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Abstract—Existence and uniqueness of a free energy function is studied for rate-type semilinear
viscoelastic constitutive equations with monotone or non-monotone equilibrium surface, in the 3-D
case. The free energy may be consequently convex or non-convex; its existence is proved by effective
construction. Necessary and sufficient conditions on the constitutive functions are given such that the
free energy be non-negative and “equivalent” to a Euclidean norm.

1. INTRODUCTION

Rate-type viscoelastic and viscoplastic constitutive equation with a Maxwell’s type viscosity,
have been extensively investigated in several recent works (see for instance [1-5]). The starting
point in these studies was the existence of a free energy function for such constitutive
equations, which is a requirement of the second law of thermodynamics. Consequently, such a
requirement had to impose certain restrictions on the constitutive functions of the model (see
for instance [2, 6]). But free energy proved to be even more important. Indeed, when the free
energy function is non-negative, the total energy may be used as a measure in estimating the
solutions of certain initial and boundary value problems; a bound in energy of these solutions
may be easier to get as well as the continuous dependence on the input data. Moreover the
same energy allows to establish an L?-approach (p = 1) to equilibrium of the solution when the
Maxwell’s viscosity coefficient tends to infinity (see for instance [1,3, 8]). This last property
opened a way to obtain the solutions to elastic (and plastic) problems, which may not be always
hyperbolic, through the solutions to viscoelastic (and viscoplastic) problems, which are
hyperbolic. In the last years the energetic study of rate-type viscoelastic constitutive equations
seems to lead to a better description of the phase transition phenomenon by means of such
constitutive equations with a non-monotone equilibrium curve (see for instance [7, 8)).

An energetic investigation of such rate-type viscoelastic constitutive equations with non-
monotone equilibrium surface and consequently with non-convex free energy, is done in [5] for
the 1-D case only. In the present work we extend these results for the 3-D case with large
deformations. The viscoelastic constitutive equation is considered semilinear (i.e. with elastic
linear instantaneous response) and the equilibrium hypersurface is continuous and may be
non-monotone. The main result consists in establishing necessary and sufficient conditions
imposed upon the constitutive functions such that a unique free energy, compatible with the
second law of thermodynamics, exists; moreover, the existence proof is given by an effective
construction of the free energy function. We also establish necessary and sufficient conditions
for this free energy function to be non-negative and to be “equivalent” to (or to lie between)
two Euclidean norms. Another result concerns the change in free energy that results from a
charge in the equilibrium hypersurface. All the conditions (restrictions) we find are expressed
by means of the equilibrium hypersurface (the equilibrium constitutive equation) and the
dynamic elastic moduli and may be tested in applications; what is more important, none of
the restrictions imposes the equilibrium hypersurface to be monotone, while the relaxation
moduli may be only continuous and therefore the relaxation time may be finite as well as
infinite.

In another work the results of the present paper are used to study the solution of a
non-isolated body problem with prescribed boundary motion.
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2. NOTATION

$—the set of all 3 X 3 tensors;
F—the set of all symmetric 3 X 3 tensors;
Lin(¥, ¥)—the set of all linear mappings from Fto &
F—the deformation gradient, F e ¥, $edetF>0;
T—the Cauchy stress tensor, T € &;
p.—the actual mass density, p, > 0;
p—the mass density in the reference configuration, p >0, p, ¥ = p;
T—the second Piola—Kirchhoff stress tensor, T € &,
T=9F'TE)™Y
E—the strain tensor E € & given by
1
E=-(FF-1)
2
which is conjugated to T with respect to the stress power
1 ./ 1 .
==T- E(E— tr(TET)) )
p p

Both E and T are considered as functions of the time ¢, for each particle X of the body,
and the dot denotes the time derivative.

3. THE CONSTITUTIVE MODEL

Let us consider the rate-type semilinear viscoelastic constitutive equation
T=¢E+G(E,T) (1)
together with the following constitutive assumptions:
(i,) €eLin(¥, ¥), €=const., E-E>0 forany Ee ¥, E+0;
(i) (E,Tg(E)) is a hypersurface in XY, Tr:Dp—F, TreCAPDg), P a simply
connected open set in &, Tg(0) =0;
(3) G:DcFxF—>Y, Ge C°(@) where & is a domain with

% > G = {(E, €(E — E) + Tr(E)); E, E € g}

Dy = pre @ = {E € ¥; there exists Te ¥ with (E, T) € 2130 2
and
G(E, T)=0 iff T=Tg(E), E € Pg; 3)
(i,) The hypersurface T = Tg(E) is stable with respect to any relaxation process in &, i.e. the
solution of the Cauchy problem

T(1) = G(E,, T(t)), T(O0)=To, (Ey,To)eP (4)
has the properties: (Eo, T(t)) € 9 for any ¢ >0 and
lim {T(¢) — Tr(Eo)| =0. &)

t—>oo

The constitutive assumptions (i;)—(is) reflect some experimental remarks on the behaviour of
certain materials. Thus (i;) ensures an elastic linear instantaneous response and real
acceleration waves propagating over the undisturbed state (E =0, T =0). However, unlike the
1-D case, the hyperbolic character of the governing system of equations is not granted (see [9]
where the loss of hyperbolicity for a physically linear but geometrically non-linear constitutive
equation (1) is discussed). According to (i;) G vanishes only on a hypersurface (the equilibrium
region), the constitutive equation (1) is therefore viscoelastic; moreover, by (is), any relaxation
process starting at a state in & is required to remain in % and to end on the equilibrium
hypersurface T =Tg(E) after a finite or infinite time interval. Condition (2) requires & to
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contain any instantaneous process starting at a point on the equilibrium hypersurface. In the
1-D case (see [S]) & is shown to be the only proper domain for G in the sense that any process
starting in % always remain in 9 and @ is defined by % and Ty only. By (i;) rate-type
constitutive equations with a finite relaxation time are also included since G is a continuous
function (see for instance [4, Chap. V] and [8, 15]).

In this mechanical frame hypotheses (i;)—(is) are minimal from the mathematical point of
view.

4. EXISTENCE AND UNIQUENESS OF THE FREE ENERGY FUNCTION

The existence of a free energy function for a constitutive equation is a requirement of the
second law of thermodynamics. We therefore investigate in this section what additional
conditions are necessary (and eventually sufficient) to impose upon the constitutive functions
&, Tr and G such that (1) together with (i;)—(i,) posesses a free energy depending on stress and
strain.

We need first some additional notions.

A process in 9 is a pair (E(¢), T(t)), t € [0, t,) with the following properties: (1) E(¢) € 9 for
any t € [0, t,), E(t) € C'([0, t,)); (2) T(¢), t € [0, t,) is the solution of (1) for the given E(t), with
T(0) = Ty; (3) (E(¢), T(t)) € @ for any ¢ € [0, t,).

The constitutive equation (1) + (i;)—(is) is said to prossess a free energy function on 9,
compatible with the second law of thermodynamics if there exists a function y¥:%2— R,
v =y(E, T), y e C(D) such that for any process in &

T(t) - E(t) — p@(E(t), T())=0  for any t € [0, 1,). (6)

The constitutive equation (1) has a free energy function depending on stress and strain if and
only if there exists ¥ = Y(E, T): 2— Ry € C'(9D) that satisfies

3y dy 1
gt " T 7
2E ar p )
(which is an overdetermined system) and
oy
—GE,T)<0
X GET) ®)

for any (E, T) € & (see |3, 6]).
The answer on the existence of a free energy is then given by the following.

THeoreM (A) If the constitutive equation (1) + (i;)—(is) has a free energy function y = y(E, T)
on Z then

g=¢" Q)
(TR(E)—Tr(E))- (E-E)<$E-E)-(E-E) foranyE,E€c%;, E=#E (10)
j Tr(E) - dE is path independent for any curve € = 9 (11)
€
G(E, 8(E-E)+Tg(E))-(E-E)<0 for any E, E € 2. (12)

Moreover, this free energy is unique (up to a constant) on 9 < 9.
(B) If conditions (9)—(12) are satisfied then (1) + (i,)~(is) possesses a unique free energy
function (up to a constant) on &.

Proor. (A) Let (Eq, T,) € 4. The instantaneous response hypersurface T =T,(E; E,, T,) at
(Ey, Ty) is the solution of the problem

oT
g BET)=%  T(E;E.T)=T,
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1.e.
TI(E’ EO’ TO) = g(E - EO) + TO’ Ee @E (13)

The free energy y,(E) = y(E, (E - E,) + T,) along the instantaneous response hypersurface
will satisfy, according to (7),

3 1
51—}’{3—’=;[$(E—1~:0)+T(,], Ecd,. (14)
But the necessary and sufficient condition for (14) to have a solution is that €= €', i.e.
condition (9).
Now, the general solution of (7) is

py(E,T) =% € 'T-T+ ¢(T— €E) (15)

where @ is a C'-class real function of argument T — €E and it is defined on {T — €E; (E,T) ¢
@}. The free energy (15) satisfies

g—,;{}(E, T(E))=0 for any E € 9. (16)

Indeed, the free energy y(t) = w(E,, T(¢)) along the relaxation process starting at (E,, T,) € &,
is decreasing according to (8) and (5) to the value y(E,, Tr(E)), i.e.

Y(Eg, To) = Y(Eo, T(1)) = y(Ey, Tr(E)) for any =0, (17)
whence (16) follows. Therefore (16) and (17) lead to
@' (Tr(E) — $E)= —€ 'Tr(E), Ee %, (18)

where @’'(t) = dp(t)/t. Let us denote
H(E) =Tr(E) — €E for any E € 9. (19)

The mapping H is one-to-one on % as one can easily verify by using (18) and (19) and we
denote its inverse mapping by H: H(Zr)— ¥, H(H(E)) = E for any E € ;. Then (18) may be
written as

@'(tv)=—€'t—H(r), forany te H(%;). (20)

Since @ is smooth, H results a continuous mapping from (20) and H(Z;) an open set; thus & is
also an open set in ¥ X &%. Moreover (20) implies

dw(t)
ot

H(v) = for any Te H(Zy) (21)

where )
o(r) = ) € 'v-t—@(t)+const., teH(Iy)

which gives through (21), (20) and (15) the form of the free energy function on %
1 .
pw(E,T)=E-T—§%’E-E— @ (T — €E) + const., (E,T)e & (22)

We need to show that the mapping H given by (19) is dissipative i.e. relation (10). We prove
first the free energy function has a global minimum with respect to the stress, on the
equilibrium set, i.e.

Y(E, Tr(E))<y(E,T) forany(E,T)e%, T#Tg(E). (23)
According to (17) it remains to prove there is no t; >0 such that

Y(Ey, T(t)) = y(Ey, Tr(Ey)) and T(¢) # Tr(E,) for any ¢ >¢,. (24)
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Let us suppose such a ;>0 exists and let 7€ [t,, @) be fixed, with (E,, T(7)) € ¥; then
according to (17) and (24) we have

w(EO, T(E)) = W(Eo, T) fOI' any (E()a T) € @
that 1s

y B}

— (Ey, T(?)) = 0.

(o, T@®) =0 @2s)
Relations (25) and (7) lead to

oy _ -

—(E H))=T(

P (Eo, TM) =T()

and, on the other hand, we get from (22)

) g_lEP (Eo, T(?)) = T(T) — €E, + SH(T(T) — €E,) = To(E(7))

as (Ey, T(7)) € 9, so there exists E € 9, with T(f) — €E, = H(E(7)). Therefore T(f) = Tr(E(7))
and E(?) = E,. In conclusion, as T(7) = Tz(E,) there is no ¢, > 0 such that (24) holds.
Now directly from (23) and (22) we deduce
(H(E) - H(E)) - E < o(H(E)) - &(H(E)) < (H(E) - H(E)) - E (26)
for any E,E € &, E#E, that is H, is given by (19), is a strictly dissipative mapping
(H(E)-H(E))- (E-E)<0 foranyE,E€9,, E+#E,
and relation (10) follows.
Let us denote by yi(E)=y(E,Tr(E)), E€ %, the free energy along the equilibrium

hypersurface, i.e. the equilibrium free energy. Although T =Tg(E) is only continuous on D,
Y is of C'-class on P, and satisfies the classical thermostatic relation

E) 1
B 1y(B)  for any Ee 3. @)
JE p

Indeed, from (22) and (26) we can easily get

lim 1pYR(E) — pyr(Ey) — Tr(Eo) - (E — Eo)| _
|E—Eqg/—0 |E — Ey|

0

for any E,E e %z, E+#E,. Therefore, since T=Tx(E) is only continuous on the simply
connected open set 9, relation (11) is a necessary and sufficient condition for the system (27)
to have a solution.

Further, according to the definition (2) of %, for any (E, T) € 9 there exists E € @ such that
T — €E = H(E); consequently we have from (22) that

IY(E, T)
P st

and condition (12) follows since y has to satisfy inequality (8).

The free energy function has been found to have the form (22); if there is another free
energy y,(E.T) on & then, according to (15) we have (v = v)(E, T)=(¢ — ¢,)(T— €E).
But ¢'(t) = @;(v) = — € 't — H(x) which proves that y(E, T) given by (22) is unique, up to a
constant, on ¥ < 9. The proof of point A is complete.

(B) In order to prove the existence of a free energy  on 9 we construct a solution of the
system (7), we show it also satisfies the inequality (8) and finally prove it is unique up to a
constant.

We already know the general solution of (7) is given by (15); we look then for a function @
which satisfies (18), so we have to show first that (18) has a solution.

We start with the mapping H(E) defined by (19); condition (10) implies H is one-to-one and,
according to a domain invariance result (see [10, Chap. III]), H(%;) is an open set and H, the
inverse mapping of H, is continuous H(%;). Then the integrability conditions (11) and (9)

=E-H(T-%E)=E-E forany (E,T)e 9
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ensure the existence of a C'-class function w: P — R, which satisfies

Jw(E
% =H(E) on Y. (28)
Moreover (see [11]) since H is strictly dissipative, w is strictly concave on any open convex
subset of P, i.e.

w(AE, + (1= )E;) > Aw(E,) + (1 — D) w(E,)

for any E,, E; € 9, E; #E,, A€ (0, 1) with AE, + (1 — )E, € 9; consequently

H(E) - (E, — E;) < 0(E)) - 0(E;) <H(E;) - (E, ~ E,) (29)
on any open convex subset of 9. We now can define @ :H(%;)— R by
o(v)y=t-H(t)- o(H(t)) on H(2,). (30)

A similar procedure to that used at point A to prove wg is of C'-class and satisfies (27), leads
here to the conclusion that @ is of C'-class on H(%;) and satisfies

da(t)
ot
Relation (31) shows that equation (20) has the solution

=H(t) on H(%Z). (31)

1
o(t) = =5 € 't-t—a(r) forany te H(%;); (32)

we therefore constructed a free energy (15) on & with @ given by (32), which satisfies
oy/IT(E, Tr(E)) =0 for any E e 9.. According to (12) this free energy does also verify
inequality (8) since

—T (E, T)=& 'T+ @ (T-6E)=% (ZE+H(E)) - € 'T(E)=E-E

where E € @ such that T — €E = H(E).

It only remains to prove that this free energy Y(E, T) is unique on %, up to a constant. We
already know from point A that any free energy py/(E, T) = (1/2)& 'T- T+ @(T — &E) has to
satisfy 3y/3T (E, Tx(E)) =0 for any E € 9, therefore @ is a solution of equation (20) as well
as @ and @ — @ can only be a constant.

ReMARKs. The above result states that conditions (9)—(12) are necessary and sufficient for the
existence and uniqueness of the free energy on &; however, if ¥ o &, they are only necessary
and no more sufficient for the existence of the free energy on whole 9. It would be natural that
for any state (E, T) reached by a process which starts at the natural state (E=0,T=0)e &,
the free energy function be uniquely defined but, as we have seen, this happens only for the
states in 9. Therefore it would be desirable that hypotheses (i;)—(is) and conditions (9)-(12)
ensure the domain & an invariance property with respect to any process, i.e. any process which
starts at a state in & remains in 9. Such an invariance property of & was established in the 1-D
case (see [5]) and for some particular cases it also remains valid in the 3-D case (see [8, Section
1.4.2]) but we could not prove it in general. The mathematical argument that & seems to be
the only domain, in the 3-D case, where both existence and uniqueness of the free energy are
secured, is furnished by the following observation: the free energy ¥ may also be determined
as the solution of the Cauchy problem

oy oY _

3E + %
where yx(E) is the solution of another Cauchy problem: 3y, (E)/3E = (1/p)Tg(E), yz(0) = 0.
Since the characteristics of the system (33) are the instantaneous response hyperplanes (13),
the existence and uniqueness domain of the solution of (33) is just 9 when Tg(E) is smooth (see

;T, W(E, To(E) = yx(E)  on T, (33)
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[2, 6, 13, Chap. vn]) We can not use this result in our case where Tz(E) is only continuous but
simple examples, in the 1-D case, show that an extension of the free energy function from & to
% > 9 may sometimes be impossible (i.e. we lose existence) or non-unique.

An interesting remark is that the free energy function is determined by the equilibrium
surface T = Tx(E) and the elastic modulus & only and once they are fixed we have exactly one
free energy for the whole class of relaxation moduli G consistent with (12).

We also mention that a sufficient condition for the equilibrium hypersurface T = Tx(E) to be
stable with respect to any relaxation process is

G(E,T)- (T—Tr(E))>0 forany (E,T)e®, T#Tg(E). (34)

We end with some comments on the results obtained when Tx(E) is assumed of C'-class. In
this case, considered in [8], the stability of T =Tx(E) with respect to the relaxation processes
(i;) is not assumed and 9 is taken as a convex bounded domain; under the following
hypotheses

Mulk)_(TEN g,

JE oE
(which is equivalent to (11)) and

(FTelE)

3E —%)n-n<0 for any ne ¥, n+0

(which is equivalent to (10)), equation (7) is proved to have a unique solution which satisfies
(16). Another set of additional conditions on the form of G is proved to be sufficient for this
solution to satisfy (8) too (i.e. to be a free energy for equation (1)).

5. PROPERTIES OF THE FREE ENERGY FUNCTION

The free energy is important mainly because its existence is required by the second law of
thermodynamics. In the same time energy has already proved to be quite useful when used as a
“norm’’ for the estimation of the solutions of certain systems of partial differential equations
(for instance energy is frequently used in numerical methods for testing stability). We therefore
study in this section under what additional assumptions on the constitutive functions the free
energy 1y is non-negative and when it is “equivalent” to an Euclidean norm on ¥ x &. On the
other hand, certain thermal processes (such as annealing or quenching for instance) that leave
the Young’s modulus &€ unchanged, do change the equilibrium curve and consequently the free
energy. We also present in this section a result related to these kind of changes in energy (also
called the monotony property of the free energy with respect to the equilibrium hypersurface).

All these results are non-trivial extensions of some former ones obtained in the 1-D case (see
[5]); the hypotheses may be tested in applications since they involve only the dynamic elastic
moduli and the equilibrium hypersurface. The frame is sufficiently general to include
non-monotone equilibrium stress—strain relations which are proper to certain materials (as iron
for instance) as well as to some material bodies in phase transitions (see for instance [7]). In a
different work we use some of these results in order to establish energy estimates for the
solutions of certain initial and boundary value problems in 3-D rate-type semilinear
viscoelasticity.

From now on we consider only the free energy ¥ with y(0,0)=0, i.e. (0)=0

ProposiTION 1. The function ¢ is non-negative on H(Z,) if and only if
1
PYR(E)=3 & 'Tx(E) - To(E)  on Zg. (35)

When 9 = & condition (35) is equivalent to
Yr(E)=0 on Y. (35")
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Proor. We easily get from (32), (30), (28) and (27) that
1
P(H(E)) = — ™'To(E) - Ta(E) + pyr(E)  on @ (36)

and therefore (35) is obviously equivalent to @(v) =0 on H(%;). When 9, = ¥ we only have
to prove that condition (35') implies condition (35). Let E* € 9, be fixed and let us denote by
E the inelastic strain for instantaneous unloading attached to the state (E*, Tr(E*)), i.e.

E=E* - & 'Ty(E*) e 9,. (37)
For E(A) = (1 - A)E + AE* € @, A€ [0, 1] we have

pYR(E(L) = pyr(E) = f: Tr(E(s)) - (E* — E) ds
and, according to inequality (10) written for E = E(s) and E = E*, we get
PUR(E?) ~ pyrr(E) = f Lo(B(s)) - (E* ~ B) ds > To(E") - (E* ~ ) —% €E*—E)- (E* - ).
We therefore obtain, together with (35), that

_ 1
PYr(E*) = pyYr(E*) — pyr(E) >§ € 'TR(E*) - TR(E*)

that is condition (35).

Conditions (35) and (35') may be tested if we remember that p OYr(E)/OE = Tg(E) and
J« Tr(E) - dE is path independent on any curve € c @, (condition (11)).

The proof to Proposition 1 points out that the equivalence between (35) and (35') holds in a
wider frame, i.e. when % is a convex domain such that for any E* € & the inelastic strain
E(E*) defined by (37) also belongs to %.. Now, y is obviously non-negative if ¢ is, but the
converse is not always true. However we may state the following.

CoroLLARY. When P is convex and such that for any E* € @, the inelastic strain E(E*) € 9,
(in particular when @, = &), then

Y(E, T)=0 on & if and only if yYz(E)=0 on 9.

Indeed, let us suppose there is a Tt € H(2¢) with @(t) <0 while y =0 on 9. Let E* € 9, be
such that t=H(E*) and consider E(E*)=E*— &€ 'T(E*)e 2,. Then py(E,0) =
@(—€E) = @(t) <0 which is a contradiction.

Prorosition 2. The function ¢ has the property
drx-r=sprr)ssd,t-n on H(%;) (38)

where o; € Lin(¥, #), i =1, 2 are symmetric and positive definite, if and only if there exist
€ elLin(¥, ¥), i =1, 2, symmetric and positive definite, with

0<&m-N<=&Em-n<én-n on ¥ — {0} (39)
such that

SEE-E+3 (8- 8) (To(E) - B) - (Tu(E) ~ £E) = pya(E)

s% %E-E+ % (€~ %) (Tx(E)— &E) - (Tx(E) - &,E)  on . (40)

Moreover

1
A= 5 [(€-¢)'—¢1, i=1,2. (41)
When %, = ¥, condition (39) is equivalent to

1 1
SEE-E<pyp(B)<;&E-E  on 9. (40"




Energy in 3-D semilinear viscoelasticity 557

Proor. When (38) holds, a simple calculation starting from relation (36) leads to

P(H(E)) — s H(E) - H(E) = pe(E) ~ 36 - B

1
+§(3 — &) '(Tr(E) — §E) - (Tz(E) — §E) (42)
i=1,2, on @, where &, i =1, 2, denote the linear, symmetric and positive definite mappings

-1
& = (% €+ .91,») A8, i=12
Then (40) follows as well as (39).

Conversely, when (40) holds, we may define &;, i =1, 2, by relations (41) and prove they
are symmetric and positive definite. Then (38) follows from (42).

The equivalence of (40) and (40’) when % = ¥ follows the same technique already used in
the proof of Proposition 1.

CoroLLARY. Conditions (39) and (40) (or (39) and (40") when %, =) are necessary and
sufficient for the free energy v to satisfy

Y(E,T<yE,T)<y,(E,T) on (43)
where

1 1
PY(ET) = € 'T-T+ [(8-8)' =% |(T-8E)-(T-%¥E), i=12  on¥x

Now we can easily see that ¥,(E, T), i =1, 2 are the free energy functions corresponding to
the linear equilibrium hypersurfaces T% = €E, i =1, 2, respectively, and each Vpy,(E, T),
i =1, 2 is equivalent to the Euclidean norm on & X .

The “equivalence” of the free energy function to an Euclidean norm on & X ¥ was first
established in [3] but for rate-type semilinear viscoelastic constitutive equations with smooth
and monotone equilibrium hypersurfaces T = Tz(E) which satisfy

O<%ln-qs%®q-ns En n<én-n for any ne ¥ — {0} and any E € @
where €; € Lin(¥, &), §; symmetric, i =1, 2.

We end this section with the “monotony property” of the free energy function with respect

to the equilibrium hypersurface.

ProprosITION 3. Let Tg;: D, = ¥— & and G,:9,— ¥, i=1,2 (where % corresponds to %,
i=1,2), with @z, N Dg, convex, be two relaxation moduli and two equilibrum curves such that
each triplet (&, Tx;, G;), i =1, 2 satisfies the hypotheses (i;)-(is) and the conditions (9)-(12).
Then

Y (E, T) = y,(E, T) on 4, N %, (44)
if and only if
Yri(E) = wgo(E) on P N Dp,, (45)

where 1, is the free energy function on 9; and g, is the equilibrium free energy corresponding
to (&, Tx,), i =1, 2, respectively.

Proor. Let us denote by & = Py N Dy, and let e H(Z;) N H,(Z5), with H;(E) = Tx(E) -
€E, i =1, 2. Then t=H,(E,) = Hy(E,) and from (36) we have

1
@1(t) — (1) = pYri(E;) — pYroAE;) 3 E(E, —E;) (E —E;) —Tro(E>) - (E, - E))

1 ) .
= prl(El) - PU’Rz(Ez) +§ 8(E1 - Ez) : (El - Ez) - TRI(El) N (El - Ez) (46)
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For E(1) = AE, + (1 — A)E,, A €[0, 1] we have

A
PYR(E(R)) = pipes(Ey) = f To(E()) - (B —Eyds, i=1,2
so (46) may be written

@1(T) — @a(7)

= pYri(E) — pYrao(Eg) + L [TR2(E(S)) — Tro(E2) — g(E(S) —E)]-(E, - E,)ds

1

= PVei(ED) — pYa(Ea) + [ [Taa(B)) ~ Tor(E) — BEG) Bl - (B, ~Ends  (47)

0

but, according to condition (10), the first integral in (47) is negative and the second one is
positive, therefore

PYrI(E2) = pYra(E2) < @1(7) — ¢2(T) < pyri(E) — pYra(E,)

and the assertion of Proposition 3 follows.

Such a “monotony property” of the free energy function has been established in [12] for
smooth and monotone equilibrium hypersurfaces T = Tx,(E), i = 1, 2 that satisfy the following
condition

JOT(B) | OTu(E)
JE JE

0 n-<éy-q for any ne ¥ — {0} and any E € 9.

One can show that these inequalities imply the following ones

1
0<pyro(E) < pyr,(E) Si ¢E-E on Dp NP, (=9s).

6. CONCLUDING REMARKS

A rate-type semilinear viscoelastic constitutive equation (1) + (i,)-(i,) possesses a unique
energy function (up to a constant) only if conditions (9)—(12) are satisfied. Several examples in
the 1-D case as well as similar results obtained under more restrictive hypotheses seem to point
out that these conditions are also sufficient not only necessary even if we could not prove it yet.
Several important properties of the free energy function, such as non-negativeness and
“equivalence” to the Euclidean norm in & X &, are studied under an almost minimal set of
additional conditions. All these conditions, which refer to the equilibrium free energy function
Yr(E), are in fact restrictions imposed on the equilibrium hypersurface of the viscoelastic
model and may be tested. Since the equilibrium free energy is a potential for the equilibrium
hypersurface, it has a simple interpretation in the 1-D case, as the area defined by the
equilibrium curve (see [5]). What is more important, the frame imposed by the above
conditions remains large enough to consider a wide class of continuous and even non-monotone
equilibrium hypersurfaces, when the free energy function may consequently be non-convex,
and only continuous relaxation moduli which allow both infinite and finite relaxation time. We
therefore expect, as in the 1-D case (see [7, 14]) that the rate-type semilinear viscoelastic model
may lead to a better description of phase transitions in 3-D bodies.
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