
POSITIVITY OF THE RENORMALIZED VOLUME OF
ALMOST-FUCHSIAN HYPERBOLIC 3-MANIFOLDS

CORINA CIOBOTARU AND SERGIU MOROIANU

Abstract. We prove that the renormalized volume of almost-Fuchsian hyperbolic
3-manifolds is non-negative, with equality only for Fuchsian manifolds.

1. Introduction

The renormalized volume VolR is a numerical invariant associated to an infinite-volume
Riemannian manifold with some special structure near infinity, extracted from the di-
vergent integral of the volume form. Early instances of renormalized volumes appear
in Henningson–Skenderis [5] for asymptotically hyperbolic Einstein metrics, and in
Krasnov [7] for Schottky hyperbolic 3-manifolds. In Takhtajan–Teo [10] the renormal-
ized volume is identified to the so-called Liouville action functional, a cohomological
quantity known since the pioneering work of Takhtajan–Zograf [11] to be a Kähler
potential for the Weil–Petersson symplectic form on the deformation space of certain
Kleinian manifolds:

(1) ∂∂VolR =
1

8i
ωWP.

Krasnov–Schlenker [8] studied the renormalized volume using a geometric description
in terms of foliations by equidistant surfaces. In the context of quasi-Fuchsian hy-
perbolic 3-manifolds they computed the Hessian of VolR at the Fuchsian locus. They
also gave a direct proof of the identity (1) in that setting. Recently, Guillarmou–
Moroianu [3] studied the renormalized volume VolR in a general context, for geomet-
rically finite hyperbolic 3-manifolds without rank-1 cusps. There, VolR appears as
the log-norm of a holomorphic section in the Chern–Simons line bundle over the Te-
ichmüller space.

Huang–Wang [6] looked at renormalized volumes in their study of almost-Fuchsian
hyperbolic 3-manifolds. However, their renormalization procedure does not involve
uniformization of the surfaces at infinity, hence the invariant RV thus obtained is
constant (and negative) on the moduli space of almost-Fuchsian metrics.

There is a superficial analogy between VolR and the mass of asymptotically Euclidean
manifolds. Like in the positive mass conjecture, one may ask if VolR is positive for all
convex co-compact hyperbolic 3-manifolds, or at least for quasi-Fuchsian manifolds.
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One piece of supporting evidence follows from the computation by Takhtajan–Teo [10]
of the variation of VolR (or equivalently, of the Liouville action functional) on deforma-
tion spaces. In the setting of quasi-Fuchsian manifolds, Krasnov–Schlenker [8] noted
that the functional VolR vanishes at the Fuchsian locus. When one component of the
boundary is kept fixed, the only critical point of VolR is at the unique Fuchsian met-
ric. Moreover, this point is a local minimum because the Hessian of VolR is positive
definite there as it coincides with the Weil-Petersson metric. Therefore, at least in
a neighborhood of the Fuchsian locus, we do have positivity. We emphasize that to
ensure vanishing of the renormalized volume for Fuchsian manifolds, the renormaliza-
tion procedure used in Krasnov–Schlenker [8] differs from Guillarmou–Moroianu [3] or
from Huang–Wang [6] by the universal constant 2π(1− g) where g ≥ 2 is the genus. It
is the definition from Krasnov–Schlenker [8] that we use below. These results are not
sufficient to conclude that VolR is positive since the Teichmüller space is not compact
and VolR is not proper (by combining the results in Schlenker [9] and Brock [2], one
sees that the difference between VolR and the Teichmüller distance is bounded, while
the Teichmüller metric is incomplete). Another piece of evidence towards positivity
was recently found by Schlenker [9], who proved that VolR is bounded from below by
some explicit (negative) constant.

In this note we prove the positivity of VolR on the almost-Fuchsian space, which is an
explicit open subset of the space of quasi-Fuchsian metrics. While this improves the
local positivity result of Krasnov–Schlenker [8], it does of course not prove positivity
for every quasi-Fuchsian metric, that is therefore left for further studies.

2. Almost-Fuchsian hyperbolic 3-manifolds

Definition 1. A quasi-Fuchsian hyperbolic 3-manifold X is the quotient of H3 by a
quasi-Fuchsian group, i.e., a Kleinian group Γ of PSL2(C) whose limit set is a Jordan
curve.

When the group Γ is a co-compact Fuchsian group (a subgroup of PSL2(R)), the Jordan
curve in question is the 1-point compactification of the real line, and Γ\H3 is called
a Fuchsian hyperbolic 3-manifold. Equivalently, a quasi-Fuchsian manifold (X, g) is
a complete hyperbolic 3-manifold diffeomorphic to R × Σ0, where Σ0 is a compact
Riemann surface of genus ≥ 2 and with the hyperbolic Riemannian metric g on X
described as follows. There exist t−0 ≤ t+0 ∈ R such that the metric g on [t+0 ,∞)× Σ0,
respectively on (−∞, t−0 ]× Σ0, is given by

g = dt2 + g±t , g±t = g±0 ((cosh(t) + A± sinh(t))2·, ·),(2)

where t ∈ [t+0 ,∞), respectively, t ∈ (−∞, t−0 ], g±0 is a metric on Σ±0 = {t±0 } × Σ0 and
A± is a symmetric endomorphism of TΣ±0 satisfying the Gauss and Codazzi–Mainardi
equations

det(A±) = κ± + 1,(3)

d∇II± = 0.
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Here, κ± is the Gaussian curvature of (Σ±0 , g
±
0 ) and d∇ represents the de Rham differ-

ential twisted by the Levi–Civita connection acting on 1-forms with values in T ∗Σ±0 .
By definition, II± := g±0 (A±·, ·), called the second fundamental form of the embedding
Σ±0 ↪→ X, is the bilinear form associated to A±. Notice that the eigenvalues of A±

should be less than 1 in absolute value for the expression (2) to be a well-defined metric
for all t ∈ R.

Definition 2 (Uhlenbeck [12]). An almost-Fuchsian hyperbolic 3-manifold (X, g) is
a quasi-Fuchsian hyperbolic 3-manifold containing a closed minimal surface Σ whose
principal curvatures belong to (−1, 1).

Roughly speaking, an almost-Fuchsian manifold is obtained as a small deformation
of a Fuchsian manifold, which, by definition, is the quotient of H3 by the action of a
co-compact Fuchsian group. In particular, Fuchsian manifolds are almost-Fuchsian.

Remark 3. By Uhlenbeck [12, Theorem 3.3], an almost-Fuchsian hyperbolic 3-manifold
X admits a unique minimally embedded surface Σ, whose principal curvatures are thus
in (−1, 1). By taking Σ±0 = Σ, the expression (2) is well-defined for all t ∈ R.

2.1. Funnel ends. Let (X, g) = Γ\H3 be a quasi-Fuchsian manifold. Recall that the
infinity of X is defined as the space of geodesic rays escaping from every compact,
modulo the equivalence relation of being asymptotically close to each other. By the
Jordan separation theorem, the complement of the limit set of Γ consists of two disjoint
topological disks. The infinity of a quasi-Fuchsian manifold is thus a disjoint union
of two ‘ends’, corresponding to geodesics in H3 pointing towards one or the other of
these two connected components. For an end of X, a funnel is a cylinder [t0,∞) ×
Σ ↪→ X isometrically embedded in X so that the pullback of the hyperbolic metric
g of X is of the form (2) for t ∈ [t0,∞), where A satisfies the Gauss and Codazzi–
Mainardi equations as above. Notice that the gradient of the function t on the funnel
[t0,∞) × Σ is a geodesic vector field of length 1; thus {∞} × Σ is in bijection with
the corresponding end of X. A funnel has an obvious smooth compactification to a
manifold with boundary, namely, [t0,∞]×Σ. On this compactification, the Riemannian
metric e−2tg is smooth in the variable e−t ∈ [0, e−t0). Define h0 := lim

t→∞
e−2tg to be the

metric induced on the surface at infinity {∞} × Σ. Explicitly,

h0 = 1
4
g0((1 + A)2·, ·).

In this way, one obtains a smooth compactification X of X, together with a metric at
infinity, both depending at first sight on the funnels chosen inside each of the two ends
of X.

We emphasize however that each end of X admits several funnel structures. Consider
another cylinder [t′0,∞)×Σ′ ↪→ X isometrically embedded in X, for a different function
t′ with respect to which the metric g takes the form (2). Then the gradient flow of t′

defines another foliation [t′0,∞)× Σ′. If this funnel determines the same end of X as
[t0,∞)×Σ, then the two funnels intersect near infinity. Up to increasing t′0 if necessary,
we can assume that [t′0,∞) × Σ′ ↪→ [t0,∞) × Σ. Moreover, for t′0 large enough, the
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complement of the funnel [t′0,∞)×Σ′ in X is geodesically convex, hence its boundary
surface {t′0}×Σ′ intersects each half-geodesic along the t flow in a unique point. Thus
Σ′ is diffeomorphic to Σ.

The identity map of X extends smoothly on the corresponding compactifications in-
duced by the chosen foliation structures of each of the two ends; so the smooth com-
pactification ofX is canonical (i.e., independent of the choice of the funnels). Moreover,
the induced metrics h0, h

′
0 with respect to two foliations are conformal to each other.

It follows that the metric g induces a conformal class [h0] on {∞} × Σ ⊂ ∂∞X.

Conversely, we recall that for a quasi-Fuchsian manifold (X, g), every metric h±0 in the
associated conformal class on each of the two ends of X is realized (near infinity) by
a unique funnel, using a special function t that decomposes the funnel as presented
above.

3. The renormalized volume

Let (X, g) be a quasi-Fuchsian hyperbolic 3-manifold. For each of the two ends of X
we choose a funnel with foliation structure [tj,∞)×Σj, where j ∈ {1, 2}. Let h1

0, h
2
0 be

the corresponding metrics on the boundary at infinity of X. Choose t0 := max{t1, t2}
and set Σ = Σ1 t Σ2, so that [t0,∞) × Σ is isometrically embedded in X. Denote by
h0 the metric (h1

0, h
2
0) on the disconnected surface Σ. For t ≥ t0, denote by Kt the

complement in X of the funnels [t,∞)×Σ, which is a compact manifold with boundary
{t} ×Σ =: Σt. Let IIt, H t : Σt → R be the second fundamental form, respectively the
mean curvature function of the boundary surfaces Σt = ∂Kt.

The renormalized volume of X with respect to the metrics h0 (or equivalently, with
respect to the corresponding functions t) is defined via the so-called Riesz regulariza-
tion.

Definition 4. Let (X, g) be a quasi-Fuchsian hyperbolic 3-manifold which is decom-
posed into a finite-volume open set K and two funnels. As explained above, let h0 be
the metric in the induced conformal class at infinity of X corresponding to g and the
chosen funnels. The renormalized volume with respect to h0 is defined by

VolR(X, g;h0) := Vol(K) + FPz=0

∫
X\K

e−z|t|dg,

where by FP we denote the finite part of a meromorphic function.

In Definition 4, we implicitly have used the fact, which follows from the proof of
Proposition 5 below, that the integral in the right-hand side is meromorphic in z. In
Krasnov–Schlenker [8], the renormalized volume is defined by integrating the volume
form on increasingly large bounded domains and discarding some explicit terms which
are divergent in the limit. We refer, for example, to Albin [1] for a discussion of the
link between these two types of renormalizations. For the sake of completeness, we
include here a proof of the equality between these two definitions. Some care is needed
since the addition in the definition of an universal constant, harmless in Guillarmou–
Moroianu [3] or Huang–Wang [6], drastically alters the positivity properties of VolR.
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Proposition 5. The quantity

VolKS(X, g;h0) := Vol(Kt)− 1
4

∫
Σt

H tdgt + tπχ(Σ),

called the (Krasnov–Schlenker) renormalized volume VolKS, is independent of t ∈
[t0,∞), and coincides with the renormalized volume VolR(X, g;h0).

The definition of VolKS and the independence of t are due to Krasnov–Schlenker [8],
see also Schlenker [9, Lemma 3.6].

Proof. We use the notation from the beginning of this section. Let

g = dt2 + gt, gt = g0((cosh(t) + A sinh(t))2·, ·)
be the expression of the metric g in the fixed product decomposition of the funnels
[t0,∞) × Σ, as in (2). Recall that IIt = gt(At·, ·) = 1

2
g′t and H t = Tr(At). For every

t ∈ [t0,∞), one obtains

dgt = [cosh2 t+ det(A) sinh2(t) + Tr(A) cosh(t) sinh(t)]dg0

= [cosh2 t+ (κg0 + 1) sinh2(t) +H0 cosh(t) sinh(t)]dg0

(in the second line we have used (3) and the definition of H0), and
1
2
g′t = g0((cosh(t) + A sinh(t))(cosh(t) + A sinh(t))′·, ·)

= gt((cosh(t) + A sinh(t))−2(cosh(t) + A sinh(t))(cosh(t) + A sinh(t))′·, ·)
= gt((cosh(t) + A sinh(t))−1(sinh(t) + A cosh(t))·, ·),

so

At = (cosh(t) + A sinh(t))−1(sinh(t) + A cosh(t)).

Denote by λ1, λ2 the eigenvalues of the symmetric endomorphism A, so λ1 + λ2 = H0

and λ1λ2 = κg0 + 1. We deduce

H tdgt = (cosh(2t)H0 + sinh(2t)(κg0 + 2))dg0.

The independence of t is a straightforward consequence of the above formulas, we omit
it since is coincides with Lemma 3.6 from Schlenker [9]. Let us prove the second part
of the proposition. Fix t ∈ (t0,∞) and use as a new variable x ∈ [t,∞). The above
equations are of course valid if we replace t by x and t0 by t. By the Gauss equation
and the expressions of dgx and Hxgx with respect to dgt using the new variable x we
have:
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FPz=0

∫
X\Kt

e−z|x|dg

= FPz=0

∫ ∞
t

∫
Σx

e−z|x|dgxdx

= FPz=0

∫ ∞
t

∫
Σt

e−z|x|[(cosh(x))2 + (κgt + 1)(sinh(x))2 +H t cosh(x) sinh(x)]dgtdx

= FPz=0

∫ ∞
t

∫
Σt

e−z|x|
(
e2x

(
κgt

4
+

1

2
+
H t

4

)
+ e−2x

(
κgt

4
+

1

2
− H t

4

)
− κgt

2

)
dgtdx

= FPz=0

[
1

z − 2
e(2−z)t

∫
Σt

(
κgt

4
+

1

2
+
H t

4

)
dgt

+
1

2 + z
e−(z+2)t

∫
Σt

(
κgt

4
+

1

2
− H t

4

)
dgt +

ezt

z

∫
Σt

κgt

2
dgt

]
= −1

2
e2t

∫
Σt

(
κgt

4
+

1

2
+
H t

4

)
dgt +

1

2
e−2t

∫
Σt

(
κgt

4
+

1

2
− H t

4

)
dgt + tπχ(Σ)

= − sinh(2t)

∫
Σt

κgt + 2

4
dgt − cosh(2t)

∫
Σt

H t

4
dgt + tπχ(Σ)

= −1

4

∫
Σt

H tdgt + tπχ(Σ).

�

Given a quasi-Fuchsian manifold (X, g), one would like to have a canonical definition
of the renormalized volume, which does not depend on the additional choices of the
metrics at infinity of X.

Definition 6. The renormalized volume VolR(X, g) is defined as VolR(X, g;hF), where
the metrics hF at infinity of X that are used for the renormalization procedure are the
unique metrics in the conformal class [h0] having constant Gaussian curvature −4.

This type of “canonical” renormalization first appeared in Krasnov [7]. Notice that,
by the Gauss–Bonnet formula, the area, with respect to hF, of the boundary at infinity

{∞}×Σ of each funnel of X equals −πχ(Σ)
2

. The following lemma appears in Krasnov–
Schlenker [8, Section 7]; for the sake of completion we include below a (new) proof using
our current definition of renormalized volume.

Lemma 7. Let (X, g) be a quasi-Fuchsian hyperbolic 3-manifold. Among all metrics

h0 ∈ [h0] of area equal to −πχ(Σ)
2

, the renormalized volume VolR(X, g;h0) attains its
maximum for h0 = hF.

The lemma holds evidently for every κ < 0 when we maximize VolR among metrics of

area −2πχ(Σ)
κ

in a fixed conformal class, the maximizer being the unique metric with
constant Gaussian curvature κ < 0 in that conformal class.
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Proof. From Guillarmou–Moroianu–Schlenker [4], recall the conformal change formula
of the renormalized volume. Let h be a metric at infinity of (X, g) and multiply h by
e2ω, for some smooth function ω : {∞} × Σ→ R. We have that

VolR(X, g; e2ωh) = VolR(X, g;h)− 1
4

∫
Σ

(|dω|2h + 2κhω)dh.(4)

In particular, for h = hF we obtain

(5) VolR(X, g; e2ωhF)− VolR(X, g;hF) ≤ 2

∫
Σ

ωdhF.

Now, we assume that e2ωhF has the same area as hF; so
∫

Σ
e2ωdhF =

∫
Σ
dhF. Write

ω = c + ω⊥, with c being a constant and
∫

Σ
ω⊥dhF = 0 (this is Hodge decomposition

for 0-forms on Σ). Using the inequality ex ≥ 1 +x, valid for all real numbers x, we get∫
Σ

dhF =

∫
Σ

e2ωdhF = e2c

∫
Σ

e2ω⊥dhF ≥ e2c

∫
Σ

(1 + 2ω⊥)dhF = e2c

∫
Σ

dhF,

implying that c ≤ 0. Hence
∫

Σ
ωdhF =

∫
Σ
cdhF ≤ 0, proving the assertion of the

lemma, in light of (5). �

Moreover, when dilating h0 by a constant greater than 1, the renormalized volume
increases. More precisely, we have:

Lemma 8. Let (X, g) be a quasi-Fuchsian hyperbolic 3-manifold. Let c > 0 and let
[h0] be the induced conformal class on the boundary at infinity of X, which by abuse
of notation is denoted Σ. Let h0 be a metric in [h0]. Then

VolR(X, g; c2h0) = VolR(X, g;h0)− πχ(Σ) ln c.

Proof. This is a particular case of the formula (4) for the conformal change of the
renormalized volume, in which ω is constant:

VolR(X, g; e2ωh0) = VolR(X, g;h0)− 1
4
ω

∫
Σ

2κh0dh0 = VolR(X, g;h0)− ωπχ(Σ)

(in the last equality we have used the Gauss–Bonnet formula). �

4. Proof of the main result

Let (X, g) be an almost-Fuchsian manifold. By Uhlenbeck [12], recall that X contains a
unique embedded minimal surface, which we denote Σ in what follows. By considering
the global decomposition X = R×Σ (see Remark 3) we obtain two metrics h+

0 , h
−
0 in

the corresponding conformal classes at±∞ of X, defined by h±0 := (e−2|t|g)|t=±∞. Using
the Krasnov–Schlenker definition of the renormalized volume from Proposition 5, it is
evident that, with respect to the globally defined function t on the almost-Fuchsian
manifold X, we have

VolR(X, g;h±0 ) = 0.

This quantity is therefore not very interesting, but it will prove helpful when examining
VolR(X, g).
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Remark 9. The vanishing of VolR(X, g;h±0 ) is essentially the content of Proposition 3.7
in Huang–Wang [6], where a slightly different definition is used for the renormalized
volume. In loc. cit. the renormalized volume RV (X, g;h±0 ) equals πχ(Σ) independently
of the metric on X, and its sign is interpreted as some sort of “negativity of the mass”.
We defend here the view that the Krasnov–Schlenker definition seems to be the most
meaningful, as opposed to Guillarmou–Moroianu–Schlenker [4] or Huang–Wang [6],
and that with this definition the sign of the volume appears to be positive, at least
near the Fuchsian locus.

Our goal is to control the renormalized volume of (X, g) when the metric at ±∞ is h±F ,
the unique metrics of Gaussian curvature −4 inside the corresponding conformal class
[h±0 ] at infinity of X. Recall from Definition 6 that, for this canonical choice (with non-
standard constant −4) we obtain “the” renormalized volume of the almost-Fuchsian
manifold (X, g):

VolR(X, g) = VolR(X, g;h±F ).

Theorem 10. The renormalized volume VolR(X, g) of an almost-Fuchsian hyperbolic
3-manifold (X, g) is non-negative, being zero only at the Fuchsian locus, i.e., for g as
in Definition 1 with A = 0 and g0 hyperbolic.

Proof. Denote the principal curvatures of the unique embedded minimal surface Σ of
X by ±λ for some continuous function λ : Σ→ [0,∞). Recall that sup

x∈Σ
|λ(x)| < 1 and

that the decomposition of the metric g takes the form (2), for all t ∈ R.

Lemma 11. The Gaussian curvature of h±0 is bounded above by −4, with equality if
and only if X is Fuchsian.

Proof. Let Σt be the leaf of the foliation at time t. We compute the Gaussian curvature
κh+

0
as the limit of the curvature of e−2tgt as t→ +∞. From the proof of Proposition 5,

the shape operator of Σt is At = 1
2
g−1
t g′t = (cosh t + A sinh t)−1(A cosh t + sinh t). By

the Gauss equation (3), we get

κgt = detAt − 1

= det[(1 + A+ e−2t(1− A))−1(1 + A− e−2t(1− A))]− 1

=

(
1− e−2t 1−λ

1+λ

) (
1− e−2t 1+λ

1−λ

)(
1 + e−2t 1−λ

1+λ

) (
1 + e−2t 1+λ

1−λ

) − 1

so κe−2tgt
= e2tκgt converges to −2

(
1−λ
1+λ

+ 1+λ
1−λ

)
≤ −4 as t→∞. The inequality for h−0

is proved similarly. Clearly the equality holds if and only if λ = 0, i.e., A = 0. �

Using the Gauss–Bonnet formula, Lemma 11 implies that the area of ({±∞}×Σ, h±0 )
is at most equal to −πχ(Σ)/2, which, again by Gauss–Bonnet, is the area of h±F :

−4

∫
Σ

dh±0 ≥
∫

Σ

κh±0 dh
±
0 = 2πχ(Σ) = −4

∫
Σ

dh±F .
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So

(6) Vol(Σ, h±0 ) ≤ Vol(Σ, h±F ) = −πχ(Σ)/2,

with equality if and only if κh±0 = −4, which is equivalent to λ = 0.

Let c2 := Vol(Σ, h±F )/Vol(Σ, h±0 ). By (6), c ≥ 1. Applying Lemma 8 we obtain

VolR(X, g;h±0 ) ≤ VolR(X, g; c2h±0 ).

Since, by definition Vol(Σ, c2h±0 ) = Vol(Σ, h±F ), Lemma 7 implies

VolR(X, g; c2h±0 ) ≤ VolR(X, g;h±F ) = VolR(X, g).

These inequalities are enough to conclude that VolR(X, g) ≥ VolR(X, g;h±0 ) = 0.

Let us now analyze the equality case. If (X, g) is Fuchsian, then the unique embedded
minimal surface Σ of X has vanishing shape operator A, therefore λ = −λ = 0. By
the proof of Lemma 11, we obtain that κh±0 = −4, thus VolR(X, g) = 0.

Conversely, assume that (X, g) is almost-Fuchsian and that VolR(X, g) = 0. This
implies that VolR(X, g;h±0 ) = VolR(X, g; c2h±0 ) = VolR(X, g) = VolR(X, g;h±F ) = 0,
where c2 was defined above as Vol(Σ, h±F )/Vol(Σ, h±0 ). Thus, c = 1 implying, by using
the equality case in the inequality (6), that κh±0 ≡ −4 and that λ = −λ = 0. Thus,

the minimal surface Σ is in fact totally geodesic, hence (X, g) must be Fuchsian. �
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