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N-series
» Following Lazard (1954), we define an N-series for a group G to
be a descending filtration G = K; > K> > --- > K, > - - - such that

[Km, Kn] € Kmyn forallm,n=1.

» In particular, K = {Kh},=>1 is a central series, i.e., |G, Ky| < Kpy1.
» Thus, it is also a normal series, that is, K, < Gforall n > 1.

» Consequently, each quotient K,,/Kj, .1 lies in the center of G/K},. 1,
and thus is an abelian group.

» If all those quotients are torsion-free, K is called an Ny-series.

» Associated graded Lie algebra:
K G) = @ Kn/Kn+17
n=1
with addition induced by -: G x G — G, and Lie bracket
[ ] 8rm > 8 = &'m-n induced by [x, y] == xyx 'y~
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» The isolator in G of a subset S < G is the subset

VS:=VS={geG|gm"e Sforsome me N}

» Clearly, S =+/S and\A/S =+/S. Also, if p: G-~ His a
homomorphism, and ¢(S) < T, then (V' S) < VT.

» The isolator of a subgroup of G need not be a subgroup; for
instance, {/{1} = Tors(G), which is not a subgroup in general
(although itisif G is nllpotent).

» If N< Gis a normal subgroup, then ¥/N = 7~ (Tors(G/N)),
where 7: G — G/N, and so /N/N = Tors(G/N).
PROPOSITION (MASSUYEAU 2007)

Suppose K = {Kp}p=1 is an N-series for G. ThenvK = {\/Ky}n=1 is
an Ny-series for G.
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Lower central series

» The lower central series, v(G) = {vn(G)}n=1 is defined inductively
by v1(G) = G, 12(G) = G, and 7:.1(G) = [G, 7 (G)].

» Itis an N-series (P. Hall, 1934).
» If K'is a descending central series for G, then v,(G) < K, for all n.

» The ~,’s are fully invariant subgroups, i.e., ¢: G — H morphism =
©(7n(G)) = n(H).

» gr(G) = @1 7(G)/1n+1(G) is generated by gry(G) = Ga.
» For any N-series K, there is a canonical map gr(G) — gr(G).

» [ = G/vn(G) is the maximal (n — 1)-step nilpotent quotient of G.
» G/v2(F) = Gap, While G/73(G) < H<?(G, 7).

» Gis residually nilpotent if and only if v.,(G) = (=1 7n(G) is the
trivial subgroup.
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The rational lower central series
» The rational lower central series, v°(G), is defined by +{(G) = G
and ;. 4(G) = \/[G,7s(G)]. (Stallings, 1965)

LEMMA
Y3(G) =+/1n(G), forall n > 1. J

» Hence, v%(G) is an Np-series (since v(G) is an N-series).

» G/v5(G) =T/ Tors(['y) is the maximal torsion-free (n — 1)-step
nilpotent quotient of G; in particular, G/v;G = Gips-

» Associated graded Lie algebra: gr¢(G) = @ -1 G/7.1G.
» Gis residually torsion-free nilpotent (RTFN) iff 72(G) = {1}.

PROPOSITION (BASS & LUBOTZKY, 1994)
» gr(G) — gr?(G) has torsion kernel and cokernel in each degree.
» gr(G) ®Q — gr*(G) ® Q is an isomorphism.
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Mod-p lower central series

» Fix a prime p. The (Stallings) mod-p lower central series, (G), is
defined by 7(G) = G and 7,"7’+1 (G) = <(7ﬁ(G))p, |G, yﬁ(G)] >.

» (7h(G))? =P, ,(G); thus, +P(G) is a p-torsion series.

» 15(G) =(GP, Gy, and s0 G/75(G) = Gab ® Zp = H1(G, Zp).

» (Paris 2009) 7°(G) is an N-series. Moreover, G is residually p iff
1(G) = {1}.

» vP(G) is the fastest descending central series among all p-torsion
series for G.

» The quotients 15(G)/+5, ;(G) are elementary abelian p-groups.
Thus, grP(G) is a Lie algebra over Zp.

» The map G — G, x — xP defines maps gri(G) — grh ;(G). The
Zp-Lie algebra grP(G) is generated—through Lie brackets and
these power operations—by grﬁ’(G) = Hi(G,Zp).
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Split extensions of groups
» Consider a split exact sequence

g

Y\
1 A-2,p_b

C 1. (*)

» The splitting homomorphism o satisfies 5 o o = id¢; it defines an
action of C on A via the homomorphism ¢: C — Aut(A) given by

a(p(c)(a) = a(c)a(a)o(c) .
» This realizes B as a split extension, B = A x, C; that is, the set
A x C with operation (ay, ¢q) - (a2, ¢2) = (aj¢(cq)(az), c1Co).

» Conversely, every split extension B = A x, C gives rise to (*).

» We identify C with its image under o, and thus view it as C < B,
and identify A with its image under « and view it as A< B.

» The action of C on A is then the restriction of the conjugation
action in B, that is, p(c)(a) = cac™'. Also, every b € B can be

written uniquely as b = ac, forsome ae A, ce C.
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The lower central series of a split extension

» Goal: Describe the lower central series v(B) = {y,(B)}n=1 of a
split extension, B = A x,, C, in terms of v(A), v(C), and .

» Following Guaschi and Pereiro (2020), we define a sequence
L = {Ln} =1 of subgroups of A by setting Ly = A and letting
Lni1 = <[A, Ln], [A,9n(C)]; [Ln, C) -

» Guaschi—Pereiro showed that L is a descending normal series.
We strengthen their result with the next lemma, which we then use
to give a quicker proof of the next theorem.

LEMMA
L is an N-series for A

THEOREM (GUASCHI-PEREIRO 2020, S. 2021)

» ¢: C — Aut(A) restricts to ¢: yp(C) — Aut(Lp).
» n(B) = Ln x4 7n(C).
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THEOREM

let1 — A% B2 ¢ 1 be a split exact sequence of
groups, with monodromy ¢: C — Aut(A). There is then an induced
split exact sequence of graded Lie algebras,

rL (073 r
3 g 2D @ T @) s e

Consequently, gr(B) ~ gr-(A) x gr(C), where the monodromy
@: gr(C) — Der(grt(A)) is the map of Lie algebras induced by ¢.

EXAMPLE
» Let K = (a,t| tat~' = a= ") be the Klein bottle group.
» K = Ax, C,where C = (t) acts by inversion on A = (a).
» Ly =(a""Yyand grt(A) = Z, for n > 1.
» vn(A) = {1} and gr,(A) =0forn> 1.
» By the theorem, v,(K) = L, for n > 1, and thus 4, (K) = {1}.
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Almost direct products
» A split extension B = A x, C is called an almost direct product if
C acts trivially on the abelianization A,, = H; (A, Z).

» That is, the monodromy factors through a map ¢: C — T(A),
where T (A) = ker (Aut(A) — Aut(A,p)) is the Torelli group of A.

» Equivalently, o(c)(a)-a '€ A, forall ce Cand a€ A.

» If we view C as a subgroup of G via the splitting o: C — B, so that
o(c)(a)-a ' = [c, a, the condition most succinctly reads as

[A, C] < 72(A).

» Ex: Pp=Fp_1 xpPn_1,where ¢: P,y — T(Fp_1) < Aut(Fp_1)
is the Artin embedding of the pure braid group.

THEOREM
If B= A x, C is an almost direct product, then L = ~(A). J

» As a corollary, we recover well-known results of Falk and Randell.
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COROLLARY (FALK-RANDELL 1985)

Let B= A x,, C be an almost direct product. Then
» Yn(B) = vn(A) %, vn(C) foralln > 1.

» The corresponding split exact sequence restricts to split exact

sequences 1 — yp(A) - vn(B) LN Yn(C) — 1 for all n.

COROLLARY (FALK-RANDELL 1988)

Suppose B = A x, C is an almost direct product of two residually
nilpotent groups. Then B is also residually nilpotent.

COROLLARY (FALK-RANDELL 1985)

If B= A x, C is an almost direct product, then gr(B) = gr(A) x5 gr(C),
where ¢: gr(C) — Der(gr(A)) is the map of Lie algebras induced by .
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The rational lower central series of a split extension

» To describe 7°(B) = +/~(B) we use the sequence /L = {/Lp}p=1-
» Recall we showed that L is an N-series for A.
» Thus, /L is an Ny-series for A.

THEOREM
LetB = Ax, C. Then:

8 (,0' C— Aut(A) restricts to ¢: {/vn(C) — Aut({/Lp).
’Yn m >4<p \/ ( )

> gr(B) = grf (A) x5 gre(C).
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Rational almost direct products

» B= A x, Cis called a rational almost direct product if C acts
trivially on the torsion-free abelianization A,,s = Hi (A, Z)/ Tors.

» Equivalently, ¢(c)(a)-a ' ev/A, forallce Cand ac A, or,
[A, C] =/2(A).

» If C acts trivially on A,y¢, then it acts trivially on A, ® Q. The
converse holds if A, is finitely generated, but not in general.

THEOREM

Let B = A x, C a rational almost direct product. Then
» /L = {/vn(A) for all n.
> ¥/ 1n(B) = 4/1n(A) x4 {/7n(C).

» gr¥(B) = gr®(A) x5 gr?(C).

COROLLARY

Let B = A x C be a split extension of RTFN groups. If C acts trivially
on A.us, then B is also RTFN. )
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The mod-p lower central series of a split extension

» Let B = A x,, C. Define a sequence of subgroups LP = {Lh},-1 by
setting L” = A and letting

Lpyr = ((LD)° [A LA [AAR(C)] 17, €T -

THEOREM
» LP is a p-torsion N-series for A.
» p: C — Aut(A) restricts to : v5(C) — Aut (L7).
> B(B) = L5, 7E(C).
» grP(B) = gr’(A) x; grP(C)
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Mod-p almost direct products

» B= A x, Cis called a mod-p almost direct product if C acts
trivially on Ay ® Zp = Hi (A, Zp).

» Equivalently, [A, C] < 75(A).

THEOREM
If B= A x, C is a mod-p almost direct product, then LP = ~P(A). J

Combining the previous two theorems recovers the following result.

COROLLARY (BELLINGERI—GERVAIS, 2016)
Let B= A x, C be a mod-p almost direct product. Then,
» Yh(B) = vh(A) x,vh(C), foralln > 1.
» If A and C are residually p-finite, then B is also residually p-finite. )

COROLLARY
grP(B) = grP(A) x5 grP(C).
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