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Derived series and Alexander invariant

§ The derived series of a group G is defined inductively by
Gp0q “ G, Gp1q “ G1, Gp2q “ G2, and Gprq “ rGpr´1q,Gpr´1qs.

§ Its terms are fully invariant (and thus, normal) subgroups.

§ Successive quotients: Gpr´1q{Gprq “
`

Gpr´1q
˘

ab
.

§ G{Gp`q is the maximal solvable quotient of G of length `.

§ Alexander invariant:
BpGq :“ G1{G2 ,

a ZrGabs-module via gG1 ¨ xG2 “ gxg´1G2 for g P G and x P G1.

§ If X is a connected CW-complex with π1pX q “ G, then

BpGq “ H1pX ab,Zq “ H1pX ,ZrGabsq ,

where q : X ab Ñ X is the universal abelian cover.
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EXAMPLE

§ Let X “
Žn S1. Then π1pX q “ Fn, pFnqab “ Zn, and

X ab “ 1-skeleton of pT nqab.

§ pC˚ppT nqab;Zq, Babq is the Koszul complex on t1 ´ 1, . . . , tn ´ 1 over
the ring Λn “ ZrZns “ Zrt˘1

1 , . . . , t˘1
n s.

§ Hence, BpFnq “ coker
´

Bab
3 : Λ

pn
3q

n Ñ Λ
pn

2q
n

¯

.

˝ BpF2q “ Λ2.
˝ BpF3q “ coker

``

1´ t3 t2 ´ 1 1´ t1
˘

: Λ2 Ñ Λ3
2

˘

.

§ Alexander module: ApGq “ ZrGabs bZrGs IpGq, where
IpGq “ kerpε : ZrGs Ñ Zq is the augmentation ideal.

§ ApGq “ H1pX ab,q´1px0qq “ cokerpBab
2 q : C2pX abq Ñ C1pX abq.

§ Crowell exact sequence:

0 Ñ BpGq Ñ ApGq Ñ IpGabq Ñ 0 .
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§ A homomorphism α : G Ñ H induces compatible
homomorphisms, αab : Gab Ñ Hab and Bpαq : BpGq Ñ BpHq.

§ That is, if α̃ab : ZrGabs Ñ ZrHabs is the linear extension of αab to a
ring map, then Bpαq is a morphism of modules covering αab, i.e.,
Bpαqprmq “ α̃abprq ¨ Bpαqpmq for all r P ZrGabs and m P BpGq.

§ Bpαq factors as BpGq Ñ BpHqα Ñ BpHq, where BpHqα is the
ZrGabs-module obtained from BpHq by restriction of scalars via α̃.

§ Alternatively, if f : pX , x0q Ñ pY , y0q is a cellular map and
f7 : π1pX , x0q Ñ π1pY , y0q is the induced morphism, then
Bpf7q : Bpπ1pX qq Ñ Bpπ1pY qq is equal to f˚ : H1pX abq Ñ H1pY abq.

THEOREM (MASSEY 1980)
Let I “ IpGabq. Then InBpGq “ γn`2pG{G2q, and thus

grnpBq – grn`2pG{G
2q, for all n ě 0.
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LCS and Chen ranks
§ Let grpGq “

À

ně1 γnpGq{γn`1pGq be the associated graded Lie
algebra of G.

§ Recall that grpGq is generated by gr1pGq “ Gab, and so grpGq bQ
is generated by H1pG,Qq “ Gab bQ.

§ Thus, if b1pGq :“ dimQ H1pG,Qq is finite, all graded pieces of
grpGq bQ are finite-dimensional. Define:
˝ LCS ranks: φnpGq :“ dimQ grnpGq bQ.

˝ Chen ranks: θnpGq :“ φnpG{G2q.

§ θnpGq ď φnpGq, with equality for n ď 3.

§ By Massey’s theorem, the Chen ranks are computed by the
Hilbert series of grpBq:

HilbpgrpBpGq bQq, tq “
ÿ

ně0

θn`2pGqtn.
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Rational derived series and Alexander invariant

§ The rational derived series of G is defined by Gp0qQ “ G and

GprqQ “

b

“

Gpr´1q
Q ,Gpr´1q

Q

‰

. [Stallings, Harvey, Cochran]

§ GprqQ {G
pr`1q
Q –

`

GprqQ

˘

abf
.

§ G1Q is also known as the Johnson kernel. We have: G{G1Q “ Gabf

and G1Q{G1 – TorspGabq.

§ Rational Alexander invariant: BQpGq :“ G1Q{G2Q, viewed as a
ZGabf-module via gG1Q ¨ xG2Q “ gxg´1G2Q for g P G and x P G1Q.

LEMMA

Let X be a connected CW-complex with π1pX q “ G. Then
§ BQpGq – H1pX abf ,Zq{Z-Tors as ZrGabfs-modules.
§ BQpGq bQ – H1pX abf ,Qq as QrGabfs-modules.
§ If Gab is torsion-free, then BQpGq – BpGq{Z-Tors as ZrGabs-mods.
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§ Rational Alexander module: AQpGq “ ZrGabfs bZrGs IpGq.

§ AQpGq bQ “ H1pX abf ,q´1
0 px0q,Qq “

cokerpBabf
2 q bQ : C2pX abf ,Qq Ñ C1pX abf ,Qq.

§ Q-Crowell: 0 Ñ BQpGq bQÑ AQpGq bQÑ IpGabfq bQÑ 0.

PROPOSITION

Extend ν : Gab � Gabf to a ring map, ν̃ : ZrGabs� ZrGabfs. Then:
§ G1 ãÑ G1Q induces a functorial ν̃-morphism, κ : BpGq Ñ BQpGq.
§ If TorspGabq is finite, then κbQ : BpGq bQÑ BQpGq bQ is

surjective.
§ If Gab is torsion-free, then κbQ : BpGq bQÑ BQpGq bQ is an

isomorphism.

THEOREM

Let I “ IpGabfq bQ. Then InpBQpGq bQq “ γQ
n`2pG{G

2
Qq bQ for all n.
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THEOREM (DIMCA–PAPADIMA–HAIN 2014, S. 2021)

Let G be a group with b1pGq ă 8. Then κ : BpGq Ñ BQpGq yields

§ An isomorphism κ̂bQ : {BpGq bQ »
ÝÑ {BQpGq bQ of filtered

modules.

§ An isomorphism grpκq bQ : grpBpGq bQq Ñ grpBQpGq bQq of
graded modules.

§ We may define φQ
npGq and θQ

npGq as before.

§ By Bass–Lubotzky (or the above theorem for second equality):

φQ
npGq “ φnpGq and θ Q

n pGq “ θnpGq.

§ By Q-Massey:

θnpGq “ dimQ grn´2pBQpGq bQq .
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Mod-p derived series

§ The mod-p derived series of G is defined by Gp0qp “ G and

Gprqp “

A

`

Gpr´1q
p

˘p
,
“

Gpr´1q
p ,Gpr´1q

p
‰

E

.

[Stallings, Harvey, Cochran, Lackenby]

§ Its terms are fully invariant (thus, normal) subgroups.

§ Gpr´1q
p {Gprqp – H1pG

pr´1q
p ,Zpq. In particular, G{G1p “ H1pG,Zpq is

the maximal elementary p-abelian quotient of G.

§ This is the fastest descending normal (and even subnormal)
series for which the successive quotients are Zp-vector spaces.

§ If G is finitely generated, then G{Gprqp is a finite p-group, with all
elements having order dividing pr .
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Mod-p Alexander invariant
§ Mod-p Alexander invariant: BppGq :“ G1p{G2p, viewed as a
ZprH1pG,Zpqs-module via gG1p ¨ xG2p “ gxg´1G2p for g P G, x P G1p.

§ Let G “ π1pX q and let X ppq Ñ X be the p-congruence cover of X ,
classified by epimorphism π1pX q

ab
ÝÑ H1pX ,Zq

νp
ÝÑ H1pX ,Zpq. Then

π1pX ppqq “ G1p and BppGq “ H1pX ppq,Zpq.

§ G1 ãÑ G1p induces a functorial ν̃p-morphism, κp : BpGq Ñ BppGq,
which coincides with H1pX ab,Zpq Ñ H1pX ppq,Zpq.

EXAMPLE

If G is abelian, then BpGq “ BQpGq “ 0, yet BppGq “ Gp{Gp2
. E.g.,

BppZnq “ Zn
p. Also, BppZp ‘ Zpq “ 0 yet BppZp2q “ Zp.

THEOREM

Let I “ ker
`

ZprH1pG,Zpqs
ε
ÝÑ Zp

˘

. Then InBppGq “ γp
n`2pG{G

2
pq @n.
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Ab-exact sequences
§ Let 1 Ñ K ι

ÝÑ G π
ÝÑ Q Ñ 1 be an exact sequence.

§ There is then a 5-term exact sequence in homology,

H2pG,Zq H2pQ,Zq H1pK ,ZqQ H1pG,Zq H1pQ,Zq 0 ,
π˚ δ ι˚ π˚

§ If Q acts trivially on Kab, then H1pK ,ZqQ “ H1pK ,Zq.

LEMMA

The following conditions are equivalent.
§ The group Q acts trivially on Kab and δ : H2pQ,Zq Ñ H1pK ,Zq is

the zero map.

§ The sequence 0 Kab Gab Qab 0
ιab πab is exact.

§ A split exact sequence 1 Ñ K Ñ G Ñ Q Ñ 1 is ab-exact iff Q acts
trivially on Kab; that is, G “ K ¸Q is an almost direct product.

§ If 1 Ñ K Ñ G Ñ Q Ñ 1 is an ab-exact sequence, then its
restriction, 1 Ñ K 1 Ñ G1 Ñ Q1 Ñ 1 is an exact sequence.
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EXAMPLE

§ Let GΓ “ xv P V | rv ,ws “ 1 if tv ,wu P Ey be the RAAG
associated to a finite (simple) graph Γ “ pV ,Eq

§ Exact sequence 1 Ñ NΓ Ñ GΓ
π
ÝÑ ZÑ 1, where πpvq “ 1,@v P V .

§ Bestvina–Brady 1997: NΓ is finitely generated iff Γ is connected;
NΓ is finitely presented iff flag complex ∆Γ is simply connected.

§ (Papadima–S. 2007): if Γ is connected, then Z acts trivially on
H1pNΓ,Zq, and so this sequence is ab-exact.
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THEOREM

Let 1 Ñ K ι
ÝÑ G Ñ Q Ñ 1 be an ab-exact sequence, and assume Q is

abelian. Then:
§ ι : K ãÑ G restricts to an equality, K 1 “ G1.

§ Bpιq factors through a ZrKabs-linear isomorphism BpK q »
ÝÑ BpGqι.

§ If Gab is finitely generated, then θnpK q ď θnpGq for all n ě 1.

Assume now that the sequence is also split-exact. Then:
§ The map ι induces isomorphisms of graded Lie algebras,

grě2pK q
»
ÝÑ grě2pGq and grě2pK {K 2q

»
ÝÑ grě2pG{G2q.

§ If b1pGq ă 8, then φnpK q “ φnpGq and θnpK q “ θnpGq for all n ě 2.
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Abf-exact sequences

LEMMA/DEFINITION

A sequence 1 Ñ K ι
ÝÑ G π

ÝÑ Q Ñ 1 is called abf-exact if one of the
following equivalent conditions is satisfied.

§ The group Q acts trivially on Kabf and the composite
H2pQ,Zq

δ
ÝÑ H1pK ,Zq Ñ H1pK ,Zq{Tors is zero.

§ The sequence 0 Kabf Gabf Qabf 0
ιabf πabf is exact.

§ Suppose Kabf is finitely generated. Then the extension is abf-exact
iff Q acts trivially on H1pK ,Qq and δ bQ “ 0.

§ Reverse implication may not hold if Kabf not f.g.

LEMMA

Let 1 Ñ K Ñ G Ñ Q Ñ 1 be a split exact sequence.
§ The sequence is abf-exact iff Q acts trivially on Kabf .
§ If Kabf is finitely generated, then the sequence is abf-exact iff Q

acts trivially on H1pK ,Qq.
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THEOREM

Let 1 Ñ K ι
ÝÑ G Ñ Q Ñ 1 be an abf-exact sequence, and assume Q is

torsion-free abelian. Then:
§ ι : K ãÑ G restricts to an equality, K 1Q “ G1Q.

§ BQpιq factors through a ZrKabfs-isomorphism BQpK q
»
ÝÑ BQpGqι.

§ If Gabf is finitely generated, then θnpK q ď θnpGq for all n ě 1.

Assume now that the sequence is also split-exact. Then:
§ The map ι induces isomorphisms of graded Lie algebras,

grQ
ě2pK q

»
ÝÑ grQ

ě2pGq and grQ
ě2pK {K

2q
»
ÝÑ grQ

ě2pG{G
2q.

§ If b1pGq ă 8, then φnpK q “ φnpGq and θnpK q “ θnpGq for all n ě 2.

COROLLARY

Let X be a connected CW-complex with b1pX q ă 8, let f : X Ñ X be a
map inducing the identity on H1pX ,Qq, and let Tf be its mapping torus.
Then φnpπ1pX qq “ φnpπ1pTf qq and θnpπ1pX qq “ θnpπ1pTf qq for all n ě 2.
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