A SUFFICIENT CONDITION FOR A FUNCTION
TO SATISFY A WEAK LIPSCHITZ CONDITION

RADU MICULESCU

For a function f : X — Y let (X,d) and (Y, p) be metric spaces consider the
following condition: for each z € X there exists C; € (0,1) such that for each
sequence S = (Tn)nen= C X satisfying d(zn,z0) < CJ, n € N*, there exists
Ms € R such that p(f(zn), f(z0)) < MsCy, n € N*. We show that the above
condition is sufficient for f to be Lipschitz at each point of X.
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1. INTRODUCTION

Let us start with a basic definition.

Definition. Let (X, d) and (Y, p) be metric spaces. A function f: X — Y
is called Lipschitz if there exists a constant M such that

p(f(z), f(y) < M -d(z,y)

for all z,y € X.

From the point of view of mathematical analysis, the condition of being
Lipschitz may be considered as a weakened version of differentiability, on ac-
count of a famous result of Rademacher (see [2]), which states that a Lipschitz

[¢]
function f : U = U C R™ — R™ is differentiable outside of a Lebesgue null
subset of U.

From the point of view of mechanics, a Lipschitz map is one that obeys
speed limits.

Lipschitz functions are used in the study of differential equations, mea-
sure theory, functional analysis, and in the construction of mathematical mod-
els in mechanics, physics and economy.

Lipschitz functions have been intensively studied. Two basic references
in the area of Lipschitz functions are [1] and [3].

Therefore, it is important to recognize the Lipschitz functions.

A weak version of the Lipschitz condition is given by the following
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Definition. Let (X,d) and (Y, p) be metric spaces and x € X. A function
f: X — Y is called Lipschitz at x if there exists a neighborhood U of z and
a constant M such that

p(f(y), f(x)) < Md(y,z)

forall y € U.
Clearly, if we consider a function f : X — Y, which is Lipschitz at a point
x € X, then for each C' € (0,1) and each sequence (x,,)nen+ C U satisfying

d(zp,x) <C", neN

we have
p(f(xyn), f(x)) < MC", neN"
Therefore, it is natural to look for sufficient conditions (in terms of the
above discussion) for a function to be Lipschitz at the points of its domain.
In this paper we present a sufficient condition for a function to be Lips-
chitz at each point of its domain.

2. THE RESULT

THEOREM. Let (X,d) and (Y, p) be two metric spaces. Let f: X — Y
be a function with the following property: for each x € X there exists Cy €
(0,1) such that for each sequence S = (xn)nen+ € X satisfying the condition
d(xp,z9) < C2, n € N* there exists Mg € R such that p(f(xy), f(zo)) <
MsC?, n € N*. Then, f is Lipschitz at any x € X.

Proof. We shall show that for every z € X there exist M, € R and
0 € R such that

Yy € B(x,0,) = p(f(y), f(z)) < Mad(y, x).

Let us suppose, for a contradiction that this is not the case. Therefore,
there exists x9 € X such that for all M € R} and 6 € R, there exists
a5 € X such that

d(xM’(;,l’o) )
and
p(f(xnms), f (o)) > Ld(wr,s, wo)-
In particular, choosing M = m € N* and 6 = CV

s N € N we get
ZTnm € X such that

(1) d(xn,rme) < C;Lg
and
(2) p(f (@nm), f(20)) > md(Tn,m, o),

for all n,m € N*.
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Inequality (2) implies
d(xp,m,xo) >0, n,meN".

Since lim Oy = 0, we can define
n—~oo

n1 =max{n € N* [0 < d(x1,1,70) < C} },

ng = max{n € N* [ 0 < d(xn,41,2,70) < Cp },
ng = max{n € N* [ 0 < d(2n,11,3,20) < Cp }

and, if ng has been defined, then
N1 = max{n € N* | 0 < d(zp, 414+1,20) < Cy }.
Let us note that from (1) we have
ATy 11, T0) < Okl

so that
ng+1€{neN"|0<d(@n,+164+1,70) < Cpy by
hence ng +1 < ngq, i.e. ng < ngy1, for all k € N*.
Therefore, the sequence (ng)gen+ is strictly increasing.
Let us consider the sequence (uy,)nen+ defined as

xl,la s 7$1,1axn1+1,27 cee an1+l,27 e
ny times no—n1 times
By the definition of ng, for all £ € N*, we have
+1
(3) Cg{f < d(xnk—1+1,k7x0) < C;Lé“
On the one hand, the sequence (d(uy, zg))nen+ is in fact
d(‘rl,la xﬂ)a v ,d(ﬂf]_7]_, xﬂ)a d(xn1+l,27 370)7 s 7d(xn1+1,27 xﬂ)a e
ny times no—n1 times

Since by (3) we have
d(z11,20) <CH <Cm-t<...<C}

xo?

d(Tpy412,20) <O <Ol <o < ot
-1 np_1+1
Ad(@py_y 11,k 0) < Ok < OPE™ <o < Cg™ '

we get d(up,zo) < Cf, for all n € N*.
On the other hand, the sequence (p(f(un, ), f(z0))nen+ is

p(f(xl,l)a f(l’o)),,l)(f(l’n1+1,2), f(l‘o)), s 7:0(](‘(1‘71;@71-&-1,16)7 f(xo))a s

From (2) we have

p(f(xnk,l—i-l,k’)’ f(xO)) > kd(xnk,l—‘rl,kaxo)a
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so, by (3), we obtain

P(f (@ng_y1,0), f(20)) = KOG = kCa O,

ie., p(f(uny), f(z0) > kCyry Ok, k € N*.

According to the hypothesis, for the sequence Sy = (uy, )pen+ there exists
Ms, such that p(f(un), f(x0)) < Mg,Cy, for all n € N*. Then for k € N* such
that kCy, > Mg, we get the contradiction

p(f (uny ), f(0)) < Mg, O < kCay O < p(f (uny,), f (o).

Therefore, for each x € X there exists a neighborhood U of x and a
constant M such that

p(f(y), f(x)) < Md(y, x)
for all y € U, i.e. f is Lipschitz at x. 0O
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