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ST'AI]I I , I ' IY OI'  INIII IVITIISIN{AL MOTIONS OI. '
I iATI i .TYPE S} iN{[ I , INEAIT VISCOFILASTI( ]  SOI, IDS.

A NON-ISOLr\TED I IODY PROBLIIN, I

( .R IS ' I ' IAN FA(J I I . '

We es tab l i sh  the  un iquc t tess  and  con t inuous  dependencc  in  t , o ta l  e r re rgy  upon

in i t i a l - s ta t ,e ,  s r tpp ly  te rm and  boundar l '  da la  o f  smoo th  so lu t i ons  o f  a  non- i so la ted

bodv problem rv i th prescr ibed boundary rnot ion for  thr :  3- l )  cast :  of  smal l  defor-

rnal ions in scrrr i l inear rat ,e- t ,ype v iscoelast ic i t l '  rv i th convex or  non-( ;onvex [ ret- .

enc rgv  f r ruc t i o l r .

I .  I N T R , O D U C T I O N

In the la^st  I 'ears  t l ie  energet i r :  i r rvest igat ion o f  ra t * type v iscor : las t ic  cor rs t i tu t ive

equat ions ha^s lead to  a  bet ter  de.scr ip t ior r  o f  phase t rans i t ion phenomena as wel l  as  o f

p last ic  f lo rv  loca l izat ion phenornt :na in  rneta l l ic  rnater ia ls  (see for  exarr rpk:  [4 ]  and th , '

r e fe re t t ces  t he rc i t r ) .  Th i s  ene rge t i c  s tud l 'was  i r r i t i a t e r r i  by  Su l i c i r r  i n  [ 7 ]  and  t : x t r , . r r d t : d

i r r  I i - : t ] .  [ f ; ]  an , l  [ 8 ]  Th t ' s t a r t i r r g  po in t  i r r  t i r ese  s tud ies  r vas  t he  ex i s t , cnce  o f ' a  I ' r e t :

c l le r rg) '  fu t tc t ion for  s t tc l r  cor rs t i t ,u t ive eqrr : r t ions.  rvh ic i t  is  a  rec l r r i renrent ,  o f  t l re  sccond

law  o f  t l r e rn rodyna r r r i c s .  N lo r t : ove r ,  n ' hcn  t he  f r ee  ( r l e rg ] '  f unc t i o r r  i s  non -n rga t i l . r :  t l r e

to ta l  e l le rg) '  t t ray  be used a.s  a  g lobal  rne iLsure i r r  es t i rnat ing the so lu t ions o f  cer ta i r r

i n i t i a l  anc l  bou t t da ry  va lue  p rob ien rs .  
' [ ' hus  

bounds  i n  ene rg ; ' o f  t ] r ese  soh r t i ons  as

rvc l l  as  the cont i r l l . rous dcpcndence o l t  lhc  input  c la ta  can bc der ivec l .

For  the 1- f )  case the s t ,ab i l i ty  in  to ta l  energy was cons idered in  [ i ]  when the

equi l ib r iurn  cr r rve is  nronotor re  an<.1 in  [2 ] ,  [8 ]  w] ren i t  is  non:monotone.

[ 'o r  the i ' l - [ )  case of  snra l l  defornrat ions in  ra te- type sern i l inear  v iscoelast ic i t l '

rv i th  smoot l t  nronotone equi l ib r iur l  hypersur fac.e  (convex f ree energy funct io l r ) .  Su l i -

c iu  f7 ]  l ras  < l iscussed l i  e  ,s tah i l i ty  i t t  lo ta l  €nergy and t l r r :  un iqr reness of  s rnoot l r  so lu t ior rs

t l ' l t t : t t  t l t t :  bor tndar l 'conr l i t ions cor rcs l iond to  an iso la t ,cc l  body ( i .c . ,  a  body rvh ich does

t to t  c 'x r : l tange et rcrgv rv i th  the ext t : r r ra l  rvor ld  Lhrough i ts  borrnr lar .v ) .  ln  t l re  preset r t

I * . \ : .  no t r l \ tA IN t i  N IA ' I 'H .  I ) t rRES A I 'F )1 , . ,  . 15  (296 .16 ;  , ' 2 . ' 2 .n  _25 t )



2.1) Clr ist iarr F' i .r ; i rr

\vork  wc extend thr :sc  resu l ts  for  a  non- tso la t . r 'd  h t , t l4  prob lem ut i lh  pr t , ,scr i l ted boundar .y

nto t ion when the equi l ib r iunt  l r ipersur facc ruav bc on l l '  cont i r ruous iu tc l  l ton-nror . ro tont :

( i .e . ,  r ron-convex f ree energy '  funct ion) .
' I 'he 

resu l ts  in  th is  pa l )er  are obta ined rv i th  rn in i rna l  res t r ic I ior ]s  or ]  the const i -

tu t ive funct ions s i t tce the f ree energy proper t ics  we use were estab l rshed in  [ l ] ]  r r r rc ler

ncccssary  and suf f ic ient  condi t ions.  Therefore thev r r ray apply  to  r la ter ia ls  for  which

t l te  s t ress-s t ra in  curve prescnt ,s  sof ten ing.  Concern ing the re laxa[ ion fuuct ion G(e ,  o) ,

a . s  i r i  [ 7 ] .  t ] t c  esse r r t i a l  ass r rn r l r t , i on  on  i t  i s  t he .  g l oba l  L i ps r l r i t z  con t i r r u i t - v  co r rd i t i o r r .

We  re r r r i l r d  t ha t  i n  i l ]  r ve  havc  s l t o r vn  t l r a t  a  sn - roo th  bounc l : r r \ . r l a ta  i n  ve loc i t y ,

V  =  V (x . l ) ,  x  €  I ,  I  )  ( ) ,  s ' he re  I  i s  t l r c  l ; odv  l r ounc la r l ' .  seen l s  t , o  h t  no t  su f f i c : i en t

t ,o  obta in  a  bounc ler l  to ta l  er lc rgy o f  t . l re  body ' .  \Ve have t l ie re . fbr r :  to  inrpose a<ld i t , io r ra l

r es t , r i c t i o l t s  on  t l t e  bounda r l ' t l a t , a ,  na r t r c l r ' .  V (  ,  i r )  has  t o  l r r : l ong  t o  t h t ' sobo le l ' s l ) ace

V- ] /z r I ) ,  f<r r  anv t i t t re  I  Z  0 .  N lorcover ,  in  l i ]  rve l rave g ivr : r r  r r r i r r in ra l  and exp l ic i r ,

cond i t i o t r s  on  t he  bou r r c l a r v ' da ta  t o  ob ta in  en r : r gc t i c  bou r r c l s  o f  t l r e  so l r r t i o r r s .  I I e re

we  p rove  t ha t  t hese  co r td i t i ons  onsu re  t he  s tab i l i t y  o f  t l r e  i n f i n i t es i r na l  n ro t i o t r s  t oo .

2.  STATEMENT OF THE PROBLEM

\ \ i :  cons ic ler  a  t roc i l ' rvh ich is  ic lcnt i f ie< l  w i th  a  bounr le t l  t lo r r ra i r r  D C R. : l  ant i  rv r :

d e n o t e  b y  I  -  0 D  i t s  b o u r r r l n l y ,  D  =  D I J I  a r r r l  1 =  [ 0 , 1 6 )  a  t i n r e  i n r < : r v a l .

i r i  th is  l )a l )c r  u 'e  cor ts ider  a  rc l r : -  Iype sent i l tnear  u is t t te lns l t t  n to lc t 'u r l  s r - rb . iec te t l

to  snra l l  s t ra ins ar rd  snra l l  ro ta l , io r rs .  l 'he svst r : rn  r : f  PDEcls .  c lescr ib i r rg  sr rc i r  a  nro l , io r . r

( l o )

( 1 b )

( 1 c )
drr

V , ; - *
0x

0v-  t '

p _ -  o lvcr
0 t

-  p t t ,  p# 
W 

= pbr ,  ,=  1 .2, : l

0o

0t

drr

0t

- r *  =  G ( e , a ) ;  
#  

- t , i u , *  -  G i t ( e  , o ) .  i .  j . [ ' , /  -  1 , 2 , 3

/ r ) u \
t l
\ i i x l

'l', 
,\- ')e, # =

i ) u ;  ( ) t r
, :  - L  t -  - ' ) . .r r r  

i l t , 1  
'  

i l t ' ;  
-  '  t ) i ,  j  =  1 . 2 , 3

r vhe re  v  -  v ( x , l )  i s  t l r e  pa r t i c l r :  r ' r , r l oc i t y ;  u  =  r r ( x , l )  i s  t hc  c l i s l r l a ( : ( ) l r r en t ,  vec t , o r ,

E  =  ( x , l )  i s  t hc r  i r r f n i t t ' s i n ra l  de fo rn ra t i o t r  t e r r so r ,  6  =  c ( x ,1 )  c l r - ' no tes  t he  C )auch l '

s t ress te l tsor ,  b  =  b(x ,  f  )  is  thr :  body '  forcr :  and p -  p(x)  is  t l re  rnAs.s  r l t :ns i t1 , ,  for
( x , l )  e D x l .

Th is  pa r t i a l  d i f f e ren t , i a l  cqua t i o r r s  sys le rn ,  con ta i r r i ng  t he  l r a l anc t ' l aw  o f  r r r o -

t t t e t l t , u t t t  ( l a )  t h e  c o t t s l i t u t i v c '  c q u a t i o n  ( t b )  a n d  t h e  k i n e n r : r t i c  r t : l a t i r . , u s  ( l c ) ,  r r r u s l

bc thor rg l t t  as  a  sr : t t t i l i t t t 'a r  s .vs tenr  in  t ,he rnrknorvns u,  v  ant l  a .



Stab i l i t v  o f  semi l i nea r  v i scoe las t i c  so l i ds J,t . l

\ \ 'e  cons i< l r : r  for  t l r is  svsten l  as  in i l ia l -bounc lary  va lue pro l r lern  the [o l lon ' ing

non - t so la te r l  body  p roh le rn  u , t l h  p resc r i bed  bounda ry  n to l i o r t ,  t . e . ,

( 2  )

( 3 )

u ( x . 0 )  =  u o ( x ) ,  v ( x , 0 )  =  v o ( x ) ,  o ( x , 0 )  =  a o ( x ) ,  f o r  x  €  / ) .

v ( x , 1 1  -  V ( x ,  t ) ,  f o r  ( x ,  t )  €  I  x  1 ,

wl ie re  t he  i npu t  da ta  (116 ,v0 ,d0 )  and  V  a re  p resc r i bed  f u r t c t i ons .

S ince  we  use  ene rge t i , '  p rope r t i es  o f  s rnoo th  so lu t i ons  o f  p rob len r  ( l ) - ( 3 r )  wc

requi re  that  the boundary  I  be sntooth and t l re  i r r i t ia l  c la ta  f i t  w i th  the borrnc lar l ,

data  such that  shock and acce lerat ior ]  \ \ 'aves are not  in t roduced in to  the body.  T i i r rs

w e  r e c l u i r e  a t  l e a s t  u o  €  C l 2 ( D )  n a r O ( r ) ,  v o  €  C t ( D ) n C 0 ( D ) ,  6 o  e  ( : 1 ( D ) n  ( ' 0 (  r l ) .

h  e  ( ; o 1 D  x  I ) ,  p e  C ' o ( D )  a n d

- o V
\ r  -  € f - , ( I x i ) .

ot

3 .  C O N S T I T U T I V E  A S S U M P T I O N S

( 4 )

In  thc  fo l lo rv i r rg  we dr : r ro tc  b1 ' f  t l re  set  o f  a l l  3  x  i - i  tensors ,  .S the sct  o f 'a l l . i  x  l j

s vn ru re t r i c  t e r r so rs  and  L in (S , 'S )  t he  se t  o f  a l l  l i nea r  n rap l r i ng  f ' r o t t t .S  t ( ,  S ' .  I i o r  A "

B g f .  A  B  - t r ( A B ' r ' ) .  i s t , h e s c a l a r  p r o t l u c t  i n C  o f  A a r r < l  B ,  l A l  = ( A  A ) t / ' , .

t l r r :  t r o r t r t  o f 'A  €  C  a t r c l  x . y  =  r , l / i ,  X ,  y  €  R . r J  t s  t l r e  - . ca l ; r r  p roduc l  i n  R ,3 .

ln  th is  papcr  lve cor rsrdr : r  rnat ,er ia ls  def ined by I 'a le- type ,senr i l tn ( :o t " t ' t .s (oe la : ; l t t

con , s !  t l u l i ue  equa l i ons  o f  t  he  f o rn t  (  l h )  w i t h  t he  p rope r t i t : s :

( h t )  S  €  L i n ( .S , .S ) ,  l l  =  co t t s t , . ,  t  -  t ' t ' .  t e  €  >  0  f o r  a r r y '  €  € .S ,  €  +  O

( [2)  Tf ie ' re  is  a  hvpr : rsur far ]  nR :D6 C 'S *  'S ,  on e L : ( ' ( 'De)  rvhere D6 is  a

s i r r r p l - v  connec ted  open  se t ,  s t t ch  t ha t  0  €De ,  on (O)  -  0  and

( 5 )

( 6 )

( o n G )  -  r r n ( E ) )  ( e  - E )  <  t ( e  -  E )  . ( e  - E ) ,  l o r  a n , v  e  , E  € D 6 , e  { E ,

on (e )  . de  i s  p i i t h  i nc l ependen t  f o r  auy  c r l r ve  C  C 'De

( t ' r )  G C  . S  x  . s  -  S ,  G  €  C r l P l ,  p =  { ( e , t ( e  * E )  +  o n ( E )  I  e , E  € ' D s }

G(e  .a )  =  0  i f  a r rd  o r r l . " -  i i '  6  =  o  p (e  ) ,  €  € 'D6  .

G(e ,  t : (e  - o n l E ) )  ( e  -  a )  <  0 ,  f o r  i u r y  €  , E  e  
' D 6

t,
, 6

E)  +

\ r l

( s )
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(ha )  The  l t vpe rs r i r f ace  o  -  oR(€ )  i s  s tah le  w i t h  respec t  t o  any  re l z r xa t i on  p rocoss

i r i  d ,  i . e . ,  l o r  a  so lu t i o r r  o f  t l r e  ( - ] auchy  p rob le rn  n ( l )  =  G(co ,d ( r ) ) ,  o (0 )=  oo  r vhc re
( E a , o o )  e 6 ,  w r :  h a v e  ( e 0 , a ( l ) )  e  f i ,  f o r  a n y  I  €  [ 0 , x , )  a n d , l j r J l " (  t )  -  o n ( e e ) l  =  0 .

These assuntJr t , io r rs  a l low us to  cons i t le r  a  very  large c ias i -o f  nror le ls ,  inc luc l ing

t l r t r se  r v i t l t  t r on - rnono to r r t :  and  on l y  co r r t i nuous  equ i l i h r i u r r r  hvpe rsu r faces  o  n \e ) ,  ( i . c , . .

u ' i t l t  t rc in-co l tvcx f ree energy funct ions) .  A det ,a i led d iscuss ion corrcern ing th t : i r  phy 's i -

ca l  tneat t i l rg  c ; ln  be founc l  in  [ : ] ] .  N lorcovr : r ,  hypotheses (h1)- (h+) ,  cnsr r r t :  the ex is t , r ,nc t :

ar td  u t t i< luer tess o f  a .  f ree.  €n.€. rgy func l ton for  our  n techanica l  rnodt ' l  ( i l r )  (ser :  [ : ] ] ) .  l 'h is
r r r e i r n s ,  [ ] r e r c  i s  a  f r r n c t i o n  q i ' -  r - ' ( e , o )  , 1 ,  . f r  *  R .  r t ,  e  ( ' 1 ( ' i ) .  s r r c l r  t l r a t  f o r  a 1 y . p a i r
( e ( t ) . o ( t ) )  e  p .  t  e  I ,  * ' h i c l i  s a t i s f i e s  E q .  ( l b ) ,  w e  h a v c  p + , ( € ( t ) , o ( r ) )  <  o ( t )  e ( t ) ,
f t > t ' e r t t y  t  g  I .  r \ c co rd ing  t o  [ : ] ] ,  t h i s  f uuc t i r : n  i s  t i r e  un i c l u r :  sc . r l r r t i o r r  o f ' t h r , :  f o l l ou , i r r g
ovc rde t t  l n r i r r ed  s . l ' s t t ' r r r  : r r r d  i n t , r l r r a l i t . t '

i 1 r )  
, f - r  tU  -  

Io ,  4y  c (  0 ,  fo r  any  (e  ,o )  ed ,  rv i rh  u , (0 ,0 )  -  r )

\ l o r t ' ove r .  i n  [ i ]  ( see  a l so  [ : ] ] ) t hc  f r ec  en r : r gv  i s  sho rv r r  t o  hav r :  l l r t - f o r r r r

( i ( ) )  t ) { ( e , o ) = r t - t o , o + p @ -  t e ) ,  p ( 0 )  = 0

a t r t l  t l r , '  l r r op r : r l i es  o f  t l r e  s r r roo t , h  f u r r c t i o r r  ; 2  a re  a l sc l  s t r r c l i ec l .

, { .  A CHANGE OF DEPENDENT VARIABLE

I t l  o rder  to  i r rvest igate  the norr - iso la tec l  bod,v  prob lern ( l ) - (3)  r lc  rnake t l re  fo l -
l , . in ' iug c l ra .nge of  dcpcrrdent  var ia t l l t :

( r i ) v ( x ,  l )  *  V ( x . l )  +  w ( x . l ) ,  ( x ,  t )  €  D  x  t ,

r v l t e re  l he  f r r nc t i o r r  V (x .  l ) has  a t  l t . as t  t he  p ro l r r - : r t . i r : s  t ha t  V  a r r c l  t )V  l i ) t  €  ( , ' t l  ( t ) x  t 7
a n t l  s : r t i s f i e s  r h o  b o u n t l a r l ' c o n c l i t i o u  ( 3 ) , i . t , . .  V ( x , l )  =  V ( x . l )  f i r r  a n 1 , ( x , 1 ) €  I  x
I .  I ' l o t r l < l ve r ,  s t t c l t  i t  l r r o l o t t ga t i o t r  o f  t l r r :  ho r rnc la r v  r l a ta  ( l ) )  s l r o i r l r l  l r gsssss  1 ' r t a i r r
co l t l i l l i t o l l s  depende r t c ( '  p ro l ) e r t  i es  r v i t h  r espec t  t o  t l r e  [ >o r l r r l a r v  r , ; r l u r : s .

' I ' h r r s  
r ve  r t : t l t t c t '  t l r t '  r n i t i n l - [ r o r rn t l a r v  va lue  p rob le rn  ( l ) - ( i ] )  t o

dw
I  n ,  -  r l i v a  -  1 t b ,( t I

(  1 2 )
do
:i;
0 l

i)r
-  t :  , . , ,  =  G (  E . o ) .

v  3 * f 4 ) '( J x  \ d x l

r/u
- -  = W - F
dt

= 2 e ,



Sta l ) i l i t v  o I  sen r i l i nea r  v i scoe l ; r s t i c  so l i ds

( 1 3 )  u ( x , 0 )  =  u o ( x ) ,  v ( x , 0 )  -  v 6 ( x )  -  V ( x , 0 ) ,  a ( x , 0 )  =  r z p ( x ) ,  f o r  x  €  1 ) ,

( 1 4 ) w ( x , l )  =  0 .  f o r  ( x , l ) €  I  x  . 1 ,

whi:re

( l i r )  t i ( x , r ) -  b ( x , r ) -  * Y t l r , 1 ) .  f o r  ( x , l )  €  D  x  l .
( t I

Suc l r  a  snrooth 1r rokr r rgat ion o f  t l rc  boundary  conr l i t io t t  was proposet l  in  [ l ]  as

t l re  so l r r t ion o f  the Di r ich le t  prob lern for  the l to lnogeneous Laplacc e t lLra t ion wi th

1 ; resc r i t r e< l  l i o r rnda r l ' r ' a l ucs  (3 )  c l epcnc l i ng  on  a  I ) a ra t l t e l e r  ( t i n re )  l  €  l .

The fo l lorv ing [ ,er r rnra charact r : r iz r :s  t ] re  r :on l , i t r r to t ts  c lepet tdet tce propcr t i t :s  o I  t  h is

I r a r m o n i c f u n c . t i o n V = V ( x , l ) , ( x , D e n x 1 r v i t h r c s p e c t t o a r t o L t t t o f t h e b c l t r n d a r y

da t , a  ( see  l b r  i ns ta r r ce  [ l - l ] ,  ( l ha l r .  5 ,  Sec t .  3 .5 ) .  I n  f acL  i t  r ec lu i r e r s  t ha t  t he  bounda r - v

r l a ta  V ( ' , 1 )  mr r s t  l >e long  t o  t he  So t i o l ev  spacc '  I ' \ ' r / 2 ( I )  f o r  a t t v  t i t t t c  t  €  l .

l , nv t l t r  I  ( ' l ' h t :  l i l o l onga t i o r r  o f ' t he  bo r rnc la r ; '  co t i t l i t i o r r ) .  r y  I  t . s  o f  C t  r l n , ss

o r td  Y (x , l ) .  ( x ,  l )  €  !  x  I  , sa l t . : t ' i r , ) -  . ' ( ) n  t l i t i o r t  \ ' I )  an r t

u ' ha rc  r r r  €  N  i . :  l he -  d t rn r . ns ton  o f  \ ,  l h rn

( t 7 )

for  nny t  Q [ ,  u ,he r t  Oy,  L i , ,  ( ls  are post t i te  con.s lan l ,s  u ,h tch drpend on r lornn in  on ly .

i r .  SOME ENER.GETIC  PR.OPERTIES  OF  SOLUTIONS

In  [ 7 ]  i t  i s  obse rve r l  t l r a t  l he  f r t : c  en r . r r g l ' f unc t i on  l , -  / ' ( e  , a )  ca t t  ] r e  used  t c r

r l e r i ve  a l t  ene rgv  i t l c r r t i t y '  r ' t ' r i f i e t l  l r 1  t h t . s rnoo th  so lu t i ons  o f  t , i r e  gov r : r t t i t t g  sys te t t t  o f '

I 'DF )qs .  Acco r i l i r r g  1o  I l ]  r vc  l l a i ' e  t l r t ' f o l l o r v i ng  res r r l t . s .
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t v
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l /  tV t . , r ) l ?da , |  +  ( r r { r (V (  r ) ) } ' / ' ,

{/ r"r,.

U,lft.
U,l#'*'"1'n,.)



2.r6

For atry snrooth solrr t ion of  (1)  on D x 1,  l ,hc energy i r lent i ty ' '

.  t )  r  / v . v  \ )  d l '
( 1 8 a )  

A t r (  ,  
* t ' ( e  , ) ) j  - d i v ( o v ) - , ' *  ' G - / ' l '  v '

ho lc ls ,  wh i le  fo r  anv  smooth  so lu t io r r  o i  (12)  on  D x  1 ,  thc  energ ] '  i< l t 'n t i l , - l ' i s

0  (  / w ' w  \ )  .  i i t '  ^  d V  .( l E b )  
t n \ t , (  ,  

* u ' ( e  
" ) ) j - < l i r ' ( o - w ) - p i ) o  

G - o  *  = / , b . w .

Def ine the total  energ] '  f , , ( l )  of  body /)  at  t i rne I  by

( r ea )  I ' , , ( t \  - =  Eu ( ' ( . , r ) , e (  ,  t ) , o ( , r ) )  =  
l r oO ,  {+  

+  q , ' ( 6  
" , } , x . r ) cJx ,

i . e . ,  t he  t o ta l  e t re rg , v  a t  t i t r t c  I  co r responc l i ng  t o  t l i c  so lu t i r . r r r  ( r r , o ,e ) ( x , l ) ,  ( x , 1 )  t

€  D  x  1  o f  p r o b l c r n  ( i ) - ( 3 )  A l s o  d e l i l e  h y

l * l '
2 -

( l 9 t r )  F l u , U )  :  E , u ( w ( . , 1 ) , e ( ,  l ) , o ( . ,  l ) )  = q " ( e . o )l "n . , {
rc  so lu t ion

)  
, * , r ) < t x ,

(x , t )  e ,  I )  x  It l i e  t o ta l  ene rgy  a t  l i r ne  I  c<> r resJ ro l t d i ng  t o  t i

o f  p r o h l e r n  ( 1 2 ) - ( 1 . 1 )

( w , a . e ) ( x , l ) .

By r rs ing Sc l t rvarz  inequal i tv  we der i ,u 'e  the fo l lo rv ing i r rc 'qua l i t ies  rvh ich connt :c t

t ,h t :  to ta l  energ ies L ' ,  ( t )  and 1 i , ,  ( l )

v/En< /E-(0 .  { l r1f  
) l l ' t * ,  r ) l2ax} ,  ror arr1, t  e r ,

( 2 0  )

, [ t r -O< /&( t  -  {  [  1-p i r r ,x , r ) l2crx]" ' ,  ror  a '3.  te r
l J n  2  )

Let us notc that the cncrgf i t lerrt i t ies (18) holds for any solut iorr of t l rr :  free errcrgl '
r :quat , ion (9)1 i .e . ,  lo r  ar t -v  f r r t rc t , ion hav ing the genera l  forn i  (10) .  

' l 'h r :  
f rce ( 'ncr l ] ] '

f unc t i o t r  has  t he  supp leu ren ta ry  l r r ope r t , v  t ha t  i t  sa t i s f i es  t hc  res id r ra l  i nec lua l i t y  ( 9 )3

u ' l t i c l t  ca t t  be  cxp lo i t ed  t , o  r l c r i ve :  n rean ing l l ;  enc r {a } '  r : s t i n ra tes  o f  t h t - so l r r t i o r r  ( s r : c  f o r

r : xan rp le  I l ] ) .

( J .  STABIL ITY  OF  S IV IOOTH SOLUTIONS

Ir t  rvhat  fo l lo r t 's  rve estab l is l r  t l re  cr>r r t inuorrs  r leJ lenc lence in  to ta l  cnerg) 'o f  s rnoot l r

so lu t i ons  o { ' a  non - i so la t cd  } ro r l 1 '  t r r r o } i l t : r n  w i t l r  p r csc r i l >ec l  bounc la r y  n ro t , i on  ( l ) - ( : l )

r v i l l r  r e s p t ' c t  t o  t h t '  i n i t i a l  d a t a  ( u 1 1 , v 6 , a 0 ) ( x ) ,  x  €  D ,  t h , . r  b o r r n < l a r r '  , l a t a  V ( x , / ) .
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( x , l )  €  I x  / a r r d  t h e  b o d y ' f b r r : c b  =  b ( x , l ) ,  ( x , t ) €  I )  x  / .  F o r s i r r r p l i c i t , r ' w c a s s u n r { '

here that  2s = .S.

P n o p o s t r l o N  l .  [ , r : t  t h r '  c o n s l t l u l t t , c  f u n t ' l t o r t  6  -  G ( e  , o )  t s  L i p s r h i t :  c o r t l i r t -

uous 0n D ant l  th t :  fo l lout r tg  condzt tons arc  ,su l ts f ied:

(a )  l i  c  bound r t r y  da la  \  i s  o f  ( . ' t  c l ass ;

( l r )  / l  e  i n i l t a l  da ta  ( ' 2 ) ,  t hc  body  f o r ce  b  a r rd  l he  n tass  d t t t s t l y  p  u r ' €  , such  t hn l

( 2 r )  E , , ( 0 )  =  
[ , . n { +  -  r , ' ( e o , ' , , ) } d x  <  n ,  

[ , (  [ ^ , , t ] r l ? , l x ) ' / ' , , 1 , ( , x ;. l  D  I  I  )  J r  \ J p  /

( c )  l l r t ,  b o u n d n r u  r t a l a Y  -  V ( * , 1 ) ,  ( x , l ) g  I  x  I  s a l i s f ; ( : i  ( ; o n d i t i o n  { 4 )  a n d  l h t

a d dtl to n al rr,sl r ' i  clt o tt s

f  (  f  -  , .  ) r / ' '  f  (  f  l d V .  l ' .  
' l  ' "

l \  / l V t * , / ) l ? r l a , f  . t r < * ' ;  / {  l t - - - ( x , / ) l  r l a , }  d r ( : c :
0 , \  

J r ( J r  )  h  [ J r l o r  |  )

[ t r v t ' . l ) ) t l 2 d t _ t { t 1 s c l a , ' r l a , , } ' , , . | / < > : .r r  
' " ' t  

J t l l t . l t  l Y - * 1 " ' * '
uhr : r 'e  n t  i .s  lh r .  d imcnston o/  I ;

( d )  t he rc  e r ' t s t s  E t  €  L i n ( .S ,5 - )  ,  t i  =  r ' o r t , s t . ,  t l i  =  t , 1 ' ,  i  =  l . ' 2

( 2 3 )  0  <  t l r  r t  r t  <  t ) q . q 1 t 2 r 1  . q ,  f o r  a n y  q  €  5 - , r 1  1 0 .

s t t r , h  l ha l  t h t  po (c r t l i a l  p t , 11 (e )  oJ  l h t ,  cqu i l i b r i t nn  hupe rs tL r f r t ce  c l t ( e )  =  1 i ) r i . ' 11 (e ) l t ) e

. sa / i . s f  cs  l h  e  t n  cqu  u  l t l  4

( ' 24 )  j t , r .e  (  p l / ' p (e  )  - - (  
) t t t  

e  fp r  a t t y  €  e  De .

' l ' hen  
l he , smoo lh  so lu l t on  o f  t he  p rob le rn  (1 )  -  ( 3 )  e . s  t t n i qu t  un r l  d rpend ,s  ( t ) n t i n r t o t r s l 4

tn  l h r .  t o l a l  r n ( rg l J  / ' . ' ,  ( l )  on  t h ( :  t npu t  da ta .

Prc to f .  Lc t  us  cons id t : r  twr :  sets  o f  input  data

( r r $ . v f r , 41 ( * t , x  €  1 ) ,  b f r ( x , l ) , ( x ,  t )  e  D  x  I .
( 2 5 )  

v ' ' ( * , r ) . ( * , r ) € r x 1 .  r - 1 . 2 ,
r vh i ch  ve r i f y  cond i t i ons  (b )  and  ( c ) .  We  supposc  t ha t  f o r  each  sc t  <> f  t hc  i np t t t  < i a l a

t l r t . r c  i s  a t  l e a s t  a  g l o b a l  s r r r o o t h  s o l u t , i o n  ( r r r , v i , n t ) ( x ,  l ) ,  ( x ,  t )  €  D  x  / .  f r  =  1 , 2  o { '

prob ler r r  (  1  ) - (3) .  \ \ ' t -  der to t t - r

( r r , v , c r , 6 ) ( x , 1 ) -  ( , r t  -  u ? . . r 1  - ' , r ? , o t  - o ) , € '  -  e 2 ) ( x , l ) ,  ( x , l )  €  D  x  l ,

(u6 ,vs , t r6 ,€0 ) (x )  =  ( , r | ,  -  u f r , v j  -  v f r ,  
" l -  "? , ,e j  

-  € f r ) ( x ) ,  x  €  1 ) ,
(26) _,  _. ,

V ( * , 1 )  =  ( V '  -  V - X x . 1 ) , ( x , t )  €  I  x  1 ,

b ( x ,  t )  -  ( b r  -  1 , 2 ) ( x ,  t ) ,  ( x , l )  e  D  x  I ,
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( 2 7 )  G * ( * , t ) =  G ( e  t ( * , t ) , o t ( * , t ) )  -  G ( e 2 ( x , t ) , o z ( x . t 1 ) ,  ( x , t )  e  D  x  I .

f l y  pe r fo r r r r i ng  t he  change  o f  de l renden t ,  va r i ab le  (11 )  r vh r : r r :  V  -  V (x , l )  i s  t hc

I t a rmon i c  f uuc t i on  r vh i ch  sa t i s f i es  t he  bounc la r y  cond i t , i on  (26 ) , r ,  we  ge t  t ha t  ( u ,w , r )

ve r i f i es  t he  i n i t i a l - boun t l a r y ' va l r r e  p rob lem ( t 2 ) - (14 )  r v i t l r  G  s r rbs t i t u tec l  bv  G"  an< l

6  r l e f i nc t l  by  (15 )+ (26 )0 .

L t ' t  us  in t ro t luc t '  t .he fur rc t ion

I ) R \

.l

,  r  ^ -  |  r *  |p t : ( o , e )  =  ; f  
- ' o . o +  

A - ( o  -  t e ) . ( o  -  t : e ) ,  ( o , e )  € T t ,
z

r r , l i t : r ' e . ^ { .  €  L i n ( S , . S ) , / *  =  ( / - ) ' ' , A . r t  . r l  >  0  i o r  a r r y  r 7 €  S .  t l + O .

I t  is  obv ious t l ta t  i ' *  =  t / ' * ( t .e  )  is  a  so lu t ion o f  thr :  f ree enr : rq .v- '  er l r ra t ion ( f ) )1

and  y /p ' , 1 ' - 1e  , o )  i s  cqu i vak : r r l  w i t h  an  [ ] r r c l i t l ea r r  no rn r  on  S  x .S .

Le t  t t s  t t o l , e  t ha t  f o r  t . l t e  s t ' t  o [ f i r nc t i ons 'w ,  o ,  e  dc f i ned  l . r 1 '  r e l a t i ons  (26 )  an r l  ( l l ) ,

t l t t : r t :  l t o l < l s  t l r e  e n e r g v  i d e n t i t l ' ( l 8 b )  r v i t h  G  s L r b s t i t u l t ' r l  l > v  G *  a r r r l  r , s r r l > s t i t r r t t : < l  b v

t r '

I l r t t ' g ra t i ng  t l r i i t  i c l e r r t i t r ' '  r v i t h  l espec t  t o  x  o r r  1 )  a r r r i  t ak i r r g  i r r t o  e r cco r rn t  t l r r :

b o r r r r c l a r " '  c o r r r l i t i o n  ( 1 4 )  r v t '  o l r t a i r r

( 2 e  )

tv l t t : ru  E; , , ( t )  is  def in t ' - ' c l  accorc l i r rg  to  ( l ! lb )  rv i th  u ,  subst i t r r tec l  by  r , t , * .

l n  t h i s . n t "  / f r O  i s  e c l u i v a l e r r t  t o  a  / - t - n o r m  f b r  t h e  f u n c t i o n s  ( * ( . , 1 ) , 6 ( . . 1 ) ,

6 ( - , t ) )  :  1 )  -  R , : l  X . S  x . S  d e p e n r i i n g  o n  a  p a r a n l e t e r  l .

I l s i r rH  I  l r , '  t t o rn t  t I f , t ' -  t t  - l  \ \ ' ( '  cAn  r ro r r '  r v r i l t '  t l r c  t , s t i u l a t r ' s

- 
. l  ,1,tr 

. w<lx * 
lr"

1,,' #.*. {[ l- 'o o,,*] ' ' '

<l I:.i, (t )
r l l

i / V  ,  [  0 t , -

r r * ' l *  
*  

. l  , , ' '  i ) o  
'  G ' ' l x '

( : J ( ) )

l |h t : rc  . '1 l1  anr- l  i12 aru t rvo 1 ;os i t iv r , 'constants  lvh ich corne or r t  f ror r r  t [c  eqr r iva lcnce oI
t r vo  I l r r c l i c i ea r l  t l o r t l t s  o t l  .S  x  .S .  Le t  r r s  no te  t ha t  r e l a t i o r r  ( 30 ) r  i s  j r r s t  t hc  [ , i psc l r i t z
' . - o r r c i i t i on  on  f r r nc t i o r r  G .

I l y  us i r r g  Schwarz  i neq r ra l i t v  a r rd  es t i n ra t cs  ( : 10 )  and  (17 ) ,  i r on r  Len r rna  I  r ve  Ae t

l c - ( * ,  r ) l  < ,11 ,  v r ; ' -  1e  n1 , , ,1 '#G,o ) j  a  .u ,  J  p r , ,  e  s )

[ [ r t j L
lJ n r ix
t l 2

< lt\/ I',:i,O *  ( : s l rF ( .  r ) ) ]

(:r) l ,,/# G*,rx. i.f ,,1,#l ' ,,,.) ' ' '  { l , ,LG.t,o*}"'.
i.)v ) r/':- - ( l x  )  <( tx  )

r /2  l .

I{ ,  
,  i  I , lv tx,  r )12(ra.  

}

( : f 2  )
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l ,rn wdx . {/, f  l , ,r,a*} '" { 1,,,^o,,,,*}" '  <
(')i/ 

<,1:"* Jni{EtJo{tt rbr,,r*}' '- * r, { l,l#,,..,,ix€ t )  
| .  

t

sa t i s f i c s  t l r e  d i f f e re r r t  i a l  i nc ' t l r r a l i t y

A -
+ '[tr;,o 5 ,tt /Ea4 + N(r )

, " , ) ' " )

rv l rere  Oy,  ( ,1" ,  C:3 are pos i t iv t 'cor rs tar r t ,s  lvh ich de1>end or r  dotna i r r  1)  c>n ly .
' Iherefore 

f, l i r( l )

( 3 4  )

l o r a r r v  I e  L  w h t : r e

, \ ' ( l )  -  rn i ix
x € I )

( : t 5 )

atrc l  ,11 -  . '1 l r  I t212.
' l ' h r rs

r Il -  r .

u s i n g  i n c - r p u ; r l i t i c s  ( 2 0 )  a n t l  c . s l i n r a t c s  ( 1 7 )

bou r r r l  i r r  t o ta l  c r re rg r  l ' . i  ( l )  co r respon ( l i ug

, ' )
I t i  v  l -
|  -  ( x ,  1 ) l
l o t  i

(v (  , r ) ) ) ' / '

f r o r r r  Lc rn r r r i i  l ,  r ve  ob ta iu  t he

t< - r  t he  so i r r t i ou  v .  e  .  o

.r". 
)" ') 

*
(  r  l l / :

I  I  l h l 2 c i x f  + r '
l . l p  )

\  t l ' t

lV(* ,  r ) l2c la ,  |  +
)

,V (  r  )  . :xp(-  i \ ' l  r ) r ) r )  exp( f / r  )

I I' 
l../,

* rc, /,) '

( 3 6  )

for anl '  1

llv
f  , r l lo rv  ing

( , ) ,  )

(  -  7 l

< { . . / r ; ( o ) +  I
L  J u

[ '  ]  r -  . 1 / 2
+  /  . t ' ( r ) , ' x 1 i (  - / I r ) , l r f  e x 1 r ( , 1 1 / ) + (  l  u r a x  f r ' ?  { / ,  l V t x . / ) 1 2 , 1 . , , " }  

' " ,  t €  [ .
J .  )  * e D  v

- l ' h , :  
i r r c<1ua i i t 1 ' ( : i 7 )  i n rp l i t ' s  t l r e  con t i r r uous  dependence  i n  t h t :  t o ta l  ene rgv  I f ; ( l ) o1 ' t he

o f  sn too t , h  so l t t t i o r r s  o { ' t l r e  i n i L i a l - bou r r c l a r v  va lue  p rob len r  u , i 1 ,h  l > resc r i be r l  l i ounda r l '

t uo t i o r t  ( 1 ) - (3 )  n ' i t h  r t ' s l r ec t  t o  t l r e  i np r r t  c l a ta  on  any  f i n i t e  t i n re  i r r t , t : r va l .  I t  a l so

i t t t p r l i c ' s  t he  u r r  t qu€ t t r : ss  o f  s rnoo th  so l r r t i ons  o f  l l r ob len r  ( l ) - ( 3 )

; \ cco r< i i ng  1o  I ) r opos i t i on  2  i n  [ 3 ] .  r e l a t i ons  (23 )+ (24 )  a re  r l c cessAr t , a r ] r l  su f f i c i e t r t

r : ond i l i ons  f o r  Lhe  t o ta l  c t r e rgy  l i ,  ( i ) o f  t l t e  i r oc l l ' 1 J  a t  t i r ne I  t o  l r r ' r : c l u i va len t  t o  t  j ( l )

i r r  thc  fo l lo rv ing sensc:  t l i c r t :  are  t rvo I ros i t ive  ( 'onstant ,s  a1,  { t2 ,  a1 K ez,  s r rc} r  that ,

a 1 E i , ( l )  <  8 , , ( l )  (  a 2 1 r i ( / ) ,  { b r  a n y  I  €  1 .  T h e r r ,  o b v i o r r s l y ' ,  t l r e  s n r o o l l r  s o l r i t i o r r  o f
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p rob le r -n  (1 ) - (3 )  i s  co t t t i t t t t ous i v  dc l r e rL r i t ' r r t  o r r  t l r e  i r r l r r r l  t l a t . a  r v i t , l r  r es l r r : c l  t o  t 5e  l o ta l
energy o f  the body.  

' I 'h is  
cornp le t t :s  the proof ' .
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