CAUCHY SPINORS ON 3-MANIFOLDS
BRICE FLAMENCOURT AND SERGIU MOROIANU

ABSTRACT. Let Z be a spin 4-manifold carrying a parallel spinor and M — Z a hypersurface.
The second fundamental form of the embedding induces a flat metric connection on T'M.
Such flat connections satisfy a non-elliptic, non-linear equation in terms of a symmetric 2-
tensor on M. When M is compact and has positive scalar curvature, the linearized equation
has finite dimensional kernel. Four families of solutions are known on the round 3-sphere
S3. We study the linearized equation in the vicinity of these solutions and we construct as
a byproduct an incomplete hyperkdhler metric on S* x R closely related to the Euclidean
Taub-NUT metric on R*. On S* there do not exist other solutions which either are constant
in a left (or right) invariant frame, have three distinct constant eigenvalues, or are invariant
in the direction of a left (or right)-invariant eigenvector. We deduce from this last result an
extension of Liebmann’s sphere rigidity theorem.

1. INTRODUCTION

The Cauchy problem for parallel spinors. If (M, g) is an oriented hypersurface in a spin
manifold (Z, gz) and ¥ is a parallel spinor on Z, then the restriction 1 := W¥|,, is a spinor on
M satisfying the initial condition

Vxy = —A(2X)

where A is the second fundamental form of M (see [8, Proposition 1.4.1]).

-, (V)X € TM, (1)

Conversely, given a spinor 1 on M satisfying the constraint for some symmetric endo-
morphism A, is it always possible to embed M as a hypersurface in an ambient manifold Z
with second fundamental form A, and such that 1 is the restriction to M of a parallel spinor
W on Z? In other words, is the only constraint for the existence of Z and W? This is
the so-called Cauchy problem for parallel spinors studied in [2]. The answer is positive when
all the objects involved are real analytic, and negative in general in the smooth setting for
dim(M) > 3.

A spinor and symmetric 2-tensor on M satisfying Equation will be called below a Cauchy
spinor, respectively a Cauchy endomorphism. Since includes as a particular case the
Killing spinor equation (i.e., when A is a constant multiple of the identity), Cauchy spinors
were sometimes called generalized Killing spinors e.g. in [13-15]. Different generalizations of
the notion of Killing spinors appear however in the literature, e.g. in the papers [10] or [6,7].
We believe that the current name should be more appropriate, as it describes more accurately
the property of being the restriction of a parallel spinor to a hypersurface.

The classification problem for Cauchy spinors and endomorphisms on a given manifold M
requires us to describe all pairs (¢, A) verifying (I). In dimension 3, partial results in this
direction were found in [14], where Cauchy spinors are characterized in terms of a triple of
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divergence-free vector fields on M. The same authors investigated in [13,15] the case of the
sphere S3, classifying all Cauchy endomorphisms having at most 2 distinct eigenvalues. This
example illustrates the little understanding we have of Cauchy spinors in dimension 3, as we
are unable to classify them even on the round sphere. Note that a complete description can
be given in several other dimensions [15].

Cauchy spinors on 3-manifolds and flat connections. Spin geometry in dimension 3
is special because the Hodge * operator allows an exceptional identification between 1- and
2-forms, and moreover the real spinor bundle carries a quaternionic structure. Using these
algebraic structures, on simply connected 3-manifolds (which by the Poincaré conjecture must
be diffeomorphic to the sphere) we can restate the classification problem for Cauchy spinors
without mentioning spinors at all! Indeed, Equation implies a constraint for the symmetric
endomorphism field A:

0=R(X,Y)+*dVAX,Y) + A(X) NA(Y), (V)X,Y € TM. (2)

Here R is the Riemann curvature tensor and dV is the exterior covariant derivative on M
mapping sections of A'M ® TM to sections of A2M @ TM. The set of symmetric endomor-
phisms satisfying is denoted 6’1]\(}[0. If M is simply connected, every solution of Equation
also satisfies for some Cauchy spinor, unique up to right multiplication by a quaternion.
Our strategy below is to exploit Equation in order to obtain new results on the Cauchy
problem for parallel spinors, and also on the classification problem for Cauchy spinors.

Equation amounts to the flatness of the modified metric connection V4 = V+%A4 on TM.
Even in the compact and simply connected case, the structure of the set of flat connections @1]\0/[‘3
remains elusive, in part because Equation is non-linear and not elliptic. For this reason,
we first study the linearization of . We show that if the scalar curvature of M is positive,
the space of infinitesimal deformations, defined as the space of symmetric endomorphism
fields solution to the linearization of (2)), is finite-dimensional (Theorem [3.2). This can be
interpreted as a finiteness result for the dimension of the “tangent space” of Gﬂ\of, with the
caveat that this set of flat connections is a priori not a smooth manifold. The hypothesis on
the sign of the scalar curvature is necessary: we exhibit flat compact 3-manifolds for which
the dimension of the space of deformations is infinite.

Cauchy endomorphisms on the round three-sphere. We view S? as the Lie group of
unit-length quaternions. Four examples of symmetric endomorphisms A fulfilling the flat-
ness condition on S are known from [14, Example 3.2]: +Id, and the endomorphism
fields constant in a left (resp. right)-invariant orthonormal frame, with eigenvalues 1, —3, —3
(respectively —1,3,3). It was already shown in [15] that there are no deformations around
A = +1d. We prove that the space of infinitesimal deformations around the other two exam-
ples has dimension 2, and corresponds to the Lie derivative of A in the direction of a left (or
right-) invariant vector field from ker(A £ 3Id). In particular, there are no other deformations
of the above solutions. If GIS%C were a smooth manifold, it would therefore necessarily have at
least 4 connected components.

The examples of endomorphisms on S* given above are analytic, so by [2] they can be realized
as second fundamental forms of the three-sphere embedded as a hypersurface in a generalized
cylinder Z := (—e¢,€) x S® carrying a parallel spinor. The cases A = +Id both induce the
standard embedding of S? into R*. We calculate in Section [4] an explicit expression of this
metric in the other two cases, finding an extension of the family of Euclidean Taub-NUT
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metrics with a negative parameter. This computation solves the long-time Cauchy problem
on the three-sphere for the four known examples of Cauchy spinors on S3.

Classification results. In the final section we prove three classification results for symmetric
endomorphisms solving Equation on S3. The known examples of Cauchy endomorphisms
have constant matrices in a left or right-invariant orthonormal basis of the tangent bundle
of the Lie group S?. It is natural to ask if those are the only symmetric endomorphisms
solutions to with this property. We prove in Proposition that this is indeed the
case. Moreover, since all the solutions of with at most two eigenvalues are known [15,
Theorem 4.10], we investigate the case where A has three distinct constant eigenvalues. We
show that there is no solution in this case, using a characterization of the Hopf fields on S?
(Proposition [6.2)). Finally, we show that the solutions which are constant only in the direction
of a left or right-invariant eigenvector £ of A, i.e., such that LA = 0, must also be constant in
a left (respectively right) invariant orthonormal frame, so they fall in the class of previously
known examples (Proposition . This result turns out to imply (a slight extension of) the
Liebmann rigidity theorem [11].

Acknowledgements. We are indebted to Andrei Moroianu for proposing the problem and for
many enlightening discussions. In particular, he suggested the name “Cauchy spinor” to
replace the more traditional - but somewhat confusing - “generalized Killing spinor”. The
second named author was partially supported from the UEFISCDI grant PN-ITI-P4-ID-PCE-
2020-0794 “Spectral Methods in Hyperbolic Geometry”. He would like to acknowledge the
hospitality of the University of Lorraine at Metz, where part of this paper was written.

2. PRELIMINARIES

2.1. Spinors in dimension 3. The real Clifford algebra Cls is canonically isomorphic to the
quaternion algebra H by the map sending e; to i and e to j, where {e1,es} is the standard
basis of R2. Tt follows that the even Clifford algebra CI$™" is also isomorphic to H by the
unique algebra map sending ejes to i, eses to j, and hence eses to k.

Multiplication by the central element P := 1_61% is a projector in Cls. Let X3 be the image
of this projector. Then P maps CI5"*" isomorphically onto X3, thus identifying 33 to H. Since
P is central, CI3¥" acts on X3 by left multiplication, and this representation commutes with
the right action of H ~ 3 on itself. The restriction of this quaternionic representation to
the spin group Sping is the spinor representation. By construction, the spinor representation
is thus the restriction of a Clz representation under which the volume element ejeses acts as
minus the identity.

The spinor representation is orthogonal with respect to the natural scalar product on ¥5. The
right multiplication by quaternions is also compatible with the scalar product, in the sense
that (va, pa) = |a|?>(1, ¢) for all a € H and 1, ¢ € 3.

Recall now that every oriented 3-manifold is parallelizable, hence spin. Let (M, g) be an
oriented Riemannian 3-manifold with a fixed spin structure. The real spinor bundle XM over
M is the vector bundle associated to the spin bundle and the Spins spinor representation 3.
It is endowed with a natural inner product (-,-) and a Cl(T'M)-action such that the Clifford
product by vectors on XM is skew-symmetric. The right action of H on X3 induces a right
H action on ¥ M commuting with Clifford multiplication by tangent vectors, and satisfying
(Ya, pa) = |a|?(1p, ¢) for all a € H and 9, ¢p € X M.
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By construction, Clifford multiplication with the volume form acts as —Id on XM. This
choice implies that for a 2-form w € A%(M) and a spinor ¢ € XM we have

w1 =*w - P, (3)

where * denotes the Hodge star-operator.

2.2. Cauchy spinors and endomorphisms. Let £ — M be a vector bundle endowed with
a connection V. The exterior differential twisted by V is defined on FE-valued p-forms using
Einstein’s summation convention:

MW V) =dw®V + (-1)PwA X! @ Vx,V,

where (X;)i1<j<n is any local orthonormal frame on M. For an endomorphism field A €
End(T M), the above formula becomes

dVA(X,Y) = (VxAY — (VyA)X, (V)X,Y € TM. (4)

The divergence operator 8V is the formal adjoint of d¥ with respect to the L2-inner product
on vector-valued forms.

Let now V be the Levi-Civita covariant derivative on an oriented 3-manifold M, and R =
dV o V its Riemann curvature tensor. The Levi-Civita covariant derivative on the spinor
bundle XM is still denoted by V, and its curvature tensor is written R.

Definition 2.1. Let (M, g) be a spin 3-manifold. A non-zero section ¢ € T'(XM) is a Cauchy
spinor if there exists a symmetric endomorphism field A € T(T*M x TM) such that the pair
(¢, A) satisfies Equation . In this situation, A is called a Cauchy endomorphism.

We denote by Cpr the set of all Cauchy endomorphisms on M, and by Glz\of the set of all
symmetric endomorphisms on M satisfying Equation .

In other words, an endomorphism field A on M is a Cauchy endomorphism if it is symmetric
and there exists some non-zero spinor ¢ € ['(XM) satisfying Vx1 = —2A(X) - ¢ for all
vectors X € TM. We stress that the symmetry assumption on A is crucial here, since in
dimension 3 every spinor of constant length determines uniquely some general endomorphism
field A so that Equation holds.

The sets Cps and Gll\of will form our main object of study in this paper.

2.3. Parallel spinors in dimension 4. Let us review below the main results of [2] about
parallel spinors in dimension 4, Ricci-flat metrics and Cauchy spinors.

Let (M, g) be a hypersurface in a 4-dimensional manifold (Z, g*). If Z is Ricci-flat, the second
fundamental form W of the embedding M <— Z satisfies the contracted Codazzi and Gauss
equations:

Scal™ = tr(A)? — tr(A?), 6V A+ dtr(A) = 0. (5)

Conversely, if (M, gM) is real analytic and the constraints hold on M for some analytic
symmetric endomorphism A, then there exists a Ricci-flat real-analytic ambient manifold
(Z,¢%) in which M imbeds isometrically with second fundamental form A.

Upon replacing Z by a collar neighborhood of M, we can assume that Z is also parallelizable.
Fix a spin structure on Z. The restriction of each of the spinor bundles ¥*Z to M is isomorphic
to XM. If Z admits a nonzero parallel spinor ¥, then g% must be Ricci flat. Up to reversing
the orientation on Z we can assume that the chiral component ¥ is nonzero, implying that
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the metric is self-dual (if U and ¥~ are both nonzero then Z is flat). Moreover, the restriction
of U+ to M is a Cauchy spinor, and the second fundamental form of M — Z is a Cauchy
endomorphism.

Conversely, if there exists a Cauchy spinor ¢ and a Cauchy endomorphism A on M satisfying
, then the identities () are satisfied (an alternate derivation of these identities can be found
in [13, Lemma 3.1, Equation (12)]). If moreover M, g™ A and 1 are real-analytic, then there
exists a Ricci-flat, self-dual 4-manifold (Z, ¢%) into which (M, g™) embeds isometrically with
second fundamental form A, and locally there exists a parallel spinor of positive chirality on
Z extending .

2.4. The modified metric connection V4. Throughout the paper we identify 1-forms and
vectors on M using the metric g. Given any A € T'(A'M®TM), we define A € T(A'M®A2M)
by A(X) := *(A(X)) for all X € TM. We can view the 2-form A(X) as a skew-symmetric
endomorphism of TM in the usual way: for Y € TM, A(X)(Y) is the unique vector Z

satisfying g(Z, W) = A(X)(Y,W) for all W € TM.
We introduce the connection on T'M

VAY = VxY 4+ A(X)(Y), X, Y € TM, (6)

and we denote by R its curvature tensor. Since by construction A(X) is skew symmetric,

VA4 is compatible with the Riemannian metric and hence induces a connection, still denoted

VA4, on the spinor bundle XM by pull-back from the orthonormal frame bundle:

A(X)
2

We denote by R4 the curvature of V4 on spinors.

Vi = Vxip + Y, (V)X € TM, € SM.

The problem of finding solutions to can be reduced to solving an equation involving the
endomorphism field A alone, at least when M is simply-connected.

Proposition 2.2. Let (M,g) be a Riemannian 3-manifold and A € T(A'M @ TM) a sym-
metric endomorphism field. The following conditions are equivalent:

(1) Locally on M there exist nonzero Cauchy spinors with respect to A;

(2) RA =0;

(3) R4 =0;

(4) The symmetric endomorphism A satisfies the equation , i.e., A€ Glj\of.

When M is simply connected, the first condition is equivalent to the global existence of Cauchy
spinors, hence (31]\04C =Cuy.

Proof. If there exists a locally defined, nonzero spinor v satisfying , then the four mutually
orthogonal spinors (1, ¥i, ¥ ], 1¥k), defined with the help of the quaternionic structure on XM,
are parallel for the covariant derivative V4. This implies that the curvature endomorphism
RA of (XM, VA) vanishes. Conversely, if R4 = 0, locally there exist non-zero spinors parallel
with respect to the connection V4, i.e., Cauchy spinors. Moreover, if M is simply connected
then such spinors exist globally on M.

Since the connection V4 on XM is induced from the connection with the same name on 7'M
and the spinor representation XM, it is well known that R4(X,Y) = 1RA(X,Y)-, where -
denotes Clifford multiplication (see e.g. [5, Theorem 2.7]). In dimension 3 the map associating
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to a 2-form its action by Clifford multiplication on spinors is injective, thus R4(X,Y) = 0 if
and only if R4(X,Y) = 0.
For all X,Y € TM, we compute from the definition of V4 its curvature:

RAX,Y) = R(X,Y) +dVA(X,Y) + [A(X), A(Y)]
Since the Hodge * operator is parallel, it commutes with dV, so d¥V A = xd¥ A. Also, we check
directly that

A(X)o A(Y) —A(Y) 0 A(X) = A(X) AN A(Y).

Hence R =R+ *dVA + A A A as claimed. O

Proposition shows that Cys C 65\%, with equality when M is simply connected.

3. DEFORMATION OF ENDOMORPHISM FIELDS

There is not much one can say about the structure of the sets €, or Glj\of, even in the simply
connected case when they coincide. Let us introduce the following definition:

Definition 3.1. The space of infinitesimal deformations of Gloc at A € Gloc

. d
{CO)] e > 0,(3)C € C%((—¢, ), T(Sym*(TM)), C(0) = 4, =R Vi—p = 0}.
In the case where Glj\of is a differentiable manifold, its tangent space TAGIA‘}C is the space of
tangent vectors at t = 0 to smooth curves C : (—¢,e) — CY¥¢ with C(0) = A. In general,
since we do not know any differentiable structure on Gﬂ\c}[c, the above cone might even not be
a vector space. The space of infinitesimal deformations always contains this formal tangent
cone.

Theorem 3.2. Let (M, g) be a compact oriented Riemannian 3-manifold with strictly positive
scalar curvature and let A € Glj\of. Then the space of infinitesimal deformations of A is finite-
dimensional.

Proof. Let C € C*((—¢,¢),I'(Sym*(T'M)) be a smooth curve as in Deﬁnition with
C(0) = A. We define A := C(0). By dlfferentlatmg with respect to t in (2) the cond1t1on
%Rc(t)\tzo = 0 rewrites

0=x(dVA)(X,Y)+AX)ANAY)+ AX) ANA(Y). (7)

We recall some elementary identities about the Hodge star-operator in dimension 3. Let
X,Y € TM and o € A’>M. Then we easily check that

XixY =—%(XAY), X N*xa = — * (X aa). (8)
Using these identities, one has for all X,Y € TM
AX)YNAY)+ AX)NA®Y) = — « AY)(A(X)) + #A(X)(A(Y)).
Consequently, Equation @ rewrites
0= (dVA)(X,Y) - AY)(A(X)) + AX)(A(Y)) = (@ A)(X,Y).

We are hence led to the equation for the infinitesimal deformation of a flat connection:
A

dV A =0. (9)
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According to Proposition the connection V4 is flat, meaning that R4 = AV ovA =0
on I'(TM). But dV" 0 dV" is given by the action of R4 also on D(A*M @ TM) for all k > 0.
This implies that d¥" o dV" = 0 on I'(A*M ® M). The differential operators

d¥"  T(A*M ® TM) — T(A*M M @ TM)
form therefore an elliptic complex. BX Hodge theory, Equation @D implies that there exists
a vector field X ; € I'(TM) and a d¥" -harmonic vector-valued 1-form B, € T'(A'M ® TM)
(i.e., 5VABA =0 and dVABA = 0) such that A = VAX ; 4+ B. Notice that this equation still
involves the symmetric endomorphism A which defines the flat connection V4.

The symmetry condition on A can be rewritten as an equation on X i» B and A:

Lemma 3.3. Let X € ['(TM) and B € T(A'M ® TM). The endomorphism dV'X + B is
symmetric if and only if X, viewed as a 1-form, satisfies dX —x(Xtr(A)—AX)+XxAB(Xy) =
0, where (X1, X2, X3) is any orthonormal basis.

Proof. The endomorphism dV'X + B is symmetric if and only if its skew-symmetric part is
zero. Using the identities we compute
0= X, AV, X + X A B(Xy)

= Xp A (Vx, X + A(Xg) (X)) + Xi A B(Xy)

= Xp A (Vx, X + X0A(Xg)) + Xy A B(Xg)

=X AN (Vx, X — (X NA(Xg))) + Xi A B(Xk)

=X AVx, X — Xp A (X ANA(Xy)) + Xk A B(Xg)

=X AVx, X + (X0 X NA(Xg)) + X A B(Xk)

= dX + (X (Xp) A(Xp) — A(Xp)(Xp) X) + Xip A B(X)

=dX + *(A(X) — XtrA) + Xi A B(Xk). O

The space of dV* -harmonic vector-valued 1-forms B is finite dimensional by ellipticity.
Lemma implies the identity dX ; — *(X ;tr(4) — AX ;) = —X; A B;(X}), and for a
given B, the solutions X € TM of

dX — #(Xtr(A) — AX) + X A B(X%) =0

form an affine space of direction ker(X +— dX — %(Xtr(A) — AX)). Thus, to show that the
space of deformations is finite dimensional, it is sufficient to prove that the solution space of

dX — #(Xtr(A) — AX) =0 (10)

is finite dimensional.

By applying the exterior derivative to equation we have 0 = d x (Xtr(4) — AX) =
*0(Xtr(A) — AX), and then

d(Xtr(A) — AX) =0.
We define the differential operator
Z:AM — A°M @ A°M, Z(X) = (dX — x(Xtr(A) — AX),§(XtrA — AX)).
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To compute the principal symbol of =, let f be a smooth function on M. Again by using
we obtain

o=(df)(X) = E(fX) - JEX
= (d(fX)— fdX,0[f(XtrA — AX)] — fo[XtrA — AX])
= (df NX,—{df,(XtrA — AX))).
Hence, the principal symbol of = is given by

o=(a)(X) = (a N X, (o, (XtrA — AX))).

We want to show that this principal symbol is injective in order to use the theory of elliptic
operators. To do so, we first remark that by equation , the eigenvalues (A1, A2, A\3) of A
satisfy A1Ag + A1A3 + AoAg = %ScalM. We now use the hypothesis Scal™ > 0.

Lemma 3.4. Let B € M3(R) be a symmetric matriz with eigenvalues (A1, A2, \3) such that
AA2 + AMAs + AeA3 > 0. Then B — tr(B)Id is definite.

Proof. Since B is symmetric and real, there is P € O3(R) such that
PTBP = diag(\1, A2, A3).
Thus, PT(B — tr(B)Id)P = —diag(A2 + A3, A1 + A3, A1 + A2). Moreover, one has
(A2 4+ A3) (M1 + A3) = AaA; 4+ Aoz + Ash + A2 >0

and similarly (A1 + A3)(A1 + A2) > 0, (A2 + A3) (A1 + A2) > 0. We conclude that Ay + A3, A1 +
A3, A1 + A2 have the same sign and are different from 0, so B — tr(B)Id is definite. O

As a consequence of Lemma A —tr(A)Id is definite under the assumption that Scal® >
0. Now, let a € A'M such that there is a non-zero vector X with oz(a)(X) = 0. In
particular, we have g(o, [A — tr(A)Id]X) = 0 and a A X = 0. We deduce that X = fa
and g(a, [A — tr(A)Id]a) = 0, so a = 0 because the endomorphism A — tr(A)Id is invertible.
Consequently, the principal symbol of = is injective.

The operator Z*= has the same kernel as = and is elliptic, so its kernel is finite dimensional (see
e.g. [16, Theorem 5.2]). Thus the space of infinitesimal deformations of A is finite dimensional,
ending the proof. O

The assumption Scal™ > 0 is necessary, as shown by the following example:

Remark 3.5. We look at a flat Riemannian product M = S! x E, where E = R?/T is an
elliptic curve. Let p : M — S' be the projection on the first factor, and P : TM — TM
the orthogonal projection on the first factor in the tangent bundle. The endomorphism P
is parallel and symmetric, and it clearly satisfies Equation . Moreover, for any smooth
function f : S' — R, the symmetric endomorphism field A ¢ := (p* f)P also satisfies Equation
since all the terms in this equation vanish when at least one of the vectors X,Y are
tangent to the second factor £. Thus the space of infinitesimal deformations of A contains
the infinite-dimensional space C*°(S?!).

Not every such Ay € @l]\‘)f is necessarily associated to a Cauchy spinor, because the torus is
not simply connected. Take a non-zero parallel spinor W on the flat torus F' x E, where F
is also an elliptic curve, and consider any closed simple curve v in F' of length 27, hence
isometric to S'. Then the manifold v x E is isometric to M, so the restriction of ¥ to M is
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a Cauchy spinor on M with respect to Ag, where £ is the geodesic curvature function of ~.
Since the set of curvature functions of curves of length 27 in F' parametrized by arc-length is
not finite-dimensional, it is evident that the deformation space of flat connections near such
a Ag cannot be finite dimensional either.

4. DEFORMATIONS OF CAUCHY SPINORS ON THE THREE-SPHERE

Let us illustrate the above result in the case of the round 3-sphere, noting that even in this
simplest possible case Equation (1) is not yet fully understood.

We identify S* with the unit sphere in the quaternions H ~ R%. In this way, S® becomes a Lie
group with Lie algebra the space of imaginary quaternions ImH. Let (eq, ez, e3) be the three
left-invariant vector fields corresponding to the quaternions i, j, k. They form an orthonormal
frame at any point of S3. Recall that the Levi-Civita covariant derivative of left-invariant
vector fields on compact Lie groups is given by VxY = %[X ,Y]. Recall also that for an even
permutation (a, b, c) of the indices (1,2, 3), the Lie brackets are given by

[€as €] = 2ec. (11)
We compute from here the covariant derivatives of these orthonormal vector fields:
Velel =0 veQGQ =0 ve3€3 =0
veleg = €3 v62€3 = €1 ve3€1 = €2 (12)
V8261 — —e3 V,3362 = —e€1 Veleg = —e9.
On the round sphere, the curvature tensor satisfies R(X,Y) = —X A'Y so Equation (2))
rewrites
xdVAX,Y) =X AY — A(X) AA(Y). (13)

Remark 4.1. From [14, Example 3.2], we know four families of Cauchy endomorphisms in
683 :

e plus or minus the identity

e the symmetric endomorphism fields constant in a left-invariant orthonormal frame,
with eigenvalues 1, -3, -3

e the symmetric endomorphism fields constant in a right-invariant orthonormal frame,
with eigenvalues -1, 3, 3.

It was already shown in [15, Theorem 5.1] that (E'IS%C does not admit infinitesimal deformations

at the endomorphisms £Id. Let us thus study the infinitesimal deformations of GIS%C at the
symmetric endomorphism field

Ag=e1®er — 3(62 X ez +e3® 63). (14)
Lemma 4.2. Let (M, g) be a simply connected 3-manifold and A € I'(End(T'M)) such that

the connection V4 defined by @ is flat. Then the cohomology space H'(M, dVA) vanishes,
hence there are no nonzero d¥° -harmonic sections in [(A'M @ TM).

Proof. Fix a global frame sy, 59,53 € I'(T'M) consisting of V4-parallel vector fields, possible
since M is simply-connected. In this basis, the elliptic complex (I'(A*M @ TM ),dVA) is
isomorphic to the tensor product of the standard de Rham complex with R3. It follows
that H'(M, dVA) ~ H'(M) ® R3, and this space vanishes since the first Betti number of a
simply-connected manifold is zero. ([
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By the analysis from the proof of Theorem [3.2] and Lemma any infinitesimal deformation
A can be written as the covariant derivative V40 of a vector field X 4- By Lemma the

symmetry of A leads to the equation

dX + *(ApX +5X) =0. (15)
If we write X =: z¥e;,, we have dX = d(:rkek) = dz* A ey, 4+ zFdej, and the exterior derivatives
are given by dey, = —2 * ¢, for all k € {1,2,3}. Finally, equation rewrites

dz® A ey + deg A ez = 0.

This means that we have the differential system of equations in the unknown functions
rl 22 23 € O (S?):

ea(z!) = ey (2?), es(z!) = eq (%), e3(z?) = eg(ad) + 4.
By taking further partial derivatives one has
ezea(z!) = ezer (2?) = eres(x?) — 2ex(z?)
esez(x!) = eger (23) = eren(a?) — 2e3(z?)
4er(x) = eres(z?) — erea(2?).
We subtract the first equation from the sum of the last two, and we obtain
3eq(zh) + ea(z?) +e3(z®) = 0.
Hence,
3erer(z!) = —erea(2?) —eres(2®),  egea(z!) = eger(2?), ezes(x!) = ezer(2?),

and summing these three equations one has

3erer(zh) + ezea(z!) + ezes(x!) = 2e9(2%) — 2e3(2?) = —8x'.
Consequently, we have to solve
Apz! = 82!
where Ap := —(3eje; + ezeg + ese3) is the Laplacian on the Berger sphere with metric

%e% + €3+ €3. From [4, Section 6.2] we know that the multiplicity of the eigenvalue 8 of Ap is
3, and the associated eigenspace Vg is spanned by the functions 7*y; for k € {1,2,3} where
T:8 — 82(%) is the Hopf fibration for which e; is tangent to the fibers and yy, is the kP
coordinate in R® O §2. In particular, the action of e; is trivial on Vg, so ej(z!) = 0.
Lemma 4.3. For any k € {1,2,3} one has eze3(m*y) = ezea(n*yr) = 0 and ezea(m*yx) =
eses(m*yg) = —4m*yp.

Proof. The space Span(m*y;, 7"y, 7*y3) is generated by the three harmonic quadratic poly-
nomials {a% + a% — a% — aZ, ajaq + asas, ajaz — azay} restricted to S?, where a;, stands for the
kM coordinate in R*. The lemma follows by a direct computation. O

Now we have
erer(x?) = erea(x!) = eger (a!) 4 2e3(z!) = 2e3(xt)
egea(z?) = —eges(z?)

ezes(z?) = ezen(x?) + des(z!)
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and by adding these equations we obtain for the Laplacian A = —(eje; + egea + eze3) of the
round metric:

Az? = —2e3(zh) + 2e1(23) — des(zh) = —4des(zh).

In the same way we have

ere1(z?) = erez(z!) = —2ey(a?)

egea () = eges(x?) — dey(zt)

ezez(z°) = —ezea(2?),
thus,

Az? = 2ey(zh) — 261 (22) + dea(zh) = dea(zh).
We are left with the system
Ax? = —des(zh), Ax? = dey(zh).
Since e1, €9, eg are Killing vector fields, A commutes with e1, es and es. This implies that
Az? + %63($1)) =0, Az — %eg(azl)) =0.

Since harmonic functions on a compact manifold must be constant, we deduce that zo =
—%63(561) + cg and z3 = %62($1) + ¢3 for some constants co,c3 € R. Finally, the space of
solutions

S = {1:161 + (*%63(331) + co)es + (%62(1‘1) + 63)63;$1 € Vg, ca,c3 € R} (16)
is 5-dimensional, since the eigenspace Vg of Ap for the eigenvalue 8 has dimension 3.
From , the Lie derivatives of Ap in the direction of eo, e3 are given by

LeyAg = Ley(e1 ® e — 3ea ® ez — 3e3 @ e3)
—2(e3®er +e1®e3) —6(e1 @ez +e3®eq)
—8(e3 ® e + €1 ® e3);

LeyAg = Ley(e1 ® e — 3e2 @ ez — 3e3 @ e3)
:2(62®61+61®62)+6(e1®€2+62®€1)
=8(ea®e1 +e1 ®ea).

Let X := zFej, € S. One has
VA X = da* @ e, + 2F VA%,
=dz* ® ey + 2301(62 ®e3 —e3 @ eg)
+22%(e1 @ ez +e3 @e1) — 22 (e; @ eg + €2 ® ey),
and we can compute the coefficients of V40X using Lemma
VAOX e1®er) =2ei(x ) =0

VAOX e1 X es
VAOX e1 ®es

= —erez(z!) — 2ex(xl) — 2c0 = 2en(zt) — 2ea(zt) — 2¢0 = —2¢

(
{
(VAOX e3 ® es
(
( —2e3(x!) + erea(x!) + 2¢1 = —2e3(zt) + 2e3(xt) + 261 = 2¢4
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<VA0X, €2 ® eg) = esesr + 4zt = 0.
From the symmetry of VA°X we conclude that
VAKX =2¢1(e1 @ ez +e3@er) — 2ca(e1 @ eg + 3 @ eq)

1
= *1(61563_40 + CQLeQAO).

Consequently, we proved the following proposition:

Proposition 4.4. The space of infinitesimal deformations of GIS%C at Ag is of dimension 2,

and consists exactly of the Lie derivatives of Ao in the directions spanned by (e, e3).

The same analysis holds for endomorphism fields constant in a right-invariant orthonormal
frame.

Remark 4.5. The infinitesimal deformations described in Proposition 4.4] can be obtained
as the tangent vectors to actual smooth curves in GIS%C, as described after Definition This
comes from the fact that the solutions we know form a differentiable manifold with four

connected components.

5. ENDOMORPHISMS FIELDS ON THE 3-SPHERE AND THE SECOND FUNDAMENTAL FORM

5.1. Thickening of the three-sphere. In the real-analytic case, it was shown [2, Theorem
1.1] that the existence of a Cauchy spinor ¢ over (M, g) is equivalent to the existence of a
metric of the form g% = dt?> 4 g; on a cylinder (—¢, €) x M with gy = g, which carries a parallel
spinor V. In this case, the Cauchy endomorphism A from is the second fundamental form
of the hypersurface {0} x M, and ¢ is the restriction of ¥ to this hypersurface. Moreover,
the germ near t = 0 of such a metric is unique by analyticity.

When A is plus or minus the identity on the sphere S3, the resulting metric on Z is flat
and isometric to the induced metric on a tubular neighborhood of S? through the canonical
embedding in R%.

In this section we shall describe the ambient metric obtained by this thickening procedure
in the case where the Cauchy endomorphism field is Ay defined in in terms of the left-
invariant orthonormal frame (e1, ez, e3). Once again, a similar analysis can be carried out
in the case of an endomorphism field constant in a right-invariant orthonormal frame, as it
amounts to reversing the orientation on Z.

For an interval I 3 0 (to be defined later), we look for a metric on Z := S3 x I of the form
g:=dt* + g, g = a(t)?e] + b(t)*(e3 + €3) (17)

such that $2 carries a parallel spinor ¥ and Ay is the Weingarten map of S® x {0}. Moreover,
go has to coincide with the metric of the round sphere, so a(0) = b(0) = 1, and we assume
that the functions a and b are non-negative.

We introduce the notation M; := S? x {t}. Because of the form of the metric g; defined by
, the hypersurfaces M, are Berger spheres.

The covariant derivative on (My,g;) is denoted V!. We also denote by R! the Riemann
curvature tensor of (M, g;), and by A; the Weingarten map of the hypersurface My in Z.
The fact that W is parallel in XZ implies that each hypersurface M; carries a Cauchy spinor
(the restriction of ¥ to M;) with associated endomorphism field A;. In particular, Equation
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(2) gives for all ¢

0=RYX,Y) +#d" 4,(X,Y) + Ay(X) A A(Y) (18)
for all X, Y € TM; ~ TM. In turn, the identity for all ¢ implies the existence of a
parallel spinor on Z by the main result of [2].

We shall identify vectors and 1-forms on M; using the metric g;. Notice that the Hopf
frame (e1, eg, e3) is orthogonal, but not orthonormal on M;. Using Koszul’s formula and the
expression for the Lie brackets of e1, eo, €3, we obtain by a straightforward computation
that

t a’ t a’ t a’
Veleg =(2- be(t) €3, V€2€1 = bQ( )63, Veleg = bﬁ(t) -2 €9,
t a’ t t
v63€1 = b2( )62, V6263 = €1, Vegeg = —€1
Vilel = 0, VZQQQ = 0, Vggeg =
From this we immediately get
¢ a* t a’? t
R61762€1 = _b4 (t)eg, R€1,6262 = ﬁ(t)el, R61,6263 =0
t a* t t a’
Rel,egel = b4 (t)e?n Rel,egeQ =0, Rel,e3e3 = big(t)el
Lo e1=0 Lo oep= 3“2(t)—4 R 4—3a2(t)
e2,e3¢1 ’ e2,e3%2 b2 €3 2,363 b2 €3
Thus, in the basis (e, ez, e3) one has
0 % 0 0 0 9 0 0 0
Rzl e2 = _%Z 0 0 Rél:% = 04 0 0 REQ ez — 0 20 4- 327
0 0 0 —@ 00 0 33z —4 0

S0, in terms of 2-forms, these t-dependent curvature matrices become

2 2 2 2
a a 3a” — 4b
e Nez  R'(er,e3) = —5icl Nes  Rf(eg,e3) = g

Let us now analyze the Weingarten maps A;. By [3 Proposition 4.1], A; is computed in the
frame {ey, ez, e3} by the formula g;(A¢(X),Y) = —3 5 9 (g:(X,Y)). We obtain

Rt<61,62) e2 N\ es.

; b b
A = —g(t)q ® el — B(t)eg ®eg — E(t)ez), ® e3.
The twisted exterior differential of A; is

(@ Ap)(e1, e2) = V2 (Aren) — AVE ea — VE (Aver) + A VY ed

(@Y Ap) (e, e3) = VE (Arez) — AV ey — V! (Arer) + AV e
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2

b a® a a
= _E(t)vé1e3 - <l)2(t) - 2) Ages + E<t)v2361 + bﬁ(t)Ateg

(thAt)(e% e3) = Vi, (Aes) — AV, e — Vi, (Area) + AV e
; .

b
= _B(t)Vi2€3 - Atel + B(t)VZSCQ — Atel

. (Z(t)—Z(t)) 1.

«(dV A (er, e2) = —

Thus

«(dV Ay (er, e3) = b%(t) (Z(t) - Z(t)) e1 Aes,

: 2a, . (a b
*(dvtAt)(eg,eg) = b—z(t) ( (t) — b(t)) es A es.
Finally, Equation rewrites as the system

0=RE ., ++(dV Ap)(er, e2) + Arler) A Ayles)
0=RE, ., +#(d Ag)(er, e3) + Ar(er) A Ar(es)
0=RL, .+ (V" Ay) (e, e3) + Ag(ea) A Ag(es)

and taking into account the previous computations, this system reads
0 —Zenert L (P28 e nest %o n
=——e1Nes+ 5 |[-——|ethea+ —ej Ne
préthet g |y = Jahet reiher

b2 \ b ab

: A\ 2
3@2—4172 2a a b b
O0=—r—eheatg|-—p|eaiat| | eie

so we are left with the two independent equations

a? a (b a ab
0:_67461/\63—’_7 *—a e1 Nes+ —e1 Nes

a® a ab ab
VR a

. N\ 2 19
302 —4b2 2 2ab (b) (19)

0= —

0=+~ +
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Moreover, from the identity go(Ag(X),Y) = —33o(X,Y) for all X,Y € TMy, we have the
initial conditions

a(0) =b(0) =1 a(0) = —1 b(0) = 3.

The first equation of can be rewritten as

1/ a\ [d?
ab \" <b2 * a)
thus either b— 7=0or Z—j +a = 0. However, from the initial conditions one has b(0) — 7(0) =

2 # 0 so the first case never occurs. Consequently, we get

a2

~3
Substituting this @ in the second equation of the system , one obtains by factorization

a =

1 : .
0= b—4(a — bb — 2b)(a — bb + 2b).

Thus, either a — bb — 2b = 0 or a — bb + 2b = 0. The initial conditions give a(0) — bb(0) =
1—3 = —2 and we conclude that the second case occurs. We have reduced to the simpler
system

. a
“="5
. a
b="+42
b-i-

a(0) = b(0) =1, a(0) = —1, b(0) = 3.
In order to solve this system, we will find a conserved quantity and make a well-chosen change
of variable. We begin by computing the derivative of g:

(b)’_ba—ab_ (¢+2)a+%d 2

2
-+ -,

a a? a? b a

b\’ 11 A
0= <> —2<+) <:>0:ab<) —2(a+0).
a b a a
In addition, one has
2

(ab) = ab+ba = =T5b+a (5 +2) = 2a,

and then,

thus
b b (b
20@+b)=2a+2-a=2a(—-+1)=(ab) (—+1],
a a

a
and finally we have

0=ab (Z)l— (ab)’ <2+1) & ((llb (2—1—1))/:0.

We conclude that the quantity % (% + 1) is constant, so

1 /b
— | =-+1)=2
ab <a+ )
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A natural change of variable is to set s = ¢(t) := a(t)b(t), so % = 2¢(t) — 1 = 25 — 1.
Composing by ¢! on the right, we obtain for s in a neighborhood of 1

a6~} (s) = ~ 35 (671 (5)
b6~ () = 367 (s) +2

(6™ (5)b(6™(5)) = 6674 (5))
P67 ) = 20067 (5) 1

and setting a ;== ao ¢ ! and 3 :=bo ¢! one arrives at

2
s N1 T Ry 1
-1y (& o oayds—1
af =s
é:25—1.
o
Differentiating the last two equations one gets
aB+af=1 (20)
and
. . 4s — 1 1
— a3 = 2 — A3 _A _ — —1y/ —1y/
af—af=20"<2a=0—-a(2s—1) = (¢ )28_1+(¢ )25—1
L 1v 2s
Ga=) 5Ty
Re-injecting this last equation in we have
é 2\ 1y 2s 1 1 yds—1Y
a(aaw)—m«b Voot () s - D+ ) =1
_1/2 48 . N &25_1

where we used that the derivative of ¢ is positive. Thus, one has

VS B 1
b= gy 2/5(25 — 1)3
4s —1 4s —1

25—1 2252 — s

B=@"

and by integration we finally obtain

o=zt 5= Vo1

We conclude that in terms of the new variable s, the metric on S% introduced in (17) is

251 2, s
s = 4s s 2s — 1

7+ s(2s — 1) +173), 5 € (3,00).
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We can compute the interval to which the variable ¢ belongs by calculating

/ (61 (s)ds = / \/QT‘ld
:\}5 [s\/1_218—i1n(4s—1+\/m>]

B V2-In(1+V2)
=3 4\/§1n(3+2\/§)— N

and so the metric admitting a parallel spinor exists for ¢ € (% (% In(1++2) — 1> 7oo).

1

1
2

1 1

~0,1884,

5.2. Link with the family of Euclidean Taub-NUT metrics. Let us first extend the
previous study to the case where the initial sphere has radius > 0. It is easy to see that this
does not change the form of the endomorphism Aj defined in (14]). This modification results
in the rescaling of the metric by a factor 72. Subsequently, if we keep the same notations as
in the case 7 = 1, the metric g on Z is given by

25 =1 5. 4 r?s
=222
9= g " Y

nt +1%s(2s — 1)(n3 + n3), s € (1,00). (21)

With the change of variable u := rs we can express this metric by

7,2

2u—r U
= —t -+ u(2u =) (5 + n3), u € (%,00).

- du?
g 4u u+2u

This family of metrics is strikingly similar to the well-known family of Fuclidean Taub-NUT
metrics on R?* (see e.g. [12] and the references therein). In polar coordinates, the Euclidean
Taub-NUT metrics are given (up to a constant) by the expression

as+b 4b? 2
<d32 + mﬁ% + 45 (3 + ﬁ§)> (22)

grN =

where a and b are positive parameters and 71,12, 73 are the 1-forms dual to the Hopf vector
fields eq, e2, e3. Through a change of variable in the radial variable s, we can always normalize
the parameter a to be equal to 2.

The metric we found in Equation belongs formally to the extension for negative values of
the parameter b = —r < 0 of the family of Taub-NUT metrics normalized with a = 2. Note
that the parameter r cannot vanish, else the metric degenerates. The metrics in this family
admit a nonzero parallel spinor. This implies that they are hyperkéhler, hence Ricci-flat, and
also (anti-) self-dual, according to the chirality of the nonzero parallel spinor.

In the presentation of the Taub-NUT metric, s = 0 is an apparent singularity, but in
fact the metric extends smoothly in the origin of R*. In contrast, the metric has a true
singularity at s = % The horizontal directions es and ez collapse, while the vertical direction
of e explodes in finite time as s\ % As a result, the curvature operator is unbounded near
S =

[N
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6. CLASSIFICATION RESULTS ON S3

In this section we analyze the set of symmetric solutions of in the case M = S3. Recall that
Cgs = 61803“ because the sphere is simply-connected. Since the known examples of solutions
can be expressed as constant matrices in a frame of left (or right-) invariant vector fields, we
will investigate some classes of endomorphisms related to these vector fields.

6.1. Endomorphisms constant in a left or right invariant orthonormal frame. The
four examples we recalled in Remark can be interpreted as constant matrices either in a
left- or a right-invariant orthonormal frame. For this reason, it is legitimate to search for all
symmetric endomorphisms in Cg3 that verify this property. We shall prove that there exist
no other examples besides the ones already known from Remark

Proposition 6.1. Let A € Css. Assume that A is constant in a left (resp. right)-invariant
orthonormal frame. Then, either A = £1Id or A has eigenvalues 1, —3, —3 (resp. —1, 3, 3).
In particular, A is one of the endomorphism fields described in Remark[{.1}

Proof. We recall that (e, eg,e3) are the three left-invariant vector fields corresponding to
the quaternions 4, j, k on S3.

Let A € Cgs (i.e., A is symmetric and satisfies Equation on S$?), and assume that A is
constant in a left-invariant orthonormal frame. Hence, A can be viewed as a real symmetric
3 X 3 matrix, in particular it is diagonalizable. From these considerations, up to an isometry
of the sphere we can assume without loss of generality that A = ae; ® e1 + bes ® e + ces ® e
for a,b,c € R.

Equation applied to X, Y € {e1, e2, e3} together with and give the system

a+b—2c=1—ab (a+1)(b+1)=2(c+1)
b+c—2a=1—-bc & (b+1)(c+1)=2(a+1)
c+a—2b=1-ca (a+1)(c+1)=2(b+1).

We easily see that a+1=0<b+1=0< c+ 1 =0, and in this case A = —Id. We assume

now that a + 1 # 0. The product of all the equations give
(a+1)(b+1)(c+1) =38,

and we conclude that (a+1)? = (b+1)? = (c+1)? = 4. Therefore a+1,b+1,c+1 € {—2,2}
and moreover an even number among them are negative, concluding the proof when A is
constant in a left-invariant frame.

The case of a right-invariant orthonormal frame is treated similarly and produces the addi-
tional solution —1, 3, 3. ]

6.2. Endomorphism fields with three distinct constant eigenvalues. The case of an
endomorphism solution of with at most two distinct eigenvalues was already studied
in [15], where it was shown that the only possibilities are the ones given in Remark

Proposition 6.2. There is no element of Cgs with three distinct constant eigenvalues.

Proof. Let A € Cgs with three constant eigenvalues A\; < Ay < A3. The associated unitary
eigenvectors are global vector fields on S*, which form an orthonormal frame, and are denoted
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by X1, Xs, X3. Equation means that for every cyclic permutation (a, b, ¢) of the index
set (1,2,3) one has
AV x, Xy — AV, Xa — A[Xa, Xp] = (1 — Aadp) Xe.
Projecting on X,, we see that
Mg (Vx, Xp, Xa) = 2a9(Vx, Xa, Xa) = Aag([Xa, Xp], Xa) =0

<:>()\b — )\a)g(VXaXb,Xa) =0

(X — Aa)g([Xa, Xp], Xo) = 0.
This last equation is true for any a,b € {1, 2,3}, and this means [X,, X;] € Span(X.,).

As a direct consequence of Koszul formula, Vx, X, = 0 for a € {1,2,3}. We can compute for
any a
(Xy) = =Xk Vx, Xo = 9(Xo, Vx, Xi) = 0.

This shows that the vector fields X} are geodesic and divergence free. By a result of Gluck
and Gu [9, Theorem A], every geodesic and divergence free vector field on S? is a Hopf vector
field (i.e. a unit vector field tangent to the fiber of a Hopf fibration). Moreover, since they
form an orthonormal basis at any point, they are all either left or right-invariant. However
we can give a simpler argument in our case:

Lemma 6.3. Let (X1, X2, X3) be a global orthonormal frame of geodesic vector fields on S?
(i.e. Vx, X =0). Then (X1, X2, X3) is either a left- or a right-invariant frame.

Proof. Using Koszul’s formula, one sees that the assumption Vx, X = 0 is actually equiv-
alent to the existence of three real functions aq, as, a3z on S? such that [X,, Xp] = a.X,. for
any cyclic permutation (a, b, c) of the indices 1,2, 3.

We define the real-valued functions 3 = (—1)% a; + (—1)55042 + (=1)% 3. By the Koszul
formula,

vXa‘va = BaXm vXa)(c - _ﬂaXba

Moreover, the curvature tensor on the sphere satisfies R(X,, X)X, = X,. Since the vector
fields X1, Xo, X3 are geodesic, we also have

R(Xa, X)Xo = —Vx,Vx, Xy — Vix, x,) Xp
= _Xb(ﬁa)Xb - BaﬂbXa + 2Oécﬁc)(a
= _Xb(ﬁa)Xb + (_ﬁaﬁb + Baﬂc + ﬁbﬁc)Xaa

so the projection of this equation on X, yields

_ﬂaﬁb + ﬁaﬁc + ﬁbﬂc =1
Since this is true for any value of (a,b,c) in {(1,2,3),(2,3,1),(3,1,2)}, one has 3,5, = 1 and
we conclude that g, = +1 for any k € {1,2,3}.

Assume first that 3, = 1 for any k € {1,2,3}. We define for any X,Y € T'S? the covariant
derivative B

VxY =VxY —x(X AY),
which was already considered in @ The vector fields X}, are parallel for V and so are the
left-invariant vector fields with value (Xj). at e. Thus, these vector fields coincide.

In the case B1 = B2 = (B3 = —1, the same proof shows that X;, X5, X3 are right-invariant. [J
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Hence, A is constant in a left or right-orthonormal frame and according to Proposition (6.1))
it must have at most 2 different eigenvalues, which contradicts the hypothesis. O

6.3. Endomorphisms constant in the direction of a left-invariant vector field. We
will now weaken the condition from Section and search for solutions A of on S?
that are constant in the direction of a left-invariant vector field &, i.e. L¢A = 0. Assuming
this invariance, all the objects can be expressed on the basis of the Hopf fibration with fibers
tangent to £&. We decompose A under the form:

A=fERE+vQE+EQU+B (23)
where f is a function on S3, v € ¢+ and B is the restriction of A to ¢+. The condition
LeA =0 gives

0:L§A: ({f)§®§+55v®§+§®ﬁgv+L§B,
and we know that for all X € &+, LeX € &1L since € is a Killing field, so we deduce
Ef=0, Lev =0, LeB =0. (24)
As a direct consequence of equations we can interpret f, v and B respectively as a
function, a vector and an endomorphism on the basis S?(3) of the Hopf fibration.

We define the endomorphism J of &+ by JX := —Vx¢é. This endomorphism is skew-
symmetric and satisfies J? = —1; it is actually the lift of the standard almost complex
structure from Sz(%) through the Hopf fibration, so we will see it as an endomorphism of the
base.

The invariance equations give
Vev =V, § = —Jv
(VeB)X =V¢(BX) — BV¢X =Vpx{+ [, BX]+ BJX — B[¢, X]
= [B,J]X + L¢(BX) — BLeX = [B,J] X 4+ (L¢B)X = [B, J|X.

Now, we express Equation in terms of f, v and B by considering horizontal and vertical
vectors for X and Y.

Let X,Y be two orthogonal vector fields in £&+. One has,
dYA(E, X) = (VeA)X = (VxA)g

=—(Jve{+{®Jv—[B,J)X — Vx(AL) — AJX

=—g(Ju, X)), —JBX + BJX —Vx(f¢+v) —g(v,JX){ — BJX

=—JBX — Vx(f§+v).
We now use the fact that for any X, g(JX, X) = 0 to infer that *¢ A X = JX and xv A X =
—g(v, JX)E, so Equation implies

—JBX = Vx(f§+v) =+ AN X = =(f+v) A (9(X,v)§ + BX)
=JX — fJBX + g(v, JBX){ + g(X,v)Jv.
Projecting this equation on &, one has
—9(Vx(f§+v),§) = g(v, JBX)

thus
g(BJv+ Jv—df,X)=0.
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Since this last equation is true for any X € £+ we conclude
BJv = —Jv+df. (25)

We define the orthogonal projector P on &+, We now project Equation on the orthogonal
of £, and we obtain

~JBX + fJX — PVxv=JX — fJBX + g(X,v)Jv

thus
(f—1)(JBX +JX)=PVxv+g(X,v)Jv.

Thus, we have the system
BJv=—Jv+df
{ (f = 1)(JBX + JX) = PVxv+ g(X,v)Jv
We now compute:
(VxA)Y =(X(f)eRE—fIXRE—-fERJX +Vxv®E
+{@Vxv—JX®v—-—v®JX + (VxB))Y
=—f9(JX,Y)E+9(Vxv,Y)§ —g(JX,Y)v
—g(v,Y)JX + (VxB)Y.
We deduce that
dVAX,Y) =~ fg(JX,Y)E+ g(Vxv,Y)E — g(JX,Y)v — g(v,Y)JX + (VxB)Y
+ f9(JY, X)§ = g(Vyv, X)§ + g(JY, X)v + g(v, X)JY — (VyB)X
=2fg(X,JY){ + dv(X,Y)E+ 29(X, JY v
—g(v,Y)JX 4 g(v,X)JY +dVB(X,Y).
Equation leads to
2fg(X, JY)E + dv(X,Y)E 4+ 29(X, JY v — g(v,Y)JX + g(v, X)JY +dVB(X,Y)
=+ XANY —x(g9(X,v)§ + BX) A (g(Y,v)§ + BY)
=—[9(X,JY)—g(BX,JBY)|{ — g(X,v)JBY + g(Y,v)JBX
which leads to
[~9(X,JY) + g(BX,JBY) —2fg(X,JY) — dv(X,Y)]¢ — 2g(X, JY v
=dVB(X,Y) + g(X,v)J(B+1)Y — g(Y,v)J(B+1)X.
Since
9(dVB(X,Y),£) = g(Vx(BY) = Vy(BX) - B[X,Y],¢)
=9(Vx(BY),§) — g(Vy(BX),¢)
= —g(BX,JY)+g(BY,JX),
the projection on & gives
—9(X,JY)+g(BX,JBY) - 2fg(X,JY) —dv(X,Y) = —¢g(BX,JY) + g(BY, JX)

and
21+ fg(X,JY)+dv(X,Y)=9g((B+1)X,J(B+1)Y).
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We remark that for any symmetric endomorphism S, one has SJS = det(S)J and the last
equation is rewritten

2(1+ f) — det(B + 1)]g(X, JY) = —dv(X,Y).
Moreover, the projection on ¢+ provides the equation
—~PdVB(X,Y) = g(X,v)J(B+1)Y — g(Y,v)J(B +1)X + 29(X, JY )v.
For the remainder of this section, we will denote by V the covariant derivative on S*(3) (the
basis of the Hopf fibration). We recall that if U,V are basic vector fields on S* we have the
equation B
VuV = VoV +g(V, JU)E.
Now, we study the objects on S*(3). For any X,Y € TS?*(3), one has dv(X,Y) =
d*(Jv)g(JX,Y) and, using a unit vector field X at a point of S*(1) and the fact that .J
is parallel, one has
«dVB = dVB(X,JX) = (VxB)JX — (V;xB)X = (VxBJ)X + (V,xBJ)JX = -6V (BJ).
Consequently, we obtain four equations on the sphere SQ(%)
(B+1)Jv =df
(f=1)JB+1)=Vv+o® Jv
2(1+4 f) —det(B + 1) = d*(Jv)
sV(BJ) = J(B +3)Jv.

1
2

(26)

The system seems too difficult to solve in full generality for the time being, and is left
as an open problem.

6.4. A particular case: v = 0. We proceed by treating only the special case in the system
where £ is an eigenvector of A, i.e. v =0 in . In this situation, the system reduces to

(f —1)J(B+1)X =0
2(1+f)—det(B+1)]=0 (27)
sV(BJ) = 0.

Proposition 6.4. Let A € Cgs be the symmetric endomorphism corresponding to a Cauchy
spinor on S3. Assume that there exists a left (resp. right)-invariant vector field & such that
LeA =0 and such that £ is an eigenvector of A. Then A = £1d or A = £ ® £ — 3P (resp.
A= —£®E43P), where P is the orthogonal projector on &+.

Proof. We start with the case where £ is left-invariant. We have seen that A must equal
FE®E+ B where the Killing vector field £ is an eigenvector of A, and f and B are &-invariant,
hence they are pull-back of objects from the base SZ(%) of the Hopf fibration. Define the open
set O = {x € S?, B(z) # —Id} ¢ S%. On O, the first equation gives f = 1, and the second
one gives det(B + 1) = 4. By continuity, this is still true on O, hence O C O. We conclude
that O is open and closed, and by connectedness it is either empty or equal to S?.

If O is empty, B = —Id on S?, so f = —1 and the only solution of the system is A = —Id.

If O = S?, we have seen that f = 1 so we are left with the two equations det(B + 1) = 4 and

(5§(BJ ) = 0. Equivalently, we search for a symmetric endomorphism field C' = % on the
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unit sphere S? with detC' = 1 and §V(CJ) = 0. Notice that 6V (JC.J) = —J6V(CJ) = 0,
hence the symmetric endomorphism U := JC.J satisfies detU = 1 and YU = 0. The
following proposition contains the result we need:

Proposition 6.5. Let U be a symmetric endomorphism on S? which satisfies det U = 1 and
VU =0. Then U = +1d.

Proof. Let ¢ := %trU, and S := J(U —tId). Since U —tId is symmetric and traceless, so is S.
We will use several times below that traceless symmetric endomorphisms anticommute with J.
One has 6VS = 6V (JU) — 8§V (Jtld) = Jdt. Since U? —2tU +det U = 0 by Cayley-Hamilton’s
theorem, one has

S? = (JS)? = (U —tId)? = U? — 2tU + t’Id = (t* — 1)Id. (28)

Thus, [t| > 1 because S? = SS* is non-negative. The function ¢ is continuous on S?, so it
cannot change sign. It follows that either t > 1 on S? or ¢t < —1 on S?. We shall show
below that in the first case U = Id. In the second case, —U also satisfies the hypotheses of
the proposition and moreover tr(—U) > 0, so by the first case we get —U = Id. It suffices
therefore to solve the first case, i.e., we can assume in the rest of the proof that ¢ > 1 on S2.
We want to show that the open set E := {z € S?;#(z) > 1} is empty. One has S # 0 on E,
thus we can define T' := ﬁ Since S is symmetric and traceless, so are T" and J7T', hence

(T, JT) is an orthonormal frame over E in the bundle of symmetric traceless endomorphisms
of TS?. Therefore,

VT = a®JT (29)

for some 1-form a € AY(E). By taking a further covariant derivative in this equation and
skew-symmetrizing one has for any X,Y € TS?

do(X,Y)JT = RxyT

where R is the curvature of S?, which acts on any endomorphism field W as RxyW =
[Rx.y,W]. Then, using the identity Rxy = —X AY on S?, we obtain da = —2vol, where
vol is the Riemannian volume form.

We identify o with a vector field af via the metric, and one has VT = —JTa! by Equation
[29). Since T2 = (JT)? = 31d we obtain of = —2JT(6VT). The condition 6V = Jdt gives
VT =225 4 TgradIn(||S||) = £4 + TgradIn(||S||), hence

151l e
25 (grad(t
of = —M — Jgrad In(||S|)).
151
We now differentiate this equation to obtain
2 d(t
d*Job = —d* (‘]i(’ifﬁ;())) + An(|S|)

where A = d*d is the positive Laplacian on S?. Using the fact that daw = —2V, which is
equivalent to d*Jof = —2, one has

e (S |
2= (M) +amish
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We know from (28) that ||S||2 = 2(t2—1), so t = /% ||S||2 + 1. This leads to dt = S14USD
@) that 5] = 262~ 1), 50t = | /3] Jeldge),

and finally

JSdIn(]|S||)

VallsiZ+1

We define ¢ := 3||S||*> and we rewrite the above equation as
JSdIn ¢
Vgal

Let € S? be a point where ¢, and thus [|S||, reaches its maximum. Clearly, # € E. Let
(e1,€2) be an orthonormal frame which is parallel at . At this point, one has

I J— + Aln(||S]).

-1 =—d*( )+ Alnc.

J5d1 o Sdl o Sdl
TR = ~UTa () e) — (VT e)
B [(Ve,dIn¢, SJer) + (Ve,dIn¢, SJe)]
- Vi1
_ (Hess In¢, SJ)
= s,

where the Hessian is defined for any function 3 by Hess 3 := Vd3. Thus,
(Hess In¢, SJ)

—1=————""-—"—(Hess In(,Id
= —(Hess In¢,Id + M),
where M := \/% Since ¢ = £|S||* one has

_ ]2
1 =[5 < V2

Since the trace of M vanishes, ||M| = v/2p(M), where p(M) is the spectral radius of M.
Thus one has p(M) < 1, so Id + M is positive definite. We now use the following elementary
result:

Lemma 6.6. Let N1, Ny € §,(R) be two symmetric matrices such that Ny is positive and No
is non-positive. Then, (N1 Nox,z) <0 for all x € R™.

Proof of the lemma. By working in a eigenbasis (f1,..., fn) of N1, we can suppose that Ny
is diagonal. Thus, for any j € {1,...,n} we have Ny f; =: \;f; and
(N1N2 fj, fi) = (Nafj, Nufj) = Ni(Nafj, f5) < 0. O

The matrix Hess In(||S||) is non-positive because we are at a maximum point, and Id 4+ M is
positive definite, so the previous lemma yields:
—1=—(Hess In(,Id+ M) >0

which is absurd. Thus £ = ), so t = 1 on S?, and hence S = 0 by . Therefore, in the
case t > 0 we finally get U = Id.
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The solution U = —Id is obtained in the case t < 0, as explained in the beginning of the
proof. O

Recall that in the case B # —Id we defined U = C~! where C = %. As a consequence of
Proposition [6.5, we get the additional solutions B = —3Id or B = Id. We obtain therefore
three solutions to equations , which lead to the endomorphism fields A = +Id and A =
£ ® € — 3P, where we recall that P is the orthogonal projector on &+,

The previous analysis adapts as usual in the case where £ is right-invariant, yielding the fourth
solution A = —¢ ® £ + 3P. O

6.5. Link with the sphere rigidity theorem. A classical result due to Liebmann [11]
states that the only isometric immersions of the round sphere S? in R? are the totally umbilical
embeddings (hence they differ from the standard embedding by an isometry of R3). Let us
recall a property of Codazzi tensors in dimension 2:

Lemma 6.7. Let ¥ be a surface endowed with a Riemannian metric h and S a field of
endomorphisms on ¥. Then S is a Codazzi tensor (i.e., d¥S = 0) if and only if JSJ is
divergence-free, where J is the Hodge star on 1-forms.

Proof. Let X be a locally-defined unit vector field on 3. Using VJ = 0 we compute
—0V(JST) =Vx(JST)(X) + Vx(JST)(JX)
=JVx(S)(JX)+ IV x(S)(JJX)
=Jdv (9)(X,JX). O

Proposition [6.5| implies the following slight extension of the sphere rigidity theorem:

Proposition 6.8. FEvery isometric immersion of the round 2-sphere in a flat 3-manifold is
totally umbilical.

Indeed, the Gauss and Codazzi equations of the embedding S? < M with second fundamental
form S tell us that det(S) = 1 and dV'S = 0. By the above lemma, this is equivalent to
det(JSJ) =1 and 6V (JSJ) = 0, so by Proposition we deduce that JSJ = =£Id, which
means that S itself is +Id.

We refer to [1] for a modern proof of Liebmann’s theorem using the curvature of the metric
defined by the second fundamental form S.

The interplay between solving the system and a nontrivial classical result might explain
why the more general system is not so easy to solve.
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