signatureΣ, for eachfamily 1 el 4 l � L of Σ-sentencespreserved by � -reducedproducts,
assumethat 1 i � I � Ai � � el for each l � L 4�� F, whereF �w� is any filter over a set I and 1 Ai 4 i � I is
any family of Σ-models.Thenfor eachl � L, 1 i � I � Ai � � el 4�¡ 1 i � I � Ai � � el for each l � L 4�� F,
thus 1 i � I � Ai � � el 4�� F , therefore∏F Ai � � el for eachl � L.

7. Let e bethenegationof a Σ-sentencee� for a signatureΣ suchthate� is preservedby � -reduced
factors.Let F beany filter in � over a setI andlet 1 Ai 4 i � I bea family of modelssuchthatJ �:1 j � I �
A j � � e4�� F.

We have to prove that ∏F Ai � � e. If we assumethecontrary, it meansthat ∏F Ai � � e� . Sincee� is
preservedby � -reducedfactors,J � �21 j � I � A j � � e� 4�� F. BecauseF is aproperfilter J � J � � F is not
empty, hencewecanfind j suchthatA j � � eandA j � � e� , which is impossible.

8. Let ebethenegationof e� suchthate� is preservedby � -reducedproducts.Let F beany ultrafilter
in � over a set I andlet 1 Ai 4 i � I be a family of modelssuchthat ∏F Ai � � e. If 1 j � I � A j � � e4¢	� F
thenits complement1 j � I � A j � � e�k4 belongsto F (becauseF is ultrafilter). Becausee� is preservedby
� -reducedproducts,this would imply ∏F Ai � � e� which contradicts∏F Ai � � e, therefore1 j � I � A j � �
e4�� F.

9. From7. and8. ab
Thefollowing Corollarycanberegardedasaninstitution-independent generalisationof theso-called

‘FundamentalTheoremonUltraproducts’for first-orderpredicatelogic [7], originally dueto Łoś [22].

Corollary 4.1. TheŁoś-sentencescontainall finitary basicsentencesandareclosedunderlogical con-
nectivesandany χ-quantificationfor which χ is conservative andpreservesandlifts reducedproducts.

Proof:
AlthoughthisCorollaryfollows directly from Theorem4.1,aspecialnoticeis neededfor thecasewhen
theinstitutiondoesnot have negationsof its sentences.This is neededbecausetheuniversalquantifica-
tion canbeexpressedin termsof existentialquantificationandnegation,andall logical connectivescan
alsobeexpressedin termsof conjunctionsandnegation.

For example, consider �;i χ � e an universal χ-quantificationof a Łoś-sentencee. Then �;i χ � e 9
y���} χ �y e in the closureℑ £ undernegation4 of the original institution ℑ. Therefore �;i χ � e is a Łoś-
sentencein ℑ £ , which impliesthatit is a Łoś-sentencein theinstitutionℑ too. ab

Corollary4.1canbespecialisedby usingProposition4.1:

Corollary 4.2. TheŁoś-sentencescontainall finitary basicsentencesandareclosedunderlogical con-
nectivesandany χ-quantificationfor whichχ is conservativefinitary representableandpreservesreduced
products.

4Obtainedby addingthenegationsof all sentencesif necessary.
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Definition 4.4. An institutionis aŁoś-institutionif andonly if all its sentencesareŁoś-sentences.

Example4.4. First-orderlogic (AppendixA), rewriting logic (AppendixB), andpartial algebra(Ap-
pendixC) areŁoś-institutions.This follows from Corollary4.2by noticingthat:
� eachsentenceof first-orderandrewriting logic andeachstrongequationin partialalgebrais ob-

tainedfrom thefinitary basicsentences(cf. Examples3.1,3.2,3.3)by conjunction,implication,and
universalquantificationand,theexistenceequationsin partialalgebraareobtainedvia Proposition
C.1from finitary basicsentencesby conjunction,negation,anduniversalquantification,where� the quantificationof all thesesentencesis finitary representable(cf. Example3.4 andExample
4.3)andpreservesthereducedproducts(cf. Example4.2).

The sameobservation holds when the sentencesof thoseinstitutionsare extendedto full first-order
sentencesbuilt on topof thecorrespondingbasicsentences.

On theotherhand,in general,thebehavioural sentencesin thehiddenalgebrainstitution(Appendix
D) arenotŁoś-sentences.This is dueto theinfinitary natureof thebehaviouralsatisfaction,becauseeach
groundbehavioural equation�;i /0 � t ¤ t � is semanticallyequivalentto thesetof (universallyquantified
strict) equations1 �;i X � c ¥ z� t ¦mj c ¥ z� t � ¦~� c visiblebehavioural context 4 whereX denotesthe setof the
variablesof c.

However, wecanprove thatexistentiallyquantifiedbehavioural unconditionalequations(alsocalled
behavioural queries) [16] are preserved by ultraproducts. This is a consequenceof the fact that the
universallyquantified(strict) equationsareŁoś-sentencesandof 6. and3. of Theorem4.1 for � the
classof ultrafilters.

5. SomeApplications

In this section,the institutionsareimplicitly assumedto have small productsanddirectedcolimits for
their categoriesof models.

5.1. §©¨¨ sentences

Recall [7] that a ª+«« -sentencein first-orderlogic is a second-ordersentenceall of whoserelationand
operationquantifiersoccurat thebeginningandareexistential.Thefollowing Definition generalisesthe
conceptof ª+«« -sentenceto any institution:

Definition 5.1. In any institution,e is a ª¬«« -sentenceif it is anexistentialχ-quantificationof a Łoś sen-
tence,whereχ is any conservative reducedproductspreservingsignaturemorphism.

Thefollowing Corollaryfollowsfrom Theorem4.1andcanberegardedasaninstitution-independent
generalisationof the result of [7] statingthat the ª+«« -sentencesin first-order logic (Appendix A) are
preserved by ultraproducts. Notice that, unlike in the particularcaseof first-order logic, this result
follows directly from thefundamentaltheorem4.1dueto ourgeneralconceptof quantification.

Corollary 5.1. In any institutioneachª¬«« -sentenceis preservedby ultraproducts.

We encouragethe interestedreadersto explore thesignificanceof the ª+«« -sentencesin otherinstitu-
tionsof interestotherthanfirst-orderlogic.
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5.2. Compactness

Thefollowing resultis not only an institution-independent generalisationof thecompactnessvia ultra-
productsresultof [14] (seealso[7]), but it is alsoobtainedfor a moregeneralclassof sentences,which
for examplein theparticularcaseof classicallogic (AppendixA) includea classof second-ordersen-
tences(seeSection5.1) or in thecaseof hiddenalgebra(AppendixD) includebehavioural queries(cf.
Example4.4).

Theorem 5.1. In any institution,let E beasetof sentencespreservedby ultraproducts.Let I bethesetof
all finite subsetsof E. Considera modelAi for eachfinite subseti � I . Thenthereexistsanultraproduct
∏U Ai suchthat∏U Ai � � E.

Proof:
Let S �:1�1 i � I � ρ � i 4�� ρ � E 4 . Shasthefinite intersectionpropertybecause

1 ρ1 � ρ2 ����0� ρn 4�� 1 i � I � ρ1 � i 4h� 1 i � I � ρ2 � i 4f�¢���0� 1 i � I � ρn � i 4
By the‘Ultrafilter Theorem’2.1,let U beanultrafilter suchthatS

�
U .

For eachρ � E, wehave that 1 i � I � ρ � i 4 � 1 i � I � Ai � � ρ 4 . Thismeansthat 1 i � I � Ai � � ρ 4�� U .
Becauseρ is preservedby ultraproducts,it impliesthat∏U Ai � � ρ. Becauseρ � E is arbitrary, it follows
that∏U Ai � � E. ab

Corollary 5.2. Let E beasetof sentencespreservedby ultraproducts,andlet ebeasentencepreserved
by ultrafactorssuchthatE � � e. Thenthereexistsafinite subsetE � � E suchthatE ��� � e.

Proof:
Let usassumethecontrary, i.e., that for eachfinite i

�
E, i 	� � e. This meansthat thereexist modelsAi

suchthatAi � � i but Ai 	� � e.
Let I be the setof all finite subsetsof E. By Theorem5.1, thereexists an ultraproductsuchthat

∏U Ai � � E. Therefore∏U Ai � � e. Becausee is preserved by ultrafactors, 1 i � I � Ai � � e4� U . But1 i � I � Ai � � e4 � /0 which is acontradictionsinceasultrafilterU is aproperfilter. ab

Definition 5.2. An institution is compactif for eachsetof sentencesE andeachsentencee, if E � � e
thenthereexistsafinite subsetE � � E suchthatE � � � e.

Corollary 5.3. Any Łoś-institutionis compact.

Example5.1. By Example4.4,first-orderlogic, rewriting logic, andpartialalgebraarecompact.These
resultsareexpectedbecause,for example,first-orderlogic andrewriting logic arecomplete.Thecom-
pactnessresultsinvolving ª «« -sentencesareprobablylessusual(seeCorollary5.1): “if E � � ewhereE is
asetof ª¬«« -sentencesande is any sentence,thenthereexistsa finite subsetE � � E suchthatE �+� � e.”
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5.3. Axiomatizability

Theresults(andproofs)of thissectionareinstitution-independent generalisationsof thebasicaxiomati-
zability resultsin first-orderlogic of [14] (seealso[7]).

Theorem 5.2. Consideran institution that hasnegationand conjunctionandsuchthat eachsentence
is preserved by ultraproducts.Then a classof modelsis elementaryif andonly if it is closedunder
ultraproductsandelementaryequivalence.

Proof:
The implication thatany elementaryclassof modelsis closedunderelementaryequivalenceandultra-
productsfollows immediatelyfrom Remark2.1andthefactthateachsentenceis preservedby ultraprod-
ucts.

For theoppositeimplication,consideraclassof models< closedunderultraproductsandelementary
equivalence.Let E � < � . Weprove that < � MOD � Σ � E � .

Let B � MOD � Σ � E � . ConsiderI the setof the finite subsetsof 1 B 4 � . For eachi � I , thereexists
Ai �®< suchthatAi � � i. (Otherwisefor all A �w< , A � � y�� e1 z¯����z en � , wherei �g1 e1 ������ en 4 , which
implies that y�� e1 z¯���|z en �3� E, which further implies thatB � � y�� e1 z¯���|z en � which contradictsthe
factthatB � � e1 z����z en.) By Theorem5.1,thereexistsanultrafilterU over I suchthat∏U Ai � ��1 B 4 � .
This impliesthat∏U Ai 9 B (otherwiseif thereexistsa sentencee suchthat∏U Ai � � e but B 	� � e, then
B � � y e andtherefore∏U Ai � � y e which is a contradiction).Because< is closedunderultraproducts
andelementaryequivalence,it follows thatB ��< . ab
Corollary 5.4. Consideran institution which hasnegationandconjunctionandeachsentenceis pre-
served by ultraproducts. Then a classof modelsfor a signatureis the classof modelsof a finitely
presentedtheoryif andonly if bothit andits complementareelementary.

Proof:
If E ��1 e1 ����0� en 4 is a finite setof Σ-sentences,thenthecomplementof MOD � Σ � E � is MOD � Σ � y�� e1 z
���z en �� .

For theoppositeimplication,considerMOD � Σ � E � anelementaryclassof modelssuchthat its com-
plementisalsoelementary. Weshow by thatthereexistsE0

�
E finitesuchthatMOD � Σ � E � � MOD � Σ � E0 � .

If we assumethe opposite,then for eachE0
�

E finite thereexists a modelA in the complementof
MOD � Σ � E � suchthat A � � E0. Let I �°1 E0

�
E � E0 finite 4 . Becauseeachsentenceis preserved by

ultraproducts,by Theorem5.1, there exists an ultraproduct∏U Ai over I such that ∏U Ai � � E and
Ai 	� MOD � Σ � E � andAi � � i for eachi � I . But becausethe complementof MOD � Σ � E � is closedun-
derultraproducts,wealsogetthat∏U Ai 	� MOD � Σ � E � , which is acontradiction. ab

6. Conclusionsand Futur e Research

We generalisedthe ultraproductsmethodfrom classicalmodel theory to an institution-independent
framework basedon a very generalinstitution-independent treatmentof quantification,logical connec-
tives,andbasicsentences(simplestsentencespreserved by modelhomomorphisms).We showedsome
immediateapplicationsof the fundamentaltheoremon ultraproducts,suchas institution-independent
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compactness,axiomatizability, and ª+«« -sentences.We illustratedthe conceptsandresultsof our work
with examplesfrom four differentlogicsor institutions.

Our developmentof the institution-independent ultraproductsmethodalso leadsto several novel
conceptsin thetheoryof institutions,suchas

� representablesignaturemorphisms- usedto abstracttheconceptof first-ordervariablesto institu-
tions,and� a generalinstitution-independent treatmentof quantifiers,naturallyincludinghigher-orderquan-
tifiers - resulting in a simpler presentationof logics without openformulæ,valuationsof free
variables,etc.

Thiswork opensup many futureresearchdirections,we mentionseveralof them:

� Extendthe areaof the institution-independent applicationsof the ultraproductsmethodstarted
in this paperby non-trivial generalisationof other resultsfrom classicalor non-classicalmodel
theory.

A recentimportantexampleisgivenby anovel institution-independent proofof Craiginterpolation
theorem[9] in dependenceof a very generalandabstractform of Birkhoff-style axiomatizability
propertyof theactualinstitution. In thatwork thetheoryof institution-independent reducedprod-
uctsplaysacrucialrole.

Anotherrecentlydevelopedapplicationconsistsof aninstitution-independent proofof preservation
of modalsentencesby frameultraproducts,donefor averygeneralpossibleworldssemantics[13].� Studyof themodeltheoreticpropertiesof thevariousinstitutionsin usein algebraicspecification
andcomputingscienceby applyingtheinstitution-independent ultraproductsmethod.� Furtherexplore the significanceof our internal logic, especiallyour approachto quantification,
andapplyit for exportingothermethodsfrom classicalmodeltheoryto aninstitution-independent
framework.

The ideason internallogic alreadyplay a centralimportantrole in [8], they have alsobeenused
for theinstitution-independent approachto possibleworldssemanticsandmodalities[13], which
alsoextendsour internallogic with variousmodaloperators.
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In theAppendixwe give very brief presentationsof a numberof institutionswhich areusedin this
paperasexamplesfor illustratingsomeof theconceptsintroducedby this work andsomeof theappli-
cationsof themain results.Althoughwe assumesomefamiliarity with theseinstitutions,the readeris
encouragedto consulttherecommendedreferencesfor moredetails.Also, somenotationsandterminol-
ogyusedin somesectionsof theAppendixrely onnotationsandterminologyfrom previoussections.

A. First-order Logic

Theroleof thisverybriefpresentationof (many-sorted)first-orderlogic with equalityis mainlyfor fixing
somenotationsandconventions.A detaileddefinitionof thefirst-orderlogic institutioncanbefoundin
[15].

Recallthata(many-sorted)signaturein first-orderlogic is a tuple � S� F � P� whereS is thesetof sorts,
F is thesetof (S-sorted)operationsymbols,andP is thesetof (S-sorted)relationsymbols.By Fw± s we
denotethesetof operationswith arity w andsorts, andby Pw wedenotethesetof relationswith arity w.

Givenasignature� S� F � P� , amodelM of first-orderlogic interprets:

� eachsortsasasetMs,� eachoperationsymbolσ � Fw± s asafunctionMσ : Mw
� Ms, whereMw standsfor Ms1 (���'( Msn

for w � s1 ��� sn, and
� eachrelationsymbolπ � Pw asa relationMπ

�
Mw.
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Any ground (i.e., without variables)F-term t � σ � t1 ��� tn � , whereσ is an operationsymbol and
t1 ����0� tn aresubterms,getsinterpretedasanelementMt in a � S� F � P� -modelM by Mt

� Mσ � Mt1 ��� Mtn � .
A � S� F � P� -modelhomomorphismh : M � M � is anindexedfamily of functions 1 hs : Ms

� M �s 4 s� S
suchthat

� h is aF-algebrahomomorphismM � M � , i.e.,h � Mσ � m�� � M �σ � h � m�� for eachσ � Fw± s andeach
m � Mw,5 and

� h � m�T� M �π if m � Mπ for eachrelationπ � Pw andeachm � Mw.

Thesentencesarethewell-known first-orderclosedformulæ(includingequations),andtheirsatisfaction
by themodelsis thewell-known Tarskiansatisfaction(see[15, 7] for details). In themany-sortedcase
werestrictthequantificationof thesentencesto conservativesetsof variablesfor asignature,i.e.,which
do not have variablesfor the ‘empty’ sorts,which are sortsnot having termsin the signature. This
conditiononthequantificationin themany-sortedcasewasnoticedfor thefirst time in thecontext of the
completenessof many-sortedequationallogic [17].

A signature morphismφ � � φsort� φop � φrel � : � S� F � P� � � S� � F � � P�k� consistsof a function between
the setsof sortsφsort : S � S� , a function betweenthe setsof operationsymbolsφop : F � F � , anda
function betweenthe setsof relationsymbolsφrel : P � P� suchthat φop � Fw± s � � F �φsort O wPk± φsort O sP and

φrel � Pw � � P�φsort O wP for any stringof sortsw � S
�

andeachsorts � S.6

Givena signaturemorphismφ : � S� F � P� � � S� � F � � P�k� , thereductM ��% φ of a � S� � F � � P�.� -modelM � is
definedby � M � % φ � s � M �φsort O sP for eachsorts � S, � M � % φ � σ � M �φop O σ P for eachoperationsymbolσ � F,
and � M ��% φ � π � M �φrel O π P for eachrelationsymbolπ � P.

Thesentencetranslationalongφ of any sentenceis definedinductively on thestructureof thesen-
tencesby replacingthesymbolsfrom � S� F � P� with symbolsfrom � S� � F � � P�.� asdefinedby φ.

Notice that by discardingthe relationalpart, we get the many-sortedalgebrainstitution with full
first-orderequationalsentences.

B. Rewriting Logic

Rewriting logic [28] is emerging asoneof themostimportantnew algebraicspecificationlogics. Here
wereferto asimplifiedvariantof rewriting logic whichis usedfor definingtheCafeOBJ institution[11],
however thisexamplecanbeextendedto theoriginaldefinitionof rewriting logic without any difficulty.

Recall(from [11]) thatour rewriting logic signaturesarejust ordinary(many-sorted)algebraicsig-
natures.Themodelsarepreorder modelswhichare(algebraic)interpretationsof thesignaturesinto ² re
(thecategory of preorders)ratherthanin � et (thecategory of sets)asin thecaseof ordinaryalgebras.
Moreprecisely, givenasignature� S� F � amodelM interprets:

� eachsortsasapreorderMs, and
� eachoperationσ � Fw± s asapreorderfunctorMσ : Mw

� Ms, whereMw standsfor Ms1 (m���'( Msn

for w � s1 ��� sn.

5By h ³ ḿ wemeanin facthw ³ ḿ , wherehw : Mw µ M ¶w is thecanonicalcomponent-wiseextensionof h.
6For any stringof sortsw · s1 ¸&¸&¸ sn, by φsort ³ ẃ we meanthestringof sortsφsort ³ s1 ´ ¸&¸&¸ φsort ³ sn ´ .
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Thesentencesareeitherordinaryequationsor transitions, bothin their unconditionalor conditional
form. For example,theunconditionalΣ-transitionsfor asignatureF , aresentencesof theform

�;i X � t �ml t �
whereX is a conservative many-sortedsetof variablesfor � S� F � andt � t � areΣ-termswith variablesX.
Conditionalsentencesin rewriting logic areuniversallyquantifiedimplicationswherethehypothesesare
finite conjunctionsof transitionsor equationsandtheconclusionis a transitionor anequation.

The signaturemorphisms,the model reducts,and the sentencetranslationsalong signaturemor-
phismsaredefinedin thesameway with ordinary(many-sorted)algebra(AppendixA).

A preordermodel M satisfiesa transitionM � � �;i X � t �ml t � , if and only if M �t U M �t , for each
expansionM � of M alongthe signatureinclusion � S� F ��N � � S� F M X � . The satisfactionof conditional
sentencesextendsthesatisfactionof equationsandtransitionsto theconditionalcase;we leave this as
exerciseto thereader.

More detailsof this institutionof rewriting logic canbefound in [11], while [28] hasthedetailsof
theinstitutionof full rewriting logic.

C. Partial Algebra

Therearemany approachesto partialalgebra,two classicalreferencesbeing[6, 30]. Our formalisation
of thepartialalgebrainstitution is tailoredto theneedsof this paperbut without affectingthelogic and
modeltheoryof partialalgebra.

A partial algebraic signature is a pair � S� TF � PF � , whereTF is thesetof the total operationsand
PF is thesetof thepartialoperations.7 A partial � S� TF � PF � -algebra A is just like a TF M PF-algebra
but interpretingtheoperationsof PF aspartial functionsratherthantotal functions. A homomorphism
h : A � B betweenpartialalgebras,is a family of partial functions 1 hs : As $ �¹ Bs 4 s� S indexedby the
setof sortsSof � S� TF � PF � suchthateitherbothh � Aσ � a�� andBσ � h � a�� areundefinedor they aredefined
andequal,for eachoperationσ � � Σ M PF � w± s andeachargumenta � Aw.8

The interpretationAt of a TF M PF-groundterm t in a partial � S� TF � PF � -algebrais definedinduc-
tively by

� At is undefinedif Atk is undefinedfor somek � 1 1 ������ n4 or � At1 ����0� Atn � doesnot belongto the
definitiondomainof Aσ, otherwise� At
� Aσ � At1 ����0� Atn � .

wheret � σ � t1 ��� tn � is a termwith σ any � S� TF � PF � -operationandt1 ����0� tn subterms.
Signaturemorphisms,modelreducts,andsentencetranslationsaredefinedsimilarly to thecaseof

thetotalalgebra(seeAppendixA).
The sentencesare either strong or existenceequations,both in their conditionalor unconditional

form. For any unconditionalstrong � TF M PF � -equation �;i X � t s� t � , whereX is a conservative many-
sortedsetof variablesfor � S� TF � PF � , apartial � S� TF � PF � -algebraA satisfiesit if andonly if

� A�t andA�t , arebothundefined,or

7In this notationwe ignorethesetof sorts,whichareof coursecommonto thetotalandthepartialoperations.
8Noticethatby conventionh ³ á is definedif andonly if is definedon all componentsof a.
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� A�t andA�t , arebothdefinedandA�t � A�t , .
for eachexpansionA� of thepartialalgebraA alongthesignatureinclusion � S� TF � PF �ºN � � TF M X � PF � .

For any unconditionalexistence � TF M PF � -equation �;i X � t e� t � , whereX is a many-sortedsetof
variablesfor � S� TF � PF � , a partial � S� TF � PF � -algebraA satisfiesit if andonly if
� A�t andA�t , arebothdefinedandA�t � A�t , .

for eachexpansionA� of thepartialalgebraA alongthesignatureinclusion � S� TF � PF �ºN � � TF M X � PF � .
Thesedefinitionsextendwithout any problemsto the conditionalcase. We leave it asexerciseto the
reader.

Thefollowing resultshow how thisversionof partialalgebrais equivalentto anequationallydefined
class(i.e. variety) of total algebras,which is very useful for establishingsomepropertiesof partial
algebras.Weomit hereits straightforwardproof.

PropositionC.1. For any partialalgebrasignature� S� TF � PF � with S thesetof sorts,let o �g1 o s 4 s� S
beanindexedsetof new constantsymbolsandlet Γ besetof theequations

�;i x1 ��� i xn � σ � x1 ���`o s ��� xn � � o s,
for all operationsσ � Σ M PF.

Thenthefunctormappingeachpartial � S� TF � PF � -algebraA to thetotal � TF M PF M6o � Γ � -algebraA
suchthat
� As

� As M 1 o s 4 for eachsorts � S,� for eachoperationσ � Σ M PF, Aσ � a� � Aσ � a� if a belongsto thedefinitiondomainof Aσ, and� Aσ � a� � o s otherwise,wheres is thesortof σ,

andmappingeachpartialalgebrahomomorphismh : A � B to thetotalalgebrahomomorphismh : A �
B suchthatfor eachsorts,
� hs � a� � hs � a� if a belongsto thedefinitiondomainof hs, and� hs � a� � o s otherwise.

is anisomorphismbetweenthecategory of partial � S� TF � PF � -algebrasandthecategory of total � TF M
PF Mwo � Γ � -algebras.

Moreover,

A � � SL TF L PF �;i X � t s� t � if f A � � TF q PF q`r �;i X � t j t �
for eachstrongequation�;i X � t s� t � , and

A � � SL TF L PF �;i X � t e� t � if f A � � TF q PF q`r ��;i X � t j t � and y���} X � t � ox�
for eachexistenceequation�;i X � t e� t � .

Wemayalsoconsideraweakvariantof partialalgebrawhichadoptsweakhomomorphismsbetween
partialalgebras.A weakhomomorphismbetweenpartialalgebrasA � B preservesbut not necessarily
reflectsdefinedness,i.e. h : A � B is aweakhomomorphismwhenit consistsof anS-indexedfamily of
totalfunctionssuchthatAσ � a� definedimpliesBσ � h � a�� definedandequalto h � Aσ � a�� for eachoperation
σ �w� TF M PF � w± s andeacha � Aw.
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D. Hidden Algebra

Hiddenalgebrais theinstitutionunderlyingbehaviouralspecification,whichis oneof themostimportant
new algebraicspecificationformalisms.In theliteraturethereareseveralversionsof hiddenalgebra,with
only slight technicaldifferencesbetweenthem[10, 20, 18]. Herewe adopta slightly modifiedversion
of coherenthiddenalgebra (abbreviatedCHA) of [10].

A CHAsignature is a tuple � H � V � F � Fb � , where

� H andV aredisjoint setsof hiddensortsandvisiblesorts,respectively,� F is aH M V-sortedsignature,� Fb � F is asubsetof behavioural operationssuchthatσ � Fb
w± s hasexactlyonehiddensortin w.

A CHA modelM for asignature� H � V � F � Fb � is justanordinaryF-algebra.
CHA sentencescanbeordinary(strict) equations,behavioural equations(bothin conditionalor un-

conditionalformat),or coherencedeclarations(see[10, 11] for details).Recall([10, 11]) thatcoherence
declarationsaresemanticallyequivalentto conditionalbehaviouralequationsandthatthestrictequations
aretreatedin thesamewayasin thecaseof theordinaryalgebra.An unconditionalbehavioural equation
is asentenceof theform

�;i X � t ¤ t �
whereX is aconservative setof variablesandt � t � areF-termsoverX.

Recall that a F-context c ¥ z¦ is any F-term c with a marked variablez occurringonly oncein c. A
context c ¥ z¦ is behavioural if f all operationsabove9 zarebehavioural.

Givena F-algebraA, two elements(of thesamesorts) a anda� arecalledbehaviourally equivalent,
denoteda ¤ s a� (or justa ¤ a� ), if f Aa

c
� Aa,

c for eachvisiblebehavioural context c, whereAa andAa, are
any expansionsof A alongthesignatureinclusionF N � F M Y, whereY is thesetof variablesof c, and
suchthatAa

y
� Aa,

y for eachy � Y � 1 z4 , Aa
z
� a, andAa,

z
� a� .

Then,a F-algebraA satisfiesan(unconditional)behavioural equationA � � �;i X � t ¤ t � , if f A�t ¤ A�t ,
for eachA� expansionof thealgebraA alongthesignatureinclusionF N � F M X.
Thisdefinitionextendswithoutany problemsto theconditionalcase.Weleaveit asexerciseto thereader.

Recallalsothat a CHA signature morphismφ : � H � V � F � Fb � � � H � � V � � F � � F � b � is an many-sorted
signaturemorphism� H M V � F � � � H � M V � � F � � suchthat

(M1) φ � V � � V � andφ � H � � H � ,
(M2) φ � Fb � � F � b andφ W 1 � F � b � � Fb,

Finally, modelreductsandsentencetranslationsalongCHA signaturemorphismsarethesamewith those
from ordinarymany-sortedalgebra(AppendixA).

9Meaningthatz is in thesubtermdeterminedby theoperation.


