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ABSTRACT. We prove a limited asymptotic expansion up to order t4 log t of the logarithmic derivative
of the Selberg zeta function for the spin Dirac operator on compact surfaces for families of hyperbolic
metrics degenerating towards complete hyperbolic metrics with cusps in a pinching process where the
lengths lj(t) of certain disjoint simple closed geodesics converge smoothly to 0 as t → 0.

1. INTRODUCTION

Zeta functions. For every sequences of complex numbers (lj), (εj), j ≥ 1, consider the infinite
product depending on a complex parameter s:

(1) Z (s, (l, ε)) :=
∏
j≥1

∞∏
m=0

(
1− εje−lj(s+m)

)
.

Under rather mild growth conditions, this infinite product is absolutely convergent in some half-plane
{<(s) � 0}, where it defines a holomorphic function, the Selberg zeta function associated to the
sequences l and ε. For instance, when lj is the logarithm of the jth prime and εj ≡ 1, the product
is absolutely convergent for <(s) > 1, yielding Z(s) = (

∏∞
m=0 ζ(s+m))−1 where ζ is Riemann’s

zeta. In this example, Z extends meromorphically to C. However, for general sequences, the Selberg
zeta function has no apparent reason to extend analytically outside its domain of absolute convergence.

Selberg Zeta functions for hyperbolic surfaces. In some special cases where the sequences l and
ε arise from geometric data, the function Z does extend analytically to the complex plane. In this
paper, (X, gX) will be an oriented hyperbolic surface, either compact or complete of finite volume,
and lj = lj(g

X) the jth length of primitive oriented closed geodesics on X with respect to the metric
gX , counted with multiplicity. The developing map of gX induces a faithful, discrete representation
of Γ := π1(X, p) in PSL2(R), well defined up to conjugacy in PSL2(R). The set of all oriented
closed geodesics on X is in bijection with the set {ρ(Γ)}hyp of hyperbolic conjugacy classes in ρ(Γ).
For any bounded class function ε : {ρ(Γ)}hyp → C, the Selberg zeta product is absolutely convergent
when <(s) > 1. Note that one could relax the boundedness condition when studying zeta functions
arising from non-unitary representations, for us however ε will always take values in {±1}.

Functionals on the Riemann moduli space. For a compact oriented hyperbolic surface (X, gX) of
genus g, the classical Selberg zeta function is defined by taking ε ≡ 1:

(2) Z
(
s, (X, gX)

)
=
∏
j≥1

∞∏
m=0

(
1− e−lj(gX)(s+m)

)
.
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It extends to an entire function on C, satisfies a functional equation with respect to the involution
s 7→ 1− s, and has non-trivial zeros precisely on the line {<(s) = 1/2}. For any diffeomorphism Φ
of X , the zeta functions for the metrics gX and Φ∗gX clearly coincide. We get in this way a function
defined on the moduli space of Riemann surfaces, taking values in entire functions:

Z :Mg → O(C).

The value at s = 1/2 is particularly interesting: it is essentially equal to the regularized determinant
of the Laplacian, so it provides a Kähler potential for the Weil-Petersson metric onMg. It is natural
to ask whether Z can be extended in any meaningful way to the Deligne-Mumford compactification
of the moduli space. This question was answered in the negative by Schulze [20]. The underlying
reason seems to be the following: by the Selberg trace formula, the zeta function is related to the
trace of a difference of resolvents of the Laplacian on (X, gX). However, on hyperbolic surfaces with
cusps, corresponding to points in the compactification ofMg by stable nodal curves, such a relative
resolvent is never trace class.

Selberg zeta functions on the spin moduli space. The set of spin structures on a Riemann surfaceX
is in bijection with H1(X,Z/2Z). Every spin structure determines a {±1}-valued function ε on the
set of conjugacy classes in the fundamental group; for instance, for Riemann surfaces whose universal
cover is the unit disk, the value of ε on a hyperbolic conjugacy class is the holonomy in the spin bundle
along the corresponding closed geodesic with respect to the unique complete hyperbolic conformal
metric on X . The spin Selberg zeta function is defined for <(s) > 1 by the absolutely convergent
product

(3) Z (s, (X, g, ε)) :=
∏

µ∈{Γ}hyp

∞∏
m=0

(
1− ε(µ)e−l(µ)(s+m)

)
,

where µ runs along all the oriented primitive closed geodesics on X , and l(µ) is the length of the
geodesic µ. It differs from the standard Selberg zeta function (2) by the appearance of the sign factors
ε(µ).

For X compact, it follows from the Selberg trace formula that the function Z extends analytically to
an entire function, and one can compute determinants of Dirac Laplacians in terms of special values of
this function at half-integers [11], [19]. Since isotopies preserve spin structures, one gets a function on
the Teichmüller space with values in entire functions. This function descends to the quotientMSpin

g

of Tg by the finite index subgroup of those modular transformations preserving all spin structures on
X , a Galois finite cover ofMg that we call here the spin moduli space:

Z :MSpin
g → O(C).

It was proved by one of us [23] that the spin Selberg trace formula, and as a consequence the analytic
extension of Z, still hold true for complete hyperbolic surfaces of finite area, under a topological
assumption on the spin structure along the cusps. The key fact, first noticed by Bär [3], is that if
ε(µ) = −1 for every primitive parabolic conjugacy class, then the spectrum of the Dirac operator
on the surface with cusps is discrete. For a path of hyperbolic metrics on the compact surface X
degenerating towards a surface with cusps in a so-called pinching process, detailed in Definition 1
below, Stan [23, Theorem 5] proved the uniform convergence on compacts of C of the zeta function
on X , rescaled by a factor depending solely on the length of the systole, towards the zeta function of
the limiting surface with cusps. This result will be interpreted below as finding the leading term of the
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zeta function’s asymptotics along certain paths towards the boundary of the compactification of the
spin moduli spaceMSpin

g .

The pinching process. Let X be an oriented smooth compact surface of genus g, and fix a maximal
set of mutually disjoint simple closed curves (γj)1≤j≤3g−3. By cutting along these curves we obtain
a topological pants decomposition of the surface X . Fix 1 ≤ k ≤ 3g − 3, denote by γ the union of
the curves γ1, . . . , γk, and set X0 = X \ γ the complement of γ in X .

Definition 1. A smooth family of hyperbolic metrics (gt)t∈(0,1) on X describes a pinching process of
X along the curve γ :=

⋃k
j=1 γj if the following conditions are satisfied:

• The possibly disconnected curve γ is geodesic with respect to gt, for all t > 0.
• There exists a complete hyperbolic metric g0 on X0 = X \ γ such that the restriction of gt to
X0 extends in t = 0 to a smooth family of metrics {gt}t∈[0,1).
• For all j ≤ k, the length function of γj with respect to the metrics gt,

l(γj) : (0, 1)→ R, t 7→ lt(γj)

extends smoothly in t = 0, and moreover limt→0 lt(γj) = 0.
• Near a geodesic γj , the metrics gt takes the form

gt =
dx2

x2 + l2t (γj)
+ (x2 + l2t (γj))dθ

2; (x, θ) ∈

(
− lt(γj)

sinh
lt(γj)

2

,
lt(γj)

sinh
lt(γj)

2

)
× [0, 2π].

In the limit t = 0, we obtain a possibly disconnected, non-compact surface X0 with 2k cusps, en-
dowed with a complete hyperbolic metric g0. By Gauss-Bonnet, the area remains constant throughout
this process, including at t = 0. It follows from the definition that lt(γj) has a positive limit as t→ 0,
for all j ≥ k+ 1, and that θt(j) has a limit when t→ 0 for all j ≤ 3g− 3, where θt(j) is the twisting
parameter along γj for the metric gt in the Fenchel-Nielsen coordinates on the Teichmüller space Tg.

The C0 behaviour of the length spectrum and also of the spectrum of the Laplace and Dirac operators
under such degenerations were studied among others by Ji [13], Colbois-Courtois [7], Bär [3], Schulze
[20], Pfäffle [18], and more recently Stan [23]. It also motivated the construction by Anghel [2] of a
pseudodifferential calculus with parameters containing the resolvents of the family of Dirac operators
in a pinching process.

Results. The motivating goal of the present article is to derive a refined asymptotic expansion of the
family of Selberg zeta functions along a pinching process near t = 0. We stress again that the analytic
properties needed even for C0 convergence only hold under the topological assumption that the class
function ε determined by the spin structure does not take the value +1 on the free homotopy class
of any one among the k pinched geodesics. Several difficulties arise in this task: accounting for the
change in the topology of the underlying surface when t – the degenerating parameter – becomes 0;
controlling uniformly the derivatives of the lengths of closed geodesics with respect to t; and extending
smoothness results from the domain of convergence {<(s) > 1} of the Zeta function to the rest of the
complex plane. To address these difficulties, we rely heavily on our previous works [23], where the
leading term in the asymptotic was found, and [2], which offers the adequate tool for improving the
continuity result of [23], namely the cusp-surgery pseudodifferential calculus, first developed in [1] in
a slightly more general context.
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As a preliminary step towards our goal, we start by proving carefully that the Selberg zeta function
depends not only continuously, but actually smoothly on t for t > 0, and more generally, for any
smooth family of hyperbolic metrics indexed by some manifoldM (Theorem 25).

Theorem 2. LetX be a compact oriented smooth surface of genus g. For every fixed spin structure on
X , the family of Selberg zeta functions {Zt(s)}t∈MSpin

g
defines a smooth function on the spin moduli

space with values in entire functions, i.e., it belongs to C∞
(
MSpin

g ,O(C)
)

.

The same result holds, with the same proof, not only for the spin Selberg zeta function (3), but also
for the classical zeta function corresponding to the Laplacian, and for their variants when we twist by
a flat unitary bundle.

The proof of Theorem 2 is not obvious, in particular it depends crucially on a uniform Milnor-Švarc
Lemma, allowing us to bound the word length of a conjugacy class [η] in the fundamental group of
X (see Definition 7) in terms of the length of the corresponding geodesic, uniformly for t varying
in a compact subset of the parameter space M. The Selberg trace formula also plays a key role in
the proof, suggesting that the smoothness result is in fact unlikely to hold for smooth families of
metrics of variable negative curvature, or for twisting functions ε unrelated to some geometric elliptic
differential operators. We would expect it however to hold with only minor changes for zeta functions
corresponding to Laplacians twisted by flat bundles with non-unitary holonomy.

Our main result (Theorem 3) is an asymptotic expansion up to terms of order t4 log t of (the loga-
rithmic derivative of) the zeta function in the pinching process as the systole shrinks to 0, extending
Stan’s result.

Consider the family of holomorphic functions Zt(s) := Z(s, (X, gt, ε)) for t > 0, together with
Z0(s) = Z(s, (X0, g0, ε)) at t = 0. We have already mentioned that, somewhat unsurprisingly, Zt(s)
is smooth in (t, s) ∈ (0,∞)× C. Near t = 0, Stan’s formula [23, Theorem 3.5] states that

lim
t→0

Zt(s) exp

−π2

6

k∑
j=1

lt(ηj)
−1

 = 2k(1−2s)Z0(s).

Our main result (Theorem 3) is an asymptotic expansion of (the logarithmic derivative of) the zeta
functions in the pinching process as lt(γj) shrink to 0, extending in this sense Stan’s result. The
price to pay for this extension is one extra derivative in s, as we are not able to prove more than C0

convergence of Z ′t(s0)/Zt(s0) for any value of s0.

Theorem 3. Let R > 0 such that CR(0) ∩
(

1
2 + i Spec D0

)
= ∅. Then there exists t0 = t0(R) > 0

and a rational function Qt,R(s) in s with smooth coefficients in t ∈ [0, t0), so that for (t, s) ∈
[0, t0)×BR(0) we have

d

ds

1

2s− 1

[(
Z ′t
Zt

)
(s)−

(
Z ′0
Z0

)
(s) + 2k log 2− 1

2

d

ds
logQt,R(s)

]
∈ t C∞ ([0, t0),O (BR(0))) + t4 log t C∞ ([0, t0),O (BR(0))) .

Here CR(0) and BR(0) are the circle, respectively the open disc of radius R centered at 0. The term
C∞ ([0, t0),O (BR(0))) denotes a smooth function on the manifold with boundary [0, t0) × BR(0)
which is holomorphic in the second variable s.

When trying to analyze the zeta function itself, rather than its logarithmic derivative, the key challenge
arises from the fact that the Milnor-Švarc lemma no longer holds for surfaces with cusps. Ultimately,
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we stop short of improving Stan’s C0 convergence for Zt at t = 0. We intend to overcome these diffi-
culties in a future work, possibly by using explicit formulæ due to C. Series [22] and S. Wolpert [24]
for derivatives of lengths of geodesics along certain paths towards the boundary of the Teichmüller
space.

Acknowledgements. We are indebted to Ksenia Fedosova for useful discussions. The authors were
partially supported from the PNRR project III-C9-2023-I8-CF149. Cipriana Anghel received funding
of the Klaus Tschira Boost Fund, a joint initiative of GSO Guidance, Skills & Opportunities e.V. and
Klaus Tschira Stiftung.

2. PRELIMINARIES

2.1. Spin structures in dimensions 1 and 2. The group Spin(n) is a compact Lie group equipped
with a 2 : 1 morphism Spin(n) → SO(n). For n ≥ 3, Spin(n) is the universal cover of SO(n). In
low dimensions this is no longer the case:

Spin(1) = {±1}, Spin(2) = S1.

A spin structure on an oriented Riemannian manifold X of dimension n is a 2 : 1 covering of the
oriented frame bundle PSOX by a principal Spin(n) bundle PSpinX , compatible with the 2 : 1
morphism between the structure groups. The Levi-Civita connection 1-form lifts from PSOX to a
Spin(n)-valued connection on PSpinX . The spinor bundle is a complex vector bundle associated to
PSpinX via the spinor representation of Spin(n) on C2[n/2] , obtained by restriction from the standard
representation of the Clifford algebra. It has a induced Levi-Civita covariant derivative, and a Clifford
action of the (co)tangent bundle of X . The spin Dirac operator, an elliptic, symmetric, first-order
differential operator on spinors, is defined as the composition of the Clifford multiplication with the
covariant derivative.

Spin structures always exist on an oriented manifold X of dimension 1 or 2, and they are in bijection
with the cohomology space H1(X,Z/2Z).

2.1.1. Spin structures on the circle. On the circle S1 = R/2πZ there exist two spin structures, namely
the two covering spaces over S1 with Deck transformation group {±1}. One of those, whose total
space consists of two disjoint copies of S1, is called the trivial spin structure on S1. The second one,
called nontrivial, has total space S1, and the covering map is the square map eit 7→ e2it.

The spinor bundle for both spin structures is the trivial line bundle C× S1 → S1. The corresponding
Levi-Civita connections have holonomy 1 for the trivial spin structure and −1 for the nontrivial one.
The associated Dirac operators are i d

dt , respectively i d
dt+

1
2 . From an analytic point of view, following

Bär [3], it is important to note that the first of these two operators has a nontrivial nullspace.

2.1.2. Spin structures on surfaces. The 2 : 1 morphism π : Spin(2)→ SO(2) is given by

eiθ 7→
[

cos(2θ) sin(2θ)
− sin(2θ) cos(2θ)

]
.

At the level of Lie algebras, the induced isomorphism π∗ is

iR 3 it 7→
[

0 2
−2 0

]
∈ so(2).
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On a compact oriented surface of genus g there are 22g spin structures. If the surface has n ≥ 1
punctures, this number becomes 22g+n−1. For each spin structure PSpinX , the associated line bundles
PSpinX ×ρ± C with respect to the unitary representations of rank 1

ρ±(eit) =

[
cos(θ) ± sin(θ)
∓ sin(θ) cos(θ)

]
are the so-called positive, respectively negative chiral spinor bundles S±X → X . Their direct sum is
the spinor bundle on X , denoted SX . The Levi-Civita covariant derivative on TX can be interpreted
as a so(2)-valued Ad-covariant 1-form on the unit frame bundle PSOX . Its lift to PSpinX , composed
with the inverse of the isomorphism π∗ : iR → so(2), is a connection 1-form on PSpinX . The Levi-
Civita covariant derivative on spinors is defined as the covariant derivative on S±X associated to this
connection and to the spinor representations ρ±.

Let γ be an immersed closed geodesic inX . The tangent vector field to γ and its rotation by π/2 form
a parallel orthonormal frame, so the holonomy along γ in the frame bundle is trivial. Any local lift
of a parallel frame is a parallel section in PSOX . It follows that the holonomy holSpin(γ) along the
geodesic γ in the spin bundle is either 1 or −1.

Definition 4. For every immersed closed geodesic γ in X , set

ε(γ) = holSpin(γ) ∈ {±1}.

This sign function defined on the set of closed geodesics, and its extension to some ”almost-geodesic”
curves on manifolds with cusps, plays an important role in the definition of the Selberg Zeta function
associated to the spin structure. In particular, we will only deal in this paper with shrinking simple
closed geodesics on which the ε function takes the value −1. Equivalently, we shall assume that the
spin structure induced on the simple closed geodesics shrinking to 0 is nontrivial.

2.1.3. Spin structures on complete hyperbolic surfaces. A hyperbolic surface is a Riemannian 2-fold
with Gauss curvature −1. By a classical result due to Hopf, the universal cover X̃ of a complete hy-
perbolic surface (X, g) is isometric to the hyperbolic upper-half plane H, and the isometry is unique
up to post-composing with an isometry of H. An oriented isometry Φ : X̃ → H induces an isomor-
phism of SO(2)-principal bundles between the oriented orthonormal frame bundles PSOX̃ → X̃ and
PSOH→ H. Recall also that the group of oriented isometries of H is PSL2(R) = SL2(R)/{±1}, and
that this group acts transitively on the set of oriented orthonormal frames on H. It follows that, after
fixing an orthonormal frame (∂x, ∂y) at i ∈ H, we obtain an identification of PSOH with the group
PSL2(R) as SO(2) principal bundles. Then the canonical projection SL2(R) → PSL2(R) satisfies
the requirements to be a spin structure on H, where SL2(R) is equipped with the standard right action
of the group Spin(2) = S1 by rotations. Since H is contractible, its first cohomology group with
coefficients in Z/2Z vanishes, so this spin structure is unique.

Let Γ = π1(X, p) denote the fundamental group of X for a fixed base point p. Fix also a preimage
p̃ of p in the universal cover X̃ (for instance, take p̃ to be the relative homotopy class of the constant
loop at p). By this choice, Γ is identified with the Deck transformations group of X̃ → X . The
action of Γ on X̃ extends to an action on TX̃ . Fix a positively oriented orthonormal frame on (X, g)

at p, and denote by Φ : X̃ → H the unique isometry mapping p to i, such that the chosen frame is
mapped to the standard frame (∂x, ∂y) in TiH. The isometry Φ conjugates the action of Γ on X̃ to
an action of a subgroup ρ(Γ) ⊂ PSL2(R). To choose a spin structure on X amounts to choosing a
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lift Γ̃ ⊂ SL2(R) of the group ρ(Γ) under the canonical projection π : SL2(R)→ PSL2(R), i.e., such
that π : Γ̃→ ρ(Γ) is an isomorphism.

Recall that on negatively-curved compact manifolds, closed geodesics are in bijection with free ho-
motopy classes of loops, which are canonically identified with conjugacy classes in the fundamental
group. The function ε from Definition 4 can therefore be interpreted as a class function (that is,
constant on conjugacy classes) on Γ.

Remark 5. One can give an alternate description of ε from Definition 4 as follows: ε(γ) ∈ {±1} is
the sign of the trace of π−1(γ) ∈ Γ̃ ⊂ SL2(R).

This definition also covers the case where γ is parabolic. Since we assume X to be smooth, the group
Γ does not contain elliptic elements, so the trace does not vanish.

2.2. The spin modular group and the spin moduli space. Diffeomorphisms of X act by pull-back
on the space of hyperbolic metrics and on the set of spin structures. By the homotopy invariance of
the pull-back operation, the action of a diffeomorphism on the set of spin structures only depends
on its isotopy class. When X is a compact surface of genus g, we get in this way an action of the
modular group MCG = Diff+(X)/Diff0(X) on the set of spin structures, a set of cardinality 22g.
Let MCGSpin E MCG denote the normal subgroup fixing all spin structures on X . Its index in MCG
is a divisor of (22g)!, in particular it is finite.

Definition 6. MSpin
g denotes the quotient of the Teichmüller space Tg by the group MCGSpin.

The setMSpin
g is a smooth orbifold, a branched cover of finite degree of the Riemann moduli space

Mg. By definition, a smooth function on this space is the same as a MCGSpin-invariant smooth
function on Tg. Since MCG preserves the Kähler structure on Tg, MSpin

g inherits a metric space struc-
ture with compact completion MSpin

g , whose boundary points correspond to finite-volume, complete
hyperbolic surfaces. A pinching process defines in this way a path in MSpin

g towards its boundary.

Every smooth family {gt}t∈M of hyperbolic metrics on X indexed by some smooth manifold M,
together with a fixed spin structure on X , defines a map G :M→MSpin

g such that gt is isometric to
G(t), and the isometry is unique up to a diffeomorphism preserving the spin structure. In this sense,
MSpin

g is a classifying space for families of hyperbolic structures on X with a fixed spin structure.

2.3. Generators of the fundamental group. The fundamental group Γ = π1(X, p) of the compact
oriented surface X of genus g admits a standard presentation by 2g generators and one relation:

(4) π1(X, p) = 〈α1, β1, ..., αg, βg : [α1, β1]...[αg, βg] = 1〉,

where [α, β] := αβα−1β−1 denotes the commutator of the elements α, β in the multiplicative group
Γ. Every element η ∈ π1(X, p) can thus be written, albeit not uniquely, as a word in the 4g letters
corresponding to the generators and their inverses.

Definition 7. The word length of an element η ∈ π1(X, p) is the minimum number of letters (gener-
ators and their inverses) needed to write η in the above presentation of Γ.

The word length of a conjugacy class [η], denoted WL([η]), is the minimum of all the word lengths
of elements η ∈ [η] ⊂ π1(X, p).
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We consider a smooth family (gt)t∈M of Riemannian metrics of curvature −1 on X indexed by some
manifold M. For instance, (gt)t>0 could describe a pinching process as in Section 1, but it could
also be a section in the fibration of the set of hyperbolic metrics on X over the Teichmüller space Tg.
For each t, we denote by αti and βti the unique geodesic loops based at p (that generally close at an
angle different from π in p, so they are not closed geodesics) representing the homotopy classes αi
and βi, respectively, in π1(X, p). For each fixed t, we cut the surface X along these broken geodesics
αti, β

t
i , i = 1, g to get a geodesic 4g-gon, and we consider all their lifts to H. We obtain a tiling of

the hyperbolic plane H by congruent fundamental domains with 4g geodesic edges. As t varies, the
preimages of p in H change smoothly, and the associated polygons deform smoothly as well.

2.4. Smooth variations of the metric as families of representations. We can describe a smooth
family of metrics (gt)t∈M in an algebraic manner. Let g̃t be the lift of gt to the universal cover X̃
of X . If we fix p̃ ∈ X̃ and an orthonormal frame at this point, then there exists an unique isometry
Φt : X̃ −→ H which maps p̃ to i and the fixed orthonormal frame to

{
∂
∂x

∣∣
i
, ∂∂y
∣∣
i

}
.

Let η be an element in π1(X, p) ∼= Deck(X̃,X), and notice that η : X̃ −→ X̃ is an isometry for all
the Riemannian metrics g̃t. Then the map

ρt(η) := Φt ◦ η ◦ Φ−1
t : H −→ H

is also an isometry, thus an element in PSL2(R). Therefore our smooth variation of metrics (gt)t∈M
is encoded algebraically in a smooth family of faithful discrete representations

M3 t 7→ ρt : π1(X, p) −→ PSL2(R),

defining a family of hyperbolic surfaces tt∈M(ρt(π1(X, p))\H) indexed byM.

2.5. Trivializing the spinor bundle in time directions. We use the method of Bourguignon and
Gauduchon [5] to identify the frame bundles (and then the spinor bundles) of the metrics gt for differ-
ent values of t ∈M. Consider the generalized cylinder metric

G := dt2 + gt

on R+ × X . The tangent bundles (TX, gt0) and (TX, gt1) for t0, t1 > 0 are isometric via the
parallel transport with respect to the metric G along the vertical geodesics, i.e, the integral curves
of ∂t. This identifies the frame bundles PSO(2)Xt0 and PSO(2)Xt1 at times t0 and t1, inducing a
canonical identification between the spin bundles PSpin(2)Xt0 and PSpin(2)Xt1 . Moreover, outside γ,
this identification also holds for t0 = 0.

2.6. Uniform length spectrum estimates. Denote by lm(t) the length of the mth smallest closed,
oriented geodesic on X with respect to the metric gt, counted with multiplicity. A standard argu-
ment using a tiling of H by Dirichlet fundamental domains and area comparisons shows that for any
hyperbolic surface X of genus g,

lm ≥ logm+ log(4g − 4)− 3 DiamX.

For every compact set I ⊂M, Diam(X, gt)t∈I is uniformly bounded, so there exists C = C(I) ∈ R
such that for every t ∈ I ,

(5) lm(t) ≥ logm− C

(see for instance the proof of [23, Lemma 9]).
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2.7. Families of classical pseudodifferential operators.

Definition 8. A smooth family of pseudodifferential operators of order k ∈ C on a closed manifold
Xn with parameters in a manifoldM, acting between sections in vector bundles S,S ′ over X , is a
distribution onM×X2 with classical conormal singularities of order k atM×DiagX , where DiagX
is the diagonal in X ×X . We denote the space of such families by

C∞
(
M,Ψk(X)

)
:= Ik

(
M×X2,M×DiagX

)
.

In order for At to act on sections in S, the distribution A does not act on C∞c (M×X2), but rather on
compactly-supported sections in the vector bundle (S ′) � (S∗ ⊗ Ω1(X)). For simplicity we supress
those bundles from the notation

The class of conormal distributions is stable under restriction to submanifolds transversal to the conor-
mality locus. For every submanifoldM′ ⊂ M, we have thus a restriction map C∞

(
M,Ψk(X)

)
→

C∞
(
M′,Ψk(X)

)
. In particular for every t ∈ M we have an evaluation map C∞

(
M,Ψk(X)

)
→

{t} ×Ψk(X), so a smooth family A ∈ C∞
(
M,Ψk(X)

)
defines a function A :M→ Ψk(X). It is

natural to denote by At the evaluation of this function at t ∈M.

We need the following extensions to families of standard results on pseudodifferential operators. We
only sketch the proofs, they can also be seen as particular cases of the corresponding results for
families of cusp-surgery operators from section 3.2.

Lemma 9 (Composition). Let k1, k2 ∈ C and Aj ∈ C∞
(
M,Ψkj (X)

)
, for j = 1, 2, two fam-

ilies of pseudodifferential operators indexed by some manifold M. Then there exists a family
A ∈ C∞

(
M,Ψk1+k2(X)

)
such that for all t ∈M,

At = (A1)t ◦ (A2)t.

Proof. The composition A1A2 is an iteration of pull-backs, product and push-forward of conormal
distributions:

A1A2 = π13∗ ((π∗12A1)(π∗23A2))

These operations commute with restriction to {t = constant}, i.e., with the evaluations maps, hence
(A2A2)t = (A1)t ◦ (A2)t. �

Lemma 10 (Spectral invariance). If A is invertible in the sense that for any t ∈M the operator At is
invertible, then the family of inverses (A−1

t )t∈M belongs to C∞
(
M,Ψ−k(X)

)
.

Proof. Let Bt ∈ Ψ−k(X) be a parametrix of At, i.e., AtBt = 1 + Rt, where Rt ∈ Ψ−∞(X). By
construction, Bt is a smooth family in t. Fix t0 and let Ut0 := −Rt0(At0)−1 ∈ Ψ−∞(X). Consider
the smooth family Ct := Bt+Ut0 and notice that Ct0 = Bt0 +Ut0 = (At0)−1. Then AtCt = 1 + R̃t,
where R̃t = Rt + AtUt0 ∈ Ψ−∞(X) and R̃t0 = 0. It follows that for small enough |t − t0|, 1 + R̃t
is invertible, and

(1 + R̃t)
−1 − 1 = −R̃t + R̃2

t − R̃3
t ...

This series is convergent in the Cm norms on X2, so its sum is smooth in t. Since (At)
−1 = Ct(1 +

R̃t)
−1, it follows by Lemma 9 that the family of inverses is also smooth in t, ending the proof. �

Lemma 11. Let A ∈ C∞(M,Ψk(X)) for some k < −n. Then TrA ∈ C∞(M), in the sense that
the functionM 3 x 7→ Tr(Ax) is smooth. IfM = M′ × U and A is holomorphic in s ∈ U , then
(x, s) 7→ Tr(Ax,s) is also holomorphic in s.
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Proof. This is a particular case of Proposition 17, obtained by restricting to some t0 > 0. �

Lemma 12. LetM :=M1 ×M2 be a product manifold endowed with a fixed volume form dx2 on
M2. Then for every compact I ⊂M2 and A ∈ C∞

(
M,Ψk(X)

)
,

x1 7→
∫
I
A(x1, x2)dx2 ∈ C∞

(
M1,Ψ

k(X)
)
.

Proof. Fix a bump function χ ∈ C∞(X2) equal to 1 near DiagX and supported in a tubular neigh-
borhood U of DiagX . The distribution A is smooth outside M× DiagX so integrating (1 − χ)A
with respect to dx2 along I is smooth onM1 ×X2. The tubular neighborhood U is identified with a
neighborhood of the tangent space TX , and by definition χA is the fiberwise Fourier transform of a
classical symbol of order k, say σ(χA)(x1, x2, p, ξ). Derivatives in x1, p, ξ commute with integration
in x2, so the integral in x2 of such a symbol σ(χA) is again a classical symbol in (x1, p, ξ) of order k
in ξ. Integration in x2 also commutes with Fourier transform in ξ, so finally we deduce that, up to a
smooth distribution,

∫
I A(x1, x2)dx2 is the inverse Fourier transform of a classical symbol. �

3. KEY TOOLS

3.1. The spin Selberg zeta function. The analytic extension of the Selberg zeta function depends
crucially on the trace formula. For the spin Dirac operator on a compact surface, such a trace formula
was first described explicitly in [4]. In the smooth cofinite setting, additional terms corresponding
to the continuous spectrum of the Laplacian appear in the spectral side of the trace formula, as al-
ready noticed in Selberg’s original paper [21]. For the Dirac operator on hyperbolic manifolds of
finite volume, Park [17] defined an odd zeta function and proved its meromorphic extension. The
poles in this setting arise from the scattering matrix. In [10] a Selberg zeta function of odd type is
constructed for the spinor bundle on an odd-dimensional geometrically finite hyperbolic manifold of
infinite volume and without cusps. The study of its meromorphic continuation and singularities leads
to a natural eta invariant of the Dirac operator, which is then expressed in terms of the central value of
the corresponding Selberg zeta function at s = 0.

Recently, using an adapted Selberg trace formula [23, Theorem 13] for the spin Dirac operator D0 on
a finite-volume hyperbolic surface X0 with k ≥ 0 cusps and admissible spin structure encoded by the
class function ε, Stan obtained the following identity for the Selberg zeta function (3) corresponding
to ε, valid for <s0 > 1 and s ∈ C such that neither (s− 1

2)2 nor (s0 − 1
2)2 are eigenvalues of D2 (see

[23, Equation (17)]):

(6)

(
Z ′

Z

)
(s) =

2s− 1

2s0 − 1

(
Z ′

Z

)
(s0)

+
2s− 1

2
Tr

[(
D2

0 +
(
s− 1

2

)2)−1
−
(

D2
0 +
(
s0 − 1

2

)2)−1
]

− AreaX

4π

∫
R
ξ coth(πξ)

(
2s− 1

ξ2 + (s− 1
2)2
− 2s− 1

ξ2 + (s0 − 1
2)2

)
dξ

+ k log 2

(
1− 2s− 1

2s0 − 1

)
.

Since the right-hand of equation (6) is meromorphic for s ∈ C, the logarithmic derivative of the
Selberg zeta function extends meromorphically to C (see [23, Theorem 29]). The residues turn out to
be positive integers, proving the holomorphic extension of Z to the complex plane. The absence of
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poles of Z reflects the fact that the spectrum of D on the finite-volume surface is discrete, with our
admissible choice of spin structure.

Remark that we wrote the second term in [23, Equation (17)] as half the trace of the relative resolvent
of the squared Dirac operator D2, based on the well-known fact that the spectrum of D2 consists of
two copies of the spectrum of D−D+, denoted in [23] by the sequence (ξ2

j )j∈N.

Equation (6) will be our essential tool in proving the smoothness of the Selberg zeta function for C∞
variations of the hyperbolic metric on a compact surface, and also in its analysis during a pinching
process towards t = 0.

3.2. The cusp-surgery calculus. In [2], one of us proved that under the non-triviality hypothesis on
the spin structure, the spectrum of the Dirac operator is smooth in the pinching process up to t = 0.
The core technique was the construction of a customized pseudodifferential calculus called the cusp-
surgery calculus Ψ∗,∗,∗cp (X), a particular case of the fibered cusp calculus with parameter of Albin-
Rochon-Sher [1]. Through this machinery, we managed to “glue” the family of Dirac operators Dt

corresponding to the compact surfaces (X, gt)t>0 and the limit Dirac operator D0 on the non-compact
surface (X \ γ, g0) as a cusp-surgery operator

(7) D ∈ Ψ1,1,0
cp (X).

The smoothness of the spectrum was established in [2, Theorem 2] as follows. Let λ0 ∈ Spec D0 and
ε > 0 such that [λ0 − ε, λ0 + ε] ∩ Spec D0 = {λ0}. The family of spectral projectors satisfies

(8) Pt[λ0−ε,λ0+ε] ∈ Ψ−∞,−∞,0cp (X),

which means precisely that there exists t1 = t1(λ0) > 0 so that the family of Schwartz kernels
corresponding to the spectral projectors Pt[λ0−ε,λ0+ε] for t ∈ [0, t1] is smooth on [0, t1)×X ×X and
vanishes rapidly at {t = 0} × γ × γ.

Furthermore, in [2, Theorem 1], we proved that if λ ∈ R \ Spec D0, then there exists t0(λ) > 0 such
that the operators (Dt−λ) are invertible for every 0 ≤ t ≤ t0(λ), and the resolvents (Dt−λ)−1 are
the evaluation at time t of a cusp-surgery operator

(9) (D−λ)−1 ∈ Ψ−1,−1,0
cp (X).

We now briefly recall the construction of the cusp-surgery calculus. We emphasize that the theory is
intricate, our aim in this section is only to recall the main ingredients of the construction. We refer the
reader to [2], and for the more general case of ϕ-surgery calculus to [1] for full details.

The cusp-surgery simple space X1
cp is obtained by the blow-up in the sense of Melrose [15] of the

pinched curve γ × {0} inside X × [0,∞).

Now consider the manifold with cornersX2
b , the double space of McDonald [14], obtained by blowing

up the submanifold {t = 0} × γ(1) × γ(2) inside [0,∞)×X2. Denote by ffb the exceptional divisor,
i.e., the newly added face, and let tb be the lift of the temporal boundary {t = 0} by the blow-down
map. Consider next the cusp-surgery double space X2

cp defined in [2, (5)] as

(10)
[
[0,∞)×X2; {0} × γ(1) × γ(2); {0} × γ(1); {0} × γ(2); ([0,∞)×Diag) ∩ ffb

]
,

where Diag is the diagonal inside (X \ γ)2, and we re-denoted by ffb the lift of the face ffb from X2
b

through the two blow-ups of the p-submanifolds {t = 0}×γ(1) and {t = 0}×γ(2). Let ffc be the cusp
front face obtained through the last blow-up in (10) and notice that ffc is a line bundle over [0, π]×γ×γ.
Denote by β̃ : X2

cp −→ [0,∞)×X×X the blow-down map and let π : X×X×R+ −→ X(2) be the
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projection onto the second factor X . Recall from [2, Proposition 37] that there exists a “projection”
(obtained by composing a true projection with a blow-down map) π2

(1) : X2
cp −→ X1

cp which is a
b-fibration, where the subscript in X1

cp(1)
indicates that the projection is on the simple space in the

first set of variables. Of course, the corresponding result also holds true for π2
(2) : X2

cp −→ X1
cp(2)

.

Let S be the spinorial bundle over the simple space X1
cp obtained using the Bourguignon-Gauduchon

trick [5] (see Section 2.5 for details on t > 0 and [2, Section 21] for more details up to t = 0). Denote
by

S � S∗ :=
(
π2

(1)

)∗
S ⊗

(
π2

(2)

)∗
S∗

the tensor product bundle over X2
cp of the pull-backs of S and S∗ through π2

(1) and π2
(2), respectively.

In order to describe the conormality “plane”, let Diag := {(p, p) : p ∈ X} and consider

(11) ∆ := β̃−1 (Diag × (0,∞)) ⊂ X2
cp .

Let Ω(X) be the 1-density bundle over X . The space

Im,0,0(X2
cp) := Im,0,0

(
X2

cp,∆,S � S∗ ⊗
(
π2 ◦ β̃

)∗
Ω (X)

)
consists of those distributions of order m on X2

cp that

i) are conormal of order m to the lifted diagonal ∆ defined in (11);
ii) are extendible across the front face ffc and the temporal boundary tb (i.e. have index sets N

towards these faces);
iii) vanish at infinite order towards all the other faces (they have empty index sets there);
iv) contain a density factor pulled back from the second set of variables.

Finally, in order to include distributions of arbitrary order of vanishing (or growth) at ffc and tb, set
Im,α,β

(
X2

cp

)
:= ραffc

ρβtbI
m,0,0(X2

cp).

Definition 13. The operators of order (m,α, β) in the cusp-surgery calculus are defined as

Ψm,α,β
cp (X) := ρ−αffc

ρ−βtb Ψm,0,0
cp (X2

cp) = Im,−(α+2),−β(X2
cp).

They can be thought of as families of classical pseudodifferential operators on X which depend
smoothly on the time-parameter t for t > 0, and satisfy certain precise asymptotic properties towards
a cusp pseudodifferential operator at {t = 0}.
Remark that Ψ∗,∗,∗cp (X) differs from I∗,∗,∗(X2

cp) by a shift of −2 in the second index, essentially due
to the density factor arising from the second set of variables.

Definition 14. Let M be a smooth manifold. We say that A = (Ax)x∈M is a smooth family of
cusp-surgery operators indexed byM if it belongs to the space of classical conormal distributions

C∞
(
M,Ψ∗,∗,∗cp (X)

)
:= I

(
M×X2

cp,M×∆
)
.

For simplicity we omit from the notation the bundles and densities. Furthermore, whenM =M′×U
for some complex manifold U , we say that the family A is holomorphic in s ∈ U if it satisfies the
Cauchy-Riemann equations in s ∈ U .

In the sequel, we will use holomorphic families indexed by an open subset U of C.
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Lemma 15. If (Ax)x∈M ∈ C∞
(
M,Ψm,α,β

cp (X)
)

and (Bx)x∈M ∈ C∞
(
M,Ψm′,α′,β′

cp (X)
)

are
smooth families of cusp-surgery operators, then their composition (AxBx)x∈M is a smooth family of
Ψm+m′,α+α′,β+β′

cp (X) operators. Moreover if A and B are holomorphic in s ∈ U , so is AB.

Proof. In [2, Theorem 47], we proved the composition theorem for cusp-surgery operators using
adapted double and triple cusp-surgery spaces, together with the Pullback and Pushforward Theorems
of Melrose (see e.g. [15], [12]). Here the conclusion follows by applying the same arguments, keeping
in mind that this time there is an additional parameter x ∈M. The composition is bilinear in (A,B),
so ∂(AB)

∂s vanishes whenever both A and B are holomorphic in s ∈ U . �

Notation 16. Let Ω ⊂ C be an open set. For m ∈ N∗ ∪ {∞}, we denote by Cm(M,O(Ω)) the space
of Cm functions onM×Ω which are holomorphic in s ∈ Ω, i.e., in the kernel of the Cauchy-Riemann
operator ∂s.

In order to control the second term in the trace formula (6), we shall need a families version of [2,
Proposition 4]. Recall that for m < −2, classical pseudodifferential operators of order m on the
closed surface X are trace class. For A ∈ Ψm,α,β

cp (X), the evaluation at t = 0, makes sense for
β ≤ 0. It is a cusp pseudifferential operator of order (m,α) which is trace class when m < −2 and
α < 0. For a smooth family A ∈ C∞(M,Ψm,α,β

cp ) with m < −2, α < 0 and β ≤ 0, each operator
(At,x)t≥0,x∈M is therefore trace class, so it is natural to define cpTrA : [0,∞) ×M → C as the
family of those traces, i.e., as the function (t, x) 7→ Tr(At,x).

Proposition 17. Let A ∈ C∞
(
M,Ψm,α,β

cp (X)
)

a smooth family of cusp-surgery pseudodifferential
operators with m < −2 and α, β ≤ 0.

• If α− β /∈ Z, then
cpTrA ∈ t−αC∞ ([0,∞)×M) + t−βC∞ ([0,∞)×M) .

• If α− β ∈ Z, then
cpTrA ∈ tmin(−α,−β)C∞ ([0,∞)×M) + tmax(−α,−β) log t · C∞ ([0,∞)×M) .

Moreover, ifM =M′ × U and A is holomorphic in s ∈ U , then so is the trace.

Proof. For every t ≥ 0 and x ∈ M, the trace of At,x equals the integral of the distributional kernel
κA of A along the intersection of the lifted diagonal ∆ with the “slice” {(t, x)}. (The distribution κA
is continuous onM×X2

cp because of the order assumption.) Recall from [2] that this lifted diagonal
is naturally diffeomorphic to the simple cusp-parameter space X1

cp. We write, by the inverse Fourier
transform, the restriction of κA toM× ∆ as the integral with respect to the Liouville measure in ξ
of some classical symbol a(t, x, y, ξ) of order m < −2 along the fibers of the conormal bundle. The
trace cpTrA is then the push-forward of the resulting density through the product map M× ∆ →
M× [0,∞). The tautological map from the simple cusp-surgery space X1

cp to [0,∞) is known from
[2] to be a b-fibration. It suffices to note that the cartesian product of a b-fibration with a smooth
manifoldM remains a b-fibration. The conclusion follows by applying the Pushforward theorem of
Melrose as in [2, Proposition 66] to this b-fibration.

The holomorphy of cpTr(A) is clear, since derivatives in the parameters s commute with restrictions
and pushforward. �
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4. SMOOTHNESS OF THE SELBERG ZETA FUNCTION FOR SMOOTH VARIATIONS OF THE METRIC

In this section we prove the smoothness of the Selberg zeta function for a smooth family of metrics
(gt)t∈M of curvature −1 on a compact surface X . To be clear, we stress that this statement does not
cover pinching degenerations at t = 0. Although the result seems rather natural, we are not aware of
any reference in the literature. Caveat: our proof does not hold for general families of Selberg zeta
functions (1) defined by arbitrary sequences l and ε depending on t ∈M, even when assuming strong
uniform bounds on the t-derivatives of those sequences. As already mentioned, the proof follows by
combining such bounds with the trace formula (6) for k = 0.

A closed geodesic is called primitive if it wraps around its geometric image in X exactly once or,
equivalently, if its conjugacy class is primitive in π1(X). We denote byZt(s) the Selberg zeta function
(3) corresponding to the metric gt and the class function ε characterizing the fixed spin structure. From
[23, Lemma 26], its logarithmic derivative satisfies the identity

(12)
(
Z ′t
Zt

)
(s) =

∑
µ primitive

∞∑
n=1

lt(µ)εn(µ)e
−nlt(µ)

(
s−1

2

)
2 sinh nlt(µ)

2

,

where µ runs along all closed, oriented, primitive geodesics on (X, gt).

Notation 18. Fix p ∈ X as the base point of the fundamental group. We regard a closed oriented
primitive geodesic µ on (X, gt) as the conjugacy class [η], for some primitive element η ∈ π1(X, p).
If M := WL([η]) is the word-length of the class [η] (see Definition 7), we can suppose that η :=
a1...aM , where a1, ..., aM ∈ {αj , βj , α−1

j , β−1
j ; 1 ≤ j ≤ g} run among the generators of π1(X, p)

and their inverses, as in Section 2.3.

Notice that, for t ∈ M, the family of representations (ρt)t∈M arising from the metrics gt changes
as in Section 2.4, but the fundamental group of X at each “time” t remains the same. Therefore the
decomposition of η into generators of the fundamental group is independent of t.

In order to prove that the logarithmic derivative of the Selberg zeta function corresponding to the
metric gt is smooth in t ∈ M, we first need to bound the word length of a hyperbolic conjugacy
class by the geodesic length of that class uniformly for t in a compact subset ofM (for the classical
Milnor-Švarc Lemma, see e.g. [6, Theorem 3.13]).

Lemma 19 (Uniform Milnor-Švarc Lemma). Let I ⊂ M be compact. Then there exists A > 0 such
that for all t ∈ I and for all nontrivial conjugacy classes [η] in π1(X, p) we have

(13) WL([η]) ≤ Alt([η]),

where lt([η]) is the length with respect to gt of the closed, oriented geodesic associated to [η].

Proof. Let νt be a geodesic that closes in p at an angle and has the same homotopy class as η. As
in Section 2.3, the universal cover H of X is tiled by fundamental domains which are polygons
having 4g edges corresponding to the geodesic generators of the fundamental group π1(X, p) =
〈αt1, βt1, ..., αtg, βtg : [αt1, β

t
1]...[αtg, β

t
g] = 1〉. We lift νt to ν̃t, a geodesic segment in H with endpoints

P t and Qt, preimages of the base point p. The geodesic ν̃t intersects several polygons of the tiling of
H. Let us denote the intersection points of ν̃t with the edges of these polygons byAt1 := P t, ..., Atk :=
Qt under the following rule. If ν̃t cuts a cluster of edges having a common point, then we denote by
Ati the first intersection of ν̃t with the cluster, and we denote byAti+1 the next intersection point which
does not belong to the cluster. Thus all the intersection points At1, ..., A

t
k lie on disjoint edges.
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Remark that ν̃t is homotopic to a curve µt in H between At1 and Atk consisting only of edges of the
fundamental domains intersected by ν̃t. Moreover, by going “higher” or “lower” than ν̃t, we can
judiciously choose µt to contain a minimal number of such edges. In order to pass from an Ati to a
consecutive point Ati+1, we need maximum 2g generators, thus we notice that

(14) WL([η]) ≤WL(pr(µt)) ≤ 2g(k − 1),

where pr : H −→ X is the canonical projection.

We claim that the distance between any two disjoint edges of the tiling is bounded below by a positive
constant d, uniformly for t ∈ I . Indeed, let αt be a generator in the tiling of H, and denote by Dt
the compact set of points which are at distance at most 1 from αt. Furthermore, let Et be the set
of all edges belonging to polygons of the tiling of H which have a non-empty intersection with Dt.
We claim that the number of edges in Et is bounded above uniformly for t varying in the compact
set I . Indeed, this holds true due to the fact that neither of the lengths of the generators in the tiling
goes to zero in the degeneracy process as t varies in I . Thus all the distances between edges in Et

which are disjoint from αt and αt are bounded below by a d0 > 0, which is again uniform for t ∈ I .
Furthermore, if β /∈ Et is an edge of the tiling of H, then clearly dist(α, β) > 1, and the conclusion
follows by choosing d := min(d0, 1).

Since the points Ati lie on disjoint edges, it follows that dist(Ati, A
t
i+1) ≥ d, uniformly in t. Therefore

we get lt(νt) = dist(At1, A
t
k) = dist(At1, A

t
2) + ... + dist(Atk−1, A

t
k) ≥ d(k − 1), and we conclude

that

(15) k − 1 ≤ lt(ν
t)

d
.

Clearly the length of ν̃t is greater than the length of the conjugacy class [η]. Moreover, for every
t ∈ M, this conjugacy class [η] corresponds to an unique closed oriented geodesic µ on (X, gt).
Denote by µ̃ the lift of µ starting at a point lying in the same fundamental domain as At1. Using the
triangle inequality, we furthermore obtain

lt([η]) ≤ dist(At1, A
t
k) ≤ lt([η]) + dist(At1, µ̃) + dist(Atk, µ̃) ≤ lt([η]) + 2 Diam(X, gt).

Using now (14) and (15), it follows that

WL([η]) ≤ 2g(k − 1) ≤ 2g
lt(ν

t)

d
=

2g

d
dist(At1, A

t
k) ≤

2g

d
(lt([η]) + 2 Diam(X, gt)) ,

Since t varies in the compact I , it follows that the positive map t 7→ sys(X, gt), the length of the
shortest geodesic on X , is uniformly bounded from below by a positive constant c0. Furthermore, the
function t 7→ Diam(X, gt) is bounded from above. Therefore there exists a c1 such that

Diam(X, gt) ≤ sys(X, gt)
Diam(X, gt)

c0
≤ lt([η])

c1

c0
.

Thus we conclude that

WL([η]) ≤ lt([η])
2g

d

(
1 + 2

c1

c0

)
,

and remark that the constants d, c0 and c1 do not depend on [η], which ends the proof. �

One could try to bound the word length of a conjugacy class [η] in π1(X, p) by a function of lt([η])
uniformly in a pinching process as in Definition 1 by studying cusp excursions as in [9]. A bound
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of the number of hyperbolic elements for (fixed non-degenerating) Fuchsian lattices was obtained by
Eichler [8] using Dirichlet fundamental domains.

Lemma 20. Let X be a compact surface and (gt)t∈M a smooth family of hyperbolic metrics on
X . For any compact subset I ⊂ M and j a multi-index, there exist Kj := Kj(I) and Bj :=
Bj(I, α1, β1, ..., α2g, β2g) ∈ R (see (4)) such that for every primitive conjugacy class [η] in π1(X, p)
and t ∈ I ,

(16)
d|j|

dtj
lt([η]) ≤ Kje

Bj lt([η]).

Proof. Recall that the length of the closed geodesic (with respect to gt) determined by [η] is given in
terms of the representation ρt : X → PSL2 R by

(17) lt ([η]) = 2arcosh(Tr ρt(η)/2).

Since X is compact, the length of the systole of (X, gt) is bounded below by a positive constant
depending on t. Since I is compact, this is also the case uniformly for (lt([η]))t∈I . By (17), it follows
that (Tr ρt(η))t∈I is bounded below by a constant strictly greater than 2, so for every u > 0,

(18)
(

Tr2 ρt(η)

4
− 1

)−u
. 1.

For a multi-index j, let us consider the maximum between the C|j|-norms of the images of the gener-
ators in π1(X, p) through ρ:

(19) Cj := max

{
1,

∥∥∥∥ ∂k∂tk ρt(αi)
∥∥∥∥ ,∥∥∥∥ ∂k∂tk ρt(βi)

∥∥∥∥ : k ≤ j, i = 1, g

}
,

where we denoted by ‖ · ‖ the operator norm on 2 × 2 matrices. The right-hand side of (17) is
independent of the choice of η inside its conjugation class, so we write η as a minimal word a1 ·. . .·aM
in the generators and their inverses, where M is the word length of the class [η], as in Notation 18. By
the Leibnitz rule, it follows that for every multi-index j, there exists a universal polynomial Pj in the
partial derivatives up to order j of the traces of the generators, such that

(20) d|j|

dtj
lt([η]) =

(
Tr2 ρt(η)

4
− 1

) 1
2
−|j|

Pj

(
∂|k|

∂tk
Tr ρt(η) : k ≤ j

)
.M |j|CMj ,

Finally, using the uniform Milnor-Švarc lemma 19, there exist constants Bj and Kj such that

d|j|

dtj
lt([η]) ≤ Kje

Bj lt([η]),

concluding the proof. �

LetM be a smooth manifold and let (gt)t∈M be a smooth family of hyperbolic metrics on a compact
oriented surface X , lt(µ) the length of the conjugacy class [η] defining an oriented geodesic µ with
respect to gt, and ε : π1(X, p)→ C a bounded class function, independent of t, not necessarily arising
from a spn structure. In the following results, we use Notation 16.

Lemma 21. Letm ∈ N. There exists a constant Cm which depends onm andB1, ..., Bm from Lemma
20 such that

Zt(s) ∈ Cm (M,O ({<z > Cm})) .
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Proof. By taking the logarithm of (1)

(21) logZt(s) =
∑

µ primitive

∞∑
n=0

log
(

1− ε(µ)e−lt(µ)(s+n)
)
,

where µ runs along all the oriented primitive closed geodesics on (X, gt). It suffices to prove the
statement for the function (t, s) 7→ logZt(s).

First, we claim that t 7→ logZt(s) is continuous for s ∈ {z ∈ C : <z > 2}. Indeed, the sum in the
RHS of (21) has the same nature as∑

µ primitive

e−lt(µ)s
∞∑
n=0

e−lt(µ)n =
∑

µ primitive

e−lt(µ)s 1

1− e−lt(µ)
.

Since lt(µ) is greater than the length of the systole corresponding to (X, gt), and for t ∈ I the map
t 7→ sys(X, gt) is bounded below by a positive constant, 1

1−e−lt(µ) is bounded. Furthermore, using
(5), we get

(22)

∣∣∣∣∣∣
∑

µ primitive

e−lt(µ)s

∣∣∣∣∣∣ ≤
∞∑
n=1

e−ln(t)<s ≤
∞∑
n=1

e−<s(logn−C) = eC<s
∞∑
n=1

n−<s,

which is absolutely convergent for <s > 2, hence our claim follows.

Let m ≥ 1, h > 0, and let I ⊂M be a compact. Let us show that it is of class Cm, for t ∈ I in a strip
=s < h on a sufficiently right-shifted halfplane {<s > Cm,h > h}. Let us first take m− q derivatives
in s and q derivatives in t in the RHS of (21). Let us denote by Y = ε(µ)e−lt(µ)(s+n) and remark that

∂m−qs ∂qt log(1− Y ) =
Y P

(
Y, lt(µ), l′t(µ), ..., l

(m)
t (µ), s+ n

)
(1− Y )m

,

where P is a polynomial with integer coefficients which depends only on m, q. Let d0 be the degree
of P in Y , d1 be the sum of its degrees in the variables lt(µ), l′t(µ), ..., l

(m)
t (µ), and d2 its degree in

s+ n. Notice that if q = 0, then d2 = 0. Since |Y | is uniformly bounded for all µ, s, n, using Lemma
20, we obtain that∣∣∣P (Y, lt(µ), l′t(µ), ..., l

(m)
t (µ), s+ n

)∣∣∣ . (d0 + 1)|s+ n|d2ed1lt(µ) maxmj=1Bj .

Since lt(µ) is greater than the length of the systole corresponding to (X, gt), and for t ∈ I the
map t 7→ sys(X, gt) is bounded below by a positive constant, there exist a constant which bounds∣∣∣ 1

1−ε(µ)e−lt(µ)(s+n)

∣∣∣ for n ∈ N. Denote by B := d1 maxmj=1Bj , and let h > 0. Since <s + n > h for
any n ∈ N we obtain the following inequalities

∣∣∂m−qs ∂qt log(1− Y )
∣∣ . |<s+ n+ ih|d2e−lt(µ)(<s+n−B)

. |<s+ n|d2e−
lt(µ)(<s+n−B)

2 e−
lt(µ)(<s+n−B)

2

. e−lt(µ)<s+n−B
2 .
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Therefore, using again (5), the sum of the term by term differentiation in the RHS of (21) is bounded
by ∣∣∣∣∣∣

∑
µ primitive

∞∑
n=0

∂m−qs ∂qt log(1− Y )

∣∣∣∣∣∣ .
∑

µ primitive

e−lt(µ)<s−B
2

∞∑
n=0

e−lt(µ)n
2

.
∑

µ primitive

e−lt(µ)
<s−B

2 =
∞∑
n=1

e−ln(t)<s−B
2 ≤

∞∑
n=1

e−
<s−B

2
(logn−C) = eC

<s−B
2

∞∑
n=1

n−
<s−B

2 ,

and the last sum is absolutely convergent for <s−B2 > 2, which is equivalent to <s > 4 + B. By
choosing Cm := max(h, 4 +B), the claim follows. �

As a corollary, for every m ≥ 0, the logarithmic derivative of Zt from (1) is also of class Cm in t and
holomorphic in s for real part of s sufficiently large:

(23)
Z ′t
Zt

(s) ∈ Cm (M,O ({<(z) > κm})) .

We now analyze the Zeta functions corresponding to a smooth family (gt)t∈M of hyperbolic metrics
on the compact surface X , indexed by some manifold of parametersM.

Proposition 22. Let U ⊂ C be an open set on which the functions s 7→ Z′t
Zt

(s) are holomorphic for

any t ∈M. Then Z′t
Zt

(s) ∈ C∞ (M,O(U)) .

Proof. Let m ∈ N and let s0 ∈ C such that <s0 > κm, where κm is the constant from (23). Recall
that the Selberg trace formula (6), valid for t ∈ M and s ∈ C \

(
1
2 + i Spec Dt

)
, expresses

(
Z′t
Zt

)
(s)

as a sum of three terms, since the number of cusps, k, equals 0 for closed surfaces. The first term,
2s−1
2s0−1

(
Z′t
Zt

)
(s0), is of class Cm in t by (23) and polynomial in s, hence belongs to Cm (M,O(U)).

The third term in (6) is independent of t and meromorphic in s, with poles in −N∗ + 1
2 (see [23,

Lemma 28]). By hypothesis, U avoids this set of poles.

The second term in (6) is the spectral contribution (s− 1/2) Tr(Rt(S)−Rt(s0)), where

(24) Rt(s) =
(

D2
t +
(
s− 1

2

)2)−1

is the resolvent of D2
t at the spectral value

(
s− 1

2

)2.

By hypothesis, U avoids the set
⋃
t∈M

(
1
2 + i Spec Dt

)
, thus the family D2

t +(s− 1
2)2 is invertible for

every (t, s) ∈M×U . By Lemma 10, the family of inverses is smooth of order−2 and holomorphic in
s. These resolvents have the same principal symbol for every value of the spectral parameter s. Their
difference is therefore smooth of order −3, hence trace class on the surface X , so by Lemma 11 the
second term in (6) is smooth in (t, s); from the Cauchy-Riemann equations, it is also holomorphic in
s ∈ U . Together, it follows that Z

′
t

Zt
(s) ∈ Cm (M,O(U)). Since m ∈ N was arbitrary, this completes

the proof. �

Lemma 23. Let t0 ∈ M and λ0 ∈ Spec Dt0 an eigenvalue of multiplicity m0. Then there exists
a neighborhood I ⊂ M of t0 and δ > 0 such that Bδ(λ0) ∩ Spec Dt has exactly m0 eigenvalues
(counted with multiplicities) for any t ∈ I .
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Proof. Since Spec Dt0 is discrete, there exists δ > 0 such that the closure of the open disk Bδ(λ0)
contains just the eigenvalue λ0. We claim that there exists an interval I around t0 such that Bδ(λ0) ∩
Spec Dt contains exactly m0 eigenvalues (not necessarily distinct) for any t ∈ I . Indeed, since the
spectrum of Dt0 is closed, it follows that for any λ ∈ Cδ(λ0) we can find a ball of radius ε > 0
such that B(λ, ε) ∩ Spec Dt0 = ∅. Then Dt0 −z is invertible for any |z − λ| < ε, and we denote by
Rt0(z) ∈ Ψ−1(X) the corresponding resolvent. Notice that

Rt0(z)(Dt−z) = Rt0(z) (Dt0 −z + Dt−Dt0) = Id +Rt0(z) (Dt−Dt0) .

But Rt0(z) : L2(X) −→ H1(X) is a bounded operator and Dt
t→t0−−−→ Dt0 as bounded operators from

H1(X) −→ L2(X), thus Id +Rt0(z) (Dt−Dt0) is invertible, and by Lemma 10, the inverse is smooth
in t. Therefore there exists an interval I around t0 such that Dt−z is invertible for any |z − λ| < ε
and t ∈ I . By Lemma 10, the family of resolvents Rt(z) belongs to C∞

(
I ×Bε(λ),Ψ−1(X)

)
and is

holomorphic in z.

Let P+
t be the spectral projector of Dt onBδ(λ0) and P−t be the spectral projector of Dt on−Bδ(λ0).

If λ0 = 0, clearly P+
t = P−t . By holomorphic functional calculus, the family of spectral projectors is

given by

P+
t =

1

2πi

∫
Cδ(λ0)

Rt(z)dz.

Using Lemma 10 and 12, P+
t ∈ C∞ (I,Ψ−∞(X)), thus by Lemma 11, t 7→ TrPt is smooth in t.

Since
TrPt = dim RangePt ∈ N,

it follows that the dimension of RangePt is actually locally constant for t ∈ I . By shrinking I if
necessary, Bδ(λ0)∩ Spec Dt contains exactly m0 eigenvalues (not necessarily distinct) for any t ∈ I .
Furthermore, RangePt forms a (trivial) vector bundle of dimension m0 over the connected interval I
with the trivialisation given by Pt0 . �

We want to study the behavior of the logarithmic derivative of the Selberg zeta function near a pole
of type 1

2 + iλ0, λ0 ∈ Spec Dt0 . Recall that the spectrum of the Dirac operator is real and symmetric
with respect to zero.

Proposition 24. In the context of Lemma 23, there exists a smooth family of polynomials Qt in s of
degree 2m0 such that

(t, s) 7→ Z ′t
Zt

(s)− d

ds
logQt(s) ∈ C∞

(
I,O

(
1
2 + iBδ(λ0)

))
.

Proof. Consider m ≥ 0. Let us denote by Pt = P+
t + P−t the spectral projector of D2

t on
Int(Bδ(λ0)2). We use equation (6) for <s0 > κm, where κm is the constant from (23). The first
and third terms in (6) were seen in the proof of Proposition 22 to belong to Cm

(
I,O

(
1
2 + iBδ(λ0)

))
.

Since Pt is an operator of finite rank for every t we rewrite the spectral term from (6) as

(25)

(
s− 1

2

)
Tr [Rt(s)−Rt(s0)] =

(
s− 1

2

)
Tr [(1− Pt) [Rt(s)−Rt(s0)]]

+
(
s− 1

2

)
Tr [PtRt(s)]

−
(
s− 1

2

)
Tr [PtRt(s0)] .

Clearly (1− Pt)Rt(s) = (1− Pt)
(

D2
t +
(
s− 1

2

)2
+ Pt

)−1
. Since D2

t +
(
s− 1

2

)2
+ Pt is invert-

ible and holomorphic in s for t ∈ I and s ∈ 1
2 + iBδ(λ0), by Lemma 10 its inverse belongs to



20 CIPRIANA ANGHEL, SERGIU MOROIANU, AND RARE STAN

C∞
(
I ×

(
1
2 + iBδ(λ0)

)
,Ψ−2(X)

)
and is holomorphic in s. Therefore the first term in equation (25)

extends holomorphically for s ∈ 1
2 + iBδ(λ0), so it belongs to C∞

(
I,O

(
1
2 + iBδ(λ0)

))
.

Since <s0 > κm > 1
2 , it follows that D2

t +
(
s0 − 1

2

)2 is invertible, thus by Lemma 10, the inverse
family is smooth in t. The family of spectral projectors is also smooth in t, therefore the term (s −
1
2) Tr [PtRt(s0)] is smooth in t and clearly holomorphic for s ∈ 1

2 + iBδ(λ0).

Furthermore, the second term
(
s− 1

2

)
Tr

[
Pt

(
D2
t +

(
s− 1

2

)2)−1
]

can be decomposed as

1

2i
Tr
[(
P+
t + P−t

) (
Dt−i

(
s− 1

2

))−1
]
− 1

2i
Tr
[(
P+
t + P−t

) (
Dt +i

(
s− 1

2

))−1
]

that we write as the sum of the following four terms

(26)

1

2i
Tr
[
P+
t

(
Dt−i

(
s− 1

2

))−1
]
,

1

2i
Tr
[
P−t

(
Dt−i

(
s− 1

2

))−1
]
,

1

2i
Tr
[
P+
t

(
Dt +i

(
s− 1

2

))−1
]
,

1

2i
Tr
[
P−t

(
Dt +i

(
s− 1

2

))−1
]
.

Let us first treat the case when λ0 6= 0. By possibly reducing δ, we may assume that

(27) Bδ(λ0) ∩ −Bδ(λ0) = ∅.

The first two terms in (26) are smooth in t and we claim that they extend holomorphically for s ∈ 1
2 +

iBδ(λ0). Indeed, using (27), we obtain that P+
t P

−
t = 0, hence for any s ∈ 1

2 + iBδ(λ0) \
{

1
2 + iλ0

}
the following equality holds

P+
t

(
Dt−i

(
s− 1

2

))−1
= P+

t

(
Dt +P−t − i

(
s− 1

2

))−1
.

Notice that the RHS is holomorphic for s ∈ 1
2 + iBδ(λ0), which proves the claim for the first term in

(26). The second one 1
2i Tr

[
P−t

(
Dt−i

(
s− 1

2

))−1
]

can be treated in a similar manner.

Now the third term in (26) is given by

(28)

1

2i
TrP+

t

(
Dt +i

(
s− 1

2

))−1
=

1

2i
Tr|

RangeP+
t

[(
P+
t DtP

+
t + i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

]−1

=
1

2

d

ds
log det

(
P+
t DtP

+
t + i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

.

The last equality holds true because for any matrixA ∈Mk(C), we have the equality Tr(A−λ)−1 =
− d
dλ log det(A− λ), and we apply it for

A =
(
P+
t DtP

+
t + i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

∈ End
(
RangeP+

t

)
.

We have a similar argument for the last term 1
2i Tr

[
P−t

(
Dt +i

(
s− 1

2

))−1
]

in (26), hence for the

case when λ0 6= 0, the sum of the last two terms in (26) is 1
2 multiplied by the logarithmic derivative

of the polynomial

Qt(s) := det
(
P+
t DtP

+
t + i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

· det
(
P−t DtP

−
t + i

(
s− 1

2

)
P−t
)
|
RangeP−t

of degree at most 2m0 in s with coefficients which are smooth functions of t.
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Suppose now that λ0 = 0, thus P+
t = P−t . Then instead of the four terms in (26), we have:

(29)
1

i
Tr
[
P+
t

(
Dt−i

(
s− 1

2

))−1
]
,

1

i
Tr
[
P+
t

(
Dt +i

(
s− 1

2

))−1
]
,

and both terms can be treated as in (28). More precisely, their sum is the logarithmic derivative of

Q0
t (s) = det

(
P+
t DtP

+
t − i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

· det
(
P+
t DtP

+
t + i

(
s− 1

2

)
P+
t

)
|
RangeP+

t

.

Therefore we proved that if we subtract from the logarithmic derivative of the Selberg zeta
function the logarithmic derivative of Qt(s), or Q0

t (s) if λ0 = 0, we obtain an element of
Cm
(
I,O

(
1
2 + iBδ(λ0)

))
. Since m was chosen arbitrarily, the conclusion follows. �

Theorem 25. For every smooth family of hyperbolic metrics on a compact oriented surface X and
for every spin structure, the family of Selberg zeta functions {Zt(s)}t∈M defined in (3) belongs to
C∞ (M,O(C)).

Proof. Let m ∈ N, t0 > 0, and s0 ∈ C such that <s0 > Cm, where Cm is the constant from Lemma
21. Furthermore, let R > 0 so that s0 ∈ BR(0). Denote by P the set of poles of the function

z 7→
Z′t0
Zt0

(z). We will prove the statement using different strategies for the region C \ P , near poles

of the form 1
2 + iλ0 with λ0 ∈ Spec Dt0 , and near poles of the form −n + 1

2 , where n ∈ N. Let us
first consider s ∈ C \ P . Then there exists δ > 0 such that s /∈ Bδ(p), for any pole p ∈ P . By [18,
Theorem 1.2], there exists an interval I around t0 such that for any t ∈ I , the poles of the function
z 7→ Z′t

Zt
(z) are included in ∪p∈PBδ(p). In particular, s is not a pole of z 7→ Z′t

Zt
(z) for any t ∈ I .

Let η(s) : [0, 1]→ C be the path from s0 to s consisting of straight line segments together, if needed,
with trigonometric arcs along the circles of radius δ centered at the points in P . Then η(s) avoids the
poles of z 7→ Z′t

Zt
(z) for any t ∈ I . Thus using Proposition 22 and the fact that the path η(s) ⊂ BR(0)

has finite length, we get the well-defined function

s 7→
∫
η(s)

Z ′t(w)

Zt(w)
dw.

For any t ∈ I , the residues of the function z 7→ Z′t
Zt

(z) are integers (see e.g. [23, Theorem 29]), thus if
µ is another path between s0 and s, it follows that∫

µ

Z ′t(w)

Zt(w)
dw −

∫
η(s)

Z ′t(w)

Zt(w)
dw ∈ 2πiZ.

Therefore the function s 7→ e
∫
η(s)

Z′t
Zt

(w)dw is well-defined (it does not depend on the chosen
path between s0 and s, so we can compute it using η(s)), and by Lemma 22, it belongs to
C∞ (I,O (C \ ∪p∈PBδ(p))). Since <s0 > Cm, using Lemma 21, it follows that Zt(s0) is of class Cm
in t, thus we conclude that

Zt(s) = Zt(s0)e
∫
η(s)

Z′t
Zt

(w)dw ∈ Cm (I,O(C \ ∪p∈PBδ(p))) .
Since m was arbitrarily chosen, we obtain Zt(s) ∈ C∞ (I,O(C \ ∪p∈PBδ(p))).

Now let us study the behavior of the family of Selberg zeta functions at a pole of the form 1
2 +iλ0 ∈ P ,

λ0 ∈ Spec Dt0 . Shrinking δ if necessary, by Proposition 24 we have that

(30) f(t, s) :=
Z ′t
Zt

(s)− d

ds
logQt(s) ∈ C∞

(
I,O

(
1
2 + iBδ(λ0)

))
.
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Notice that, for any t ∈ I , the function s 7→ f(t, s) is holomorphic on BR(0) \ ∪
p∈P\

{
1
2 +iλ0

}Bδ(p).

By integrating and exponentiating (30), we get

h(t, s) := e
∫
η(s) f(t,w)dw ∈ C∞

(
I,O

(
1
2 + iBδ(λ0)

))
,

and moreover, h(t, s) = Zt(s)
Zt(s0) ·

Qt(s0)
Qt(s)

on 1
2 + iBδ(λ0) \

{
1
2 + iλ0

}
. Therefore

Zt(s) = Zt(s0)h(t, s)
Qt(s)

Qt(s0)

on 1
2 + iBδ(λ0) \

{
1
2 + iλ0

}
. Both terms are regular at s = 1

2 + iλ0, and by continuity their values at
s = 1

2 +iλ0 coincide. Remark thatZt(s0) is of class Cm in t; that h(t, s) ∈ C∞
(
I,O

(
1
2 + iBδ(λ0)

))
;

and, by Proposition 24, Qt(s0) does not vanish. Therefore

Zt(s) ∈ Cm
(
I,O

(
1
2 + iBδ(λ0)

))
.

Since m was arbitrary, the conclusion also follows around the poles of the form 1
2 + iλ0, λ0 ∈

Spec Dt0 .

Finally, we study the behavior of the family of Selberg zeta functions at a pole of the form−n+ 1
2 ∈ P

with n ∈ N. By equation (6) (and [23, Lemma 28]), we have that

Z ′t
Zt

(s) +
Z ′t
Zt

(1− s) = − AreaX

4π
(2s− 1) (−π tan(πs) + π tan(π − πs))

= AreaX
(
s− 1

2

)
tan(πs) =: ϕ(s).

Notice that s 7→ ϕ(s) is a meromorphic function with simple poles at 1
2 + Z, and residues given by

Ress= 1
2

+k ϕ(s) = −4(g − 1)k, k ∈ Z. Thus for k ≤ −1, the residues are positive integers. By
integrating, we get

log
Zt(s)

Zt(1− s)
=

∫ s

1/2
ϕ(w)dw,

which is well-defined modulo 2πi. Furthermore, by exponentiating, we obtain that

Zt(s)

Zt(1− s)
= e

log
Zt(s)
Zt(1−s) = e

∫ s
1/2 ϕ(w)dw

,

where the RHS is a meromorphic function with singularities (poles and zeros) at the poles of ϕ.
Therefore we get the following equality of meromorphic functions:

(31) Zt(s) = Zt(1− s)e
∫ s
1/2 ϕ(w)dw

.

Notice that Zt(1 − s) ∈ C∞
(
I,O

(
Bδ
(
−n+ 1

2

)))
, and e

∫ s
1/2 ϕ(w)dw is independent of t and has a

zero of order Ress=−n+ 1
2
ϕ at −n+ 1

2 . Therefore

Zt(s) ∈ C∞
(
I,O

(
Bδ
(
−n+ 1

2

)))
,

concluding the proof. �

Theorem 2 follows directly from this result and from the existence of local slices i.e., smooth sections,
in the Diff0-principal fibration of the manifold of hyperbolic metrics above Tg.

Notice that exactly the same proof shows that the Selberg Zeta function for the Laplacian is smooth
on the Riemann moduli spaceMg.
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5. BEHAVIOUR OF THE LOGARITHMIC DERIVATIVE OF THE SELBERG ZETA FUNCTION IN THE
PINCHING PROCESS

Suppose that our spin compact oriented hyperbolic surface X goes through a pinching process of k
mutually disjoint simple closed geodesics as in Definition 1, thus the limit surface corresponding to
t = 0 has 2k cusps.

Proposition 26. Let λ ∈ Spec D0 and ε > 0 such that [λ− ε, λ+ ε]∩ Spec D0 = {λ}. Let P tλ be the
spectral projector of Dt on [λ− ε, λ+ ε]. Then there exists tλ > 0 so that the rational function in s

Qλt (s) :=

det
[
P tλ D2

t P
t
λ +

(
s− 1

2

)2
P tλ

]
|
RangePt

λ

det
[
P 0
λ D2

0 P
0
λ +

(
s− 1

2

)2
P 0
λ

]
|
RangeP0

λ

has smooth coefficients in t ∈ [0, tλ).

Proof. The conclusion follows directly from the smooth dependence of the spectral projections on the
parameter t (see (8)) which was established in [2]. �

For R > 0 and tR the minimum of tλ for λ ∈ Spec D0 and |12 + iλ| < R, define

(32) Qt,R(s) =
∏

λ∈Spec D0
1
2 +iλ∈BR(0)

Qλt (s).

It is a rational function of degree 0 with smooth coefficients in t ∈ [0, tR). Furthermore, when t = 0,
Q0,R(s) equals 1.

We denote by CR(0) the circle of radius R centered at the origin, and by BR(0) the corresponding
open disk of radius R centered at 0.

Proof of Theorem 3. By [23, Theorem 34], we know that

(33) lim
t→0

(
Z ′t
Zt

)
(s) + 2k log 2 =

(
Z ′0
Z0

)
(s),

uniformly on compacts sets in C avoiding the poles of the limit function. Let us study
d
ds

[
1

2s−1

((
Z′t
Zt

)
(s) + 2k log 2

)]
using the Selberg trace formula from Section 3.1 for the compact

case.

Add 2k log 2 to the functional equation (6) and then divide by 2s− 1. We get for t > 0 and <s0 > 1
the identity

1

2s− 1

[
2k log 2 +

(
Z ′t
Zt

)
(s)

]
=

2k log 2

2s− 1
+

1

2s0 − 1

(
Z ′t
Zt

)
(s0)

+
1

2
Tr

[(
D2
t +
(
s− 1

2

)2)−1
−
(

D2
t +
(
s0 − 1

2

)2)−1
]

− AreaX

4π

∫
R
ξ coth(πξ)

(
1

ξ2 + (s− 1
2)2
− 1

ξ2 + (s0 − 1
2)2

)
dξ.



24 CIPRIANA ANGHEL, SERGIU MOROIANU, AND RARE STAN

We now differentiate with respect to s:

(34)

d

ds

[
1

2s− 1

[(
2k log 2 +

Z ′t
Zt

)
(s)

]]
=

=
−4k log 2

(2s− 1)2
+

1

2

d

ds
Tr

[(
D2
t +
(
s− 1

2

)2)−1
−
(

D2
t +
(
s0 − 1

2

)2)−1
]
− d

ds
F (s),

where F (s) is a meromorphic function independent of t:

F (s) :=
AreaX

4π

∫
R
ξ coth(πξ)

(
1

ξ2 + (s− 1
2)2
− 1

ξ2 + (s0 − 1
2)2

)
dξ

= − AreaX

2π

[
1

2s0 − 1
− 1

2s− 1
+
∞∑
n=1

(
1

s0 − 1
2 + n

− 1

s− 1
2 + n

)]
,

and the last equality holds by [23, Lemma 28]. Remark that the second term in the RHS of (34) is
given by:

−
(
s− 1

2

)
Tr
[
D2
t +
(
s− 1

2

)2]−2
= −

(
s− 1

2

)
Tr R2

D2
t

(
−
(
s− 1

2

)2)
.

Therefore equation (34) becomes

(35)

d

ds

[
1

2s− 1

[
2k log 2 +

(
Z ′t
Zt

)
(s)

]]
=
−4k log 2

(2s− 1)2
−
(
s− 1

2

)
Tr R2

D2
t

(
−
(
s− 1

2

)2)
− d

ds
F (s).

Now let us study how the operations d
ds and 1

2s−1 act on the RHS of the limit (33). By [23, Equation
(17)], we have(

Z ′0
Z0

)
(s) = 2k log 2

(
1− 2s− 1

2s0 − 1

)
+

2s− 1

2s0 − 1

(
Z ′0
Z0

)
(s0)

+
2s− 1

2
Tr

[(
D2

0 +
(
s− 1

2

)2)−1
−
(

D2
0 +
(
s0 − 1

2

)2)−1
]

− AreaX

4π

∫
R
ξ coth(πξ)

(
2s− 1

ξ2 + (s− 1
2)2
− 2s− 1

ξ2 + (s0 − 1
2)2

)
dξ.

Then using similar computations as before, we get:

(36)
d

ds

[
1

2s− 1

(
Z ′0
Z0

)
(s)

]
=
−4k log 2

(2s− 1)2
−
(
s− 1

2

)
Tr R2

D2
0

(
−
(
s− 1

2

)2)− d

ds
F (s).

By (35) and (36), we conclude that

(37)

d

ds

[
1

2s− 1

[(
Z ′t
Zt

)
(s) + 2k log 2−

(
Z ′0
Z0

)
(s)

]]
=
(

1
2 − s

)
Tr
(

R2
D2
t

)(
−
(
s− 1

2

)2)
−
(

1
2 − s

)
Tr
(

R2
D2

0

)(
−
(
s− 1

2

)2)
.

By hypothesis, CR(0) ∩
(

1
2 + i Spec D0

)
= ∅. Hence, by [18, Theorem 1.2], there exists t0 > 0 such

that for any t ≤ t0, the circle of radius R centered at 0 does not intersect 1
2 + i Spec Dt. Let P tR be

the spectral projector of Dt corresponding to {λ ∈ Spec Dt : 1
2 + iλ ∈ BR(0)}.
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We split the resolvents in (37) by projecting near 1
2 + i Spec Dt for each t ≥ 0, and away from it:

(38)
(

R2
D2
t

)(
−
(
s− 1

2

)2)
= P tR R2

D2
t

(
−
(
s− 1

2

)2)
+ (1− P tR) R2

D2
t

(
−
(
s− 1

2

)2)
.

Let us study the term (1−P tR) R2
D2
t

(
−
(
s− 1

2

)2) in (38). Recall from Section 3.2 that we merged the
correspondent family of Dirac operators (Dt)t>0 on the hyperbolic surfaces (X, gt), together with the
Dirac operator D0 on the limit non-compact surface (X \ γ, g0) to obtain a cusp-surgery differential
operator D of orders (1, 1, 0). It follows that D2 ∈ Ψ2,2,0

cp (X). Moreover, by [2, Theorem 1], we have
that

(
P tR
)
t≥0

=: PR ∈ Ψ−∞,−∞,0cp (X), thus 1−PR ∈ Ψ0,0,0
cp (X), and therefore we get for t ∈ [0, t0),

(1− PR) R2
D2

(
−
(
s− 1

2

)2) ∈ O (BR(0)),Ψ−4,−4,0
cp (X)

)
.

By Proposition 17, it follows that

(39)
cp Tr (1− PR) R2

D2

(
−
(
s− 1

2

)2) ∈ C∞ ([0, t0),O (BR(0)))

+ t4 log tC∞ ([0, t0),O (BR(0))) .

We will now address the term P tR R2
D2
t

(
−
(
s− 1

2

)2) in (38), which is a meromorphic family of

finite rank operators. Since the spectral projector P tR and the resolvent commute, it is also equal

to P tR R2
D2
t

(
−
(
s− 1

2

)2)
P tR. Recall that for any matrix A ∈ Mk(C), we have Tr (A− λ)−1 =

− d
dλ log det(A− λ), and furthermore

Tr(A− λ)−2 = Tr

[
d

dλ
(A− λ)−1

]
= − d2

dλ2
log det(A− λ).

We apply the above equality for P tRR
2
Dt

(
−
(
s− 1

2

)2)
P tR ∈ End

(
RangeP tR

)
, and we obtain

(40)

TrP tR

[
D2
t +
(
s− 1

2

)2]−2
P tR = Tr|

RangePt
R

[[
P tr D2

t P
t
R +

(
s− 1

2

)2
P tR

]
|
RangePt

R

]−2

= −
(

1

2s− 1

d

ds

)2

log det
[
P tR D2

t P
t
R +

(
s− 1

2

)2
P tR

]
|
RangePt

R

,

where notice that det
[
P tR D2

t P
t
R +

(
s− 1

2

)2
P tR

]
|
RangePt

R

is a polynomial in s of degree at most the

sum of the multiplicities of the eigenvalues {λ ∈ Spec D0 : 1
2+iλ ∈ BR(0)}, with smooth coefficients

in t. Thus TrP tR R2
D2
t

(
−
(
s− 1

2

)2)− TrP 0
R R2

D2
0

(
−
(
s− 1

2

)2) contributes to (37) with

(41) −
(

1

2s− 1

d

ds

)2

log

det
[
P tR D2

t P
t
R +

(
s− 1

2

)2
P tR

]
|
RangePt

R

det
[
P 0
R D2

0 P
0
R +

(
s− 1

2

)2
P 0
R

]
|
RangeP0

R

 ,
which is a differential operator in s applied to the logarithm of a rational function of s with smooth
coefficients in t ∈ [0, t0). Moreover, using Proposition 26, we can split P tR as a direct sum of spectral
projectors concentrated at each point λ ∈ Spec D0. Indeed, by taking a smaller t0 if needed (the
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minimum between t0 and all the values tλ introduced for λ ∈ Spec D0 in Proposition 26), we can
write

P tR =
∑

λ∈Spec D0
1
2 +iλ∈BR(0)

P tλ,

and thus

(42)

det
[
P tR D2

t P
t
R +

(
s− 1

2

)2
P tR

]
|
RangePt

R

det
[
P 0
R D2

0 P
0
R +

(
s− 1

2

)2
P 0
R

]
|
RangeP0

R

=
∏

λ∈Spec D0
1
2 +iλ∈BR(0)

Qtλ(s)
(32)
= Qt,R(s).

By combining (37), (39), (41), (42), and the fact that the RHS of (37) vanishes at t = 0 the conclusion
follows. �

Let us remark that choosing t0 in a similar way as before, on a relatively compact set U whose closure
avoids the set 1

2 + iSpec D0, we obtain

(43)

d

ds

1

2s− 1

[(
Z ′t
Zt

)
(s)−

(
Z ′0
Z0

)
(s) + 2k log 2

]
∈ tC∞ ([0, t0),O (U))

+ t4 log tC∞ ([0, t0),O (U)) .

Moreover, if we localize near a pole of the limit logarithmic derivative of the Selberg zeta function of
type 1

2 + iλ, λ ∈ Spec D0, then we get

d

ds

1

2s− 1

[(
Z ′t
Zt

)
(s)−

(
Z ′0
Z0

)
(s) + 2k log 2− 1

2

d

ds
logQλt (s)

]
∈ tC∞

(
[0, t0),O

(
Bε(

1
2 + iλ)

))
+ t4 log tC∞

(
[0, t0),O

(
Bε(

1
2 + iλ)

))
,

where ε, Qλt (s) and t0 := tλ are provided by Proposition 26.

5.1. Coefficients at s = 1/2 of the logarithmic derivative of the Selberg zeta function in the
pinching process. We specialize the previous result in a neighborhood of the special value 1

2 . By

[23, Theorem 29], 0 ∈ Spec D2
t if and only if 1/2 is a pole of Z′t

Zt
, the corresponding logarithmic

derivative of the Selberg zeta function. Suppose from now on that 0 /∈ Spec D2
0. Then using [18,

Theorem 1.2], there exists t0 > 0 such that 0 does not belong to the spectrum of D2
t for t ∈ [0, t0).

Therefore the family of resolvents s 7→ R2
D2
t

(
−
(
s− 1

2

)2) is holomorphic on a neighborhood of 1/2,
for any t ∈ [0, t0). Consider the Taylor asymptotic expansion of the logarithmic derivative of the
Selberg zeta function in 1/2:

(44)
(
Z ′t
Zt

)
(s) =

∑
j≥0

dj(t)
(
s− 1

2

)j
.

As in [19, Equation (2.15)], let us denote

(45)
d

ds

[
1

2s− 1

(
Z ′t
Zt

)
(s)

]
=
∑
j≥−2

cj(t)
(
s− 1

2

)j
,
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then it is easy to see that for any j 6= 1,

(46) dj+2(t) =
2

j + 1
cj(t).

Corollary 27. There exists t0 > 0 so that for all j ∈ {0} ∪ N \ {1}, the coefficients dj(t) of the
logarithmic derivative of the Selberg zeta function defined in (44) behave in the pinching process as

dj(t) ∈ C∞[0, t0) + t4 log tC∞[0, t0).

Proof. By (43), it follows that the coefficients of d
ds

[
1

2s−1

(
Z′t
Zt

)
(s)
]

defined in (45) have the follow-
ing behavior as t↘ 0:

cj(t) ∈ C∞[0, t0) + t4 log tC∞[0, t0),

where t0 > 0 is chosen as in the proof of the Theorem 3. Therefore, by (46), the coefficients dj(t) for
j 6= 1 have the same behavior as t↘ 0 in the pinching process. �

6. TOWARDS THE BEHAVIOR OF THE SELBERG ZETA FUNCTION IN THE PINCHING PROCESS

As in the proof of [23, Theorem 24], for <(s) > 1 we isolate in the absolutely convergent series(
Z′t
Zt

)
(s) the primitive conjugacy classes of the oriented pinched geodesic γ of length t and of its

inverse. Recall our standing assumption ε(γ) = −1:

(47)

(
Z ′t
Zt

)
(s) =

∑
[η]

∞∑
n=1

lt(η)εn(η)e
−nlt(η)

(
s−1

2

)
2 sinh nlt(η)

2

= 2 ·
∞∑
n=1

(−1)nte
−nt

(
s−1

2

)
2 sinh nt

2

+
∑

[η]6=[γ]

∞∑
n=1

lt(η)εn(η)e
−nlt(η)

(
s−1

2

)
2 sinh nlt(η)

2

.

Assume that we could prove that for some particular value s0 with<s0 > 1, there exists t0 > 0 so that
the value art s0 of the log-derivative of Zt,

(
Z′t
Zt

)
(s0), is smooth for t ∈ [0, t0). Then combining again

(6) and Proposition 17 as in the previous section, we would deduce that the Selberg zeta function Zt
is of class C3 in (t, s) ∈ [0,∞)× C, and holomorphic in s.

A natural choice for such a special value could be s = 2. For this particular s, we can prove with
some effort that the function

S(t) :=
∞∑
n=1

(−1)nte−
3nt
2

2 sinh nt
2

is smooth for t ∈ [0,∞), proving smoothness of the first term in (47). The contribution of those
simple geodesics disjoint from γ in the second term of (47) can also be shown to be smooth in t ≥ 0,
by the same proof as in Section 4. We are unable however to treat the terms corresponding to the
geodesics crossing γ. The length of such geodesics grows to infinity in the pinching limit, but it is not
so easy to uniformly bound their derivatives in t. We are thus unable to find the desired special value
of s for which the logarthmic derivative of the Zeta function is smooth at t = 0.
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Another special value for s where we could attempt to prove smoothness would be the central value
s = 1/2. Using [23, Theorem 30], we get:

2

(
Z ′0
Z0

)(
1

2

)
= AreaX lim

s→1/2

(
s− 1

2

)
tan(πs) + 4k log 2 =

−AreaX

π
+ 4k log 2,

thus (
Z ′0
Z0

)(
1

2

)
= 2(g − 1 + k log 2).

Thus, the Selberg trace formula implies only that the logarithmic derivative of the zeta function at the
central value 1/2 is constant on the spin moduli space. This identity does not tell us anything about
the central value of the zeta function itself. We must therefore leave open the question of proving Ck

asymptotics of the zeta function for any k > 0.
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