ASYMPTOTICS OF THE SELBERG ZETA FUNCTION ON THE SPIN MODULI SPACE
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ABSTRACT. We prove a limited asymptotic expansion up to order t* log ¢ of the logarithmic derivative
of the Selberg zeta function for the spin Dirac operator on compact surfaces for families of hyperbolic
metrics degenerating towards complete hyperbolic metrics with cusps in a pinching process where the
lengths [;(t) of certain disjoint simple closed geodesics converge smoothly to 0 as ¢t — 0.

1. INTRODUCTION

Zeta functions. For every sequences of complex numbers (I;), (¢;), j > 1, consider the infinite
product depending on a complex parameter s:

(1) Z (s,(l,e)) := H ﬁ (1 — gje*lj(Hm)) :

§>1m=0

Under rather mild growth conditions, this infinite product is absolutely convergent in some half-plane
{R(s) > 0}, where it defines a holomorphic function, the Selberg zeta function associated to the
sequences [ and . For instance, when [; is the logarithm of the 4™ prime and €; = 1, the product
is absolutely convergent for R(s) > 1, yielding Z(s) = ([[%_, (s + m))~" where ¢ is Riemann’s
zeta. In this example, Z extends meromorphically to C. However, for general sequences, the Selberg
zeta function has no apparent reason to extend analytically outside its domain of absolute convergence.

Selberg Zeta functions for hyperbolic surfaces. In some special cases where the sequences [ and
¢ arise from geometric data, the function Z does extend analytically to the complex plane. In this
paper, (X, g*) will be an oriented hyperbolic surface, either compact or complete of finite volume,
and [; = [ j(gX ) the 5™ length of primitive oriented closed geodesics on X with respect to the metric
g, counted with multiplicity. The developing map of g% induces a faithful, discrete representation
of I' := m(X,p) in PSLa(R), well defined up to conjugacy in PSLa(R). The set of all oriented
closed geodesics on X is in bijection with the set {p(I") }nyp of hyperbolic conjugacy classes in p(T").
For any bounded class function ¢ : {p(I") }nyp — C, the Selberg zeta product is absolutely convergent
when $(s) > 1. Note that one could relax the boundedness condition when studying zeta functions
arising from non-unitary representations, for us however ¢ will always take values in {£1}.

Functionals on the Riemann moduli space. For a compact oriented hyperbolic surface (X, g*) of
genus g, the classical Selberg zeta function is defined by taking ¢ = 1:

® Z(s,(X,9)) =1 ﬁ (1 _ e*lj<g><><s+m>> _

§>1m=0
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It extends to an entire function on C, satisfies a functional equation with respect to the involution
s+ 1 — s, and has non-trivial zeros precisely on the line {R(s) = 1/2}. For any diffeomorphism ®
of X, the zeta functions for the metrics g and ®*¢*~ clearly coincide. We get in this way a function
defined on the moduli space of Riemann surfaces, taking values in entire functions:

Z: My — O(C).

The value at s = 1/2 is particularly interesting: it is essentially equal to the regularized determinant
of the Laplacian, so it provides a Kihler potential for the Weil-Petersson metric on M. It is natural
to ask whether Z can be extended in any meaningful way to the Deligne-Mumford compactification
of the moduli space. This question was answered in the negative by Schulze [20]. The underlying
reason seems to be the following: by the Selberg trace formula, the zeta function is related to the
trace of a difference of resolvents of the Laplacian on (X, g% ). However, on hyperbolic surfaces with
cusps, corresponding to points in the compactification of M by stable nodal curves, such a relative
resolvent is never trace class.

Selberg zeta functions on the spin moduli space. The set of spin structures on a Riemann surface X
is in bijection with H'(X,Z/2Z). Every spin structure determines a {#1}-valued function £ on the
set of conjugacy classes in the fundamental group; for instance, for Riemann surfaces whose universal
cover is the unit disk, the value of € on a hyperbolic conjugacy class is the holonomy in the spin bundle
along the corresponding closed geodesic with respect to the unique complete hyperbolic conformal
metric on X. The spin Selberg zeta function is defined for R(s) > 1 by the absolutely convergent
product

&) Z($7 (ngvg)) = H H (1 — E(M)e—l(;t)(s—&—m)) ,

HE{T Inyp m=0

where p runs along all the oriented primitive closed geodesics on X, and [(u) is the length of the
geodesic p. It differs from the standard Selberg zeta function (2) by the appearance of the sign factors
(k).

For X compact, it follows from the Selberg trace formula that the function Z extends analytically to
an entire function, and one can compute determinants of Dirac Laplacians in terms of special values of
this function at half-integers [11], [19]. Since isotopies preserve spin structures, one gets a function on
the Teichmiiller space with values in entire functions. This function descends to the quotient Mipm
of T, by the finite index subgroup of those modular transformations preserving all spin structures on
X, a Galois finite cover of M, that we call here the spin moduli space:

Z: MZP™ — O(C).

It was proved by one of us [23] that the spin Selberg trace formula, and as a consequence the analytic
extension of Z, still hold true for complete hyperbolic surfaces of finite area, under a topological
assumption on the spin structure along the cusps. The key fact, first noticed by Béar [3], is that if
e(p) = —1 for every primitive parabolic conjugacy class, then the spectrum of the Dirac operator
on the surface with cusps is discrete. For a path of hyperbolic metrics on the compact surface X
degenerating towards a surface with cusps in a so-called pinching process, detailed in Definition 1
below, Stan [23, Theorem 5] proved the uniform convergence on compacts of C of the zeta function
on X, rescaled by a factor depending solely on the length of the systole, towards the zeta function of
the limiting surface with cusps. This result will be interpreted below as finding the leading term of the
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zeta function’s asymptotics along certain paths towards the boundary of the compactification of the
spin moduli space M5P™,

The pinching process. Let X be an oriented smooth compact surface of genus g, and fix a maximal
set of mutually disjoint simple closed curves (7;)1<;<34—3. By cutting along these curves we obtain
a topological pants decomposition of the surface X. Fix 1 < k < 3g — 3, denote by +y the union of
the curves 71, ..., vk, and set Xo = X \  the complement of  in X.

Definition 1. A smooth family of hyperbolic metrics (g¢)yc(0,1) on X describes a pinching process of
X along the curve v := U§:1 ~y; if the following conditions are satisfied:

The possibly disconnected curve v is geodesic with respect to g;, for all ¢ > 0.

There exists a complete hyperbolic metric gy on Xy = X \ -y such that the restriction of g; to
X extends in ¢t = 0 to a smooth family of metrics {g }¢c[o,1)-

For all j < k, the length function of ~; with respect to the metrics g;,

l(’)/j) : (07 1) — R, t— lt(Vj)

extends smoothly in ¢ = 0, and moreover lim;_, l;(y;) = 0.
Near a geodesic v;, the metrics g; takes the form

B dx?
22+ ()

o + (2% + I7(77))d6; (x,me(— hby) ) )xmw}-

sinh @ "sinh @
In the limit ¢ = 0, we obtain a possibly disconnected, non-compact surface Xy with 2k cusps, en-
dowed with a complete hyperbolic metric gg. By Gauss-Bonnet, the area remains constant throughout
this process, including at ¢ = 0. It follows from the definition that [;(+y;) has a positive limit as ¢ — 0,
forall j > k+ 1, and that 6,(j) has a limit when ¢t — 0 for all j < 3¢ — 3, where 6,(j) is the twisting
parameter along y; for the metric g; in the Fenchel-Nielsen coordinates on the Teichmiiller space 7.

The C° behaviour of the length spectrum and also of the spectrum of the Laplace and Dirac operators
under such degenerations were studied among others by Ji [13], Colbois-Courtois [7], Bér [3], Schulze
[20], Pfaffle [18], and more recently Stan [23]. It also motivated the construction by Anghel [2] of a
pseudodifferential calculus with parameters containing the resolvents of the family of Dirac operators
in a pinching process.

Results. The motivating goal of the present article is to derive a refined asymptotic expansion of the
family of Selberg zeta functions along a pinching process near ¢ = (. We stress again that the analytic
properties needed even for C” convergence only hold under the topological assumption that the class
function ¢ determined by the spin structure does not take the value +1 on the free homotopy class
of any one among the k pinched geodesics. Several difficulties arise in this task: accounting for the
change in the topology of the underlying surface when ¢ — the degenerating parameter — becomes 0;
controlling uniformly the derivatives of the lengths of closed geodesics with respect to ¢; and extending
smoothness results from the domain of convergence {#(s) > 1} of the Zeta function to the rest of the
complex plane. To address these difficulties, we rely heavily on our previous works [23], where the
leading term in the asymptotic was found, and [2], which offers the adequate tool for improving the
continuity result of [23], namely the cusp-surgery pseudodifferential calculus, first developed in [1] in
a slightly more general context.
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As a preliminary step towards our goal, we start by proving carefully that the Selberg zeta function
depends not only continuously, but actually smoothly on t for ¢ > 0, and more generally, for any
smooth family of hyperbolic metrics indexed by some manifold M (Theorem 25).

Theorem 2. Let X be a compact oriented smooth surface of genus g. For every fixed spin structure on
X, the family of Selberg zeta functions { Z;(s)} e MEPIn defines a smooth function on the spin moduli

g
space with values in entire functions, i.e., it belongs to C*° (Mspm, @) ((C))
The same result holds, with the same proof, not only for the spin Selberg zeta function (3), but also
for the classical zeta function corresponding to the Laplacian, and for their variants when we twist by
a flat unitary bundle.

The proof of Theorem 2 is not obvious, in particular it depends crucially on a uniform Milnor-Svarc
Lemma, allowing us to bound the word length of a conjugacy class [n] in the fundamental group of
X (see Definition 7) in terms of the length of the corresponding geodesic, uniformly for ¢ varying
in a compact subset of the parameter space M. The Selberg trace formula also plays a key role in
the proof, suggesting that the smoothness result is in fact unlikely to hold for smooth families of
metrics of variable negative curvature, or for twisting functions € unrelated to some geometric elliptic
differential operators. We would expect it however to hold with only minor changes for zeta functions
corresponding to Laplacians twisted by flat bundles with non-unitary holonomy.

Our main result (Theorem 3) is an asymptotic expansion up to terms of order ¢t*logt of (the loga-
rithmic derivative of) the zeta function in the pinching process as the systole shrinks to 0, extending
Stan’s result.

Consider the family of holomorphic functions Z;(s) := Z(s, (X, g, ¢)) for t > 0, together with
Zo(s) = Z(s,(Xo, g0,€)) at t = 0. We have already mentioned that, somewhat unsurprisingly, Z;(s)
is smooth in (¢, s) € (0,00) x C. Near ¢ = 0, Stan’s formula [23, Theorem 3.5] states that

72 &

lim | Zi(s)exp | = Z L)~ | = 28072 20 (s).
7=1

Our main result (Theorem 3) is an asymptotic expansion of (the logarithmic derivative of) the zeta

functions in the pinching process as l;(y;) shrink to 0, extending in this sense Stan’s result. The

price to pay for this extension is one extra derivative in s, as we are not able to prove more than C°

convergence of Z/(sg)/Z(so) for any value of sj.

Theorem 3. Let R > 0 such that C(0) N (3 + i SpecDg) = 0. Then there exists to = to(R) > 0
and a rational function Q¢ g(s) in s with smooth coefficients in t € [0,1), so that for (t,s) €
[0,t0) x Br(0) we have

d 1 Z{ Z(/) 1d
ds 25 — 1 [(Zt> (s) — (Zo (s) +2klog2 — §$IOth,R(5)

€ tC% ([0,t0), O (Br(0))) + t*log t C* ([0, t0), O (BR(0))) -

Here Cr(0) and Br(0) are the circle, respectively the open disc of radius R centered at 0. The term
C* (]0,t9), O (Br(0))) denotes a smooth function on the manifold with boundary [0, ty) x Bgr(0)
which is holomorphic in the second variable s.

When trying to analyze the zeta function itself, rather than its logarithmic derivative, the key challenge
arises from the fact that the Milnor-Svarc lemma no longer holds for surfaces with cusps. Ultimately,
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we stop short of improving Stan’s C” convergence for Z; at t = 0. We intend to overcome these diffi-
culties in a future work, possibly by using explicit formule due to C. Series [22] and S. Wolpert [24]
for derivatives of lengths of geodesics along certain paths towards the boundary of the Teichmiiller
space.

Acknowledgements. We are indebted to Ksenia Fedosova for useful discussions. The authors were
partially supported from the PNRR project III-C9-2023-18-CF149. Cipriana Anghel received funding
of the Klaus Tschira Boost Fund, a joint initiative of GSO Guidance, Skills & Opportunities e.V. and
Klaus Tschira Stiftung.

2. PRELIMINARIES

2.1. Spin structures in dimensions 1 and 2. The group Spin(n) is a compact Lie group equipped
with a 2 : 1 morphism Spin(n) — SO(n). For n > 3, Spin(n) is the universal cover of SO(n). In
low dimensions this is no longer the case:

Spin(1) = {£1}, Spin(2) = S'.

A spin structure on an oriented Riemannian manifold X of dimension n is a 2 : 1 covering of the
oriented frame bundle PsoX by a principal Spin(n) bundle Pspin X, compatible with the 2 : 1
morphism between the structure groups. The Levi-Civita connection 1-form lifts from Pgo X to a
Spin(n)-valued connection on Pspin X. The spinor bundle is a complex vector bundle associated to

Pspin X via the spinor representation of Spin(n) on (CQWQ], obtained by restriction from the standard
representation of the Clifford algebra. It has a induced Levi-Civita covariant derivative, and a Clifford
action of the (co)tangent bundle of X. The spin Dirac operator, an elliptic, symmetric, first-order
differential operator on spinors, is defined as the composition of the Clifford multiplication with the
covariant derivative.

Spin structures always exist on an oriented manifold X of dimension 1 or 2, and they are in bijection
with the cohomology space H'(X,Z/27).

2.1.1. Spin structures on the circle. On the circle S' = R /277 there exist two spin structures, namely
the two covering spaces over S! with Deck transformation group {4-1}. One of those, whose total
space consists of two disjoint copies of S!, is called the trivial spin structure on S'. The second one,
called nontrivial, has total space S!, and the covering map is the square map e* — 2%,

The spinor bundle for both spin structures is the trivial line bundle C x S! — S'. The corresponding
Levi-Civita connections have holonomy 1 for the trivial spin structure and —1 for the nontrivial one.
The associated Dirac operators are i%, respectively i% + % From an analytic point of view, following
Bir [3], it is important to note that the first of these two operators has a nontrivial nullspace.

2.1.2. Spin structures on surfaces. The 2 : 1 morphism 7 : Spin(2) — SO(2) is given by
i cos(26)  sin(260)
© [— sin(20) cos(20)| "
At the level of Lie algebras, the induced isomorphism 7, is

) ; 0 2
iR > it — [_2 O] € s0(2).
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On a compact oriented surface of genus g there are 229 spin structures. If the surface has n > 1
punctures, this number becomes 22971 For each spin structure Pspin X, the associated line bundles
Pspin X X ,+ C with respect to the unitary representations of rank 1

£ (i) cos(f) +sin(h)

P = |Fsin()  cos(f)

are the so-called positive, respectively negative chiral spinor bundles S* X — X. Their direct sum is
the spinor bundle on X, denoted S X. The Levi-Civita covariant derivative on 7'X can be interpreted
as a so(2)-valued Ad-covariant 1-form on the unit frame bundle Pso X Its lift to Pspin X, composed
with the inverse of the isomorphism 7, : iR — s0(2), is a connection 1-form on Pspin X . The Levi-
Civita covariant derivative on spinors is defined as the covariant derivative on ST X associated to this
connection and to the spinor representations p*.

Let «y be an immersed closed geodesic in X. The tangent vector field to «y and its rotation by 7 /2 form
a parallel orthonormal frame, so the holonomy along ~ in the frame bundle is trivial. Any local lift
of a parallel frame is a parallel section in PsoX. It follows that the holonomy hol®P"(v) along the
geodesic -y in the spin bundle is either 1 or —1.

Definition 4. For every immersed closed geodesic v in X, set

£(y) = ol (7) € {£1}.

This sign function defined on the set of closed geodesics, and its extension to some ”almost-geodesic”
curves on manifolds with cusps, plays an important role in the definition of the Selberg Zeta function
associated to the spin structure. In particular, we will only deal in this paper with shrinking simple
closed geodesics on which the € function takes the value —1. Equivalently, we shall assume that the
spin structure induced on the simple closed geodesics shrinking to 0 is nontrivial.

2.1.3. Spin structures on complete hyperbolic surfaces. A hyperbolic surface is a Riemannian 2-fold
with Gauss curvature —1. By a classical result due to Hopf, the universal cover X ofa complete hy-
perbolic surface (X, g) is isometric to the hyperbolic upper-half plane H, and the isometry is unique
up to post-composing with an isometry of H. An oriented isometry P : X — H induces an isomor-
phism of SO(2)-principal bundles between the oriented orthonormal frame bundles PsoX — X and
PsoH — H. Recall also that the group of oriented isometries of H is PSLy(R) = SLa(R)/{=£1}, and
that this group acts transitively on the set of oriented orthonormal frames on H. It follows that, after
fixing an orthonormal frame (0,, dy) at i € H, we obtain an identification of PsoH with the group
PSLs(R) as SO(2) principal bundles. Then the canonical projection SLa(R) — PSLa(R) satisfies
the requirements to be a spin structure on H, where SLo(RR) is equipped with the standard right action
of the group Spin(2) = S! by rotations. Since H is contractible, its first cohomology group with
coefficients in Z /27 vanishes, so this spin structure is unique.

Let I' = 71(X, p) denote the fundamental group of X for a fixed base point p. Fix also a preimage
p of p in the universal cover X (for instance, take 7 to be the relative homotopy class of the constant
loop at p). By this choice, T is identified with the Deck transformations group of X — X. The
action of I on X extends to an action on T'X . Fix a positively oriented orthonormal frame on (X,9)
at p, and denote by ® : X — H the unique isometry mapping p to 4, such that the chosen frame is
mapped to the standard frame (0, 9y) in T;H. The isometry ® conjugates the action of I" on X to
an action of a subgroup p(I') C PSLs(R). To choose a spin structure on X amounts to choosing a
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lift T C SLy(R) of the group p(T') under the canonical projection 7 : SLy(R) — PSLy(R), i.e., such
that 7 : T — p(I) is an isomorphism.

Recall that on negatively-curved compact manifolds, closed geodesics are in bijection with free ho-
motopy classes of loops, which are canonically identified with conjugacy classes in the fundamental
group. The function € from Definition 4 can therefore be interpreted as a class function (that is,
constant on conjugacy classes) on I'.

Remark S. One can give an alternate description of € from Definition 4 as follows: e(y) € {1} is
the sign of the trace of 7=1(y) € I C SLa(R).

This definition also covers the case where -y is parabolic. Since we assume X to be smooth, the group
I" does not contain elliptic elements, so the trace does not vanish.

2.2. The spin modular group and the spin moduli space. Diffeomorphisms of X act by pull-back
on the space of hyperbolic metrics and on the set of spin structures. By the homotopy invariance of
the pull-back operation, the action of a diffeomorphism on the set of spin structures only depends
on its isotopy class. When X is a compact surface of genus g, we get in this way an action of the
modular group MCG = Diff*(X)/ Diff’(X) on the set of spin structures, a set of cardinality 2%9.
Let MCGSP™™ < MCG denote the normal subgroup fixing all spin structures on X . Its index in MCG
is a divisor of (229)!, in particular it is finite.

Definition 6. Mgpin denotes the quotient of the Teichmiiller space 7, by the group MCGSPin,

The set MS’pin is a smooth orbifold, a branched cover of finite degree of the Riemann moduli space

M,. By definition, a smooth function on this space is the same as a MCGSP"_jnvariant smooth

function on 7. Since MCG preserves the Kéhler structure on 7, MgS P™ inherits a metric space struc-
. . ——Spin . .

ture with compact completion M~ ", whose boundary points correspond to finite-volume, complete

hyperbolic surfaces. A pinching process defines in this way a path in M, gs P towards its boundary.

Every smooth family {g; }+er of hyperbolic metrics on X indexed by some smooth manifold M,

together with a fixed spin structure on X, defines a map G : M — MgS P guch that gt 1s isometric to
G(t), and the isometry is unique up to a diffeomorphism preserving the spin structure. In this sense,

M;pin is a classifying space for families of hyperbolic structures on X with a fixed spin structure.

2.3. Generators of the fundamental group. The fundamental group I' = 71 (X, p) of the compact
oriented surface X of genus g admits a standard presentation by 2¢g generators and one relation:

(4) 7Tl()(ap) = <Oél,51, "'7O[gvﬁg : [alaﬁl]“‘[agaﬁg] = 1>?

where [, 4] := aBa~t37! denotes the commutator of the elements «, 3 in the multiplicative group
I'. Every element € (X, p) can thus be written, albeit not uniquely, as a word in the 4¢ letters
corresponding to the generators and their inverses.

Definition 7. The word length of an element 1 € 71 (X, p) is the minimum number of letters (gener-
ators and their inverses) needed to write 7 in the above presentation of I'.

The word length of a conjugacy class [n], denoted WL([n]), is the minimum of all the word lengths
of elements 1 € [] C 71 (X, p).
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We consider a smooth family (g;);cr of Riemannian metrics of curvature —1 on X indexed by some
manifold M. For instance, (g;);~0 could describe a pinching process as in Section 1, but it could
also be a section in the fibration of the set of hyperbolic metrics on X over the Teichmiiller space 7.
For each ¢, we denote by ! and 3! the unique geodesic loops based at p (that generally close at an
angle different from 7 in p, so they are not closed geodesics) representing the homotopy classes «;
and [3;, respectively, in 7 (X, p). For each fixed ¢, we cut the surface X along these broken geodesics
al, B, i =1, g to get a geodesic 4g-gon, and we consider all their lifts to H. We obtain a tiling of
the hyperbolic plane H by congruent fundamental domains with 4g geodesic edges. As t varies, the
preimages of p in H change smoothly, and the associated polygons deform smoothly as well.

2.4. Smooth variations of the metric as families of representations. We can describe a smooth
family of metrics (g¢)ieaq in an algebraic manner. Let g; be the lift of g; to the universal cover X

of X. If we fix p € X and an orthonormal frame at this point, then there exists an unique isometry
®, : X —> H which maps p to ¢ and the fixed orthonormal frame to {% P 8% z}

Let 7 be an element in 7 (X, p) = Deck(X, X), and notice that  : X — X is an isometry for all
the Riemannian metrics g;. Then the map

pi(n) == Ponod, 1 H — H

is also an isometry, thus an element in PSLy(R). Therefore our smooth variation of metrics (g¢)tem
is encoded algebraically in a smooth family of faithful discrete representations

M3t ps: 71’1(X,p) — PSLQ(R),
defining a family of hyperbolic surfaces Li;e a1 (pe (71 (X, p))\H) indexed by M.

2.5. Trivializing the spinor bundle in time directions. We use the method of Bourguignon and
Gauduchon [5] to identify the frame bundles (and then the spinor bundles) of the metrics g, for differ-
ent values of t € M. Consider the generalized cylinder metric

G:=dt’* + ¢

on R, x X. The tangent bundles (T'X, g;,) and (T'X, g4, ) for to,t1 > 0 are isometric via the
parallel transport with respect to the metric G along the vertical geodesics, i.e, the integral curves
of Jy. This identifies the frame bundles Py (o) X1, and Pgo(o) X, at times o and ¢;, inducing a
canonical identification between the spin bundles Pg,;,(2) X, and Pgpin0) Xt,. Moreover, outside 7,
this identification also holds for ¢ty = 0.

2.6. Uniform length spectrum estimates. Denote by [,,(¢) the length of the m™ smallest closed,
oriented geodesic on X with respect to the metric g;, counted with multiplicity. A standard argu-
ment using a tiling of H by Dirichlet fundamental domains and area comparisons shows that for any
hyperbolic surface X of genus g,

Iy > logm +log(4g — 4) — 3Diam X.

For every compact set I C M, Diam(X, g;);e is uniformly bounded, so there exists C' = C'(I) € R
such that for every t € I,

(&) ln(t) = logm — C

(see for instance the proof of [23, Lemma 9]).
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2.7. Families of classical pseudodifferential operators.

Definition 8. A smooth family of pseudodifferential operators of order £ € C on a closed manifold
X" with parameters in a manifold M, acting between sections in vector bundles S, S’ over X, is a
distribution on M x X ? with classical conormal singularities of order k at M x Diag y, where Diag y
is the diagonal in X x X. We denote the space of such families by

€ (M, WH(X) ) i= T" (M x X2, M x Diagy) .

In order for A; to act on sections in S, the distribution A does not act on C°(M x X?2), but rather on
compactly-supported sections in the vector bundle (S") X (S* ® Q!(X)). For simplicity we supress
those bundles from the notation

The class of conormal distributions is stable under restriction to submanifolds transversal to the conor-
mality locus. For every submanifold M’ C M, we have thus a restriction map C*° (/\/l, Tk(X )) —
C>® (M, U*(X)). In particular for every ¢ € M we have an evaluation map C> (M, ¥*(X)) —
{t} x U*(X), so a smooth family A € C*° (M, ¥¥(X)) defines a function A : M — ¥F(X). Itis
natural to denote by A; the evaluation of this function at ¢t € M.

We need the following extensions to families of standard results on pseudodifferential operators. We
only sketch the proofs, they can also be seen as particular cases of the corresponding results for
families of cusp-surgery operators from section 3.2.

Lemma 9 (Composition). Let ki,ky € C and Aj € C® (M, V% (X)), for j = 1,2, two fam-
ilies of pseudodifferential operators indexed by some manifold M. Then there exists a family

A € C>® (M, UM (X)) such that for all t € M,
At = (Al)t o (Ag)t.

Proof. The composition A; As is an iteration of pull-backs, product and push-forward of conormal
distributions:

A1 Az = mi3. ((T1241)(m33A2))
These operations commute with restriction to {¢ = constant}, i.e., with the evaluations maps, hence
(A2A2)t == (Al)t o (AQ)t- ]

Lemma 10 (Spectral invariance). If A is invertible in the sense that for any t € M the operator Ay is
invertible, then the family of inverses (A; 1) e g belongs to C® (M, \Il_k(X)).

Proof. Let B; € W~F(X) be a parametrix of Ay, i.e., A;B; = 1 + Ry, where Ry € ¥~>°(X). By
construction, By is a smooth family in ¢. Fix to and let Uy, := — Ry, (As,) "t € ¥™°(X). Consider
the smooth family C; := By + Uy, and notice that Cy, = By, + Uy, = (Ay,) "L Then A,C; = 1+ R,
where R; = R; + AUy, € ¥~°(X) and Rto = 0. It follows that for small enough |t — ¢, 1 + R,
is invertible, and

(1+R) ' —1=-R,+R}—R}...
This series is convergent in the C™ norms on X2, so its sum is smooth in ¢. Since (4;) ™! = Cy(1 +
R;)™1, it follows by Lemma 9 that the family of inverses is also smooth in ¢, ending the proof. g

Lemma 11. Let A € C®°(M, V¥ (X)) for some k < —n. Then Tr A € C*(M), in the sense that
the function M > x — Tr(A,) is smooth. If M = M’ x U and A is holomorphic in s € U, then
(x,s) — Tr(Ay ) is also holomorphic in s.
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Proof. This is a particular case of Proposition 17, obtained by restricting to some o > 0. U

Lemma 12. Let M := M; x My be a product manifold endowed with a fixed volume form dxs on
M. Then for every compact I C Moy and A € C* (./\/l, \IJ’“(X)),

x> /A(a:l,xg)dxg €C™ <M1, \Ilk(X)) .
1

Proof. Fix a bump function y € C*°(X?) equal to 1 near Diag y and supported in a tubular neigh-
borhood U of Diagy. The distribution A is smooth outside M x Diagy so integrating (1 — x)A
with respect to dxo along [ is smooth on M x X 2. The tubular neighborhood U is identified with a
neighborhood of the tangent space 7' X, and by definition x A is the fiberwise Fourier transform of a
classical symbol of order k, say o(xA)(z1, z2, p, £). Derivatives in x1, p, { commute with integration
in 9, so the integral in x5 of such a symbol o(xA) is again a classical symbol in (x1, p, §) of order k
in £. Integration in x5 also commutes with Fourier transform in &, so finally we deduce that, up to a
smooth distribution, f I A(z1, z9)dxs is the inverse Fourier transform of a classical symbol. ]

3. KEY TOOLS

3.1. The spin Selberg zeta function. The analytic extension of the Selberg zeta function depends
crucially on the trace formula. For the spin Dirac operator on a compact surface, such a trace formula
was first described explicitly in [4]. In the smooth cofinite setting, additional terms corresponding
to the continuous spectrum of the Laplacian appear in the spectral side of the trace formula, as al-
ready noticed in Selberg’s original paper [21]. For the Dirac operator on hyperbolic manifolds of
finite volume, Park [17] defined an odd zeta function and proved its meromorphic extension. The
poles in this setting arise from the scattering matrix. In [10] a Selberg zeta function of odd type is
constructed for the spinor bundle on an odd-dimensional geometrically finite hyperbolic manifold of
infinite volume and without cusps. The study of its meromorphic continuation and singularities leads
to a natural eta invariant of the Dirac operator, which is then expressed in terms of the central value of
the corresponding Selberg zeta function at s = 0.

Recently, using an adapted Selberg trace formula [23, Theorem 13] for the spin Dirac operator Dy on
a finite-volume hyperbolic surface Xy with & > 0 cusps and admissible spin structure encoded by the
class function €, Stan obtained the following identity for the Selberg zeta function (3) corresponding
to e, valid for Rsg > 1 and s € C such that neither (s — £)% nor (so — 5)? are eigenvalues of D? (see

[23, Equation (17)]): ’
A 2s—1 (7'
(7)==t (F) @

F 2 (Df (- 1)) - (D8 (0= 1)) ]

(6)

Area X 2s —1 2s —1
— coth(m — d
e AL P £2+(80—5)2)§
2s —1
klog2 (1 — )
+ivlog ( 2501)

Since the right-hand of equation (6) is meromorphic for s € C, the logarithmic derivative of the
Selberg zeta function extends meromorphically to C (see [23, Theorem 29]). The residues turn out to
be positive integers, proving the holomorphic extension of Z to the complex plane. The absence of
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poles of Z reflects the fact that the spectrum of D on the finite-volume surface is discrete, with our
admissible choice of spin structure.

Remark that we wrote the second term in [23, Equation (17)] as half the trace of the relative resolvent
of the squared Dirac operator D?, based on the well-known fact that the spectrum of D? consists of
two copies of the spectrum of D™D, denoted in [23] by the sequence (532) jEN-

Equation (6) will be our essential tool in proving the smoothness of the Selberg zeta function for C*°
variations of the hyperbolic metric on a compact surface, and also in its analysis during a pinching
process towards ¢ = 0.

3.2. The cusp-surgery calculus. In [2], one of us proved that under the non-triviality hypothesis on
the spin structure, the spectrum of the Dirac operator is smooth in the pinching process up to ¢ = 0.
The core technique was the construction of a customized pseudodifferential calculus called the cusp-
surgery calculus Wep™" (X)), a particular case of the fibered cusp calculus with parameter of Albin-
Rochon-Sher [1]. Through this machinery, we managed to “glue” the family of Dirac operators D;
corresponding to the compact surfaces (X, g;)¢>0 and the limit Dirac operator Dy on the non-compact
surface (X \ 7, go) as a cusp-surgery operator

1,1,0
(7) D e whLho(X).

The smoothness of the spectrum was established in [2, Theorem 2] as follows. Let Ag € Spec Dy and
€ > 0 such that [A\g — €, \g + €] N Spec Dy = {A\o}. The family of spectral projectors satisfies

(3) Pl erotd € Yo o™ 0(X),

which means precisely that there exists ¢; = t1(\g) > 0 so that the family of Schwartz kernels
corresponding to the spectral projectors Pon—s, Notq fort € [0,t1] is smooth on [0,¢1) x X x X and
vanishes rapidly at {t = 0} x v x 7.

Furthermore, in [2, Theorem 1], we proved that if A € R\ Spec Dy, then there exists to(A) > 0 such
that the operators (D; —\) are invertible for every 0 < ¢ < to()), and the resolvents (D; —\)~! are
the evaluation at time ¢ of a cusp-surgery operator

9) (D-N)""ew (X))

We now briefly recall the construction of the cusp-surgery calculus. We emphasize that the theory is
intricate, our aim in this section is only to recall the main ingredients of the construction. We refer the
reader to [2], and for the more general case of p-surgery calculus to [1] for full details.

The cusp-surgery simple space Xép is obtained by the blow-up in the sense of Melrose [15] of the
pinched curve v x {0} inside X x [0, c0).

Now consider the manifold with corners X g, the double space of McDonald [14], obtained by blowing
up the submanifold {¢t = 0} x Y(1) X Y(2) inside [0,00) x X2. Denote by ff}, the exceptional divisor,
i.e., the newly added face, and let tb be the lift of the temporal boundary {¢ = 0} by the blow-down
map. Consider next the cusp-surgery double space Xgp defined in [2, (5)] as

(10) [[0, OO) X X2; {0} X Y1) X V(2)s {O} X (1) {0} X Y(2)3 ([0, OO) X Dlag) N Hb] R

where Diag is the diagonal inside (X \ ’y)z, and we re-denoted by ff}, the lift of the face ff;, from X?
through the two blow-ups of the p-submanifolds {¢ = 0} x (1) and {# = 0} x 7(2). Let ff. be the cusp
front face obtained through the last blow-up in (10) and notice that ff. is a line bundle over [0, 7] Xy x .
Denote by £ : sz — [0,00) x X x X the blow-down map and let 7 : X x X x R — X9 be the
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projection onto the second factor X. Recall from [2, Proposition 37] that there exists a “projection”
(obtained by composing a true projection with a blow-down map) 7r(21) : Xgp — Xip which is a

b-fibration, where the subscript in X}:p indicates that the projection is on the simple space in the

(1)
first set of variables. Of course, the corresponding result also holds true for 7r(22) : Xgp — Xép @)
Let S be the spinorial bundle over the simple space X}:p obtained using the Bourguignon-Gauduchon
trick [5] (see Section 2.5 for details on ¢ > 0 and [2, Section 21] for more details up to ¢ = 0). Denote

by
* 2 * 2 * o
the tensor product bundle over X2, of the pull-backs of S and S* through 7r(21) and 7r(22), respectively.

In order to describe the conormality “plane”, let Diag := {(p,p) : p € X} and consider

(11) A := -1 (Diag x (0,00)) C X2, .
Let ©2(X) be the 1-density bundle over X. The space

TmO0(X2 ) = 700 (Xfp, A,SKS* @ (m o B)* 0 (X))

consists of those distributions of order m on sz that

i) are conormal of order m to the lifted diagonal A defined in (11);
i1) are extendible across the front face ff, and the temporal boundary tb (i.e. have index sets N
towards these faces);
i41) vanish at infinite order towards all the other faces (they have empty index sets there);
iv) contain a density factor pulled back from the second set of variables.

Finally, in order to include distributions of arbitrary order of vanishing (or growth) at ff, and tb, set
T (X2,) = ol T 002,

Definition 13. The operators of order (m, «, 3) in the cusp-surgery calculus are defined as

UeB(X) = pppn P UmO0(X2 ) = (e A(x2),

They can be thought of as families of classical pseudodifferential operators on X which depend
smoothly on the time-parameter ¢ for ¢ > 0, and satisfy certain precise asymptotic properties towards
a cusp pseudodifferential operator at {t = 0}.

Remark that W&, (X)) differs from Z***(X2,) by a shift of —2 in the second index, essentially due
to the density factor arising from the second set of variables.

Definition 14. Let M be a smooth manifold. We say that A = (A;),cr is a smooth family of
cusp-surgery operators indexed by M if it belongs to the space of classical conormal distributions

Co® (M, U5 (X)) =T (M x X2, M xA).

cp?

For simplicity we omit from the notation the bundles and densities. Furthermore, when M = M’ x U
for some complex manifold U, we say that the family A is holomorphic in s € U if it satisfies the
Cauchy-Riemann equations in s € U.

In the sequel, we will use holomorphic families indexed by an open subset U of C.
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Lemma 15. If (Ay)eer € C (M,\pz'g“ﬁ(X)) and (By)sepm € C® (M,wg”a’ﬁ’()()) are

smooth families of cusp-surgery operators, then their composition (AyBy) ¢ v is a smooth family of

\Ifgz,+ml’a+a/’6+ﬁ, (X)) operators. Moreover if A and B are holomorphic in s € U, so is AB.

Proof. In [2, Theorem 47], we proved the composition theorem for cusp-surgery operators using
adapted double and triple cusp-surgery spaces, together with the Pullback and Pushforward Theorems
of Melrose (see e.g. [15], [12]). Here the conclusion follows by applying the same arguments, keeping
in mind that this time there is an additional parameter x € M. The composition is bilinear in (A4, B),

SO 8(%3) vanishes whenever both A and B are holomorphicin s € U. O

Notation 16. Let €2 C C be an open set. For m € N* U {oo}, we denote by C" (M, O(£2)) the space
of C™ functions on M x 2 which are holomorphic in s € (2, i.e., in the kernel of the Cauchy-Riemann
operator Os.

In order to control the second term in the trace formula (6), we shall need a families version of [2,
Proposition 4]. Recall that for m < —2, classical pseudodifferential operators of order m on the
closed surface X are trace class. For A € \1/2;’“5 (X), the evaluation at ¢ = 0, makes sense for
B < 0. It is a cusp pseudifferential operator of order (m, o) which is trace class when m < —2 and
a < 0. For a smooth family A € C*(M, \IJZ'Z;O"B) with m < —2, a < 0 and 8 < 0, each operator
(At z)i>0,zem is therefore trace class, so it is natural to define PTr A : [0,00) x M — C as the
family of those traces, i.e., as the function (¢, ) — Tr(A ).

Proposition 17. Let A € C* (M, \I/Z;;aﬁ (X )) a smooth family of cusp-surgery pseudodifferential
operators withm < —2 and o, 5 < 0.

o Ifa— [ &7, then
PTr A € t7C ([0,00) x M) +tPC> ([0, 00) x M) .
o Ifa— B €Z, then
PTr A g 14— H 0% ([0, 00) x M) + 22X (=0=H 1og ¢ . € ([0, 00) x M).

Moreover, if M = M’ x U and A is holomorphic in s € U, then so is the trace.

Proof. For every t > 0 and z € M, the trace of A;;, equals the integral of the distributional kernel
k4 of A along the intersection of the lifted diagonal A with the “slice” {(¢, x)}. (The distribution x4
is continuous on M x Xgp because of the order assumption.) Recall from [2] that this lifted diagonal
is naturally diffeomorphic to the simple cusp-parameter space Xép. We write, by the inverse Fourier
transform, the restriction of x4 to M Xx A as the integral with respect to the Liouville measure in £
of some classical symbol a(t, x, y, £) of order m < —2 along the fibers of the conormal bundle. The
trace “PTr A is then the push-forward of the resulting density through the product map M x A —
M x [0, 00). The tautological map from the simple cusp-surgery space Xép to [0, co) is known from
[2] to be a b-fibration. It suffices to note that the cartesian product of a b-fibration with a smooth
manifold M remains a b-fibration. The conclusion follows by applying the Pushforward theorem of
Melrose as in [2, Proposition 66] to this b-fibration.

The holomorphy of “PTr(A) is clear, since derivatives in the parameters s commute with restrictions
and pushforward. U
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4. SMOOTHNESS OF THE SELBERG ZETA FUNCTION FOR SMOOTH VARIATIONS OF THE METRIC

In this section we prove the smoothness of the Selberg zeta function for a smooth family of metrics
(gt)tem of curvature —1 on a compact surface X . To be clear, we stress that this statement does not
cover pinching degenerations at ¢ = 0. Although the result seems rather natural, we are not aware of
any reference in the literature. Caveat: our proof does not hold for general families of Selberg zeta
functions (1) defined by arbitrary sequences [ and € depending on ¢ € M, even when assuming strong
uniform bounds on the ¢-derivatives of those sequences. As already mentioned, the proof follows by
combining such bounds with the trace formula (6) for k£ = 0.

A closed geodesic is called primitive if it wraps around its geometric image in X exactly once or,
equivalently, if its conjugacy class is primitive in 71 (X'). We denote by Z;(s) the Selberg zeta function
(3) corresponding to the metric g; and the class function ¢ characterizing the fixed spin structure. From
[23, Lemma 26], its logarithmic derivative satisfies the identity

, 1 (e (e 0 (53)
(12) (3) (s) = Z th(ﬂ) (1) 2

i ()
w1 primitive n=1 2 sinh —5

I

where p runs along all closed, oriented, primitive geodesics on (X, g¢).

Notation 18. Fix p € X as the base point of the fundamental group. We regard a closed oriented
primitive geodesic i on (X, g¢) as the conjugacy class [n], for some primitive element € 71 (X, p).
If M := WL([n]) is the word-length of the class [n] (see Definition 7), we can suppose that ) :=
ai...aps, where aq, ...,ap € {aj,ﬂj,aj_l,ﬁj_l; 1 < j < g} run among the generators of w1 (X, p)
and their inverses, as in Section 2.3.

Notice that, for ¢ € M, the family of representations (p;);cr arising from the metrics g; changes
as in Section 2.4, but the fundamental group of X at each “time” ¢ remains the same. Therefore the
decomposition of 7 into generators of the fundamental group is independent of ¢.

In order to prove that the logarithmic derivative of the Selberg zeta function corresponding to the
metric g; is smooth in ¢ € M, we first need to bound the word length of a hyperbolic conjugacy
class by the geodesic length of that class uniformly for t in a compact subset of M (for the classical
Milnor-Svarc Lemma, see e.g. [6, Theorem 3.13]).

Lemma 19 (Uniform Milnor-Svarc Lemma). Let I C M be compact. Then there exists A > 0 such
that for all t € I and for all nontrivial conjugacy classes [n] in w1 (X, p) we have

(13) WL([n]) < Aly([n)),

where 1;([n)]) is the length with respect to g; of the closed, oriented geodesic associated to [n)].

Proof. Let ' be a geodesic that closes in p at an angle and has the same homotopy class as 7. As
in Section 2.3, the universal cover H of X is tiled by fundamental domains which are polygons
having 4¢ edges corresponding to the geodesic generators of the fundamental group 71(X,p) =
(af, BY, ..., o, BY < [of, B]... [, BL] = 1). We lift v to ', a geodesic segment in H with endpoints
P! and Q', preimages of the base point p. The geodesic 7 intersects several polygons of the tiling of
H. Let us denote the intersection points of 7* with the edges of these polygons by A! := P, ..., Al .=
Q! under the following rule. If 7 cuts a cluster of edges having a common point, then we denote by
A! the first intersection of &¥ with the cluster, and we denote by A’ -1 the next intersection point which
does not belong to the cluster. Thus all the intersection points A, ..., A? lie on disjoint edges.
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Remark that ' is homotopic to a curve x' in H between A} and Al consisting only of edges of the
fundamental domains intersected by ©!. Moreover, by going “higher” or “lower” than !, we can
judiciously choose ! to contain a minimal number of such edges. In order to pass from an A! to a
consecutive point A! 11> we need maximum 2g generators, thus we notice that

(14) WL([7]) < WL(pr(u')) < 2g(k — 1),

where pr : HH — X is the canonical projection.

We claim that the distance between any two disjoint edges of the tiling is bounded below by a positive
constant d, uniformly for t € I. Indeed, let o be a generator in the tiling of H, and denote by D*
the compact set of points which are at distance at most 1 from . Furthermore, let E* be the set
of all edges belonging to polygons of the tiling of H which have a non-empty intersection with D°.
We claim that the number of edges in E? is bounded above uniformly for ¢ varying in the compact
set . Indeed, this holds true due to the fact that neither of the lengths of the generators in the tiling
goes to zero in the degeneracy process as ¢ varies in I. Thus all the distances between edges in E*
which are disjoint from o and ! are bounded below by a dy > 0, which is again uniform for ¢ € 1.
Furthermore, if 3 ¢ E is an edge of the tiling of H, then clearly dist(c, 8) > 1, and the conclusion
follows by choosing d := min(dp, 1).

Since the points A! lie on disjoint edges, it follows that dist(Af, A’, ) > d, uniformly in ¢. Therefore

we get [;(v') = dist(A4], AL) = dist(AY, AL) + ... + dist (A% _|, AL) > d(k — 1), and we conclude
that

lt(l/t) '

15 k—1<
(15) s =

Clearly the length of ' is greater than the length of the conjugacy class [r]. Moreover, for every
t € M, this conjugacy class [n] corresponds to an unique closed oriented geodesic p on (X, g¢).
Denote by /i the lift of 4 starting at a point lying in the same fundamental domain as AY. Using the
triangle inequality, we furthermore obtain

L([n]) < dist(A7, Ay) < L([n]) + dist(A], i) + dist(Af, 7) < L([n]) + 2 Diam(X, g¢).
Using now (14) and (15), it follows that

(V') 29 . t gt 29 .
WL(n)) < 29(k = 1) < 29" = S dist (41, A7) < = (1u([n]) + 2 Diamn(X, )
Since ¢ varies in the compact I, it follows that the positive map ¢ — sys(X, g;), the length of the
shortest geodesic on X, is uniformly bounded from below by a positive constant cg. Furthermore, the

function ¢ — Diam(X, ¢;) is bounded from above. Therefore there exists a ¢; such that

Diam(X90) (i)
C 0

Diam(X, g;) < sys(X, g¢) =,

Thus we conclude that

WL < (i) % (1422 ),

and remark that the constants d, ¢y and ¢; do not depend on [7], which ends the proof. U

One could try to bound the word length of a conjugacy class [n] in 71 (X, p) by a function of I;([n])
uniformly in a pinching process as in Definition 1 by studying cusp excursions as in [9]. A bound
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of the number of hyperbolic elements for (fixed non-degenerating) Fuchsian lattices was obtained by
Eichler [8] using Dirichlet fundamental domains.

Lemma 20. Let X be a compact surface and (gi)ienm a smooth family of hyperbolic metrics on
X. For any compact subset I C M and j a multi-index, there exist K; := K;(I) and B; :=
Bj(I, 01, B1, ..., aag, B2g) € R (see (4)) such that for every primitive conjugacy class [n] in 71 (X, p)
andt € 1,

il

(16) dti

() < e,

Proof. Recall that the length of the closed geodesic (with respect to g;) determined by [n] is given in
terms of the representation p; : X — PSLa R by

(17) I ([n]) = 2arcosh(Tr pe(n)/2).

Since X is compact, the length of the systole of (X, ¢g;) is bounded below by a positive constant
depending on ¢. Since I is compact, this is also the case uniformly for (I;([])),c;- By (17), it follows
that (Tr p;(n)), is bounded below by a constant strictly greater than 2, so for every u > 0,

2 —u
(18) (Trzt(”) - 1) <1

For a multi-index 7, let us consider the maximum between the Cl7/-norms of the images of the gener-
ators in 71 (X, p) through p:

oF ok —
(19) C] ‘= Inax {17 %ﬁt(az) ) %pt(ﬁz) Dk < j7 = 139} )
where we denoted by || - || the operator norm on 2 x 2 matrices. The right-hand side of (17) is
independent of the choice of 7 inside its conjugation class, so we write 7 as a minimal word a; -. . .-a s

in the generators and their inverses, where M is the word length of the class [7], as in Notation 18. By
the Leibnitz rule, it follows that for every multi-index j, there exists a universal polynomial P; in the
partial derivatives up to order j of the traces of the generators, such that

i T () N2V [ olH 4
o — _ . . ; lil oM
(20) oy L(n]) = ( 1 1) P; 5 Trpe(n) 1k <j| < MVICH,

Finally, using the uniform Milnor-Svarc lemma 19, there exist constants Bj and K such that

concluding the proof. ([

Let M be a smooth manifold and let (g¢);c ¢ be a smooth family of hyperbolic metrics on a compact
oriented surface X, [;(1) the length of the conjugacy class [n] defining an oriented geodesic p with
respect to g;, and € : w1 (X, p) — C a bounded class function, independent of ¢, not necessarily arising
from a spn structure. In the following results, we use Notation 16.

Lemma 21. Let m € N. There exists a constant &, which depends on m and By, ..., B, from Lemma
20 such that

Z(s) € C™ (M, O ({Rz > €n))) .



THE SELBERG ZETA FUNCTION ON THE SPIN MODULI SPACE 17

Proof. By taking the logarithm of (1)

21) log Zi(s) = > Z log ( ol (u)(s+n>> ,

4 primitive n=0

where 4 runs along all the oriented primitive closed geodesics on (X, g;). It suffices to prove the
statement for the function (¢, s) — log Z;(s).

First, we claim that ¢t — log Z;(s) is continuous for s € {z € C : £z > 2}. Indeed, the sum in the
RHS of (21) has the same nature as

[e.e]

— s —l n __ —l s 1
S sy et =3 el(u)m_

4 primitive n=0 (4 primitive

Since [;(1) is greater than the length of the systole corresponding to (X, ¢;), and for ¢t € I the map
t — sys(X, g¢) is bounded below by a positive constant, m is bounded. Furthermore, using
(5), we get

o0

22) Z *lt Z n(t)Rs < Z e —Rs(logn—C) CﬁRs Zn 7

4 primitive n=1 n=1

which is absolutely convergent for s > 2, hence our claim follows.

Letm > 1,h > 0, and let I C M be a compact. Let us show that it is of class C™, for ¢ € I in a strip
Qs < h on a sufficiently right-shifted halfplane {s > &,, , > h}. Let us first take m — ¢ derivatives
in s and ¢ derivatives in ¢ in the RHS of (21). Let us denote by Y = E(M)e_lt(”)(s+”) and remark that

— VP (Yol ), s 7 )5+ )
07100 log(1-Y) = a=v) ,

where P is a polynomial with integer coefficients which depends only on m, ¢q. Let dy be the degree

of P inY, d; be the sum of its degrees in the variables I (), I (1), ..., l,gm) (1), and dy its degree in
s+ n. Notice that if ¢ = 0, then dy = 0. Since |Y| is uniformly bounded for all y, s, n, using Lemma
20, we obtain that

[P (Y 00), (1), o B 12)s 4 ) | S (do + 1)l + el mesia B,

Since ly(p) is greater than the length of the systole corresponding to (X, ¢;), and for ¢t € I the
map t — sys(X, g¢) is bounded below by a positive constant, there exist a constant which bounds

1—a(u)e}lt(#>(s+n> for n € N. Denote by B := dy maxj’, Bj, and let h > 0. Since Rs +n > h for
any n € N we obtain the following inequalities

077990 log(1 — V)| < [Rs + n + ih|2e W (Rstn=5)

(W (Rstn=B) _ ly(w)(Rstn—B)
2 e 2

< |Rs 4 n|®2e”

S 6_lt (“) §Rs+£1,—B ‘
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Therefore, using again (5), the sum of the term by term differentiation in the RHS of (21) is bounded
by

w primitive n=0 W primitive
00

< Z e t( (® Ze—l Z E(logn—C) _ O Z” 7
/4 primitive n=1

and the last sum is absolutely convergent for MT_B > 2, which is equivalent to Rs > 4 + B. By
choosing &,, := max(h,4 + B), the claim follows. O

As a corollary, for every m > 0, the logarithmic derivative of Z; from (1) is also of class C™ in ¢ and
holomorphic in s for real part of s sufficiently large:

!

@3) (5 €CM (MO ((R(:) > k).

We now analyze the Zeta functions corresponding to a smooth family (g;):caq of hyperbolic metrics
on the compact surface X, indexed by some manifold of parameters M.

Proposition 22. Let U C C be an open set on which the functions s — %(s) are holomorphic for
anyt € M. Then %(s) €C®(M,0)).

Proof. Let m € N and let sg € C such that &8sy > k,,, where k,, is the constant from (23). Recall
that the Selberg trace formula (6), valid for t € M and s € C\ (3 + i Spec D;), expresses (%) (s)
as a sum of three terms, since the number of cusps, k, equals 0 for closed surfaces. The first term,

22380_—11 (%) (s0), is of class C™ in ¢ by (23) and polynomial in s, hence belongs to C" (M, O(U)).

The third term in (6) is independent of ¢t and meromorphic in s, with poles in —N* + % (see [23,
Lemma 28]). By hypothesis, U avoids this set of poles.

The second term in (6) is the spectral contribution (s — 1/2) Tr(R(S) — R¢(s0)), where
~1
4) Ri(s) = (DF + (s - 4)°)

. 2
is the resolvent of D? at the spectral value (s — %) .

By hypothesis, U avoids the set |, v, (5 + i Spec D), thus the family D7 +(s — 1)? is invertible for

every (t,s) € MxU. By Lemma 10, the family of inverses is smooth of order —2 and holomorphic in
s. These resolvents have the same principal symbol for every value of the spectral parameter s. Their
difference is therefore smooth of order —3, hence trace class on the surface X, so by Lemma 11 the
second term in (6) is smooth in (¢, s); from the Cauchy-Riemann equations, it is also holomorphic in

s € U. Together, it follows that %(s) € C™(M,0O(U)). Since m € N was arbitrary, this completes
the proof. U

Lemma 23. Let t) € M and \g € SpecDy, an eigenvalue of multiplicity mg. Then there exists
a neighborhood I C M of to and 6 > 0 such that Bs(A\g) N Spec Dy has exactly my eigenvalues
(counted with multiplicities) for any t € I.
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Proof. Since Spec Dy, is discrete, there exists ¢ > 0 such that the closure of the open disk Bs(Ao)
contains just the eigenvalue A\g. We claim that there exists an interval I around ¢y such that Bs(\p) N
Spec Dy contains exactly mg eigenvalues (not necessarily distinct) for any ¢t € I. Indeed, since the
spectrum of Dy, is closed, it follows that for any A € Cs5(\g) we can find a ball of radius e > 0
such that B(\, €) N Spec Dy, = 0. Then Dy, —z is invertible for any |z — A\| < ¢, and we denote by
Ry, () € ¥~1(X) the corresponding resolvent. Notice that

Ry (2)(Dy —2) = Ry (2) (Dyy —2 + Dy — Dyy) = Id + Ry (2) (Dy — Dy ) -

But Ry, (z) : L?(X) — H*(X) is a bounded operator and D; Lo, Dy, as bounded operators from
HY(X) — L2(X), thus Id + Ry, (2) (D¢ — Dy, ) is invertible, and by Lemma 10, the inverse is smooth
in ¢. Therefore there exists an interval I around ¢ such that D; —z is invertible for any |z — A\| < €
and t € I. By Lemma 10, the family of resolvents R;(z) belongs to C* (I x B(\), ¥~*(X)) and is
holomorphic in z.

Let P;" be the spectral projector of D; on Bs(\g) and P, be the spectral projector of D; on —Bs(\o).
If \o = 0, clearly P;" = P,. By holomorphic functional calculus, the family of spectral projectors is
given by

Pt = i Ry(2)dz.

21 Jes(ro)

Using Lemma 10 and 12, P;" € C> (I, ¥~°°(X)), thus by Lemma 11, ¢ + Tr P, is smooth in ¢.
Since

Tr P, = dim Range P, € N,
it follows that the dimension of Range P; is actually locally constant for ¢ € I. By shrinking I if
necessary, Bs(Ao) N Spec Dy contains exactly my eigenvalues (not necessarily distinct) for any ¢ € 1.
Furthermore, Range P; forms a (trivial) vector bundle of dimension mg over the connected interval 1
with the trivialisation given by F;,. (]

We want to study the behavior of the logarithmic derivative of the Selberg zeta function near a pole
of type % + iAo, Ao € Spec Dy, . Recall that the spectrum of the Dirac operator is real and symmetric
with respect to zero.

Proposition 24. In the context of Lemma 23, there exists a smooth family of polynomials Q; in s of
degree 2my such that

(t,s) — Z(s) - dis log Q4(s) € C* (1,0 (3 +iBs(\o))) -

Proof. Consider m > 0. Let us denote by P, = P;” + P, the spectral projector of D7 on
Int(Bs(Xo)?). We use equation (6) for Rsq > ky,, where k,, is the constant from (23). The first
and third terms in (6) were seen in the proof of Proposition 22 to belong to C™ (I ,O (% + iBg(/\o)) )
Since P, is an operator of finite rank for every ¢ we rewrite the spectral term from (6) as

(s - %) Tr [Ri(s) — Re(so)] = (s - %) Tr[(1— B) [Re(s) — Re(s0)]]
(25) + (s — ) Tr [PRy(s)]
— (s — %) Tr [P,R(s0)] -

-1
Clearly (1 - F3) Ry(s) = (1= P) (DF + (s = 3)* + Pi) . Since Df + (s — 4)* + Py s invert-
ible and holomorphic in s for t € I and s € % + iBs(A\o), by Lemma 10 its inverse belongs to
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C* (I x (3 +iBs(A\o)), ¥ ~2(X)) and is holomorphic in s. Therefore the first term in equation (25)
extends holomorphically for s € 1 + iB;()g), so it belongs to C* (I, O (1 + iB;s(\o))).

Since Rsg > Ky, > %, it follows that D? + (30 — %)2 is invertible, thus by Lemma 10, the inverse

family is smooth in ¢. The family of spectral projectors is also smooth in ¢, therefore the term (s —
) Tr [P;Ry(s0)] is smooth in ¢ and clearly holomorphic for s € 1 + iBs(Xo).

-1
Furthermore, the second term (s — %) Tr [Pt (DZ + (s — %)2) } can be decomposed as

1 - 1 _
ST [(PF+P0) (De—i(s = 4) '] = 5 T [(BF + P7) (Dei (s— 3)) ']
that we write as the sum of the following four terms
%Tr P (De=i(s = 4) 7' %Tr Pr(De=i(s = 4) 7'
(26) ! X L X
5T [P (i (s— )75 e [ (Dei (s 4) 71
Let us first treat the case when Ao # 0. By possibly reducing §, we may assume that
(27) Bs(Ao) N —=Bs(Xo) = 0.

The first two terms in (26) are smooth in ¢ and we claim that they extend holomorphically for s € % +
iBs(\o). Indeed, using (27), we obtain that P;” P, = 0, hence for any s € % +1iBs(Ao) \ {% + i)\o}
the following equality holds

P (Di—i(s—13)) " =P (Di+P —i(s—3))

Notice that the RHS is holomorphic for s € % + iB;s(Ao), which proves the claim for the first term in
(26). The second one % Tr [Pt* (Dt —1 (s — %))71} can be treated in a similar manner.

Now the third term in (26) is given by

1 . -1 1 . o
—Tr P (Di+i(s—13)) = % Tr|RangePt+ [(Pt+DtPt+ +i(s—3) Pt+)|R gort
=g oedet (BIDES +i(s=5) BY),

The last equality holds true because for any matrix A € M, (C), we have the equality Tr(A —\)~!
—% log det(A — \), and we apply it for

A= (PFDP+i(s—3) PT) € End (Range P;") .

|Range Pt+

We have a similar argument for the last term 3 Tr [Pt_ (D¢ +i (s — %))71] in (26), hence for the

case when \g # 0, the sum of the last two terms in (26) is % multiplied by the logarithmic derivative
of the polynomial

Q:i(s) :==det (P,"DyP +i(s— 3) P;") ~det (P DeP[ +i(s— %) P)

IRangc Pt+ IRangc Pt7

of degree at most 2my in s with coefficients which are smooth functions of .
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Suppose now that A\g = 0, thus P;” = P,”. Then instead of the four terms in (26), we have:
1 - 1 -
(29) ST (B (i (s—4) ] T [BF (Do (s— )7
and both terms can be treated as in (28). More precisely, their sum is the logarithmic derivative of
Qi (s) = det ("D, P —i(s—3) P) ~det (P"D P +i(s—3) PF)

|RangePt+ |Range Pt+ .
Therefore we proved that if we subtract from the logarithmic derivative of the Selberg zeta
function the logarithmic derivative of Qq(s), or QY(s) if A\g = 0, we obtain an element of

C™ (1,0 ($ +iBs(Ao))). Since m was chosen arbitrarily, the conclusion follows. O

Theorem 25. For every smooth family of hyperbolic metrics on a compact oriented surface X and
for every spin structure, the family of Selberg zeta functions {Z;(s)}tem defined in (3) belongs to
C> (M, 0(C)).

Proof. Letm € N, tg > 0, and sg € C such that Rsy > &,,,, where &, is the constant from Lemma
21. Furthermore, let R > 0 so that so € Bg(0). Denote by P the set of poles of the function

z; . . . . .
z = ZZO (z). We will prove the statement using different strategies for the region C \ P, near poles
0

of the form % + i)\ with A9 € Spec Dy, and near poles of the form —n + %, where n € N. Let us
first consider s € C \ P. Then there exists § > 0 such that s ¢ Bs(p), for any pole p € P. By [18,
Theorem 1.2], there exists an interval I around ¢y such that for any ¢ € I, the poles of the function

Z %(z) are included in Upcp Bs(p). In particular, s is not a pole of z — %(z) forany ¢t € I.
Let 7(s) : [0, 1] — C be the path from s to s consisting of straight line segments together, if needed,
with trigonometric arcs along the circles of radius § centered at the points in . Then 7(s) avoids the
poles of z — %(z) for any ¢ € I. Thus using Proposition 22 and the fact that the path n(s) C Bg(0)
has finite length, we get the well-defined function

Zi(w)

dw.
n(s) Zr(w)

S

For any ¢ € I, the residues of the function z — % (z) are integers (see e.g. [23, Theorem 29]), thus if
w 1s another path between sg and s, it follows that

Zw) [ Hw),
/MZt(w)dw /77(5) Zt(w)d € 2mil.

Z/
Therefore the function s efn(s) 7, (W)dw is well-defined (it does not depend on the chosen
path between sy and s, so we can compute it using 7(s)), and by Lemma 22, it belongs to
C*® (1,0 (C\ UpepBs(p))). Since Nsg > €, using Lemma 21, it follows that Z;(s¢) is of class C™
in ¢, thus we conclude that
Z
Zi(s) = Zi(so)elno 2N € ¢ (1, O(C\ Upep Bs(p)) -
Since m was arbitrarily chosen, we obtain Z;(s) € C*° (I, O(C \ UpepB5(p))).

Now let us study the behavior of the family of Selberg zeta functions at a pole of the form % +iXg € P,
Ao € Spec Dy,. Shrinking ¢ if necessary, by Proposition 24 we have that
Z

(30) f(t5) = 7(s) = % log Q+(s) € C* (1,0 (5 +iB5(X0))) -
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Notice that, for any ¢ € I, the function s — f(t, s) is holomorphic on Br(0) \ UpeP\{%HAo}B‘S (p).
By integrating and exponentiating (30), we get

h(t, s) i= eln 100 ¢ coo (1.0 (L 4iB;(N)))

and moreover, h(t,s) = ZZ;((«:O)) L Quls) o 3 +iBs(Xo) \ {5 + iAo }. Therefore

Q1(s)

Qi(s)
Q:(s0)
on % +iBs(No) \ {% + i)\o}. Both terms are regular at s = % + iAo, and by continuity their values at
s = $+i)g coincide. Remark that Z;(s) is of class C™ int; that h(t, s) € C* (1,0 (5 +iBs(N\o)));
and, by Proposition 24, QQ;(s¢) does not vanish. Therefore

Zy(s) € C™ (1,0 (3 +iBs(N))) -

Zi(s) = Zy(so)h(t, s)

Since m was arbitrary, the conclusion also follows around the poles of the form % + Ao, Ao €
Spec Dy, .

Finally, we study the behavior of the family of Selberg zeta functions at a pole of the form —n+% eP
with n € N. By equation (6) (and [23, Lemma 28]), we have that

A Zy ~ Area X
Z(S) + Zt(l —5)= — ym (2s — 1) (—7 tan(mws) + wtan(m — 7s))

= Area X (s — 1) tan(ms) =: ¢(s).

Notice that s — ¢(s) is a meromorphic function with simple poles at % + Z, and residues given by
Res,_1,,¢(s) = —4(9 — 1)k, k € Z. Thus for £ < —1, the residues are positive integers. By
2

integrating, we get

Z(s)  _[°
08 7215y = P00

which is well-defined modulo 27¢. Furthermore, by exponentiating, we obtain that

Zy (¢ s
Zt(S) _ elOg Zt(tl(i)s) — €f1/2 p(w)dw

Zt(l — 8) ’

where the RHS is a meromorphic function with singularities (poles and zeros) at the poles of .
Therefore we get the following equality of meromorphic functions:

31) Zi(s) = Zy(1 — s)ef15/2 <P(w)dw.
Notice that Z;(1 — s) € C* (1,0 (Bs (—n+ %))), and eJi72 P o independent of ¢ and has a
zero of order Res,__, Llpat—n+ % Therefore
2
Zy(s) € C® (1,0 (Bs (—n+1))),
concluding the proof. g

Theorem 2 follows directly from this result and from the existence of local slices i.e., smooth sections,
in the Diff%-principal fibration of the manifold of hyperbolic metrics above Tq-

Notice that exactly the same proof shows that the Selberg Zeta function for the Laplacian is smooth
on the Riemann moduli space M.
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5. BEHAVIOUR OF THE LOGARITHMIC DERIVATIVE OF THE SELBERG ZETA FUNCTION IN THE
PINCHING PROCESS

Suppose that our spin compact oriented hyperbolic surface X goes through a pinching process of k
mutually disjoint simple closed geodesics as in Definition 1, thus the limit surface corresponding to
t = 0 has 2k cusps.

Proposition 26. Let A € SpecDg and € > 0 such that [\ — €, A\ + €] N Spec Dy = {\}. Let P be the
spectral projector of Dy on [A — €, A + €|. Then there exists t\ > 0 so that the rational function in s

det | P{D} P+ (s — 5)* P

| Range P>"'\

Qi(s) =
t det [PYD3 PY + (5 — 3)° Y

| Range P/(\)

has smooth coefficients int € [0,t)).

Proof. The conclusion follows directly from the smooth dependence of the spectral projections on the
parameter ¢ (see (8)) which was established in [2]. ]

For R > 0 and ¢ the minimum of ¢y for A € Spec Dy and ]% + iA| < R, define

(32) Qur(s)= [ @Ns).
A€Spec Dy
2 4+ixeBR(0)

It is a rational function of degree 0 with smooth coefficients in ¢ € [0, ¢r). Furthermore, when ¢ = 0,
Qo,r(s) equals 1.

We denote by Cr(0) the circle of radius R centered at the origin, and by Bg(0) the corresponding
open disk of radius R centered at 0.

Proof of Theorem 3. By [23, Theorem 34], we know that

(4 _ (%
(33) lim <Z> (s) +2klog2 = <Z > (s),

t—0 t 0

uniformly on compacts sets in C avoiding the poles of the limit function. Let us study
% [TIA ((%) (s) + 2k log 2)} using the Selberg trace formula from Section 3.1 for the compact
case.

Add 2k log 2 to the functional equation (6) and then divide by 2s — 1. We get for ¢ > 0 and Rsg > 1
the identity

1 Z _ 2klog?2 1 Z
25— 1 [2k1°g2+ <Zt> <s>] s 1 a1 <Zt (s0)
1 ~1 -1
ey (D287 - (DR - 1))

Area X 1 1
- geoth(n <g2+<s—;>2_52+<so—5>2> “
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We now differentiate with respect to s:

4Lt o 2)])-

_ (—;’f_lolg)g + %% Tr [<D$+ (s — %)2)71 - (D§+ (s0 — ;)2)1} — - F(s),

where F'(s) is a meromorphic function independent of ¢:

Area X 1 1
F(S) = I /RgCOth(ﬂ'é) (62_{'(‘9—5)2 _52 (80—5) )df

Area X 1 1 > 1 1
= - +§: 1 - 1
27 25— 1 2s—1 sp—s+n s—z4+n

and the last equality holds by [23, Lemma 28]. Remark that the second term in the RHS of (34) is
given by:

(34)

o= DT [DE (e 1] = - (- TR (- (- 3)°).

Therefore equation (34) becomes

js[Qsl_l{leogQ—i—(Z)(s)”:m (s— 1) TrR2, ( (s—%)2>
d

= . Fs).

(35)

Now let us study how the operations d and 5 1 act on the RHS of the limit (33). By [23, Equation
(17)], we have

(?g) (s) = 2k log 2 <1 - 22380_—11> + 22380_—11 @3) (s0)
2 [0 (- 37) " (D - 3)

Area X 2s —1 2s —1
 Aren /Rﬁcoth(wﬁ) <52+<s—;>2 - §2+(80_%)2> 3

Then using similar computations as before, we get:
d 1 Z, —4klog 2 2 d
36 — 0 =2~ _ (s—1)TrR? (— — )——F .
(36) ds [23 -1 (Z0> (S)] (25 —1)2 (8 2) Fhip3 (8 2) ds (5)
By (35) and (36), we conclude that

% [231— 1 Kgﬁ) (s) + 2k log 2 — (?g) (s)” = (3-9)m(RE) (- (- 1))

+

(37)

By hypothesis, Cr(0) N (% + 7 Spec Do) = (). Hence, by [18, Theorem 1.2], there exists to > 0 such
that for any ¢ < ¢y, the circle of radius R centered at 0 does not intersect % + i Spec Dy. Let P}f—€ be
the spectral projector of D, corresponding to {A € Spec D : % + i\ € Br(0)}.
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We split the resolvents in (37) by projecting near % + i Spec D, for each t > 0, and away from it:

@8 (Rhe) (- (5-3)") = PhRE; (— (= 3)°) + (1= PRIRE; (— (s 3)°).

Let us study the term (1 — P},) R,]2:)2 (— (s — %) 2) in (38). Recall from Section 3.2 that we merged the
t

correspondent family of Dirac operators (D; )¢~ on the hyperbolic surfaces (X, g;), together with the
Dirac operator Dg on the limit non-compact surface (X \ v, go) to obtain a cusp-surgery differential
operator D of orders (1,1,0). It follows that D? € W% (X ). Moreover, by [2, Theorem 1], we have

that (Plt%)tzo =: Pr € U2 %(X), thus 1 — Pi € Wo?(X), and therefore we get for ¢ € [0, %),

(1- Pr)R2, (— (s— %)2) € O (Bg(0)), Uz44(X)).
By Proposition 17, it follows that
P I (1 - Pr) Rye (= (s—4)") €0 ([0.%0), 0 (Br(0))

(39)
+ t*log tC% ([0, t0), © (Br(0))).

We will now address the term P} R2D? <— (s— %)2) in (38), which is a meromorphic family of
finite rank operators. Since the spectral projector P}, and the resolvent commute, it is also equal
to P} RZD% (— (s— %)2) Pl. Recall that for any matrix A € M;,(C), we have Tr (A — A=
—-4 Jogdet(A — \), and furthermore

2

d d
Tr(A—\)"2=Tr [d)\(A — /\)1] =0 log det(A — \).

We apply the above equality for PER%t (— (s - %)2) Pf% € End (Range PE), and we obtain

2
9 2172 2 2
TP [DF+ (5= )] Ph="Tu, | [PDF PR+ (s - 1) PA] ]
R,angePR

(40) e
1
:—( ) log det [P§D§P§+(s—§)2pg ,
2s—1ds |RangePIt%
where notice that det [sz Df P}% + (s — %)2 sz} is a polynomial in s of degree at most the

|Range Pf{

sum of the multiplicities of the eigenvalues {\ € Spec Dy : 1+iX € Br(0)}, with smooth coefficients
in t. Thus Tr PR RZ, (= (5 = 3)*) = Tr PRRZ, (= (s — 3)*) contributes to (37) with

det | P D? Ph+ (s — 3)* Ph

1 d 2 | Lange t
@1) - () log |
25 1ds) | o [PDR A+ (s 1) Pl

| Range P%

which is a differential operator in s applied to the logarithm of a rational function of s with smooth
coefficients in ¢ € [0, ). Moreover, using Proposition 26, we can split P}, as a direct sum of spectral
projectors concentrated at each point A € SpecDg. Indeed, by taking a smaller ¢ if needed (the
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minimum between ¢y and all the values ¢, introduced for A € Spec Dg in Proposition 26), we can

write
PL = P!
R — p%!
A€Spec Do
2 4+ireBR(0)
and thus

det [P D? Ph+ (s - 1) Pl |
RangePt (32)
(42) 012 PO 1\2 50 .= H QA(5) = Qur(s).
det |:PR DO PR + (8 - 5) PR | AESpec Do
Range P L ixeBR(0)

By combining (37), (39), (41), (42), and the fact that the RHS of (37) vanishes at ¢ = 0 the conclusion
follows. O

Let us remark that choosing ¢ in a similar way as before, on a relatively compact set U whose closure
avoids the set % + ¢ Spec Dy, we obtain

d 1 Z!
43  ds2s—1 [(Zt) (#) -

Moreover, if we localize near a pole of the limit logarithmic derivative of the Selberg zeta function of
type % + @A, A € Spec Dy, then we get

d 1 Z! zh 1d A
31 (7)) @~ (3) 0+ 2w1082 5 sl

€ 1™ ([0,%0), O (Be(3 +iN))) + t*logtC™ ([0, 9), O (Be(3 +iN))) ,

(?’;) (s) + 2k log 2] e 1> ([0,10), 0 (U))

+ t*1og tC% ([0, o), O (U)).

where ¢, Q7 (s) and to := t are provided by Proposition 26.

5.1. Coefficients at s = 1/2 of the logarithmic derivative of the Selberg zeta function in the
pinching process. We specialize the previous result in a neighborhood of the special value % By

[23, Theorem 29], 0 € Spec D7 if and only if 1/2 is a pole of %, the corresponding logarithmic

derivative of the Selberg zeta function. Suppose from now on that 0 ¢ Spec D(Q). Then using [18,

Theorem 1.2], there exists o > 0 such that 0 does not belong to the spectrum of D? for t € [0, o).
Therefore the family of resolvents s +— R2D2 (— (s — %)2> is holomorphic on a neighborhood of 1/2,
t

for any t € [0,ty). Consider the Taylor asymptotic expansion of the logarithmic derivative of the
Selberg zeta function in 1/2:

@) (7)) - Sl (-

As in [19, Equation (2.15)], let us denote
d 1 Z B 1\J
(45) ds[2s—l<Zt)(S)}_ch(t)(8_2) )
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then it is easy to see that for any j # 1,

2
- .t‘
j+1CJ()

Corollary 27. There exists tg > 0 so that for all j € {0} UN \ {1}, the coefficients d;(t) of the
logarithmic derivative of the Selberg zeta function defined in (44) behave in the pinching process as

(46) djya(t) =

d;(t) € C*°[0,t0) + t*log tC>°[0, to).

<%) (s)} defined in (45) have the follow-

Proof. By (43), it follows that the coefficients of -% I [
ing behavior as ¢ N\ 0:

2s—1

cj(t) € C*°[0,to) + t*log tC™[0, to),

where to > 0 is chosen as in the proof of the Theorem 3. Therefore, by (46), the coefficients d;(t) for
J # 1 have the same behavior as ¢ ™\, 0 in the pinching process. O

6. TOWARDS THE BEHAVIOR OF THE SELBERG ZETA FUNCTION IN THE PINCHING PROCESS

As in the proof of [23, Theorem 24], for £(s) > 1 we isolate in the absolutely convergent series
(%) (s) the primitive conjugacy classes of the oriented pinched geodesic « of length ¢ and of its
inverse. Recall our standing assumption £(y) = —1:

nlt(n) (s—%)

( > Zzlt h”lt“

[n] n=1

47
( ) nlt(r]) (37%)

2 smh nlt( )

[e%¢) nt nt(s 5 lt
=2 Z 251nh"t + Z Z

n=1 [n#] n=1

Assume that we could prove that for some particular value sg with Rsg > 1, there exists ¢y > 0 so that
the value art s¢ of the log-derivative of Z;, (Z ) (s0), is smooth for t € [0, o). Then combining again

(6) and Proposition 17 as in the previous section, we would deduce that the Selberg zeta function Z;
is of class C3 in (¢, s) € [0,00) x C, and holomorphic in s.

A natural choice for such a special value could be s = 2. For this particular s, we can prove with
some effort that the function

i 1)"te™

—  2sinh & ”t

is smooth for ¢ € [0, 00), proving smoothness of the first term in (47). The contribution of those
simple geodesics disjoint from + in the second term of (47) can also be shown to be smooth in ¢ > 0,
by the same proof as in Section 4. We are unable however to treat the terms corresponding to the
geodesics crossing 7. The length of such geodesics grows to infinity in the pinching limit, but it is not

so easy to uniformly bound their derivatives in t. We are thus unable to find the desired special value
of s for which the logarthmic derivative of the Zeta function is smooth at ¢t = 0.
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Another special value for s where we could attempt to prove smoothness would be the central value
s = 1/2. Using [23, Theorem 30], we get:
—Area X

Z! 1
2 <Zg) (2> = AreaXSEIII}Q (s — %) tan(ws) 4+ 4klog2 = — + 4k log 2,

(?3) (;) = 92(g— 1+ klog2).

Thus, the Selberg trace formula implies only that the logarithmic derivative of the zeta function at the
central value 1/2 is constant on the spin moduli space. This identity does not tell us anything about
the central value of the zeta function itself. We must therefore leave open the question of proving C*
asymptotics of the zeta function for any £ > 0.

thus
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