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Derived series and Alexander invariant

» The derived series of a group G is defined inductively by
GO =G G =@G,G® =@, and G = [GI—, GIr-1].

v

Its terms are fully invariant (and thus, normal) subgroups.

v

Successive quotients: G~V /G) = (GU—1) .

v

G/GY is the maximal solvable quotient of G of length .

v

Alexander invariant:
B(G) =G /G,

a Z[G,p]-module via gG' - xG" = gxg 'G" forge Gand x € G.

v

If X is a connected CW-complex with ¢ (X) = G, then
B(G) = H;(X?*,Z) = H{(X,Z[Gab))

where g: X — X is the universal abelian cover.
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EXAMPLE

» Let X = \/" S'. Then n4(X) = F, (Fn)ay = Z", and
X3P = 1-skeleton of (T")P.

v

(C.((TM)32;Z), 0%P) is the Koszul complex on t; —1,...,t, — 1 over
the ring An = Z[Z"] = Z[t, ... 3]

Hence, B(Fj) = coker (63": Agﬁ) — AE,Z)>.

o B(Fz) = Ne.
o B(Fs) =coker (1=t -1 1—1): Ao > A3).

v

v

Alexander module: A(G) = Z[Gab] ®zq) I(G), where
I(G) = ker(e: Z[G] — Z) is the augmentation ideal.

A(G) = Hy(X?®, g 1(xg)) = coker(d3P): Ca(X?P) — Cy(X?P).

v

v

Crowell exact sequence:
0 — B(G) - A(G) — I(Gsp) — 0.
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v

A homomorphism «: G — H induces compatible
homomorphisms, a.,: Gap — Hap and B(«): B(G) — B(H).

» Thatis, if dap: Z[Gap] — Z[H.p] is the linear extension of a,p, to a
ring map, then B(«) is a morphism of modules covering oy, i.e.,
B(«)(rm) = aap(r) - B(a)(m) for all r € Z[Gap] and m e B(G).

» B(«) factors as B(G) — B(H), — B(H), where B(H),, is the
Z| G,p]-module obtained from B(H) by restriction of scalars via a.

» Alternatively, if f: (X, xp) — (Y, yo) is a cellular map and
fi: m (X, X0) — m1(Y, yo) is the induced morphism, then
B(f,): B(m1(X)) — B(m(Y)) is equal to f,: Hy(X3") — H;(Y3P).

THEOREM (MASSEY 1980)
Let! = I(G.p). Then I"B(G) = vn.2(G/G"), and thus

grn(B) =~ gr,,.»(G/G"), foralln= 0.
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LCS and Chen ranks

» Let gr(G) = @,=1 7n(G)/vn+1(G) be the associated graded Lie
algebra of G.

v

Recall that gr(G) is generated by gr{(G) = G.p,, and so gr(G) ® Q
is generated by H;(G, Q) = G, ® Q.
Thus, if b1 (G) := dimg H1(G, Q) is finite, all graded pieces of
gr(G) ® Q are finite-dimensional. Define:

o LCSranks: ¢n(G) = dimgegr,(G) ® Q.

o Chenranks: 0,(G) = ¢n(G/G").

v

» 0n(G) < ¢n(G), with equality for n < 3.

v

By Massey’s theorem, the Chen ranks are computed by the
Hilbert series of gr(B):

Hilb(gr(B(G) ® Q). 1) = Y Onr2(G)t".

n=0
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Rational derived series and Alexander invariant
» The rational derived series of G is defined by Géo) = Gand
G = /[G/V. G V). [Stallings, Harvey, Cochran]

GO/ = (60)

» G, is also known as the Johnson kernel. We have: G/G, = G,u¢
and G,/G' = Tors(G,p).

» Rational Alexander invariant. B,(G) = G,/G, viewed as a
ZGapr-module via 9@, - xG! = gxg 'G! for ge Gand x € G..

LEMMA
Let X be a connected CW-complex with w1(X) = G. Then
» B,(G) = Hy(X? Z)/Z-Tors as Z[G.ps]-modules.
» B,(G) ® Q = H;(X?",Q) as Q[G.ps]-modules.
» If G,p, is torsion-free, then B,(G) ~ B(G)/Z-Tors as Z[Ga,p]-mods.

v
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» Rational Alexander module: A.(G) = Z|Gapt] ®z(q) I(G)-

» Ay(G) ® Q = Hy (X, q0_1(x0)7(@) =
coker(03°") @ Q: Ca(X™', Q) — Cy (X', Q).

» Q-Crowell: 0 — B,(G)®Q — Ay(G) ®Q — I(Gaps) ®Q — 0.

PROPOSITION
Extend v: G., — Gapr to a ring map, v: Z|Gap] — Z| Gane]. Then:
» G' — @G, induces a functorial 7-morphism, x: B(G) — By(G).
» If Tors(G.p) is finite, then k @ Q: B(G) ® Q — B,(G) ®Q is
surjective.
» If G,y Is torsion-free, then k ® Q: B(G) ® Q — B,(G) ® Q is an
isomorphism.

THEOREM
Let I = I(Gapr) ® Q. Then I"(B,(G) ® Q) = v,,,(G/G;) ® Q for all n.

v
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THEOREM (DiMCA-PAPADIMA-HAIN 2014, S. 2021)
Let G be a group with b1 (G) < w. Then r: B(G) — B,(G) yields
» Anisomorphism ik ® Q: B(E)\(@ Q= BQ(/é)\(@ Q of filtered
modules.

» An isomorphism gr(k) @ Q: gr(B(G) ® Q) — gr(B,(G) ® Q) o
graded modules.

» We may define ¢;3(G) and 6;3(G) as before.

» By Bass—Lubotzky (or the above theorem for second equality):
¢n(G) = ¢n(G) and 0,(G) = 0n(G).
» By Q-Massey:
0n(G) = dimg grp_2(B,(G) ® Q).
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Mod-p derived series
» The mod-p derived series of G is defined by G,(JO) = Gand
—1 —1 —1
&y = (e " les e ).

[Stallings, Harvey, Cochran, Lackenby]

Its terms are fully invariant (thus, normal) subgroups.

v

v

Gy V/GY) = Hi(GY . Zp). In particular, G/G), = Hy (G, Zp) is
the maximal elementary p-abelian quotient of G.

This is the fastest descending normal (and even subnormal)
series for which the successive quotients are Z,-vector spaces.

v

If G is finitely generated, then G/G,(f) is a finite p-group, with all
elements having order dividing p'.

v
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Mod-p Alexander invariant
» Mod-p Alexander invariant. Bp(G) = G,/Gy, viewed as a
Zp[Hi (G, Zp)]-module via gG, - xGj = gxg~' Gp forge G, x € G,

» Let G = 71(X) and let X(P) — X be the p-congruence cover of X,
classified by epimorphism 71 (X) 2, H, (X,Z) 25 Hy(X, Zp). Then
m(XWP)) = G, and By(G) = Hy(XP), Zp).

» G’ — G, induces a functorial j,-morphism, xp: B(G) — By(G),
which coincides with Hy (X2, Zp) — Hy(XP), Zp).

EXAMPLE

If G is abelian, then B(G) = B,(G) = 0, yet B,(G) = GP/G”.Eg.,

THEOREM
Let | = ker (Zp[H; (G, Zp)] S Zp). Then I"By(G) = 2, ,(G/GY) vn.

v
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Ab-exact sequences
» Let1 - K5 G5 Q — 1 be an exact sequence.

» There is then a 5-term exact sequence in homology,
Ho(G,Z) =5 Ho(Q.Z) -2 Hi(K,Z)g =5 Hi(G,Z) =% H{(Q,Z) — 0
» If Q acts trivially on Ky, then Hy(K,Z)q = Hi(K, Z).

LEMMA
The following conditions are equivalent.
» The group Q acts trivially on Ky, and 6: Ho(Q,Z) — Hy{(K,Z) is
the zero map.
» The sequence 0 — Ky Leb, Gab L Q,, — 0 Iisexact

v

» A split exact sequence 1 — K — G — Q — 1 is ab-exact iff Q acts
trivially on K,p,; thatis, G = K x Q is an almost direct product.

» If1 - K— G— Q— 1is an ab-exact sequence, then its
restriction, 1 - K - G' — @ — 1 is an exact sequence.
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EXAMPLE

» Let Gr =(ve V| [v,w] =1if {v,w} e E) be the RAAG
associated to a finite (simple) graph ' = (V, E)

» Exact sequence 1 - Nr — Gr > Z — 1, where nr(v) = 1,Vv e V.

» Bestvina—Brady 1997: N is finitely generated iff I is connected;
Nr is finitely presented iff flag complex Ar is simply connected.

» (Papadima-S. 2007): if I is connected, then 7Z acts trivially on
Hy(Nr,Z), and so this sequence is ab-exact.
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THEOREM

Let1 - K5 G — Q — 1 be an ab-exact sequence, and assume Q is
abelian. Then:

» 1. K — G restricts to an equality, K' = G'.
» B(1) factors through a Z|[ K,y -linear isomorphism B(K) — B(G),.
» If G,y, Is finitely generated, then 0,(K) < 0,(G) foralln > 1.

Assume now that the sequence is also split-exact. Then:

» The map . induces isomorphisms of graded Lie algebras,
gr-2(K) — gr-2(G) and gro»(K/K") — gr-»(G/G").

» Ifbi(G) < oo, then ¢n(K) = ¢n(G) and 6,(K) = 0,(G) foralln = 2.

v
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Abf-exact sequences

LEMMA / DEFINITION
A sequence1 — K > G 5> Q — 1 is called abf-exact if one of the
following equivalent conditions is satisfied.
» The group Q acts trivially on K,s and the composite
Ho(Q.Z) 2 Hy (K, Z) — Hi(K.,Z)/ Tors is zero.
» The sequence 0 — Kapr —25 Gapr 2 Qur —> 0 IS exact.

v

» Suppose K, is finitely generated. Then the extension is abf-exact
iff Q acts trivially on H;(K,Q) and 6 ® Q = 0.

» Reverse implication may not hold if K,,¢ not f.g.

LEMMA
Let1 - K —- G — Q — 1 be a split exact sequence.
» The sequence is abf-exact iff Q acts trivially on K.
» If K, IS finitely generated, then the sequence is abf-exact iff Q
acts trivially on Hy (K, Q).
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THEOREM

Let1 - K5 G — Q — 1 be an abf-exact sequence, and assume Q is
torsion-free abelian. Then:

» 1. K — G restricts to an equality, K, = G,.
» B, (1) factors through a 7| K,ps]-isomorphism B,(K) — B,(G),.
» If G,pr is finitely generated, then 0,(K) < 0,(G) foralln > 1.

Assume now that the sequence is also split-exact. Then:
» The map . induces isomorphisms of graded Lie algebras,

~

gri,(K) = gri,(G) and grl,(K/K") = grl,(G/G").
» Ifb1(G) < o, then ¢n(K) = ¢n(G) and 0,(K) = 0,(G) forall n = 2.

COROLLARY

Let X be a connected CW-complex with by(X) < o, letf: X — X be a
map inducing the identity on H; (X, Q), and let T; be its mapping torus.
Then ¢n(m1(X)) = én(m1(Tr)) @and 0p(m1(X)) = 0n(71(Ty)) foralln = 2. )

AR, iy 50T 167
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