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This thesis is devoted to the study of global and local properties for Markov processes
and their semigroups and resolvents, by using analytic and probabilistic potential the-
oretical tools: recurrence, transience, irreducibility, and ergodicity in LP-spaces, ex-
istence of the invariant measures, quasimartingale and semimartingale functionals on
Markov spaces. The framework is general enough to permit applications to infinite
dimensional analysis via Dirichlet forms, to SPDEs on Hilbert spaces, or to measure-
valued processes.

Besides some preliminaries collected in the first chapter, we distinguish four different
central topics (briefly presented below) treated separately in four chapters.

In the first part we analyze the transience, recurrence, and irreducibility properties
of general sub-Markovian resolvents of kernels and their duals, with respect to a fixed
sub-invariant measure m. We give a unifying characterization of the invariant functions,
revealing the fact that an LP-integrable function is harmonic if and only if it is harmonic
with respect to the weak dual resolvent. Our approach is based on potential theoretical
techniques for resolvents in weak duality. We prove the equivalence between the m-
irreducible recurrence of the resolvent and the extremality of m in the set of all invariant
measures, and we apply this result to the extremality of Gibbs states. We also show
that our results can be applied to non-symmetric Dirichlet forms, in general and in
concrete situations. A second application is the extension of the so called Fukushima
ergodic theorem for symmetric Dirichlet forms to the case of sub-Markovian resolvents
of kernels.

Second, we give a new, two-step approach to prove existence of finite invariant
measures for a given Markovian semigroup. First, we identify a convenient auxiliary
measure and then we prove conditions equivalent to the existence of an invariant finite
measure which is absolutely continuous with respect to it. As applications, we give
a very short proof for the result of Lasota and Szarek on invariant measures and we
obtain a unifying generalization of different versions for Harris” ergodic theorem which
provides an answer to an open question of Tweedie. We show that for a nonlinear
SPDE on a Gelfand triple, the strict coercivity condition is sufficient to guarantee the
existence of a unique invariant probability measure for the associated semigroup, once
it satisfies a Harnack type inequality. A corollary of the main result shows that any
uniformly bounded semigroup on LP possesses an invariant measure and we give some
applications to sectorial perturbations of Dirichlet forms.

In the third part, for a fixed right process X we investigate those functions u for
which u(X) is a quasimartingale. The study relies on an analytic reformulation of the
quasimartingale property for «(X) in terms of a certain variation of u with respect to
the transition function of the process. We prove that u(X) is a quasimartingale if and
only if u is the difference of two finite excessive functions. In particular, we show that
the quasimartingale nature of u is preserved under killing, time change, or Bochner sub-
ordination. We provide sufficient conditions under which u(X) is a quasimartingale,
and finally, we extend to the case of semi-Dirichlet forms a semimartingale characteri-
zation of such functionals for symmetric Markov processes, due to Fukushima.



Eventually, by a direct approach based on Lusin’s theorem, we prove the Bochner-
Kolmogorov theorem on the existence of the limit of projective systems of second
countable Hausdorff (non-metrizable) spaces with tight probabilities, such that the
projection mappings are merely measurable functions. The motivation of revisiting
this classical result comes from an application to the construction of the continuous
time fragmentation processes and related branching processes.

The thesis consists mainly from the papers [BeCiR6 15, [BeCiR6 15a], [BeCi 16],
and [BeCi 14].

In the sequel, we briefly detail the structure and main results of this work and we
mention that chapters 2-5 correspond to the four main topics mentioned above.

In Chapter 1, Preliminaries, for the reader’s convenience but also to fix the nota-
tions, we recall some more or less classical definitions and results which are intensively
used throughout the forthcoming chapters: resolvent of kernels, excessive functions,
duality, Markov processes and related potential theory, elements of Dirichlet forms.
Here, in order to highlight several standard tools or techniques which have been em-
ployed in proving most of the main results of the present work, we tried to indicate at
least the section where those specific results were involved.

The purpose of the second chapter, entitled Ergodic properties for resolvents and
applications, is twofold: first, to clarify the connection between different definitions for
transience, recurrence, and irreducibility, and unify various characterizations of these
notions. Second, we want to analyze whether transience, recurrence, and irreducibility
are stable when passing to the dual structure, i.e. the dual Markov process or the dual
resolvent, respectively, with the underlying measure being a sub-invariant measure for
the initial resolvent. On the way, we also obtain a number of new results on the subject,
based on potential theoretical techniques.

Motivated by relevant examples arising mainly in infinite dimensional settings, we
present here an approach to this subject in an LP-context, for sub-Markovian resolvents.
It turns out to be a unifying method, in particular, revealing applications to invariant
and Gibbs measures.

Questions on recurrence, transience and irreducibility of Markov processes were
treated in various frames and with specific tools, both from probabilistic and analytic
view point: see [ChenFu 11], [Get 80], [Oshi 92|, [Sturm 94], [Fu 07], [FuOsTa 11], and
[MaUeWa 12| for continuous time processes, as well as [MeTw 93] and [Norr 97] for
Markov chains, and the references therein.

The structure and main results of Chapter 2 are as follows.

In the first part of Section 2.2 we study different characterizations of transience,
recurrence, and irreducibility of a sub-Markovian resolvent of kernels &/ on a Lusin
measurable space E with respect to a o-finite sub-invariant measure m. We empha-
size that we do not assume any continuity of the resolvent and our proofs rely on the
weak duality for the resolvent U, and corresponding potential theoretical techniques,
which is in contrast to the ones in [Fu 07] and [FuOsTa 11], where main ingredients
are Hopf’s maximal inequality and the continuity of the transition function. When U



is the resolvent of a right process, we show that m-transience and m-irreducible recur-
rence are respectively equivalent with the transience and recurrence of the process in
the stronger sense of [Get 80], outside some m-inessential set. This probabilistic coun-
terpart was studied in [FuOsTa 11] for m-symmetric Hunt processes. Then, we give
a characterization for invariant functions in LP(E,m), 1 < p < oo, unifying the ap-
proaches from stochastic processes, Dirichlet forms, positivity preserving semigroups,
and ergodic theory. Our results also cover and extend the ones in [Schi 04], and we
shall use them in Sections 2.3 and 2.4 to prove the equivalence of irreducibility and
extremality of invariant measures, resp. extremality of Gibbs states. A second conse-
quence of states that an element u from the kernel of the generator of an LP-strongly
continuous sub-Markovian resolvent of contractive operators also belongs to the kernel
of the co-generator on L? induced by weak duality.

In Section 2.3 we apply the results of the previous one to prove the equivalence of ir-
reducible recurrence and ergodicity of a sub-Markovian resolvent of kernels with respect
to a sub-invariant o-finite measure, extending the so called Fukushima ergodic theorem
for a (quasi)regular Dirichlet form; see [FuOsTa 11}, Theorem 4.7.3 and [AIKoR6 97al,
Theorem 4.6. The key ingredient states the strong convergence of an LP-uniformly
bounded resolvent family of continuous operators (alU,)a~0 to the projection on the
kernel of Z — fUg, as a tends to 0, for one (hence for all) g > 0.

The central result of Section 2.4 states that the sub-Markovian resolvent of kernels
U is m-recurrent and m-irreducible if and only if the measure m is extremal in the set
of all invariant probability measures for ¢4. This extends results from [AIKoR6 97al,
[AIKoR6 97b], and [DaZa 96], Section 3.1, concerning the ergodicity and extremality
of invariant measures.

In Section 2.5 we apply the obtained results on transience, recurrence, irreducibil-
ity, and extremality of invariant measures to the context of (non-symmetric) Dirichlet
forms. We show that under the strong sector condition, the recurrence of a Dirichlet
form is determined by its symmetric part. As applications, we extend to the non-
symmetric case two well known recurrence criteria developed for symmetric forms, one
in terms of a sequence of elements from the domain of the form which is increasing to 1
and converging in energy to 0 (as in [Oshi 92] and [FuOsTa 11]), and the other one in
terms of the volume growth of balls (cf. [Sturm 94]). A similar generalization is done
for transience. We also give a characterization for the irreducibility of a Dirichlet form.
It improves the one in [AIKoR& 97a], Proposition 2.3, where the forms are symmetric,
recurrent, and given by a square field operator. We would like to point out another
consequence, namely that both the recurrence and the irreducibility of a strongly sec-
torial (non-symmetric) Dirichlet form is equivalent to the respective property of its
symmetric part. We illustrate this by a concrete example in infinite dimensions.

The main results of this last section are given in a subsection on the extremality of
Gibbs states. Recall that in [AIKoR6 97a] the authors extend classical results of Holley
and Stroock for the Ising model, proving that a Gibbs state is extremal if and only
if the corresponding Dirichlet form is irreducible (or equivalently ergodic), for classes



of lattice models with non-compact, but linear spin space. In particular, numerous
examples of irreducible Dirichlet forms on infinite dimensional state space are obtained.
For applications to more general models see [AIKoR& 97b]. The purpose is to recapture
two of the main results in [AIKoR06 97a] as particular cases of our results and thus to
place the problem in a broader context. The key point is a result which states that the
space of Gibbs measures which are absolutely continuous with respect to a fixed Gibbs
measure m coincide with the space of all U-invariant probability measures which are
absolutely continuous with respect to m; here, U is the resolvent of the Dirichlet form.
The main result here is on the equivalence between the extremality of Gibbs states and
irreducibility of the corresponding Dirichlet form.

In Chapter 3, entitled The existence of invariant measures for Markovian semi-
groups, we focus on invariant measures which are key objects in ergodic theory. More
precisely, we deal with the question of existence of finite invariant measures for Marko-
vian semigroups. This problem has been studied by many authors over the last decades,
from various points of view; see e.g. the monographs [MeTw 93], [DaZa 96|, and the
references therein.

If the underlying space F is a Polish space, the semigroup is given by the transition
probabilities of a Markov process and is Feller (i.e., it maps the space of bounded con-
tinuous real-valued functions on F into itself), then one can obtain the existence of an
invariant measure by applying the result of [LaSz 06], provided that there is a compact
subset of F which is infinitely often visited by the process. Although these hypotheses
are verified in many examples, sometimes they are quite difficult or even impossible
to check, especially if the state space is of infinite dimensions. Another technique
to obtain invariant measures is to make use of Harris’ theorem and its refined ver-
sions, cf. e.g. [MeTw 93], [MeTw 93b], [MeTw 93c|, [MeTw 93d], [DoFoGu 09], and
[Hai 10]. In contrast to the previously mentioned, these results involve non-topological
assumptions such as the existence of small sets (in the sense which will be made pre-
cise in Subsection 3.2.2) that are infinitely often visited. This kind of test sets are
encountered, provided the associated process is irreducible; see [MeTw 93], Theorem
5.2.2. Invariant measures have also been investigated from an analytic perspective, as
in [BoR6Zh 00] and [Hino 00], by working with strongly continuous Markovian semi-
groups on LP, 1 < p < oo. Examples of this situation arise by considering sectorial
perturbations of Dirichlet forms satisfying some functional inequalities (see Subsection
3.2.4 below).

The main purpose of Chapter 3 is to give a new approach to the existence of invari-
ant measures for Markovian semigroups, consisting of two steps. First, we construct a
convenient auziliary measure m and then we give conditions on the pair (P, m) which
characterize the existence of a non-zero integrable co-excessive function for (P;);>o,
regarded as a semigroup on L>(m), which is equivalent to the existence of an invariant
measure for (P;);>o, which is absolutely continuous with respect to m. Therefore, we
call the procedure proposed above the two-step approach; see Subsection 3.1.2. We
point out that our main results are entirely measure theoretic and also do not involve



irreducibility properties of the semigroup.

Several applications are considered: In Subsection 3.2.1, although not in its full
generality, we give a very short proof of the well known result of Lasota and Szarek
[LaSz 06]. Here, the two-step approach gives an additional benefit because it particu-
larly entails the absolute continuity of the obtained invariant measure with respect to
the fixed auxiliary measure.

In Subsection 3.2.2 we unify various versions of Harris’ theorem to a much more
general one, which contains all of these as special cases. As a byproduct we give an
answer to an open question mentioned by Tweedie [Tw 01].

In Subsection 3.3.3 we show that for a nonlinear SPDEs on a Gelfand triple V' C
H C V*, under a Wang’s Harnack type inequality, the strict coercivity condition with
respect to the H-norm is sufficient to guarantee the existence of a unique invariant
probability measure for the solution. This result improves the ones from [Liu 09] and
[Wa 13] where the embedding V' C H must be compact and the strict coercivity is
considered with respect to the stronger V-norm. We also consider a perturbation of a
Markov kernel satisfying a combined Harnack-Lyapunov condition, for which the result
of Tweedie can not be used, but for which our two-step approach works easily. We also
discuss the applicability of Harris” result for this kind of perturbation. The last part
of this subsection was written taking into account a kind remark of Martin Hairer.

In Subsection 3.4 we study the case of uniformly bounded Cy-semigroups on LP,
p > 1. Implementing our two-step approach we obtain new applications for semi-
groups coming from small perturbations of Dirichlet forms, generalizing [BoR6Zh 00]
and [Hino 98].

In Chapter 4, entitled Semimartingale functionals associated to Markov processes,
we turn our attention to another central topic, and to do this let us consider a (right)
Markov process X = (Q,F, F;, Xy, P*) with state space E. In the celebrated paper
[CiJaPrSh 80], the authors prove that a real-valued function u on E has the property
that u(X) is a semimartingale for each P* if and only if there exists a sequence of finely
open sets (E),),>1 such that | J,, £, = E, the exit times T,, of E,, tend to infinity a.s., and
u 1s the difference of two 1-excessive functions on each E,. This characterization was
later approached by Fukushima in [Fu 99] from a Dirichlet forms theory perspective.
More precisely, he showed that if X is associated with a symmetric Dirichlet form
(€,F) and u € F, then u(X) is a semimartingale if and only if there exist a nest
(Fy)n>1 and constants (c¢,),>1 such that for each n > 1

1€ (u,v)| < cpllv]|oo for all v € Fy p,. (1)

The idea of Fukushima in order to prove the sufficiency of inequality (1) was to assume
first that £ is a regular Dirichlet form so that, by Riesz representation, one has £(u,v) =
v(v) for some Radon measure v on E. The next step was to show that v is a smooth
measure, which means that the CAF from Fukushima decomposition is of bounded
variation, hence u(X) is a semimartingale. The extension to quasi-regular symmetric
Dirichlet forms was achieved via the so called ”transfer method”. This result was then



used by the author in order to develop a deep stochastic counterpart of BV functions
in both finite and infinite dimensions; beside the above mentioned paper, we refer the
reader also to [Fu 00] and the references therein. As a matter of fact, the approach
using Dirichlet forms dates back to the work of Bass and Hsu in [BaHs 90] where they
showed that the reflected Brownian motion in a Lipschitz domain is a semimartingale,
result which was later extended to (strong) Caccioppoli sets in [ChFiWi 93], where the
authors investigate the quasimartingale structure of the process. It is worth to mention
that in [ChFiWi 93] the authors consider quasimartingales only on finite intervals and
not on the entire positive semi-axis, as we do. Although it might seem a small difference,
it is in fact the key point which makes our hole study achievable and, to the best of
our knowledge, new.

The aim of Chapter 4 is twofold: first, we investigate those real-valued functions
u on E for which u(X) is a quasimartingale, and second, by means of semi-Dirichlet
forms, we study those functions u for which u(X) is a semimartingale by looking at
their local quasimartingale structure. We briefly present below the structure and the
main results of this chapter:

In Section 4.1 we show that the quasimartingale property of (X)) may be reformu-
lated in terms of the variation

V(’LL) = Sup{z Ptifl ”LL o Pti_tiflu’ + Ptn‘u’}
Toi=1

of u w.r.t. the semigroup (P;);> of the process, which allows us to perform the study
from a purely analytic point of view. The central results are mainly saying that
{r € E : wu(X) is a quasimartingale w.r.t. P*} = {V(u) < oo}, and that u(X) is
a quasimartingale (which by convention means for all P*, x € F) if and only if u may
be decomposed as the difference of two finite excessive functions. In particular, if the
process is irreducible and (e”*u(X})):>o is a P*-quasimartingale for one zo € E, then
it is a P?-quasimartingale for all z € E. A Riesz type decomposition and some remarks
on the space of differences of excessive functions are discussed in the end of the section.

In Section 4.2 we show that the quasimartingale property of functions is preserved
under killing, time change, and Bochner subordination. In addition, we show that
for a multiplicative functional M with permanent points Fps, (e"*Mu(Xy)); is a
quasimartingale if and only if (e=*'u|g,, (X™)); is a quasimartingale, where XM stands
for the killed process by M. We also show that if (e”**u(X;)); is a quasimartingale,
then so is the process (e~ “™u(Y}));, where 7 is the inverse of an additive functional of
X and Y denotes the corresponding time change process.

In Section 4.3 we provide tractable conditions for u such that (e *u(X3)), is a
quasimartingale. We distinguish two ways of considering such conditions, which we
treat separately: the first one involves the resolvent U = (U, ),, of the process, while the
second approach is performed in an LP(u)-context, where p is a o-finite sub-invariant
measure. On brief, the point is that estimates of the type U,(|Pu — u|) < t in the
case of the first approach, and of the type u(|Pu — ulf) < t||f]leo in the LP-context,
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are sufficient to guarantee quasimartingale properties for u(X). We also present a
condition in terms of the dual generator on LP-spaces.

In Section 4.4 we look at quasimartingale and semimartingale functionals from the
Dirichlet form theory point of view. More precisely, if (£, F) is a (non-symmetric)
Dirichlet form, then for an element v € F, an inequality of the type

|E(u,v)| < c||v||e forallve F, (2)

ensures that (e"*u(X;)), is a quasimartingale. As a matter of fact, we show that
this is true under a more general situation, when ||v||s in (2) is replaced by ||v]|o +
|v]|z2(4)- Then we extend the previously mentioned semimartingale characterization
due to Fukushima, to non-symmetric Dirichlet forms. Furthermore, we consider the
situation when w is not necessarily in F (e.g. u € Fio), under the additional hypothesis
that the form has the local property. At this point we would like to emphasize that in
contrast with previous work, in order to prove the sufficiency of conditions (1) or (2)
we do not use Fukushima decomposition or Revuz correspondence. Instead, we employ
heavily the results of the previous sections, and as a matter of fact, this approach
enables us to extend our results to semi-Dirichlet forms without further conditions.
The section ends with a few remarks concerning situations when it is sufficient to
check inequalities (1) or (2) for v belonging to a proper subspace of F, like cores or
special standard cores.

The last part of the thesis (Chapter 5, entitled Bochner-Kolmogorov Theorem)
is devoted to the classical Bochner-Kolmogorov theorem. We prove a result on the
existence of the limit of a projective system that consists of second countable Hausdorft
topological spaces, not necessarily metrizable, with tight probabilities. The above
topological hypothesis are automatically satisfied if the spaces are Lusin (or more
general, Radon) topological spaces and it is straightforward to extend the result to
Lusin measurable spaces.

Our motivation is given by the applications in [BeDeLu 15] and [BeDeLu 15a] of
such a result to the construction of a branching process associated to a fragmentation
one and respectively to develop a probabilistic model of the fragmentation phase of an
avalanche.

Recall that the classical Kolmogorov extension theorem guarantees that a com-
patible collection of finite-dimensional distributions will define a stochastic process.
Bochner (see [Boch 55]) considered the abstract situation of projective systems of Haus-
dorff topological measure spaces and proved the existence of the limit, provided that
the measures can be approximated by compacts and replacing the canonical projections
by continuous mappings.

Recent applications of Bochner-Kolmogorov theorem in proving non-trivial results
about spatial systems, such as the existence of Gibbs states (see for example [KoPaR6 12]
and [Pres 05]), require rather measure theoretical assumptions than topological ones.
A significant improvement which is convenient to these applications was obtained by
Parthasaraty (see [Parth 67], Chapter V, Theorem 3.2). He proved the existence of the



limit of a projective systems of measurable spaces indexed by the set of natural num-
bers, where the spaces are Lusin measurable and the projection mappings are merely
measurable. The main idea to prove it is to reduce the context, via measurable isomor-
phisms, to compact spaces such that the projections are continuous (hence admitting
a projective limit); another proof of this result may be found in [DeMe 78], Chapter
11, page 70. We emphasize that, in contrast with our approach, the metrizability of
the underlying spaces plays a key role in the proofs of the previous mentioned versions,
since one of the ingredients is Souslin-Lusin theorem on direct images of measurable,
respectively Souslin sets. We also refer to [Rao 71] (Theorems 4.3, 4.5, and 4.7) for
several characterizations for the existence of projective limits in terms of u-pure fields,
uniform o-additivity, uniform integrable martingales, and Orlicz spaces.

The organization of the material of Chapter 5 is the following: in Section 5.1,
after some preliminaries, we state the main results. In Section 5.2 we present the
announced application needed in the construction of a branching process associated to
a fragmentation one.
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