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1 Introduction

Let 7 : C"*1 — C™ be the projection 7((21, 29, .., Znt1)) = (22,5 s Zng1). It
is obvious that if D is a convex domain in C"™ then m(D) is convex too.
Although under certain conditions the projection of a pseudoconvex domain
remains pseudoconvex (see in this sense [7],[8]), for general pseudoconvex
domains this is not true anymore. A counterexample was given by Peter
Pflug in [11].
In the first part of this note we prove that any connected open subset of C™
is the projection of a connected Runge open subset of C"™! (Theorem 3).
In the same circle of ideas we study then the following problem: if P; and
P5 are closed subsets of C", each one having a fundamental system of Runge
neighborhoods, does their union have the same property ?
For arbitrary closed subsets P, and P, this is not true. A thorough discussion
about the union of totally real subspaces of C" can be found in [12].
Corollary 1 (see also Remark 2) gives sufficient conditions such that if Py
and P, are contained in two analytic subsets of C", A; and A, respectively,
then P; U P, has a fundamental system of Runge neighborhoods.

Aknowledgements [ am very grateful to Professor Mihnea Coltoiu for
suggesting me these problems and for his helpful advises.
I would also like to thank Professors Mohan Ramachandran, Terrence Napier
and Anca Popa for their comments and Professor Klas Diederich for suggest-
ing me a better version of Proposition 4 and Corollary 1.



2 Preliminaries

Throughout this paper by a closed analytic subset I will understand a closed
complex analytic subset.
If Ais a closed analytic subset of C" and K C A is a compact subset, we
denote by K4 = {z € A : |f(2)| <supg]|f| for any f € O(A)} its holomor-
phically convex hull. K is called holomorphically convex with respect to A
if K=K, o
It is easy to see that K4 = Kcn, therefore a compact subset of A is holo-
morphically convex with respect to A iff it is holomorphically convex with
respect to C™.

If D C A is a Stein open subset, D is said to be Runge in A if the
restriction map O(A) — O(D) has dense image.

The following result is proved in [2].

Proposition 1. Let X be a Stein space, ¢ be a holomorphic function on X.
Let K1, Ky be compact subsets of X and let Re(p) < 0 on K1, Re(p) >0 on
K,. Then we have (K1 U Ky) = K; U Ky

Theorem 1 is proved in [5].

Theorem 1. Let A C C" be a closed analytic subset, K C C" a holomor-
phically convexr compact subset and U an open neighborhood of K U A.Then
there exists a C'*° plurisubharmonic function v on C" such that ¢ < 0 on
KUA and >0 on CU . In particular, K U A has a fundamental system of
Runge neighborhoods.

The next two results are from [4].

Proposition 2. Let A C C" be a closed analytic subset, K C C" a holomor-
phically conver compact subset and L C A a holomorphically convexr compact
subset with KN A C L.

Then K U L has a fundamental system of Runge neighborhoods, hence it
15 holomorphically convex.

With a slight modification Theorem 3 in [4] becomes:

Theorem 2. Let X be a Stein space of finite embedding dimension, A C X
be a closed analytic subset, D C A a Runge open subset K C X a holomor-
phically convex compact subset such that K N A C D and V C X an open
subset such that DU K C V. Then there exists a Runge open subset D in X
with DNA=D, KCD and D CV.
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The only thing we have to change in the proof of Theorem 3 in [4] is to
choose V,, such that V,, C V and to embed X as a closed subvariety of CV
for some N.

3 The Results

Theorem 3. For every D open and connected subset of C" there erists a
connected Runge open subset D of C"™' such that w(D) = D. Furthermore,

if D is bounded we can find a bounded D with this property.

Proof. Let {P,,}m>1 be a covering of D by compact polydiscs such that
P,N P, #0andlet z,, € P, N P,11. Such a covering exists since D is
connected.

We construct by induction a sequence {V},, },,>1 of connected open subsets of
C™*! with the following properties:

(1)V,, is compact and V,, C Vi1

(2)V;,, is Runge in C**! and V/,, is holomorphically convex with respect

to C*t1

(3)V,, C ((0,1) x (0,1)) x D and P,, C 7(V,,)

We define V; as follows: let B be a compact disc in C, By C (0,1) x (0, 1)
and let K1 = By X P;. Then K is a holomorphically convex compact subset
of C"*! so it has a fundamental system of Runge neighborhoods.

Let U; C C"*! be a Runge open subset, K; C U; C ((0,1) x (0,1)) x D and
let 1 be a C'* strongly plurisubharmonic exhaustion function for U;.
Using Sard Theorem we choose ¢ € R a regular value for ¢; such that
{¢ < ¢} D Kj. Because c is a regular value {p < ¢} = {¢ < c}.

We choose V} to be the connected component of {¢ < ¢} that contains Kj.
Then V) is the connected component of { < ¢} that contains K;. So V; is
a Runge open subset of U; and V; is holomorphically convex with respect to
U,. Since U; is Runge in C**! we deduce that V; is Runge in C**' and V;
is holomorphically convex with respect to C**!.

Because By x Py C Vi and Uy C ((0,1) x (0,1)) x D we have 7(Vy) D P, and
V1 C ((0,1) x (0,1)) x D. So V; has the desired properties.

Now assume that we have constructed Vi,...,V,, with the required
properties and define V,,.; as follows: because V,, is compact and
Vi C ((0,1) x (0,1)) x D there exists a real number a,,, a,, € (0,1),
such that V,,, C ((0, ) x (0,1)) x D. Let B,,41 be a compact disc in C,




Bpni1 C (@, 1) x (0,1) and let K,y =V U By X Pyt

Since V,, and B,,.1 x P, are holomorphically convex subsets of C"*!
and Re(z; — a) < 0on V,, Re(z1 — ) > 0 on Byyyq X Py it follows
from Proposition 1 (see also the Separation Lemma in [6]) that K,,;; is a
holomorphically convex compact subset of C**1,

Let A, = C x {z,,}. A, is an analytic subset of C"*! and by Theorem 1
K11 U A, has a fundamental system of Runge neighborhoods. Note also
that 7(Kp1 U Ay) = 7(Kpne1) CC D.

Let then (7m+1 be a Runge open subset of C"*! such that Ky UA, C ﬁmH
and 7(Upy1) CC D and put Uy = ((0,1) x (0,1)) x C* N Uy

Then U,,+1 is Runge in C** K, 11 C Upyy and Upq € ((0,1) % (0,1)) x D.
Because w(V,,) D P, and z, € P, there exists a, € C such that
(s Ty) € Vi But Vi, € ((0,1) x (0,1)) x D. So a,, € (0,1) x (0,1).

Let Gmi1 € Bmy1 and 7y, 1 [0,1] — C™ 4, (t) = (tam + (1 = ) a1, Tm)
and T, = ([0, 1]). Then T, C Ay, C Upyy and Ty € ((0,1) x (0,1)) x D.
So Fm C Um+1.

K11 has two connected components and I',, is a path that joins them. It
follows that K, UT, is a connected compact subset of U, ;.

Let ¢,41 be a C strongly plurisubharmonic exhaustion function for U, 1
and let ¢ € R a regular value for ¢,,,1 such that K,,,1 UT,,, C {om1 <
c}. Put V41 :=the connected component of {¢,,+1 < ¢} that contains
K1 Uly,.

As in the construction of Vi, V.1 is Runge in C"*' and V4, is
holomorphically convex with respect to C"™'  7(Vii1) D Py,
V1 € ((0,1) x (0,1)) x D and since V,,, C K11 it follows V,,, C Vyis.
So Vi1 satisfies (1),(2) and (3) and the existence of the sequence {V,, }.,n>1
is proved.

Put now D = |J-_, V;,,. Because every V}, is a connected Runge open
subset of C"!, D is connected and Runge. From 7(V,,) D P,, we get that
7(D) > U>_, P, = D. On the other hand, since V,, C ((0,1) x (0,1)) x D
it follows D C ((0,1) x (0,1)) x D, so 7(D) C D. Therefore 7(D) = D.
Moreover, if D is bounded then ((0,1) x (0,1)) x D is bounded so D is
bounded. O]

Remark 1: If we did not ask D to be connected the construction would
be immediate: just take D = | J Dy x Q for some disjoint open discs Dy, C C
and {Q} a covering by open polydiscs for D.



The following proposition shows that if D is an arbitrary relatively com-
pact open and connected subset of C" we cannot expect to find D a rela-
tively compact open Runge subset of C"*! with smooth boundary such that
(D) = D, so the statement of theorem 3 is in this respect maximal.

Proposition 3. Let A be the unit disc in C. There exists A C A a countable
closed set such that there exists no integer k > 2 and no open and bounded
subset of RF with C? boundary whose projection on C is A\ A.

Proof. We will construct A as follows:
For every integer n > 2 we consider the following four points:
Poy = Leap(FEY) k =1,2,3,4 and put A,={P.1, Pu2, Pus, Pua}
Note that for every open disc A; of radius % if 0 € 0A; then A1 N A, # O.
Let A= {0}UlJ>", A,. Then for every open disc A, in C if 0 € A; then
ATNA#D.
This is obvious if 0 € A;. If 0 € A just take an integer n > % and an open
disc Ay C Ay of radius % such that 0 € 0A, and then we have Ay N A,, # @.
We will prove now that A has the desired properties.
It is obvious that A is closed, 0 being its only accumulation point.
Suppose that there exists k¥ > 2 and V' an open subset of R¥, V bounded
and with C? boundary, such that p(V) = A\ A. Here p : R¥ — C is the
projection p(xq,Za, ..., Tx) = T1 + ixa.
There exists a point @ € 9V, p(Q) = 0. Indeed: take {z,} a sequence of
points in A\ A that converges to 0 and {z,} in V' with p(z,) = z,. V being
bounded {z,} has a convergent subsequence and and we may take () to be
its limit.
Because V has C? boundary we can find B C V an open ball such that
@ € 0B. In fact if R is on the inward normal of OV at () and it is sufficiently
close to @) then the open ball B with center R and radius d(R, @) is contained
in V and d(R, Q) = d(R,0V).
B being a ball, A; :=p(B) is a disc in C and 0 € 0A;. So ANA; # @.
But B C V and p(V) = A\ A. This contradiction proves our proposition.
O

Proposition 4. Let Ay, Ay be closed analytic subsets of C* and Uy,Us be
Runge open subsets of A1 and As respectively. If Ay NUy = Ay N Uy then
Uy UU, is a Runge open subset of A1 U A,.

This proposition is a direct consequence of Corollary 3.8 in [9]. We give
here an alternative proof.



Proof. Because A NU; = A; NUy it is easy to see that Uy U Us is open in
AU A,

For j = 1,2 let {K,, ;} be an exhaustion of U; with holomorphically convex
compact subsets such that:

(@) Koy C Int(Kppa;)

(ﬁ) Kn,l NAy, C ng

(")/) ng NA C [nt(Kn+171)

Put F,, = K,,1 U K,,5.Then («),(8), () guarantee that F,, C Int(F,11).
From () and Proposition 2 it follows that F,, is a holomorphically convex
compact subset of A; U Ay. Therefore U; U Uy = Uff:l F,, is a Runge open
subset of A; U A,. O

Corollary 1. If Ay and A, are closed analytic subsets of C" and P, C Ay,
P, C Ay are closed subsets each one having a fundamental system of Runge
neighborhoods, {W1,} and {Wa,,} respectively, such that Ay N Wa,, = Ay N
Wi, then Py U P, has a fundamental system of Runge neighborhoods.

Proof. Let V be an open set that contains P, U P.

For j = 1,2 let W; Runge in C" with P; C W,; C V and A;NWy = A, NW;.
Then Uy = A; N W and Uy, = Ay N W, satisfy the conditions of Proposition
4 so U; UUs, is a Runge open subset of Ay U Ay and Py U P, C Uy U Us.
From Theorem 2 we deduce that that there exists a Runge domain W C C",
with W C V and WN (A UAy) =U; UUy. So W is Runge and P, U Py C
W cV. O

Remark 2. If P, and P, have fundamental systems of Runge
neighborhoods then the conditions of Corollary 1 are fulfiled if:

a) lePQZAlﬂAQ

or if

b) P, or P, is compact and A1 NP, = Ay N Py

a) is straightforward and for b) one has to apply Theorem 2.

Note also that if P, and P, have fundamental systems of neighborhoods
{Wl,n} and {Wg}n} such that Al N Wg’n = A2 N Wl,n then Al N P2 = AQ N Pl.

Corollary 2. Let in C? : C = {(21,29) : 20 = 0}, R = {(21,29) : 21 = 0,
Yo = 0} where z; = x; + iy;.
Then RU C has a fundamental system of Runge neighborhoods.



Remark 3. C x R does not have a fundamental system of Runge
neighborhoods. In fact it has been proved in [1] that this is the case for
every open subset of C x R.

As Prof. Coltoiu pointed to me, if A is a closed subset of C then C x A has
a fundamental system of Runge neighborhoods iff A is complete pluripolar.
If C x A has a fundamental system of Runge neighborhoods then one can
choose U to be a Runge neighborhood of C x A such that U does not contain
the fibre C x {z} if z is outside A and define ¢ : {0} x CNU — RU{—o0},
¢ = —log d where d is the distance to the boundary of U in the z; direction.
It follows then that ¢ is subharmonic and A = {p = —o0}.
If A is complete pluripolar, then C x A is complete pluripolar and using
Corollary 1 in [10] we note that, for ¢ = 1 and X a Stein space, the neighbor-
hoods constructed in the proof of Theorem 2 in [3], are in fact Runge in X.
(This argument shows also that C x R does not have a fundamental system
of Stein neighborhoods either.)

Remark 4. In all our results C" can be replaced by any Stein space X
of finite embedding dimension.
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