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Abstract

This thesis prop oses a general framew ork for equational logic programming, called c ate gory-

b ase d e quational lo gic b y placing the general principles underlying the design of the pro-

gramming language Eqlog and form ulated b y Goguen and Meseguer in to an abstract

form. This framew ork generalises equational deduction to an arbitrary category satisfy-

ing certain natural conditions; completeness is pro v ed under a h yp othesis of quan ti�er

pro jectivit y , using a seman tic treatmen t that regards quan ti�ers as mo dels rather than

v ariables, and regards v aluations as mo del morphisms rather than functions. This is used

as a basis for a mo del theoretic category-based approac h to a paramo dulation-based op-

erational seman tics for equational logic programming languages.

Category-based equational logic in conjunction with the theory of institutions is used

to giv e mathematical foundations for mo dularisation in equational logic programming.

W e study the soundness and completeness problem for mo dule imp orts in the con text of

a category-based seman tics for solutions to equational logic programming queries.

Constrain t logic programming is in tegrated in to the equational logic programming

paradigm b y sho wing that constrain t logics are a particular case of category-based equa-

tional logic. This follo ws the metho dology of free expansions of mo dels for built-ins along

signature inclusions as sk etc hed b y Goguen and Meseguer in their pap ers on Eqlog. The

mathematical foundations of constrain t logic programming are based on a Herbrand The-

orem for constrain t logics; this is obtained as an instance of a more general category-based

v ersion of Herbrand's Theorem.

The results in this thesis apply to equational and constrain t logic programming lan-

guages that are based on a v ariet y of equational logical systems including man y and

order sorted equational logics, Horn clause logic, equational logic mo dulo a theory , con-

strain t logics, and more, as w ell as an y p ossible com bination b et w een them. More imp or-

tan tly , this thesis giv es the p ossibilit y for dev eloping the equational logic (programming)

paradigm o v er non-con v en tional structures and th us signi�can tly extending it b ey ond its

tradition.
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1 Intr oduction

This thesis is mainly ab out equational logic programming. It b elongs to the tradition of

equational and constrain t logic programming started b y Goguen and Meseguer in their

pioneering w ork on the programming language Eqlog during the mid-eigh ties [38, 39 ].

Eqlog has b een implem en t ed in Oxford b y the author of this thesis as an extension of

the SRI implem en tation of OBJ3.

3

1.1 The Equational Logic Programming P aradigm

1.1.1 A historical p ersp ectiv e

Equational logic programming can b e regarded as joining t w o ma jor cultures in Com-

puting: algebraic sp eci�cation and logic programming.

Logic programming b egan in the early 1970's as a direct outgro wth of earlier w ork in

automatic theorem pro ving and arti�cial in telligence. The theory of clausal-form [�rst

order] logic, and an imp ortan t theorem b y the logician Jacques Herbrand constituted the

foundation for most activit y in theorem pro ving in the early 1960's. The disco v ery of

resolution | a ma jor step in the mec hanization of clausal-form theorem pro ving | w as

due to J. Alan Robinson [81]. In 1972, Rob ert Ko w alski and Alain Colmerauer w ere led

to the crucial idea that lo gic c ould b e use d as a pr o gr amming language [95]. A y ear later

the �rst Prolog system w as implem en ted. SLD-resolution, whic h is a re�nemen t of the

resolution principle restricted to Horn clause logic, b ecame the core of the op erational

seman tics for most of the further logic programming implem en tations, although logic

programming is b y no means limited to Prolog.

One of the main slogans of logic programming, due to Ko w alski, is

Program = Logic + Control

meaning that a problem has a declarativ e side asserting what the problem is and what

prop erties solutions should ha v e, as w ell as a con trol side describing how the problem is to

b e solv ed. The ideal of declarativ e programming in general, and of logic programming in

particular, is that the user should sp ecify the logic comp onen t of the problem, and con trol

should b e exercised as m uc h as p ossible b y the programming system. Unfortunately , the

users of Prolog-lik e systems still need to supply a lot of con trol information.

During the 1980's, the constrain t programming paradigm gradually grew out of logic

programming (see [58]). This brough t a new p ersp ectiv e on logic programming, in whic h

the concept of uni�cation is generalised to the concept of constrain t solving [16, 15 ].

Ho w ev er, Lassez sho w ed that constrain t logic programming is still part of the logic pro-

gramming paradigm in a fundamen tal w a y

4

[66].

3

App endix A giv es a brief description of ho w to use the Eqlog system; some examples of Eqlog runs

are giv en in Chapter 4.

4

In Chapter 6 w e sho w ho w generalised constrain t logic programmi ng can b e foundationally regarded

as a particular case of equational logic programming .
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Algebraic sp eci�cation is no w a particularly mature �eld of Computing Science, b ecause

of its strong and stable mathematical foundations. The theory of algebraic sp eci�cation

has b een implem en ted in man y computing systems, and is also an imp ortan t tec hnique

in Soft w are Engineering metho dologies.

While the insigh t that op erations should b e asso ciated with data represen tations

seems to ha v e b een due to Da vid P arnas [77 ], the legendary group ADJ

5

made a decisiv e

step forw ard b y using initialit y (a category-theoretic concept) as a c haracterisation for

the notion of standard mo del [44]. Man y sorted equational logic b ecame the main logical

system underlying the theory of algebraic sp eci�cations and abstract data t yp es. It

w as pro v ed complete b y Goguen and Meseguer b efore mid 1980's [37], but b ecause of its

inabilit y to handle erorrs, it w as replaced b y order sorted equational logic (whic h is man y

sorted equational logic with subt yping [41]) as the mo dern logical system underlying the

theory of algebraic sp eci�cations and abstract data t yp es.

The theory of algebraic sp eci�cations en tered a completely new era with the disco v ery

of the theory of institutions b y Goguen and Burstall [33], transcending its origins in

equational logic to encompass a wide v ariet y of logic systems, including �rst order logic,

Horn clause logic, higher order logic, in�nitary logic, dynamic logic, in tuitionistic logic,

order sorted logic, temp oral logic, etc. T o da y , nearly 15 y ears after the �rst insigh ts giv en

b y the w ork on the sp eci�cation language Clear [13], the spirit of abstract mo del theory

(in its institutional form) is a signi�can t part of the culture of algebraic sp eci�cation.

The language OBJ [46 ] pla y ed a ma jor r^ ole in the dev elopmen t of algebraic sp ec-

i�cation and, more generally , of declarativ e programming. It b egan as an algebraic

sp eci�cation language at UCLA ab out 1976, and has b een further dev elop ed at SRI In-

ternational and sev eral other sites as a declarativ e sp eci�cation and rapid protot yping

language. Its mathematical seman tics is giv en b y order sorted equational logic, and it has

a p o w erful t yp e system featuring subt yp es and o v erloading. In addition, OBJ has user

de�nable abstract data t yp es with user-de�nable mix�x syn tax, and a p o w erful param-

eterised mo dule facilit y that includes views and mo dule expressions. A subset of OBJ

is executable b y order sorted rewriting. OBJ has b een extended to w ards ob ject-orien ted

programming (the language F OOPS [40]), theorem pro ving (the metalogical framew ork

theorem pro v er 2OBJ [42]) and logic programming (the language Eqlog [38], whic h is

also further discussed in this thesis).

1.1.2 Equational logic programming

The equational logic programming paradigm uni�es logic programming based on Horn

clause logic and equational (i.e., functional) programming based on equational logic, i.e.,

the logic of substituting equals for equals. One of the earliest con tributions to this �eld

w as [76 ]. As Goguen and Meseguer rep eatedly p oin ted out [38, 39 ], the b est w a y to

ac hiev e this goal should b e to unify the t w o logics in v olv ed. Ho w ev er, b ecause equational

logic is more fundamen tal than Horn clause logic

6

, it is enough to base the new paradigm

only on equational logic. The main di�erence b et w een equational logic programming

and equational programming lies in the fact that the former deals with the problem of

solving queries . This implies the (someho w subtle) in v olv em en t of existen tially quan ti�ed

sen tences, whic h is explained b y Herbrand's Theorem.

5

Originally Goguen, Thatc her, W agner and W righ t.

6

This will b e explained in detail in Section 2.3.3.
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Suc h a com bination is desirable for b oth the algebraic sp eci�cation and the logic pro-

gramming traditions. The query solving capabilit y extends equational programming to a

v ery p o w erful paradigm in whic h a sp eci�cation is already a program (or at least it is v ery

close to b eing a program). This not only enormously simpli�es the correctness-v eri�cation

problem, but also brings in all the adv an tages of algebraic sp eci�cation languages (clarit y ,

simplicit y , reusabilit y , main tainabilit y , etc).

F rom the logic programming p oin t of view, this is the b est w a y to in tegrate [seman tic]

equalit y in to logic programming; a ma jor problem with relational programming, b ecause

man y of the compromises of the logic programming ideal found in actual languages (e.g.,

Prolog) ha v e to do with the inabilit y of relational programming to cop e with equalit y .

These compromises created a gap b et w een the original vision of logic programming (i.e.,

pr o gr amming in lo gic ) and most of the actual implem e n tations whic h are far from ha ving a

logic-based seman tics. In general, they tend in the direction of imp erativ e programming,

whic h can b e confusing and ine�cien t [2]. (The argumen t is that the denotational se-

man tics of imp erativ e programs is complex and complicated, with the ultimate practical

consequence b eing that the debugging is v ery hard.)

As Goguen and Meseguer p oin ted out in the con text of the programming language

Eqlog [38 ], the equational logic programming paradigm pro vides as m uc h practical pro-

gramming p o w er as p ossible without compromising the underlying logic. In fact, equa-

tional logic programming seems to matc h v ery w ell the slogan of lo gic al pr o gr amming

(i.e., programming rigorously based on a logical system) as form ulated in [39 ]:

Computation is deduction in the underlying institution.

An y of the adv an tages of Eqlog o v er Prolog can b e regarded as a direct consequence of its

seman tical purit y , whic h sharply con trasts with the man y extralogical features of Prolog

7

.

Although \cut" ma y b e the most notorious, \is" is probably the most outrageous, since it

is an assignmen t statemen t with declarativ e syn tax. Th us, real Prolog programs can b e

far from ha ving a simple foundation in Horn clause logic. Constrain t logic programming

is implem en ted b y PrologI I I in a �xed rather than extensible w a y , while Eqlog is enough


exible to b e considered as a fr amework for constrain t logic programming [39 , 38]. This

means that Eqlog supp orts constrain t solving o v er an y user de�ned data t yp e. F or this

reason w e call Eqlog an extensible

8

constrain t programming language.

In general, the op erational seman tics of equational logic programming systems is

based on narro wing (whic h is similar to the resolution used in logic programming). Dif-

feren t rather sophisticated re�nemen ts of narro wing can b e in practice as e�cien t as

Prolog's SLD-resolution, whic h can ev en b e regarded as a sp ecial case of narro wing b y

viewing the relation sym b ols as op erations (i.e., functions). Therefore narro wing already

con tains the mixture of resolution and narro wing that o ccurs in the con text of the op er-

ational seman tics of equational logic programming languages based on Horn clause logic

with equalit y .

1.2 Con tributions of this Thesis

This thesis dev elops a category-based seman tics for equational and constrain t logic pro-

gramming in the st yle of the language Eqlog, b y placing the general principles underlying

7

A ma jor adv an tage of Prolog is its go o d compiler.

8

In [39 ] Goguen and Meseguer use the terminology \generalised" instead of \extensible".
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the design of the programming language Eqlog and form ulated b y Goguen and Meseguer

in [38, 39 ] in to an abstract form. The actual implem en tation of Eqlog is faithful to this

seman tics, and exp erimen tations with the system help ed the dev elopmen t of the theory .

9

The category-based framew ork of this thesis giv es the p ossibilit y to dev elop equational

logic (programming) o v er non-con v en tional structures. In this w a y , equational logic pro-

gramming is lib erated from the traditional set theoretic p oin t of view. This is similar

to the w a y functional programming and algebraic sp eci�cation got their true meaning

and p o w er with cartesian closed categories and institutions, resp ectiv ely . The dev elop-

men t of equational logic programming o v er di�eren t t yp es of mo dels and domains (some

of them could ha v e a m uc h ric her structure than the usual set theoretic domains) and

migh t pro v e v ery b ene�cial in terms of unifying equational logic programming with other

programming paradigms. By follo wing the results of this thesis one can easily dev elop

the equational logic (programming) o v er con tin uous lattices insead of sets and functions,

for example. Although the examples w e pro vide in this thesis don't depart fundamen tally

from the tradition of equational logic programming as it is to da y , this framew ork pro v ed

already to b e v ery e�ectiv e in in tegrating equational logic programming with constrain t

programming (see Chapter 6).

1.2.1 Bey ond con v en tional \abstract mo del theory"

The framew ork underlying this thesis can b e c haracterized as abstr act mo del the ory in

the same spirit as the w ork b y the \Hungarian Sc ho ol" in late sev en ties,

10

for example,

is c haracterized as abstract mo del theory . By abstract mo del theory (abbreviated AMT )

w e mean far more than the resp ectiv e tradition in logic whic h abstracts the T arskian

approac h to co v er other logical systems

11

(e.g., [6, 5 ]). Our category-based framew ork is

v ery close in spirit to the theory of institutions [33] in the sense that

� it abstracts T arski's classic seman tic de�nition of truth [93 ], based on a relation of

satisfaction b et w een mo dels and sen tences, and

� it uses category theory in a v ery similar manner to ac hiev e generalit y and simplicit y ;

in b oth approac hes the mo dels ha v e the abstract structure of a category .

In fact, the theory of institutions w as a great source of inspiration for our framew ork;

w e view that theory as ful�lling the original vision of abstract mo del theory . Tw o main

di�erences b et w een our approac h and the theory of institutions are:

� the concept of satisfaction b et w een mo dels and sen tences is signi�can tly less ab-

stract in our approac h b ecause, although the mo dels are fully abstracted and the

sen tences generalise the traditional notions of equation, the actual satisfaction re-

lation is de�ned in a w a y that abstracts exactly the traditional equational logic

satisfaction b et w een algebras and equations, rather than b eing an unde�ned prim-

itiv e as in the theory of institutions; and

� our framew ork do es not con tain a dir e ct mathematical form ulation of the in tuition

that \truth is in v arian t under c hange of notation," whic h is someho w cen tral for

the theory of institutions.

9

In fact, all co de presen ted as examples in the thesis has b een run under the Eqlog system.

10

[1 ] is a represen tativ e piece of w ork of this sc ho ol.

11

The goal of researc h in this area b eing to generalise as m uc h of classical �rst order mo del theory as

p ossible.
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The second p oin t addresses the problem of the tec hnical relationship b et w een our category-

based framew ork and the theory of institutions. Chapter 5

12

sho ws that our framew ork

can b e naturally em b edded in to the theory of institutions. On the other hand, our

category-based framew ork can b e in ternalised in an y many sorte d lib er al institution .

13

1.2.2 Category-based equational logic

One of the main con tributions of this thesis is to prop ose a general framew ork for the

equational logic programming paradigm called category-based equational logic whic h

distills the essen tial ingredien ts c haracterising equational logics. Equations, equational

deduction, mo dels (algebras), congruences, satisfaction, etc. are treated in an arbitrary

category satisfying certain mild conditions whic h pla ys the r^ ole of the category of mo dels

for the equational logical system. This category of mo dels comes equipp ed with a forgetful

functor to an [abstract] category of domains. This enco des the principle that an y mo del

is an in terpretation of a signature

14

in to a domain whic h is usually a set, or a collection

of sets in the case of t yp ed logical systems. All concepts are in tro duced and results are

pro v ed at the highest appropriate lev el of abstraction. Through a gradual re�nemen t

pro cess (whic h could b e seen as \clim bing do wn" the abstraction hierarc h y) all concepts

(including the rules of inference for category-based equational deduction) can b e made

explicit in the concrete cases, while still a v oiding all irrelev an t details when fo cusing on

a particular equational logical system. By taking a seman tic p ersp ectiv e on terms as

elemen ts of a carrier of a free mo del,

15

the quan ti�cation of equations is abstracted from

v ariables to mo dels, as a result, v aluations are abstracted from simple assignmen ts of the

v ariables to mo del morphisms.

The framew ork of category-based equational logic is used in this thesis to deal with

op erational seman tics, mo dularisation and constrain t programming for the equational

logic programming paradigm. Suc h a framew ork m ust ac hiev e a delicate balance b e-

t w een abstraction and concreteness; this balance mak es p ossible the natural enco ding of

all imp ortan t principles and phenomena related exactly to the equational logic program-

ming paradigm, while still a v oiding the details of an y particular logical system. This

explains wh y the category-based framew ork of this thesis tec hnically liv es on a lo w er

lev el of abstraction than the theory of institutions whic h w as designed to b e used in the

wider con text of declarativ e programming. The analogy with classical algebra migh t b e

enligh tening. Although the mathematical structure underlying mo dern algebra is that of

a ring , the structure of mo dule

16

is more imp ortan t for the more sp ecialised area of linear

algebra. Ho w ev er, there is a close relationship (b oth tec hnically and in spirit) b et w een

rings and mo dules, although rings ma y also b e fundamen tal for n um b er theory , whic h is

only indirectly related to linear algebra. In the same w a y , institutions ma y b e relev an t

to an area only remotely related to equational logic programming, suc h as seman tics for

the ob ject paradigm [29 , 11, 35 ].

A uniform treatmen t of the mo del theory of classical equational logic is no w p ossible

due to the comprehensiv e dev elopmen t of categorical univ ersal algebra; without an y claim

of completeness, I men tion the so-called La wv ere algebraic theories, either in classical

form [69 ] or in monadic form [70 ] (although neither of these �ts order sorted algebra

12

Dev oted to mo dularisation issues.

13

The precise de�nition is giv en in Chapter 5.

14

Sometimes called language or v o cabulary in classical logic textb o oks.

15

As opp osed to to the syn tactic p ersp ectiv e that regards terms as tree-lik e syn tactic constructs.

16

Not to b e confused to the Computing concept of mo dule!

6



nicely), the theory of sk etc hes [4], and the recen tly dev elop ed theory of \abstract algebraic

institutions" [89, 91 ]. Ho w ev er, no uniform pro of theory has previously b een dev elop ed

for all these equational logics. It could b e argued that, at least for computation, the pro of

theory is more imp ortan t than the mo del theory . In Computing Science mo del theory is

far more imp ortan t as a metho dology or st yle of thinking than it is in itself. A ma jor

con tribution of this thesis is that it la ys bare the ar chite ctur e of equational deduction,

i.e., the conceptual structure that underlies it. The k ey to the completeness of category-

based equational deduction is to regard the congruence determined on an arbitrary mo del

A b y an arbitrary collection � of [conditional] equations in t w o di�eren t w a ys: as the

collection of all unconditional equations quan ti�ed b y A that are syn tactically inferred

from �, and as the collection of equations that are a seman tic consequence of �. Because

of the seman tic treatmen t of equation and satisfaction, there is no distinction b et w een

the congruence determined b y � on the free mo dels and on other mo dels. Under some

additional conditions related to the �niteness of the h yp otheses of the conditions in �

and to the �niteness of the mo del op erations (b oth of them enco ded in category-theoretic

terms), this congruence can b e obtained in an e�ectiv e w a y .

A relev an t consequence of the completeness results for category-based equational de-

duction is a generic Herbrand's Theorem (in t w o v ersions) form ulated in the st yle of

[39], i.e., c haracterising Herbrand mo dels as initial mo dels of the program regarded as

an equational theory . This pro vides mathematical foundations for the equational logic

programming paradigm in the st yle of Eqlog [38, 39 ]. When applied to constrain t logics

(in Chapter 6), this giv es a v ersion of Herbrand's Theorem for extensible constrain t logic

programming. Despite the sophistication of this last result, it is obtained with minim al

e�ort due to the category-based mac hinery .

1.2.3 Category-based op erational seman tics

Equational deduction bridges the gap b et w een the op erational seman tics and the mo del

theory of equational logic programming; suc h a reconciliation is essen tial for understand-

ing the correctness of computer implem en tations. The completeness and soundness of a

computing system rigorously based on some equational logic dep ends on the complete-

ness and soundness of the op erational seman tics with resp ect to the deduction system

of the equational logic in v olv ed, as w ell as on the completeness and soundness of the

equational deduction system with resp ect to its mo del theory .

Our category-based framew ork supp orts the dev elopmen t of category-based equa-

tional logic in to a purely mo del theoretic approac h to the completeness of op erational

seman tics for v arious programming paradigms that are based on some form of equational

logic; this result is indep enden t of the particular [equational] logic in v olv ed, as opp osed

to the com binatorial treatmen ts of the paramo dulation-based op erational seman tics seen

in the literature. W e generalise the concept of paramo dulation to mo del theoretic

paramo dulation b y de�ning paramo dulation as an inference rule with resp ect to an

arbitrary �xed mo del. W e prop ose a generic sc heme for pro ving the completeness of the

paramo dulation-based op erational seman tics for equational logic programming. The core

of this sc heme is the analysis of the relationship b et w een the congruence determined b y

a program � on a mo del A and the relations induced on A b y the op erational inference

rules. This sc heme also clari�es the r^ ole pla y ed b y the Theorem of Constan ts, the Com-

pleteness of Equational Logic, and the Lifting Lemmas in pro ving the completeness of

op erational seman tics. In this approac h rewriting is de�ned on algebraic en tities that are

7



more abstract than terms. This is ac hiev ed b y isolating the abstract prop erties of what

are kno wn c ontexts in the standard case of man y sorted algebra.

An imp ortan t class of applications concerns equational deduction mo dulo a the ory .

This arises when some equations in a program are non-orien table, making them useless

as rules (i.e., for rewriting or narro wing). The most notorious cases are asso ciativit y (A),

comm utativi t y (C) and their com bination (A C). Also, graph rewriting is a particular

case of rewriting mo dulo a theory [7 ]. By taking a seman tic p ersp ectiv e on computations

mo dulo a theory w e in tro duce the more abstract concept of paramo dulation mo dulo

a mo del morphism and use it for sho wing that computing in the quotien t mo del of

a theory is the same as computing mo dulo that theory . One conclusion of this thesis

is that there is no fundamen tal di�erence b et w een ordinary equational deduction and

equational deduction mo dulo a theory . Based on this lev el of denotational seman tics,

Chapter 4 extends this conclusion to the realm of op erational seman tics.

1.2.4 Mo dularisation and extensible constrain t logic programming

By in tegrating our framew ork and the theory of institutions, w e de�ne the mathematical

structure underlying mo dularisation for equational logic programming in the st yle of

OBJ: the institution of category-based equational logic supp orts a general treatmen t of

the mo dularisation issues that are sp eci�c to the equational logic programming paradigm,

as w ell as a category-based seman tics for queries and solution forms in the con text of

OBJ-lik e mo dularisation.

In the institution of category-based equational logic, the signatures are functors. This

abstraction of the notion of signature is based up on the fact that in an y equational

logic system, a signature determines a category of mo dels, a category of domains, and a

forgetful functor b et w een them. A morphism of signatures consists of a pair of \reduct"

functors, one on mo dels and the other on domains. F orgetting from mo dels to domains

comm utes with the reduct functors.

The concept of solution form is sho wn to corresp ond to the Satisfaction Relation in

a sp ecial \non-logical" institution. This corresp ondence is useful for understanding the

soundness and completeness problem for equational logic programming mo dule imp orta-

tion in the wider con text of institution theory , and th us relating it to the usual logical

concepts of soundness and completeness.

17

The solution to this problem is giv en at the

lev el of the institution of category-based equational logic.

Finally , the category-based mac hinery is used for in tegrating extensible constrain t

logic programming in to the equational logic programming paradigm b y de�ning its un-

derlying logic and regarding it as category-based equational logic in whic h the mo dels

form a comma category o v er a \built-in" mo del. This idea is based on the insigh t of

[39] to use free expansions of mo dels of built-ins along signature morphisms. This repre-

sen ts a signi�can t generalisation of the initial algebra approac h from abstract data t yp es

to constrain t solving. In this w a y extensible constrain t logic programming b ecomes a

paradigm based essen tially on equational logic.

18

This is a big adv an tage b ecause exten-

sible constrain t logic programming could b ene�t from the high maturit y of the seman tics

of equational logic, and p ossibly from some implem en tation tec hniques sp eci�c to equa-

tional logic. A t the seman tic lev el, this is already v ery transparen t. It will b e in teresting

17

This is an example of the use of \abstract mo del theory" b ey ond the realm of logical systems, and

of extension of concepts from logic to di�eren t areas.

18

More precisely , on category-based equational logics.
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to explore the b ene�ts of suc h an approac h at the lev el of op erational seman tics.

1.3 The Structure of the Thesis

After the In tro duction and Preliminaries, w e dev ote one c hapter to eac h of the four main

topics. The tec hnical dep endencies b et w een c hapters are sho wn in the follo wing diagram:

Prelimi naries

Category-based

equational logic

Mo dularisation

Op erational

seman tics

Extensible constrain t

logic programming

� �

� �

� �

� �

j

j

j

j

j

j

j

j

j

j

j

j

j

j

55

� �

� �

jjU

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

U

� �

� �

OO

� �

� �

llY

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

Y

OO

1.3.1 Preliminaries

The basic categorical concepts of this w ork are in tro duced and the category-based frame-

w ork of this thesis is in tro duced. The �rst section is dev oted to v arious asp ects of

c ate goric al r elations , whic h are at the cen ter of the categorical mac hinery of this thesis.

The second section discusses �niteness from a categorical angle and applies it to cate-

gorical relations. Equiv alence, comp osition of binary relations, closures of relations and

con
uen t relations are analysed within this framew ork.

The last section de�nes the category-based framew ork underlying this thesis and

giv es a list of examples relev an t to equational logic programming: man y sorted algebra,

order sorted algebra, Horn clause logic (with or without equalit y), and equational logic

mo dulo a theory . Eac h example is presen ted with a fair amoun t of detail; w e also sho w

ho w they formally �t in to the category-based framew ork previously in tro duced. The

presen tation of Horn clause logics con tains a b o dy of results sho wing ho w they can b e

tec hnically regarded as ordinary (conditional) equational logics. Constrain t logics are

also men tioned, but w e dev ote the whole of Chapter 6 to this example.

1.3.2 Category-based Equational Deduction

The categorical pro of theory for equational logics is dev elop ed in this c hapter. This

b egins with a category-based treatmen t of the concept of c ongruenc e . A t this lev el,

the �niteness of op erators (or predicates) arit y is enco ded as a category-based �nitarit y

condition related to congruences. The �rst section giv es a category-based de�nition of

the notion of U - e quation and of the satisfaction relation b et w een mo dels and U -equations.

The completeness of category-based equational logics is obtained in the next section, and

Section 3.4 deriv es a �rst v ersion of Herbrand's Theorem as its consequence.

The last section explores the consequences of the existence of free mo dels. W e get

a more concrete form ulation of the completeness of category-based equational deduction

similar to the classical approac hes. A t this lev el w e discuss the r^ ole pla y ed b y the Axiom

of Choice and of \�niteness of mo del op erations" for the completeness of category-based

9



equational deduction. This section ends with a \non-empt y sorts" v ersion of Herbrand's

Theorem.

1.3.3 Op erational Seman tics

This c hapter b egins with a v ery brief historical p ersp ectiv e on narro wing, follo w ed b y a

discussion on the principles underlying our approac h on the op erational seman tics. A

preliminary section de�nes the category-based con text of our treatmen t of the op erational

seman tics, and approac hes the notion of r ewriting c ontext from a category-based angle.

The next section presen ts the inference rules of the paramo dulation-based op erational

seman tics for equational logic programming and establishes some related notations. Sec-

tion 4.3 is dev oted to the completeness of mo del theoretic paramo dulation, Section 4.4 to

paramo dulation mo dulo a mo del morphism, and Section 4.5 to the r^ ole of con
uence in

establishing the completeness of paramo dulation for the case of orien ted rules. The the-

ory dev elop ed in the �rst part of this c hapter is applied in the next section to pro ving the

completeness of man y sorted narro wing when programs are term rewriting systems, and

it also reviews the completeness of man y sorted basic narro wing assuming the canonicit y

of the rewriting system.

The c hapter on op erational seman tics ends with a section illustrating order sorted

basic narro wing with runs of the Eqlog system. The c onstructor discipline is brie
y

presen ted as a con trol strategy in the con text of the Eqlog system.

1.3.4 Mo dularisation

The c hapter b egins with a general discussion on the OBJ-lik e mo dularisation principles

(including some history) and its adv an tages, a description of the soundness and com-

pleteness problems for mo dule imp orts sp eci�c to equational logic programming, and a

discussion on the r^ ole of category-based in the treatmen t of mo dularisation in equational

logic programming. Section 5.1 presen ts some basic results in the con text of semiexact

institutions including a theorem that is fundamen tal to the seman tics of parameterisation

(i.e., generic mo dules) for OBJ-lik e languages.

19

Section 5.2 pro vides the bridge b et w een

the theory of institutions and the category-based framew ork of the thesis, and pro v es a

generic

20

Satisfaction Condition in this con text. Quan ti�er translations app ear as free

mo dels along signature morphisms, and sen tence translations as univ ersal morphisms

b et w een Kleisli categories. This pro vides a basis for the category-based seman tics of

queries and solution forms versus mo dularisation dev elop ed in the next section, where

the main result is the soundness of an y mo dule imp ort and the completeness of p ersis-

ten t mo dule imp orts. The soundness and completeness for equational logic programming

mo dule imp orts is sho wn to b e an instan tiation of the more abstract notion of soundness

and completeness for institutions with an en tailmen t relation. This in v olv es an eccen tric

institution in whic h mo dels are queries, sen tences are substitutions, and signatures are

collections of logical v ariables.

The last section giv es a generalisation of the Theorem of Constan ts within the frame-

w ork of category-based equational logics.

19

Including Eqlog view ed as a sp eci�cation language.

20

F or equational logics.
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1.3.5 Extensible Constrain t Logic Programming

This c hapter giv es a category-based seman tics to extensible constrain t logic programming

b y em b edding constrain t logics within the framew ork of category-based equational logics.

It then uses the mac hinery of the previous c hapters for pro ving a constrain t logic v ersion

of Herbrand's Theorem.

1.4 The Programming Language Eqlog

Eqlog [38] is a programming and sp eci�cation language b eing dev elop ed b y the author at

Oxford Univ ersit y , to com bine constrain t logic programming with equational program-

ming. Its default op erational seman tics is order sorted narro wing

21

, but particular cases

can b e computed b y e�cien t built in algorithms o v er suitable data structures, with their

functions and relations, including equalit y , disequalit y , and the usual orderings for n um-

b ers and lists. Initialit y in Horn clause logic with equalit y pro vides a rigorous seman tics

for functional programming, logic programming, and their com bination, as w ell as for

the full p o w er of constrain t programming, allo wing queries with logical v ariables o v er

com binations of user-de�ned and built in data t yp es [39].

Eqlog has a p o w erful t yp e system that allo ws subt yp es, based on order sorted algebra

[41]. The metho d of r etr acts , a mathematicall y rigorous form of run time t yp e c hec king

and error handling, giv es Eqlog a syn tactic 
exibilit y comparable to that of un t yp ed

languages, while preserving all the adv an tages of strong t yping [34]. The order sortedness

of Eqlog not only greatly increases expressivit y and the e�ciency of uni�cation (see

[74]), but it also pro vides a rigorous framew ork for m ultiple data represen tations and

automatic co ercions among them. Uniform metho ds of con v ersion among m ultiple data

represen tations are essen tial for reusing already programmed constrain t solv ers, b ecause

they will represen t data in v arious w a ys. Order sorted algebra pro vides a precise and

systematic equational theory for this, based on initial seman tics (see [73] for a detailed

discussion, [34] and [73] for some further examples).

Eqlog also supp orts lo ose sp eci�cations through its so-called the ories , and pro vides

views for asserting the satisfaction of theories b y programs as w ell as relationships of re-

�nemen t among sp eci�cations and/or programs. This relates directly to Eqlog's p o w erful

form of mo dularit y , with generic (i.e., parameterised) mo dules and views, based on the

same principles as the OBJ language (see [38]). Theories sp ecify b oth syn tactic structure

and seman tic prop erties of mo dules and mo dule in terfaces. Mo dules can b e parame-

terised, where actual parameters are mo dules. Mo dules can also imp ort other mo dules,

th us supp orting m ultiple inheritance at the mo dule lev el. F or parameter instan tiation, a

view binds the formal en tities in an in terface theory to actual en tities in a mo dule. Mo d-

ule expr essions allo w complex com binations of already de�ned mo dules, including sums,

instan tiations and transformations; moreo v er, ev aluating a mo dule expression actually

builds a soft w are system from the giv en comp onen ts.

22

Th us parameterised programming

in Eqlog giv es signi�can t supp ort for large programs through mo dule comp osition, and

[28] sho ws that it also pro vides the p o w er of higher order functions. The seman tics of

mo dule imp ortation is giv en b y conserv ativ e extensions of theories in Horn clause logic

with equalit y [39]. The stronger notion of p ersisten t extension underlies generic mo dules.

21

Section 4.7 con tains some examples of order sorted narro wing based Eqlog runs.

22

Chapter 5 con tains some simple examples of parameterised mo dules and instan tiations.
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1.4.1 Eqlog as a framew ork for decision pro cedures

F rom the v ery b eginning logic programming w as based on �rst order logic, pa ying tribute

to its success in the foundations of mathematics. Prolog is no w the only logic program-

ming language that is quite widely used w orldwide. Eqlog not only com bines traditional

logic programming with equational programming, it is also an extensible mo dular con-

strain t programming language, whic h p ermits user-de�ned abstract data t yp es and the

reuse of existing co de for constrain t solv ers for v arious problems. The fact that Eqlog

is implem en te d in Ky oto Common Lisp supp orts this 
exibilit y , b ecause b oth Common

Lisp and C programs can easily b e included, and man y other languages ha v e translators

in to C. Gaussian elimination for systems of linear equations or pac k ages for solving sys-

tems of linear inequalities are examples of what can b e done. Of course, man y decidable

problems ma y not already ha v e suc h e�cien t algorithms, but they can still b e solv ed b y

the general metho d of narro wing, whic h in some cases can b e as e�cien t as computation

in an ordinary functional language.
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2 Preliminaries

This w ork assumes some familiarit y with the basic notions of univ ersal algebra and cate-

gory theory . W e generally use the same notation and terminology as Mac Lane's standard

category theory textb o ok [64], except that the comp osition of arro ws is denoted b y \;"

and written in the diagrammatic order. Application of functions (functors) to argumen ts

ma y b e written either normally b y using paren theses, or else in the diagrammatic order

without paren theses.

Categories are usually denoted b y capital bb old letters; the standard ones usually

ha v e a name whose �rst letter is written in capital bb old. F or example, the category

of sets and functions is denoted b y S et , and the category of categories and functors is

denoted b y C at . The opp osite of a category C is denoted b y C

op

; it has the same class of

ob jects as C , but all arro ws are rev ersed. F unctors are usually (but not alw a ys!) denoted

b y caligraphic capital letters, particularly for `functor v ariables' as opp osed to functors

whose action is kno wn. Ob jects in categories are usually denoted b y small or italic capital

letters; the class of ob jects of a category C is denoted b y j C j . The set of arro ws in C

ha ving the ob ject a as source and the ob ject b as target is denoted b y C ( a ; b ).

2.0.2 Comma categories

Recall from [64] that giv en t w o functors C

C

� ! E

D

 � D , the comma category ( C #D )

has arro ws c C

t

� ! d D as ob jects and pairs of arro ws h f ; g i as morphisms, suc h that

c C
d D

c

0

C d

0

D

t

//

f C

��

g D

��

t

0

//

comm utes. F or functors collapsing ev erything to a constan t ob ject (i.e., to an iden tit y

arro w) w e use the ob ject itself as notation. F or an y ob ject e 2 j E j , the forgetful functor

( e # E ) = ( e # 1

E

) ! E is denoted E

e

.

2.0.3 Limits and colimits

A diagram in a category C is a functor J

C

� ! C . A cone 
 : d ! C consists of

an ob ject d 2 j C j (called the ap ex of the cone) and a j J j -indexed family of arro ws

f d




i

� ! C ( i ) g

i 2j J j

suc h that 


j

; C ( u ) = 


i

for an y u in J :

j

i

C ( j ) C ( i )

c

d

u

//

C ( u )

//

�

j

bbD

D

D

D

D

D

�

i

z

z

z

z

z

z

<<

f

OO




i

EE

�

�

�

�

�

�

�

�

�

�

�

�




j

YY3

3

3

3

3

3

3

3

3

3

3

3
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A limit of C is a minimal cone o v er C , i.e., a cone � : c ! C suc h that for an y other

cone 
 : d ! C there exists a unique arro w f : d ! c in C suc h that f ; � = 
 .

Co-cone and colimit are dual to the notions of cone and limit, i.e., their de�n tion

can b e obtained b y rev ersing the arro ws in the de�nition of limits. This can b e visualised

b y the follo wing diagram:

C ( j ) C ( i )

c

d

�

j

D

D

D

D

D

D

""

C ( u )

//




j

3

3

3

3

3

3

3

3

3

3

3

3

��

�

i

||z

z

z

z

z

z




i

�

�

�

�

�

�

�

�

�

�

�

���

f

��

P articular limits and colimits are obtained b y �xing the shap e of the diagrams, i.e., the

category J . When J is discrete (i.e., it consists only of iden tit y arro ws) w e get pro ducts

and copro ducts, resp ectiv ely . When J consists only of t w o ob jects and a parallel pair of

arro ws b et w een these, w e get equalisers and co equalisers, resp ectiv ely .

A functor D

0

U

� ! D creates colimits i� for an y colimit D

�

� ! c (of a diagram

J

D

� ! D in D ), there exists a colimit �

0

in D

0

suc h that �

0

U = � .

A category J is �ltered i� for an y ob jects i ; j 2 j J j , there is an ob ject k 2 j J j suc h

that i ! k  j .

2.0.4 2-categories

Giv en t w o functors S ; T : A ! B , a natural transformation � : S ! T consists of an

j A j -indexed family of arro ws in B , f a S

a �

� ! a T g

a 2j A j

suc h that for all f in A the follo wing

diagram comm ute s:

a

a S a T

a

0

a

0

S a

0

T

f

��

f S

��

a �

//

f T

��

a

0

�

//

As \functor homomorphisms" natural transformations comp ose p oin t-wise in the ob vious

w a y . This is called the vertic al comp osite of natural transformation:

A B

//

//

# �

# �

//

i.e., a ( � ; � ) = a � ; a � . There is another horizontal comp osite of natural transformations

� �

0

: S ; S

0

! T ; T

0

A B

C ;

S

//

T

# �

//

S

0

//

T

0

# �

0

//

and there is an Inter change L aw : giv en three categories and four natural transformations

A B

C ;

//

//

# �

# �

//

//

//

# �

0

# �

0

//

the \v ertical" comp osites and the \horizon tal" comp osites are related b y

( � ; � )( �

0

; �

0

) = ( � �

0

); ( � �

0

) :
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F unctors and natural transformations form a 2-category (i.e., C at is a 2-category).

A 2-category is a class of arro ws (called 2-cells ) for t w o di�eren t comp ositions whic h

together satisfy the In terc hange La w, and in whic h ev ery iden tit y arro w for the �rst

comp osite is also an iden tit y for the second comp osite. The iden tities for the v ertical

comp osites are called 1-cells , and the iden tities for the horizon tal comp osites are called

0-cells .

2.1 Categorical Relations

The categorical v ersion of binary relation pla ys a cen tral r^ ole in this w ork.

2.1.1 Represen tations of binary relations

De�nition 2.1 Let a b e an ob ject of a category X . A binary relation represen tation

on a is a parallel pair of arro ws s ; t 2 X ( k ; a ), denoted k

h s ; t i

� ! a or just h s ; t i . 2

Here k pla ys the r^ ole of \ob ject of indices" and s ; t stand for the pro jections whic h

giv e the left hand side and the righ t hand side of an y pair of elemen ts b elonging to the

relation.

23

Example 2.2 Let � b e the usual \less than or equal" relation on the set ! of natural

n um b ers. W e can de�ne the set of indices to b e f ( x ; y ) j x ; y 2 ! and x � y g , and let

s ; t : k ! ! b e the pro jections, i.e., s ( x ; y ) = x and t ( x ; y ) = y . 2

De�nition 2.3 Let k

h s ; t i

� ! a and k

0

h s

0

; t

0

i

� ! a b e binary relation represen tations on the same

ob ject a . Then h s ; t i is included in h s

0

; t

0

i (denoted h s ; t i �

a

h s

0

; t

0

i , or just h s ; t i �

h s

0

; t

0

i ) i� there is a map h : k ! k

0

b et w een the ob jects of indices suc h that s = h ; s

0

and t = h ; t

0

. 2

k

a

k

0

s

//

t

//

h

��

h

��

s

0

??

�

�

�

�

�

�

t

0

??

�

�

�

�

�

�

F act 2.4 F or an y category X let X

!

!

b e the category ha ving the same ob jects as X and

pairs of parallel arro ws as maps. Let �

X

b e the functor X ! X

!

!

doubling eac h arro w in

X . Then for an y ob ject a in X , the inclusion �

a

b et w een binary relation represen tations

on a is the preorder obtained b y collapsing

24

the comma category (�

X

# a ). 2

De�nition 2.5 Tw o relation represen tations Q and Q

0

on the same ob ject a are equiv-

alen t (denoted Q �

a

Q

0

, or Q � Q

0

for short) if and only if Q � Q

0

and Q

0

� Q .

2

23

F or tec hnical simplicit y , w e don't require s and t to b e monics. In this w a y , a binary relation can

ha v e more than one represen tation, eac h ha ving di�eren t ob jects of indices. Some of these ob jects of

indices are not necessarily isomorphic; this allo ws rep etitions of \elemen ts" in a represen tation of a

relation.

24

The elemen ts of the preorder are the ob jects of the category , and t w o elemen ts are related under the

preorder i� there is an arro w b et w een them.
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Binary relations are classes of equiv alen t represen tations:

De�nition 2.6 Let a b e an ob ject of a category X . A binary relation on a is an

equiv alence class of �

a

. 2

F or simplicit y , w e will often use represen tations instead of equiv alence classes as binary

relations. Notice that the concept of inclusion b et w een binary relation represen tations

can b e extended to binary relations prop er. W e will often write sQt for h s ; t i � Q , where

Q is a binary relation.

2.1.2 Unions of relations

De�nition 2.7 Let f Q

i

g

i 2 I

b e a family of relations on an ob ject a of a category X .

The union

S

i 2 I

Q

i

is the least upp er b ound of this family with resp ect to the inclusion

relation. Dually , the in tersection

T

i 2 I

Q

i

is the greatest lo w er b ound. 2

Lemma 2.8 If X has colimits, then the union

S

i 2 I

Q

i

of an y family of binary relations

on an ob ject a of X exists, and ma y b e constructed as a colimit in the comma category

(�

X

# a ).

Pro of: This follo ws from F act 2.4 and from the fact that the forgetful functor (�

X

# a ) !

X creates colimits. 2

Corollary 2.9 If X has binary copro ducts and colimits of �ltered preorders, then it has

unions of binary relations.

Pro of: By the construction of [small] colimits from binary copro ducts and colimits of

�ltered preorders (see [64 ]). 2

F act 2.10 Assume X has copro ducts. Let h s

i

; t

i

i

i 2 I

b e a family of relations on a 2 j X j

and let f : a ! b b e an arro w in X . Then

(

[

i 2 I

h s

i

; t

i

i ); f =

[

i 2 I

h s

i

; f ; t

i

; f i :

Pro of: Let k b e

`

i 2 I

k

i

, where k

i

is the ob ject of indices for h s

i

; t

i

i . Then

S

i 2 I

h s

i

; t

i

i

can b e regarded as the copro duct of h s

i

; t

i

i

i 2 I

in (�

X

# a ). By the univ ersal prop ert y of

copro ducts, (

S

i 2 I

h s

i

; t

i

i ); f is the copro duct of h s

i

; f ; t

i

; f i

i 2 I

, that is,

S

i 2 I

h s

i

; f ; t

i

; f i . 2

De�nition 2.11 A binary relation Q is atomic i� it do es not ha v e an y prop er subrela-

tions, i.e., the empt y relation and Q are its only subrelations. 2

In the case of [man y-sorted] sets, the atomic relations are exactly the one-elemen t

relations.

De�nition 2.12 A copro duct

`

i 2 I

k

i

in a category X is disjoin t i� an y map f : p !

`

i 2 I

k

i

can b e represen ted as f =

`

i 2 I

f

i

with f

i

: p

i

! k

i

and p =

`

i 2 I

p

i

. A category

has disjoin t copro ducts i� it has copro ducts and all its copro ducts are disjoin t. 2

Example 2.13 In S et an y function f : p !

`

i 2 I

k

i

can b e written as f =

`

i 2 I

f

i

where

f

i

: f

� 1

( k

i

) ! k

i

. This w orks b ecause the copro ducts of sets are disjoin t unions.

The same situation holds for the case of man y-sorted sets and functions. 2
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Lemma 2.14 Let X b e a category with disjoin t copro ducts. If R �

S

i 2 I

Q

i

(as binary

relations), then R can b e represen ted as R =

S

i 2 I

R

i

with R

i

� Q

i

.

Pro of: Let R b e p

h s ; t i

� ! a and k

i

b e the ob ject of indices of Q

i

for eac h i 2 I . Then

the ob ject of indices of

S

i 2 I

Q

i

can b e tak en as

`

i 2 I

k

i

. Let f : p !

`

i 2 I

k

i

b e the

map b et w een the indices represen ting the inclusion R �

S

i 2 I

Q

i

. Then f =

`

i 2 I

f

i

with f

i

: p

i

! k

i

and

`

i 2 I

p

i

= p . De�ne R

i

to b e h j

i

; s ; j

i

; t i for eac h i 2 I , where

f j

i

: p

i

! p g

i 2 I

are the injections of the copro duct co-cone. No w it is easy to see that

R

i

� Q

i

for eac h i 2 I and that R =

S

i 2 I

R

i

. 2

2.1.3 Equiv alences

In this subsection w e in tro duce the notion of equiv alence as a sp ecial binary relation.

The follo wing is a w ell kno wn categorical de�nition of equiv alence relations:

De�nition 2.15 The k ernel of an arro w h , denoted ker ( h ), is the pullbac k of h with

itself. A relation h s ; t i on a is an equiv alence i� there is a map h suc h that h s ; t i =

ker ( h ). 2

F act 2.16 If X has pullbac ks, then ker is a functor ( a # X ) ! (�

X

# a ). 2

In ordinary set theory , equiv alences are c haracterised as re
exiv e, symmetric and

transitiv e binary relations. The follo wing de�nition deals with re
exivit y , symmetry and

transitivit y at the lev el of categorical binary relations.

De�nition 2.17 Let X b e a category and consider an ob ject a in X . The diagonal of

a is the relation

D

a

=

[

fh t ; t i j t 2 X ( k ; a ) g

Then a relation Q on a is re
exiv e i� D

a

� Q .

h l ; r i is symme tri c i� h l ; r i = h r ; l i , and

Q is transitiv e i� h s ; u i � Q whenev er h s ; t i � Q and h t ; u i � Q for some t . 2

F act 2.18 An y equiv alence is re
exiv e, symmet ric and transitiv e. 2

F act 2.19 The symmetric closure of a binary relation h l ; r i on a exists, and is giv en b y

sym h l ; r i = h l ; r i [ h r ; l i :

2

De�nition 2.20 A category X has �ltered unions of equiv alences i� for eac h ob ject

a the functor ker : ( a # X ) ! (�

X

# a ) preserv es �ltered colimits. 2

F act 2.21 The forgetful functor ( a # X ) ! X creates �ltered colimits. 2
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Example 2.22 The category S et

S

of S -sorted sets and functions has �ltered unions of

equiv alences. This reduces to the fact that unions of �ltered families of equiv alence

relations on a set A are still equiv alence relations. Filteredness is essen tial, as suggested

b y the t w o equiv alences on f 1 ; 2 ; 3 g generated b y f (1 ; 2) g and, f (2 ; 3) g resp ectiv ely . Their

union is not an equiv alence since it is not transitiv e b ecause it do es not con tain (1 ; 3).

More formally , consider a set A and let � : f A

f

i

! B

i

g

i 2 I

! ( A

f

! B ) b e a �ltered colimit

in ( A # S et

S

). Let K

i

b e the k ernel of f

i

for i 2 I . By F act 2.21 � : f B

i

g

i 2 I

! B is a

�ltered colimit in S et

S

, therefore B is (

`

i 2 I

B

i

) =

�

, where b � b

0

i� b and b

0

get mapp ed

in to the same elemen t b y some function in the diagram f B

i

g

i 2 I

. The existence of �ltered

unions of equiv alences means that ker ( f ) should b e

S

i 2 I

K

i

. Then

S

i 2 I

K

i

= f ( a ; a

0

) j

9 i 2 j I j suc h that f

i

( a ) = f

i

( a

0

) g and ker ( f ) = f ( a ; a

0

) j 8 j 2 j I j ; f

j

( a ) =

�

= f

j

( a

0

) =

�

g .

By the de�nition of � , ker ( f ) �

S

i 2 I

K

i

. But

S

i 2 I

K

i

� ker ( f ) since eac h K

i

� ker ( f ).

2

2.2 Finiteness

This section deals with �niteness. The concept of �niteness is essen tial for pro ving the

completeness of equational deduction, and consequen tly of the op erational seman tics.

2.2.1 Finite ob jects

The link b et w een �niteness and �lteredness is no w w ell established in sev eral di�eren t

branc hes of mathematics. Although it is hard to trace bac k its origins, w e men tion the r^ ole

pla y ed b y �lteredness in explaining some Birkho�-lik e axiomatisation results in abstract

mo del theory . Our categorical de�nition of �niteness corresp onds to the de�nition of

\ L -small ob ject" in [1] when L is the class of all directed p osets, and it also generalises

the w ell kno wn notion of a \�nite elemen t" in a partially ordered set.

De�nition 2.23 An ob ject k in a category X is �nite i� for an y map f : k ! d to

the ap ex of a colimiting co-cone � : D ! d in X o v er a �ltered diagram D , there exists

i 2 j D j and a map f

i

: k ! D ( i ) suc h that f

i

; �

i

= f . 2

Example 2.24 In S et

S

, the �nite ob jects are exactly those S -sorted sets that are �nite

on eac h comp onen t in the ordinary sense.

Consider a �nite S -sorted set k and a map f : k ! d to the ap ex of a colimiting

co-cone � : D ! d o v er a �ltered diagram D in S et

S

.

D ( j ) D ( i )

d

k

�

j

C

C

C

C

C

C

!!

//

�

i

}}{

{

{

{

{

{

f

OO

f

i

FF

�

�

�

�

�

�

�

�

�

�

�

�

�

Due to the nature of colimits in set theory , d =

S

j 2j D j

�

j

( D ( j )). Therefore, for eac h

elemen t e 2 d , there exists j suc h that e 2 �

j

( D ( j )). The same holds for an y subset of

d , in particular for f ( k ). Since d is �nite and D is �ltered, there exists i 2 j D j suc h that

f ( k ) � �

i

( D ( i )). No w it is easy to construct a map f

i

: k ! D ( i ) suc h that f

i

; �

i

= f .
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F or the con v erse, assume the h yp otheses and supp ose k is not �nite. Let D b e an

! -diagram suc h that D ( j ) � k and D ( j ) is strictly included in D ( j + 1) for eac h j 2 ! .

Suc h a diagram exists b ecause k is not �nite. Let f b e an y righ t in v erse to the inclusion

[

j 2 !

D ( j ) � k . Supp ose there exists i 2 ! and f

i

: k ! D ( i ) suc h that f

i

; �

i

= f . Let

e b e an elemen t in D ( i + 1) that do esn't b elong to D ( i ). If f

i

; �

i

w as equal to f , then

e = f ( e ) = �

i

( f

i

( e )) = e , whic h clashes with the fact that e do esn't b elong to D ( i ). 2

Example 2.25 In a similar manner to the previous example w e can easily see that in

the category V e ct

K

of v ector spaces and linear transformations o v er some �eld K , the

�nite ob jects are exactly the �nite dimensional v ector spaces. 2

Lemma 2.26 Supp ose X has binary copro ducts. Then k

1

`

k

2

is �nite if k

1

and k

2

are

�nite.

Pro of: Consider a colimiting co-cone � : D ! d o v er a �ltered diagram D in X . Let

f = [ f

1

; f

2

] : k

1

`

k

2

! d with f

i

: k

i

! d . By the �niteness of k

1

and k

2

and b ecause

D is �ltered, there is an ob ject j and t w o maps g

i

: k

i

! D ( j ) (for i = 1 ; 2) suc h that

g

i

; �

j

= f

i

. De�ne g to b e [ g

1

; g

2

] : k

1

`

k

2

! D ( j ). Then g ; �

j

= f . 2

2.2.2 Finiteness for binary relations

De�nition 2.27 A binary relation is �nite i� at least one of its represen tations has a

�nite ob ject of indices. 2

F act 2.28 An y �nite binary relation on a 2 j X j is �nite as an ob ject of (�

X

# a ). 2

The con v erse do esn't necessarily hold. Ho w ev er, a natural condition on the base

category ensures that �nite binary relations on an ob ject a corresp ond exactly to the

�nite ob jects in (�

X

# a ). The next de�nition is adapted from [1]:

De�nition 2.29 The category X is algebroidal i� eac h of its ob jects can b e presen ted

as a �ltered colimit of �nite ob jects. 2

Both S et

S

and V e ct

K

are algebroidal categories. In the former case, an y S -sorted set

is the union of its �nite subsets, while in the latter case, eac h v ector space o v er a �eld

K is the colimit of its �nite dimensional subspaces. Another w ell kno wn example comes

from domain theory . A lattice is called algebraic i� eac h of its elemen ts is a directed

union of �nite elemen ts.

F act 2.30 If X has binary copro ducts, then for an y binary relation Q on a , f Q

0

�nite j

Q

0

� Q g is �ltered.

Pro of: By Lemma 2.26. 2

Corollary 2.31 If X is algebroidal and has binary copro ducts, then for an y binary

relation Q on a ,

Q =

[

f Q

0

�nite j Q

0

� Q g :

Pro of: Let Q b e h s ; t i with d the ob ject of indices. Since X is algebroidal, d is the

ap ex of a colimiting co-cone � : D ! d of a diagram whose no des are �nite ob jects in X .

F or eac h no de i in D , the binary relation h �

i

; s ; �

i

; t i is �nite and h s ; t i is the colimit of

h �

i

; s ; �

i

; t i

i 2j D j

in (�

X

# a ) since the forgetful functor (�

X

# a ) ! X creates colimits. By

Lemma 2.8, h s ; t i =

S

i 2j D j

h �

i

; s ; �

i

; t i . But
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[

i 2j D j

h �

i

; s ; �

i

; t i �

[

fh s

0

; t

0

i �nite j h s

0

; t

0

i � h s ; t ig :

Therefore, h s ; t i �

S

fh s

0

; t

0

i �nite j h s

0

; t

0

i � h s ; t ig . This pro v es the corollary since the

opp osite inclusion is trivial. 2

The follo wing corollary motiv ates De�nition 2.27 and sho ws that the �nite binary

relations on a corresp ond exactly to �nite ob jects in (�

X

# a ).

Corollary 2.32 If X is algebroidal and has binary copro ducts, then for an y ob ject a in

X , an y �nite ob ject in (�

X

# a ) is a �nite binary relation on a .

Pro of: Assume that k

h s ; t i

� ! a is �nite as an ob ject in (�

X

# a ). By Corollary 2.31

h s ; t i =

S

f k

0

h s

0

; t

0

i

� ! a �nite j h s

0

; t

0

i � h s ; t ig and there exists k

0

h s

0

; t

0

i

� ! a � h s ; t i �nite suc h

that h s ; t i � h s

0

; t

0

i . 2

Corollary 2.33 If X is algebroidal and has binary copro ducts, then an y atomic relation

is �nite. 2

2.2.3 Re
exiv e-transitiv e closures

Throughout this subsection w e assume that the category X is algebroidal and has disjoin t

25

binary copro ducts.

Lemma 2.34 A binary relation Q on a is symmetri c i� h s ; t i � Q implies h t ; s i � Q

for all �nite h s ; t i .

Q is transitiv e i� for an y �nite relations h s ; t i and h t ; u i , h s ; u i � Q whenev er h s ; t i �

Q and h t ; u i � Q .

Pro of: Let Q b e k

h s ; t i

� ! a . By Corollary 2.31,

h s ; t i =

[

fh s

0

; t

0

i �nite j h s

0

; t

0

i � h s ; t ig ;

in suc h a w a y that h s ; t i could b e presen ted as the colimit of the set in the righ t-hand side

of the previous equalit y . F rom this, w e deduce that h t ; s i =

S

fh t

0

; s

0

i �nite j h s

0

; t

0

i �

h s ; t ig . But eac h �nite h t

0

; s

0

i is included in h s ; t i b y h yp othesis, therefore h t ; s i � h s ; t i .

F or the second part of this lemma, consider h s

0

; t

0

i ; h t

0

; u

0

i � Q and let f k

i

�

i

� ! k g

i 2 I

b e a represen tation of k as a �ltered colimit of �nite ob jects. Let s

i

= �

i

; s

0

; t

i

= �

i

; t

0

and u

i

= �

i

; u

0

. Then h s

i

; u

i

i � Q b y h yp othesis, and b ecause h s ; u i =

S

i 2j I j

h s

i

; u

i

i , w e

ha v e h s ; u i � Q . 2

De�nition 2.35 Let Q and R b e relations on the same ob ject a . Then their comp osi-

tion is

Q � R =

[

fh s ; u i �nite j h s ; t i � Q ; h t ; u i � R for some t g :

2

F act 2.36 Let Q and R b e relations on the same ob ject a . Then

fh s ; u i �nite j h s ; t i � Q ; h t ; u i � R for some t g

25

In the sense of De�nition 2.12.
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is �ltered. 2

Lemma 2.37 Fix an ob ject a in X . Then

1. the comp osition of binary relations is monotonic with resp ect to the inclusions

b et w een relations,

2. the comp osition of binary relations on a is asso ciativ e, and

3. ( Q

1

[ Q

2

) � R = ( Q

1

� R ) [ ( Q

2

� R ) for an y binary relations Q

1

; Q

2

; R on a .

Pro of: 1. The pro of of this falls out directly from the de�n tion of inclusions of cate-

gorical relations.

2. Consider Q ; R ; P binary relations on a . Then

( Q � R ) � P =

[

fh s ; u i �nite j h s ; t i � Q � R ; h t ; u i � P for some t g :

Because of F act 2.36, for eac h h s ; t i � Q � R �nite, there exists v suc h that h s ; v i � Q

and h v ; t i � R . Then

( Q � R ) � P =

[

fh s ; u i �nite j h s ; v i � Q ; h v ; t i � R ; h t ; u i � P for some v ; t g :

The same holds for Q � ( R � P ). Therefore ( Q � R ) � P = Q � ( R � P ).

3. ( Q

1

� R ) [ ( Q

2

� R ) � ( Q

1

[ Q

2

) � R holds b y the monotonicit y of � with resp ect to � .

F or the opp osite inclusion, consider h s ; u i �nite suc h that h s ; t i � Q

1

[ Q

2

and h t ; u i � R

for some t . Let h s

i

; t

i

i � Q

i

; h t

i

; u

i

i � R , i 2 f 1 ; 2 g , suc h that h s ; t i = h s

1

; t

1

i [ h s

2

; t

2

i .

Then h s

i

; u

i

i � Q

i

� R and h s ; u i = h s

1

; u

1

i [ h s

2

; u

2

i � ( Q

1

� R ) [ ( Q

2

� R ). 2

Prop osition 2.38 An y relation Q on an ob ject a in X has a re
exiv e-transitiv e closure

(i.e., the least re
exiv e-transitiv e relation con taining Q ), namely

Q

�

=

[

n 2 !

Q

n

where Q

0

= D

a

and Q

n +1

= Q

n

[ Q � Q

n

.

Pro of: The re
exivit y of Q

�

holds b ecause of Q

0

. F or pro ving the transitivit y of Q

�

,

w e sho w �rst b y induction on m 2 ! that Q

m

� Q

n

� Q

m + n

for an y n 2 ! . F or the

induction step,

Q

m +1

� Q

n

= ( Q

m

[ Q � Q

m

) � Q

n

= Q

m

� Q

n

[ Q � Q

m

� Q

n

(b y Lemma 2.37)

� Q

m + n

[ Q � Q

m + n

= Q

m + n +1

:

No w consider h s ; t i ; h t ; u i � Q

�

�nite. Since Q

�

=

S

n 2 !

Q

n

is a �ltered colimit, there

exists m ; n 2 ! suc h that h s ; t i � Q

n

and h t ; u i � Q

m

. Therefore h s ; u i � Q

m + n

� Q

�

.

By Lemma 2.34, Q

�

is transitiv e.

Let R b e an y re
exiv e-transitiv e relation on a and con taining Q . By induction on

n 2 ! , Q

n

� R . Therefore Q

�

� R . 2
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2.2.4 Con
uen t relations

In a set theoretic framew ork, the follo wing de�nition represen ts an extension of the

ordinary notion of con
uence from elemen ts to �nite families (or tuples) of elemen ts.

Con
uen t relations app ear in the con text of abstract rewriting systems [55 ].

De�nition 2.39 A binary relation Q on an ob ject a of X is con
uen t i� for an y �nite

h s ; t i ; h s ; t

0

i � Q , there exists u suc h that h t ; u i ; h t

0

; u i � Q . 2

2.3 Mo dels and Domains

This thesis tak es a top-do wn approac h to equational logics, in the spirit of abstract mo del

theory [5, 33 ], in the sense that all concepts and results are dev elop ed at the highest

p ossible lev el of abstraction. New lev els of concreteness, necessary for some concepts

and results, are obtained b y adding new h yp otheses to the previous lev els. The basic

framew ork distills the essen tial ingredien ts c haracterising equational logics.

The seman tics of an y [equational] logical system is giv en b y its mo dels . In general,

the soundness of the inference rules of a logical system is c hec k ed against the mo dels b y

using a satisfaction relation b et w een mo dels and sen tences (in traditional mathematical

logic this idea w as �rst formalised in [93]). Mo del morphisms are translations b et w een

mo dels. W e assume that mo dels and their morphisms form a category . Inspired b y the

theory of institutions [33], equational logics can b e \lo calised" to signatures. A mo del

is an in terpretation of a particular signature in to a domain . Therefore an y mo del has

an underlying domain, and moreo v er, this corresp ondence should b e functorial. An y

t w o parallel mo del morphisms iden tical as maps b et w een the underlying domains are the

same. These h yp otheses are form ulated within the follo wing general assumption:

[BasicF ramew ork]: There is an abstract catego ry of \mo dels" A and a \fo r-

getful" functo r U : A ! X to a catego ry of \domains" X that is faithful and

p reserves pullbacks.

In practice, the forgetful functor U alw a ys has a left adjoin t F , whic h means that for

ev ery x 2 j X j (whic h can b e though t as a domain of v ariables) there is a \free mo del" x F ,

in the sense that there is a \canonical in terpretation" x � : x ! x F U of \the v ariables"

in to the free mo del satisfying the follo wing univ ersal prop ert y: for eac h f : x ! A U

in terpreting v ariables in a mo del A , there exists a unique mo del morphism f

]

: x F ! A

extending f , in the sense that x � ; f

]

U = f .

x

x F U x F

A U A

x �

//

f

B

B

B

B

B

B

!!

f

]

U

{{w

w

w

w

w

w

w

f

]

}}|

|

|

|

|

|

Notice that ( A ; U ) can b e regarded as a concrete category (in the sense of [60])

o v er the category of domains. The condition that U preserv es pullbac ks relates to the

fact that congruences are equiv alences; this will b ecome more transparen t later. Notice

that U automatically preserv es pullbac ks whenev er it has a left adjoin t (see [64]).

The simplici t y of this basic framew ork is an expression of the simplicit y of equational

logic in general. This framew ork supp orts the in ternalisation of all concepts and results
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in equational logic; this in ternalisation will b e called category-based equational logic .

The rest of this section is dev oted to the presen tation of some ma jor equational logical

systems used in Computing Science within the framew ork of our general assumption.

2.3.1 Man y sorted algebra

Man y sorted algebra (abbreviated MSA ) seems to ha v e b een �rst studied b y Higgins [53]

around 1963, and Benab ou [8] ga v e an elegan t category theoretic dev elopmen t around

1968, o v ercoming some of the tec hnical di�culties

26

in [53 ]. The use of sorted sets (also

called indexed families) for MSA w as in tro duced b y Goguen in lectures at the Univ ersit y

of Chicago in 1968, and �rst app eared in prin t in [24]. Sorted sets allo w a simpler

notation than alternativ e approac hes, and also allo w overlo ading ; ho w ev er, o v erloading

only rev eals its full p oten tial in order sorted algebra. It w as later noted that using sorts

in automatic theorem pro ving can b e an adv an tage, b ecause it can greatly reduce the

searc h space (e.g., see [97]). The basic de�nitions for o v erloaded MSA are quite simple:

De�nition 2.40 Giv en a set S , w e let S

�

denote the set of all �nite sequences of elemen ts

from S , and w e let [] denote the empt y sequence of elemen ts from S . Giv en an S -sorted

set A and w = s

1

::: s

n

2 S

�

, let A

w

= A

s

1

� � � � � A

s

n

; in particular, let A

[]

= f ? g , some

one p oin ted set.

A signature ( S ; �) is an S

�

� S -indexed set � = f �

w ; s

j w 2 S

�

; s 2 S g ; w e often

write just � instead of ( S ; � ). Notice that this de�nition p ermits o v erloading, in that

the sets �

w ; s

need not b e disjoin t; this can b e useful in man y applications.

A �- algebra A consists of an S -sorted set A and a function �

A

: A

w

! A

s

for eac h

� 2 �

w ; s

; the set A

s

is called the carrier of A of sort s . A � - homomorphism from a

�-algebra A to another B is an S -sorted function f : A ! B suc h that

27

f ( �

A

( a )) = �

B

( f ( a ))

for eac h a 2 A

w

. 2

Let A lg

�

denote the category with �-algebras as ob jects and �-homomorphisms as

morphisms. There is a forgetful functor U : A lg

�

! S et

S

from the category of �-algebras

to the category of S -sorted sets whic h forgets the in terpretations of the op erations in �.

In this example, A lg

�

is the category of mo dels and S et

S

is the category of domains.

Giv en a man y sorted signature �, an S -sorted set X will b e called a set of v ariable

sym b ols if the sets X

s

are disjoin t from eac h other and from all the sets �

w ; s

. Giv en a set

X of v ariable sym b ols, w e let T

�

( X ) denote the ( S -sorted) term algebra with op eration

sym b ols from � and v ariable sym b ols from X ; it is the free �-algebra generated b y X ,

in the sense that if v : X ! A is an assignmen t , i.e., a (man y sorted) function to a �-

algebra A , then there is a unique extension of v to a �-homomorphism v

]

: T

�

( X ) ! A .

In order to mak e this construction more precise, w e de�ne ( T

�

( X ))

s

to b e the least set

of strings of sym b ols suc h that

1. �

[] ; s

[ X

s

� ( T

� ; s

( X )), and

2. � 2 �

s 1 ::: sn ; s

and ti 2 T

� ; si

( X ) imply that the string � ( t 1 ; : : : ; tn ) is in T

� ; s

( X ).

26

These di�culties are discussed in [37 ], whic h giv es a more tec hnical surv ey of w ork in MSA.

27

By f ( a ) w e understand ( f ( a

1

) ; : : : ; f ( a

n

)) where a = ( a

1

; : : : ; a

n

).

23



The �-structure of T

�

( X ) is the canonical one. (Strictly sp eaking, the usual term algebra

is not free unless the constan t sym b ols, in �

[] ; s

for s 2 S , are m utually disjoin t; ho w ev er,

ev en if they are not disjoin t, a closely related term algebra, with constan ts annotated b y

their sort, is free.) This construction is a left adjoin t to the forgetful functor U : A lg

�

!

S et

S

.

Also, w e let T

�

denote the initial term �-algebra T

�

( ; ), recalling that this means

that there is a unique �-homomorphism !

A

: T

�

! A for an y �-algebra A . Call t 2 T

�

a ground � -term . Giv en a ground �-term t , let t

A

denote the elemen t !

A

( t ) in A . Call

A reac hable i� !

A

is surjectiv e, i.e., i� eac h elemen t of A is \named" b y some ground

term.

2.3.2 Order sorted algebra

The �rst pap er on order sorted algebra (abbreviated OSA ) [25] sa ys that its main mo-

tiv ation is to pro vide a b etter w a y of treating errors in abstract data t yp es;

28

another

motiv ation is that the use of subsorts can greatly sp eed up certain theorem pro ving prob-

lems [96]. OSA adds to MSA a partial ordering on the set of sorts, whic h is in terpreted

as inclusion among the corresp onding carriers; all approac hes to OSA share this essen tial

idea. The ideas in [25 ] w ere further re�ned b y Goguen and Meseguer, starting around

1983. In [34] the basic OSA de�nitions are presen ted in a m uc h more general form than

in [41], and w e follo w that more general approac h here.

De�nition 2.41 [34] An order sorted signature is a triple ( S ; � ; �) suc h that ( S ; �)

is a man y sorted signature and ( S ; � ) is a partially ordered set. An order sorted signature

is monotone i�

� 2 �

w

1

; s

1

\ �

w

2

; s

2

and w

1

� w

2

imply s

1

� s

2

:

A ( S ; � ; �) -algebra is a man y sorted ( S ; �)-algebra A suc h that s � s

0

in S implies

A

s

� A

s

0

. An order sorted �-algebra A is monotone i�

� 2 �

w

1

; s

1

\ �

w

2

; s

2

and w

1

� w

2

and s

1

� s

2

imply that �

w

1

; s

1

: A

w

1

! A

s

1

equals �

w

2

; s

2

: A

w

2

! A

s

2

on A

w

1

.

A ( S ; � ; �) -homomorphism is a man y sorted ( S ; �)-homomorphism h : A ! B suc h

that s � s

0

in S implies h

s

( a ) = h

s

0

( a ) for all a 2 A

s

.

A partially ordered set ( S ; � ) is (up w ard) �ltered i� for an y t w o elemen ts s ; s

0

2 S

there is an elemen t s

00

2 S suc h that s ; s

0

� s

00

. A partially ordered set S is lo cally

�ltered i� eac h of its connected comp onen ts

29

is �ltered. An order sorted signature

( S ; � ; �) is lo cally �ltered i� ( S ; � ) is lo cally �ltered. 2

Notice that there cannot b e an y o v erloaded constan ts if � is monotone. Also note that

o v erloaded OSA is a prop er generalisation of MSA, b ecause (o v erloaded) MSA is the

sp ecial case where the partially ordered set of sorts is discrete; some other approac hes do

not ha v e (ev en ordinary non-o v erloaded) MSA as a sp ecial case.

Giv en a signature � in the sense of De�nition 2.41, the in terpretations of an o v erloaded

op eration sym b ol � 2 �

w

1

; s

1

\ �

w

2

; s

2

in an algebra A need not necessarily agree on elemen ts

28

See [43 ] for a discussion of the di�culties with handling errors in MSA.

29

Giv en a p oset ( S ; � ), let � denote the transitiv e and symmetric closure of � . Then � is an

equiv alence relation whose equiv alence classes are called the connected comp onen ts of ( S ; � ).
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that b elong to the in tersection of carriers for w

1

and w

2

; th us, a strong form of o v erloading

is supp orted. F or this reason, in [34] this approac h is called o v erloaded OSA . Note

that De�nition 2.41 generalises [41], where b oth the signatures and algebras are assumed

to b e monotone. Goguen and Diaconescu in tro duce in [34] the concept of signature of

non-monotonicities as a mec hanism for sa ying whic h op eration declarations should b e

considered non-monotonic.

In [41], o v erloaded OSA is dev elop ed with coheren t signatures in a w a y that closely

parallels traditional general algebra; in particular, there are order sorted v ersions of

subalgebra, congruence, term, deduction, initial and free algebras, completeness, etc.

Regularit y guaran tees that ev ery order sorted term has a w ell de�ned least sort; this can

simplify the implem e n tation of o v erloaded OSA. Here is the formal de�nition:

De�nition 2.42 An order sorted signature ( S ; � ; �) is regular i� it is monotone, and

giv en � 2 �

w

1

; s

1

and w

0

� w

1

, there is a least rank h w ; s i suc h that w

0

� w and � 2 �

w ; s

.

Also ( S ; � ; �) is coheren t i� it is lo cally �ltered and regular. 2

A w eak er condition that is necessary and su�cien t for all terms to ha v e a least sort parse

is giv en in [41 ]. In essence, the regular OSA of [41 ] allo ws \m ultiple univ erses," one for

eac h connected comp onen t of the sort hierarc h y , without b othering whether they o v erlap.

Ho w ev er, the programme of general algebra can b e carried out in m uc h greater generalit y

than this. In fact, [34] emphasises that o v erloaded OSA can b e dev elop ed for arbitrary lo-

cally �ltered signatures; in particular, initial algebras exist for signatures that are neither

regular nor monotone. In fact, all the standard results of general algebra carry through

for an y lo cally �ltered signature, and this extends to signatures of non-monotonicities as

w ell. An imp ortan t tec hnical result ab out the lo ose seman tics of o v erloaded OSA, whic h

also extends to non-monotonicities, is that an y v ariet y of algebras is equiv alen t (in the

categorical sense) to a quasi-v ariet y of man y sorted algebras. This result implies that

o v erloaded OSA has all the nice mathematical prop erties of MSA; for example, it can b e

used to pro v e the initialit y , Birkho� v ariet y and quasi-v ariet y theorems.

One of the in teresting recen t dev elopmen ts in the theory of OSA is b y Hub ert Comon

[17] who sho w ed that OSA sp eci�cations can b e represen ted as b ottom-up tree automata.

The redundancy of the regularit y h yp othesis follo ws easily from this represen tation to o.

Moreo v er, the represen tation of OSA sp eci�cations as b ottom-up tree automata pro v es

to b e v ery e�ectiv e as an implem en tation tec hnique, the regularit y condition b eing re-

dundan t at the lev el of implem en tati on to o.

Giv en an order sorted signature ( S ; � ; �), the �-algebras and their homomorphisms

form a category A lg

�

. This is the category of mo dels for OSA. The domains are the

man y sorted sets. W e emphasise that the domains for OSA should not ha v e an order

sorted structure. This idea is supp orted b y the w a y OSA is implem en ted; at the theory

lev el, the necessit y to w ork with man y sorted domains rather than order sorted domains

will b ecome more transparen t later. The forgetful functor U : A lg

�

! S et

S

forgets b oth

the algebraic and the order sorted structure.

Other approac hes to OSA could b e treated in a similar manner. F or a recen t com-

parativ e surv ey on di�eren t approac hes on OSA see [34].

2.3.3 Horn clause logics

The mo del theory of equational logics has an algebraic nature due to the absence of

predicates (relational sym b ols). This is a big adv an tage o v er mo del theories in v olving
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relations, since p o w erful and elab orate algebraic metho ds can b e used (see [33 , 41 ] for the

seman tics of programming languages). Ho w ev er, it is w ell kno wn that Horn clause logics

(abbreviated HCL ), for example, do not lac k nice seman tical prop erties lik e completeness

and the existence of initial mo dels. Moreo v er, the w a y these prop erties are obtained has

a strong algebraic 
a v our [39]. This sho ws that Horn clause logics someho w ha v e an

algebraic c haracter.

Theorem 2.43 b elo w describ es an em b edding of the category of mo dels of an y �rst

order signature as a retract of the category of algebras of the algebraic signature obtained

from the original �rst order signature b y turning the predicates in to op erations. The idea

of in terpreting the predicates as `b o olean v alued' op erations is hardly new. It has ev en

b een used for promoting narro wing as an op erational seman tics for logic programming

[19]. Ho w ev er, our approac h is sligh tly di�eren t, b ecause from the v ery b eginning w e

a v oid a full b o olean structure on the new sort of truth v alues. Moreo v er, our approac h

emphasises the mo del theory side (Theorem 2.43). The result is an e�ectiv e metho d

for applying algebraic tec hniques to a large class of mo del theoretic problems in logic

programming. F or example, the construction of initial mo dels, and more generally of

free mo dels of logic programs [39], follo ws immediatel y from the w ell kno wn construction

of initial and free algebras (see [41, 45 ], etc). The same principle applies to free extensions

along theory morphisms, whic h w ere suggested in [39] as a seman tic basis for constrain t

logic programming.

Recall (e.g., from [33]) that a ( man y sorted ) �rst order signature is a triple

( S ; � ; �) suc h that ( S ; �) is a man y sorted signature in the sense of De�nition 2.40,

and � is an S

+

-indexed family of sets of predicate or relation sym b ols. A mor-

phism ( f ; g ; k ) : ( S ; � ; �) ! ( S

0

; �

0

; �

0

) b et w een t w o �rst order signatures consists of

an equational signature morphism ( f ; g ) together with an S

+

-indexed family of maps

k

w

: �

w

! �

0

f

+

( w )

on predicate sym b ols.

30

A mo del M of a �rst order signature ( S ; � ; �)

consists of a � -algebra structure in the sense of De�nition 2.40, together with an in ter-

pretation �

M

� M

w

for eac h predicate sym b ol � 2 �

w

as a relation on the carriers. A

morphism h : M ! M

0

b et w een ( S ; � ; �)-mo dels M and M

0

is a � -homomorphism

suc h that for an y predicate sym b ol � 2 �

s

1

::: s

n

, if m 2 �

M

then h ( m ) 2 �

M

0

.

F or a �rst order signature ( S ; � ; �), let M o d

S ; � ; �

denote the category of ( S ; � ; �)-

mo dels and their morphisms. W e will often write (� ; �) for ( S ; � ; �), lea ving the sort

set implicit.

Theorem 2.43 Giv en a man y sorted �rst order signature ( S ; � ; �), consider an algebraic

signature ( S

b

; �

b

[ �

b

) de�ned in the follo wing w a y:

� S

b

is S plus a new sort b ,

� �

b

is a collection of new op eration sym b ols f �

b

j � 2 � g suc h that �

b

2 �

s

1

::: s

n

; b

whenev er � is an s

1

::: s

n

-ary relational sym b ol, and

� �

b

is just � plus a new constan t t of sort b .

Then

1. there is a forgetful functor H

� ; �

: A lg

�

b

[ �

b

! M o d

� ; �

suc h that for all � 2 �,

a 2 �

H

� ; �

( A )

i� �

b

A

( a ) = t

A

,

30

Here f

+

is f

�

restricted to non-empt y strings.
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2. H

� ; �

has a left adjoin t left in v erse

31

E

� ; �

, and

3. there is a translation �

� ; �

of (� ; �)-Horn clauses to (�

b

[ �

b

)-conditional equations

that regards ev ery �-equation as a �

b

-equation and maps ev ery atom � ( s ) to the

(�

b

[ �

b

)-equation �

b

( s ) = t , suc h that for an y Horn clause � and an y (�

b

[ �

b

)-

algebra A ,

A j =

�

b

[ �

b

�

� ; �

( � ) i� H

� ; �

( A ) j =

� ; �

�:

Pro of: W e omit the pro of of 1. F or 2.,it is enough to de�ne E

� ; �

on mo dels (its

de�nition on mo del morphisms is obtained from the general categorical construction

of left adjoin ts from univ ersal arro ws; see [64]). Th us giv en an y (� ; �)-mo del A =

(( A

s

)

s 2 S

; ( �

A

)

� 2 �

; ( �

A

)

� 2 �

), w e ha v e to build a (�

b

[ �

b

)-algebra E

� ; �

( A ) whic h is free

with resp ect to the forgetful functor H

� ; �

.

A

H ( E ( A ))

H ( B )

h

D

D

D

D

D

D

D

!!

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

H ( h

0

)

yys

s

s

s

s

s

s

s

The carrier of E

� ; �

( A ) is the same as the carrier of A , except that a new carrier for the

sort b is de�ned b y

A

b

= f t

A

g [ fh � ; a i j � 2 � and a 62 �

A

g :

The in terpretations of the �-op eration sym b ols are those of A , and for eac h � 2 �

s

1

::: s

n

.

De�ne

�

b

A

( a ) = t

A

if a 2 �

A

; otherwise �

b

A

( a ) = h � ; a i :

Giv en an y (�

b

[ �

b

)-algebra B and an y (� ; �)-mo del morphism h : A ! H

� ; �

( B ), there

is exactly one (�

b

[ �

b

)-morphism h

0

from E

� ; �

( A ) to B extending h (see the ab o v e

diagram). Of course, h

0

s

= h

s

for ev ery s 2 S , h

0

b

( t

A

) = t

B

, and h

0

b

( h � ; a i ) is �

b

B

( h ( a )) for

eac h a 62 �

A

. This means that E

� ; �

( A ) is the free (�

b

[ �

b

)-algebra o v er the (� ; �)-mo del

A . Notice that H

� ; �

( E

� ; �

( A )) = A .

3. This reduces to sho wing that for an y (�

b

[ �

b

)-algebra A , an y tuple s of terms

in T

�

( X ) and an y v aluation v : X ! A , v

]

( s ) � �

H

� ; �

( A )

i� v

]

( �

b

( s )) = t

A

. This holds

b ecause v

]

( �

b

( s )) = �

b

A

( v

]

( s )). 2

F act 2.44 H

� ; �

is natural in (� ; �), i.e., H is a natural transformation. 2

Notice that in general the em b edding functor E

� ; �

is not natural in (� ; �). Ho w ev er,

the naturalit y of E can b e obtained b y sligh tly mo difying the algebraic signature corre-

sp onding to a �rst order signature (� ; �) whereb y instead of the new sort b w e in tro duce

a new sort b

�

together with a new constan t t

�

for eac h relation sym b ol � . Theorem 2.43

can b e easily translated in to this new framew ork.

31

When comp osition is written in the diagramma tic order. In category theory textb o oks where the

comp osition of arro ws is written in an ti-diagram m atic order, e.g., [64 ], this is referred to as a righ t

in v erse.
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The follo wing result sho ws that free mo dels in HCL (more generally , free extensions

along HCL theory morphisms) are in fact free algebras regarded as mo dels through the

forgetful functor H . This remark includes the imp ortan t case of Herbrand mo dels, whic h

are in fact term mo dels with the empt y in terpretation for the relational sym b ols.

Corollary 2.45 1. Let ( S ; � ; �) b e a �rst-order signature and let � b e a set of Horn

clauses o v er this signature. Then for ev ery S -sorted set X , the free mo del M

�

( X ) o v er

X in the quasi-v ariet y M o d

�

determined b y � is the image of the free (�

b

[ �

b

; �

� ; �

(�))-

algebra o v er X under the forgetful functor H .

2. Let � : ( S ; � ; � ; �) ! ( S

0

; �

0

; �

0

; �

0

) b e a morphism of theories in man y-sorted

Horn clause logic with equalit y . Then ev ery �-mo del M has a free extension M

0

along �

whic h can b e obtained as the free extension in MSA and translated bac k to HCL under

H .

Pro of: 1. First notice that b y Theorem 2.43, H

� ; �

maps the quasi-v ariet y A lg

�

b

[ �

b

;� (�)

to M o d

�

and that E

� ; �

maps M o d

�

to A lg

�

b

[ �

b

;� (�)

.

A lg

�

b

[ �

b

;� (�)

M o d

�

S et

S

b

S et

S

H

//

��

��

//

Next, the forgetful functor A lg

�

b

[ �

b

;� (�)

! S et

S

is righ t adjoin t as the comp osite of

the righ t adjoin t forgetful functors A lg

�

b

[ �

b

;� (�)

! S et

S

b

and S et

S

b

! S et

S

. The left

adjoin t to S et

S

b

! S et

S

just adds to the S -sorted sets the empt y set as the carrier of sort

b .

On the other side of the diagram, the free (�

b

[ �

b

; � (�))-algebra is obtained as

E

� ; �

( M

�

( X )). The conclusion follo ws from the fact that E

� ; �

; H

� ; �

= 1.

2. This uses the same argumen t as the pro of of the previous part of this corollary ,

b y noticing that � induces a morphism of algebraic theories �

b

: (�

b

[ �

b

; �

� ; �

(�)) !

(�

0 b

[ �

0 b

; �

�

0

; �

0

(�

0

)) in the ob vious w a y .

A lg

�

0 b

[ �

0 b

;� (�

0

)

M o d

�

0

A lg

�

b

[ �

b

;� (�)

M o d

�

H

0

//

A lg (�

b

)

��

M o d (�)

��

H

//

The free extension of M along � is the same as H

�

0

; �

0

(( E

� ; �

( M ))

$

), where ( E

� ; �

( M ))

$

is the free extension of E

� ; �

( M ) along �

b

. 2

The �nal remark of this subsection is that giv en a �rst order signature (� ; �), the

category of mo dels for HCL can b e tak en as A lg

�

b

[ �

b

, and the category of domains

should b e tak en as S et

S

. Notice that in HCL, unlik e MSA, the forgetful functor from the

category of mo dels to the category of domains (i.e., A lg

�

b

[ �

b

! S et

S

) is not monadic.
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2.3.4 Equational logic mo dulo axioms

Equational deduction mo dulo a set of axioms (abbreviated ELM ) b ecomes vital when

dealing with non-orien table equations in the con text of rewriting. A detailed exp osition

of the sub ject is giv en in [30, 56 , 20 , 63 ]. Although in practice non-orien table axioms are

mostly unconditional

32

, there is no theoretical reason to exclude the case of equational

deduction mo dulo a set of conditional equations.

De�nition 2.46 [30] Giv en a MSA signature ( S ; �) and a collection E of �-equations,

a � -term mo dulo E is just an elemen t t of T

� ; E

( X ) (i.e., the quotien t of the term

algebra T

�

( X ) determined b y E ). 2

Equational deduction mo dulo E is based on a generalisation of the usual concepts of

MSA to \concepts mo dulo E ", including the inference rules. In order to ha v e a mo del

theory for equational logic mo dulo E , w e need an adequate notion of mo del for this

t yp e of logic. It is therefore natural to consider A lg

� ; E

as the category of mo dels for

the equational logic mo dulo E . This idea is consisten t with ha ving \algebras mo dulo

axioms" as mo dels for ELM. The category of domains is the category S et

S

of S -sorted

sets and functions. The forgetful functor U : A lg

� ; E

! S et

S

forgets b oth the axioms and

the algebraic structure of the algebras.

Example 2.47 The logic of Mosses's uni�ed algebras from [75 ] can b e regarded as equa-

tional logic mo dulo a conditional theory . All uni�ed sp eci�cations of a giv en uni�ed

signature con tain a core essen tially consisting of Horn clauses. Uni�ed algebras app ear

as mo dels of this sp eci�cation. 2

2.3.5 Summary of Examples

The follo wing table giv es a summary of ho w the logical systems presen ted ab o v e �t

our abstract mo del theoretic framew ork. W e also include the case of constrain t logics

(abbreviated CL ), whic h will b e presen ted in detail in Chapter 6.

A (cat. of mo dels) X (cat. of domains) U forgets:

MSA A lg

�

S et

S

algebraic structure

OSA A lg

�

S et

S

algebraic structure + order sortedness

HCL A lg

�

b

[ �

b

S et

S

algebraic structure + sort b

ELM A lg

� ; E

S et

S

axioms + algebraic structure

CL ( A # A lg ( � )) S et

S

0

comma category structure +

algebraic structure

It is p ossible to ha v e an y com bination of an y of these logical systems, suc h as order

sorted Horn clause logic with equalit y . An in teresting case is giv en b y the logic underlying

Eqlog, whic h com bines all of the logical systems presen ted ab o v e; in particular, Eqlog's

extensible constrain t logic programming also in v olv es CL.
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An in teresting example of conditional non-orien table axiom is pro vided b y idemp otence, sometimes

giv en in its conditional form: x + y = x if x = y .
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3 Ca tegor y-based Equa tional Deduction

In this c hapter w e dev elop a categorical pro of theory for equational logics and w e pro v e

its completeness with resp ect to the mo del theory . The follo wing tec hnical assumption

underlies the whole c hapter:

[DeductionF ramew ork]: BasicF ramew ork + the catego ry A of mo dels

has pullbacks and co equalisers.

The pro of theory is based on a categorical abstraction of some basic concepts whic h

constitute the v ery essence of equational logic and univ ersal algebra. This includes no-

tions lik e congruence, term algebra, substitution, equation (represen ted here as parallel

pairs of arro ws, hardly a new idea, see [51, 52]), and satisfaction. F ollo wing the main idea

of [18 ], the quan ti�cation of equations is abstracted from v ariables to mo dels, and as a

result, v aluations are abstracted from simple assignmen ts of the v ariables to mo del mor-

phisms. This new lev el of abstraction is based on a seman tic view of terms as elemen ts

of the carrier of a free mo del, rather than as tree-lik e syn tactical constructs. The fact

that equational deduction can b e fully extended to this lev el without an y fundamen tal

di�cult y illustrates the precedence of seman tics o v er syn tax for equational logics. The

seman tic arc hitecture of a particular equational logic system seems to b e the only thing

that really matters for its deductiv e system. A tec hnical consequence is the p ossibilit y

of dev eloping the main core of the equational pro of theory without using freeness.

3.1 Congruences

The construction of quotien t mo dels and the form ulation of a complete system of inference

rules for category-based equational logics b oth rely up on a notion of congruence.

De�nition 3.1 Let A b e an arbitrary mo del. The binary relation Q on the underlying

domain of A is a congruence i� it is a k ernel of a mo del morphism, i.e., i� there is

a mo del morphism � in A suc h that Q = U ( ker � ). The quotien t of A b y Q is the

co equaliser of ker � . Its target mo del is denoted A =

Q

and is also sometimes called the

quotien t of A . 2

F act 3.2 An y mo del congruence is a domain equiv alence. 2

Lemma 3.3 Let Q = C U b e a congruence on a mo del A . Then C = ker ( c o e q ( C )).

Pro of: C � ker ( c o e q ( C )) b y the univ ersal prop ert y of k ernels. Let C b e ker � for

some mo del morphism � . There exists a [unique] h suc h that c o e q ( ker � ); h = � . But

ker ( c o e q ( ker � )) � ker ( c o e q ( ker � ); h ) and therefore ker ( c o e q ( C )) � C = ker � . 2

The idea of relating congruences to k ernels of mo del morphisms has a long tradition

in general algebra, including MSA and OSA. In the con text of Horn clause logics (see

Section 2.3.3), the previous de�nition giv es an appropriate notion of congruence for mo del

theories with relational sym b ols [39].
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De�nition 3.4 Let Q b e a binary relation on the underlying domain of a mo del A .

Then the congruence closure of Q is the least congruence on A con taining Q ; it ma y

b e denoted C ( Q ). 2

De�nition 3.5 Supp ose the congruence closures of binary relations exist in A and X

has unions of binary relations. Then the forgetful functor U : A ! X is �nitary i�

C ( Q ) =

[

f C ( Q

0

) j Q

0

� Q �nite g

for an y mo del A and an y binary relation Q on the underlying domain of A . 2

All forgetful functors from mo dels to domains presen ted as examples in Section 2.3

are �nitary . This is due to the fact that all op eration and relational sym b ols in v olv ed

tak e only a �nite n um b er of argumen ts, as will b e seen in Section 3.5.

3.2 Equations, Queries and Satisfaction

T raditionally , equations are pairs of terms constructed from the sym b ols of a signature

plus some v ariables. In the con text of man y sorted equational logic the imp ortance of

explicit quan ti�cation w as emphasized for the �rst time b y Goguen and Meseguer [37].

The surv ey [62] sho ws that explicit qunati�cation adds a k ey syn tactic information in

the case of constrain ts and uni�cation. In this w a y , the quan ti�er b ecomes part of the

concept of equation.

Although terms are syn tactic constructs, from a mo del theoretic p ersp ectiv e they are

just elemen ts of the free term mo del o v er the set of quan ti�ed v ariables. An y v aluation

of the v ariables in to a mo del extends uniquely to a mo del morphism ev aluating b oth

sides of the equation. Th us a more seman tic treatmen t of quan ti�cation regards quan-

ti�ers as mo dels rather than as collections of v ariables, and regards v aluations as mo del

morphisms rather than as ev aluations of v ariables in to mo dels. This has already b een

done in [18] in the con text of man y sorted algebra. This non-trivial generalisation of

the notions of sen tence and satisfaction in equational logic also supp orts the extension of

the equational pro of theory along the same lines without an y di�cult y . Moreo v er, this

seman tic approac h to equational logic brings a sense of simplicit y and unit y to the pro of

theory , whic h has someho w b een lost in the more traditional syn tactical framew orks.

De�nition 3.6 Let A b e an y mo del. Then a U - iden tit y on A is a binary relation

k

h s ; t i

� ! A U on the underlying domain of A . An iden tit y h s ; t i in A is satis�ed in a mo del

B with resp ect to a mo del morphism h : A ! B i� s ; h U = t ; h U . This is denoted

B j = h s ; t i [ h ].

A U - equation is a univ ersally quan ti�ed expression ( 8 A ) h s ; t i where A is a mo del

represen ting the quan ti�er and h s ; t i is an iden tit y in A . A mo del B satis�es ( 8 A ) h s ; t i

i� B satis�es the iden tit y h s ; t i for all mo del morphisms h : A ! B .

A U - query is an existen tially quan ti�ed expression ( 9 A ) h s ; t i where A is a mo del

represen ting the quan ti�er and h s ; t i is an iden tit y in A . A solution of ( 9 A ) h s ; t i in a

mo del B is an y mo del morphism h : A ! B for whic h h s ; t i is satis�ed in B with resp ect

to h . When B is a free mo del, h is called an solution form . 2

The notion of U -equation (query) deals with families of e quations (queries) , rather

than single equations (queries), as sen tences. This agrees with Ro den burg's w ork [82]
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sho wing that equational logic with conjunction satis�es the Craig In terp olation Prop ert y

33

whereas normal equational logic do es not. Our terminology is in
uenced b y Lassez who

replaced the traditional logic programming terminology of c ompute d answer substitution

b y that of solve d form [67]. The mo dern terminology has the adv an tage to allo w more


exibilit y for the represen tations of solutions (i.e., sta ying a w a y of from the traditional

represen tations of solution forms as substitutions is v ery b ene�cial at the lev el of op er-

ational seman tics) and is also more in tuitiv e (i.e., solutions in di�eren t mo dels can b e

obtained b y in terpreting the solutions forms).

Example 3.7 OSA equations Let ( S ; � ; �) b e a coheren t (i.e., regular and lo cally �l-

tered) order sorted signature and let X b e an S -sorted set of v ariables. The collection

of all w ell-formed � -terms o v er X , denoted T

�

( X ), has a canonical structure as an order

sorted �-algebra.

An order sorted equation ( 8 X ) t =

s

t

0

is an univ ersally quan ti�ed pair of terms

ha ving the same sort (i.e., t ; t

0

2 ( T

�

( X ))

s

). An y parallel pair of man y sorted functions

k ! T

�

( X ) de�nes a man y sorted family of suc h equations.

Giv en an order sorted �-algebra A , an y v aluation v : X ! A of v ariables X in to A

extends uniquely to an order sorted �-morphism v

]

: T

�

( X ) ! A giving the denotations

in A for the terms in T

�

( X ). A satis�es the iden tit y t =

s

t

0

with resp ect to the v aluation

v i� t and t

0

ha v e the same denotation, i.e., v

]

( t ) = v

]

( t

0

). When dealing with a man y

sorted family of equations k

h t ; t

0

i

� ! T

�

( X ), the satisfaction of h t ; t

0

i b y A with resp ect to

the v aluation v means t ; v

]

U = t

0

; v

]

U .

It app ears that this de�nition of order sorted equations is more restrictiv e than the

one giv en b y Goguen and Meseguer [41]. Ho w ev er, the t w o can b e sho wn to agree. In [41],

an order sorted equation ( 8 X ) t = t

0

is a univ ersally quan ti�ed pair of terms ha ving the

least sorts LS ( t ) and LS ( t

0

) in the same c onne cte d c omp onent . An order sorted algebra

satis�es t = t

0

with resp ect to the v aluation v i� v

]

LS ( t )

( t ) = v

]

LS ( t

0

)

( t

0

). Let's consider w

a common sup ersort of b oth LS ( t ) and LS ( t

0

). Then for an y order sorted algebra A and

an y v aluation h : X ! A , w e ha v e A j = t = t

0

[ h ] i� A j = t =

w

t

0

[ h ].

This de�nition of order sorted equations also holds without assuming coherence of

the signature b y using annotated terms (or parse trees). 2

Example 3.8 Let � b e an algebraic signature and and let E b e a collection of �-

equations. An equation mo dulo E [30], denoted ( 8 X ) t =

E

t

0

, is a univ ersally quan ti�ed

pair of elemen ts in T

� ; E

( X ) (i.e., t and t

0

are terms mo dulo E ). An y parallel pair of

functions k ! T

� ; E

( X ) de�nes a family of suc h equations. A (� ; E )-algebra satis�es

t =

E

t

0

for the v aluation v : X ! A i� v

]

( t ) = v

]

( t

0

), where v

]

is the unique extension

of v to a �-homomorphism T

� ; E

( X ) ! A . 2

De�nition 3.9 ( 8 A ) h s

0

; t

0

i if h s ; t i is a U - conditional equation quan ti�ed b y the mo del

A , where h s ; t i are the h yp otheses of the conditional equation. A mo del B satis�es

( 8 A ) h s

0

; t

0

i if h s ; t i i� for an y morphism h : A ! B , s ; h U = t ; h U implies s

0

; h U = t

0

; h U .

2

The follo wing de�nition is a standard extension of the concept of satisfaction b et w een

mo dels and sen tences to satisfaction b et w een sets of sen tences:

De�nition 3.10 A set � of equations satis�es the equation e , written � j = e , i� an y

mo del satisfying � also satis�es e . 2
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The Craig In terp olation Prop ert y is an imp ortan t seman tic prop ert y for logical systems [21].
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3.3 Completeness

Our approac h to the completeness of category-based equational deduction follo ws the tra-

ditional approac h (probably originating with Birkho� 's w ork on univ ersal algebra [10]),

in that the cen tral concept is the congruence determined b y an arbitrary collection �

of [conditional] equations on an arbitrary mo del A . The k ey to the completeness result

is to regard this congruence in t w o di�eren t w a ys: the �rst w a y is as the collection of

unconditional equations quan ti�ed b y A that can b e syntactic al ly inferr e d from �, while

the second is as the collection of unconditional equations quan ti�ed b y A that are seman-

tic c onse quenc es of �. Because of the seman tic treatmen t of equation and satisfaction

underlying this w ork, there is no distinction b et w een the congruence determined b y �

on the free mo dels (this case corresp onds to the traditional treatmen ts of the complete-

ness of equational logics) and on other mo dels. This is v ery imp ortan t in the con text

of the seman tics of constrain t logic programming giv en in Chapter 6, b ecause it in v olv es

\built-in mo dels" that are not term mo dels in general.

The r^ ole of (categorical) pro jectivit y w as �rst p oin ted out in [18 ], and in the presence

of a left adjoin t to the forgetful functor from mo dels to domains, it is directly related

to a categorical form ulation of the Axiom of Choice for domains. Despite the high

lev el of generalit y and abstraction, the rules of inference for category-based equational

deduction are made gradually more explicit. They can b e easily recognised ev en in the

most abstract form ulation of completeness. In the case of conditional category-based

equational deduction, the most syn tactic form ulation of the completeness result dep ends

directly on t w o �niteness conditions. The �rst one requires that the h yp otheses of the

equations should b e �nite, while the second corresp onds in practice to �nite arities for

the op erator sym b ols.

De�nition 3.11 Let � b e a set of conditional equations. A congruence C on A is

closed under � -substitutivit y i� for all ( 8 B ) h s

0

; t

0

i if h s ; t i in � and an y morphism

h : B ! A , h s ; h U ; t ; h U i � C implies h s

0

; h U ; t

0

; h U i � C . 2

Prop osition 3.12 Let h : A ! M b e a mo del morphism. Then M j = � implies ker ( h )

is closed under �-substitutivit y .

Pro of: Let ( 8 B ) h s

0

; t

0

i if h s ; t i b e a conditional equation in � and let � : B ! A b e

an y mo del morphism.

B A M

�

//

h

//

Supp ose h s ; � U ; t ; � U i � ker ( h ). Then s ; � U ; h U = t ; � U ; h U . But � ; h : B ! M and

M is closed under �-substitutivit y , therefore s

0

; ( � ; h ) U = t

0

; ( � ; h ) U . This means that

h s

0

; � U ; t

0

; � U i � ker ( h ). 2

Corollary 3.13 Let C b e a congruence on a mo del A . Then A =

C

j = � implies that C

is closed under �-substitutivit y . 2

The follo wing de�nition is a w eak ening of the traditional concept of pro jectiv e ob ject

in category theory (see [64 ]):

De�nition 3.14 An ob ject A in a category C is co equaliser pro jectiv e i� for an y

co equaliser e : B ! M in C and for an y map g : A ! M there exists a map f : A ! B

suc h that f ; e = g .
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B M

A

e

//

g

OO

f

`À

A

A

2

T erm mo dels are alw a ys co equaliser pro jectiv e. This will b e pro v ed later in connection

with a categorical form ulation of the Axiom of Choice for the category of domains (see

Section 3.5.3).

Prop osition 3.15 If all quan ti�ers in � are co equaliser pro jectiv e, then a congruence

C on a mo del A is closed under �-substitutivit y i� A =

C

j = �.

Pro of: Because of Corollary 3.13, w e only ha v e to pro v e that A =

C

j = � if C is closed un-

der �-substitutivit y . Assume C is closed under �-substitutivit y . Let ( 8 B ) h s

0

; t

0

i if h s ; t i

b e an y conditional equation in � and let h : B ! A =

C

b e an y mo del morphism. Sup-

p ose s ; h U = t ; h U . Because B is co equaliser pro jectiv e, there exists h

0

: B ! A suc h

that h

0

; ( c o e qC ) = h . By Lemma 3.3, C = ker ( c o e qC ), therefore h s ; h

0

U ; t ; h

0

U i � C U .

Since C is closed under �-substitutivit y , h s

0

; h

0

U ; t

0

; h

0

U i � C U . s

0

; h U = t

0

; h U follo ws

immedi ately from h = h

0

; ( c o e qC ). 2

De�nition 3.16 F or an y mo del A , let �

A

�

denote the least congruence on A closed under

�-substitutivit y . 2

Corollary 3.17 Completeness Theorem

If �

A

�

exists and the quan ti�ers in � are co equaliser pro jectiv e, then

1. A =

�

A

�

is the free �-mo del o v er A , and

2. � j = ( 8 A ) h s ; t i i� s �

A

�

t .

Pro of: 1. Let A

f

! M b e a mo del morphism suc h that M j = �. By Prop osition 3.12,

ker ( f ) is closed under �-substitutivit y . Because �

A

�

is the least congruence on A closed

under �-substitutivit y , �

A

�

� ker ( f ), whic h means that f equalises �

A

�

. W e conclude

there exists a unique map A =

�

A

�

f

0

! M suc h that e ; f

0

= f , where e denotes the co equliser

c o e q ( �

A

�

).

A

A =

�

A

�

M

c o e q �

A

�

//

f

D

D

D

D

D

D

D

!!

f

0

��

2. F rom Prop osition 3.15 w e kno w that A =

�

A

�

j = �. Supp ose s �

A

�

t and consider

a �-mo del M and an y mo del morphism A

f

! M . By 1., there is A =

�

A

�

f

0

! M suc h that

e ; f

0

= f . s ; f U = t ; f U since s ; e U = t ; e U . W e th us conclude that � j = ( 8 A ) h s ; t i .

Con v ersely , consider e : A ! A =

�

A

�

. Since � j = ( 8 A ) h s ; t i , s ; e = t ; e , therefore

h s ; t i � ker ( e ) = �

A

�

. 2
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The follo wing t w o results pro vide an inference-based v ersion of the completeness theo-

rem for equational logics. This relies up on a syn tactic deduction orien ted construction of

�

A

�

. In the case of unconditional equations, �

A

�

has a rather simple represen tation that

sho ws that an y category-based equational deduction is equiv alen t to a category-based

equational deduction in whic h all applications of the substitutivit y rule tak e place b efore

an y application of the congruence rule.

34

These results are obtained under the follo wing tec hnical assumption:

[ConcreteDeductionF ramew ork]: DeductionF ramew ork + the cate-

go ry X of domains has unions of bina ry relations and ! colimits + congruence

closures exist in A .

Ho w ev er, the follo wing result do esn't use the existence of ! -colimits in the category of

domains:

Prop osition 3.18 If � con tains only unc onditional equations, then �

A

�

exists and

�

A

�

= C (

[

fh s ; f U ; t ; f U i j ( 8 B ) h s ; t i 2 � ; f 2 A ( B ; A ) g ) :

Pro of: C (

S

fh s ; f U ; t ; f U i j ( 8 B ) h s ; t i 2 � ; f 2 A ( B ; A ) g ) is closed under �-substitutivit y

and is a congruence b y de�nition. Consider another congruence C closed under �-

substitutivit y on the mo del A . Then

[

fh s ; f U ; t ; f U i j ( 8 B ) h s ; t i 2 � ; f 2 A ( B ; A ) g � C

since h s ; f U ; t ; f U i � C for an y ( 8 B ) h s ; t i 2 � and an y f 2 A ( B ; A ). Therefore

C (

[

fh s ; f U ; t ; f U i j ( 8 B ) h s ; t i 2 � ; f 2 A ( B ; A ) g ) � C

b y taking the congruence closure. 2

When � con tains prop er conditional equations, �

A

�

can b e constructed in the limit b y

alternating the applications of the rule of congruence and of the rule of substitutivit y:

Prop osition 3.19 Assume ConcreteDeductionF ramew ork . If the forgetful functor

U : A ! X is �nitary and the h yp otheses of all conditional equations in � are �nite, then

the least congruence on A closed under �-substitutivit y exists.

Pro of: De�ne h s

0

; t

0

i to b e

S

fh s ; f U ; t ; f U i j ( 8 B ) h s ; t i 2 � ; f 2 A ( B ; A ) g , and for eac h

n 2 ! , de�ne

� h s

2 n +1

; t

2 n +1

i to b e C h s

2 n

; t

2 n

i ,

and de�ne

� h s

2 n +2

; t

2 n +2

i to b e

h s

2 n +1

; t

2 n +1

i[

S

fh s

0

; h U ; t

0

; h U i j ( 8 B ) h s

0

; t

0

i if h s ; t i 2 � ; B

h

� ! A ; h s ; h U ; t ; h U i �

h s

2 n +1

; t

2 n +1

ig .

34

The rules of congruence and substitutivit y are discussed at the end of this subsection.
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Observ e that for eac h n 2 ! , h s

n

; t

n

i � h s

n +1

; t

n +1

i . The union �

A

�

=

S

n 2 !

h s

n

; t

n

i could

b e realised as an ! -colimit of the inclusion c hain h s

0

; t

0

i � h s

1

; t

1

i � ::: in the comma

category (�

X

# A U ) (the ! -completeness of X lifts to the comma category (�

X

# A U )). W e

shall pro v e that �

A

�

is the least congruence on A closed under �-substitutivit y . Because

U is �nitary ,

C ( �

A

�

) =

[

f C h S ; T i j h S ; T i ��

A

�

�nite g

F or eac h �nite h S ; T i ��

A

�

there exists n 2 ! suc h that h S ; T i � h s

n

; t

n

i . Then

C h S ; T i � C h s

n

; t

n

i � h s

n +2

; t

n +2

i ��

A

�

, therefore C ( �

A

�

) ��

A

�

, whic h means that

�

A

�

is a congruence.

F or an y ( 8 B ) h s

0

; t

0

i if h s ; t i in � and an y mo del morphism h : B ! A , if h s ; h U ; t ; h U i

��

A

�

, then b ecause h s ; t i is �nite, there exists n 2 ! suc h that h s ; h U ; t ; h U i � h s

n

; t

n

i .

By the construction of the c hain fh s

n

; t

n

ig

n 2 !

, w e ha v e h s

0

; h U ; t

0

; h U i � h s

n +2

; t

n +2

i ��

A

�

.

This sho ws that �

A

�

is closed under �-substitutivit y .

No w consider an arbitrary congruence C on A closed under �-substitutivit y . By

induction on n , h s

n

; t

n

i � C for all n 2 ! . Therefore �

A

�

� C .

F rom all this w e conclude that �

A

�

is the least congruence on A closed under �-

substitutivit y . 2

Corollary 3.20 Assuming the ConcreteDeductionF ramew ork , category-based equa-

tional logic is complete under the follo wing t w o inference rules:

[ congruence ]

( 8 A ) h s ; t i

( 8 A ) C h s ; t i

[ substitutivit y ]

( 8 A ) h s ; h U ; t ; h U i

( 8 A ) h s

0

; h U ; t

0

; h U i

where ( 8 B ) h s

0

; t

0

i if h s ; t i is in � and h : B ! A is an y mo del morphism. 2

3.4 Herbrand's Theorem

Herbrand's Theorem pro vides mathematical foundations for logic programming. In this

section w e presen t a v ersion of Herbrand's Theorem in our category-based framew ork,

based on the categorical c haracterisation of Herbrand Univ erses as initial mo dels for

equational logic programs. This idea w as �rst exploited in the con text of order sorted

Horn clause logic with equalit y b y Goguen and Meseguer [39]. The results in this sub-

section can b e seen as a category-based generalisation of the extension of their results to

equational logics with pro jectiv e mo dels as quan ti�ers.

F or this section only , w e assume that the category A has an initial mo del; w e denote

it b y 0

A

. In the case of man y sorted equational logic this is the initial algebra of ground

terms.

Corollary 3.21 Herbrand's Theorem Assume the ConcreteDeductionF ramew ork and

that U is �nitary and consider � a collection of conditional equations with �nite h yp othe-

ses and co equaliser pro jectiv e quan ti�ers. Then

1. the initial mo del of � exists, w e denote it b y 0

�

, and

2. � j = ( 9 B ) q i� 0

�

j = ( 9 B ) q for an y U -query ( 9 B ) q and an y mo del B .
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Pro of: 1. F rom Prop osition 3.19 and the �rst part of the Completeness Theorem.

2. Since 0

�

is a �-mo del, � j = ( 9 B ) q implies 0

�

j = ( 9 B ) q . F or the con v erse, supp ose

that 0

�

j = ( 9 B ) q and tak e an y �-mo del M . Let h : B ! 0

�

b e a solution for ( 9 B ) q in

0

�

. Let !

M

denote the unique mo del morphism 0

�

! M . Then h ; !

M

is a solution for

( 9 B ) q in M . 2

A t the end of the follo wing section w e presen t another v ersion for Herbrand's Theorem

that relies on the presen t one but pro vides foundations for solving queries using resolution

and paramo dulation-lik e tec hniques b y directly relating the satisfy abilit y of a query b y a

program to the existence of solution forms to the query . This is form ulated in a con text

corresp onding to `non-empt y sorts' in the case of man y sorted logics [39 ]. The next

de�nition giv es a category-based form ulation of this condition:

De�nition 3.22 The forgetful functor U from the category A of mo dels to the category

X of domains has non-empt y sorts i� for eac h domain x 2 j X j there exists at least one

map from x to the domain underlying the initial mo del 0

A

. 2

Example 3.23 Consider an algebraic signature ( S ; � ). The initial algebra for this sig-

nature is T

�

, i.e., the algebra of ground terms. There exists at least one S -sorted function

from an y S -sorted X to T

�

i� T

� ; s

6= ; for all s 2 S . A su�cien t [but not necessary]

condition is that for eac h sort s 2 S , there is at least one constan t of that sort, i.e.,

�

[] ; s

= ; . 2

3.5 Consequences of F reeness

So far, our dev elopmen t has a v oided the use of freeness, corresp onding to the existence

of term mo dels in the particular cases discussed in the preliminary c hapter. By using this

concept, w e can further explicitate the inference rules for equational deduction b y split-

ting the rule of congruence in to equiv alence (i.e., re
exivit y + symmetry + transitivit y)

and closure under op erations.

Moreo v er, b y assuming freeness, w e relate the pro jectivit y condition on quan ti�ers

to a condition on the category of domains corresp onding to the Axiom of Choice. W e

can also see ho w the �nitarit y condition on the forgetful functor from mo dels to domains

b oils do wn in practice to the �niteness of the arities of the mo del op erations. Finally , in

the presence of freeness, w e can form ulate and pro v e a more computational v ersion for

Herbrand's Theorem.

This section assumes the forgetful functor U has a left adjoin t F .

3.5.1 The existence of congruence closures

The congruence closure of an y binary relation can b e constructed in t w o steps strongly

reminiscen t of the rules of equiv alence (i.e., re
exivit y , symmetry and transitivit y) and

congruence (i.e., closure under \mo del op erations") from equational logic [37 , 41 , 39 ].

Prop osition 3.24 Let k

h s ; t i

� ! A U b e a relation on the underlying domain of the mo del A .

Then the congruence closure of h s ; t i exists and it is constructed b y the follo wing steps:

� op erations: de�ne s

]

and t

]

to b e the unique extensions of s and t , resp ectiv ely , to

mo del morphisms k F ! A , and
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� equivalence: let h S ; T i b e the k ernel of c o e q h s

]

; t

]

i .

The congruence closure C h s ; t i is h S U ; T U i .

Pro of: h S U ; T U i is a congruence b y construction as a k ernel pair of a mo del morphism.

No w let � : A ! B b e an y mo del morphism. W e ha v e to pro v e that h s ; t i � ker ( � U )

implies h S U ; T U i � ker ( � U ).

k F

ker ( e )

k F U A

k A U B

//_ _ _ _ _ _ _

t

]

A

A

A

A

A

A

  

s

]

A

A

A

A

A

A

  

T

||x

x

x

x

x

x

x

S

||x

x

x

x

x

x

x

t

]

U

G

G

G

G

G

G

G

##

s

]

U

G

G

G

G

G

G

G

##

�

}}|

|

|

|

|

|

e

G

G

G

G

G

G

G

G

G

##

k �

z

z

z

z

z

z

z

<<

s

//

t

//

�

0

oo_ _ _ _ _ _ _ _ _

Then h s ; t i � ker ( � U ) implies s ; � U = t ; � U . s

]

; � = t

]

; � b ecause of the univ er-

sal prop ert y of the free mo del k F . Then there is a mo del morphism �

0

suc h that

c o e q h s

]

; t

]

i ; �

0

= � . This implies that S ; � = T ; � , whic h implies h S ; T i � ker � . 2

The op erations step stands for the closure of the original relation h s ; t i under the

\mo del op erations". This can b e ac hiev ed categorically b y using the univ ersal prop ert y

of the free mo del o v er the indices of the relation. The equivalence step corresp onds to

the equiv alence generated b y the closure under op erations. Because this is done at the

lev el of mo del morphisms, the closure under op erations is preserv ed.

De�nition 3.25 Consider a binary relation h s ; t i on the underlying domain of a mo del

A . Then h s ; t i is closed under op erations i� h s

]

U ; t

]

U i � h s ; t i .

The closure of h s ; t i under op erations is the least relation closed under op erations

and con taining h s ; t i , and is denoted Op h s ; t i . 2

F act 3.26 Let h s ; t i b e an y binary relation on the underlying domain of a mo del A .

Then its closure under op erations exists and is giv en b y h s

]

U ; t

]

U i .

Pro of: All w e ha v e to sho w is that h ( s

]

U )

]

; ( t

]

U )

]

i � h s

]

; t

]

i . This follo ws from the

co-univ ersal prop ert y of the co-unit � of the adjunction b et w een the category of domains

and the category of mo dels, or more precisely from k F � ; v = ( v U )

]

for an y k F

v

! A . 2

Example 3.27 Let ( S ; �) b e a man y sorted signature and let h s ; t i b e an S -sorted

binary relation on the carrier of the S -sorted �-algebra A . Then

� h s

]

U ; t

]

U i is obtained b y taking the union of the increasing c hain of S -sorted rela-

tions h s

n

; t

n

i

n 2 !

, where h s

0

; t

0

i = h s ; t i and h s

n +1

; t

n +1

i = h s

n

; t

n

i[fh �

A

( s

n

) ; �

A

( t

n

) i j

� 2 � g . h �

A

( s

n

) ; �

A

( t

n

) i is obtained b y relating the results of all the applications of

the op eration �

A

to all pairs of elemen ts related b y h s

n

; t

n

i . The union

S

n 2 !

h s

n

; t

n

i

is the same as relating all the results of the applications of all the deriv ed op erators

to the pairs of elemen ts related b y h s ; t i .

� closing h s

]

U ; t

]

U i under equiv alence pro duces the congruence co equalising the S -

sorted �-morphisms s

]

and t

]

. The congruence is reco v ered categorically as the

k ernel of the co equaliser of s

]

and t

]

.

2
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The construction of the congruence closure of a binary relation can also b e done in

most cases b y sw apping the t w o steps corresp onding to the closure under equiv alence

and closure under mo del op erations, i.e., closing under equiv alence �rst and under mo del

op erations afterw ards. This requires co equalisers in the category of domains. Although

our category-based framew ork is to o abstract for pro ving the v alidit y of this alternativ e

construction of the congruence closure half of it still holds at this lev el:

Lemma 3.28 F urther to the DeductionF ramew ork assume the category X of domains

has co equalisers. Let h s ; t i b e a relation on the underlying domain of the mo del A . Then

Op h �s ;

�

t i � C h s ; t i

where h �s ;

�

t i is the equiv alence closure of h s ; t i , i.e., h �s ;

�

t i = ker ( c o e q h s ; t i ).

Pro of: By the univ ersal prop ert y of k ernels and Prop osition 3.24, it is enough to sho w

that �s

]

; e =

�

t

]

; e where e is the co equaliser of s

]

and t

]

.

This follo ws from the fact that s ; e U = t ; e U , whic h implies that �s ; e U =

�

t ; e U , and

further implies that �s

]

; e =

�

t

]

; e using the uniqueness part of the univ ersal prop ert y

corresp onding to the adjunction determined b y U . 2

De�nition 3.29 W e sa y that congruences are concrete i� an y equiv alence closed

under op erations is a congruence. 2

Corollary 3.30 If congruences are concrete, then category-based equational logic is

complete under the follo wing inference rules:

[ re
exivit y ]

( 8 A ) h s ; s i

[ symm e try ]

( 8 A ) h s ; t i

( 8 A ) h t ; s i

[ transitivit y ]

( 8 A ) h s ; t i ( 8 A ) h t ; u i

( 8 A ) h s ; u i

[ op erations ]

( 8 A ) h s ; t i

( 8 A ) h s

]

U ; t

]

U i

substitutivit y

2

3.5.2 Finitary mo del op erations

In this subsection w e sho w ho w the �nitarit y of U (De�nition 3.5) reduces in practice to

the �niteness of the mo del op erations. The category-based form ulation of `�nitary mo del

op erations' is that the forgetful functor U from mo dels to domains preserv es �ltered

colimits. W e need the follo wing tec hnical condition on the category of domains:

[DomainRegularit y] : the catego ry of domains X is algeb roidal and has col-

imits and �ltered unions of equivalences.

39



Prop osition 3.31 Under the DeductionF ramew ork and DomainRegularit y assump-

tions, U is �nitary if the forgetful functor U from mo dels to domains preserv es �ltered

colimits.

Pro of: Let k

h s ; t i

� ! A U b e an arbitrary binary relation on the underlying domain of the

mo del A . Because X is algebroidal, k is the colimit of a �ltered diagram of �nite domains

f k

i

g

i 2 I

. Let � b e the colimiting co-cone f k

i

g

i 2 I

! k and let s

i

= �

i

; s and t

i

= �

i

; t for

eac h i 2 j I j .

F preserv es colimits b ecause it is a left adjoin t, hence � F is still a colimiting co-cone.

�

i

F ; v

]

= v

]

i

for v 2 f s ; t g b y the univ ersal prop ert y of k

i

; � , therefore

h s

]

; t

]

i = c olim

i 2 I

h s

]

i

; t

]

i

i

in the comma category (�

A

# A ). Then

C h s ; t i = U ( ker ( c o e q h s

]

; t

]

i )) (b y Prop osition 3.24)

= ker ( U ( c o e q h s

]

; t

]

i )) ( U preserv es k ernels )

= ker ( U ( c o e q ( c olim

i 2 I

h s

]

i

; t

]

i

i )))

= ker ( U ( c olim

i 2 I

( c o e q h s

]

i

; t

]

i

i ))) ( c o e q : (�

A

# A ) ! ( A # A ) is left adjoin t to

ker : ( A # A ) ! (�

A

# A ))

= ker ( c olim

i 2 I

( U ( c o e q h s

]

i

; t

]

i

i ))) ( U preserv es �ltered colimits )

= c olim

i 2 I

ker ( U ( c o e q h s

]

i

; t

]

i

i )) ( X has �ltered unions of equiv alences )

= c olim

i 2 I

U ( ker ( c o e q h s

]

i

; t

]

i

i )) ( U preserv es k ernels )

= c olim

i 2 I

C h s

i

; t

i

i (Prop osition 3.24 )

This means that C h s ; t i =

S

i 2 I

C h s

i

; t

i

i . 2

Whenev er the domain category X is S et -based, it has �ltered unions of equiv alences

(as sho wn in Example 2.22). This includes all of the examples discussed in Section 2.3.

Corollary 3.32 All of the forgetful functors from categories of mo dels to categories of

domains presen ted in Section 2.3 are �nitary .

Pro of: All h yp otheses of Prop osition 3.31 related to the category of domains are triv-

ially ful�lled b y S et

S

. The forgetful functors from categories of mo dels to categories of

domains preserv e �ltered colimits b ecause of the �nitarit y of the mo del op erations.

35

When the mo del op erations are �nitary , the forgetful functor from mo del to domains

cr e ates �ltered colimits, and creation is a stronger prop ert y than preserv ation. 2

3.5.3 The Axiom of Choice versus pro jectivit y

W e use a form of the Axiom of Choice form ulated in our category-based framew ork for

pro ving that free mo dels are alw a ys co equaliser pro jectiv e:

35

F or the case of univ ersal algebra, see Prop osition 2, p 208 in Mac Lane's category theory textb o ok

[64 ]. F or all other cases the pro of is v ery similar.
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Prop osition 3.33 If eac h co equaliser e in the category of mo dels is a split epi at the

domain lev el, i.e., if e U has a left in v erse, then eac h free mo del is co equaliser pro jectiv e.

Pro of: Let x 2 j X j b e an arbitrary domain. W e ha v e to pro v e that x F is co equaliser

pro jectiv e. Let A

e

! B b e a mo del co equaliser and let x F

h

! B b e an y mo del morphism.

A B

x F

e

//

h

OO

h

0

aaB

B

B

B

B

B

Let m b e the left in v erse to e U and let x F

h

0

! A b e the unique mo del morphism suc h that

x � ; h

0

U = x � ; h U ; m .

W e no w sho w that h

0

; e = h :

x � ; ( h

0

; e ) U = x � ; h

0

U ; e U

= x � ; h U ; m ; e U (b y the de�nition of h

0

)

= x � ; h U (b y the de�nition of m )

h

0

; e = h follo ws b ecause the arro w x � is univ ersal from x to U . 2

In practice, this form of the Axiom of Choice is alw a ys satis�ed. In all of the examples

previously discussed, mo del co equalisers are p oin t wise surjectiv e b ecause they are simply

man y sorted functions. The usual form ulation of the Axiom of Choice asserts that for

eac h elemen t b elonging to the image of a function, one can pic k an elemen t in the source

that gets mapp ed in to the previous one. In terms of functional comp osition, this is

exactly the same as asserting the existence of a left in v erse for an y surjection, sometimes

called a choic e function . A sp ecial remark is needed for the order sorted case, where the

fact that the forgetful functor forgets the inclusions b et w een the subsort in terpretations

is essen tial.

3.5.4 Herbrand's Theorem revisited

F or this paragraph w e further assume that the category A of mo dels has an initial ob ject

0

A

.

As p oin ted out b y Goguen and Meseguer [39], there are de�nite adv an tages in the

case when mo dels do not ha v e empt y sorts. In this con text, it is p ossible to ha v e a more

c omputational v ersion of Herbrand's Theorem. The follo wing result instan tiated to the

institution of order sorted Horn clause logic with equalit y giv es Herbr and's The or em for

non-empty sorts as form ulated b y Goguen and Meseguer in [39].

Theorem 3.34 Herbrand's Theorem Under the ConcreteDeductionF ramew ork and

DomainRegularit y assumptions, consider an y collection � of conditional equations with

�nite h yp otheses and with co equaliser pro jectiv e quan ti�ers, and an y U -query ( 9 B ) q

where B is an y co equaliser pro jectiv e mo del. Supp ose that U preserv es �ltered colimits

and has non-empt y sorts.

Then � j = ( 9 B ) q i� � j = ( 8 y ) q ; h U for some domain y 2 j X j and some mo del

morphism h : B ! y F .

Pro of: By Herbrand's Theorem 3.21, it is enough to pro v e that 0

�

j = ( 9 B ) q i� � j =

( 8 y ) q ; h U for some domain y 2 j X j and some mo del morphism h : B ! y F .
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Assume that 0

�

j = ( 9 B ) q . Let h : B ! 0

�

b e a solution for ( 9 B ) q in 0

�

. Consider

0

X

the initial domain. Since left adjoin t functors preserv e colimits, w e ma y assume that

0

X

F = 0

A

, hence the unique mo del morphism !

0

�

: 0

X

F ! 0

�

is a co equaliser b y virtue

of the construction of 0

�

(see Corollary 3.17). Since B is co equaliser pro jectiv e, there

exists a mo del morphism h

0

: B ! 0

X

F suc h that h

0

; !

0

�

= h . Then � j = ( 8 0

X

) q ; h

0

U .

B

0

�

y F 0

X

F = 0

A

h

//

h

0

K

K

K

K

K

K

K

K

K

%%

f

��

v

]

//

!

0

�

OO

F or the con v erse, assume that � j = ( 8 y ) q ; f U for some domain y 2 j X j and some

mo del morphism f : B ! y F . Since U has non-empt y sorts, there exists a domain map

v : y ! 0

A

U . Then f ; v

]

; !

0

�

is a solution for ( 9 B ) q in 0

�

. 2

The mo del morphism h in this theorem is a solution form for q under �; logic pro-

gramming deals with the computation of suc h morphisms.
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4 Opera tional Semantics

By the op erational seman tics of a computing system one usually means a mathematical

de�nition of how programs are executed b y the system. F or relational programming,

most implem en tations use SLD-resolution as in tro duced b y Prolog, and for equational

logic programming most implem en tations use some re�nemen t of narro wing.

Narro wing is a particular case of paramo dulation. P aramo dulation w as �rst in tro-

duced as an op erational inference rule in the con text of attempts to in tegrate equalit y

in to resolution-based theorem pro v ers [80]. Narro wing w as in tro duced b y Slagle [86].

Later, narro wing w as used as a basis for semantic uni�c ation (i.e., uni�cation mo dulo

a set of rules) algorithms. Basic narr owing app eared for the �rst time in Hullot's w ork

[57]. The completeness result for innermost narro wing in the con text of canonical term

rewriting systems is originally due to F rib ourg [22]. H• olldobler's thesis [54 ] giv es a sys-

tematic presen tation of the curren t state of art of this �eld including also in teresting

historical references. Our presen tation of the completeness of di�eren t re�nemen ts of

paramo dulation is in
uenced b y [54].

Equational logic programming systems based on Horn clause logic with equalit y use

a mixture of resolution (applied to relational sym b ols) and narro wing. Ho w ev er, it is

imp ortan t to notice that in the con text of the em b edding of Horn clause logics in to equa-

tional logics describ ed in Section 2.3.3, resolution app ears as a re�nemen t of narro wing in

the presence of relational sym b ols.

36

This has mainly theoretical implications rather than

practical ones b ecause the use of resolution greatly impro v es the e�ciency of the system,

but it is imp ortan t for an uniform algebraic treatmen t of the op erational seman tics of

equational logic programming languages based on Horn clause logic with equalit y .

4.0.5 Completeness of P aramo dulation: its Arc hitecture

Our approac h to the completeness of paramo dulation departs fundamen tally from pre-

vious treatmen ts in that it is based on mo del theory rather than on com binatorial tec h-

niques in v olving term manipulations. W e generalise the concept of paramo dulation to

mo del theoretic paramo dulation b y de�ning paramo dulation as an inference rule

with resp ect to an arbitrary �xed mo del. The ordinary concept of paramo dulation is

reco v ered as mo del theoretic paramo dulation with resp ect to the initial algebra for an

algebraic signature. The category-based dimension of our new approac h brings out not

only the simplicit y of the categorical argumen ts (vis �a vis set theoretical argumen ts),

but more imp ortan tly , it sho ws that the core of the paramo dulation-based op erational

seman tics for equational logic programming can b e dev elop ed indep enden tly of the de-

tails of the particular equational logic in v olv ed. In this w a y , the results of this w ork

can b e applied to a v ariet y of equational logic programming systems that are rigorously

based on some v ersion of equational logic and whose op erational seman tics is based on

some re�nemen t of paramo dulation (some form of narro wing, in general). This includes

system based on man y sorted or order sorted equational logic, Horn clause logic (with

equalit y), equational logic mo dulo axioms, etc. These results migh t b e relev an t ev en for

constrain t programming since constrain t logic (i.e., the logic underlying constrain t logic

36

This is explained in Section 4.2.1 b elo w.
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programming in the st yle of Eqlog, see Chapter 6) can b e regarded as category-based

equational logic. Another imp ortan t consequence of the mo del theoretic approac h to

paramo dulation is a direct treatmen t of computations mo dulo axioms . This is ac hiev ed

b y considering the paramo dulation relation induced b y the program on the initial mo del

of the resp ectiv e theory . F or example, the programming language Eqlog is based on order

sorted Horn clause logic with equalit y [38, 39 ] and supp orts refutations mo dulo axioms

(asso ciativit y , comm utativi t y , and their com bination).

This c hapter prop oses a general sc heme for the treatmen t of the completeness of

paramo dulation-based op erational seman tics. The core of this sc heme is an analysis of

the relationship b et w een �

A

�

(giv en a program � and a mo del A , the least congruence on

A closed under �-substitutivit y) and the relations induced on A b y the op erational in-

ference rules, mainly paramo dulation (this relation is denoted as �

A

�

. This is tec hnically

connected to the concept of solution for equational queries through Theorem of Con-

stan ts and Completeness of Equational Logic and to the concept of solve d form through

Lifting Lemmas. The terminology \solv ed form" w as �rst in tro duced b y Lassez [67 ] as

a replacemen t to the traditional logic programming terminology of \computed answ er

substitution." The new terminology is more adequate to the mo dern metho ds of solving

queries b y system transformations rather than resolution-lik e tec hniques (see the surv ey

[62]). Solution and solv ed forms are resp ectiv ely the seman tic and computational sides

of the same concept. The soundness of the op erational seman tics means that an y solv ed

form is a solution and the completeness means that an y solution form is an instan tiation

of a solv ed form.

37

In other w ords, the set of solutions of a query is the same as the set of

solutions of the solv ed form. The connection to the mo del theory of equational logic pro-

gramming is done via Herbrand's Theorem; this connects directly to the mathematical

foundations of logic programming.

Herbrand's

Theorem

The concept of

solution f orm

for equational queries

�

A

�

?

= �

A

�

The concept of

sol ved f orm

� �

� �P

P

P

P

P

P

P

P

P

P

P

((

� �

� �

Completeness of

op erational seman tics

K

K

K

K

K

K

K

K

K

K

K

K

K

%%

Theorem of Constan ts

Completeness of Equational Logic

//

� �

� �

Lifting

Lemmas

}

}

}

}

}

}

~~}

}

}

}

}

}

� �

� �

This �gure visualises the arc hitecture of the completeness of our approac h to

paramo dulation-based op erational seman tics as discussed ab o v ely . Because of e�ciency

concerns, equational logic programming systems actually implem e n t v arious re�nemen ts

of paramo dulation rather than paramo dulation itself. Most of these are re�nemen ts

of narro wing, and one of the most p o w erful re�nemen ts is basic innermost normalised

narro wing [54]. The completeness of di�eren t narro wing tec hniques is obtained in the

37

Ho w ev er, the concept of completeness is usually tak en to subsume soundness.
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same w a y as the completeness of plain paramo dulation, the only di�erences o ccurring at

the lev el of the Lifting Lemmas. As sho wn in [54 ], the completeness of di�eren t narro wing

tec hniques requires some restrictions on the programs.

38

One of the most imp ortan t prop erties of programs is c on
uenc e . W e sho w that the

completeness of paramo dulation and the transitivit y of the paramo dulation relation are

tec hnically equiv alen t. By approac hing con
uence from a mo del theoretic angle, w e sho w

that the transitivit y of the paramo dulation relation is in fact equiv alen t to the con
uence

of the program with resp ect to a giv en reac hable mo del. In this w a y , mo del theoretic

paramo dulation is complete for orien ted application of rules if and only if the program

is con
uen t.

4.1 Prelimi narie s

The framew ork for the categro y-based treatmen t of op erational seman tics is the general

framew ork of category-based equational logic, i.e., a \forgetful" functor U : A ! X from

a category of mo dels to a category of doamins, and satisfying the follo wing tec hnical

conditions:

[Op erationalF ramew ork]: DeductionF ramew ork + DomainRegular-

it y + the fo rgetful functo r U has a left adjoint F and p reserves �ltered colimits

+ congruences a re concrete.

De�nition 4.1 A conditional U - rule is an orien ted conditional �nite U -equation with

�nite h yp otheses, usually written as ( 8 B ) l ! r if h s ; t i where h s ; t i is called the h yp othe-

ses of the rule and l ! r the conclusion (or the head ) of the rule. The rule is atomic

if its conclusion (head) is atomic as a binary relation. 2

The quan ti�er B can in general b e an y mo del (see De�nition 3.6). Ho w ev er, w e restrict

ourselv es here to the case of [co equaliser] pro jectiv e quan ti�ers, a condition strongly

related to the completeness of the equational deduction (see Theorem 3.17). Recall from

Prop osition 3.33 that in the presence of a form of the Axiom of Choice, all free mo dels are

[co equaliser] pro jectiv e. As a matter of notation, whenev er a mo del is freely generated

b y a domain x (whic h in practice will b e a collection of v ariable sym b ols), w e will write

8 x rather than 8 x F ; also for v aluations w e will use maps x ! A U rather than mo del

morphisms x F ! A .

4.1.1 Rewriting con texts

The concept of c ontext pla ys a primary r^ ole in the mathematical form ulation of rewriting

as an inference rule. This paragraph is concerned with the category-based de�nition

of con text. Suc h a de�nition is crucial for the category-based treatmen t of rewriting

b ecause the notion of rewriting con text ultimately has an algebraic nature; this mak es

the de�nition of rewriting indep enden t of the tree-lik e represen tations of terms. In this

w a y , rewriting can b e de�ned on algebraic en tities that are more abstract than the terms.

This is ac hiev ed b y abstracting the prop erties of con texts kno wn from the standard

case of man y-sorted algebra. One of the most imp ortan t prop erties is the unary nature

of con texts, i.e., rewriting con texts b eha v e as unary functions. The follo wing recalls the

de�nition of con text in man y-sorted algebra:

38

Ho w ev er, these restrictions are generally met in practice.
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De�nition 4.2 Let � b e a man y-sorted algebraic signature. Then a rewriting � -

con text is a �-term with one v ariable sym b ol ha ving a single o ccurrence of that v ariable

sym b ol.

Giv en an y �-algebra A , a rewriting �-con text c determines a map c

A

: A ! A that

ev aluates the con text for an y giv en v alue in A of the v ariable sym b ol of c . This is

represen ted b y the follo wing diagram,

f z g T

�

( f z g )

A

�

o

//

a

J

J

J

J

J

J

J

J

J

$$

a

]

��

where for eac h a 2 A , a : f z g ! A satis�es a ( z ) = a . Then c

A

: A ! A is de�ned b y

c

A

( a ) = a

]

( c ) where a

]

is the unique extension of a to a �-homomorphism. 2

Note that in general c

A

is not an algebraic homomorphism. Ho w ev er, it is easy to

notice that the rewriting con texts form a monoid under the comp osition (i.e., b y plugging

one con text in to another), and as sho wn in the follo wing, the ev aluation of con texts

comm utes with algebraic homomorphisms:

Prop osition 4.3 Let c b e an y rewriting con text in an algebraic signature � and h : A !

B b e a �-homomorphism. Then c

A

; h = h ; c

B

.

Pro of: Using the notation of De�nition 4.2, for eac h a 2 A w e ha v e:

( c

A

; h )( a ) = h ( a

]

( c ))

= ( a ; h )

]

( c ) (b y the univ ersal prop ert y of T

�

( f z g ))

= h ( a )

]

( c )

= c

B

( h ( a ))

= ( h ; c

B

)( a ) :

2

This last prop ert y suggests the natur al tr ansformation nature of the rewriting con texts

and motiv ates the follo wing de�nition:

De�nition 4.4 Let U : A ! S et

S

b e a forgetful functor from a category A of mo dels.

A U - con text is a natural transformation c : U ! U . The comp osition of U -con texts is

the usual comp osition of natural transformations. 2

F rom no w on, w e will in general use the more in tuitiv e notation c

A

[ t ] instead of t ; c

A

for the ev aluation of a con text c in a mo del A . This notation is closer to the usual

notations for con texts in rewriting.

De�nition 4.5 A binary relation h s ; t i on the underlying domain of a mo del A is closed

under con text ev aluation i� h c

A

[ s ] ; c

A

[ t ] i � h s ; t i for an y con text c . The least relation

closed under con text ev aluations and con taining h s ; t i is called the con text closure of

h s ; t i . 2
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Prop osition 4.6 Let h s ; t i = fh s

i

; t

i

i j i 2 I g b e a binary relation on the underlying

domain of a mo del A . If h s ; t i is closed under op erations, then it is also closed under

con text ev aluations.

Pro of: Let h s

]

U ; t

]

U i b e the closure under op erations of h s ; t i b y F act 3.26. By h y-

p othesis, h s ; t i = h s

]

U ; t

]

U i . Then for an y con text c

h c

A

[ s ] ; c

A

[ t ] i = h c

A

[ s

]

U ] ; c

A

[ t

]

U ] i

= h s

]

U ; c

A

; t

]

U ; c

A

i

= h c

I F

; s

]

U ; c

I F

; t

]

U i (b y the naturalit y of c )

� h s

]

U ; t

]

U i

= h s ; t i :

2

An essen tial prop ert y of rewriting con texts in MSA is that the con v erse of the previous

result holds for transitiv e relations on reac hable algebras:

Prop osition 4.7 Let � b e a man y-sorted algebraic signature and A a reac hable �-

algebra. Then a transitiv e relation on A is closed under op erations i� it is closed under

rewriting con text ev aluations.

Pro of: Let � b e a transitiv e relation on A . In the virtue of Prop osition 4.6, it su�ces to

sho w that � is closed under op erations if it is closed under rewriting con text ev aluations.

Let � b e an arbitrary op eration sym b ol in � and let a = ( a

1

: : : a

n

) � ( b

1

: : : b

n

) = b .

W e ha v e to sho w that �

A

( a ) = �

A

( b ). F or simplicit y (and without restricting generalit y)

w e can assume that n = 2. Because A is reac hable, there exist t and t

0

ground terms

suc h that t

A

= a

1

and t

0

A

= b

2

. Let c [ z ] = � ( t ; z ) and c

0

[ z ] = � ( z ; t

0

) b e con texts, with

v ariable sym b ol z . Then

�

A

( a ) = c

A

[ a

2

]

� c

A

[ b

2

] (since a

2

� b

2

)

= �

A

( a

1

; b

2

)

= c

0

A

[ a

1

]

� c

0

A

[ b

1

] (since a

1

� b

1

)

= �

A

( b ) :

No w, �

A

( a ) � �

A

( b ) b ecause of the transitivit y of � . 2

This crucial prop ert y is cen tral to the category-based de�nition of the notion of rewrit-

ing con text:

De�nition 4.8 Let U : A ! X b e a forgetful functor from a category of mo dels to a

category of domains. A monoid C of rewriting con texts for U is a submonoid of all

U -con texts suc h that an y transitiv e relation on a reac hable mo del that is closed under

rewriting con text ev aluations is also closed under op erations. 2

In principle it is p ossible to ha v e v arious monoids of rewriting con texts for a �xed

category of mo dels and category of domains. Some of these could b e v ery di�eren t

from from the standard ones, th us generating non-con v en tional notions of rewriting and

paramo dulation.

Corollary 4.9 Let C b e a �xed monoid of rewriting con texts. An equiv alence on A is a

congruence i� it is closed under rewriting con text ev aluations. 2
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4.2 Inference Rules

This section presen ts the inference rules for the op erational seman tics of equational logic

programming as a re�nemen t of paramo dulation. Recall from [54] the notion of o c cur-

r enc e in a term. F or an y term t and an y o ccurrence � in t , let t j

�

denote the subterm of

t whose ro ot is p ositioned at � , and let t j

�  s

denote the term obtained from t replacing

t j

�

with s as a subterm in t . An e quational go al is a pair h t

1

; t

2

i of terms. The notion

of o ccurrence can b e extended from terms to goals b y regarding an y goal h t

1

; t

2

i as a

term ha ving t w o subterms t and t

0

. The instan tiation of a term b y a substitution � is

denoted t � , and the comp osition of substitutions is written simply b y concatenation and

in diagrammatic order. The empt y substitution is denoted � .

The presen tation of the rules of inference for the op erational seman tics of equational

logic programming follo ws the more classical approac h of computed an w er substitutions

rather than the more mo dern approac h of transformation of system of equations (see

[20]).

39

The main reason for this c hoice is the example nature of this section and also

that this presen tation of the the inference rules for the op erational seman tics is faithful

to the curren t implem en tati on of the Eqlog system.

De�nition 4.10 Let � b e an algebraic signature and � b e a program in � , i.e., a

collection of � -rules. Then the paramo dulation rule is

G [ fh t

1

; t

2

ig

G � [ h s � ; t � i [ f ( h t

1

; t

2

ij

�  r

) � g

where ( 8 X ) l ! r if h s ; t i is a new v arian t

40

of a rule in �, G is a list of goals, and � is

the most general uni�er of l and h t

1

; t

2

ij

�

. A single inference step of this rule is denoted

� � � � ! !

p

.

A rewriting step (denoted � � � � ! !

R

) is a paramo dulation step suc h that the domain

of the substitution � do esn't con tain an y v ariable from h t

1

; t

2

i .

A narro wing step (denoted � � � � ! !

n

) is a paramo dulation step suc h that h t

1

; t

2

ij

�

is

not a v ariable. 2

The elimination of trivial goals is done directly through syntactic uni�cation:

De�nition 4.11 The re
ection rule is:

G [ fh t

1

; t

2

ig

G �

where G is a list of goals and � is the most general uni�er of t

1

and t

2

. One step of this

rule is denoted � � � � ! !

r

. 2

By prev en ting the application of narro wing steps at o ccurrences in tro duced b y the

computed substitutions, the searc h space of the narro wing c hains is reduced drastically .

This restriction is called b asic narro wing and still preserv es the completeness of the

op erational seman tics when the program is a canonical rewriting system [54 ]. In order

to b e able to write do wn the rule of basic narro wing as an inference rule without side

conditions, [54] in tro duces a new represen tation for goals consisting of a sk eleton part

39

Originating from Martelli and Mon tanari's w ork on syn tactic uni�cation [71 ].

40

Obtained b y renaming all v ariables in the rule with new names.

48



(just goals in the ordinary sense, i.e., pairs of terms) and an en vironmen t part (the

accum ulation of the computed substitutions). By also using the rule of innermost

re
ection , it is enough to restrict the application of the narro wing steps to only those

o ccurrences that are leftmost innermost.

De�nition 4.12 A redex in a goal is an o ccurrence at whic h a narro wing step could b e

applied. An innermost redex is a redex suc h that there do esn't exist an y other redex

b elo w it.

The rule of basic innermost narro wing is:

h G [ fh t

1

; t

2

ig ; � i

h G [ h s ; t i [ fh t

1

; t

2

ij

�  r

g ; � � i

where � is a innermost redex in h t

1

; t

2

i for h t

1

� ; t

2

� i , � is the most general uni�er of

( h t

1

; t

2

ij

�

) � and l and ( 8 X ) l ! r if h s ; t i is a new v arian t of a clause in �. One step of

this rule is denoted � � � � ! !

in

.

The rule of innermost re
ection is:

h G [ fh t

1

; t

2

ig ; � i

h G [ fh t

1

; t

2

ij

�  x

g ; � � i

where � is a innermost redex in h t

1

; t

2

i for h t

1

� ; t

2

� i and � is the substitution replacing a

new v ariable x b y ( h t

1

; t

2

ij

�

) � . One step b eing denoted as � � � � ! !

ir

. 2

Let 2 denote the empt y list of goals. Recall that a c hain of inference steps is called

a refutation i� it ends in 2 .

De�nition 4.13 A substitution � is an instan tiation of another substitution ' (written

� � ' ) i� there exists a substitution 
 suc h that � = '
 . 2

F act 4.14 The relation � on substitutions is a preorder. 2

De�nition 4.15 Consider a system of inference rules for equational logic programming

op erational seman tics. A computed answ er substitution

41

is the accum ulation of the

substitutions computed b y a refutation c hain. 2

The inference system is sound i� for an y list of goals G , an y solv ed form is a solution

form for G , and it is complete i� an y solution form for G is an instan tiation of some

solv ed form.

4.2.1 Resolution as a re�nemen t of paramo dulation

In this paragraph w e sho w ho w resolution can b e regarded as paramo dulation in the

con text of the em b edding of Horn clause logics in to equational logics dev elop ed in Section

2.3.3.

De�nition 4.16 Let ( S ; � ; �) b e a �rst order signature and � a collection of ( S ; � ; �)-

clauses. The resolution rule is

41

Called \solv ed form" in the sc heme prop osed in the in tro duction to this c hapter.
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G [ f p ( t ) g

G � [ C �

where ( 8 X ) p ( s ) if C is a new v arian t of a clause in �, p is a relational sym b ol in �, and

� is the most general uni�er of p ( s ) and p ( t ). 2

F act 4.17 By using the transformations describ ed in Section 2.3.3, a resolution step can

b e p erformed b y a narro wing step follo w ed b y a re
ection step.

Pro of: Using the notations of the previous de�nition, the clause ( 8 X ) p ( s ) if C b ecomes

a �

b

[ �

b

-rule ( 8 X ) p

b

( s ) ! t if C

b

where C

b

is the transformation of the (� ; �)-

condition C in to the corresp onding set of �

b

[ �

b

-equations. This rule can b e used for

p erforming a narro wing step at the topmost sym b ol of the selected goal from

G

b

[ fh p

b

( t ) ; t ig

and getting G

b

� [ C

b

� as a result after eliminating h t ; t i b y a re
ection step. 2

4.3 Mo del Theoretic P aramo dulation

In this section w e extend the concept of paramo dulation to mo del theoretic paramo dula-

tion within the framew ork of category-based equational logic, and study the relationship

b et w een the paramo dulation relation induced b y a program � on a mo del A and the

least congruence on A closed under �-substitutivit y . Accordingly to the general sc heme

prop osed in the in tro duction, this go es at the heart of the category-based treatmen t

of the op erational seman tics for equational logic programming. The completeness of

paramo dulation is explained b y the iden tit y b et w een these t w o relations. W e sho w that

this iden tit y problem reduces exactly to the transitivit y of the paramo dulation relation.

F or simplicit y of notation, w e will often omit

42

writing the forgetful functor U in case

of domain maps underlying mo del morphisms, i.e., w e write s ; h rather than s ; h U .

4.3.1 The paramo dulation relation

This paragraph in tro duces the concept of mo del theoretic paramo dulation in the form of

a binary relation induced b y a giv en program on an arbitrary mo del. W e assume a �xed

monoid C of rewriting U -con texts.

De�nition 4.18 Let � b e a collection of conditional U -rules and consider an arbitrary

mo del A . Then a binary relation � on A is closed under � -paramo dulation i� for an y

rule ( 8 B ) l ! r if h s ; t i in �, for an y mo del morphism h : B ! A , and for an y rewriting

U -con text c ,

c

A

[ l ; h ] � b if s ; h � t ; h and c

A

[ r ; h ] � b

for an y b in the underlying domain of A .

The least binary relation on A closed under re
exivit y , symmetry and �-paramo dulation

is denoted as �

A

�

. 2

The concept of the least binary re
exiv e-symm etri c relation closed under paramo du-

lation is an algebraic abstraction of the relation on terms induced b y paramo dulation as

a refutation rule:

42

Only in this section and the follo wing one.

50



F act 4.19 Let T

�

b e the initial �-algebra for an algebraic signature �, i.e., the algebra

of ground terms. F or an y collection � of conditional �-rules,

�

T

�

�

= fh t

1

; t

2

i j h t

1

; t

2

i

�

� � � � ! !

�

R

2 g

i.e., the least relation on T

�

closed under re
exivit y , symmetry and �-paramo dulation

consists exactly of those pairs of terms for whic h there exists a paramo dulation and

re
exivit y refutation using �. 2

Giv en a program � w e can de�ne the concept of (mo del theoretic) paramo dula-

tion with resp ect to a mo del A as an inference rule on A -goals, i.e., symme trical pairs

of elemen t s from A :

[ mtp ]

h s ; h ; t ; h i h c

A

[ r ; h ] ; b i

h c

A

[ l ; h ] ; b i

for an y rule ( 8 B ) l ! r if h s ; t i in �, for an y mo del morphism h : B ! A , and for an y

rewriting U -con text c . The symmetry axiom is explained b y the fact that the goals in

equational logic programming are not orien ted, i.e., the p osition of the sides in a goal

do esn't matter.

Prop osition 4.20 F or an y mo del A , the least relation on A closed under re
exivit y ,

symmetry and �-paramo dulation exists and is giv en b y

�

A

�

=

[

n 2 !

�

A

� ; n

where �

A

� ; 0

= D

A U

(the diagonal) and

�

A

� ; n +1

= �

A

� ; n

[ sym (

[

fh c

A

[ l ; h ] ; b i j h c

A

[ r ; h ] ; b i ; h s ; h ; t ; h i ��

A

� ; n

g )

for eac h n 2 ! .

Pro of: The re
exivit y of

S

n 2 !

�

A

� ; n

is giv en b y �

A

� ; 0

. In order to pro v e its symmetry ,

w e sho w b y induction on n 2 ! that �

A

� ; n

is symmetri c. W e use Lemma 2.34. Consider

h s

0

; t

0

i �

S

n 2 !

�

A

� ; n

�nite. Since f�

A

� ; n

j n 2 ! g is �ltered, there exists n 2 ! suc h that

h s

0

; t

0

i ��

A

� ; n

. The rest follo ws b y the induction h yp othesis and b y the remark that the

union of t w o symmetric relations is symmetri c to o.

In order to pro v e the closure under �-paramo dulation of

S

n 2 !

�

A

� ; n

, consider

( 8 B ) l ! r if h s ; t i 2 � ; h : B ! A a mo del morphism and c a rewriting con text

suc h that h s ; h ; t ; h i ; h c

A

[ r ; h ] ; b i �

S

n 2 !

�

A

� ; n

. Because of the �niteness of b oth h s ; h ; t ; h i

and h c

A

[ r ; h ] ; b i , there exists m 2 ! suc h that s ; h �

A

� ; m

t ; h and c

A

[ r ; h ] �

A

� ; m

b . There-

fore, c

A

[ l ; h ] �

A

� ; m +1

b .

No w, consider an y other re
exiv e-symm e tric binary relation Q on A that is closed

under �-paramo dulation. By induction on n 2 ! , �

A

� ; n

� Q . Then

S

n 2 !

�

A

� ; n

� Q . 2

The in tuitiv e meaning of �

A

� ; n

is the re
exiv e-sym m et ric relation generated b y apply-

ing at most n �-paramo dulation steps.

The soundness of mo del theoretic paramo dulation is giv en b y the follo wing result.

An y pair of elemen ts that can b e refuted through paramo dulation, can b e pro v ed using

standard equational deduction to o.
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Prop osition 4.21 Let � b e a collection of conditional U -rules. Then for an y mo del A ,

�

A

�

��

A

�

.

Pro of: Since �

A

�

is closed under re
exivit y and symmetry b ecause it is a congruence, all

w e ha v e to sho w is that it is also closed under �-paramo dulation. Let ( 8 B ) l ! r if h s ; t i

b e an y rule in � and h : B ! A b e a mo del morphism suc h that s ; h � t ; h and suc h

that c

A

[ r ; h ] � b for some rewriting con text c and some b .

Because �

A

�

is closed under �-substitutivit y , w e ha v e that l ; h � r ; h . Because �

A

�

is

closed under op erations and b y Prop osition 4.6, c

A

[ l ; h ] � c

A

[ r ; h ]. Then c

A

[ l ; h ] � b b y

the transitivit y of �

A

�

. 2

The completeness of mo del theoretic paramo dulation is giv en b y the opp osite inclusion

and w orks only for the case of reac hable mo dels:

Prop osition 4.22 Let � b e a collection of conditional U -rules and let A b e a reac hable

mo del. Then �

A

�

is an equiv alence i� �

A

�

= �

A

�

.

Pro of: Since �

A

�

is an equiv alence and b ecause of Prop osition 4.21, w e ha v e to sho w

only that if �

A

�

is an equiv alence then �

A

�

��

A

�

.

The closure of �

A

�

under �-substitutivit y is obtained directly from the closure under

�-paramo dulation for the particular case when the con text c is the iden tit y , and from

the re
exivit y of �

A

�

.

Because A is reac hable and �

A

�

is an equiv alence, the closure of �

A

�

under op erations is

the same as its closure under rewriting con text ev aluations. The closure under rewriting

con text ev aluations is sho wn b y pro ving b y induction on n 2 ! that �

A

� ; n

; u

A

��

A

�

for

an y rewriting con text u . So consider

( 8 B ) l ! r if h s ; t i 2 � ; h : B ! A a mo del morphism and c a rewriting con text

suc h that s ; h �

A

� ; n

t ; h and c

A

[ r ; h ] �

A

� ; n

b . By applying the induction h yp othesis for n ,

w e get that u

A

[ c

A

[ r ; h ]] �

A

�

u

A

[ b ] whic h means that ( c ; u )

A

[ r ; h ] �

A

�

u

A

[ b ]. No w since �

A

�

is closed under �-paramo dulation, w e obtain that ( c ; u )

A

[ l ; h ] �

A

�

u

A

[ b ], meaning that

u

A

[ c

A

[ l ; h ]] �

A

�

u

A

[ b ]. Because

�

A

� ; n +1

= �

A

� ; n

[ sym (

[

fh c

A

[ l ; h ] ; b i j h c

A

[ r ; h ] ; b i ; h s ; h ; t ; h i ��

A

� ; n

g )

w e can conclude that �

A

� ; n

; u

A

��

A

�

b y using F act 2.10.

Because congruences are concrete, �

A

�

is a congruence (whic h is closed under �-

substitutivit y as sho wn ab o v e). Since �

A

�

is the least congruence closed under

�-substitutivit y , w e ha v e �

A

�

��

A

�

. 2

So, the completeness of mo del theoretic paramo dulation reduces to the transitivit y

of the paramo dulation relation:

Completeness of mo del theo retic pa ramo dulation = transitivit y of the pa ramo d-

ulation relation.
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4.3.2 Completeness of mo del theoretic paramo dulation

Prop osition 4.22 links the completeness of paramo dulation to the equiv alence prop ert y

of the paramo dulation relation �

A

�

. In fact, �

A

�

is alw a ys re
exiv e and symme tric. In

this w a y , the transitivit y of the paramo dulation relation is tec hnically equiv alen t to the

completeness of paramo dulation.

In this paragraph, �

A

�

is sho wn to b e transitiv e when bac kw ard applications of the

rules in � are allo w ed. This solution is more on the side of theorem pro ving rather than

logic programming, but the next section deals with this problem in a di�eren t w a y b y

relating it to con
uence.

De�nition 4.23 Let � b e a collection of conditional U -rules. Let � denote the collection

of conditional U -rules obtained b y rev ersing the orien tation of the rules in �, i.e.,

� = f ( 8 B ) r ! l if h s ; t i j ( 8 B ) l ! r if h s ; t i 2 � g

2

F act 4.24 F or an y mo del A and an y collection � of conditional U -rules, �

A

�

= �

A

� [ �

. 2

F or the rest of the section w e supp ose that all copro ducts in the category X of domains

are disjoin t.

Prop osition 4.25 Let � b e a collection of conditional atomic U -rules. Then for an y

mo del A , �

A

� [ �

is transitiv e.

Pro of: Because of Lemma 2.34 it is enough to pro v e that if h a ; b i ��

A

� [ �

and h b ; d i ��

A

� [ �

then h a ; d i ��

A

� [ �

for a ; b ; d �nite. Since h b ; d i is �nite, there exists n 2 ! suc h

that h b ; d i ��

A

� [ � ; n

. Therefore, w e sho w b y induction on n 2 ! that a �

A

� [ �

b and

h b ; d i ��

A

� [ � ; n

implies a �

A

� [ �

d , where a ; b ; d are �nite. F or the induction step, assume

that a �

A

� [ �

b and h b ; d i ��

A

� [ � ; n +1

. In the virtue of Lemma 2.14 and b ecause the rules

in � are atomic, w e ma y further assume that

b = c

A

[ l ; h ] for some ( 8 B ) l ! r if h s ; t i 2 � [ � ; B

h

� ! A and c rewriting con text

suc h that s ; h �

A

� [ � ; n

t ; h and c

A

[ r ; h ] �

A

� [ � ; n

d . No w, b y applying a � [ �-paramo dulation

closure step for ( 8 B ) r ! l if h s ; t i (still in � [ �) and h , w e obtain that c

A

[ r ; h ] �

A

� [ �

a since �

A

� [ �

is closed under � [ �-paramo dulation. Because a �

A

� [ �

c

A

[ r ; h ] and

c

A

[ r ; h ] �

A

� [ � ; n

d , w e can apply the induction h yp othesis and conclude b y a ��

A

� [ �

d . 2

The completeness of mo del theoretic paramo dulation when bac kw ard applications of

rules are alo w ed is giv en b y the follo wing corollary:

Corollary 4.26 Let � b e a collection of conditional atomic U -rules. F urther assume that

an y re
exiv e-symm e tric -transitiv e relation in the category of domains is an equiv alence.

Then for an y reac hable mo del A , w e ha v e �

A

� [ �

= �

A

�

. 2
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Completeness of man y sorted paramo dulation. W e conclude this section with

an example. W e illustrate ho w the general sc heme discussed in the in tro duction to the

c hapter can b e used in conjuction with the previous results on mo del theoretic paramo d-

ulation to pro v e the completeness of paramo dulation as a refutation pro cedure in the

case of man y sorted algebra.

W e �x an algebraic signature �.

Corollary 4.27 Let � b e a collection of conditional � -rules. If � j =

�

( 8 X ) h t

1

; t

2

i , then

there exists a rewriting refutation of h t

1

; t

2

i using � [ �, i.e., h t

1

; t

2

i

� [ �

� � � � ! !

�

R

2 .

Pro of: By the Theorem of Constan ts (5.52),

� j =

�

( 8 X ) h t

1

; t

2

i i� � j =

�

X

( 8; ) h t

1

; t

2

i

where �

X

is the signature obtained b y adjoining X to � as new constan ts. By the

Completeness Theorem, h t

1

; t

2

i b elongs to �

T

(�

X

)

�

, i.e., the least congruence on T

(�

X

)

closed under �-substitutivit y . By Theorem 4.26, h t

1

; t

2

i b elongs to �

T

(�

X

)

� [ �

, i.e., the least

re
exiv e relation on T

(�

X

)

closed under � [ �-paramo dulation. The rest follo ws b y F act

4.19. 2

De�nition 4.28 F or an y algebraic signature �, let F (�) b e the collection of all func-

tional re
exiv e axioms , i.e., F (�) = f ( 8 x

1

: : : x

n

) f ( x

1

: : : x

n

) = f ( x

1

: : : x

n

) j f 2 � g .

2

A similar v ersion of the follo wing Lifting Lemma app ears in [54]:

Prop osition 4.29 Lifting Lemma Let G b e a �nite set of goals. If G �

�

� � � � ! !

�

p ; r

2 with

computed answ er substitution � , then G

� [ F (�)

� � � � ! !

�

p ; r

2 with computed answ er substitution


 suc h that � � � 
 .

Pro of: W e pro v e b y induction on n 2 ! that if G �

�

� � � � ! !

n

p ; r

2 , then G

� [ F (�)

� � � � ! !

�

p ; r

2 with


 computed answ er substitution suc h that � � � 
 . F or the induction step, there are t w o

cases: when the �rst step is a re
ection, and when it is a paramo dulation.

Supp ose G � � � � � ! !

r

G

0

� '

�

� � � � ! !

n � 1

p ; r

2 where G = G

0

[ fh t

1

; t

2

ig , ' = mgu ( t

1

� ; t

2

� )

and �

0

is the answ er substitution computed b y the last n � 1 refutation steps. Then

'�

0

= � .

There exists '

0

= mgu ( t

1

; t

2

) and a unique substitution � suc h that � ' = '

0

� . W e can

do a re
ection step G � � � � ! !

r

G

0

'

0

. Since ( G

0

'

0

) � = G

0

� ' , b y the induction h yp othesis,

there is G

0

'

0

� [ F (�)

� � � � ! !

�

p ; r

2 with 


0

the computed answ er substitution suc h that � �

0

�




0

. Therefore, there exists a refutation G

� [ F (�)

� � � � ! !

�

p ; r

2 with 
 = '

0




0

computed answ er

substitution and suc h that

� � = � '�

0

= '

0

� �

0

� '

0




0

= 
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No w, supp ose that G �

�

� � � � ! !

p

( G � j

�  r

) '

�

� � � � ! !

n � 1

p ; r

2 where ( 8 X ) l ! r if h s ; t i is a

new v arian t of a clause in � and ' = mgu ( G � j

�

; l ) for some o ccurrence � in G � .

First, assume that � is a basic o ccurence (i.e., not in tro duced b y � ). In this case,

G � j

�

= ( G j

�

) � . Since the v ariables of the selected clause don't clash with the logical

v ariables, ' is the most general uni�er of ( G j

�

) � and l � . Let '

0

b e the most general

uni�er of G j

�

and l . Then there exists a unique � suc h that � ' = '

0

� . W e ha v e that

G � � � � ! !

p

( G j

�  r

) and that (( G j

�  r

) '

0

) �

�

� � � � ! !

n � 1

p ; r

2 . By applying the same argumen t

as in the previous case when the �rst refutation step w as a re
ection, w e deduce the

existence of a computed answ er substitution 
 suc h that � � � 
 .

The last case o ccurs when � is not a basic o ccurence. Then � = �

1

�

2

where G j

�

1

is a v ariable. Let � b e the substitution � restricted only to the v ariable G j

�

1

. Then

� = � + �

0

where dom � \ dom �

0

= ; . Then G

F (�)

� � � � ! !

�

p

G � � � � � ! !

p

( G � j

�  r

) ' . Because

of the renaming of the v ariables w e ma y also assume that dom ' \ dom �

0

= ; . Then

w e ha v e that �'�

0

= ( � + �

0

) ' = � ' , whic h implies that ( G � j

�  r

) '�

0

�

� � � � ! !

n � 1

p ; r

2

b ecause ( G � j

�  r

) '�

0

= ( G � j

�  r

) ' . By the induction h yp othesis there exists a refutation

( G � j

�  r

) '

F (�) [ �

� � � � ! !

�

p ; r

2 with 


0

computed answ er substitution suc h that �

0

�

0

� 


0

where

�

0

is the substitution computed b y the refutation ( G � j

�  r

) '

�

� � � � ! !

n � 1

p ; r

2 . Then 
 = �'


0

and b y a similar argumen t as in the previous cases w e can pro v e that � � � 
 . 2

Corollary 4.30 Let � b e a collection of conditional �-rules. Then the refutation pro-

cedure through re
exivit y and paramo dulation via � [ � [ F (�) is complete. 2

4.4 P aramo dulation mo dulo a Mo del Morphism

This section prop oses an abstract treatmen t for computations mo dulo axioms. Eac h the-

ory determines a quotien ting morphism for eac h mo del A (see Theorem 3.17) constructing

the free mo del o v er A satisfying that theory . This quotien ting can b e considered as the

mo del theoretic expression of the (logical) theory . In this w a y , the study of computations

mo dulo a mo del morphism generalises the study of computations mo dulo axioms. W e

study the relationship b et w een pro v abilit y b y paramo dulation in a mo del and pro v abilit y

b y paramo dulation in the quotien t mo del. A standard example is giv en b y the quotien t

of an initial mo del (i.e., mo del of ground terms) mo dulo axioms.

43

The follo wing result sho ws that an y mo del morphism preserv es pro v abilit y under

paramo dulation:

Prop osition 4.31 Let � b e a collection of conditional U -rules and f : A ! A

0

b e an

arbitrary mo del morphism. Then

�

A

�

; f ��

A

0

�

Pro of: It is enough to sho w b y induction on n 2 ! that

�

A

� ; n

; f ��

A

0

� ; n

F or the induction step consider

43

Section 4.5.3 elab orates on this example.
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( 8 B ) l ! r if h s ; t i 2 � ; h : B ! A a mo del morphism and c a rewriting con text

suc h that h s ; h ; t ; h i ; h c

A

[ r ; h ] ; b i ��

A

� ; n

. By induction h yp othesis,

h s ; h ; f ; t ; h ; f i ; h c

A

[ r ; h ; f ] ; b ; f i ��

A

0

� ; n

. Hence h c

A

[ l ; h ] ; b i ; f = h c

A

[ l ; h ; f ] ; b ; f i ��

A

0

� ; n +1

,

whic h pro v es that �

A

� ; n +1

; f ��

A

0

� ; n +1

. 2

The equalit y

�

A

�

; f = �

A

0

�

do esn't hold in general b ecause in its presen t form it dismisses the r^ ole pla y ed in pro ofs

b y the quotien ting. A w a y to in tegrate the quotien ting in to the pro of theory is giv en b y

in tro ducing a new inference rule:

De�nition 4.32 Let �

A ; f

�

b e the least re
exiv e-sym m etri c relation closed under

�-paramo dulation and under

[ mo df ]

Q

ker ( f ) � Q � ker ( f )

where Q is an y binary relation on the underlying domain of A . 2

F act 4.33 The relation �

A ; f

�

exists and can b e obtained in the manner of Prop osition

4.20 b y an alternation of �-paramo dulation steps with mo df . 2

Prop osition 4.34 Let f : A ! A

0

b e a mo del morphism and � b e a collection of

conditional U -rules. Then

�

A ; f

�

; f ��

A

0

�

:

Pro of: By similarit y to the pro of of Prop osition 4.31. 2

The follo wing theorem is the main result of this section:

Theorem 4.35 Let f : A ! A

0

b e a co equaliser in the category of mo dels and � b e a

collection of conditional U -rules. Then

�

A ; f

�

; f = �

A

0

�

:

Pro of: By Prop osition 4.34 it is enough to pro v e the inclusion �

A

0

�

��

A ; f

�

; f . W e sho w

b y induction on n 2 ! that

�

A

0

� ; n

��

A ; f

�

; f :

F or n = 0 it is enough to pro v e that D

A

0

U

= D

A U

; f , since D

A U

� ker ( f ). The

inclusion D

A U

; f � D

A

0

U

is ob vious. Consider h s

0

; s

0

i � D

A

0

U

. Because f U is split-epi,

there exists s suc h that s ; f = s

0

. Hence h s ; s i ; f = h s

0

; s

0

i and D

A

0

U

� D

A U

; f .

F or the induction step, consider c

A

0

[ l ; h

0

] �

A

0

� ; n +1

b

0

with

( 8 B ) l ! r if h s ; t i 2 � ; h

0

: B ! A

0

a mo del morphism and c a rewriting con text
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suc h that h s ; h

0

; t ; h

0

i ; h c

A

0

[ r ; h

0

] ; b

0

i ��

A

0

� ; n

.

Because B is co equaliser pro jectiv e, there exists h : B ! A suc h that h ; f = h

0

and b

suc h that b ; f = b

0

.

B A

A

0

h

0

A

A

A

A

A

A

  

h

//_ _ _

f

��

c

A

0

[ l ; h

0

] = c

A

0

[ l ; h ; f ]

= l ; h ; f ; c

A

0

= l ; h ; c

A

; f (naturalit y of c )

= c

A

[ l ; h ]; f :

Similarly c

A

0

[ r ; h

0

] = c

A

[ r ; h ]; f . By the induction h yp othesis h s ; h ; t ; h i ; f ; h c

A

[ r ; h ] ; b i ; f

��

A ; f

�

; f . Because �

A ; f

�

is closed under the rule mo df , h s ; h ; t ; h i ; h c

A

[ r ; h ] ; b i ��

A ; f

�

.

Because �

A ; f

�

is closed under �-paramo dulation , w e ha v e h c

A

[ l ; h ] ; b i ��

A ; f

�

. Hence

c

A

0

[ l ; h

0

] = c

A

[ l ; h ]; f ��

A ; f

�

; f . 2

Mo del theoretic paramo dulation together with mo df de�ne the concept of paramo d-

ulation mo dulo a mo del morphism . The previous theorem sho ws that

P a ramo dulation mo dulo a mo del mo rphism = pa ramo dulation in the quotient

mo del.

As already men tioned, paramo dulation mo dulo axioms can b e regarded as a particular

case of paramo dulation mo dulo a mo del morphism. Actually , b y taking the seman tic

approac h on equational theories expressed b y De�nition 3.6, these t w o notions app ear

to b e t w o sides of the same concept. This p oin t of view is supp orted b y regarding the

k ernel of a mo del morphism as a theory , or b etter as the consequences of a theory in the

source of the mo del morphism.

4.5 Con
uence

Using the rules of a program as non-orien ted equations can lead to v ery ine�cien t searc h

within the space of paramo dulation c hains. A �rst crucial p oin t in reducing the size of

the space of inference c hains is to mak e use of the orien tation of the rules. This also adds

direction to the refutation, bringing it closer to the true meaning of c omputation . The

completeness of paramo dulation with orien ted rules dep ends essen tially on the con
uence

of the program. This section explains the relationship b et w een the transitivit y of the

paramo dulation relation determined b y a program � on a mo del A and the con
uence of

� as a collection of [orien ted] rules.

Con
uence (also called the Ch urc h-Rosser prop ert y

44

) is cen tral to the theory of

rewriting. Con
uence and termination are essen tial prop erties of rewriting systems as

mo dels of computation. Con
uen t and terminating rewriting systems can b e used as

decision pro cedures for equalit y (see [30]). Our concept of con
uence for a program

generalises the traditional one in the sense that it dep ends on a giv en mo del rather than

b eing �xed (to the mo del of ground terms).

44

More precisely , Ch urc h-Rosser and con
uence are di�eren t prop erties that can b e easily pro v ed

equiv alen t in most cases. Ho w ev er, there are some situations when there is a subtle di�erence b et w een

these t w o prop erties (see [20 ]).
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4.5.1 Mo del theoretic rewriting

An y program determines a rewriting relation on the underlying domain of an y mo del:

De�nition 4.36 Let � b e a collection of conditional U -rules. Then a binary relation �

on a mo del A is closed under � -rewriting i� for an y rule ( 8 B ) l ! r if h s ; t i in � and for

an y morphism h : B ! A ,

c

A

[ l ; h ] � c

A

[ r ; h ] if s ; h �

A

�

t ; h

for an y rewriting U -con text c . The least relation on A closed under re
exivit y , transitivit y

and �-rewriting is denoted as �

A

�

. 2

F act 4.37 Let � b e a collection of conditional U -rules. F or an y mo del A , �

A

�

exists and

is giv en b y

�

A

�

= ( �

A

�

)

�

where �

A

�

=

[

fh c

A

[ l ; h ] ; c

A

[ r ; h ] i j s ; h �

A

�

t ; h g ;

i.e., �

A

�

is the transitiv e-re
exiv e closure of the least relation closed under �-rewriting.

2

In De�nition 4.36, h pla ys the r^ ole of the matcher for the left-hand side of a rule to

an elemen t of the algebra. F or example, in the case of the OBJ system, the algebra A

is the initial algebra of ground terms (or the initial algebra of a theory for the case of

rewriting mo dulo axioms). In this case, h matc hes the left-hand side of a rule in the

program with a subterm of the term to b e rewritten. But the rewriting is done only after

the system pr oves the v alidit y of the h yp otheses instan tiated b y the matc her h . The

algebraic form ulation of this last condition is giv en b y s ; h �

A

�

t ; h , since �

A

�

con tains

exactly all iden tities in A that can b e pro v ed from � b y paramo dulation.

The follo wing result sho ws that the rewriting relation is preserv ed under mo del mor-

phisms:

Prop osition 4.38 Let � b e a collection of conditional U -rules. F or an y mo del morphism

f : A ! A

0

�

A

�

; f ��

A

0

�

:

Pro of: Consider

( 8 B ) l ! r if h s ; t i 2 � ; h : B ! A a mo del morphism and c a rewriting con text

suc h that s ; h �

A

�

t ; h . By Prop osition 4.31, s ; h ; f �

A

0

�

t ; h ; f , hence c

A

[ l ; h ]; f =

c

A

0

[ l ; h ; f ] �

A

0

�

c

A

0

[ r ; h ; f ] = c

A

[ r ; h ]; f . 2

De�nition 4.39 Let � b e a collection of conditional U -rules and f : A ! A

0

b e a mo del

morphism. The binary relation � on A is closed under � -rewriting mo dulo f i� for

an y rule ( 8 B ) l ! r if h s ; t i

c

A

[ l ; h ] � c

A

[ r ; h ] i� s ; h �

A ; f

�

t ; h :

The least relation on A closed under re
exivit y , transitivit y , �-rewriting mo dulo f , and

mo df is denoted �

A ; f

�

. 2
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The follo wing result is in the spirit of Section 4.4 and it sho ws that rewriting mo dulo

a mo del morphism

45

is the same as rewriting in the quotien t mo del.

Theorem 4.40 Let � b e a collection of conditional U -rules and f b e a co equaliser in

the category of mo dels. Then

�

A ; f

�

; f = �

A

0

�

:

Pro of: By similarit y to the pro of of Theorem 4.35 and b y using this theorem for

�

A ; f

�

; f = �

A

0

�

. 2

4.5.2 T ransitivit y versus con
uence

F or this section w e assume the category X of domains has disjoin t copro ducts (see De�-

nition 2.12).

Lemma 4.41 Let � b e a collection of conditional atomic U -rules and A b e an y mo del.

F or an y a ; b ; b

0

�nite, if a �

A

�

b and b �

A

�

b

0

, then a �

A

�

b

0

.

Pro of: If a �

A

�

b , then b ecause h a ; b i is �nite and b y F act 4.37 and Prop osition 2.38,

there exists n 2 ! suc h that h a ; b i � ( �

A

�

)

n

. W e pro v e b y induction on n 2 ! that

if h a ; b i � ( �

A

�

)

n

and b �

A

�

b

0

, then a �

A

�

b

0

. F or the induction step, supp ose that

h a ; b i � ( �

A

�

)

n +1

. By Lemma 2.14 w e ma y assume that h a ; b i � �

A

�

� ( �

A

�

)

n

. In the

virtue of F act 2.36, w e ma y further assume that there exists d suc h that h a ; d i � �

A

�

and

h d ; b i � ( �

A

�

)

n

. By Lemma 2.14 and b ecause of the atomicit y of the rules in �, w e ma y

assume that

a = c

A

[ l ; h ] with h c

A

[ r ; h ] ; b i � ( �

A

�

)

n

and s ; h �

A

�

t ; h

for some rule ( 8 B ) l ! r if h s ; t i in �, for some mo del morphism h : B ! A and for some

rewriting U -con text c , and suc h that b �

A

�

b

0

. By the induction h yp othesis, c

A

[ r ; h ] �

A

�

b

0

.

Because �

A

�

is closed under �-paramo dulation, a �

A

�

b

0

. 2

The follo wing result describ es the paramo dulation relation �

A

�

as the \set" of pairs

of elemen ts that can b e rewritten to the same \elemen t". This in tuition constitutes the

basis for using term rewriting systems as a decision pro cedure for equalit y .

Prop osition 4.42 Let � b e a collection of conditional atomic U -rules. Then for an y

mo del A

�

A

�

=

[

fh a ; a

0

i �nite j a �

A

�

d and a

0

�

A

�

d for some d g :

Pro of: W e �rst sho w b y induction on n 2 ! that

�

A

� ; n

�

[

fh a ; a

0

i �nite j a �

A

�

d and a

0

�

A

�

d for some d g

F or the induction step, let's supp ose that a �

n +1

b with

a = c

A

[ l ; h ] for some ( 8 B ) l ! r if h s ; t i 2 � ; h : B ! A and c rewriting con text

45

Or mo dulo axioms; see the discussion ending Section 4.4.
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suc h that s ; h �

A

� ; n

t ; h and c

A

[ r ; h ] �

A

� ; n

b . By the induction h yp othesis, c

A

[ r ; h ] � d

and b � d for some d b ecause h c

A

[ r ; h ] ; b i is �nite and fh a ; a

0

i �nite j a � d ; a

0

� d g

is �ltered (b y using Lemma 2.26). Because s ; h �

A

�

t ; h , w e also ha v e that c

A

[ l ; h ] � d .

Then h a ; b i �

S

fh a ; a

0

i j a �

A

�

d and a

0

�

A

�

d for some d g .

F or the opp osite inclusion, w e apply Lemma 4.41. Consider a ; a

0

�nite suc h that

a �

A

�

d and a

0

�

A

�

d for some d . Then a �

A

�

d and, consequen tly , a �

A

�

a

0

. 2

De�nition 4.43 Consider a mo del A and � a collection of conditional U -rules. � is

A -con
uen t i� the rewriting relation �

A

�

is con
uen t. 2

The notion of A -con
uence represen ts a generalisation of the traditional notions of

con
uence in the theory of term rewriting systems.

46

The simplest and b est kno wn one

corresp onds to the case when A is the [initial] algebra of ground terms T

�

for an MSA

signature �. In Section 4.5.3 w e explain the relationship b et w een A -con
uence and the

notion of c on
uenc e mo dulo an e quivalenc e as presen ted in [55, 61, 20 , 30 ].

The follo wing establishes the crucial link b et w een the con
uence of � and the transi-

tivit y of the paramo dulation relation induced b y �:

Prop osition 4.44 Consider a mo del A and � a collection of conditional atomic U -rules.

Then � is A -con
uen t i� �

A

�

is transitiv e.

Pro of: Assume � is A -con
uen t and consider a � b � c �nite. In the virtue of

Prop osition 4.42, there exists d ; d

0

suc h that a � d , b � d , b � d

0

and c � d

0

. By

the con
uence of � , there exists d

00

suc h that d � d

00

and d

0

� d

00

. Th us, a � d

00

and

c � d

00

. By applying again Prop osition 4.42, a � c .

F or the con v erse, let's assume that �

A

�

is transitiv e and consider a � b and a � c

with a ; b ; c �nite. By Lemma 4.41, a � b and a � c . Therefore, b � c , and b � d ,

c � d for some d b y Prop osition 4.42. 2

The follo wing corollary sho ws that in the case of con
uence, the refutation pro cedure

using paramo dulation and re
exivit y is complete for orien ted rules. In the presence of

con
uence the application of the rules in � (i.e., the bac kw ard application of the rules in

�) is no longer necessary .

Corollary 4.45 Let A b e a reac hable mo del and � b e a collection of A -con
uen t con-

ditional atomic U -rules. F urther assume that an y re
exiv e-symm e tric-transitiv e relation

in the category of domains is an equiv alence. Then �

A

�

= �

A

�

.

Pro of: By applying Prop osition 4.22. 2

Through the Lifting Lemma 4.29 w e can apply the previous result to the case of

paramo dulation in MSA:

Corollary 4.46 Let � b e an algebraic signature. If � is a con
uen t collection of con-

ditional � -rules, then the refutation pro cedure through re
exivit y and paramo dulation

using � [ F (�) is complete. 2

46

See [30 ] for a detailed exp osition of the concept of con
uence for term rewriting systems. Other

imp ortan t surv eys are [20, 56 ].
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4.5.3 Con
uence mo dulo a Mo del Morphism

In this section w e argue that the notion of A -con
uence (De�nition 4.43) corresp onds

to con
uence of rewriting on equiv alence classes in the case of a quotien ting morphism

de�ned b y a theory .

The notion of rewriting on the congruence classes (called class-rewriting in the

surv ey [20 ]) w as in tro duced b y Lankford and Ballan t yne [65] for p ermutative congruences,

that is congruences for whic h eac h congruence class is �nite. F or example, asso ciativit y

and/or comm utativ it y giv es rise to p erm utativ e congruences.

Let � b e an algebriac signature and let E b e a collection of � -equations. In the

con text of the de�nitions in tro duced b y Section 4.4, let A b e the algebra of ground terms

T

�

, A

0

b e the initial � ; E -algebra T

� ; E

, and f : T

�

! T

� ; E

b e the quotien ting morphism.

Rewriting (paramo dulation) mo dulo f is the same as rewriting (paramo dulation) mo dulo

E . Giv en a collection � of conditional �-rules, class-rewriting relation de�ned b y � and

E (denoted � = E in [20, 61 ] is �

T

�

; f

�

. By Theorem 4.40 w e ha v e the follo wing:

Corollary 4.47 A term rewriting system � is con
uen t mo dulo axioms E i� it is T

� ; E

-

con
uen t. 2

The term rewriting literature con tains sev eral pap ers [55 , 61 ] and surv eys [56 , 20]

studyign alternativ e notions of con
uence mo dulo axioms and their relationship with

con
uence of rewriting on congruence classes.

4.6 Narro wing in MSA

This section is en tirely dev oted to the application of the general theory dev elop ed in

Sections 4.3 and 4.5 to the particular case of man y sorted narro wing including some of its

re�nemen ts. Although all results of this section had b een established b efore, the w a y they

fall as a direct consequence of the general category-based results on the completeness of

paramo dulation is new and can b e tak en as an example for applying the theory dev elop ed

in Sections 4.3 and 4.5 to other cases of in terest.

The structure of this section is in
uenced b y the gradual dev elopmen t of the com-

pleteness results for di�eren t re�nemen ts of narro wing giv en in [54 ]. W e �x an MSA

signature � . The r^ ole of the mo del A is no w pla y ed b y the [initial] algebra of the ground

terms.

De�nition 4.48 A �-rule ( 8 X ) l ! r if h s ; t i is a rewrite rule i� var

47

( r ) [ var h s ; t i �

var ( l ) = X . It is collapse free

48

i� l is not a v ariable. 2

The main di�erence b et w een rewrite rules and orien ted equations (or simply rules)

is that in the case of the former the system do esn't ha v e to \in v en t" v alues for the

v ariables that migh t o ccur in the righ t hand side or in the condition of a rule but not in

its left hand side. This mak es rewriting systems appropriate for computations b y giving

direction to rewriting. An imp ortan t consequence is the fact that the presence of the

functional re
exiv e axioms is no longer necessary:

47

By var ( t ) w e mean the set of all v ariables o ccurring in the term t . More formally , var ( t ) is the least

set X suc h that t 2 T

�

( X ) (see [30 ]).

48

An in teresting discussion on the r^ ole pla y ed b y this concept for the completeness of paramo dulation

can b e found in [54].
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Lemma 4.49 Let � b e a rewriting system and G b e a list of goals. Then G

� [ F (�)

� � � � ! !

�

R

2

implies that G

�

� � � � ! !

�

R

2 .

Pro of: An y application of a paramo dulation step with a clause from F (�) w ould pro-

duce a non-empt y answ er substitution, therefore they are not used in the refutation.

2

The application of Corollary 4.45 requires a new v ersion of Lifting Lemma adequate

to the new con text. Recall (see [30], for example) that a term t is said to b e in normal

form when no rewriting can b e applied to t an ymore. A substitution is said to b e in

normal form i� all its terms are in normal form.

Prop osition 4.50 Lifting Lemma Let � b e a collapse free rewriting system and � b e

a substitution in normal form. If G �

�

� � � � ! !

n

R

2 then G

�

� � � � ! !

n

n ; r

2 with the computed

answ er substitution � suc h that � � � .

Pro of: W e pro v e this lifting lemma b y induction on n 2 ! .

The �rst case o ccurs when the �rst step of the refutation c hain is the remo v al of

an iden tit y t � = t

0

� with h t

1

; t

2

i 2 G . Let ' b e the most general uni�er of t

1

and

t

2

. Then there exists �

0

suc h that '�

0

= � . �

0

is in normal form since � is in normal

form. If G = G

0

[ fh t

1

; t

2

ig , then since ( G

0

' ) �

0

�

� � � � ! !

n � 1

R

2 , the induction h yp othesis

implies that G

0

'

�

� � � � ! !

n � 1

n ; r

2 with the computed answ er substitution �

0

suc h that �

0

� �

0

.

But G � � � � ! !

r

G

0

' with ' the computed answ er substitution. The answ er substitution

computed b y the refutation G

�

� � � � ! !

n

n ; r

2 is '�

0

� '�

0

= � .

The second case o ccurs when the �rst step of the refutation is a prop er rewriting step.

Then G � � � � � ! !

R

G � j

�  r '

[ h s ; t i ' for ( 8 X ) l ! r if h s ; t i a new v arian t of a clause in �

and l ' = G � j

�

.

� � in normal form implies that ( G � ) j

�

= ( G j

�

) � , i.e., � is a basic o ccurence,

� � collapse free implies that G j

�

is not a v ariable, and

� dom ' \ dom � = ; implies the existence of �

0

in normal form suc h that '

0

�

0

= � + '

where '

0

= mgu ( l ; G j

�

). This w orks b ecause l ( � + ' ) = l ' = ( G j

�

) � = ( G j

�

)( � + ' ).

�

0

is in normal form b ecause b oth � and ' are in normal form.

Then G � � � � ! !

n

G j

�  r '

0

[ h s ; t i '

0

and ( G j

�  r '

0

[ h s ; t i '

0

) �

0

= G � j

�  r '

[ h s ; t i ' � � � � ! !

n � 1

R

2 . No w, w e can apply the induction h yp othesis in the same manner with the former

case (when the �rst refutation step w as a re
ection) and deduce the conclusion of this

lemma. 2

Corollary 4.51 Let � b e a con
uen t collapse free rewriting system. The refutation

pro cedure through re
exivit y and narro wing is complete. 2

4.6.1 Canonical term rewriting systems

This paragraph reviews the completeness of basic innermost narro wing from [54]. This

w orks under the further assumption of the termination of the term rewriting system

in v olv ed. A rewriting system that is b oth con
uen t and terminating is called canonical .
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The completeness of basic innermost narro wing is obtained directly from Corollary

4.51 via the follo wing

49

:

Prop osition 4.52 [54] Let � b e a canonical collapse free term rewriting system and G

b e a list of goals. Then G

�

� � � � ! !

�

n ; r

2 implies that h G ; � i

�

� � � � ! !

�

r ; in ; ir

2 with the same

computed answ er substitution.

Sk etc h of Pro of: When the substitution � is in normal form, in G �

�

� � � � ! !

�

R

2 rewriting

is applied only at basic o ccurrences. The canonicit y of � implies the w e can select a

c hain of innermost rewrites. Innermost re
ection is needed to mo v e to redeces ab o v e

an innermost redex with resp ect to � � � � ! !

R

b ecause innermost redeces with resp ect to

� � � � ! !

n

migh t not corresp ond to innermost redeces with resp ect to � � � � ! !

R

. 2

Basic innermost narro wing can b e com bined with rewriting on the goals. As discussed

in [54], this can b e v ery b ene�cial in cutting o� non-terminating narro wing c hains. In

some cases it also adds to the e�ciency of the computation. The completeness of basic

innermost narro wing com bined with rewriting follo ws directly from Corollary 4.51 via

the follo wing:

Prop osition 4.53 [54] Let � b e a canonical collapse free term rewriting system and let

G b e a list of goals. If G

�

� � � � ! !

�

n ; r

2 then h G ; � i

�

� � � � ! !

�

R ; r ; in ; ir

2 with the same computed

answ er substitution and narro wing applied only to normalised goals. 2

4.7 Computing in Eqlog

The Oxford protot yp e implem en tation of Eqlog is an extension of the OBJ3 system

(dev elop ed at SRI In ternational; its user man ual is [46]). The Eqlog system adds an im-

plemen tation of order sorted basic leftmost innermost narro wing. The curren t goal to b e

pro cessed is selected to b e the leftmost one from the goal list. The goals are represen ted

in the manner of De�nition 4.12, i.e., ha ving a sk eleton part and an en vironmen t part

represen ting the accum ulation of the computed answ er substitutions. The main narro w-

ing lo op implem e n ts a depth-�rst searc h on the space of all narro wing c hains regarded

as a searc h tree.

4.7.1 OS uni�cation in Eqlog

The implem e n tation of uni�cation follo ws the order sorted v ersion of Martelli-Mon tanari

algorithm describ ed in [74]. It is kno wn (see [74]) that an order sorted uni�cation prob-

lem ma y fail b ecause of the sort structure. In some cases, this can dramatically sp eed

up the whole computation b ecause most of the computation time is sp en t on failing uni-

�cations. On the other hand, a successful uni�cation problem migh t ha v e a �nite most

gener al solution set (see [74, 27 ]) rather than a single most general uni�er. Ho w ev er, the

follo wing prop ert y of OSA signatures assures the existence of a most general uni�er for

an y successful uni�cation problem:

De�nition 4.54 A monotonic OSA signature ( S ; � ; �) is coregular (called unitary in

[74]) i�

49

Using the en vironmen t-sk eleton represen tation of goals describ ed in Section 4.2.
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1. for an y t w o sorts s ; s

0

2 S there is at most one maximal common subsort, and

2. for an y op erator sym b ol � 2 � and an y sort s 2 S , the set f w 2 S

�

j � 2

�

w ; s

0

and s

0

� s g has at most one maximal elemen t.

2

Although the Eqlog system assumes that all signatures of mo dules are coregular,

50

it

also has a facilit y for sho wing the ev en tual non-coregularities of a signature of the curren t

mo dule. One t yp es

set show noncoreg on .

to turn it on and,

set show noncoreg off .

to turn it o�.

4.7.2 Examples with narro wing

Consider the follo wing mo dule de�ning an ADT of lists o v er a set of elemen ts (represen ted

here b y the sort Elt ). The non-empt y lists form a subsort NList of the sort of all lists

(i.e., List ). The empt y list and the usual list selectors ha v e the same name as their

Lisp coun terparts, while the constructor function ( cons in Lisp) is simply denoted b y

concatenation. In order to get a purely logical inference pro cedure for this example w e

ha v e to use an ADT de�nition for the natural n um b ers rather than imp ort them as

built-ins.
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The function giving the length of a list is denoted b y # .

0 , s , nil , and are declared as constructors.

obj LIST is

sorts Elt Nat NList List .

subsort NList < List .

op 0 : -> Nat [cons] .

op s : Nat -> Nat [cons] .

op a : -> Elt .

op nil : -> List [cons] .

op __ : Elt List -> NList [cons] .

op car : NList -> Elt .

op cdr : NList -> List .

op #_ : List -> Nat .

var E : Elt .

var L : List .

eq car(E L) = E .

eq cdr(E L) = L .

eq # nil = 0 .

eq #(E L) = s(# L) .

endo

50

Exp erimen ts made in Oxford sho w ed that the v ast ma jorit y of OBJ mo dules are coregular.
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The Eqlog system inherits the built-in natural n um b ers from the OBJ system.
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By t yping

set show narrowing on .

the user can see the actual inference steps p erformed b y the Eqlog system whic h alternates

re
ection and basic leftmost innermost narro wing steps. Successful re
ection steps are

omitted. The meaning of all �elds is ob vious except for next-posi ti on , whic h refers

to the o ccurrence at whic h the redex of the next narro wing step has to b e found. This

o ccurrence is a list of natural n um b ers represen ting the path to the redex within the tree

underlying the term if the searc h pro cess bac ktrac ks, otherwise is still unkno wn.

F or example, the query

find Lst : List such that # Lst = s(s(0)) ; car(Lst) = a .

pro duces the follo wing output:

########### ## ### ### ### ## ### ### ### ## ### ### #

solve in % :

car(Lst) = a

# Lst = s(s(0))

reflection failed

----------- -- --- --- --- -- --- --- --- -- --- --- -

depth in the narrowing chain: 1

current goal list (skeleton ):

E_978 = a

# Lst = s(s(0))

current answer substitut ion :

E_978: Elt -> UNBOUND

L_977: List -> UNBOUND

Lst: NList -> E_978 L_977

next-positi on : unknown

----------- -- --- --- --- -- --- --- --- -- --- --- -

depth in the narrowing chain: 2

current goal list (skeleton ):

s(# L_983) = s(s(0))

current answer substitut ion :

E_984: Elt -> a

E_978: Elt -> a

L_977: List -> L_983

Lst: NList -> a L_983

next-positi on : unknown

reflection failed

----------- -- --- --- --- -- --- --- --- -- --- --- -

depth in the narrowing chain: 3

current goal list (skeleton ):

s(0) = s(s(0))

current answer substitut ion :
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E_984: Elt -> a

L_983: List -> nil

E_978: Elt -> a

L_977: List -> nil

Lst: NList -> a nil

next-positi on : unknown

reflection failed

constructor clash

----------- -- --- --- --- -- --- --- --- -- --- --- -

depth in the narrowing chain: 3

current goal list (skeleton ):

s(s(# L_989)) = s(s(0))

current answer substitut ion :

E_984: Elt -> a

L_983: List -> E_990 L_989

E_978: Elt -> a

E_990: Elt -> UNBOUND

L_977: List -> E_990 L_989

Lst: NList -> a (E_990 L_989)

L_989: List -> UNBOUND

next-positi on : unknown

reflection failed

----------- -- --- --- --- -- --- --- --- -- --- --- -

depth in the narrowing chain: 4

current goal list (skeleton ):

s(s(0)) = s(s(0))

current answer substitut ion :

E_984: Elt -> a

L_983: List -> E_990 nil

E_978: Elt -> a

E_990: Elt -> UNBOUND

L_977: List -> E_990 nil

Lst: NList -> a (E_990 nil)

L_989: List -> nil

next-positi on : unknown

A solution is:

Lst: NList -> a (E_990 nil)

This example also sho ws ho w the sorts of the logical v ariables are dynamically c hanged

during the computation pro cess. The Eqlog system accepts a certain class of badly t yp ed

terms in queries whic h are treated b y using the metho d of retracts,

52

but this is hidden

to the user. In our example, accordingly to the original declaration of the t yp e of the

logical v ariable Lst , the term car(Lst) is not w ell t yp ed b ecause car is de�ned only on
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Inherited from the OBJ3 system; for a detailed discussion on retracts and their seman tics see [34 ].
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the subsort NList of the non-empt y lists. Ho w ev er, during the computation pro cess the

order sorted uni�cation function c hanges the sort of Lst to NList . This could b e easily

noticed in the �rst narro wing step p erformed b y the system, and also sho ws up in the

�nal result.

4.7.3 Constructor discipline

Consider the follo wing query:

find Lst : NList such that # Lst = 0 .

Because the rule # nil = 0 w ould nev er b e selected due to the t yp e constrain t on Lst ,

the system pro ceeds in to endless applications of the rule #(E L) = s(# L) .

Ho w ev er, suc h a situation could b e easily a v oided b y noticing that there is no p ossible

refutation from goals of the form s(...) = 0 . This suggests a constructor discipline

as a w a y to stop non-terminating computations and also as a w a y to reduce the searc h

within the space of narro wing c hains. Although the constructor discipline is used in

equational logic programming as a con trol facilit y (the programmer has the full option

to declare some op erations as constructors), the concept of constructor has a precise

mathematical meaning at the lev el of algebraic sp eci�cations. In [73 ], Meseguer and

Goguen sho w ed that only order sorted algebra solv es the constructor-selector problem.

De�nition 4.55 [30] A subsignature 
 � � is a subsignature of constructors for

a sp eci�cation (� ; E ) i� T

� ; E

�




is a reac hable 
-algebra. A subsignature of unique

constructors is a subsignature of constructors 
 suc h that T

� ; E

is the initial (i.e., ground

terms) 
-algebra. 2

The main principle underlying an y constructor discipline for equational logic pro-

gramming can b e concisely form ulated as follo ws:

Constructo rs cannot b e na rro w ed.

The Eqlog system implem en ts this principle in t w o di�eren t w a ys.
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The �rst one

o ccurs when the topmost op erators of the sides of a goal are di�eren t constructors.

54

In this case, since it is imp ossible to dev elop the narro wing c hain in to a refutation, the

computation bac ktrac ks

55

. The second w a y to apply the constructor discipline is to

banish from narro wing the p ositions where the corresp onding op erator is a constructor.

The main consequence in this case is to sp eed up of the computation of innermost redeces.

53

Man y other implemen tatio ns of narro wing em b ed some sort of constructor discipline, notably the

ALF system [49 ].

54

Actually , the Eqlog system implemen ts a stronger v ersion of this: b efore a narro wing step is p er-

formed, the system tries to �nd the outermost o ccurrence at whic h the corresp onding op erators are

di�eren t constructors, and suc h that all outer p ositions are o ccupied b y constructors within b oth sides

of the goal. If suc h a p osition is found, then the computation bac ktrac ks without trying to p erform the

narro wing step.

55

In the previous example of an Eqlog run, this corresp onds to the message constructor clash .
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5 Modularisa tion

A promising approac h to dev eloping large and complex systems (whic h ma y b e soft w are,

hardw are, or b oth) is to start from a description of the system as an in terconnection of

some sp eci�cation mo dules. This p ermits the v eri�cation of man y prop erties to b e carried

out at the lev el of design rather than co de, and th us should impro v e reliabilit y . With

suitable mec hanical supp ort, it migh t also impro v e the e�ciency of the dev elopmen t

pro cess. In addition, it promotes reuse, b ecause some mo dules ma y b e tak en directly

from a library , or else ma y b e mo di�cations of library mo dules. F or this reason, man y

mo dern programming and sp eci�cation languages supp ort some form of mo dularisation,

and most mathematical results ab out mo dules ha v e app eared in the con text of formal

soft w are engineering, particularly sp eci�cation languages. There has b een m uc h recen t

in terest in mo dule comp osition systems under the name of \megaprogramming" [98, 94 ].

Mo dularisation for equational logic programming has b een studied less. Tw o basic

problems are the soundness and c ompleteness of the translation of queries and their solu-

tions along mo dule imp orts. It is imp ortan t to notice that in ELP the notion of mo dule

is v ery similar to that in equational (i.e., functional) programming

56

and, although eac h

query is related to a certain mo dule, the query is not part of the mo dule. Giv en a mo dule

imp ort P

 

! P

0

(tec hnically regarded as a morphism of theories),  is sound i� for an y

query q in P , an y of its solutions is translated to an solution of  ( q ). The completeness

of  means that an y solution of  ( q ) corresp onds to a solution of q .

57

Our notion of

mo dule imp ort is not restricted only to inclusion of theories, a mo dule imp ort could b e

an y morphism of theories. In this con text, w e pro v e the soundness prop ert y for arbitrary

mo dule imp orts.

A particularly imp ortan t relation b et w een theories is that of c onservative extension ,

whic h sa ys that an y mo del of a subtheory can b e expanded to a mo del of the sup ertheory .

This seman tic prop ert y can b e imp ortan t for the reuse of mo dules. Other seman tic

prop erties of extensions arise in connection with parameterised (i.e., generic) mo dules.

The completeness prop ert y is pro v en to hold for the case of essen tially p ersisten t mo dule

imp orts.

58

The theory of institutions [33] pro vides an abstract mathematical form ulation of the

concept of `logical system' v ery adequate for the study of mo dularisation in declarativ e

programming languages rigorously based on logical systems. In order to use the ma-

c hinery pro vided b y the theory of institutions to mo dularisation problems sp eci�c to

equational logic programming, w e ha v e to in tegrate the framew ork of category-based

equational logics with institutions. The institution of category-based equational logics

pro vides the most abstract framew ork whic h is still concrete enough to deal with con-

cepts lik e queries and solutions. The primary mathematical structure in this approac h

is the notion of Kleisli category . T ranslations of queries along mo dule imp orts app ear

as functors b et w een Kleisli categories. The more general case of quan ti�ers as mo dels

(rather than collections of v ariables) rev eals that the translations of the quan ti�ers along

56

F or example, there are only v ery small diferences b et w een Eqlog and OBJ mo dules.

57

Section 5.3.2 sho ws ho w soundness and completeness of mo dule imp orts relates to the traditional

concept of soundness and completeness for logical systems.

58

A prop ert y stronger than conserv ativ e extension.
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mo dule imp orts are simply free constructions.

The institution of category-based equational logics is abstract enough to enco de equa-

tional logic programming mo dules as signatures and mo dule imp orts as morphisms of sig-

natures. This di�eren t lev el of use of the institution of category-based equational logics

is the basis for a category-based seman tics for equational logic programming queries and

solutions. The institution of category-based equational logics also supp orts a category-

based v ersion of the Theorem of Constan ts. W e place this result here exactly b ecause of

its connection to the basic mathematical structures of this c hapter, although in principle

it is not related to mo dularisation issues. The mo del-theoretic dimension of our more

general v ersion of the Theorem of Constan ts is also related to the so-called \metho d of

diagrams" from classical �rst-order mo del theory .

The soundness and completeness problem for translations of queries and their solu-

tions along mo dule imp orts is sho wn to b e an instan tiation of the soundness and com-

pleteness at the lev el of institutions with an en tailmen t system. This fact resorts to a

sp ecial and rather eccen tric institution ha ving collections of logical v ariables as signa-

tures, queries as mo dels, and substitutions as sen tences. A substitution is an answ er

for a query i� the query satis�es the substitution. The only inference rule de�ning the

en tailmen t relation enco des the translation of substitutions along mo dule imp orts.

5.0.4 Some History

The earliest w ork on soft w are mo dules with whic h w e are familiar is b y P arnas [77,

78 , 79 ]. Program mo dules di�er from earlier program structuring mec hanisms suc h as

subroutines, pro cedures and blo c ks, in that they ma y include a n um b er of pro cedure and

data de�nitions, ma y b e parameterised, ma y imp ort other mo dules, and ma y hide certain

elemen ts. A ma jor motiv ation for mo dules in this sense is to facilitate the mo di�cation

of soft w are, b y lo calizing the represen tation of data and the op erations that dep end up on

it; this is called information hiding . Suc h mo dules supp ort soft w are reuse b ecause they

can b e sp eci�ed, v eri�ed, and compiled separately . Note that this notion of mo dule is

essen tially syntactic : it concerns texts that describ e systems.

The earliest w ork that w e kno w on sp eci�cation mo dules is b y Goguen and Bur-

stall, for their sp eci�cation language Clear [12, 13 ], the seman tics of whic h is based on

institutions.

59

This approac h to mo dules has b een applied to v arious logic-based lan-

guages, particularly OBJ [46 ], Eqlog [38 ], f oops [40 , 47 ] (whic h com bines the functional

and ob ject paradigms), and f oop log [40] (whic h com bines functional, logic and ob ject

paradigms); it could also b e applied to an y pure logic-based programming language, suc h

as (pure) Lisp and (pure) Prolog. In [26], this is ev en extended to imp erativ e program-

ming. The mo dule system of (Standard) ML [50] has also b een strongly in
uenced b y

this w ork on Clear.

Clear in tro duced the ideas that a sp eci�cation mo dule determines a theory , and that

suc h theories can b e put together using colimits; these ideas ha v e their origin in some

earlier w ork b y Goguen on General Systems Theory [23, 36]. Clear pro vided op erations for

summing, renaming, extending, hiding, imp orting and (in the case of generics) applying

theories. Theories in turn denote classes of mo dels. The earliest w ork that w e kno w

giving a calculus of mo dules is also due to Goguen and Burstall [31 ]. Building on Clear,

they studied la ws for horizontal structuring relationships, and vertic al impleme n ti ng (also

called \re�nemen t") relationships, concluding that the axioms of a 2-category should b e

59

Other early w ork on mo dules for sp eci�cation languages w as b y Lisk o v on the language CLU [3].
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satis�ed.

60

Some general la ws for the mo dule op erations of Clear app ear in [23], and

others o ccur in the pro ofs in [13 ]. Some recen t results on the formal prop erties of mo dule

comp osition o v er institutions app ear in [29].

The mo dule algebr a of Bergstra, Heering and Klin t [9] attempts to capture the hori-

zon tal structure of mo dules with equations among certain basic op erations on mo dules,

including sum, renaming, and information hiding. These equations, together with con-

structors for signatures and sen tences, giv e a man y sorted equational presen tation, ab out

whic h some in teresting results can b e pro v ed, including a normal form theorem. Un-

fortunately , this w ork has �rst order logic built in to its c hoice of the constructors for

signatures and sen tences. Ho w ev er, Bergstra et al. abstract some in teresting general

principles from this sp ecial case. [21 ] dev elops a mo dule algebra in the con text of the

theory of institutions. In [21] it is sho wn that all reasonable institutions supp ort certain

simple op erations on theories; what prop erties ensure that these op erations ha v e v arious

desirable prop erties is also explored. A new categorical axiomatisation of the notion of

inclusion p ermits simple de�nitions for these op erations on theories.

Muc h in teresting w ork using institutions has b een done b y T arlec ki [89, 90, 91 , 92]

and b y Sannella and T arlec ki [83, 84 , 85 ].

5.1 Institutions and Mo dularisation

Institutions are m uc h more abstract than T arski's mo del theory , and they also add an-

other basic ingredien t, namely signatures and the p ossibilit y of translating sen tences and

mo dels from one signature to another. A sp ecial case of this translation ma y b e familiar

from �rst order mo del theory: if � ! �

0

is an inclusion of �rst order signatures, and if

M is a �

0

-mo del, then w e can form M �

�

, called the r e duct of M to �. Similarly , if e

is a �-sen tence, then w e can alw a ys view it as a �

0

-sen tence (but there is no standard

notation for this). The k ey axiom, called the Satisfaction Condition, sa ys that truth is

invariant under change of notation , whic h is surely a v ery basic in tuition for traditional

logic.

De�nition 5.1 An institution = = ( S ign ; Sen ; Mod ; j =) consists of

1. a category S ign , whose ob jects are called signatures ,

2. a functor Sen : S ign ! S et , giving for eac h signature a set whose elemen ts are

called sen tences o v er that signature,

3. a functor Mod : S ign

op

! C at giving for eac h signature � a category whose ob jects

are called �- mo dels , and whose arro ws are called �-( mo del ) morphisms , and

4. a relation j =

�

� j Mod (�) j � Sen (�) for eac h � 2 j S ign j , called �- satisfaction ,

suc h that for eac h morphism � : � ! �

0

in S ign , the Satisfaction Condition

M

0

j =

�

0

Sen ( � )( e ) i� Mod ( � )( M

0

) j =

�

e

holds for eac h M

0

2 j Mod (�

0

) j and e 2 Sen (�). 2
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This is consisten t with the fact that in our category-based seman tics for queries and solutions, the

category of mo dules and mo dule imp orts comes equipp ed with a 2-categorical structure induced b y the

2-categorical structure of the category-based equational signatures.
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W e will often denote the reduct functor Mod ( � ) b y �

�

, and the sen tence translations

Sen ( � ) simply b y � ( ) or ev en � .

All logics presen ted in Section 2.3 are institutions. Once a logic is pro v ed to b e

an institution, OBJ-lik e mo dularisation principles can b e applied to an y programming

language rigorously based on that logic. [21] con tains a series of results obtained at

the lev el of institution theory and supp orting OBJ-lik e protecting mo dule imp orts and

parameterised (generic) programming.

De�nition 5.2 A theory (� ; E ) in an institution = = ( S ign ; Sen ; Mod ; j =) consists of

� a signature �, and

� a set E of �-sen tences closed under seman tical deduction, i.e., e 2 E if E j =

�

e .

61

A theory morphism � : (� ; E ) ! (�

0

; E

0

) is just a morphism of signatures � : � ! �

0

suc h that Sen ( � )( E ) � E

0

. Let T h ( = ) denote the sub category of theories in = . 2

The principle of \initial algebra seman tics" is formalised at the lev el of institutions

(see [33]) b y the concept of lib eralit y:

De�nition 5.3 Let = = ( S ign ; Sen ; Mod ; j =) b e an institution. A theory morphism �

is lib eral i� the reduct functor Mod ( � ) has a left-adjoin t.

The institution = is lib eral i� all theory morphisms in T h ( = ) are lib eral. 2

In general, equational logics tend to b e lib eral, while �rst order logics are not lib eral.

In [89], T arlec ki relates the lib eralit y of an institution to the quasi-v ariet y prop ert y whic h

m ust b e ful�lled b y the class of mo dels of an y theory in that institution, meaning that

the mo dels of an y theory m ust b e closed under pro ducts and submo dels.
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5.1.1 Exactness

An imp ortan t mo del theoretic prop ert y of man y logical systems is that �nite colimits

are preserv ed b y the mo del functor. Th us, if w e com bine some theories T

i

in a diagram

T : I ! T h ( = ) ha ving colimit (i.e., result of com bination) C , then the denotations of

the T

i

and C b eha v e in the w a y one w ould hop e: Mod ( C ) is the limit of the diagram

T ; Mod

op

: I ! C at . In particular (and assuming that the categories of � -mo dels are

concrete), our in tuition w ould lead us to hop e that a mo del of T

1

L

T

2

(the co-pro duct)

w ould consist of a pair of mo dels, one of T

1

and the other of T

2

; i.e., w e in tuitiv ely exp ect

Mod ( T

1

L

T

2

) to b e Mod ( T

1

) � Mod ( T

2

). The situation is similar for a pushout of

theory morphisms T

0

! T

1

and T

0

! T

2

, whic h for simplici t y w e assume are theory

inclusions, so that T

0

is shared b et w een T

1

and T

2

: w e exp ect that a mo del of T

1

L

T

0

T

2

(the pushout) can b e constructed from a pair of mo dels, one of T

1

and the other of

T

2

, b y iden tifying their reducts to T

0

; that is, w e exp ect Mod ( T

1

L

T

0

T

2

) to b e the

pullbac k of Mod ( T

1

) ! Mod ( T

0

) and Mod ( T

2

) ! Mod ( T

0

). This prop ert y , whic h w e

call exactness , seems to ha v e �rst arisen in [85], and is also used in the pioneering w ork

of T arlec ki [91] on abstract algebraic institutions, and of Meseguer [72] on categorical

logics

63

.
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Meaning that M j =

�

e for an y �-mo del M that satis�es all sen tences in E .
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In the case of the usual logical systems, this corresp onds exactly to the p o w er of Horn clause

axiomatisations.

63

Meseguer [72 ] in tro duced the term exactness, but used it for the concept that w e call semiexactness

here.
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De�nition 5.4 An institution is exact i� the mo del functor Mod : S ign ! C at

op

preserv es �nite colimits, and is semiexact i� Mod preserv es pushouts. 2

Although man y sorted logics tend to b e exact, their unsorted v arian ts tend to b e

only semiexact. In particular, the mo del functor do es not preserv e copro ducts for either

unsorted �rst order logic or unsorted equational logic. This is undesirable from the p oin t

of view of mo dularisation. Com bining this with the w ell kno wn fact that the copro duct

of unsorted terminating term rewriting systems need not b e terminating, although it is

terminating in the man y sorted case, w e migh t conclude that unsorted logics are unnatural

for man y applications in Computing Science.

It is not hard to see that an y c hartered institution is exact.
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Charters w ere in tro duced

b y Goguen and Burstall [32 ] as a general w a y to pro duce institutions. The basic in tuition

is that the syn tax of a logical system is an initial algebra. Because it app ears that

most institutions of in terest in Computing Science can b e c hartered, it follo ws that most

institutions of in terest in Computing are exact. In particular, b oth man y sorted �rst

order logic and man y sorted equational logic are exact. On the other hand, unsorted

equational logic is not exact.

Notice that, for an y institution = , the mo del functor Mod extends to T h ( = ), b y

mapping a theory (� ; E ) to the full sub category Mod (� ; E ) of Mod (�) formed b y the

�-mo dels that satisfy E . The follo wing result sho ws that one can lift exactness from

signatures to theories, so that exactness dep ends only on the b eha vior of signatures,

and is indep enden t of what happ ens with sen tences. Semiexactness for theories pla ys

an imp ortan t r^ ole in the \categorical logics" describ ed b y Meseguer in [72 ]. In [21] it is

sho wn that this follo ws from the corresp onding prop ert y for signatures:

Prop osition 5.5 If an institution is semiexact, then Mod : T h ! C at

op

preserv es

pushouts.

Pro of: Let �

1

: (�

0

; E

0

) ! (�

1

; E

1

) and �

2

: (�

0

; E

0

) ! (�

2

; E

2

) b e morphisms of

theories and let �

0

1

: (�

2

; E

2

) ! (� ; E ) and �

0

2

: (�

1

; E

1

) ! (� ; E ) b e their pushout.

Recall from [33 ] that ( �

0

1

; �

0

2

) is the pushout of ( �

1

; �

2

) in Sign and E is the deductiv e

closure of �

0

2

( E

1

) [ �

0

1

( E

2

).

(�

1

; E

1

)

(�

0

; E

0

) (� ; E )

(�

2

; E

2

)

�

0

2

K

K

K

K

K

K

K

K

%%

�

1

r

r

r

r

r

r

r

r

r

99

�

2

L

L

L

L

L

L

L

L

L

%%

�

0

1

s

s

s

s

s

s

s

s

99

Let M

1

b e a �

1

-mo del of E

1

and M

2

a �

2

-mo del of E

2

suc h that M

1

�

�

1

= M

2

�

�

2

;

no w let M

0

denote this �

0

-mo del. Then b y the Satisfaction Condition, M

0

satis�es E

0

.

By semiexactness and the construction of pullbac ks in C at , there is a � -mo del M suc h

that M �

�

0

2

= M

1

and M �

�

0

1

= M

2

. By the Satisfaction Condition again, M satis�es the

translations of b oth E

1

and E

2

, and th us satis�es E . W e ha v e no w sho wn that an y pair of
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Using the facts that Mod is 2-represen table for c hartered institutions, and that 2-represen table

functors preserv e colimits.
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mo dels ( M

1

; M

2

) with M

1

2 j Mod (�

1

; E

1

) j and M

2

2 j Mod (�

2

; E

2

) j and M

1

�

�

1

= M

2

�

�

2

determines a (� ; E )-mo del M .

Con v ersely , an y (� ; E )-mo del M is determined in this w a y b y its translations M

1

=

M �

�

0

2

and M

2

= M �

�

0

1

whic h, b y the Satisfaction Condition, satisfy E

1

and E

2

, resp ec-

tiv ely .

Because the mo dels of a theory form a full sub category of the mo dels of its signature,

w e can extend this argumen t to mo del morphisms. Therefore, �

�

0

2

: Mod (� ; E ) !

Mod (�

1

; E

1

) and �

�

0

1

: Mod (� ; E ) ! Mod (�

2

; E

2

) are the pullbac k of �

�

1

:

Mod (�

1

; E

1

) ! Mod (�

0

; E

0

) and �

�

2

: Mod (�

2

; E

2

) ! Mod (�

0

; E

0

). 2

A pro of of the follo wing result w as sk etc hed in [85] and giv en in [21 ]:

Corollary 5.6 If an institution is exact, then Mod : T h ! C at

op

preserv es �nite col-

imits.

Pro of: By exactness, Mod maps the initial ob ject of Sign to the terminal (singleton)

category . Because the only mo del of this category satis�es the empt y theory (i.e., the

tautologies o v er the initial signature) w e conclude that the mo del functor maps the

initial theory to the terminal category . No w w e are done, b ecause all �nite colimits can

b e constructed from pushouts and an initial ob ject. 2

5.1.2 P arametric mo dules and views

De�nition 5.7 A theory morphism � : P ! T is conserv ativ e i� for an y mo del M 2

j Mod ( P ) j there exists a mo del N 2 j Mod ( T ) j suc h that N �

�

= M . 2

P ersistence is a stronger notion than conserv ativ e extension, and is imp ortan t for the

seman tics of parameterised data t yp es (e.g., see [33 ]).

De�nition 5.8 A theory morphism � : P ! T is p ersisten t i� its asso ciated reduct

functor �

�

: Mod ( T ) ! Mod ( P ) has a left adjoin t suc h that eac h comp onen t of the

unit of the adjunction is an equalit y . 2

F act 5.9 A p ersisten t theory morphism is conserv ativ e. 2

Example 5.10 Consider the follo wing classical example of generic lists o v er elemen ts of

monoids. The monoid op erations are abstract and they can b e used as generic op erations

for computations in v olving all elemen ts of a list.

th MON is

sort Mon .

op e : -> Mon .

op _*_ : Mon Mon -> Mon [assoc] .

var x : Mon .

eq e * x = x .

eq x * e = x .

endth
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th LIST*[X :: MON] is

sort List .

subsort Mon < List .

op __ : List List -> List [assoc] .

op nil : -> List .

op # : List -> Mon .

vars L L' : List .

eq L nil = L .

eq nil L = L .

eq #(nil) = e .

eq #(L L') = #(L) * #(L') .

endth

The mo dule LIST* imp orts the mo dule MON without in tro ducing an y new elemen ts

or iden tifying an y old elemen ts. This means that the mo dule imp ort MON , ! LIST � is

p ersisten t. This is so b ecause for an y monoid M the free LIST* -mo del o v er M consists

of lists with elemen ts from M and its reduct to MON giv es exactly the original monoid M .

2

The follo wing result (from [21]) is related to the seman tics of applying a generic mo d-

ule to an actual parameter mo dule using a \view," as prop osed in Clear and implem en ted

in OBJ3 and Eqlog:

Prop osition 5.11 Giv en a semiexact institution with pushouts of signatures, let ( �

0

;  

0

)

b e the pushout of theory morphisms � : P ! T and  : P ! P

0

. Then:

1. If the functor �

�

: Mod ( T ) ! Mod ( P ) has a left in v erse �

$

: Mod ( P ) !

Mod ( T ), then there is a left in v erse �

0 $

of �

�

0

suc h that the follo wing diagram

comm utes:

Mod ( P ) Mod ( T )

Mod ( P

0

) Mod ( T

0

)

�

$

//

�

 

OO

�

0 $

//

�

 

0

OO

2. �

0

is p ersisten t if � is p ersisten t.

Pro of: T o sho w the �rst assertion, pic k an arbitrary mo del N

0

of P

0

. Then N = N

0

�

 

is

a mo del of P b y the Satisfaction Condition. Let M b e �

$

( N ). Then M �

�

= N

0

�

 

= N .

By Prop osition 5.5, there is a mo del M

0

of T

0

suc h that M

0

�

 

0

= M and M

0

�

�

0

= N

0

.

The mapping N

0

7! M

0

de�nes the functor �

0 $

on ob jects, and its de�nition on arro ws

is similar. Next, �

0 $

preserv es iden tities b ecause 1

M

0

�

 

0

= �

0 $

(1

N

0

) �

 

0

and 1

M

0

�

�

0

=

�

0 $

(1

N

0

) �

�

0

for an y P

0

-mo del N

0

. By Prop osition 5.5, 1

M

0

= �

0 $

(1

N

0

). The same argumen t

giv es the preserv ation of comp osition b y �

0 $

.

F or the second assertion, w e will sho w that �

0 $

is left-adjoin t to �

�

0

if �

$

is left-adjoin t

to �

�

, that is (using the ab o v e notations), M

0

is a free T

0

-mo del o v er N

0

if M is a free

T -mo del o v er N . Pic k an arbitrary T

0

-mo del M

0

1

and an arbitrary mo del morphism
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h : N

0

! M

0

1

�

�

0

. W e ha v e to pro v e that there is a unique mo del morphism h

]

: M

0

! M

0

1

suc h that h

]

�

�

0

= h . Notice that b y Prop osition 5.5, an y h

]

: M

0

! M

0

1

is uniquely

determined b y its reducts h = h

]

�

�

0

: N

0

! M

0

1

�

�

0

and f = h

]

�

 

0

: M ! M

0

1

�

 

0

and b y

the condition h �

 

= f �

�

.

N

0

M

0

�

�

0

N

M �

�

M

0

1

�

�

0

( M

0

1

�

 

0

) �

�

_ _ _ _ _

_ _ _ _ _

h

E

E

E

E

E

E

E

""

h

]

�

�

0

��

_ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _

h �

 

I

I

I

I

I

I

I

I

$$

f �

�

��

No w let f b e the unique mo del morphism M ! M

0

1

�

 

0

suc h that h �

 

= f �

�

(since M

is free o v er N ). Then the morphism h

]

: M

0

! M

0

1

determined b y ( f ; h ) is the desired

extension of h to a mo del morphism M

0

! M

0

1

. 2

Example 5.12 Based on Example 5.10, consider the follo wing sp eci�cation of lists:

th List is

sorts Elt List .

subsort Elt < List .

op empty : -> List .

op append : List List -> List [assoc] .

var L : List .

eq append(L , empty) = L .

eq append(emp ty , L) = L .

endth

The op eration append is asso ciativ e and has the empt y list as an iden tit y . In this w a y ,

List is a re�nemen t of the theory of monoids. There is a view from MON to List :

view list from MON to List is

sort Mon to List .

op (_*_) to append .

op e to empty .

endv

The instan tiation LIST*[list ] of the generic mo dule LIST* via list is the pushout of

MON , ! LIST � with list . In this example, the op eration # app ends all lists from a list

of lists. By the previous theorem, LIST*[list ] protects List . This fact can b e c hec k ed

directly as w ell. 2

In this example, LIST*[list] is a simple mo dule expression in v olving essen tially

only one instan tiation of a generic mo dule. The ev aluation of this mo dule expression

w as obtained as a pushout in the category of theories. In the case of more complicated

mo dule expressions

65

the ev aluation is done b y taking the colimit of the corresp onding

diagram in the category of theories.

65

P ossibly in v olving com binations b et w een v arious kinds of mo dule imp orts and instan tiations of

generic mo dules via views.
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5.2 Satisfaction Condition for Category-based Equational Logic

In order to apply the theory of institutions to our framew ork, w e ha v e to answ er the

follo wing questions:

1. What is a morphism of signatures in the case of category-based equational logics?

2. What are the translations of mo dels and sen tences along signature morphisms, and,

in particular, what is the translation of the quan ti�ers along signature morphisms?

3. Do es the satisfaction relation b et w een mo dels and sen tences in category-based equa-

tional logics giv en b y De�nition 3.6 v erify the Satisfaction Condition?

The answ ers to these questions w ould b e help ed b y taking a closer lo ok at the t ypical

case of man y sorted equational logic:

De�nition 5.13 A signature morphism � : ( S ; �) ! ( S

0

; �

0

) in MSA is a pair h f ; g i

consisting of a map f : S ! S

0

on sorts and an S

�

� S -indexed family of maps g

u ; s

:

�

u ; s

! �

0

f

�

( u ) ; f ( s )

on op erator sym b ols. 2

Example 5.14 � of the previous de�nition determines a forgetful functor A lg ( � ) :

A lg

�

0

! A lg

�

on mo dels and another forgetful functor S et

f

: S et

S

0

! S et

S

on domains.

Notice the comm utativi t y of the follo wing diagram:

A lg

�

0

S et

S

0

A lg

�
S et

S

U

0

//

A lg ( � )

��

S et

f

��

U

//

where U and U

0

are the corresp onding forgetful functors from man y sorted algebras to

man y sorted sets. 2

T o resume, an y signature morphism determines a pair of forgetful functors, one on

mo dels ( A lg ( � ) in the previous example), and one on domains ( S et

f

in the previous ex-

ample). Eac h of them has a left adjoin t, meaning that an y mo del has a free extension

along a signature morphism (while free extensions along theory morphisms is problem-

atic in man y logical systems, most of them still supp ort free extensions along signature

morphisms; a t ypical example b eing �rst order logic). Finally , forgetting mo del structure

�rst along a signature morphism and afterw ards to domains is the same as forgetting to

domains �rst and domain structure afterw ards.

All these ideas are formalised b y the follo wing de�nition:

De�nition 5.15 A category-based equational signature is a functor U : A ! X . A

morphism of category-based equational signatures is a couple hM ; D i : U ! U

0

of functors suc h that M ; U = U

0

; D and D has a left adjoin t.

A

0

X

0

A X

U

0

//

M

��

D

��

U

//

2
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Notice that consequen tly to De�nition 5.3, a morphism of category-based equational

signatures is lib eral i� M has a left adjoin t.

The follo wing arra y sho ws ho w some concepts from man y sorted equational logic are

re
ected at the lev el category-based equational logics:

MSA category � based equational logics

signature functor

( S ; � ) U : A ! X

S X

� A

� = h f ; g i hM ; D i

f D

g M

S et

f

D

A lg ( � ) M

� � equation U � equation

5.2.1 Man y-sorted institutions

This section in tro duces a class of institutions for whic h the signature morphisms can

b e regarded as morphisms of category-based equational signatures. In this w as, these

institutions admit an in ternalisation of category-based equational logic.

In an y institution that has \sorted" signatures, the category of domains for a theory

is in fact the category of mo dels for the simple signature con taining only the \sorts"

of the signature of the theory . Assuming a certain degree of lib eralit y of the resp ectiv e

institution, the forgetful functor from the category of the mo dels of the theory to the

category of the domains has a left-adjoin t. The follo wing de�nition mak es the notion of

sorted signature precise and is generic for all examples of Section 2.3:

De�nition 5.16 A man y-sorted institution is a tuple = = ( S ign ; S ort ; Mod ; Sen ; j =)

suc h that

� ( S ign ; Mod ; Sen ; j =) is an institution,

� S ort : S ign ! S et is a functor that has a left-adjoin t left-in v erse Q , and

� = is lib eral on signature morphisms.

A domain in = is a mo del for a signature of the form Q ( S ) for S an arbitrary set. 2

No w, w e are in the situation to in ternalise the category-based equational logics in

man y-sorted institutions:

Prop osition 5.17 Let = = ( S ign ; S ort ; Mod ; Sen ; j =) b e a man y sorted institution with

" the co-unit of the p ersisten t adjunction Q a S ort : S et * S ign .

An y signature morphism � : � ! �

0

determines a lib eral morphism of category-based

equational signatures

h Mod (�) ; Mod ( Q ( S ort �)) i : U

�

! U

�

0
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where U

�

= Mod ( "

�

) is the forgetful functor form the category Mod (�) of � -mo dels to

the category of domains Mod ( Q ( S ort � )) for an y signature � of = .

Pro of: An y signature morphism � : � ! �

0

induces a translation of sorts

S ort (�) : S ort � ! S ort �

0

whic h determines a domain reduct functor Mod ( Q ( S ort �)) :

Mod ( Q ( S ort �

0

)) ! Mod ( Q ( S ort � )) ha ving a left adjoin t Q ( S ort �)

$

in the virtue of

the lib eralit y of the institution = on signature morphisms. Mod (�) has a left adjoin t b y

the lib eralit y of �.

Mod (�) Mod (�

0

)

Mod ( Q ( S ort � ))
Mod ( Q ( S ort �

0

))

Mod ( "

�

)

��

Mod (�)

oo

Mod ( "

�

0

)

��

Q ( S ort �)

$

//

Mod ( Q ( S ort �))

oo

The diagram comm utes on righ t adjoin ts b ecause of the naturalit y of " , i.e., "

�

; � =

Q ( S ort �); "

�

0

, and b y the application of the mo del functor to this iden tit y . 2

The lib eralit y condition of De�nition 5.16 is a v ery mild condition in practice. Ev en

instituions notorious for not b eing lib eral, lik e �rst order logic, are still lib eral on signature

morphisms.

Corollary 5.18 The signature morphisms in MSA, OSA, HCL, ELM are morphisms of

category-based equational signatures.

Pro of: In all cases this holds b y the lib eralit y of the repsectiv e insdtituion on signature

morphisms. A sp ecial men tion is necessary for ELM. In this institution the signature

morphisms are MSA theory morphisms, and w e use the lib eralit y of the institution of

MSA. 2

5.2.2 Sen tence translations along morphisms of category-based equational

signatures

Before de�ning the translations of equations along morphisms of category-based equa-

tional signatures, w e ha v e another lo ok at the example of man y sorted equational logic:

Example 5.19 Eac h function f : S ! S

0

translates an y S -sorted set X in to the S

0

-

sorted set X

�

b y taking the [p oin t wise] left Kan extension of f along X :

X

�

s

0

=

a

f ( s )= s

0

X

s

for an y sort s

0

2 S

0

:

S
S

0

S

0

S et S et

f

//

X

A

A

A

A

A

A

  

X

�

��

An y MSA signature morphism � = h f ; g i : ( S ; �) ! ( S

0

; �

0

) de�nes an S -sorted map

�

�

X

: T

�

( X ) ! T

�

0

( X

�

) �

�

:

X

U ( T

�

( X ))

U ( T

�

0

( X

�

) �

�

)

X �

//

j

M

M

M

M

M

M

M

M

M

M

&&

j

]

U = �

�

X

��
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First, note that X � U ( T

�

0

( X

�

) �

�

) b ecause if x 2 X

s

then x 2 X

�

f ( s )

and X

�

f ( s )

�

T

�

0

( X

�

)

f ( s )

= ( T

�

0

( X

�

) �

�

)

s

; let j : X ! U ( T

�

0

( X

�

) �

�

) denote this inclusion. Then w e

simply de�ne �

�

X

= j

]

, where j

]

is the unique extension of j to a �-homomorphism

T

�

( X ) ! T

�

0

( X

�

) �

�

. An y �-equation ( 8 X ) h s ; t i is translated to the �

0

-equation

( 8 X

�

) h �

�

X

( l ) ; �

�

X

( r ) i . 2

Notice that, in the previous example, the term algebra T

�

0

( X

�

) is exactly the free

extension of T

�

( X ) along � . F rom this, w e ma y conclude that:

T ranslations of quanti�ers a re free extensions along signature mo rphism s .

This generalisation also co v ers the case when quan ti�ers are not free mo dels. The trans-

lation of equations along signature morphisms in MSA is a particular case of the follo wing

abstract de�nition:

De�nition 5.20 Let hM ; D i b e a lib eral morphism of category-based equational signa-

tures ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

). Then the U -equation ( 8 A ) h s ; t i is translated to the

U

0

-equation ( 8 A

$$

) h s

�

; t

�

i ,

k

k

$

D

A U

A

$$

MU = A

$$

U

0

D

k �

//

t

��

t

�

D

��

A � U

//

where

$

denotes the left adjoin t to D ,

$$

denotes the left adjoin t to M , � and � denote

the units of the adjunctions determined b y M and D , and s

�

and t

�

denote the unique

\extensions" of l ; A � U and r ; A � U to maps in X

0

.

Similarly , a U -query ( 9 A ) h s ; t i is translated to the U

0

-query ( 9 A

$$

) h s

�

; t

�

i . 2

Since translations of quan ti�ers along lib eral signature morphisms are free expan-

sions of mo dels and co equaliser pro jectivit y is a prop ert y of the quan ti�ers essen tial for

the completeness of the deduction system, w e need to in v estigate the preserv ation of

co equaliser pro jectivit y under free expansions of mo dels. The follo wing lemma

66

giv es a

su�cien t condition for the preserv ation of co equaliser pro jectivit y under free expansions:

Lemma 5.21 Let N : A ! B b e a left adjoin t to a co equaliser preserving functor

M : B ! A . Then N preserv es co equaliser pro jectiv e ob jects.

Pro of: Consider A 2 j A j a co equaliser pro jectiv e ob ject. W e ha v e to pro v e that A N is

co equaliser pro jectiv e in B .

B

0

M
B N

B

0

B

A A N M A N

e M

//

e

//

h

0

OO

A �

//

h M

OO

h

0 ]

M

eeK

K

K

K

K

K

K

K

h

OO

h

0 ]

bbE

E

E

E

E

E

Let e : B

0

! B b e a co equaliser B , and tak e an arbitrary h : A N ! B . Because e M is a

co equaliser in A (b y h yp othesis), there exists h

0

: A ! B

0

M suc h that h

0

; e M = A � ; h M ,

66

It is used only in Chapter 6 in the con text of the category-based seman tics for constrain t logic

programming .

79



where A � : A ! A N M is the univ ersal arro w from A to M . Let h

0 ]

: A N ! B

0

b e the

unique map suc h that A � ; h

0 ]

M = h

0

. Then

A � ; ( h

0 ]

; e ) M = A � ; h

0 ]

M ; e M

= h

0

; e M

= A � ; h M (b y de�nition of h

0

)

By the univ ersal prop ert y of A � w e ha v e that h

0 ]

; e = h . 2

Kleisli translations In this paragraph w e study the particular case when the sen-

tences, either equations or queries, are quan ti�ed b y \v ariables". This tec hnically cor-

resp onds to the existence of \term" mo dels, i.e., the existence of left adjoin ts to the

forgetful functors from mo dels to domains.

In this case, the translation describ ed b y De�nition 5.20 could b e c haracterised as

a morphism (i.e., functor) of Kleisli categories satisfying a certain univ ersal prop ert y .

This result together with the Satisfaction Condition for category-based equational logics

constitute the tec hnical basis for the dev elopmen t of the category-based seman tics of

equational logic programming queries and their solutions in the con text of mo dularisation

in the st yle of Eqlog.

By using the same notations as in De�nition 5.20, further assume that U and U

0

ha v e

left adjoin ts F and, F

0

resp ectiv ely , with � and " and, �

0

and "

0

resp ectiv ely , the units

and the co-units of the resp ectiv e adjunctions. Fix a domain x 2 j X j . W e ma y assume

that ( x F )

$$

= ( x

$

) F

0

in the virtue of the general principle of comp osition of adjunctions.

F act 5.22 The diagram of De�nition 5.20 de�ning the translations of equations and

queries reads as:

k

k

$

D

x F U

( x F )

$$

MU = x

$

F

0

U

0

D

k �

//

t

��

t

�

D

��

x F � U

//

2

Lemma 5.23 There exists a unique natural transformation 
 : D ; F ! F

0

; M suc h that

�

0

D = D � ; 
 U . Moreo v er, M " = U

0


 ; "

0

M and F � = � F ;

$


 .

Pro of: The natural transformation 
 is uniquely de�ned b y the form ula �

0

D = D � ; 
 U

b y using the univ ersal prop ert y of the unit � .

No w, b y the triangular la ws for adjunctions, w e ha v e U

0

D � ; M " U = MU � ; M " U =

1

M ; U

, and b y the previous form ula and the triangular la ws for adjunctions w e ha v e

U

0

D � ; U

0


 U ; "

0

MU = U

0

�

0

D ; "

0

U

0

D = 1

U

0

; D

= 1

M ; U

. Then U

0

D � ; M " U =

U

0

D � ; U

0


 U ; "

0

MU . By the univ ersal prop ert y of the unit � , w e deduce M " = U

0


 ; "

0

M .

x

x

$

D x

$

F

0

U

0

D

x F

x

$

D F U x

$

F

0

MU

x �

//

x �

��

x

$

�

0

D

//

x

$

D �

��

�

�

�

�

�

�

�

�

�

�

x � F U

//

x

$


 U

//

F or the last iden tit y , �x x 2 j X j . Then
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x � ; x � F U ; x

$


 U = x � ; x

$

D � ; x

$


 U (b y the naturalit y of � )

= x � ; x

$

�

0

D (b y the De�nition of 
 )

= x � ; x F � U (as unit of the comp osite of adjunctions

in t w o di�eren t w a ys)

By the univ ersal prop ert y of x � w e deduce that x � F ; x

$


 = x F � . 2

Corollary 5.24 When the category-based equational signatures ha v e left adjoin t, w e

can de�ne the translation of sen tences along morphisms of category-based equational

signatures that are not necessarily lib eral.

Pro of: By replacing F � from F act 5.22 with � F ;

$


 . 2

In order to giv e the univ ersal c haracterization of this translation as a morphism of

Kleisli categories w e ha v e to resort to the (rather sophisticated) theory of monads in

2-categories dev elop ed b y Street in [88 ]:

De�nition 5.25 Let C b e a 2-category .

A monad h X ; S i consists of an ob ject X , a 1-cell X

S

� ! X and a pair of 2-cells 1

�

� !

S , S ; S

�

� ! S (called the unit and the m ultiplication ) satisfying the comm utativ e

diagrams

S SS S SSS SS

S SS S

S �

//

B

B

B

B

B

B

B

B

B

B

B

B

�

��

� S

oo

|

|

|

|

|

|

|

|

|

|

|

|

S �

//

� S

��

�

��

�

//

A monad functor h U ; � i : h X ; S i ! h Y ; T i consists of a 1-cell X

U

� ! Y and a

2-cell U ; T

�

� ! S ; U satisfying the comm utativ e diagrams

UT UTT SUT SSU

U SU UT SU

�

F

F

F

F

F

F

F

""

� T

//

U �

��

S �

//

� U

��

U �

OO

� U

//

�

//

A monad functor transformation h U ; � i

�

� ! h U

0

; �

0

i is a 2-cell U

�

� ! U

0

satis-

fying the comm utativ e diagram

UT
U

0

T

SU
SU

0

�

��

� T

//

�

0

��

S �

//

The 2-category M nd ( C ) has monads as ob jects, monad functors as 1-cells, and monad

functor transformations as 2-cells. 2

De�nition 5.26 F or an y 2-category C , let C

�

denote the 2-category obtained from C

b y rev ersing all 1-cells (so that C

�

( x ; y ) = C ( y ; x )). M nd ( C

�

)

�

has the monads of C as

ob jects, monad opfunctors of C as 1-cells and monad opfunctor transformations

as 2-cells. 2
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Theorem 5.27 (from [88]) In a 2-category C supp ose h X ; T i and h X

0

; T

0

i are monads.

An y adjunction H a D : X * X

0

sets up a natural bijection b et w een the monad functors

h D ; 
 i : h X

0

; T

0

i ! h X ; T i and the monad opfunctors h H ; � i : h X ; T i ! h X

0

; T

0

i . 2

Also, an y category-based equational signature canonically determines a monad. Ho w-

ev er, category-based equational signatures are more general than monads b ecause some

adjunctions fail to b e monadic. As already men tioned, an imp ortan t class of examples

in this sense is giv en b y the order sorted theories.

De�nition 5.28 Category-based equational signatures form a 2-category E qSig suc h

that

� ob jects are category-based equational signatures,

� 1-cells are morphisms of category-based equational signatures, and

� 2-cells h � ; � i : hM ; D i ! hM

0

; D

0

i are pairs of natural transformations � : M !

M

0

, � : D ! D

0

suc h that � U = U

0

� .

2

Corollary 5.29 There exists a forgetful 2-functor M nd : E qSig

�

! M nd ( C at ) whic h

determines (b y Theorem 5.27) a canonical 2-functor M ndop : E qSig ! M nd ( C at

�

)

�

mapping morphisms of category-based equational signatures to monad opfunctors.

Pro of: M nd maps a category-based equational signature U : A ! X to its at-

tac hed monad h X ; T i of C at , morphisms of equational logics hM ; D i to monad functors

hD ; 
 U i : h X

0

; T

0

i ! h X ; T i ( 
 de�ned b y Lemma 5.23) and maps 2-cells h � ; � i to monad

functor transformations � . Straigh tforw ard calculations assure the correctness of these

de�nitions.

M ndop maps morphisms of category-based equational signatures hM ; D i to the monad

opfunctors h

$

; � i : h X ; T i ! h X

0

; T

0

i corresp onding to the monad functor hD ; 
 U i , where

$

is the left-adjoin t to D . 2

Recall (from [64 ]) that an y monad h X ; T i in C at determines a Kleisli category X

T

ha ving the same ob jects as X but \substitutions" as arro ws, i.e.,

X

T

( x ; y ) = f h

[

j h 2 X ( x ; y T ) g

The comp osition of arro ws in X

T

is giv en b y h

[

; h

0 [

= ( h ; h

0

T ; z � )

[

:

x
y T

z T T z T

h

//

h

0

T

//

z �

//

When the monad is determined b y a category-based signature U , the Kleisli category X

T

is in fact the substitution system determined b y U . In this case, a simple calculation sho ws

that the comp osition in X

T

corresp onds exactly to the comp osition of substitutions:

x
y F U

z F U

y

h

//

h

0 ]

U

//

y �

OO

h

0

u

u

u

u

u

u

u

u

::
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When there is no danger of confusion w e iden tify X ( x ; y F U ) with X

T

( x ; y ) via the

bijection

[

.

F ollo wing [88 ], for an y 2-category C , there is an \inclusion" 2-functor I nc

C

: C !

M nd ( C ) mapping eac h ob ject X to the trivial monad h X ; 1 i . The w ell-kno wn construc-

tion of the Eilen b erg-Mo ore algebras categories app ears a righ t 2-adjoin t to I nc

C at

[88].

The follo wing de�nition is the basis in [88] for reco v ering the theory of monadicit y in the

abstract framew ork of an arbitrary 2-category C :

De�nition 5.30 The 2-category C admits construction of algebras i� I nc

C

has a

righ t 2-adjoin t. 2

Theorem 5.31 (from [88]) C at

�

admits construction of algebras. The left 2-adjoin t to

I nc

�

C at

�

: C at ! M nd ( C at

�

)

�

is the Kleisli construction, whic h ev aluated at h X ; T i is

X

T

and the unit h J

T

; ! i : h X ; T i ! h X

T

; 1 i is giv en b y

� J

T

: X ! X

T

with xJ

T

= x for an y x 2 j X j , and fJ

T

= ( f ; x

0

� )

[

for an y f 2 X ( x ; x

0

),

and

� ! : T ; J

T

! J

T

with x ! = (1

x T

)

[

for an y x 2 j X j .

h X ; T i h X

T

; 1 i
X

T

h Y ; 1 i

Y

h J

T

;! i

//

h K ;� i

J

J

J

J

J

J

J

J

%%

hK ; 1 i

��

K

��

2

F rom Theorem 5.31 and Corollary 5.29 w e deduce the main result of this paragraph:

Corollary 5.32 F or an y morphism of category-based equational signatures

hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) there exists a unique functor K : X

T

! X

0

T

0

suc h

that

� J

T

; K =

$

; J

T

0

, and

� (1

x T

)

[

K = ( x � )

[

, where � : T ;

$

!

$

; J

T

0

is the natural transformation part of

M ndop hM ; D i .

M ndop ( U ) = h X ; T i h X

T

; 1 i

M ndop ( U

0

) = h X

0

; T

0

i h X

0

T

0

; 1 i

M ndop hM ; D i =

h

$

;� i

��

h J

T

;! i

//

hK ; 1 i

��

h J

T

0

;!

0

i

//

2

By sp elling out the t w o prop erties of K w e get exactly the translation describ ed b y the

v ersion of De�nition 5.20 presen ted at the b eginning of this paragraph (see F act 5.22).
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5.2.3 The Satisfaction Condition

The follo wing result can b e regarded as a generic pro of of the Satisfaction Condition for

an y equational logic. All examples in Section 2.3 generate [equational] institutions b y

follo wing the same pattern. The equational v ersion of this theorem can b e extended to

conditional equations without an y problem.

Theorem 5.33 Let hM ; D i b e a lib eral morphism of category-based equational signa-

tures ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

). Then for an y mo del B 2 j A

0

j and for an y sen tence

( � A ) h s ; t i , with � 2 f8 ; 9g ,

B j =

U

0

( � A

$$

) h s

�

; t

�

i i� B M j =

U

( � A ) h s ; t i

Pro of: The righ t adjoin t M determines a natural bijection A ( A ; B M ) ' A

0

( A

$$

; B )

mapping eac h mo del morphism A

h

! B M to the mo del morphism A

$$

�

h

! B suc h that h =

A � ;

�

h M .

A

A

$$

M

B M

A �

//

h

F

F

F

F

F

F

F

##

�

h M

��

F or eac h v : k ! A U , w e ha v e:

k � ; ( v

�

;

�

h U

0

) D = k � ; v

�

D ;

�

h U

0

D

= v ; A � U ;

�

h U

0

D (b y De�nition 5.20)

= v ; A � U ;

�

h MU

= v ; h U

Therefore,

B j =

U

0

( 8 A

$$

) h s

�

; t

�

i i� s

�

;

�

h U

0

= t

�

;

�

h U

0

for all A

$$

�

h

! B

i� k � ; ( s

�

;

�

h U

0

) D = k � ; ( t

�

;

�

h U

0

) D

i� s ; h U = t ; h U for all A

h

! B M

i� B M j =

U

( 8 A ) h s ; t i

A similar argumen t w orks for the case of queries. 2

In the case when the sen tences are quan ti�ed b y v ariables, rather than mo dels, w e

ha v e the follo wing corollary:

Corollary 5.34 Let hM ; D i b e a morphism of category-based equational signatures

( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) suc h that F and F

0

are left adjoin ts to U and U

0

, resp ectiv ely .

Then for an y mo del B 2 j A

0

j and for an y sen tence ( � x ) h s ; t i , with � 2 f8 ; 9g and x a

domain in X ,

B j =

U

0

( � x

$

) h s

�

; t

�

i i� B M j =

U

( � x ) h s ; t i

Pro of: By using the last equation Lemma 5.23, the existence of a left adjoin t ot M is

no longer necessary . 2
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The fact that E qSig comes naturally equipp ed with a 2-categorical structure reinforces

the argumen t of Goguen and Burstall [32 ] that the signatures of an y c hartable institution

form a 2-category . The presen tation of the sen tence functor as a Kleisli translation

pro jects a new ligh t on the dualit y b et w een syn tax and seman tics in category based

equational logic: the sen tence functor is a mo del functor when rev ersing the 1-cells in

C at !

5.3 Queries and Solutions versus Mo dularisation

In this section w e giv e a categorical seman tics for equational logic programming queries

and their solutions in the con text of mo dularisation in the st yle of the programming

language Eqlog, and w e discuss the crucial problem of the soundness and completeness

for mo dule imp orts. W e tak e here the p oin t of view of [21 ] that mo dules are presen tations

(theories) and that mo dule imp orts are morphisms of presen tations (theories). In [39],

Goguen and Meseguer giv e a denotational seman tics for equational logic programming

based on initial algebra seman tics. Due to the presence of logical v ariables, the denotation

of an equational logic programming mo dule is giv en b y an adjunction rather than an

initial mo del. This is in fact the adjunction determined b y the forgetful functor from

the category of mo dels of the giv en mo dule to the category of domains represen ting the

mathematical structure for the collections of logical v ariables. This idea exploits the fact

that the notion of category-based equational signature is abstract enough to con tain the

concept of equational logic programming mo dule in the manner describ ed in Section 2.3.4.

The principle underlying our category-based seman tics for equational logic programming

queries and their solutions is form ulated as

The denotation of mo dules is abstracted to catego ry-based equational signatures

that have left adjoints.

De�nition 5.35 Let P b e an equational logic programming mo dule. Its denotation

[ [ P ] ] is the forgetful functor [ [ P ] ] : Mod ( P ) ! Dom ( P ) from the category of its mo dels,

Mod ( P ), to the category of its domains, Dom ( P ).

The denotation of a mo dule imp ort P

 

� ! P

0

is a morphism of category-based equa-

tional signatures [ [  ] ] : [ [ P ] ] ! [ [ P

0

] ] . 2

De�nition 5.36 A query for the equational logic programming mo dule P is a [ [ P ] ] -

query . A solution for a query q = ( 9 B ) h t

1

; t

2

i in a P -mo del A is a morphism h : B ! A

suc h that t

1

; h [ [ P ] ] = t

2

; h [ [ P ] ] .

Let P

 

� ! P

0

b e a mo dule imp ort. The translation of queries along  (i.e., from P -

queries to P

0

-queries) is giv en b y the translation along the morphism of category-based

equational signatures [ [  ] ] accordingly to De�nition 5.20.

67

2

The in terpretation of the Satisfaction Condition (Theorem 5.33) in this con text is

that for an y P -query q , an y mo dule imp ort  : P ! P

0

, and an y P

0

-mo del A , there is a

canonical one-one corresp ondence b et w een the solutions of q  in A and the solutions of

q in A M , where M is the mo del reduct comp onen t of [ [  ] ] .

67

W e denote this translation b y  .
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5.3.1 The institution of queries and substitutions

Computations in equational logic programming systems pro duce answ ers to queries in

form of substitutions. As kno wn, solutions for queries can b e regarded as uni�ers. The

next fact is consisten t to Goguen's approac h on uni�ers as co-cones in Kleisli categories

as expressed in [27 ]:

F act 5.37 Let q = ( 9 X ) h t

1

; t

2

i b e a query for the program P whose quan ti�cation is

giv en b y v ariables, i.e., X 2 j Dom ( P ) j . A solution form for q is a co-cone for the

parallel pair h t

[

1

; t

[

2

i in Dom ( P )

T

P

, where T

P

is the monad determined b y the [righ t-

adjoin t] forgetful functor [ [ P ] ] : Mod ( P ) ! Dom ( P ). 2

The relationship b et w een queries and substitutions can b e formalised as a Satisfaction

Relation in a particular institution in whic h queries pla y the r^ ole of mo dels and substi-

tutions pla y the r^ ole of sen tences. The source of a certain substitution has to matc h

the quan ti�er of a certain query in the same w a y the sen tences and mo dels of logical

systems ha v e to b e based within the same language (i.e., signature). This suggests that

the signatures for the institution of queries as mo dels and of substitutions as sen tences

should b e giv en b y collections of [logical] v ariables.

De�nition 5.38 Assume a �xed mo dule P . W e de�ne an institution =

P

consisting of

the follo wing data:

� S ign = Dom ( P )

op

T

P

,

68

i.e., signatures are domains and signature morphisms are

substitutions,

� Mod ( X ) = f ( 9 X ) h t

1

; t

2

i j t

1

; t

2

in T

P

( X ) g for eac h domain X in Dom ( P ), where

T

P

is the monad determined b y the righ t adjoin t forgetful functor [ [ P ] ] . Eac h map f

[

in Dom ( P )

op

T

P

( X ; X

0

) = Dom ( P )

T

P

( X

0

; X ) determines a reduct functor Mod ( f ) :

Mod ( X

0

) ! Mod ( X ) suc h that

Mod ( f )( q

0

) = q

0

; f

]

for an y query q

0

in Mod ( X

0

),

69

� Sen ( X ) = fh  ; s i j P

 

! P

0

; s is a P

0

-substitution of the logical v ariables X  g .

Eac h map f

[

in Dom ( P )

op

T

P

( X ; X

0

) determines a sen tence translation Sen ( f ) : Sen ( X ) !

Sen ( X

0

) b y

Sen ( f ) h  ; s i = h  ; f  ; s

]

i

for an y P

0

-substitution s and an y mo dule imp ort  , and

� q j =

X

h  ; s i i� s is a solution form for the query q  .

2

68

The opp osite of the Kleisli category Dom ( P )

T

P

.

69

This translation corresp onds to a translation of the logical v ariables of a query . This migh t also

include iden ti�cations of v ariables.
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Prop osition 5.39 Giv en an y mo dule P , the previous construction =

P

de�nes an insti-

tution.

Pro of: All w e ha v e to pro v e is the Satisfaction Condition for the institution =

P

. Con-

sider a domain map X

0

f

! T

P

( X ), an arbitrary P -query q

0

= ( 9 X

0

) h t

1

; t

2

i , and an

arbitrary sen tence h  ; s i 2 Sen ( X ). Then

q

0

j =

X

0

h  ; f  ; s

]

i i� t

1

 ; ( f  ; s

]

)

]

= t

2

 ; ( f  ; s

]

)

]

(b y De�nition 5.38)

i� t

1

 ; f

]

 ; s

]

= t

2

 ; f

]

 ; s

]

i� ( t

1

; f

]

)  ; s

]

= ( t

2

; f

]

)  ; s

]

(b y Corollary 5.32)

i� q

0

; f

]

j =

X

h  ; s i (b y De�nition 5.38)

2

5.3.2 Soundness and completeness for mo dule imp orts

De�nition 5.40 Let  : P ! P

0

b e a mo dule imp ort.  is sound i� for an y P -query

q and an y solution form s for q , s  is a solution form for q  .

 is complete i� for an y P -query q and an y solution form s

0

for q  there exists a

solution form s for q suc h that s

0

= s  . 2

A sound and complete mo dule imp ort P ! P

0

pr ote cts the solution forms, i.e., an y

P -query has the same solutions in P

0

as in P .

F act 5.41 The comp osition of sound/complete mo dule imp orts is sound/complete. 2

There is a strong 
a v our of conceptual similarit y b et w een the soundness and com-

pleteness for mo dule imp orts and the soundness and completeness for logical systems. In

fact, b oth of them are instan tiations of the category-based form ulation of the concepts

of soundness and at the lev el of institutions, as sho wn b y the follo wing result:

Prop osition 5.42 In the institution =

P

in tro duced b y De�nition 5.38, consider the

en tailmen t relation `

X

(parameterised b y signatures, i.e., P -domains)

70

de�ned b y the

follo wing inference rule enco ding the translation of solution forms along imp orts of P :

P

 

� ! P

0

:

h 1

P

; s i

h  ; s  i

Consider an arbitrary P -query q = ( 9 X ) h t

1

; t

2

i . Let q

�

denote the set of all consequences

of q of the form h 1

P

; s i , i.e., the set of all solution forms for q . Then

1. q

�

`

X

h  ; s i implies q j =

X

h  ; s i for all s i�  is sound, and

2. q j =

X

h  ; s i implies q

�

`

X

h  ; s i for all s i�  is complete.

Pro of: The correctness of the de�nition of the en tailmen t relation can b e easily v eri�ed

b y c hec king all conditions from the de�nition of an en tailmen t system (see [21 ] or [72]).

The pro of of this prop osition is essen tially based on the observ ation that q

�

`

X

h  ; s i

means that there exists s

0

a P -substitution that is a solution form for q and suc h that

s = s

0

 . The rest is giv en b y De�nition 5.40. 2

70

See [21 , 72 ] for the de�nition of en tailmen t relations in institutions.
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De�nition 5.43 A morphism of category-based equational signatures hM ; D i : ( A

U

� !

X ) ! ( A

0

U

0

� ! X

0

) is essen tially p ersisten t i� it is lib eral and the adjunctions corre-

sp onding to b oth M and D are p ersisten t.

A mo dule imp ort  is essen tially p ersisten t i� its denotation [ [  ] ] is an essen tially

p ersisten t morphism of category-based equational signatures. 2

When domains are man y sorted sets, the p ersistency of the adjunction on domains

corresp onds exactly to the injectivit y on sorts of the mo dule imp ort; this relates to

Goguen-Meseguer use of p ersistency in the con text of pr ote cting extensions for built-ins

in Eqlog [39 ].

Lemma 5.44 Let hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) b e an essen tially p ersisten t

morphism of category-based equational signatures. Consider q a U -query . Then:

�

$

em b eds X as a full sub category of X

0

, and

� ^q has exactly the same solution forms in X as q ,

where ^q denotes the U

0

-query obtained b y translating q along hM ; D i .

Pro of: F or an y query q and mo del A denote its solutions in the mo del A b y Sol ( q ; A ).

The image of

$

in X

0

is a full sub category as a consequence of the p ersistency of the

adjunction determined b y D . Since

$

is also injectiv e on ob jects, it em b eds X as a full

sub category of X

0

. F or the rest of the pro of w e iden tify X with the image of

$

.

Let F and F

0

b e left adjoin ts to U and U

0

, resp ectiv ely . F or an y y 2 j X j , w e ha v e:

Sol ( q ; y F ) = Sol ( q ; ( y F )

$$

M ) (p ersistency)

= Sol ( ^ q ; ( y F )

$$

) (Theorem 5.33, Satisfaction Condition for queries )

= Sol ( ^ q ; y F

0

) (comp osition of adjoin ts)

The conclusion of the lemma follo ws no w b y applying Corollary 5.34. 2

Theorem 5.45 Completeness Let P

 

� ! P

0

b e a mo dule imp ort. Then

1.  is sound, and

2.  is complete whenev er it is essen tially p ersisten t.

Pro of: Let q b e a query in P .

1. Assume s is a solution form for q . Then s

[

co equalises q

[

, where q

[

is the parallel

pair of arro ws in the Kleisli category Dom ( P )

T

P

corresp onding to the P -query q , and s

[

is the arro w in Dom ( P )

T

P

corresp onding to the substitution s .

By Corollary 5.32, [ [  ] ] determines a functor K : Dom ( P )

T

P

! Dom ( P

0

)

T

P

0

. This

means that ( s  )

[

= s

[

K co equalises ( q  )

[

= q

[

K , whic h means that s  is an solution

form for q  .

2. By applying the previous lemma to the case of the essen tially p ersisten t morphism

of category-based equational signatures [ [  ] ] : [ [ P ] ] ! [ [ P

0

] ] . 2

Example 5.46 Consider the generic mo dule LIST* from Example 5.10. Notice that

MON , ! LIST � is an essen tially p ersisten t mo dule imp ort. The query
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select LIST* .

find X Y : Mon such that X * Y = Y * X .

has exactly the same solution forms in MON as in LIST* . 2

The lac k of p ersistency migh t destro y the completeness of mo dule imp orts as in the

follo wing:

Example 5.47 Consider the follo wing theories:

th SOURCE is

sorts S1 S2 .

op a : -> S1 .

op b : -> S2 .

op f : S1 -> S2 .

endth

th TARGET is

sort S .

op a' : -> S .

op b' : -> S .

op f : S -> S .

eq f(b') = b' .

endth

and the follo wing view:

view V from SOURCE to TARGET is

sort S1 to S . sort S2 to S .

op a to a' .

op b to b' .

op f to f .

endv

The TARGET -query

find X : S such that f(X) = b' .

has a solution form (i.e., X:S->b' ) although the SOURCE -query

select SOURCE .

find X : S1 such that f(X) = b .

do es not ha v e an y solution form. 2
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5.4 Theorem of Constan ts

Theorem of Constan ts supp orts the treatmen t of univ ersally quan ti�ed v ariables as tem-

p orary constan ts [30]. Although suc h treatmen ts are used on a large scale in the con text

of term rewriting, the imp ortance of a mathematical result pro viding foundations to

equational theorem pro ving using ground rewriting w as emphasised for the �rst time in

the con text of the OBJ system [30 ]. A similar application app eared in Chapter 4 (see

Corollary 4.27) when dealing with the lifting of the completeness of paramo dulation from

the case of ground terms to the case of terms with v ariables.

The classical form ulation of the Theorem of Constan ts establishes an equiv alence

b et w een ( 8 X ) h s ; t i b eing a consequence of a theory � in a signature �, and ( 8; ) h s ; t i

b eing a consequence of � in the larger signature �

X

whic h is obtained b y adjoining the

v ariables X to � as new constan ts.

5.4.1 The lev el of institutions

The Theorem of Constan ts admits a category-based v ersion at the lev el of the theory of

institutions whic h captures the essence of the mo del theoretic phenomenon underlying

it. This is based on the in ternalisation of the notion of univ ersal sen tence (i.e., univ er-

sal quan ti�ed form ula) in an y institution b y follo wing a category-based form ulation of

univ ersal quan ti�cation.

71

De�nition 5.48 Let = = ( S ign ; Mod ; Sen ; j =) b e an y institution. ( 8 � ) � is a = - univ ersal

�-sen tence if

� �

�

� ! �

0

is an y signature morphism, and

� � is a �

0

-sen tence.

A �-mo del M satis�es ( 8 � ) � i� all its expansions to a �

0

-mo del satisfy � , i.e., M

0

j =

�

0

�

for all M

0

with M

0

�

�

= M . 2

The main idea here is that the sym b ols from �

0

that are not in � pla y the r^ ole of

the v ariables. The previous de�nition includes also the case of second order univ ersal

quan ti�cation corresp onding to the situation when some sym b ols from �

0

� � are function

or relation sym b ols. The classical situation of �rst order univ ersal quan ti�cation o ccurs

when all sym b ols from �

0

� � are constan ts.

The Theorem of Constan ts admits the follo wing generic institutional v ersion:

Theorem 5.49 F or an y set � of � -sen tences,

� j =

�

( 8 � ) � i� � (�) j =

�

0

�

Pro of:

Mod (�) j =

�

( 8 � ) � i� f N j N �

�

2 j Mod (�) jg j =

�

0

�

i� Mod ( � �) j =

�

0

� (b y the Sat. Cond. in = ) :

2

71

This w as �rst in tro duced b y Barwise and later used b y T arlec ki in the con text of \abstract algebraic

institutions" [91 ].
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Apart of applications to second order logic and category-based equational logic (next

section), this abstract v ersion of Theorem of Constan ts can b e applied to hidden sorted

logics, th us giving supp ort to pro ofs for the ob ject paradigm [35 ] based on ground rewrit-

ing.

5.4.2 The lev el of category-based equational logic

The previous generic v ersion of the Theorem of Constan ts can b e instan tiated to the

institution of category-based equational logics. When ( 8 A ) h s ; t i is an equation ha ving

a mo del as a quan ti�er, the expanded signature �

A

is obtained b y adjoining the whole

mo del A to �. This is reminiscen t of the so-called metho d of diagr ams in classical mo del

theory [14 ], and is naturally enco ded at the categorical lev el b y using comma categories

[89, 91 ].

If A is a category of mo dels and A is an y mo del, a morphism A ! B in terprets the

elemen ts of A as new constan ts in B . The ev aluation of the mo del op erations on these

constan ts resp ects the mo del structure of A . The inclusion of signatures � , ! �

A

is

de�ned at the lev el of category-based equational signatures as follo ws:

Lemma 5.50 Let U : A ! X b e a category-based equational signature suc h that A

has binary copro ducts. F or an y mo del A in A , h A

A

; 1

X

i : U ! U

A

= A

A

; U is a lib eral

morphism of category-based equational signatures.

A

( A # A )

X X

U

��

A

A

oo

U

A

��

_ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _

Pro of: All w e ha v e to pro v e is that A

A

has a left adjoin t. This is in fact ( A

`

) : A !

( A # A ) mapping an y mo del B to A

j

A

� ! A

`

B ( j are the co-cone arro ws of the copro duct

of B and A ). The unit of this adjunction at B is j

B

. 2

The follo wing corollary sho ws that the translation of sen tences along the \inclusion"

U ! U

A

corresp onds in fact simply to the addition of the quan ti�ers to the signature. F or

this reason, and in the spirit of the tradition, w e regard an y U -equation as a U

A

-equation

without an y further new notations.

Corollary 5.51 Let U : A ! X b e a category-based equational signature suc h that the

category of mo dels A has binary copro ducts and let A b e an y mo del in A . Then the trans-

lation of a U -equation ( 8 B ) h s ; t i along h A

A

; 1

X

i is the U

A

-equation ( 8 j

A

) h s ; j

B

U ; t ; j

B

U i ,

where j are the co-cone arro ws of the copro duct of B and A .

k k

B U

7!

B U

( B

`

A ) U = ( A

j

A

� ! B

`

A ) U

A

t

��

t

��

j

B

U

��

2
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Corollary 5.52 Theorem of Constan ts Let � b e a collection of conditional U -equations.

Then,

� j =

U

( 8 A ) h s ; t i i� � j =

U

A

( 8 1

A

) h s ; t i

Pro of: W e ha v e to sho w only that the satisfaction relation b et w een mo dels and univ ersal

sen tences de�ned in ternally (De�nition 5.48 applied to the morphism of category-based

equational signatures, h A

A

; 1

X

i is the same as the satisfaction relation b et w een mo dels

and abstract equations from De�nition 3.6, i.e., for an y k

h s ; t i

� ! A U and an y mo del M 2 j A j ,

M j =

U

( 8h A

A

; 1

X

i ) � i� M j =

U

( 8 A ) h s ; t i ; where � = ( 8 1

A

) h s ; t i

This reduces to sho w that h j =

U

A

( 8 1

A

) h s ; t i for all A

h

! M 2 j ( A # A ) j i� M j =

U

( 8 A ) h s ; t i .

This holds since for an y A

h

! M , h j =

U

A

( 8 1

A

) h s ; t i i� s ; h U = t ; h U . 2

Note that 1

A

is the initial ob ject of ( A # A ). In the traditional MSA v ersion of the

Theorem of Constan ts, the in terpretation of the v ariables as new temp orary constan ts

empties the quan ti�er. In a more mo del-theoretic setup this w ould corresp ond to a

quan ti�cation b y a mo del of ground terms, categorically c haracterised b y their initialit y

prop ert y .
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6 Extensible Constraint Logic Pr ogramming

Constrain t programming has b een recen tly emerging as a p o w erful programming paradigm

and it has attracted m uc h researc h in terest o v er the past decade. Mathematical Program-

ming, Sym b olic Computation, Arti�cial In telligence, Program V eri�cation and Compu-

tational Geometry are examples of application areas for constrain t programming. In

general, constrain t logic programming replaces uni�cation with constrain t solving o v er

computational domains. Constrain t solving tec hniques ha v e b een incorp orated in man y

programming systems; CLP [58], PrologI I I [15 ], and Mathematica are the b est kno wn

examples. The computational domains include linear arithmetic, b o olean algebra, lists,

�nite sets. Con v en tional logic programming (i.e., Prolog) can b e regarded as constrain t

programming o v er term mo dels (i.e., Herbrand univ erses). In general, the actual con-

strain t programming systems allo w constrain t solving for a �xed collection of data t yp es

or computational domains.

72

As already men tioned in the In tro duction, constrain t pro-

gramming allo wing constrain ts o v er any data t yp e will b e called extensible .

In [58], Ja�ar and Lassez prop ose a sc heme for constrain t logic programming based

on em b edding constrain t systems in to Horn clause logic b y axiomatising computational

domains b y Horn clauses. In [87], Smolk a prop ose a completely di�eren t framew ork for

constrain t logic programming b y regarding programs as collections of de�nitions of new

constrain ts extending the underlying constrain t system.

This c hapter deals only with the mo del theoretic seman tics of constrain t logic pro-

gramming, w e don't address an y issues directly related to the computation lev el of con-

strain t solving. Our approac h to constrain t programming departs fundamen tally from

the previous ones; our seman tics for extensible constrain t logic programming follo ws the

principles underlying the mo del theory for constrain t logic programming prop osed b y

Goguen and Meseguer in the con text of the language Eqlog [39 ] and is essen tially based

on a v ersion of Herbrand's Theorem for c onstr aint lo gic , i.e., the logic underlying exten-

sible constrain t logic programming. Similarly to the approac h prop osed b y Ja�ar and

Lassez, b oth constrain t relations and programs are [collections of ] sen tences within the

same logical system (in the sense of institutions rather than of deduction systems). Ho w-

ev er, constrain t logics are m uc h more general than Horn clause logic. In fact, the com-

putation domain is a primitiv e in our approac h and pla ys a cen tral r^ ole in the de�nition

of constrain t logic, rather than b eing axiomatised in an already de�ned logic (i.e., Horn

clause logic) lik e in CLP . When regarded as a mo del in constrain t logic, the computation

domain app ears as the initial mo del. This is mathematicall y link ed to the seman tics of

OBJ-lik e mo dule systems, the fundamen tal idea b eing to regard the mo dels of extensible

constrain t logic programming as expansions of an appropriate built-in mo del A along a

signature inclusion � : � , ! �

0

, where � is the signature of built-in sorts, op erations and

relation sym b ols, and �

0

adds new \logical" sym b ols. In practice, the constrain t rela-

tions (i.e., logical relations that one wishes to imp ose on a set of p oten tial solutions) are

limited to sets of atomic sen tences in v olving b oth �-sym b ols and elemen ts of the built-in

mo del A . Ho w ev er, at the theory lev el there is no reason to restrict the shap e of con-

strain t relations only to atomic form ulae. The mo dels for constrain t logic programming

72

A computational domain can b e regarded as a mo del (not necessarily the standard one) for a certain

data t yp e sp eci�cation.
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app ear as expansions of the built-in mo del to the larger signature �

0

and an y morphism

of constrain t mo dels has to preserv e the built-ins. Therefore, the constrain t mo dels form

a category whic h can b e formally de�ned as the comma category ( A # Mod ( � )).

Example 6.1 Consider the example of a sp eci�cation of the Euclidean plane as a v ector

space o v er the real n um b ers.

obj R2 is

pr FLOAT * (sort Float to Real) .

sort Vect .

op 0 : -> Vect .

op <_,_> : Real Real -> Vect .

op _+_ : Vect Vect -> Vect .

op -_ : Vect -> Vect .

op _*_ : Real Vect -> Vect .

vars a b a' b' k : Real .

eq 0 = < 0 , 0 > .

eq < a , b > + < a' , b' > = < a + a' , b + b' > .

eq k * < a , b > = < k * a , k * b > .

eq - < a , b > = < - a , - b > .

endo

The signature � of built-in sorts, op eration and relation sym b ols con tains one sort Real

for the real n um b ers together with the usual ring op eration sym b ols and a relation sym b ol

< . The built-in mo del is just the usual ring of real n um b ers (denoted as R ) with <

in terpreted as the usual `strictly less than' predicate. The signature �

0

of the mo dule R2

in tro duces a new op eration sym b ol < , > for represen ting the p oin ts of the Euclidean

plane as tuples of real n um b ers, and o v erloads the ring op erations b y organising the

Euclidean plane as a v ector space o v er the real n um b ers. The axioms express the basic

fact that the ev aluation of the ring op erations on v ectors is done comp onen t-wise.

A standard mo del for this sp eci�cation, denoted b y R

2

is giv en b y the cartesian

represen tation of the p oin ts of the Euclidean plane, i.e., an y p oin t is represen ted as the

tuple of its co ordinates. Another mo del for R2 in terprets the sort Vect as the set of real

n um b ers, the ring op erations on Vect as ordinary op erations on n um b ers, and < , > as

addition of n um b ers. Let's denote this mo del b y R +. 2

6.1 Generalised P olynomials and Constrain t Satisfaction

It is imp ortan t to ha v e a formal de�nition for constrain t sen tences, constrain t mo dels,

and a satisfaction relation b et w een them. This w ould de�ne a logic underlying constrain t

logic programming; w e call this constrain t logic . A fundamen tal principle in this logic

is the preserv ation of the built-ins.

Consisten tly to our previous notations, let A

$$

denote the free expansion of the built-

in mo del A along the inclusion [of the signature of the built-ins] � : � ! �

0

. Also, let F

0

b e a left adjoin t to the forgetful functor U

0

: Mod (�

0

) ! Dom (�

0

).

73

The r^ ole pla y ed

73

F rom the category of the mo dels of the signature �

0

to the category of the domains of �

0

.
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b y the terms in ordinary logic is pla y ed b y gener alise d p olynomials

74

in constrain t logic.

Generalised p olynomials are term-lik e structures in v olving b oth op erator sym b ols and

elemen ts of the built-in mo del. Generalised p olynomials can b e regarded as elemen ts of

mo dels in the same w a y as ordinary terms are regarded as elemen ts of [free] mo dels as a

basis for a seman tical aproac h to the concept of sen tence and satisfaction in equational

logic.

Giv en a domain x (i.e., a collection of v ariables in practice), the �

0

-mo del of the

p olynomials o v er x is usualy denoted as A [ x ]. This is in fact the copro duct A

$$

`

x F

0

b et w een A

$$

and the free �

0

-mo del x F

0

. When � = �

0

are unsorted algebraic signatures,

this is a w ell kno wn construction in univ ersal algebra [48]. Ho w ev er, the b est kno wn

example still comes from linear algebra:

Example 6.2 Let X b e a set of v ariables. R [ X ] is the ring of p olynomials o v er X and

with real n um b ers as co e�cien ts. In this example, the signature � of built-ins is a ring

signature, and �

0

do esn't add an y new sym b ols, th us � = �

0

. The mo del of the built-ins

is R , the usual ring of real n um b ers. 2

The univ ersal prop ert y of the mo dels of generalised p olynomials allo w a more general

de�nition that extends the concept of generalised p olynomial to the seman tic case when

mo dels pla y the r^ ole of the collections of v ariables and mo del morphisms paly the r^ ole of

the v aluation maps.

De�nition 6.3 Let B b e an y �

0

-mo del. The mo del of generalised p olynomials

o v er B is the copro duct A

$$

`

B , and it is denoted as A [ B ]. 2

6.1.1 In ternal constrain t logic

Constrain t logic can b e de�ned in ternally to category-based equational logic. This means

that the signature of buit-ins � is abstracted to a category-based equational signature

U , �

0

to U

0

, and the inclusion � : � ! �

0

to a morphism of category-based equational

signatures U ! U

0

. In this w a y , the extensible constrain t programming paradigm is

accomo dated b y an y logical system that is a category-based equational logic.

De�nition 6.4 Let hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) b e an y lib eral morphism of category-

based equational signatures. Fix an y mo del A 2 j A j (pla ying the r^ ole of the mo del of the

built-ins) .

A constrain t mo del is a mo del in A

0

whose reduct to the signature of built-ins

con tains an image of A , i.e., a map c : A ! C M with C 2 j A

0

j . A mo del morphism

h : c ! c

0

is a map C ! C

0

in A

0

suc h that

A C M

C

0

M

c

//

c

0

F

F

F

F

F

F

F

""

h M

��

comm utes.

A constrain t iden tit y in B 2 j A

0

j is a binary relation k

h s ; t i

� ! ( A [ B ]) U

0

. An iden tit y

h s ; t i in B is satis�ed in a mo del A

c

� ! C M with resp ect to a mo del morphism f : B ! C

74

The ordinary p olynomials from linear algebra are an instan tiation of this notion. The w ord gener-

alise d pla ys here the same r^ ole as the w ord gener al pla ys in the so-called \general algebra."
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i� s ; [ f ; c

]

] U

0

= t ; [ f ; c

]

] U

0

, where c

]

is the unique `extension' of c to a mo del morphism

A

$$

! C .

A

$$

M A

$$

A

$$

`

B B

A C M C

c

]

M

I

I

I

I

I

I

I

I

$$

j

A

$$

//

c

]

I

I

I

I

I

I

I

I

$$

[ f ; c

]

]

��

j

B

oo

f

{{v

v

v

v

v

v

v

v

OO

c

//

This de�nition extends to constrain t equations, queries and their satisfaction

b y constrain t mo dels in the same manner as De�nition 3.6. 2

Example 6.5 An example of a constrain t equation in the con text of Example 6.1 is

open .

vars X Y : Real .

eq < 3.14 * X , Y > + - < Y , 3.14 * X > = 0 .

close

Notice that although this equation is not satis�ed b y the standard mo del R

2

, the con-

strain t mo del R + do es satisfy it. 2

Example 6.6 Another example of a constrain t sen tence in the same con text is that of

a query:

find X Y Z : Real such that

3 * < X , Y > = < Y , Z > ;

2.79 * X + Y < Z = true .

Finding a solution to this query in the standard mo del R

2

reduces b y the application of

a rewrite step follo w ed b y a simpli�cation step to �nding a solution for the system of

linear inequalities:

find X Y Z : Real such that

3 * X = Y ;

3 * Y = Z ;

2.79 * X + Y < Z = true .

2

The crucial tec hnical idea of our approac h on the seman tics of constrain t logic pro-

gramming is to �t constrain t logic in to category-based equational logic. While this simply

cannot b e ac hiev ed within the usual concrete algebraic or mo del theoretic approac hes (no

notion of algebraic signature b eing abstract enough for this purp ose), it w orks at our lev el

of abstraction. W e consider this as a go o d example of the b ene�ts the use of abstract

mo del theoretic metho dology

75

could bring to Computing Science. This idea is resumed

b y the follo wing slogan and formally form ulated b y the next de�nition:

Constraint logic = equational logic in a sp ecial catego ry-based equational signa-

ture.

75

In the sense of category-based equational logic.
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De�nition 6.7 Let hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) b e a lib eral morphism of category-

based equational signatures. Then an y mo del A 2 j A j determines a forgetful functor

U

0

A

: ( A #M ) ! X

0

, suc h that U

0

A

= M

A

; U

0

, where M

A

is the forgetful functor ( A # M ) !

A

0

.

A

A

0

( A #M )

X
X

0

X

0

U

��

M

oo

U

0

��

M

A

oo

U

0

A

��

D

oo

_ _ _ _ _ _ _ _

_ _ _ _ _ _ _ _

2

In this w a y the constrain t logic in tro duced b y De�nition 6.4 is the category-based

equational logic determined b y the forgetful functor U

0

A

. The correctness of this de�nition

relies on the follo wing fact:

F act 6.8 If U

0

is faithful and preserv es pullbac ks, then U

0

A

is faithful preserv es pullbac ks.

Pro of: M preserv es pullbac ks as a righ t adjoin t. By using this fact, it is straighforw ard

to sho w that the forgetful functor M

A

: ( A #M ) ! A

0

creates pullbac ks, th us it preserv es

them to o. U

0

A

preserv es pullbac ks as a comp osite of t w o pullbac k preserving functors.

U

0

A

is faithful as a comp osite of t w o faithful functors, since the forgetful functor

M

A

: ( A #M ) ! A

0

is faithful. 2

Prop osition 6.9 Let hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) b e a lib eral morphism of category-

based equational signatures. Then for an y mo del A 2 j A j

1. there is an isomorphism of categories ( A #M )

�

=

( A

$$

# A

0

);

2. if A

0

has binary copro ducts, then M

A

has a left adjoin t; and

3. the forgetful functor M

A

creates �ltered colimits.

Pro of: 1. Because

$$

is a left adjoin t to M .

2. Because the forgetful functor ( C # A

0

) ! A

0

has a left adjoin t for an y C 2 j A

0

j

(since A

0

has binary copro ducts, see also the pro of of Lemma 5.50) and b y 1.

3. W e �rst sho w that for an y mo del C 2 j A

0

j , the forgetful functor ( C # A

0

) ! A

0

creates �ltered colimits. Then w e consider C = A

$$

and apply 1.

Let f a

i

g

i 2 I

b e a �ltered diagram in ( C # A

0

). The forgetful functor ( C # A

0

) ! A

0

maps

this diagram in to a �ltered diagram f A

i

g

i 2 I

in A

0

. Consider � : A ! D a colimit of this

diagram in A

0

. W e de�ne g : C ! D as a

i

; �

i

for i 2 j I j ; the correctness of this de�nition

is ensured b y the fact that a

i

; �

i

= a

j

; �

j

for all i ; j 2 j I j b ecause of the �lteredness of I .

C

A

i

D

E

a

i

//

g

@

@

@

@

@

@

��

k

0

0

0

0

0

0

0

0

0

0

0

0

0

��

�

i

~~}

}

}

}

}

}




i

�

�

�

�

�

�

�

�

�

�

�

�

���

�

��

No w, w e sho w that � is a colimiti ng co-cone a ! g in ( C # A

0

). Consider another

co-cone 
 : a ! k in ( C # A

0

), where k : C ! E . 
 is also a co-cone A ! E in A

0

. By
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the univ ersal prop ert y of � as a colimiting co-cone in A

0

, there exists a unique arro w

� : D ! E suc h that � ; � = 
 in A

0

. All it remains to b e sho wn is that � is a map g ! k .

But g ; � = a

i

; �

i

; � for some i 2 j I j . Since �

i

; � = 


i

w e deduce that g ; � = k . 2

6.2 Herbrand's Theorem for Extensible Constrain t Logic Pro-

gramming

Herbrand's Theorem for constrain t logic pro vides mathematical foundations for the con-

cept of constrain t solving. Our approac h is to instan tiate the category-based v ersion of

Herbrand's Theorem 3.21 to the particular case of constrain t logic view ed as category-

based equational logic determined b y the forgetful functor U

0

A

of De�nition 6.4.

Theorem 6.10 Let hM ; D i : ( A

U

� ! X ) ! ( A

0

U

0

� ! X

0

) b e a lib eral morphism of category-

based equational signatures. Fix an y mo del A 2 j A j . Assume DomainRegularit y and

DeductionF ramew ork for U

0

, and that U

0

has a left-adjoin t F

0

and preserv es �ltered

colimits.

Consider a collection � of conditional constrain t equations with �nite h yp otheses and

with co equaliser pro jectiv e quan ti�ers, and a U

0

-constrain t query ( 9 B ) q with B is a

co equaliser pro jectiv e mo del. Then

1. there exists the initial �-constrain t mo del 0

�

;

2. � j = ( 9 B ) q i� 0

�

j = ( 9 B ) q ; and

3. if A

0

has non-empt y sorts, then � j = ( 9 B ) q i� � j = ( 8 y ) q ; [ h ; j

A

$$

] for some domain

y 2 j X

0

j and some mo del morphism h : B ! A [ y ].

Pro of: The basis of this pro of is to regard the constrain t sen tences (either equations

or queries) as ordinary U

0

A

-sen tences (in the sense of De�nition 3.6). An y quan ti�er B

of a constrain t sen tence app ears as A � ; j

A

$$

M in the r^ ole of the quan ti�er for the corre-

sp onding U

0

A

-sen tence. The category of constrain t mo dels is ( A #M ) and the satisfaction

relation b et w een constrain t mo dels and constrain t sen tences reduces to category-based

equational satisfaction.

A

A

$$

M

( B

`

A

$$

) M

A �

//

j

A

$$

//

Notice that

� U

0

A

has a left-adjoin t whic h is the comp osite of t w o left adjoin ts X

0

F

0

� ! A

0

� !

( A #M ) (see 2. of Prop osition 6.9),

� U

0

A

preserv es �ltered colimits as a comp osite of t w o �ltered preserving functors (see

3. of Prop osition 6.9), and

� ( A #M ) has initial mo dels, i.e., A

A �

� ! ( A

$$

# A

0

) (see 1. of Prop osition 6.9) and since

the forgetful functor ( A

$$

# A

0

) ! A

0

creates limits.

The last general remark is that if B is a co equaliser pro jectiv e mo del in A

0

, then

A � ; j

A

$$
M is co equaliser pro jectiv e in ( A #M ). This holds b ecause A � ; j

A

$
M is free o v er

B with resp ect to the forgetful functor M

A

and b ecause left adjoin ts to co equaliser

preserving functors preserv e the co equaliser pro jectivit y (see Lemma 5.21).
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1.-2. The congruence closures exist in ( A # M ) b y Prop osition 3.28 b ecause U

0

A

has a

left-adjoin t. U

0

A

is �nitary b y Prop osition 3.31 and b ecause it preserv es �ltered colimits.

By applying Corollary 3.21 to � view ed as a collection of conditional U

0

A

-equations, w e

obtain the existence of the initial �-mo del in the category of constrain t mo dels and that

� j = ( 9 B ) q i� 0

�

j = ( 9 B ) q .

3. Since A

0

has non-empt y sorts, for an y domain y 2 j X

0

j , there exists at least one

arro w y ! 0

A

0
U

0

, where 0

A

0
is the initial mo del in A

0

. Therefore, there exists at least

one arro w y ! A

$$

U

0

= ( A � ) U

0

A

. This means that ( A #M ) has non-empt y sorts. No w,

Herbrand's Theorem for non-empt y sorts 3.34 applies for � view ed as a collection of

conditional U

0

A

-equations. 2

In practice, it rarely happ ens that the sen tences in � in v olv e the built-in mo del

A . Usually , the sen tences in � don't in v olv e an y elemen ts of the built-in mo del (i.e., �

con tains only �

0

-sen tences, if using the notations from the discussion op ening this section)

and only the queries app ear as full constrain t sen tences in v olving elemen ts from the built-

in mo del. In this case, the initial constrain t mo del 0

�

has a simpler represen tation as a

quotien t of the free expansion of the built-in mo del.

In our category-based framew ork, the U

0

-sen tences pla y the r^ ole of the �

0

-sen tences,

and they can b e canonically view ed as constrain t sen tences (i.e., U

0

A

-sen tences) via the

translation along the morphism of category-based equational signatures hM

A

; 1

X

0
i : U

0

!

U

0

A

(see De�nition 5.20).

Prop osition 6.11 Assuming the h yp otheses of the previous theorem, supp ose that �

con tains only U

0

-equations. Then the initial constrain t mo del 0

�

is isomorphic to the

canonical map !

�

= A

A �

� ! A

$$

M

e M

� ! ( A

$$

=

�

�

) M , where �

�

is the least congruence on

A

$$

closed under �-substitutivit y .

Pro of: W e will sho w that !

�

satis�es the initialit y prop ert y in the full sub category of

( A #M ) of all mo dels satisfying

^

�, where

^

� is the translation of � along hM

A

; 1

X

0
i .

Let f : A ! C M b e an y constrain t mo del satisfying

^

�. By the Satisfaction Condition

(Theorem 5.33), this is equiv alen t to C j = �. All w e ha v e to pro v e is that there exists a

unique arro w f

]

: A

$$

=

�

�

! C suc h that !

�

; f

]

M = f .

A

A

$$

M

( A

$$

=

�

�

) M

C M

A �

//

f

E

E

E

E

E

E

E

""

e M

//

f

0

M

��

f

]

M

wwp

p

p

p

p

p

p

p

p

p

By the univ ersal prop ert y of the free extension A � along M , there exists a unique

map f

0

: A

$$

! C suc h that A � ; f

0

M = f . By the univ ersal prop ert y of e (Theorem

3.17), there exists a unique map f

]

: A

$$

=

�

�

! C suc h that e ; f

]

= f

0

. 2

In the case of order sorted Horn clause logic with equalit y , Goguen and Meseguer

ha v e pro v ed in [39] the existence of initial constrain t mo dels for the particular case of �

con taining only �

0

-sen tences. This result crucial for the seman tics of extensible con train t

logic programming in Eqlog can obtained as an instan tiation of our previous results.

As p oin ted out b y Goguen and Meseguer in [39], the notion of pr ote cting exp ansion

giv es the righ t seman tic condition for built-ins. This means that 0

�

m ust pr ote ct the

built-in mo del A , i.e., that 0

�

is an isomorphism A

�

=

( A

$$

=

�

�

) M , where �

�

is the
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least congruence on A

$$

closed under �-substitutivit y . In the con text of order sorted

Horn clause logic with equalit y , Goguen and Meseguer [39] giv e a set of conditions that

guaran tee protection but imp ose some restrictions on the sen tences in �. Ho w ev er, these

restrictions are almost alw a ys met in practice. W e men tion their result:

Prop osition 6.12 Let ( S ; � ; � ; �) , ! ( S

0

; � ; �

0

; �

0

) b e an inclusion of order sorted �rst

order signatures and � b e an order sorted Horn clause logic with equalit y sp eci�cation

in ( S ; � ; � ; �) suc h that:

(1) s 2 S

0

� S for an y op erator sym b ol � 2 �

0

w

0

; s

0

� �

w

0

; s

0

,

(2) if s 2 S and s

0

2 S

0

and s

0

� s , then s

0

2 S and s

0

� s in S ,

(3) for � predicate sym b ol, if � 2 �

w

and � 2 �

0

w

0

, then � 2 �

w

0

, and

(4) � do esn't in v olv e op eration sym b ols from �

0

� � and con tains only clauses whose

heads are all predicate sym b ols from �

0

� �.

Then for an y ( S ; � ; � ; �)-mo del A , its free extension to a �-mo del is an isomorphism. 2
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7 Conclusions and Future W ork

This thesis dev elop ed a category-based seman tics for equational and constrain t logic

programming that is based on the concept of category-based equational logic. W e sho w ed

ho w this general framew ork can b e successfully applied to topics lik e equational pro of

theory , paramo dulation-based op erational seman tics, mo dularisation in equational logic

programming, and extensible constrain t logic programming.

An abstract v ersion of Herbrand's Theorem w as deriv ed as a consequence of the

completeness result for the category-based equational deduction. This not only pro-

vides mathematical foundations for the equational logic programming paradigm, but

also constitutes a basis for the full in tegration of constrain t logic programming in to this

programming paradigm.

W e dev elop ed a mo del theoretic approac h to the completeness of the op erational

seman tics of equational logic programming languages based on the analysis of the rela-

tionship b et w een the congruence and the paramo dulation relation induced b y a program

on a giv en mo del. W e sho w ed that this approac h co v ers the case of computations mo dulo

a set of axioms naturally , in the sense that no sp ecial treatmen t is necessary an ymore

for this case. Ho w ev er, the full implications of this approac h to the case of computations

mo dulo a set of axioms still remain to b e disco v ered. One particular w a y w ould b e to lift

the treatmen t of narro wing and its re�nemen t at the same lev el of abstraction to that of

paramo dulation.

The concept of category-based equational signature morphism has b een successfully

used for setting up the mathematical structures underlying the fundamen tal mo dularisa-

tion problems sp eci�c to equational logic programming. Also, category-based equational

signature morphisms, pro v ed to b e cen tral for the category-based seman tics of extensible

constrain t logic programming. Based on this seman tics, further w ork can b e done to

dev elop theories and tec hnologies for extensible mo dular c onstr aint pr o gr amming . The

principles underlying Eqlog mo dule system should pro vide a go o d basis for dev eloping

a tec hnology for com binig decision pro cedures. A concrete op erational seman tics will

de�ne a con trol strategy for com bining v arious e�cien t decision pro cedures for sp eci�c

problems, with narro wing and resolution as a general inference mec hanism. This will in-

v olv e bac ktrac king, the in tro duction of sym b olic v ariables (i.e., deferred constan ts), the

computation of sym b olic solutions, and sym b olic simpli�cation (e.g., see [68, 59] for the

case of linear arithmetic constrain ts). A promising approac h is giv en b y the category-

based approac h to the paramo dulation-based op erational seman tics for equational logic

programming dev elop ed in Chapter 4. Since constrain t logic can b e regarded as a par-

ticular case of category-based equational logic, w e exp ect to obtain some relev an t results

b y applying that theory .

One of the most imp ortan t further researc h directions is to apply the category-based

results of this w ork for dev eloping equational logic programming o v er non-con v en tional

structures. This migh t pro vide the righ t framew ork for in tegrating equational and con-

strain t logic programming with other programming paradigms, esp ecially higher-order

programming, ob ject-orien tation, or concurrency .

On the impleme n tation side, m uc h w ork has to b e done for building an e�cien t Eqlog

compiler that will supp ort extensible mo dular constrain t solving. The actual Eqlog pro-

tot yp e implem en tati on is an extension of the OBJ3 system that implem en ts leftmost

innermost order sorted basic narro wing with constructor discipline, and it can b e suc-
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cessfully used for exp erimen tations with the op erational seman tics.

Finally , w e can conclude that the framew ork of category-based equational logic can

b e regarded as a mathematical structure that is fundamen tal to the equational logic

programming paradigm. W e ha v e seen ho w a wide sp ectrum of problems in this area can

b e successfully solv ed within this framew ork, and I hop e that the theory dev elop ed here

can b e used for solving man y other problems raised b y suc h a dynamic �eld as equational

logic programming is to da y .
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A Running Eqlog

This app endix giv es a brief presen tation of all necessary information for running the

Oxford implem en tation of Eqlog. It is assumed the reader has some familiarit y with the

user man ual for the OBJ3 system [46].

The w a y to input Eqlog �les is similar to that of the OBJ3 system. The name of

Eqlog �les m ust end in .eql . OBJ �les can b e also loaded, but only b y using their full

name (i.e., including .obj ). Eac h time an Eqlog mo dule is loaded or selected, the system

computes a couple of hash tables used b y the order sorted uni�cation function.

76

Eqlog syn tax (in BNF notation) for solving queries is as follo ws:

h Solve i ::= find h L o gicV arsDe clar i such that h queries i .

h L o gicV arsDe clar i ::= h V arId i ... : h Sort i [ , h V arId i ... : h Sort i ] ...

h queries i ::= h T erm i = h T erm i [ ; h T erm i = h T erm i ] ...

Eqlog mo dules are the same as the OBJ mo dules except that the shap e of the h y-

p otheses part of an clause is restricted to

h T erm i == h T erm i [ and h T erm i == h T erm i ] ...

h V arId i and h Sort i stand for the OBJ syn tactical en tities of v ariable iden ti�ers and

sorts , while h T erm i stands for the OBJ terms. The BNF de�nition for all OBJ syn tac-

tical en tities can b e found in the OBJ man ual [46 ].

Op erator declarations in Eqlog admit cons as an attribute meaning that the corre-

sp onding op erator is regarded as a constructor.

76

In the case of big mo dules, the computation of these hash tables could b e quite time consuming!
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