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Abstract. For a map germ G with target (Cp, 0) or (Rp, 0) with p ≥ 2, we address two
phenomena which do not occur when p = 1: the image of G may be not well-de�ned as
a set germ, and a local �bration near the origin may not exist. We show how these two
phenomena are related, and how they can be characterised.

1. Introduction

We focus here on two phenomena concerning analytic map germs (Km, 0) → (Kp, 0)
with p ≥ 2, where K = R or C, which do not occur when p = 1:

(A). The image of a map germ may be not well-de�ned as a set germ.
(B). A map germ may not de�ne a local �bration.

In support of the assertion (A), one of the simplest examples is the blow-up F :
(K2, 0) → (K2, 0), F (x, y) = (x, xy). The image F (Bε) of the ball Bε centred at 0,
viewed as a set germ at 0, depends heavily on the radius ε > 0, and therefore the image
of the map germ F is not well-de�ned as a set germ.
The germ-image condition has been singled out by Mather in [Mat1, �2.5 and �9]1 as

a necessary condition for the construction of a certain Whitney strati�cation. However,
in the study of map germs initiated by Thom, Milnor, Mather, Arnold etc and continued
by many mathematicians until today, the usual setting is �map germ G with isolated
singularity in its central �bre G−1(0)�, and in this setting the germ-image condition turns
out to be ful�lled, both over C and over R � see below our Propositions 2.3 and 2.4 which
treat more general settings. Our new study concerns the complementary case �nonisolated
singularities in the central �bre�.

In support of the assertion (B), one may consider the following example taken from [Sa]
F : (C3, 0)→ (C2, 0), (x, y, z) 7→ (x2− y2z, y). Then F is �at, so its image is well-de�ned
as a set germ: (ImF, 0) = (C2, 0), see e.g. [BS, pag. 214]. Sabbah [Sa] showed that this
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map germ, with SingF = {x = y = 0} and F (SingF ) = {0}, does not have a locally
trivial �bration over the set germ (C2 \ {0}, 0).
The following natural questions arise: How can one characterise the phenomena (A)

and (B)? Are they related?
We address here (A) and (B), in this order, for the following reason: the existence of

a well-de�ned image of a map germ is a necessary condition for the existence of a local
�bration, as already observed in [ART1], but not su�cient, as the above example shows.
The recent works [ACT1, JT] give partial answers to the question: under what con-

ditions the image of an analytic map germ is well-de�ned as a set germ? In [JT] we
have shown how intricate is the classi�cation even in the cases of holomorphic map germs
(f, g) : (Cn, 0)→ (C2, 0) and of real analytic map germs fḡ : (Cn, 0)→ (C, 0).
In the �rst part of this note (Sections 2 and 3) we introduce the notion of nice map

germs after [ACT1], abbreviated NMG, we recall several key results of [ACT1, JT], and
we complete them by the new Propositions 2.3, 2.4 and Theorem 3.2. Our Proposition
3.6 gives more details about the discriminant of the maps fḡ, as studied in [PT1, PT2].
In the second part (Sections 4 and 5) we address the existence of a local �bration for

map germs on the basis of the preceding results. The existence problem is actually a
long standing one, stemming from Milnor's results [Mi] for holomorphic function germs
completed by Hironaka and by Lê in case of nonisolated singularities, as well as from
Hamm's study [Ha] of the local �bration attached to a complex isolated complete inter-
section singularity (abbreviated ICIS, see [Lo1, Lo2] for the reference monograph on this
topic). Beyond the ICIS, there are several relatively recent existence results, especially in
case of mixed map germs, for instance [AT1, ACT1, Mas, ART1, Han, PS, Oka2].
The general notion of �strati�ed �bration� that we work with here will be de�ned in

�4 and �5. We give the most general condition (the �tameness� condition De�nition 4.4)
under which local �brations exist in the singular strati�ed setting. Our main result is the
�universal criterion for NMG� Theorem 4.5 telling that �tame implies NMG�, which yields
a general Fibration Theorem 5.4 and its corollaries in Section 5.

2. Map germs having germ images

Let A,A′ ⊂ Rp be subsets containing the origin and let (A, 0) and (A′, 0) denote their
germs at 0. We recall that one has the equality of set germs (A, 0) = (A′, 0) if and
only if there exists some open ball Bε ⊂ Rp centred at 0 and of radius ε > 0 such that
A ∩Bε = A′ ∩Bε.

De�nition 2.1. Let G : (Rm, 0) → (Rp, 0), m ≥ p > 0, be a continuous map germ. We
say that the image G(K) of a set K ⊂ Rm containing 0 is a well-de�ned set germ at
0 ∈ Rp if for any small enough open balls Bε, Bε′ centred at 0, with ε, ε′ > 0, we have the
equality of germs (G(Bε ∩K), 0) = (G(Bε′ ∩K), 0).
Whenever the images ImG and G(SingG) are well-de�ned as germs, one says2 that G

is a nice map germ, abbreviated NMG.

2cf [ART1].
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Remark 2.2. In support of the second part of De�nition 2.1, let us point out that even
if the image ImG is well-de�ned as a germ, the image of some restriction of G might be
not. This behaviour can be seen in the following example G : C3 → C2, G(x, y, z) = (x, z)
and K := {(x, y, z) | z = xy} ⊂ C3, where the image G(K) is not well-de�ned as a germ.
This example is of course based on the �rst example given in the Introduction.

Proposition 2.3. Let F : (Cn, 0) → (Cp, 0), n ≥ p, be a holomorphic map germ. If the
�bre F−1(0) has dimension n− p then (ImF, 0) = (Cp, 0). If moreover SingF ∩F−1(0) =
{0} then F is a NMG.

Proof. Let B ⊂ Cn be an open neighbourhood of the origin where the holomorphic map
F is de�ned. There exists a closed irreducible analytic subset Z ⊂ B of dimension p, for
instance a general complex p-plane, such that 0 ∈ Z and that 0 is an isolated point of
Z ∩ F−1(0). Then, by e.g. [GR, Proposition, page 63], it follows that there exist an open
neighbourhood U of 0 in Z and an open neighbourhood V of the origin in Cp such that
F (U) ⊂ V and the induced map F|U : U → V is �nite. By the Open Mapping Theorem
(cf [GR, page 107]) this implies that F (U) is open, which shows the equality of germs
(ImF, 0) = (Cp, 0).
If moreover SingF ∩ F−1(0) = {0} then (F−1(0), 0) is called an isolated complete

intersection singularity, abbreviated ICIS, and has been studied in many papers, see
Looijenga's book containing the major knowledge until 1984 [Lo1, Lo2]. In the ICIS case
the discriminant of F , de�ned as DiscF := F (SingF ), is a complex hypersurface germ,
by the purity result [Lo1, Theorem 4.8]. In particular F is a NMG. �

A real counterpart of the above result is the following:

Proposition 2.4. Let G : (Rm, 0)→ (Rp, 0), m ≥ p > 0 be an analytic map germ.
If SingG ∩G−1(0) = {0}, then G is a NMG.

Proof. Let us assume �rst that dimG−1(0) > 0. Then one has:

Lemma 2.5. [ART1] If SingG ∩G−1(0) ( G−1(0) then (ImG, 0) = (Rp, 0).

Proof. Let q ∈ G−1(0)\SingG, which is nonempty by hypothesis. Then G is a submersion
on some small open neighbourhood Nq of q, thus the restriction G|Nq is an open map, and
therefore ImG contains some open neighbourhood of the origin of the target. �

In order to show that the image of SingG is a well-de�ned germ, and thus to complete
the proof that G is a NMG, we use the following lemma:

Lemma 2.6. Let X and Y be convenient topological spaces (i.e. Hausdor�, locally com-
pact and with countable system of neighbourhoods at each point). Let f : X → Y be a
continuous map, let b ∈ Y and let S be a closed subset of X. If S ∩ f−1(b) = {a} then
Im (f|S) is well-de�ned as a set germ at b.

Proof. By contradiction, if it is not the case then there exist two relatively compact open
neighbourhoods of a, V ⊃ V ′, and a sequence of points pn ∈ Y , pn → b, pn ∈ f(V ∩ S),
pn 6∈ f(V ′ ∩ S) for all integers n � 1. Let then xn ∈ V ∩ S with f(xn) = pn. There
is a subsequence (xnk)k∈N which tends to some point x in the closure V ∩ S. We have
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f(x) = limk→∞ f(xnk) = limk→∞ pnk = b. Since S ∩ f−1(b) = a, the point x must
coincide with a. But then one must have xnk ∈ V ′∩S for some k � 1, which implies that
pnk ∈ f(V ′∩S) which is a contradiction to the assumptions about the sequence (pn)n. �

Let us now assume dimG−1(0) = 0. It is then su�cient to apply Lemma 2.6 and we
get that both ImG and G(SingG) are well-de�ned as germs at 0 in the target. �

3. The case of map germs (f, g) and fḡ

Analytic map germs F : (Cn, 0)→ (Cp, 0) for which the dimension of the �bre F−1(0)
is greater than n−p are beyond the framework of Proposition 2.3. We call them blow-ups.

3.1. The map germ (f, g). In [JT] we have given a classi�cation in the case p = 2, as
follows.

Theorem 3.1. [JT] Let (f, g) : (Cn, 0) → (C2, 0) be a non-constant holomorphic map
germ. Then:

(a) If dimZ(f)∩Z(g) = n−2, then Im (f, g) is a well-de�ned set germ, more precisely
(Im (f, g), 0) = (C2, 0).

(b) If dimZ(f) ∩ Z(g) = n− 1 then:
(i) in case Z(g) ⊂ Z(f) or Z(f) ⊂ Z(g), the image Im (f, g) is a well-de�ned

set germ if and only if Im (f, g) is an irreducible plane curve (C, 0).
(ii) in case Z(f) 6⊂ Z(g) and Z(g) 6⊂ Z(f), the image Im (f, g) is a well-de�ned

set germ if and only if (Im (f, g), 0) = (C2, 0).

�

The following result together with Theorem 3.1 provide the solution to the NMG prob-
lem in case of map germs (f, g).

Theorem 3.2. For any map germ F = (f, g) : (Cn, 0)→ (C2, 0), n ≥ 2, the image of the
singular locus (f, g)(Sing (f, g)) is well-de�ned as a complex analytic set germ.

Remark 3.3. The above result tells in particular that F (SingF ) is a set germ even if
ImF may be not well-de�ned as a set germ at 0. More precisely, if it is non-empty, then
the set (f, g)(Sing (f, g)) is either the origin 0 ∈ C2, or a complex analytic (not necessarily
irreducible) curve.
However this result does not hold for map germs with p ≥ 3.

Example: F (x, y, z) = (xy, y, z2), with SingF = {y = 0} ∪ {z = 0}. The image F ({z =
0}) is not a set germ at 0, and therefore F (SingF ) is not an analytic set germ at 0.

3.2. Proof of Theorem 3.2. Let Sing (f, g) = ∪kj=1Sj be the decomposition into pos-
itive dimensional irreducible components of the analytic germ Sing (f, g). We �x some
component S := Sj and prove that the image (f, g)(S) is well-de�ned as an analytic set
germ at 0.
If (f, g)|S ≡ 0, then our claim is trivially true, so let us assume (f, g)|S 6≡ 0. Then

dimx(f|S, g|S)−1(f(x), g(x)) is either dimS − 2, or dimS − 1, for any x ∈ S. Indeed, the
dimension of the �bre cannot be smaller than dimS − 2; if it is greater than dimS − 1,
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i.e. equal to dimS, then the �bre must be equal to the irreducible component S, which
amounts to (f, g)|S ≡ 0, and this contradicts the hypothesis.
As for the ranks, we have the inequality rankx(f|S, g|S) ≤ rankx(f, g) for any x ∈

S \ Sing (S), and we have rankx(f, g) ≤ 1 by the de�nition of the singular locus. Since
rank(f|S, g|S) ≡ 0 implies (f, g)|S ≡ 0, we only have to deal with the case rank(f|S, g|S) 6≡
0.
Then S0 := {x ∈ S \ Sing (S) | rankx(f|S, g|S) > 0} is an open, connected and dense

analytic subset of S, and actually rankx(f|S, g|S) = 1, ∀x ∈ S0. By the rank theorem, we
deduce that dimx(f|S, g|S)−1(f(x), g(x)) = dimS−1 for all x ∈ S0. The next result on the
semi-continuity of the dimension of �bres is useful in order to �gure out what happens at
points in S \ S0.

Lemma 3.4. [Na, page 66] Let F : X → Y be a holomorphic map between complex spaces.
Then every a ∈ X has a neighbourhood U ⊂ X such that

dimx F
−1(F (x)) ≤ dima F

−1(F (a))

for any x ∈ U . �

Indeed, since S0 is dense in S, the above lemma yields in our case that for any x ∈ S
one has at least the inequality dimx(f|S, g|S)−1(f(x), g(x)) ≥ dimS − 1. However, this
inequality cannot be strict (i.e. not even at points in S \S0) since the converse inequality
dimx(f|S, g|S)−1(f(x), g(x)) ≤ dimS − 1 necessarily holds, as we have shown in the �rst
part of the above proof.
And now, since dimx(f|S, g|S)−1(f(x), g(x)) = dimS− 1 for all x ∈ S, our claim follows

from the next result applied to the point 0 ∈ S, result which is also called �Remmert's
Rank Theorem� by �ojasiewicz in his book [Loj2, Theorem 1, pag 295]:

Lemma 3.5. [Na, Prop. 3, Ch. VII] Let f : X → Y be a holomorphic map between
complex spaces such that X is purely dimensional. If dimx f

−1(f(x)) = r is independent
of x ∈ X, then any point a ∈ X has a fundamental system of neighbourhoods U such that
the image f(U) is analytic at f(a), of dimension dimX − r. �

This shows that the image (f, g)(S ∩ B) is an analytic set at 0 ∈ C2, for any small
enough ball B centred at 0 ∈ Cn. Therefore this image is well-de�ned as an analytic set
germ at 0, namely it is either the point 0, or an irreducible plane curve germ (as it cannot
be the whole target space, by Sard theorem). This ends our proof of Theorem 3.2.

3.3. The map germ fḡ. To holomorphic function germs f, g : (Cn, 0) → (C, 0) one
associates the particular real map germ fḡ : (Cn, 0) → (C, 0), in particular its singular
locus is well-de�ned as the singular set of this real map germs, see e.g. [CT]. In [PT1]
one studied fḡ in relation to the holomorphic map germ (f, g) : (Cn, 0) → (C2, 0). The
following result is a corrected version of the statement in [PT1].

Proposition 3.6. [PT2, Theorem 2.3 and Lemma 2.5] Let f, g : (Cn, 0)→ (C, 0), n > 1,
be some non-constant holomorphic function germs. Then fḡ(Sing fḡ) is a well-de�ned
semi-analytic set germ of dimension ≤ 1. Its dimension is precisely 1 if and only if the
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germ (f, g)(Sing (f, g)) contains at least one irreducible component tangent to some line
di�erent from the axes.

Sketch of the proof. The map fḡ decomposes as Cn (f,g)→ C2 uv̄→ C. It is not di�cult
to see (cf [PT1]) that Sing fḡ ⊂ Sing (f, g) ∪ {fg = 0}, thus it remains to study the
singular loci of the restrictions (uv̄)|C , for all irreducible complex curve germ components
C ⊂ (f, g)(Sing (f, g)), and we have shown in Theorem 3.2 that (f, g)(Sing (f, g)) is a
well-de�ned complex analytic set germ of dimension ≤ 1.
One shows that the restriction (uv̄)|C\{0} is a submersion if and only if the curve germ

C is tangent to one of the coordinate axes without coinciding with it. To do that one
considers a Puiseux expansion u = tp, v = a1t

q + h.o.t. of C, with a1 6= 0. The equality
which de�nes the singular locus of the function u(t)v̄(t) is:

(1) vdu = λudv,

where |λ| = 1, and note that λ depends on t (see e.g. [Oka1, CT]). Taking the modulus
on both sides gives |vdu| = |udv|, and thus |pa1t

p+q−1 + h.o.t.| = |qa1t
p+q−1 + h.o.t.|. One

gets the equality p = q, which implies that, if C is tangent to one of the coordinate axes
without coinciding with it, then the restriction (uv̄)|C\{0} is a submersion.
Reciprocally, if p = q we �rst look at the case of a one-term expansion v = a1t

p. Then
all points t are solutions of equation (1), and consequently the corresponding critical
value set contributes with a real half-line in fḡ(Sing fḡ), as C is a line di�erent from the
coordinate axes by the assumption a1 6= 0.
If the Puiseux expansion v = a1t

p + a2t
p+j + h.o.t. has at least 2 terms, where j ≥ 1,

then the equivalent equation |vdu| = |udv| reduces, after dividing out by p|a1||t|2p−1, to
an equation of the form |1 + btj + h.o.t.| = |1 + ctj + h.o.t.|, with b, c 6= 0 and b 6= c. This
has as solutions a positive number of semi-analytic arcs γ(s) parametrised by s ∈ [0, ε[,
for some small enough ε > 0. The reason is that, for any �xed modulus |t|, one has 2j
points of intersection of the circle S1 of radius 1 with the closed curve which is a slightly
perturbed small circle centred at (1, 0), covered j-times due the variation of the argument
of the variable t within one period. The image (uv̄)(γ) of such an arc is included in
fḡ(Sing fḡ). Since by hypothesis neither u nor v are constant along this arc, it follows
that this image is not reduced to the point 0, hence it must be a non-trivial continuous
real arc. This arc is in fact semi-analytic, by �ojasiewicz' result saying that the image
by an analytic map of a real semi-analytic arc is a semi-analytic arc (see e.g. [Su, �8]).
Moreover, by the above proof, if Sing fḡ 6= ∅, then fḡ(Sing fḡ) is either the origin 0, or
the union of all the images (uv̄)(γ) over all arcs γ, and over all complex curve components
C ⊂ ((f, g)(Sing (f, g)), 0). In particular fḡ(Sing fḡ) is well-de�ned as a semi-analytic set
germ. �

The following result is the fusion of [JT, Theorem 1.1] and the above Proposition 3.6,
and provides a complete answer to the NMG problem for fḡ, based on the preceding
NMG classi�cation of the maps (f, g):

Theorem 3.7. Let fḡ : (Cn, 0) → (C2, 0), n > 1, for some non-constant holomorphic
germs f and g.
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(a) If f 6= ug for any invertible function germ u, then fḡ is a NMG, and (Im fḡ, 0) =
(C, 0).

(b) If f = ug for some invertible function germ u, then fḡ is a NMG if and only if
Im (f, g) is a complex curve germ.

�

Example 3.8. (f, g) : C2 → C2, (f, g)(z, w) = (z(1 + w), z) is an example for Theorem
3.7(b) where Im fḡ is not a well-de�ned set germ. One has (fḡ)(Sing fḡ) = {0}.

4. Milnor set and nice map germs

Let us now consider the general case of a non-constant analytic map germ G : (Rm, 0)→
(Rp, 0), m ≥ p > 1.
We recall that whenever the images ImG and G(SingG) are well-de�ned as germs, then

we say that G is a nice map germ, abbreviated NMG (De�nition 2.1).
Our main new result of this section is a convenient condition which implies NMG in full

generality. It is very close to problem (B) quoted in the Introduction, it almost coincides
with the criterion for the existence of the strati�ed Milnor �bration. This fact sheds new
light over the recent results [ART1, ART2] which use the NMG condition as a preliminary
hypothesis for the existence of this �bration. Brie�y speaking we show here that we can
remove the NMG condition from the statements about the local singular �bration.

Proposition-De�nition 4.1. If G is a NMG, then the discriminant DiscG := G(SingG)
is a well-de�ned closed subanalytic set germ.

Proof. Since ImG is well-de�ned as a set germ, for some small enough balls centred at the
origin B1 ⊂ B ⊂ B2 we have (G(B1), 0) = (G(B2), 0) = (G(B), 0). Thus ImG is a closed
subanalytic set, since it is the well-de�ned germ of the analytic image of a compact set.
Next we show that the boundary (∂ImG, 0) is contained in (G(SingG), 0). Let us

remark that ∂ImG is either empty, or a closed subanalytic proper subset of Rp which
is well-de�ned as a set germ at 0 ∈ Rp. Since ImG is closed, we have the inclusion
∂ImG ⊂ ImG. Our claim then follows by the fact that the image by G of the complement
of SingG is an open set germ.
Finally we show that (G(SingG), 0) is a closed subanalytic set germ as follows. For some

small enough balls centred at the origin B1 ⊂ B ⊂ B2, the NMG property implies the
equality of the set germs (G(SingG∩B1), 0) = (G(SingG∩B2), 0) = (G(SingG∩B), 0),
and therefore G(SingG) is the well-de�ned germ of the analytic image of a compact
set. �

Remark 4.2. In [ACT1] one de�ned the discriminant as the union G(SingG) ∪ ∂ImG.
The above proof shows that, a posteriori, this reduces to the �classical� de�nition of the
discriminant DiscG := G(SingG), as in De�nition 4.1, provided of course that G is a
NMG.
As DiscG is closed, its complement is well-de�ned as a set germ at the origin, and it is

the disjoint union of �nitely many open connected subanalytic set germs.
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4.1. The Milnor set M(G).
Let G : (Rm, 0) → (Rp, 0) be a non-constant analytic map germ, m ≥ p ≥ 1. Let
U ⊂ Rm be a connected manifold, and let M(G|U) :=

{
x ∈ U | ρ|U 6tx G|U

}
be the set of

ρ-nonregular points of G|U , or the Milnor set of G|U , where ρ := ‖ · ‖ denotes here the
Euclidean distance function, and ρ|U is its restriction to U . We tacitly consider M(G|U)
as a set germ at 0.
By de�nition M(G|U) coincides with the singular set Sing (ρ,G)|U de�ned in its turn

as the set of points x ∈ U such that either rankx(G|U) is zero, or rankx(G|U) is less than
the maximal rank denoted rU and rU > 0, or rankx(ρ|U , G|U) = rankx(G|U) = rU > 0.
Equivalently, the point y ∈ U is not in M(G|U) if and only if rank(G|U) is constant > 0

in some neighbourhood of x and rankx(ρ|U , G|U) > rankx(G|U).
In the following we will actually consider the germ at 0 of M(G|U). It turns out from

the de�nition that it is real analytic.

In case of map germs G of rank p outside the origin, it is clear from the de�nition that
one has the property M(G|U) ∩ G−1(0) ⊂ {0}, which is called �ρ-regularity� condition,
and which Milnor [Mi] exploited to show the existence of a well-de�ned tube �bration.
Later, in many papers this ρ-regularity was spelled out as a necessary condition for the
existence of a well-de�ned �bration, either locally or in its version at in�nity [Be, Ti1, Ti2,
Ti3, AT1, AT2, Mas, ACT1, ACT2] etc. In case of G with non-isolated singularities, the
ρ-regularity has to be properly de�ned and it is no more automatic; we shall discuss this
matter below, abutting to De�nition 4.4. For the use of the ρ-regularity in the strati�ed
setting we also refer to [Be] and to the recent papers [ART1, ART2].

There exists a germ of a �nite semi-analytic Whitney (a)-strati�cation3 WG = {Wα}α
of the source of (Rm, 0) such that the restriction of G to every stratum4 is a submersion to
its image. In particular every stratum is a nonsingular, open and connected semi-analytic
set, and each restriction G|Wα has constant rank. By de�nition the subset SingG is a
union of strata, and each connected component of its complement is a stratum.

De�nition 4.3. Let G : (Rm, 0)→ (Rp, 0), with m ≥ p > 1, be a non-constant analytic
map germ, and let W be a �nite semi-analytic Whitney (a)-strati�cation of G at 0.
Let Wα ∈ W denote the germ of some stratum, and let M(G|Wα) be the Milnor set of

G|Wα . One calls M(G) := tαM(G|Wα) the set of stratwise ρ-nonregular points of G with
respect to the strati�cation W.

Note that M(G) is closed because W is a Whitney (a)-strati�cation (see e.g. [Ti3, Def.
2.2.1]). For instance it follows directly from the de�nition that any stratum included in
G−1(0) is in M(G), and that we have the implication:

rank(G|Wα) = dimWα > 0 =⇒ Wα ⊂M(G).

Let us also note that if x 6∈M(G), x ∈ Wα, then the �bre G−1(G(x))∩Wα has positive
dimension, it is non-singular at x, and transverse at x to the sphere {ρ = ρ(x)}.

3As shown originally by �ojasiewicz [Loj1] for the much stronger Whitney (b)-condition, see e.g. [Ka]
and its references to previous proofs in the literature. See also [NTT] for a nice geometric proof and its
relation to [Ka].

4By de�nition, strata are connected manifolds.
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De�nition 4.4. Let G : (Rm, 0) → (Rp, 0), with m ≥ p > 1, be a non-constant analytic
map germ. We say that G is tame if it satis�es the following condition, viewed as an
inclusion of set germs:

(2) M(G) \G−1(0) ∩G−1(0) ⊂ {0}.

This appeared as a condition for the existence of a local Milnor �bration in a coni-
cal neighbourhood of G−1(0) [ACT1, Proof of Theorem 1.3]. In the particular setting
SingG ⊂ G−1(0), condition (2) was needed for the existence of a local Milnor tube �bra-
tion in [Mas], [AT1, Proposition 5.3] and [ACT1, Theorem 2.1]. Here we are beyond these
settings, we work in a highly singular situation, and we are interested in the existence
of the image as a set germ as a preliminary condition in the problem of the existence of
singular local �brations.
It follows from the de�nition that if G is tame then the closure of the strata of di-

mensions ≤ p intersect G−1(0) only at {0}. A particular case of tame maps is: G with
G−1(0) = {0} as a set germ at 0.

4.2. Universal criterion.

Theorem 4.5. Let G : (Rm, 0) → (Rp, 0), with m ≥ p > 1, be a non-constant analytic
map germ. If G is tame then:

(a) G is a NMG at the origin.
(b) the image G(Wα) is a well-de�ned set germ at the origin, for any stratum Wα ∈W.

Remark 4.6. That ImG is well-de�ned as a set germ has been already proved in the
following particular cases:

(i). SingG ⊂ G−1(0) and G satis�es condition (2).
It was shown by Massey [Mas, Cor. 4.7] that (ImG, 0) = (Rp, 0). In loc.cit., the two
conditions listed at (i) were called �Milnor conditions (a) and (b)�, respectively.

(ii). SingG ∩G−1(0) 6= G−1(0).
This is our Lemma 2.5. It also follows that (ImG, 0) = (Rp, 0) in this case too. Notice
that condition (2) is not required here.

In what concerns the image of G only, the following more subtle case remains to be
proved:
(iii). SingG includes G−1(0) strictly, and G is tame.

Moreover, in the above non-trivial cases (ii) and (iii), it also remains to prove that the
image of SingG by G is a well-de�ned set germ.

Proof of Theorem 4.5. Let X ⊂ Rm be a closed subset containing 0, and let h : (X, 0)→
(Rp, 0) be a continuous map germ. We de�ne :

Nh := {x ∈ X | ρ|X(x) = min{ρ|X(y) | y ∈ h−1(h(x))}}.
Since X is closed, Nh intersects each non-empty �bre of h. We then prove the following
criterion for a continuous map germ to have a well-de�ned image germ.

Lemma 4.7. The image of h is a well-de�ned germ at the origin if and only if 0 is an
isolated point of Nh ∩ h−1(0).
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Proof. If 0 is an isolated point of Nh ∩ h−1(0), then let B0 be a ball centred at the origin
such that B0 ∩ Nh ∩ h−1(0) = {0}. We claim that for any two open balls centred at
the origin, B and B1, with B1 ⊂ B ⊂ B0 we have the equality of set germs (h(B), 0) =
(h(B1), 0). Indeed, suppose that this is not the case. Then there exists a sequence of points
{yn}n∈N, yn ∈ h(B) \ h(B1) and yn → 0. We may choose xn ∈ B ∩ Nh ∩ h−1(yn) 6= ∅.
Since yn 6∈ h(B1) we have xn 6∈ B1. The bounded sequence {xn} has some convergent
subsequence, let then x̃ be the limit of this subsequence. We then have x̃ ∈ B∩Nh∩h−1(0),
which by our hypothesis implies x̃ = 0. But our construction yields x̃ 6∈ B1, which is
contradictory.
Conversely, suppose that the image of h is a well-de�ned germ at the origin. We choose

a ball B such that, for any ball centred at the origin B1 ⊂ B, we have the equality of
set germs (h(B), 0) = (h(B1), 0). We claim that B ∩ Nh ∩ h−1(0) = {0}. Suppose that
this is not true and let x̃ ∈ B ∩ Nh ∩ h−1(0) with x̃ 6= 0. We choose a ball B1, centred
at the origin, such that x̃ 6∈ B1, and a sequence {xn}n∈N ⊂ Nh such that xn → x̃. Since
x̃ ∈ B \ B1 one may assume that xn ∈ B \ B1 for all n. For yn := h(xn), one then has
yn ∈ h(B) and yn → 0. From xn ∈ Nh and xn 6∈ B1 we deduce that h−1(yn)∩B1 = ∅ and
therefore yn 6∈ h(B1). We thus have yn ∈ h(B) \ h(B1) for all n, with yn → 0, and this
contradicts the assumed equality of germs (h(B), 0) = (h(B1), 0). �

In order to �nish the proof of Theorem 4.5, we apply Lemma 4.7. Let us observe that
NG is a subset of M(G) since each minimum point x ∈ NG is a critical point of the
distance function restricted to the stratum to which x belongs. Then the condition of
Lemma 4.7 is insured by the tameness condition (2).
Part (a) is an application of Lemma 4.7 for h = G and X := Rm, and then for the
restriction h := G|Sing G.

For part (b) we �rst apply Lemma 4.7 to the restriction of G to X := Wα, for all strata
Wα ∈ W. Then we extract the information for the image of the open strata recursively,
starting from the lowest dimension. It follows that the image G(Wα) of each stratum is
well-de�ned as a set germ at 0. �

Remark 4.8. If X and h are analytic then Nh is subanalytic, since it can be de�ned as
follows: if A := {(x, y) ∈ X × X | h(x) = h(y), ρ(x) > ρ(y)} and p : X × X → X,
p(x, y) = x, then Nh = X \ p(A). Here X may be assumed compact since we deal with
germs, and hence h is proper.
One may also remark that the condition NG ∩G−1(0) = {0} does not imply that G is

tame whereas the reciprocal is always true. As an example, Sabbah's example considered
in the Introduction does not have a tube �bration [Sa], and therefore is not tame according
to our Theorem 5.4.

4.3. Examples with (ImG, 0) 6= (Rp, 0). We give below two examples for the situation
(ImG, 0) 6= (Rp, 0), one of which is tame and the other is not.

Example 4.9. [ART1, Example 6.7] G : (R3, 0) → (R2, 0), G(x, y, z) = (xy, z2) has
SingG = {z = 0} ∪ {x = y = 0} and G−1(0) = {x = z = 0} ∪ {y = z = 0} thus
G−1(0) ( SingG. The regular strati�cation W can be described as follows:
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- the strata of dimension 2 are the connected components of the plane {z = 0} minus
the two axes {x = z = 0} ∪ {y = z = 0}, and their images are the two components of the
dotted line R× {0} \ {(0, 0)}.
- the strata of dimension 1 are the connected components of the union of the 3 coordinate

axes minus the origin; the image of the dotted z-axis is {0} × R+ whereas the other two
axes are sent to {(0, 0)}.
We get M(G) = {x = ±y} ∪ {z = 0} ⊂ R3, and thus condition (2) is not ful�lled

because of the surface component {z = 0}, so G is not tame. However G is nice, with
ImG = R× R≥0 6= R2, ∂ImG = R× {0} ⊂ G(SingG) = {0} × R≥0 ∪ R× {0}.

Example 4.10. Writing Example 3.8 in real coordinates we obtain F : R4 → R2,

F (x, y, u, v) = ((x2 + y2)(1 + u), (x2 + y2)v).

We have SingF = {x = y = 0} = F−1(0), and

M(F ) = {u(1 + u) + v2 =
x2 + y2

2
} ∪ {x = y = 0}.

If we restrict F to the hyperplane {u = 0}, we obtain Hansen's example (see [Han, ART1])
G : (R3, 0)→ (R2, 0),

G(x, y, v) = (x2 + y2, v(x2 + y2))

for which SingG = {x = y = 0} = G−1(0), and M(G) = R3.
In both examples the map germs are not tame, and one can easily see that the images

are not well-de�ned as set germs.

5. Tame maps and the existence of the singular Milnor tube fibration

One of the main motivation for the study of the image of map germs is the study of
the local �brations. We are concerned with the case of positive dimensional discriminant.
One has introduced in [ACT1] the notion of singular Milnor �brations and has proved
a fundamental existence criterion. Here we give a sharper one: we show that tame map
germs are endowed with a local singular �bration.

Let G : (Rm, 0) → (Rp, 0) be a non-constant analytic map germ, m > p > 1, and let
W be the Whitney strati�cation of G at 0. Assuming from now on that G is tame, our
Theorem 4.5 tells that the images of all strata of W are well-de�ned as set germs at 0.
This implies that, by using the classical strati�cation theory, see e.g. [Hi, DSW, LSW],
one may stratify the target too. More precisely, there exists a germ of a �nite subanalytic
strati�cation S of the target such that DiscG is a union of strata, and that G is a strati�ed
submersion relative to the couple of strati�cations (W,S), meaning that the image by G
of a stratumWα ∈W is a single stratum of Sβ ∈ S, and that the restriction G| : Wα → Sβ
is a submersion. One calls (W,S) a regular strati�cation of the map germ G.
Such a strati�cation has been introduced in [ART1, Def. 6.1]5 and the map germs G

for which this exists are called S-nice. Then, as a consequence of Theorem 4.5, we get:

5Without assuming the condition (2).
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Corollary 5.1. Let G : (Rm, 0) → (Rp, 0), with m ≥ p > 1, be a non-constant analytic
map germ. If G is tame then G is S-nice. �

Remark 5.2. S-nice map germs may exist even without assuming the condition (2). By
Theorem 3.1 and Theorem 3.2, the map germs of type (f, g) such that gcd(f, g) = 1 are
S-nice. Indeed, we get that Disc (f, g) = (f, g)(Sing (f, g)) consists of only 1-dimensional
complex strata and 0 as the single point-stratum. Similarly, by Proposition 3.6 and
Theorem 3.7, the map germs fḡ such that gcd(f, g) = 1 are S-nice map germs.

De�nition 5.3. [ART1, De�nition 6.3] Let G : (Rm, 0)→ (Rp, 0), m ≥ p > 1, be a non-
constant S-nice analytic map germ. We say that G has a singular Milnor tube �bration
relative to some regular strati�cation (W,S), which is well-de�ned as a germ at the origin
by our assumption, if for any small enough ε > 0 there exists 0 < η � ε such that the
restriction:

(3) G| : B
m
ε ∩G−1(Bp

η \ {0})→ Bp
η \ {0}

is a strati�ed locally trivial �bration which is independent, up to strati�ed homeomor-
phisms, of the choices of ε and η.

Here is what means more precisely �independent, up to strati�ed homeomorphisms, of
the choices of ε and η�: when replacing ε by some ε′ < ε and η by some small enough η′ < η,
then the �bration (3) and the analogous �bration for ε′ and η′ have the same strati�ed
image in the smaller disk Bp

η′ \{0}, and the �brations are strati�ed di�eomorphic over this
disk. This property is based on the fact that the image of G is well-de�ned as a strati�ed
set germ, which amounts to our assumption of �S-nice�.
By strati�ed locally trivial �bration we mean that for any stratum Sβ, the restriction

G|G−1(Sβ) is a locally trivial stratwise �bration. The non-empty �bres are those over some
connected stratum Sβ ⊂ ImG of S. Each such �bre is a singular strati�ed set, namely it
is the union of its intersections with all strata Wα ⊂ G−1(Sβ).

The following existence theorem gives a fundamental shortcut to the existence theorem
[ART1, Theorem 6.5] by eliminating the condition �S-nice� from the hypotheses.

Theorem 5.4. Let G : (Rm, 0) → (Rp, 0), m ≥ p > 1, be a non-constant analytic map
germ. If G is tame, then G has a singular Milnor tube �bration (3).

Proof. Let us �x a regular strati�cation (W,S). By de�nition, the restriction of G to any
stratum Wα ∈W is nonsingular and of constant rank.
Let us �rst consider the strata Wα such that the �bres of the restriction G|Wα are of

dimension > 0, equivalently corank(G|Wα) ≥ 1. Condition (2) implies the existence of
ε0 > 0 such that, for any 0 < ε < ε0, there exists η, 0 < η � ε, such that, for any stratum
Sβ ∈ S, Sβ ⊂ G(Wα), the restriction map

(4) G| : Wα ∩Bm
ε ∩G−1(Bp

η \ {0})→ Sβ ∩Bp
η \ {0}

is a submersion on a manifold with boundary. Indeed, since the sphere Sm−1
ε is transversal

to all the �nitely many strata of the Whitney strati�cation W at 0 ∈ Rn, it follows that
the intersection Sm−1

ε ∩W is a Whitney strati�cation WS,ε of S
m−1
ε . Condition (2) tells
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that the restrictions of the map G to strata of W is strati�ed-transversal to the strata of
the strati�cation WS,ε, for any 0 < ε < ε0.
As for the strata Wα such that the �bres of the restriction G|Wα are of dimension 0,

we have seen that they belong to M(G), by de�nition. Thus, since these strata do not
intersect the sphere boundary of the source in (4), the restrictions of G to such strata are
proper.
It then follows that the map G is a proper strati�ed submersion, thus it is a strati�ed

�bration by Thom-Mather Isotopy Theorem. Condition (2) also implies that this �bration
is independent of ε and η up to strati�ed homeomorphisms. �

Remark 5.5. If G : (Rm, 0)→ (Rp, 0), m ≥ p > 1, is a non-constant analytic map germ
with G−1(0) = 0, then G is a NMG and has a singular Milnor tube �bration (3). Notice
that we do not require here the tameness of G.
Let us prove our claim. Indeed, the NMG property follows trivially from Proposition

2.4. Moreover G is a proper map. Indeed, if G is non-proper then, for any small enough
ε > 0, there exists a sequence of points (xn)n∈N ⊂ Bε such that limn→∞ ‖xn‖ > 0 and
limn→∞G(xn) = 0. But this is impossible because G−1(0) = 0. Since our G is a proper
strati�ed submersion, one concludes like in the above proof of Theorem 5.4.

5.1. Milnor-Hamm �brations over the complement of DiscG.
In [ART1] one has studied the existence of a �bration over the complement of the dis-
criminant, whenever the map is a NMG. Such �brations have been called Milnor-Hamm
�brations in loc.cit. We may now remark that under condition (2) our proof shows the
existence of strati�ed �brations over each stratum of the target. In particular the Milnor-
Hamm �bration outside the discriminant DiscG is well-de�ned since by construction
DiscG is a union of strata. One may then derive from Theorem 5.4 the following Milnor-
Hamm �bration result:

Corollary 5.6. Under the hypotheses of Theorem 5.4 (or of the Remark 5.5, respectively),
the map germ G has a Milnor-Hamm �bration over Bp

η \DiscG, with nonsingular Milnor
�bres over each connected component. �

Let us remark that one may have the Milnor-Hamm �bration without the existence of
the singular Milnor tube �bration. This is the case in Example 4.9.

5.2. Relation with the Thom regularity, after [PT1, ART1]. We explain here the
relation between condition (2) and the Thom regularity, a well-known notion which is
involved in the existence of local �brations in the classical settings of ICIS or DiscG ⊂
G−1(0), see for instance [Lê, Sa, Ti1, Ti3, Mas, DRT, AT2, CGS, Oka2, PT1], and more
recently beyond these settings [MeSe, ART1, ART2]. We recall6 that given some strati�ca-
tion of a neighbourhood of 0 ∈ Rm, a stratum A is Thom regular over a stratum B ⊂ Ā\A
at x ∈ B relative to G (or, equivalently, that the pair (A,B) satis�es the Thom (aG)-
regularity condition at x), if the following condition holds: for any {xn}n∈N ⊂ A such that
xn → x, if Txn(G|A) converges to a limit H in the appropriate Grassmann bundle, then
Tx(G|B) ⊂ H.

6After [GLPW, Mat2].
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De�nition 5.7. [ART1] Let G : (Rm, 0) → (Rp, 0), m ≥ p > 1, be a non-constant
analytic map germ. One says that G is Thom regular at G−1(0) if there exists a regular
strati�cation (W, S) such that G−1(0) is a union of strata of W, that 0 is a point-stratum in
S, and that the Thom (aG)-regularity condition is satis�ed at any stratum of G−1(0)\{0}.

In the above de�nition, one only needs that Thom regularity holds at the �bre over
0. This condition is enough to insure condition (2) and thus we derive the following
statement from Theorem 5.4:

Corollary 5.8. Let G : (Rm, 0) → (Rp, 0), m ≥ p > 1, be a non-constant analytic map
germ. If G is Thom regular at G−1(0), and if dimG−1(0) > 0, then G is a tame NMG,
and has a singular Milnor tube �bration (3). �

5.3. Thom regularity of map germs fḡ. One has shown in [PT1, Proof of Theorem
3.1] that if the map germ (f, g) is Thom regular then the map germ fḡ is Thom regular too.
For instance this is the case when (f, g) de�nes an ICIS. Combining this with Corollary
5.8 yields the following improved formulation of [ART1, Theorem 4.3]:

Corollary 5.9. Let f, g : (Cn, 0)→ (C, 0), n > 1, be non-constant holomorphic functions.
If the map (f, g) is Thom regular, then fḡ is a NMG, it is Thom regular and has a

local singular Milnor �bration. In particular this is the case if (f, g) de�nes an ICIS. �

Corollary 5.9 already provides classes of map germs fḡ with positive dimensional dis-
criminant which are S-nice, Thom regular at (fḡ)−1(0), and thus have singular Milnor
tube �bration. Here is an example with this property:

Example 5.10. [ART1] Let f, g : C2 → C given by f(x, y) = xy + x2 and g(x, y) = y2.
One has (f, g)−1(0, 0) = {(0, 0)} and Sing (f, g) = {y = 0} ∪ {y = −2x}, thus (f, g) is
obviously Thom regular. However Disc (f, g) = {(x2, 0) |x ∈ C}∪{(−x2, 4x2) |x ∈ C} and
therefore fḡ has non-isolated critical value, namely Disc fḡ is the real negative semi-axis.
It then follows from Corollary 5.8 that fḡ is Thom regular, hence it has a Milnor-Hamm
�bration, and also a singular Milnor tube �bration.

Let us �nally remark that the singular Milnor tube �bration may exist without the
Thom regularity, see [Ti4], [ACT1, �5.3], [ART1, Example 6.11], [Ri].
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