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Overview

Thermoelastic constitutive equations discussed
in » thermoelastic bar theory are not able to
fully determine the discontinuous solutions arising
in nonlinear elastodynamic problems as well as the
process of phase transition in solid bodies with
non-monotone stress-strain relations. That is due
to the fact that some small-scale physical mecha-
nisms such as, for example, viscosity, capillarity,
or relaxation time are neglected. One introduces
here a class of materials called Maxwellian mate-
rials with the property that the stress, the strain, and
the temperature are related with the strain rate and
the stress rate. This approach allows to introduce
a linear instantaneous response, and rate-type
effects like, relaxation, and pseudo-creep, appro-
priate to describe viscoelastic and viscoplastic
behavior of a one-dimensional body (see [3]).
Moreover, it can describe the process of solid-
solid phase transition for non-monotone
thermoelasticity like in » pseudoelasticity and
shape memory effect — a Maxwellian rate-type

approach. The compatibility with the second law
of thermodynamics of this heat conducting consti-
tutive structure is analyzed. In the thermo-
viscoelastic case, the thermodynamic potentials
are explicitly determined starting from the consti-
tutive information available from the thermoelastic
equilibrium stress-strain-temperature relation, the
instantaneous response of the material, and the heat
capacity at a constant strain. The adiabatic Max-
wellian thermo-viscoelastic system is a relaxation
system with stiff source terms which allows an
approach of the thermoelastodynamic system in
the adiabatic case even for non-monotone stress-
strain relations.

Maxwellian Rate-Type Constitutive
Equations

The thermodynamic theory in one space dimen-
sion has been described in » thermoelastic bar
theory. A class of dissipative materials for a one-
dimensional body which has as prime variables
the strain ¢, the absolute temperature 6, and the
stress ¢ can be introduced through the Maxwel-
lian rate-type constitutive equation

do e

——FE—=G 0 1
o~ Eg =000 ()
where £ = const. > 0 is called the dynamic
Young modulus, G is called relaxation function,
and ¢ denotes time. The class of Maxwellian rate-
type materials is a subclass of the simple
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materials with fading memory [1]. It is attractive
in its simplicity and includes some interesting
viscoelastic and viscoplastic models [3]. The
first constitutive relation of this type with
G = —0 has been proposed by Maxwell in
1867, and this explains why materials described
by such relations are often called Maxwellian
materials.

General Thermodynamic Considerations

In this case a state of a bar of length L is any
triplet § = (x(X),0(X),0(X)), X € [0,L] where
%(X) is a deformation of the bar, o(X) and 0(X)
are a stress and temperature field over the body in
its reference configuration. Unlike the
thermoelastic bar theory for the rate-type consti-
tutive equation (1), we have to introduce ¢ as
independent variable together with ¢, 0, and the
temperature gradient 6. The remaining depen-
dent thermomechanical variables are the free
energy V¥, the entropy 7,, (or, equivalently,
the internal energy e, = ¥, + Ony), and the
axial heat flux

lpmx = lpmx(& a,0, QX),
q = Q(‘S'? ag, 07 QX)

U nmx(ga g, 97 QX)’

)

In order to satisfy the principle of
equipresence, G would have to depend on 0y,
too. Due to the examples considered below and
for simplicity reasons, one ignores this case.

It is useful to observe that if we denote by
g =g— Z the inelastic strain and by ¢ = £ the
elastic strain at state S, then the constitutive rela-
tions (1) and (2) may be seen as a constitutive
structure for a body with one internal variable,
namely, the inelastic strain (for the theory of
materials with internal state variables, see [2]).

A smooth process of the bar is any triplet
S(r) = (x(X,1),0(X,1),0X,1)), t€]0,t), of
smooth time-dependent fields over the body,
which satisfies the balance equations

Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

de  Ov ov  Jo

a o CaTw
088_,,”_0@_3_Q+0r_2_w(0_9)
S ot o0 09X ° R e

and the constitutive relations (1) and (2). Here, ¢
is the mass density in the reference configuration,
v denotes the particle velocity, b is the body force
per unit mass, r is the heat supply per unit mass,
0.\ is the temperature of the surroundings, R is
the radius of the bar, and w = const. > 0 is a heat
transfer coefficient through the lateral surface of
the bar.

Thermomechanical processes for the rate-type
theory can be realized by a proper choice of body
force b and heat supply r so as to fulfill (1)—(3).
By introducing the constitutive structures (1) and
(2) into the Clausius-Duhem inequality

o Oe o0 g 00
0t — o — L >
o T Tgax =% @
one gets
al//rmc alrbmv . lrbmx 8
‘(QWWEW“’)S‘@(%* a0 )’
8‘/’/}1){ 8 8‘/me Q
- - —Z0y >
a0y X e O 20
)

where dot denotes time derivative. For fixed local
values of ¢, o, 0, Oy, the variations of &, 0, Oy,
which appear linearly in (5), can be assigned
independently by a proper choice of the
thermomechanical processes. Requiring that this
inequality be satisfied for all thermomechanical
processes, one obtains that the rate-type constitu-
tive structure is compatible with the second law
of thermodynamics if and only if

l//m:“ _ alpmv alpmx _ f _ al//m\
60}(707 88 +E 80' *Qanmx(gag)* 89
(6)
N

G(e,0,0) — éQ(s7 0,0,0x)0x >0
@)

—0

do
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Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

for any ¢, 0,0, Ox. Thus, the same as in the
thermoelastic case, the free energy i, has to be
independent of Oy, and it is a potential for the
entropy. The first term in the inequality (7) is
called the internal dissipation or intrinsic dissi-
pation, and the second one is called the thermal
dissipation.

Since G does not depend on 0y, one gets from
the reduced dissipation inequality (7) that

O (e,0,0
0 W ( )

Dmx = -
Jdo

G(e,0,0) >0 (8)

for any ¢, g, 0.

Rate-Type Thermo-Viscoelasticity

The kernel of the function G defines the
thermoelastic set or the equilibrium set of the
rate-type constitutive equation. One says that
the constitutive equation (1) describes a rate-
type thermo-viscoelastic material if the following
two conditions are satisfied: (a) the equilibrium
set is a single surface ¢ = agq(s, 0), that is,

G(e,0,0) = 0if and only if 6 = g.4(¢,0), (9)

and (b) the function G is stable from above and
from below the equilibrium set, that is,

(60— 0e4(e,0))G(e,0,0) <0, (10)
for any ¢, 0, 0.

This latter constraint represents the necessary
and sufficient condition that the equilibrium set
be attractive with respect to any homogeneous
constant-strain process (or relaxation process).
Indeed, according to (1) and (10), each homoge-
neous  process (& =g = const.,a(z),0(1))
starting at a given initial strain-stress-temperature
state (&9, 00,00) such that &o > ge4(e0,00)
(respectively, oo < 0e4(¢0,00)) moves in the
direction of decreasing (respectively, increasing)
stress. Thus, a relaxation process will always end
on o = d,4(¢, 0). This requirement reflects some
experimental evidence.

If the kernel of the function G is an open set in
the space ¢— o — 0, then the -constitutive

equation (1) may describe a thermo-viscoplastic
material (for isothermal examples, see [3]).

By exploiting the residual inequality (7) for
a heat-conducting thermo-viscoelastic material,
one gets

Dy = — 06, 00y (£,0), 0, 0x)0x > 0

0 Y

for any ¢, 0, x. Thus, if Q is given by the Fourier
law for heat conduction Q = —k(¢, g, )6y, then
(11) requires that the heat conduction coefficient
at  equilibrium be positive, that is,
k= k(e,004(¢,0),0) > 0 for any ¢, 0.

Example: Processes Far from Equilibrium
An example enough general of a rate-type
viscoelastic constitutive equation is

(90' 68 E I—1
o Ca s —E\G — 0eq(&,0)[" (0 — 0e4(e, 0)).
(12)
Here, 1 = const. > 0 is a rate sensitivity

parameter, and u = const. > 0 is a viscosity
coefficient. For A = 1, u is a Newtonian viscosity
coefficient, % is a relaxation time of the material,
while k = % is called Maxwellian viscosity coef-

ficient. For /. = 1 this equation has been consid-
ered in [4].

When u — 0 (or, k — 00), this rate-type con-
stitutive equation can be seen as a rate-type
approach  of the thermoelastic  model
0 = 0,4(¢,0). From physical point of view, it
introduces a mechanism of energy dissipation.
Unlike the thermoelastic model, the thermo-
viscoelastic constitutive equation can describe
the way the body may deviate from equilibrium.
Indeed, this model has the pseudo-creep property,
the relaxation property, and the capability to
describe a linear instantaneous response.

We exemplify these properties for the iso-
thermal case 0 = 0,. For instance, let us con-
sider an initial homogeneous state of strain,
stress, and temperature (&, o9, 0p) and a strain
history ¢ = &(¢) having a jump from ¢(0) = ¢ to
¢(0+) = ¢;. According to (1), the instantaneous
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response in stress relative to the initial state is
the solution ¢ — a;(¢) of the differential equa-
tion d”é—i‘g) =E, o/(¢) =09, that s,
O'(O—i—) = 0'1(81) = 0y +E(81 - 80).

An isothermal homogeneous constant-strain
process (or relaxation process)
(e(t) = 9,0(t),0(t) = 0p) is solution of the

problem

. E I—
a(1) = *;|<7 — Geq(€0, 00)] 1(0 — Geq(£0, 00)),

a(0) = ay.
13)

One verifies that any isothermal relaxation
process starting at (g9, 69, ) ends on the equi-
librium set after a finite time interval if 2 € (0, 1)
and an infinite time interval if A € [1, c0). It fol-
lows that the equilibrium set of the rate-type
constitutive equation is attractive, or stable, for
any relaxation process irrespective of the mono-
tonicity of o = g,,(¢,0) with respect to ¢ (see
Fig. 1).

An isothermal homogeneous constant-stress
process (or pseudo-creep process)
(e(t),0(t) = a0, 0(r) = 6y) is solution of the
problem

. 1 _
g(t) :; |00 - 064(87 90)‘2 1(00 - O'eq(ga 60))7

£(0) = &o.
(14)

Let us consider an equilibrium strain-stress-
temperature state (8*, 00 = Geq(€", 0p), 00) and
the initial strain ¢y of the constant-stress process
(14) a perturbation of &*. One verifies easily that
the equilibrium set is attractive for any pseudo-

.o 00e(s,00) se .
creep process if —4=>> 0 and it is repulsive
for any pseudo-creep process if 2Ze:h) @
This is one reason why the equilibrium set
0 = 0e4(e, 0) is called stable if % >0 and it is
called unstable if % < 0. Therefore, any solu-
tion of the problem (14) ends always on the stable
parts of the equilibrium set (see Fig. 1).

It is useful to note that the thermo-viscoelastic
rate-type constitutive equation (12) includes as

Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

a limiting case for £ — oo the generalized
Kelvin-Voigt thermo-viscoelastic model

5)

&= i |O’ — O'eq(g, 0)|;L_l(0_ - O—e(](ga 0))

or equivalently

7.
N

0 = 0o(e, 0) + i (16)

For A = 1 this equation has been considered in
[5] in relation with phase transformations in
solids. It is useful to note that Kelvin-Voigt’s
viscoelastic constitutive equation can describe
only pseudo-creep processes which are governed
by the same equation (14), while any instanta-
neous process has an infinite slope.

Thermodynamic Potentials for the Rate-Type
Thermo-viscoelastic Model

We have seen that the second law of thermody-
namics imposes restrictions (6) and (8) on the
general Maxwellian rate-type constitutive struc-
ture (1)—(2). The response of a thermo-
viscoelastic model is characterized by two con-
stitutive  functions: one describing the
thermoelastic equilibrium, that is, ¢ = 0,4(¢, 0),
and the other describing the instantaneous
response of the material, that is, the dynamic
Young modulus E. The question is to investigate
the consequences of the assumptions (9) and (10)
on the existence of a free energy function.

One shows that the rate-type thermo-
viscoelastic model admits a unique free energy
function ¥ =, (¢,0,0) (modulo an additive
function of 0) if and only if the slope of the
straight line connecting two points of an equilib-
rium isotherm is bounded from above by the
instantaneous Young modulus E (see also [4]).

We assume in the following more than that,
namely, there exist two positive constants Ex and
E" such that

Teq(81,0) = Teq(22,0)
&1 — &

<E'<E,
a7

for any ¢, &, and any 0.
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Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

Indeed, starting from the internal dissipation
inequality (8) and condition (10), one gets that

0 0
% (0 — 0eg(e,0)) <0, (18)
wherefrom it follows that % = 0 must vanish

for ¢ = g,4(, 0). Consequently, the free energy
function has to satisfy the following Cauchy
problem for a first-order PDE

8I/In'1)§ 6‘//””}(
de TE oo

N e

g
=
0 Jdo

(&,0¢4(¢,0),0) = 0.
(19)

The general form of the free energy equation is

2
lemx(gaav 6) - i+ 50(6 7E879)7 (20)
2E
where ¢ = (1, 0) satisfies relation
Op  Ogle,0)
E(O’gq(ﬁ,@) ES,@) = T (21)

In order to determine the function ¢, it is
necessary that function h(e, 0) = o,4(¢, 0) — Ee
be invertible with respect to ¢ for any fixed 0.
That requires h(e;,0) # h(ey,0) for any &, &,
& # & and any 0. In fact, this condition requires
that ¢ = o,4(¢, 0) be a noncharacteristic for the
Cauchy problem (19). If one denotes by 21 (-, 0)
this inverse function, then ¢ will be the unique
solution (modulo an additive function of 0) of the
following equation

&y,
% (.0 = - ot R OO )

ot

Therefore, for any triplet (e, 0,0), there is
a unique &= &(e,0,0) =h'(c — Ee,0) such
that
0 —Ee=h(E 0) = 0,(,0) — E&. (23)
By using (23), one shows that
0 — 0oq(e,0) = h(¢,0) — h(e,0) and from (20)
one gets

awmx

E
Qé‘a

(6,0,0) = 0 — 0¢g(&,0) = E(e — ¢).

(24)

Consequently, the inequality (18) requires
(h(e,0) — h(£,0))(e —&) <0 for any ¢ and &,
which combined with the injectivity condition
of function A(-, ) leads to condition (17). More-
over, these are the necessary and sufficient con-
ditions for the existence of a free energy function,
that is, a solution of the Cauchy problem (19).

By integrating equation (22), one derives the
explicit form of the free energy function for the
Maxwellian thermo-viscoelastic model

02 O'g (é, 9)
Q‘/jmx(‘ga ag, 0) = i - qu
4 J Geq(s,0) ds + 06(0),

(25)

where ¢(0) is a smooth function. The entropy
function is given by

Qnmx(ga g, 0) =0 8;5”
_ _JS 004(s,0) ds — de(0)
. 00 do

(26)

278
279
280

281
282
283

284
285
286
287
288
289
290
291
292
293

294
295



Comp. by: DMuthuKumar Stage: Proof Chapter No.: 890 Title Name: ETS
Date:4/1/13 Time:09:37:27 Page Number: 6

296

297
298
299
300
301
302
303

304
305
306
307
308
309
310
311
312

314
315
316
317
318
319

320
321

Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

and the specific heat by

Cix(e,0,0)

96,700\ 2
a0

00

&0

_ 0877mx _ 9 Jg 820€q(s’ 0)
90°

ds + z 0
Ooeq(E0) = 2
E— —5 do

where & = h™! (¢ — Eg, 0).

Let us note that the free energy, entropy, and
internal energy of the Maxwellian thermo-
viscoelastic model at equilibrium are just the
free energy, entropy, and internal energy of the
thermoelastic model o = 0.4(¢, 0), that is,

lpnu’(gv Ueq (Sa 0)) 0) = lpeq(gﬂ (7),
nmx(gv Oeq (87 H)a H) =

Indeed, from (23) one gets that &=
&(e, 0og(€,0),0) = h™' (0,4(e,0) — Ee,0) =z,
wherefrom by using (25) and (26), one retrieves
the relations obtained in » thermoelastic bar
theory.

Not the same property is true for the specific
heat. Indeed, the specific heat (27) of the Max-
wellian model does not coincide at equilibrium
with the specific heat of the thermoelastic model.
Indeed, one can show that

E — oU?%(e,0)

Con(€,004(8,0),0) = Coy(e, 0) ————2~

(0000000 = Cule) .~
(29)

where U(e, 0) is the adiabatic sound speed of the
thermoelastic material defined in » thermoelastic
bar theory. By requiring that the specific heat of
the Maxwellian model be positive, one derives an
important  physical condition called the
subcharacteristic condition

whose meaning is explained below. Let us note
that this condition is stronger than condition (17).

The additive function ¢(0) can be determined
from calorimetric measurements. Indeed, it is
reasonable to assume that the specific heat of
the Maxwellian model at the equilibrium state,
that is, Cp (0,0 (o,8),0), can be determined
experimentally over an interval of temperature.
Therefore, ¢(0) is the solution of the equation

dz([)<9) _ C,,,X(E(),O'(S(),Q)e.)
d* 0
function of 0, which can be established once the

free energy and the entropy at a given state
(&0, 0p) are given.

up to an arbitrary linear

Remark 1. The free energy of the Maxwellian
viscoelastic model is completely determined by
the equilibrium response function ¢ = a,,(e, 0),
the dynamic Young modulus E, and the specific
heat at an equilibrium state C, (&9, (g0, 0),0)
over an interval of temperature.

Remark 2. The free energy of the Maxwellian
rate-type thermo-viscoelastic model defined by
equation (1) and conditions (9)—(10) corresponds
for an entire class of functions G = G(¢,0,0)
having the same equilibrium o = o,,(¢, 0).

Remark 3. The rate sensitivity parameter A and
the viscosity coefficient u influence only the rate
effects, that is, how quickly or slowly the stability
or unstability phenomena of the thermome-
chanical processes take place and how close or
far are these processes with respect to the equi-
librium set.

Remark 4. Condition (17) which ensures the
existence of a unique free energy function for
the Maxwellian thermo-viscoelastic model
allows to include materials for which the equilib-

rium response function has the property that
00.q(8,0)

e

< 0, which arise when studying materials
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Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

that can undergo a phase change considered in
» pseudoelasticity and shape memory effect —
a Maxwellian rate-type approach.

Energetic Estimates and Energetic Identities
By using relation (24) and restriction (17), one
derives the bounds

€19

wherefrom one obtains the following energetic
estimate: the intrinsic dissipation (8) for the Max-
wellian thermo-viscoelastic constitutive equation
(12) satisfies relation

_E
WE +E.)

A+1

|0 — 0eq(6,0)|" < Dyul(e,0,0)

E i+l
Smhf*ggq(ﬁ,e)’ .

(32)

We also note that by investigating the proper-
ties of the thermodynamic  potentials
corresponding to the Maxwellian thermo-
viscoelastic model when E — oo, one gets from
relations (25)—(27) using (23)

Ellm lpmx(‘% 0-7 6) = l/jeq(g’ 6)7
Eli_{rolo nmX(S’ O-) 0) = neq(ga 0)7
lim Cyu(e,0,0) = Ceyle, 0),

E—oo

(33)

that is, the free energy, the entropy, and the spe-
cific heat of the Kelvin-Voigt model (16) coin-
cide with the free energy, entropy, and specific
heat of the thermoelastic model described in
» thermoelastic bar theory. Moreover, the inter-
nal dissipation generated in a smooth process by
the Kelvin-Voigt model (16) is obtained from
(32) and (15) as

Di(¢,0,0) = Elim Di(e,0,0)

1 ’o— — Oeqle, 9)‘“1

= e

(34)

The thermodynamic relations (19) and
(25)—(27) lead to the following energetic identi-
ties for the Maxwellian model endowed with
Fourier heat conduction law

aemx ¢,0, 0
o dem(8:9,0)

ot = N9
—) = =(D,,, +D >
¢ ot 0X (6) 0( " n) 20

(35)

where the rate of work W and the rate of heat 0
are given by

W= —0t0= @a‘g'"*aa v,0)

azlpmx )
5090 G(e,0,0) + 0Cpi(e,0,0)0.

(36)

7@0

Let us note that the first term in the expression
of O is always negative, being the internal dissi-
pation D,,, with minus sign. The second term
represents the heating or the cooling of the mate-
rial due to the latent heat released or absorbed by
the body during a thermomechanical process.
One can show that

PV
900

004

00

(8,0,0) =

06,0 (,0) !
0 _ eq( ))

@70)(5 o
(37)

where & = &(¢,0,0) = h~! (6 — Ee, 0) according
to (23). Therefore, the latent heat depends essen-
tially, like in the thermoelastic case, on the vari-
ation of the equilibrium stress with respect to the
temperature. Its role is illustrated numerically in
» pseudoelasticity and shape memory effect —
a Maxwellian rate-type approach. The third
term represents the rate of heat due to the specific
heat. One sees that the specific heat Cy
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characterizes the amount of heat required to
change a body’s temperature by a given amount
by keeping the inelastic deformation & = & -z
fixed.

The  heat propagation  equation for
a Maxwellian thermo-viscoelastic bar allowing
lateral heat transfer to the environment and axial
Fourier heat conduction is obtained from the bal-
ance of energy (3); and the thermodynamic rela-
tions (25)—(27) as

00 _ 81//mx 82!//mx 9 o0
0Cmzg, = 05 G055, 0+ a5 K ax
2w
— 220~ ) + o
(38)

For the thermo-viscoelastic Kelvin-Voigt’s
material (16) with Fourier heat conduction law,
one gets the following energetic identities:

Deey(e,0) . .
QT =-W+ Q7

Mey(2,0,0) 0 1q 1

_— —_— =) = — ) >
o—s ——+ o5 (9) 5 (D +Du) 2 0

(39)

where the rate of work W and the rate of heat 0
are given by

W= —a.(0),é

We note that the first term in the expression of
Q is always negative, being the internal dissipa-
tion Dy, with minus sign. The second and the
third term are identically with those in the
thermoelastic case and represent the contribution
to the rate of heat of the latent heat and of the
specific heat, respectively.

The heat propagation equation for the Kelvin-
Voigt thermo-viscoelastic bar (16) allowing lat-
eral heat transfer and axial Fourier heat conduc-
tion is

Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

80 |9l Py 0e 0 [, 00
Coag =M o %00 o a_x(ka_x>
2w
% (0 — 0px) + or.

(41)

Let us note that the right-hand terms in (35),
and (39), represent the entropy production due to
intrinsic dissipation and the entropy production
due to thermal dissipation through axial heat
conduction.

The Adiabatic Thermo-viscoelastic System:

A Relaxation System with Stiff Source Terms
The adiabatic Maxwellian thermo-viscoelastic
system is composed by the balance of momen-
tum, the compatibility equation between strain
and velocity, the heat propagation equation (38),
written for an isolated bar (w = 0, r = 0) in the
absence of axial heat conduction (x = 0) and by
the thermo-viscoelastic constitutive equation (1).
For the example (12), it takes the form of
a relaxation system

0 0 0 !
v @ v 0
alel |1 0oo0o], ], 0
ol | 0 [ox| g B s3(e,0,0)
o E 00 o s4(e,0,0)
(42)

with the stiff sources

A—1

E
53 :;’G—O’eq(S,GH (o’—o‘eq(&g))

(O P
Coue \ Oo 0a00

~ % 16— Geg(e.0)[ 7 (0 — 0o (2, 0)).

Sq4 =

One expects that when y — 0 solutions of the
rate-type system (42) “approach” solutions of the
adiabatic thermoelastic system described in

thermoelastic bar theory, in the sense that the
stress ¢ is rapidly driven back to the equilibrium
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0eq(8, 0), except perhaps in narrow zones where
g, ¢ 0, and v have a very steep variation.

It is easy to verify that this system is always
hyperbolic semilinear as long as the dynamic
Young’s modulus E is strictly positive and finite.
Indeed, the system is semilinear since all
nonlinear terms are included in the right part of
(42), that is, in the source terms, and the eigen-
values of the matrix are given by r1, = £1/E/o
and r3 4 = 0. In other words, the information for
the adiabatic thermo-viscoelastic system propa-
gates with the characteristic speed /E /¢ and the
source terms do not change this fact. On the other
side, we have seen that “the approximated sys-
tem,” or the so-called reduced system, that is, the
adiabatic thermoelastic system, has the charac-
teristic speed U(¢, 0) given by (30). Usually, for
systems involving relaxation, one requires
a priori that the characteristic speed of the
reduced system cannot exceed the characteristic
speed of the system with relaxation, that is, in our
case condition (30). That means, the information
for the reduced system can not propagate faster
than the speed \/E/o. That is why it is called
subcharacteristic condition. The terminology
was introduced by Liu in [6] for relaxation sys-
tems (see also [7]). For the adiabatic thermo-
viscoelastic system, the subcharacteristic condi-
tion appears naturally when studying the consis-
tency with the second law of thermodynamics of
the rate-type constitutive equation. We have seen
that requirement (30) is a necessary condition for
the existence of a positive specific heat for the
Maxwellian thermo-viscoelastic model.

An important consequence of the fact that the
adiabatic thermo-viscoelastic system is always
hyperbolic irrespective of the sign of % is that
the initial-boundary value problems for system
(42) are now well-posed. Therefore, this rate-type
approach proves to be appropriate to describe
phase transition phenomena and has been used
in » pseudoelasticity and shape memory effect —
a Maxwellian rate-type approach.

If one considers instead of the Maxwellian
thermo-viscoelastic constitutive equation (12)
the Kelvin-Voigt thermo-viscoelastic model
(16), then the corresponding adiabatic system

can be viewed as a limiting case of the adiabatic
Maxwellian rate-type system (42) for E — oo. In
this case, the characteristic directions of the
hyperbolic system in the 7-X plane tend to be
infinite, that is, the hyperbolic system (42) trans-
forms into a parabolic one.

There is a considerable interest in the study of
relaxation systems and on the conditions under
which convergence of solutions occur as the stiff
parameter goes to zero (see, for instance, [8], [7],
and their references). We illustrate some aspects
for the case of isothermal motions.

Approach to Equilibrium in the

Isothermal Case

Let us consider the isothermal motions of
a Maxwellian viscoelastic material described by
the relaxation system

O 90 _ 0 Ov_ 00 O
®ox T o ox o o

= — E |a — Oeqle) )V_l(a — 0eq(8)).
(43)

u

In the formal zero limit ¢ — 0, the system

yields  the  equations of  isothermal
elastodynamics:
Ov 00,(e) de v
—— =0, ———=0. 44
e 1) oo 09X )

This relaxation system has been studied from
thermodynamical point of view in [9] for mono-
tone equilibrium curves o = o,,(¢). The result
has been extended in [10] for the non-monotone
case. For the case 4 = 1, the relaxation system
has been used to describe the behavior of a phase-
transforming material, like shape memory alloys,
in the quasistatic case in [11, 12] and in the
dynamic case in [13].

By using the properties (19) of the free energy
function in the isothermal case, one can establish
the following energy identity for the smooth solu-
tions of the system (43)
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b 2
o <Q 7 * ¥l G)> “ox' (45)
8 _
- e Vi |5 — gy (@™~ )

If we denote the total energy of a bar of length
L by

bmlt) = [ (o5 + buleno) ) (X.00K, a0

0

one gets the energy identity

dgm\‘(t)__EJL alpmx‘ _ (‘)|ifl
dt u OQGJ 77 Tl

(6 — 0q(€))dX + (ov)(L, 1) — (ov)(0,1).

(47)

Then, for an isolated body problem, that is,
a boundary value problem for which

(av)(L,1) =0 and (ov)(0,1) = 0,

(43)

one derives, by using the consequence (18) of the
dissipation inequality, that

d&€,, ()
dt

<0. (49)

Therefore, for an isolated body problem, the
total energy of a rate-type bar is a nonincreasing
function of time. Moreover, by integrating (47)
with respect to the time ¢ and using the inequality
(31), one gets the following estimates for the
solutions of an isolated body problem (48) for
the rate-type system (43):

t L
Jjw—mmW“
0

0

<u

(50)

Consequently, when u — 0, we get an L*!
approach to the equilibrium set of the solutions of

the system with relaxation for an isolated body
problem. This result is valid irrespective of the
slope of the equilibrium curve o = o,,(¢), that is,
even when the semilinear hyperbolic system
“approximates” a mixed hyperbolic-elliptic
quasilinear system.

Let us note that for smooth initial data the rate-
type viscoelastic system admits smooth solutions,
while the nonlinear elastodynamic system may
develop discontinuous solutions (shock waves) in
finite time. In fact, the rate-type viscoelastic sys-
tem can smooth the shock waves caused by the
physically nonlinear elastic constitutive equation
0 = 0,4(¢). The problem of constructing weak
solutions of the equations of isothermal elasticity
as limits of the relaxation system when u — 0 has
been addressed in [14]. The convergence prob-
lem of viscosity approximations for conservation
laws is by no means trivial. It has been considered
in [14] where it has been discussed the uniform
stability and compactness for solutions of the
relaxation system (43) (when 4 = 1) in the zero-
relaxation limit. The convergence to the system
of isothermal elastodynamics has been
established by using compensated compactness.
The result is obtained only for the monotonous
case when % > 0, that is, only when one
approximates a hyperbolic quasilinear system
with the solutions of a hyperbolic semilinear
system.

Cross-References

» Heat Conduction and Viscosity as Structuring
Mechanisms for Shock Waves in
Thermoelastic Materials

» Pseudoelasticity and Shape Memory Effect —
A Maxwellian Rate-Type Approach

» Thermoelastic Bar Theory

References

1. Coleman BD (1964) Thermodynamics of materials
with memory. Arch Ration Mech Anal 17:1-46

2. Coleman BD, Gurtin ME (1967) Thermodynamics
with internal state variables. J Chem Phys 47:597-613

546
547
548
549
550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575

576

577
578
579
580
581
582

583

584
585
586
587



Comp. by: DMuthuKumar Stage: Proof Chapter No.: 890 Title Name: ETS
Date:4/1/13 Time:09:37:29 Page Number: 11

588
589
590
591
592
593
594
595
596
597
598

600
601
602
603
604

606
607

Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

11

. Cristescu N, Suliciu I (1982) Viscoplasticity.

Martinus Nijhoff, The Hague/Boston/London

. Faciu C, Mihailescu-Suliciu M (2002) On modelling

phase propagation in SMAs by a Maxwellian thermo-
viscoelastic approach. Int J Solids Struct
39:3811-3830

. Vainchtein A (2002) Thermodynamics of martensitic

phase transitions and hysteresis. Int J Solids Struct
39:3387-3408

. Liu TP (1987) Hyperbolic conservation laws with

relaxation. Comm Math Phys 108:153-175

. Leveque RJ (2002) Finite volume methods for hyper-

bolic problems.
Cambridge

Cambridge University Press,

. Chen GQ, Levermore CD, Liu TP (1994) Hyperbolic

conservation laws with stiff relaxation terms and
entropy. Comm Pure Appl Math 47:787-830

. Suliciu I (1984) Some energetic properties of smooth

solutions in rate-type viscoelasticity. Int J Non-linear
Mech 19:525-544

10.

12.

13.

14.

Faciu C, Mihailescu-Suliciu M (1987) The energy in
one-dimensional rate-type semilinear viscoelasticity.
Int J Solids Struct 23:1505-1520

. Faciu C, Suliciu I (1994) A Maxwellian model for

pseudoelastic  materials. Mater
31:1399-1404

Faciu C (1996) Initiation and growth of strain bands in
rate-type viscoelastic materials. Part I: discontinuous
strain solutions. Part II: the energetics of the banding
mechanism. Eur J Mech A/Solids 15:969-988,
15:989-1011

Faciu C, Molinari A (2006) On the longitudinal
impact of two phase transforming bars. Elastic versus
a rate-type approach. Part I: The elastic case. Part II:
The rate-type case. Int J Solids Struct 43:497-522,
43:523-550

Tzavaras AE (1999) Materials with internal variables
and relaxation to conservation laws. Arch Ration

Mech Anal 146:129-155

Scripta Metall

608
609
610
611
612

614
615
616
617
618
619
620
621
622
623
624
625
626



Comp. by: DMuthuKumar Stage: Proof Chapter No.: 890 Title Name: ETS
Date:4/1/13 Time:09:37:29 Page Number: 12

12 Maxwellian Rate-Type Thermo-viscoelastic Bar Theory

Maxwellian Rate-Type
Thermo-viscoelastic Bar
Theory: An Approach to
Non-monotone
Thermoelasticity,

Fig. 1 Instantaneous
process relative to an
equilibrium state and
behavior of relaxation
processes and pseudo-creep
processes near the
equilibrium isotherm

0 = Ge4(t, 00)
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