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ABSTRACT. We study the complete integrability of the Lax pair equations associated to

the Connes-Kreimer Birkhoff factorization of the character group of a Hopf algebra.

1. INTRODUCTION

Many authors used general group-theoretical methods to construct completely inte-
grable Hamiltonian systems and their solutions (see the survey due to Reyman and
Semenov-Tian-Shansky in [6]). In [I], Steven Rosenberg and I constructed a Lax pair
equation associated to the Connes-Kreimer-Birkhoff factorization of the character group
of a connected graded commutative Hopf algebra and we gave a completely integrable
Lax pair equation example (see §8.3.2 in [I]). In this note, I study the complete inte-
grability of finite-dimension truncations of the Lax pair equations introduced in [I]. In
section 2, we recall these Lax pair equations and some basic notion in the Connes-Kreimer
renormalization. In §3, we use the proof of the Mishchenko-Fomenko conjecture to see
that the finite-dimension truncations of the Lax pair equation for the beta-function is
completely integrable for polynomial Hamiltonians. In the last section, we present three
worked examples for the Lax pair equations of the beta-function.

2. PRELIMINARIES

We now briefly recall the some notion from Connes-Kreimer renormalizations and the
Lax pair equations introduced in [I].

Let H = (H,1,p1,A,¢g,S) be a graded connected Hopf algebra over C. Let A be a unital
commutative algebra with unit 14. Important choices for A are: (i) A be the algebra of
Laurent series; or (i) A = C. (see [5]).

Definition 2.1. (see [4, [ [I]) (i) The character group G of the Hopf algebra H is
the set of algebra morphisms ¢ : H — A with ¢(1) = 14. The group law is given by the
convolution product

(V1 x a)(h) = (Y1 @ 1ba, Ah);

the unit element is e.

Date: September 29, 2016.



2 GABRIEL BADITOIU

(ii)) An A-valued infinitesimal character of a Hopf algebra # is a C-linear map
Z : H — A satisfying
(Z,hk) = (Z h)e(k)+e(h)(Z, k).
The set of infinitesimal characters is denoted by g4 and is endowed with a Lie algebra
bracket:
Z,Z'|=ZxZ' —Z'xZ, for Z, Z' € ga,
where (Z x Z' h) = (Z ® Z', A(h)).

2.1. Lax pair equations for the truncated Lie algebra of infinitesimal characters.
Let H = @nenH, be a graded connected commutative Hopf algebra of finite type (i.e. each
homogeneous component #,, is a finite dimensional vector space). Let B = {T;};cn be a
minimal set of homogeneous generators of the Hopf algebra H such that deg(7;) < deg(7})
if i < j and such that T;, = 1. For ¢ > 0, we define the C-valued infinitesimal character Z;
on generators by Z;(T;) = d;;. Let g be the vector space generated by {Z; | deg(T;) < k}.
We define deg(Z;) = deg(T;) and set

(Zi, Zjlg) =
0 if deg( )+deg( )>k:
We identify ¢ € G with {¢(T;)} € CY and on CN we set a group law given by {¢;(T})} &

{0a2(T)} = {(p1 % p2)(T1)}. G® = {{o(T}) } i) dea(r)<hy | go € Gc} is a finite dimensional
Lie subgroup of G¢ = (CV, @) and the Lie algebra of G*) is g*).

The double Lie algebra §%*) of g*®) is the Lie algebra on g*) @ g¥)* with the Lie bracket
given by

(X, Y jwagmr = [X, Y], [X5 Y [ imagm- =0, [X, Y] =ady(Y"),
for any X, Y € g, X* Y* € g®* Let G® be the simply connected Lie group with

Lie(é’(k)) = 50, Let Lé™ be algebra of polynomials in A and A~ with coefficients in
§*). The natural pairing (-,-) on Lé*®) given by

<Z NL;, Z AJL’> > (L, L,

j=M’ i+j=—1

induces an isomorphism I : L(§#)*) — L&),

Theorem 2.2 ([1]). Let ¢ : L6®) — C be a Casimir function (e.g. (L) = Yy (L(N)) =
Resy—o(A"Y(A"L(N))) with ¢ : 6% x 6% — C the natural paring of 6*)). Set X =
I(d)(Ly)) for Ly € L&), Then the solution in L6™ of

dL
dt
with initial condition L(0) = Ly is given by

(2.2) L(t) = AdLé(k)gi(t) . LO,

2.1) = (L. Ml M = ZRUI(d(L)
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where exp(—tX) has the Connes-Kreimer Birkhoff factorization exp(—tX) = g_(t) g, (t).
2.2. The Lax pair for the general case.

Definition 2.3 ([7]). Let G be a Lie group with Lie algebra g. A map f : g — g is
Ad-covariant if Ad(g)(f(L)) = f(Ad(g)(L)) for all g € G, L € g.

Let 7 : A — A be a Rota-Baxter projection, which by definition is a linear map with
mom = and satisfying the Rota-Baxter equation :

w(ab) + w(a)w(b) = w(aw (b)) + w(mw(a)b)

for a,b € A. For any Rota-Baxter projection w on A, A splits into a direct sum of two
subalgebras A = A_ ® A, with A_ = Im(x).. In the next theorem we recall the Lax pair
equation corresponding to the Connes-Kreimer-Birkhoff factorization of character group
of H and of a Rota-Baxter projection .

Theorem 2.4. ([I, Theorem 5.9+85.4]) Let f : gu4 — gua be an Ad-covariant map. Let
Ly € g satisfy [f(Lo), Lo) = 0. Set X = f(Lg). Then the solution of
dL 1

2. — =L, M M = — L
(2.9 Lo, m= R0
with initial condition L(0) = Ly is given by

(2.4) L(t) = Adgg(t) - Lo,

where exp(—tX) has the Connes-Kreimer Birkhoff factorization exp(—tX) = g_(t) "' g.(1).

When A = C[A™% )], the map f : g4 — g4, given by f(L) = 2A7"?m [ is Ad-
covariant and [f(Lg), Lo] = 0.

Corollary 2.5. ([1,, Corollary 5.11]) Let Ly € ga (with A = C[A\™',\]])and set X =
A2 Then the solution of
dL

(2.5) - = [L,M], M= R\ ""L)
with initial condition L(0) = Ly is given by
(2.6) L(t) = Adg 9+ (%) - Lo,

where exp(—tX) has the Connes-Kreimer Birkhoff factorization exp(—tX) = g_(t) "' g.(1).

Definition 2.6. For s € C and ¢ € G 4, we define ¢*(x) for a homogeneous = € H by

*(2)(N) = eMNlp(a) (V)
for A € C where |z| is the degree of x. Let

2.7 @ ={peCa| (e =0},

be the set of local characters.
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Definition 2.7 ([5]). Let Y be the biderivation on H = @ H,, given on homogeneous

elements by
Y H, — H,, Y(z) =nx forx e H,.
We define the bijection R : G4 — ga by

R(p) = ¢ " (poY).
The locality of the Lax pair flow is preserved.

Theorem 2.8 ([1]). Let p € GY and let L(t) be the solution of the Lax pair equation

@3) for any Ad-covariant function f, with the initial condition Ly = R(p). Let p; be the
flow given by

(2.8) oo = R7Y(L(1)).

Then ¢, is a local character for all t.

Definition 2.9 ([1]). For p € G%, x € H, set

Bl = 2| (e @),

Remark 2.10. For any ¢ € G%, by [Il, Lemma 6.6], Bw is a holomorphic infinitesimal
character (i.e. 8,(r) € Ay for any ) and the relation to the celebrated beta-function of
the quantum field theory is given by

(2.9) B = Ad(p(0) (B _).
where p = !« ¢, is the Birkhoff decomposition of ¢.

Assuming that A = C[A\~", \]], for ¢, given by (Z3J), let the Taylor expansion of 3, be
B@t = ZBk(t))‘k
k=0

Theorem 2.11 ([1]). For a local character ¢ € G%, let L(t) be the Lax pair flow of
Corollary with A = C[]\"", \]] and with initial condition Ly = R(p). Let ¢, =
R™Y(L(t)). Then

(i) for —n+2m > 1, @, = @ and hence B,, = B, and Fo(t) = Bo(0) for all t.

(ii) for —n +2m <0, B,, € gc satisfies

dBo(t) = 3
dt = 2[ﬁ0(t>, Bn—2m+1(t>]'

Proposition 2.12 ([I). In the setup of Theorem[2.4), we have

iy Do (RO (o) (0) 1 Ad((p) 0L 0)). 8,

where M comes from the Lax pair equation dL/dt = [L, M|, and M, is the projection of

(2.10)

M into gA+-
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3. COMPLETELY INTEGRABLE LAX PAIR EQUATIONS

Let g be a finite-dimensional Lie algebra over R or C. We denote by S(g) the space of
polynomials on g* endowed with the Poisson-Lie bracket.

Definition 3.1. A commutative set of algebraically independent polynomials f1,---, fi €
S(g) is called complete if 2k = dim g + ind g.

Since the transcendency degree trdeg(fi,- -, fx) = rank(J(f1, -+, fr)), we clearly
have dfy,--- ,dfy € S(g) are linearly independent.

In 2003, Sadetov proved the Mishchenko-Fomeko conjecture (cf. [2]), which we now
recall.

Theorem 3.2 ([2]). If g is a finite-dimensional Lie algebra over a field of characteristic
zero then there exists a complete commutative set of polynomials on g*.

By theorem [3.2] if the equation (ZI1]) is Hamiltonian, and if the Hamiltonian belongs
to a complete set of polynomials, then the finite-dimensional truncation of (2.IT) is com-
pletely integrable.

Remark 3.3. By [2], there exists a codimension one filtrations g; C - -g,, for nilpotent
algebras, and one can use the chain of algebras method to explicitly find a complete set
of polynomials on g* (see also [§]).

4. WORKED EXAMPLES FOR Bo

Under set up of Theorem 2. TT]and we give explicitly the integrals of motion the equation
(ZI0) on the double Lie algebra § of certain particular truncated Lie algebras. We always
assume that we are in the nontrivial case of Theorem 2.I1l namely that —n + 2m < 0.

The gauge transformation So(t) — (¢1)+(0) % Bo(t) * ((¢¢)+(0)) " changes equation (ZI0)
into the equation of beta functions.
Let H; be the Hopf subalgebra of rooted trees generated by

to = 1Ta i1 = * lo = Ia ty = Aa
and let GG; and g; be its group of character with values in C and respectively its Lie algebra
of infinitesimal characters. Identifying G; = C3 via ¢ — gp(fi)i:LzA, with {fi}iz124 the
normal coordinates ([3]) associated to t,to, t4:
1 1
— e :I__oo :A_.I _03
fl ) f2 2 ) f4 + 6 )
we get (3; is exactly the 3-dimensional Heisenberg group (C?, @), where
(21,22, 23) ® (y1,92,Y3) = (21 + Y1, T2 + Yo, T3 + Y3 + T1Y2 — T2y1),

and its Lie algebra g; = Span(Xy, X», X3) is the 2-step nilpotent given by [ X, Xo] = 2X;
and [X;, X;| =0 for any (4,7) # (1,2) and (4, j) # (2, 1).



6 GABRIEL BADITOIU

Since there is no Ad-invariant, non-degenerate, symmetric bilinear form on gy, we pass
to its double Lie algebra 6; = g; @ g which has a natural pairing (-,-). The natural
Lie-Poisson bracket of §} rises to a Poisson structure on d; via (-,-). The nontrivial Lie
brackets of 0, = Span(X;, Xy, X3, X7, X5, X3) are

[Xl,XQ] = 2X3, [Xl,Xg;’k] - —2X;, [XQ,X;] = 2Xik,
while its associated Lie-Poisson bracket on d; is determined by

{1’1,1'2}(1') = 21?; {1’1,1';}(1') = —2, {1’2,1’5}(1') = 2y,
with @ = 37070 2, X;+ 020 3 X, Straightforward computations give the following lemma.

Lemma 4.1. (i) Both g, and 6; are 2-step nilpotent Lie algebras, i.e. [g1,[g1,81]] = 0,
[61, [01,61]] = 0.
(ii) The functions

1'2 1.2 1'2 l.*2 l.*2 l.*2 2 2
Hi(w) = 5+ 5 Ha(e) =3 Hy(e) == Hi() = = =5

are in imvolution with respect to the Lie-Poisson bracket on 61 and dH,, dHy, dHs, dHy,

dHs are linearly independent on an open dense set in 0.
(#i) 61 is a Poisson manifold of rank 2r = 2.

Proof. (iii) The adjoint representation ad : 6; — gl(d1),

0 0 0 0 0 0
0 0 0 0 O 0

-2 2 0 0 O 0

ads, () = | 7 L

0 —225 0 0 0 2y

25 0 0 0 0 —2r
0 0 0 0O 0

has the maximal rank 2, thus the rank of the Poisson structure is also 2r = 2. (]

In order to show that equation (ZI0) is an integrable system on ¢; it is sufficient to
find a function H : 6, — R such fn_omi1(t) = VH(B(t)) (i.e H is a Hamiltonian for
(2I0)) and to show that the functions H, H,, Hs, Hy, Hs are in involution and linearly
independent (in the sense that their differentials are linearly independent on an open
dense set). Here VH(x) denotes the gradient of H(z). The idea is to show that the
2-step nilpotency of g; implies that both B,_am1(t) and By(t) are linear in the variable ¢.

Lemma 4.2. There exists a Hamiltonian function of the form

2 2 2

2 2 2

H(LL’) = ]{311’1 + ]{321’2 + ]fgl’g +

such that Bn_omy1(t) = VH(Bo(t)).
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Proof. Differentiating (2.10) and then using the 2-step nilpotency of d;, we get that

dzBO(t) - ) n ) > dBn—2m+1(t)
L = [Bol®) Busmss (O], B ()] + [Boe), 22t

(4.1) = [foft), Pozmri®)

By the proof of Theorem 7.7, B% satisfies the equation

dB o n—2m
=2 Y BN Y BN

dt
k=n—2m+1 7=0

thus the coefficient Bn_2m+1(t> corresponding to the power A\"~2™*1 in the Taylor expan-
sion of B% satisfies the relation:

d~n— " n—2m ~ .
527;1@) = =2 ) [Bu-amizrn(®): Boamr (1)),

k=0

(4.2)
which implies

25 n—22m ~ ~
(4.3)”%;’2"*[(0 = -2 Z <%[5n—2m+2+k(t)a5n—2m—k(t)])
k=0

= =2 i (-2 i [[Bn—2m+3+k+j(t)uBn—2m—j(t>]aBn—2m—k(t)]

Jj=0

—2 i Br—2ms2+% (), [Ba-2m—ts115(t), Bn—2m—k—j(t)“>

By equations (ZI0), (&T]), ([E3]), the 2-step nilpotency of g; implies

dQBo(t) d2Bn—2m+1(t)
2 0 and — e

=0,

thus Bo(t) = at+b and Bn_2m+1(t) = ct+d for some a,b,c,d € g1. If H(z) = kyxq+koxo+
2 2 2

ksxs + ll% + 12% + 13% then its gradient is VH (z) = Y20 _ (ki + lizx) X;. Obviously, there

exists a solution {ky, ko, k3, l1, 12,3} of system of equations ¢; + td; = k; + {;(a; + tb;), i €

{1,2,3} for any t. O

Lemma 4.3. The functions H, Hy, Hs, Hy, H5 are in involution and linearly indepen-
dent.

Proof. Since the Poisson bracket between any of the coordinates z7, 23, z5 and any coor-
dinate z; or xf, ¢ € {1,2,3} vanishes, it follows that any of Hs, H3, Hy is in involution
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with any of H, Hy, H3, Hy, H5. We additionally have

_ (0HOH; 0H OH, OH9Hs . OHOHs .
U, s} = (axl 9ry O a@){xl’l‘?}*a—ﬁa—@{xl’%“a—m—@{%%}

= ((k1 + Liz1)zs — (ko + lowo)x1) (225) + (ky + Liwy)z5(—232) + (ko + Loxo)z(221)
= 0.

Since the Jacobian matrix

ki +lhx1 ko+loxs ksy+lszg 0 0 0

o(H, Hy Hy H ;) | A
Oar, a3, 7,07, 75,75 o

0 0 0 0 a5 0

1 T2 0 0 0 =x3

has the rank 5 on an open dense set, we get that dH, dHy, dH3, dH,, dH5 are linearly
independent on that set. O

By Lemmas [1(iii), 1.2 A3, we conclude that equation (2.I0) is an integrable system
on 0.

4.1. 3-step and 4-step nilpotent examples. Similarly to the d; case, we can prove
that the equation (ZI0) is an integrable system for a 3-step nilpotent Lie algebra and
Hamiltonian for a 4-step nilpotent Lie algebra. We consider to the Hopf subalgebra of
rooted trees Hy generated by

Ir, o 4L AN A
and the Hopf subalgebra Hjz generated by
1T? ® I7 A’ A\, A

Let g and g3 be the Lie algebras of infinitesimal characters with values in C of Hy and
respectively Hs. Let do and 03 the double Lie algebras of g and gs. For a nonempty tree
Ty, let Zr, be the infinitesimal character determined on trees by Zp, (T3) = 1 if 177 = Ty
and ZT1 (Tg) =0 if Tl 7& TQ. Let

Xi=2, Xo=2y Xg=Zp, Xa=Zp, Xs=72 4,
and X7, X5, X3, XJ, X5 the dual base of X, Xy, X3, X4, X5. The Lie algebras of d and

03 have the following nonzero Lie brackets:

[X17X2]52 = 2X37 [X17X§]52 = _2X§7 [X27X§]52 = 2Xik7

(X1, Xsls, = 33Xy, [Xu1, X}ls, = —3X5, [X5, X[]s, = 3X7,
(X1, Xols, = 2X3, [X1, X5ls, = —2X5, [Xo, X3ls, = 2X7,
(X1, Xslsy = 3Xy, [X1, X]ls, = —3X35, [X5, Xi]s, = 3X7,
(X1, Xalsy, = 4X5, [ X1, Xils, = —4X], [Xy, X5, = 4X7,
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Notice that 0, is not a Lie subalgebra of d3, just because of [ X1, X4]s, = 0 and [ X, X4|s, =
4X5, but 09 is a truncation of d3. Notice also that g, and d, are step 3-nilpotent Lie
algebras, while g3 and d3 are step 4-nilpotent Lie algebras. By an argument similar to the
one above, the 3-step nilpotency of g, implies that So(t) and B,_am+1(t) are quadratic in
t when we consider equation (2.I0) on go, while the 4-step nilpotency of gz implies that
Bo(t) and B,_gms1(t) are cubic in t for the Lie algebra gs.

The Lie-Poisson brackets are nonzero only for the following pairs:

{x17x2}52(x) = 21’;, {ZL’l,I;}(;Q(x) = —2x, {LL’Q,ZL’;}(;Q(SL’) = 211,

{1'1,1’3}52 x 1'4, {931#51}62 Tr) = _3I3> {553#’32}62 T 3:13’1,

(
= =29, {2, 25}s,(7) = 224,
(

(x) (
{1'1,1’2}53(1’) = {1’1,1’;}53(1’
() = (

) )=
) )=
{$1,I3}53 X)) = 35(74, {l’l,IZ}gS LE‘) = —3253, {253,1’2}53 .CL’) 35(71,
) )

{1’1,$4}53(LL’)I45L’;, {xlvxg}&a(x = —day, {$4,SL’;}53<SL’ = 4.

Straightforward computations shows that (s, {-,-}s,) and (03, {, -}s,) are Poisson mani-
folds of ranks 2ry = 4 and respectively 2ry = 6. The following functions defined on 9, are
in involution with respect to {-,-}s, and linearly independent:

ZIZ' l’ 1'2 l.*2 1,*2
HE@) =T 5 Hp) = 54, ) =" ) =
5 (o 3’ x% 353;2 8
On 63, the following functions are in involution with respect to {-,-}s, and linearly inde-
pendent:
1’2 LE‘2 LU*2 LU*2
Ho@) =48 e =2 B =T Hp@) =
2 *2 2 *2 *
5 T T 5 X T 5 X
Hsg(I)ZEQWL ; , Hg'( ):?SWL 24 , H7(z) = 25 :

Now, we show that the equation (2I0) is a Hamiltonian equation both for go, g3. Let
H®%  H% be quadratic functions on g, and respectively on gs. The function

H®%(x ka’ b + Z & pTiTy

1<j<p<4

is determined by 14 variables {k;,;, &, 1<i<a, 1<j<p<4, While a quadratic function on g;
is determined by 20 variables. In local coordinates, after identifying the coefficients in t
and taking into the account that B(t), Bp_sm+1(t) are quadratic in t (for the gy case) or
cubic (for the gs case), the equation VH®(fy(t)) = Bp_sms1(t) reduces to a systems of
12 linear equations, and the equation VH®(fy(t)) = Bn_oms1 () reduces to a systems of
20 linear equations, thus in both cases, there exists a Hamiltonian function for (2.10).
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Fori € {2,3}, let m; : §; = g;®g; — g; be the projections onto g; and let H% = H% om;.
The functions H®, HS?, H?‘f?, H?, HgQ, Hg2 are in involution with respect to {-,-}s, and
linearly independent. This concludes that equation (2.I0]) is an integrable system for Js.

The functions H%, H3*, H® H, HY 4+ HP* + HS* + H2* are in involution with respect
to {+,-}s, and linearly independent. In order to show that equation (2.I0) is an integrable
system with the Hamiltonian H%, it would be sufficient to find another two functions
f1, f2 on 03 such that H%, H® H$ H® HP® + H® + HE® 4+ H, f1, f, are in involution
with respect to {-,-}s, and linearly independent.
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