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ABSTRACT

The eta invariant of the Dirac operator over a noncompact cofinite quotient of
PSL(2,R) is defined through a regularized trace following Melrose. It reduces to
the standard definition in terms of eigenvalues in the case of a totally nontrivial
spin structure. When the S'-fibers are rescaled, the metric becomes of nonexact
fibred-cusp type near the ends. We completely describe the continuous spectrum of
the Dirac operator with respect to the rescaled metric and its dependence on the
spin structure, and show that the adiabatic limit of the eta invariant is essentially
the volume of the base hyperbolic Riemann surface with cusps, extending some of
the results of Seade and Steer.

1. Introduction

The eta invariant was introduced by Atiyah-Patodi-Singer [2] as the boundary correction
term in their index formula. This non-local invariant turned out to be quite elusive, although
its variation is local. Motivated by physics, one successful approach to the study of the eta
invariant is the so-called adiabatic limit, in which the eta invariant on the total space of a
fibration is investigated when the fiber is collapsed. This was initiated by Witten [29] and later
rigorously treated by Bismut and Freed [5] and independently by Cheeger [9]. Expanding on
the earlier work of [5, 9, 29], Bismut and Cheeger [8] and then Dai [10] studied the adiabatic
limit for general fibrations of compact manifolds.

The eta invariant of compact quotients of PSL(2,R) was studied by Seade and Steer [26].
In this situation, the total space of the fibration is a circle bundle that fibers over a compact
hyperbolic Riemann surface. There has been much interest in more general spectral problems
for the case when the fibers are circles, e.g. [1, 4, 11, 14, 23, 24, 26, 31]. In all these papers
the base manifold is compact.

Here we consider the spectral properties of the Dirac operator and the adiabatic limit of
its eta invariant on a cofinite quotient X in the case when the base Riemann surface has finite
volume but is not compact,

st — X
l (1.1)
297"/‘-‘ *
We assume that the base of the fibration is a complete hyperbolic Riemann surface X, . of

genus g with x cusps. One of our motivations is related to the index formula of a Dirac
type operator over a locally symmetric space [27] where one has to deal with the adiabatic
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limit of the eta invariants for the maximal faces, which have a fibration structure over a
noncompact locally symmetric space. Ours is the simplest possible example of a fibration
over a noncompact locally symmetric space, yet its spectral analysis turns out to be highly
nontrivial.

We fix a spin structure and then replace the circle S' in (1.1) with a circle of radius r. We
denote the corresponding Dirac operator by D,.. The first purpose of this paper is to study the
spectral properties of D,.. In particular, we analyze the dependence of the continuous spectrum
of D, on the choice of spin structure. Every end of X is diffeomorphic to the trivial fibration
with fiber S! over a corresponding end RT x S' of Y4k We say that the spin structure is
trivial on an end of X if it induces the trivial (i.e., non-bounding) spin structure on the circle
from the base.

THEOREM 1.1. Let X be a cofinite quotient of PSL(2,R). Fix a spin structure on X, and
denote by k' the number of ends on which the induced spin structure is trivial. Then for all
r > 0, the continuous spectrum of the Dirac operator D, consists of k'-copies of countably
many families of half-lines

(—oo, —g — |m|(1+r_2)1/2] U [—g+ |m|(1—|—7“_2)l/2, —I—oo)

indexed by odd integers m € 1 + 27 if the spin structure along the S'-fiber is trivial, or by
even integers m € 27 otherwise.

This theorem can be regarded as a generalization of the result of C. Bér in [3] to the
fibred cusp case where the continuous spectrum of D, depends on the spin structures of
the S'-fibers and of the S cross sections of the base manifold Y, near the ends. Another
novelty of this theorem is that the Riemannian metric over the cusps are not the exact fibred
cusp metrics which have been extensively studied in, for example, [18, 19, 28]. It is because
of the non-exactness of the fibred cusp metric that the continuous spectrum of D, is quite
complicated.

The second main result of this paper is the computation of the adiabatic limit of the eta
invariant of D, as the fiber is collapsed (that is, » — 0). According to Theorem 1.1, the Dirac
operator D, typically has non-empty continuous spectrum; moreover, the corresponding odd
heat kernel of D? is not of trace class. Therefore, the standard definition of the eta function
using the eigenvalues or the trace of the odd heat kernel is not valid unless the spin structure
is nontrivial on every end. This requires us to define a regularized eta function, which is
reminiscent of the b-eta function of R. B. Melrose [22] and similar to the regularized eta
function used by one of us [25] over hyperbolic manifolds with cusps. Denote by n(D,, s) the
eta function of D, defined through a regularized trace (see Definition in (4.6)), the following
is our main result:

THEOREM 1.2. We assume that the spin structure along the S'-fiber is trivial.

i) For a sufficiently small r > 0, n(D,, s), defined for R(s) > 2, extends meromorphically to
C with a possible double pole at s = 1 and possible simple poles at {2,0,—1,—-2,—-3,...}.
If the spin structure is nontrivial on each end, then n(D,, s) may have only simple poles
at {2,1,0,—1,—-2,-3,...}.

ii) Define n(D,) as the finite part at s = 0 of the meromorphic extension 1n(D,,s). In the
adiabatic limit, the following identity holds:

. 1
llir(l) ﬁ(Dr) = 7@\/01(297&) =

2

(2—29—kK). (1.2)
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For the compact case and for the trivial spin structure, a result corresponding to the
formula (1.2) in Theorem 1.2 was proved by Seade and Steer [26], who also obtained the
value of the eta invariant of the original fibration (when r = 1) by applying the APS index
formula for a manifold with smooth boundary. However, in our noncompact case, it would be
very difficult to prove an index formula for manifolds whose boundaries are manifolds with
nonexact fibred cusp ends. Another possible approach (suggested by the referee) is to use the
variation formula as in Bismut-Freed [6]. This problem will be considered elsewhere.

The paper is organized as follows. In Section 2 we develop the required background ma-
terial, including a discussion of spin structures and of the Dirac operator D,. In Section 3 we
analyze the Dirac operator in terms of the fibred cusp calculus of Mazzeo—Melrose [21] and
we prove Theorem 1.1. In Section 4 we define the regularized eta invariant and in Sections
5, 6, and 7 we analyze the geometric and spectral sides of the Selberg trace formula in our
context, which will be used to prove Theorem 1.2.

Acknowledgements This work was partly done while the authors visited KIAS and
Ecole Polytechnique. The authors would like to express their gratitude to these institutions
for their hospitality. Sergiu Moroianu was partially supported from a PN-II-ID-PCE-2008-2
contract. The authors also thank the anonymous referee for many helpful comments.

2. Dirac operator and Spin structure

In this section, we define the Dirac operator over a cofinite quotient of PSL(2,R) by a discrete
subgroup. Equivalently we consider the Lie group G = SL(2,R) and a discrete subgroupI" C G
containing {£1}; then the quotient I'\G is the same as the quotient (I'/{£1})\PSL(2,R).

For r € (0,00) we define a family of metrics g, over G such that the left translations of
E :=r~1C, A, H are orthonormal w.r.t. g, where C, A, H is a basis of g = sl(2,R) given by

0=<_01 é) A:(? (1]> H:((l) _01> (2.1)

Recall that the corresponding Levi-Civita connection V" is determined by the Koszul formula

297“( ZIV7 W) = Ugr(V7 W) =+ Vgr(m U) - Wgr(Uv V)
+gr([U7 V]v W) - gr([U7 W]7V) - gr([v7 W]? U)

where U, V, W denote vector fields over G.

Since G is topologically the same as S x H where H is the Poincaré upper half plane, there
are two spin structures on GG. We choose the one determined by the left invariant trivialization.
Denoting the lifted connection to the spinor bundle by the same notation V", we define the
Dirac operator by

~

D, =ENy+ANV, +HVY
where U. denotes the Clifford action by U. By a straightforward computation as in [14], [26],
we obtain
2 4 72
)

ﬁrw: %(

—2)C.A.H

for a basic spinor .
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We twist ﬁr by multiplying with the volume element w := F.A.H. to define ﬁr, that is,
D, := E.A.H.D,,
which has the following simplified form,

b= (557)

for a basic spinor . The Clifford algebra generated by F, A, H has the Pauli matriz repre-
sentation given by

i 0 0 1 0 —1
(o B) A (Gg) o (50)
(1 0 0 1 (0 1
wEr—>—z<O 1>, wA|—><1 O)’ wH»—>z<1 0).

From these, for any spinor a; + 2 written in terms of basic spinors ¢1,12 and smooth
functions «, 6 on G, we have the following representation of D,

p(5)-C30) () (¥ ") 6) e

7 = —iC, 2X,:=A—iH, 2X_:=A+iH
(Our convention is slightly different from the one in [26]). These vector fields satisfy
[Z7X+] :2X+7 [Z7X—] =-2X_, [X+7X_] = Z,

Then we have

Now we let

and we have

~ 2 —r? r 'z 2X_ . o o
Dr—< o )+<—2X+ —r_1Z> acting on C*(G) ® C*(G).

It is also easy to check that

752 _ <(A2 + H? +r2C?) 0

0 (A4 H? 4 T202>> + lower order terms, (2.3)

hence the Dirac Laplacian 15,2, is a generalized Laplacian whose principal symbol is given by
the metric g, as expected.

To define the Dirac operator over X = I'\G, let us discuss the spin structures on X = I'\G,
which will play a crucial role throughout this paper. First recall that there are |H' (X, Zs)|-
number of spin structures over X, since every orientable 3-dimensional manifold is spin. This
can be understood from the following diagram,

S —— S8
X X
where S,S are Spin(3) bundles over the universal cover X and over X, respectively. Since

S~ X x Spin(3) and S = 7*8, the possible Spin bundle S is given by a Zgs-representation p
of m1(X) as follows:

S, = X x, Spin(3) (2.4)
4
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with the obvious Zg-action on Spin(3). Therefore, each Zs-representation of 71 (X) provides
us with an inequivalent spin structure on X. Recall that

m(X) = { @i, hj k| 1<i<g,1<j<r,
g K

o wil [ s =1, [wi,k] = [ya k] = [hy, k] = 1},
= j=1

=1

where g,k denote the genus and the number of cusps, respectively, of the base Riemann
surface ¥ . of the fibration (1.1).

Among spin structures, there are spin structures which are determined by those Zo-
representations p of m(X) with p(h;) = —1 for some j. In [3] such a spin structure over
the Riemann surface ¥, , is called nontrivial along the cusp corresponding to j. Following [3],
we call such a spin structure nontrivial along the cusp if p(h;) = —1 for the corresponding j,
and a totally nontrivial spin structure if it is determined by a Zs-representation p with

p(hj)=—1forall j=1,... k. (2.5)

From the relations of the generators of 71(X), there exists an obstruction for this:

[T othy) =1.
j=1

Hence, for a spin structure to be totally nontrivial the number of cusps x should be even.
We also distinguish two classes of spin structures according to the (non)triviality of the spin
structure along the fiber S*/{£1}. We call the spin structure trivial along the fiber if the spin
structure is trivial along the fiber S'/{#1} (or equivalently, if the representation p maps the
generator k to 1), and nontrivial along the fiber otherwise. Note that if the spin structure is
trivial along the S*/{+1}-fiber, this spin structure does not extend to a spin structure over
the disc bundle over ¥, .. From the above discussion we have:

PROPOSITION 2.1. There are 229*% spin structures over X = I'\G. There exist totally non-
trivial spin structures over X if and only if k is even.

For the trivial representation of 71(X), the resulting Spin bundle denoted by S; is topo-
logically trivial, and is determined by the left invariant trivialization over X = I'\G. The
associated spinor bundle 31 = 81 Xgpin(3) %(3) (Where %(3) = C? is the spinor representation
of Spin(3) = SU(2)) is therefore also trivial and if 3, denotes the spinor bundle associated to
a representation p, that is, ¥, = S, Xgpin(3) 2(3), then

Ep =21 ® Cp
where C, — X is the flat line bundle associated to p.
If D, denotes the induced Dirac operator from D, pushed down to X, then from the
definition of D, over G and the equality (2.4), we can see that
2 — 7‘2) rlz  2X_
2r —2X, —r7'Z
where C§°(I'\G, x) (x = p @ p) consists of the smooth functions with co-compact supports

such that f(yz) = x(7)f(x) for v € m(X), z € G. We also denote the L2-closure of D, (with
respect to a certain metric explained in (4.1)) by D,., that is,

D, : L*(T\G,x) — L*(T\G, x). (2.7)

D, = ( > acting on  C§°(I'\G, x) (2.6)

5
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3. Analysis of fibred cusp operators

In this section we show that the metrics g, are of conformal fibred cusp type. Consequently,
we show that the Dirac operators D, belong to the class of weighted fibred cusp operators
introduced by Mazzeo and Melrose [21], and we prove Theorem 1.1.

First we introduce some subgroups of G = SL(2,R),

o= {o Db w={(y S o= {(E S e

where z,u,0 € R. Then the standard parabolic subgroup P, is given by NgAgZ where Z =
{£1} C K and any parabolic subgroup P of G is conjugate to Py by an element kp in K.
A parabolic subgroup P has a decomposition P = NpAZ where Np is the derived group of
P and A is any conjugate of Ay in P, to be called a Cartan subgroup. It is clear that Ay is
the unique Cartan subgroup Py with Lie algebra orthogonal to that of K. Therefore, P has
a unique Cartan subgroup with the same property. From now on, we assume that the pair
(P, A) satisfies this condition. For such a pair (P, A) with N = Np, we have the Iwasawa
decomposition G = NAK.

For a given I' C (G, a parabolic subgroup P of G is called I'-cuspidal if N = Np contains
a nontrivial element of I'. It is well-known that the finitely many ends of X = I'\G are
parametrized by I'-conjugacy classes {P}r = {yPy~'|y € T/Tp} where I'p :=I'N P. We
refer to the chapter 3 of [7] for an explanation concerning this fact. Let P be a I'-cuspidal
parabolic subgroup of G corresponding to one end of X = I'\G. This subgroup determines a
cusp cp, an incomplete manifold which is identified with a neighborhood of the cuspidal end
of the quotient I'p\G.

Assume first that P = Py is the standard parabolic subgroup of G. The manifold I'p\G
has two commuting free S' actions: the action of K to the right and that of T'x,\No to the
left where 'y, := I' N Ny. The first S! action exists in fact globally on X = I'\G, while the

second one exists only on the cusp. Let v := ((1) i) be the generator of I'n,. Then I'p\G is
identified with R/IZ x R x R/27R by the map

1 =z e? 0 cos@ sinf
(&, u,0) — (0 1) (0 e‘g) (— sin 6 cos@)' (3-2)

By projection on the last two terms, we view this as the total space of a fibration with fiber
S!. Note that this fibration makes sense only near the end and is not the fibration in (1.1)
where the roles of the two S'’s are reversed.

As seen above, the spinor bundle corresponding to the representation p is the spinor
bundle for the trivial representation, twisted by the flat line bundle C, defined by p. The
Dirac operator on G has been computed in (2.6) with respect to the orthonormal vector fields
E =7r~1C, A, H defined in (2.1) and the representation x. The same expression holds on the
spinor bundle on the cusp I'p\G, where the vector fields £/, A, H now act on X,. There is no
ambiguity about the action of these vector fields since the twisting bundle C,, is flat.

Introduce the function v := e~ on the cusp and glue the “boundary at infinity” R/IZ x
{v =0} x R/27R to the cusp, thus getting a manifold with boundary I'p\G. The S!-fibration
structures extend to the boundary. We will show that for each fixed r, the metric g, on X is
conformal to a fibred cusp metric (with respect to the fibration of the boundary induced from
the I'ny, \ Vo action). In the coordinates (z,v = e™,0) of I'p\G, the coefficients of a matrix

6
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<i Z) are given by the inverse of the map (3.2):

bd
x:%, v=c+d% 9:—arctan(§).
We then compute
E = 7"_189,
A = —cos 200y + 207! cos 200, — 2vsin 200,,, (3.3)

H = sin200p — 2v " sin 200, — 2v cos 200,.

These equalities also can be found on p. 52 of [13] or p. 115 of [17]. It follows that in the
coordinates (z,v, ) the metric g, is given by

1 2 V2 2 2 VN2
4y2d1/ + 4dm + (d9+2dac),

4 v 2d6 2
9% = —S9r = (Z) +1r? < + dw) + dz?.
1% 1% 14

This is what is called a fibred cusp metric, or a smooth metric on the fibred cusp tangent
bundle. To define this bundle, consider the subalgebra ®V of the Lie algebra V of smooth
vector fields on the manifold with boundary I'p\G, spanned over C*°(I'p\G) by the vector
fields

thus

V, := 120, Vi := v0p, Ve = 0.

This sub-algebra is by definition a free C°°(I'p\G)-module so it is the space of sections of
a smooth vector bundle over C°°(T'p\G). This vector bundle is denoted by ®TTp\G and it
comes equipped with a bundle morphism to the usual tangent bundle 7T p\G, induced from
the inclusion of the spaces of sections ¥V < V, which is an isomorphism over I'p\G.

Since ®V is a Lie algebra and the metric g¢ defined above is non-degenerate and smooth on
fibred cusp vector fields, it follows immediately from the Cartan formula that the Levi-Civita
connection on I'p\G with respect to the metric g extends to the boundary in the sense that
for every Vi, V;,V;, € ®) . we have

(V1,V;. Vi) € C¥(Tp\0).

The spinor bundle Y, extends over the boundary, such that the Clifford multiplication by V;
is a smooth map. Take now the orthonormal frame

1
‘/1 = VV7 V2 = Vx - ‘/9/2a VS = 5‘/6'
Its relationship to the global frame (E, A, H) is deduced from (3.3):
Vi=- %(sin 20A + cos20H)
Vy = %(COS 20A — sin 20H) (3.4)
v

Denote by V' a local lift to the spinor bundle of the orthonormal frame (V;, V3, V3). Let
o : I'p\G — %(3) be a smooth map into the 3-spinor representation space. It follows from

7
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the local formula

3
DalV, 0] =" (V) | [V Vilo)] + 5 3 elVi)elVi) (Vi Vi)
i=1 i<k (3.5)
vy

= (V620,-5) + V2)@s = )+ e o ) Vo

that the Dirac operator with respect to go (defined first on compactly supported spinors over
I'p\G) extends to smooth spinors up to the boundary. Such an operator, a combination of
fibred cusp vector fields and of smooth bundle endomorphisms down to the boundary {v = 0},
is called a fibred cusp differential operator. Thus,

Do € Diff5(Tp\G, Z,).

The Dirac operator changes very nicely with respect to conformal changes of the metric.
We simply have
D, :21/_2OD<I>OI/
so for r > 0, the Dirac operator D, is a differential operator in v ~'Diff}(T p\G, %,).
The normal operator N'(Dg)(0,&,7) of Dg (see [21]) is obtained by formally replacing

V), — i€, Vg — it

and then restricting to ¥ = 0. The result is a family of differential operators on the fibers of
the boundary fibration (the z-circles) with coefficients in the spinor bundle, with parameters
§eSt (67)eR%:

T

N(Da)(8,€,7) = ec(V)i€ + e(V2) <ax - g) (V)

DEFINITION 3.1. The operator Dg is called fully elliptic if N'(Dg)(6,&,7) is invertible for all
0,6,7) € S* x R2.

If Dg is fully elliptic, then by the results of [21] it has a parametrix inside the calculus of
fibered cusp pseudodifferential operators \Ifgl(X ) modulo compact operators.

Proof of Theorem 1.1. According to the decomposition principle (see e.g. [3, Proposition
1]), the essential spectrum of D, can be computed outside a compact subset of X, thus it is a
superposition of the essential spectra of any self-adjoint extension of D, over each cuspidal end
cp defined by vp < ep. We must make sure that such an extension exists (the Dirac operator
on a manifold with boundary may not admit self-adjoint extensions, e.g. on RT). We may take
for instance the Atiyah-Patodi-Singer boundary condition at the torus boundary {vp = ep}.
Special care is needed for the nullspace of the Dirac operator along the torus, we allow in the
domain only harmonic spinors of the form (u, ¢(V3)u) where u is in the i-eigenspace of ¢(V1).

Since any I'-parabolic subgroup P is conjugated by an element in the maximal compact
subgroup K to the standard parabolic subgroup F,, we see that the cusp corresponding to P
is isometric to the “canonical” cusp Py\G. Thus, without loss of generality we work with the
canonical parabolic subgroup Fj.

We have seen above that D, belongs to v !Diff§(Tp\G, ¥,) near the cuspidal end.

LEMMA 3.2. The fibered cusp operator D¢ is fully elliptic on the cusp cp if and only if the
spin structure is nontrivial along cp.
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Proof. We have computed above the normal operator N := N (Dg)(6,&, 7). Clearly, N is an
elliptic self-adjoint operator on the circle in the variable z. Therefore A is invertible if and
only if N2 is. Now by the anti-commutation of the Clifford variables,

2

2 _ 2.7 g T2
N—§+4T2+(28x 2).

This family of operators is independent of 6; it is strictly positive (hence invertible) for
(6,7) #0 € R2. For £ = 7 = 0, N = —0?, so ker(N) is made of those spinors which are
constant in z in the trivialization V' of the spinor bundle. For fixed 6, such spinors exist
globally on the x-circle if and only if the local lift V' satisfies V,—; = V,—g. Now the frame
(Vi, Va, V3) is obtained from (E, A, H) by the transformation (3.4) which is constant in z; thus
the lift V' exists globally around the cusp if and only if the lift of (F, A, H) exists globally
around the cusp, which is by definition equivalent to the triviality of the spin structure around
the cusp cp. ]

If Dg is fully elliptic, it follows from the above lemma and from the general theory of
fibred cups operators that D, = 2v 2Dgv has a parametrix Q € V\II;I over the cusp cp,
modulo compact operators. But @ itself is compact due to the decaying weight v; hence the
self-adjoint operator D, has pure-point spectrum over the cusp.

Conversely, assume that the spin structure is trivial along the cusp. The operator D, =
202 Dgr computed in (3.5) has constant coefficients in z, thus it preserves the orthogonal
decomposition into zero-modes and high-energy modes

LQ(FP\GQ{VP < Ep}, Ep) =:Ho @ H

where Hj is the space of spinors constant in z in the trivialization V' (we have seen above
that V exists globally around the cusp if the spin structure is trivial along cp) and H' its
orthogonal complement. Over H’, by the same argument as above, there exists a compact
parametrix of D, inside the fibered cusp calculus. Thus the essential spectrum of D, over the
cusp cp only arises from the zero-modes, i.e., it is the essential spectrum of the operator

91 (c(vl)(yay—;) _ o(vy) 2

2
acting in L?([0,€) x S1, 3, dvdf) with any boundary condition at € which makes it self-adjoint.
We conjugate this operator through the Hilbert space isometry

0,
+c<v3>231—2> v

L2 (dvdf) — L2 (d”de) b VB,
v
We get the operator
c(Vs) r
A, =2¢(V1)vo, + — c(Va) ) o —3

This can be again decomposed according to the frequencies in the 6 variable. Note that
although the local lift V' may not exist globally, the ambiguity is locally constant so the
operator idy is well-defined; moreover, it clearly commutes with A,.

From (3.4), the frame (V1, V2, V3) is obtained (after rescaling) from the frame (E, A, H) by
a complete rotation around the E axis in time 7. Such a rotation is a generator of 71 (SO(3)) =
Z/2Z. Hence V exists globally around the 6 circle if and only if the lift of (£, A, H) does not,
i.e., if the spin structure is nontrivial along the fiber S1/{41}. Otherwise, if the spin structure
is trivial along the fiber S'/{#1}, then after time 7 the lift V changes sign.

9
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A spinor [V, o] is in the m-eigenspace of 9y if and only if
o(t+0) =e ™05 (t). (3.6)
The resulting spinor should be m-periodic (since we work on PSL(2,R), we assumed that
—1 e T'). We distinguish two cases:
— The spin structure is nontrivial along the S'/{41} fiber. Then V(7) = V(0) so we want
o(m) = 0(0). The eigenspinor equation (3.6) gives m € 2Z;
— The spin structure is trivial along the S'/{#1} fiber. Then V(7) = —V(0) so we want
o(m) = —0(0). The eigenspinor equation (3.6) gives m € 1 + 2Z.
In both cases, the m-eigenspaces are 2-dimensional representation spaces for ¢(V}), j = 1,2, 3.
Denote by A, ,, the action of A, on the m-eigenspace of i9p. We get a b-operator A, ,, (in
the sense of Melrose) in L%([0, €), C%, v~ tdv)

r

Ar,m = QC(Vl)Val/ —C (Vé — V2> zm—§
T

The b-normal operator of A,.,, is obtained by replacing vd, with is where s is a complex pa-
rameter. One knows from the general theory of b-operators [22] that the following statements
are equivalent:
— X does not belong to the essential spectrum of A, ,,, i.e., A;,, — A is Fredholm;
— N(A;,)(s) — A is invertible for all s € R.
We use now the representation
i 0

so that
N = [
An easy computation shows that N (A, ;)(s) — A is invertible for all s € R exactly for
e (—g —ml (1 + 1~ 2 (1 + P2l
Thus the essential spectrum of D,. is the superposition of the complements of these intervals

for each k and for each cusp ¢, with trivial spin structure.

In the sequel, we will assume that the spin structure is trivial along the S'/{#1} fiber,
so the essential spectrum does not touch 0 for small » > 0. In this case an alternate proof of
Theorem 1.1 will follow from a computation using harmonic analysis over G (see Section 5).

4. Regularized trace and Geometric side

In this section, we study the relation of certain regularized trace of the odd heat operator of
D, with the geometric side of the Selberg trace formula.

To use harmonic analysis over GG, we need to fix the Haar measures over G and its sub-
groups. First, the parametrizations in (3.1) for Ag, Ny carry the Lebesgue measure du,dn
from R to Ag, No. Now we fix Haar measures on K by vol(K/Z) =1 and on G by

/Gf(g) dg:/NO /AO/Kf(nauk)e”dndudk (4.1)
10
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for fo € Co(G) and a,, = diag(e%,ef%). For ap, = k;laukp cA= k;lekzp, we put
Hp(g) =u for g€ Nap,K.

The Iwasawa decomposition H = G /K = N A provides a parametrization of the geodesics
nA-i C H to infinity. The parameter value is given by the function Hp whose potential curves
are N-orbits (horocycles) on H. However, this parametrization is not adapted to I'. To rectify
this, we replace kp by gp = ayp,kp where e “? = vol(I'y\NN) where I'y := I' N N. For the
new parameter

Hp(g) +up = Hp,(9p9),
then the value 0 of this new parameter corresponds to the horocycle whose projection on I'\H
has length 1.

For ¢ € H:= L*(Z\K) = (¢! | m € 2Z) and s € C, we extend ¢ to G by
os(nayk) = e*o(k) for ne Ny, keK.

These functions constitute the Hilbert space Hy & H in which the representation 74 induced
from the parabolic subgroup Py = NgAgZ acts as

(ms(9)¢s)(x) = ¢s(zg).

From now on, we assume that 8 = {Py, ..., P} is a set of representatives for I'-conjugacy
classes of the cuspidal parabolic subgroups and that the spin structure over cp, for 1 < i < &*
is trivial. We also assume that the representation p maps the generator k € m1(X) to the
identity 1, thus we consider only spin structures which are trivial along the S!/{+1}-fiber.
For the representation space V 22 C? of x = p @ p, we let V¥ be the invariant subspace of V
under the action x|r,. Then

yr_ vt 1<i<h
{0} if K'+1<i<k

For a cuspidal parabolic subgroup P, s € C with R(s) > 1 and ¢ € H® V', the Eisenstein
series E(P, ¢, s) is defined by

E(P,¢,5)(9) = Y. x(Msslgry'9).
~el'/Tp

We refer to section 5 of [15] for more about the Eisenstein series where the Hecke operator
action is also involved. Note that there is no Eisenstein series attached to P; if k' +1 < i < k.
The Eisenstein series E(P, ¢, s) converges absolutely and locally uniformly for ®(s) > 1 and
has the meromorphic extension over C. In particular, E(P, ¢, s) is an automorphic form, that
is,

E(P,¢,s)(vg) = x(7)E(P. ¢,5)(9)  for y€Tl,geq.
For ¢ € H® V! with V' .= @ peqpV', we define

E(¢,5) = >  E(P,pr’¢,s) (4.2)
P
where pr!” denotes the orthogonal projection onto V¥, and
E=(¢,5)(9) = (E”(,5)(9p'9)) pegs-
11



PauL LoyA, SERGIU MOROIANU AND JINSUNG PARK
Here, the constant term of ET (¢, s) is defined by

B (009)(g) = voly\N) ! [ pxP B(6,5)(ng) dr

In\N
for N = Np. Then we have
E®(¢,s) = ¢s + (C(5)9)1-s
where C(s) is the scattering operator acting on H @ V.
Now let us describe the spectral decomposition of L*(T\G, x),

LA(T\G, x) = L*(T\G, X)cus ® L2(T\G, X)res ® L*(T\G, X)es-

Here L?(T'\G, X)cus is the space of the cusp forms in L?(T'\G,x), and decomposes into a
Hilbert direct sum of closed irreducible G-invariant subspaces with finite multiplicities. The
residual part L2(I'\G, X)res is the direct sum of the constants and of finitely many copies of
the complementary series representation of G such that some Eisenstein series has a pole at
s € (3,1). These two spaces constitute the discrete part L?(I'\G, x)ais- The continuous part
L2(T\G, x)et is isometric to

{cp € L2(% +iR, %)@H ® Vst | @(% —ir) = C(% + iT)(I)(é +iT) }
by
g = L [T E(® 1 +47) dr (4.3)
dr J_ 2

where E(®,  +i7) is defined as in (4.2) with ¢ = ® and s = 3 +ir. For f € L'(G), we define
a representation on L2(T'\G, x) by

n(f) = /G f(9)(g) dg

where 7 is the right translation action given by (7(g)¢)(z) = ¢(zg) for ¢ € L*(T\G, x). We
put 745(f) = prd® o w(f), 7(f) = pret o 7(f) where prd®, pre® denote the orthogonal pro-
jections onto L?(T'\G, x)dis, L?(T\G, X)ct respectively. In particular, 7°(f) intertwines with
TSt (f) = TF%+Z-T(f) @ Idyest by Z¢ given in (4.3).

5+t
Since D, is a left invariant differential operator, there is a function ft,r € C>®(G,M(2,0))
such that
frr(@y) = (Dre ) (2,y)  for z,y€G.
By the heat kernel estimates in [12], which also holds for the generalized Laplacian D2 with
the form in (2.3), we have

ik (o N d(x,y)

il s o p)l| < o+ e (- L2 0) (1.4
where C' is a positive constant and dg is the metric over G. (Note that we apply the method
in [12] to a certain co-compact discrete subgroup IV in G to obtain the above estimate.) Put
ft,r == tr(fe,) where ‘tr’ denotes the local trace over M (2, C). Then the estimate (4.4) implies

that fi, lies in the Harish-Chandra L!-Schwartz space C1(G)(C L'(G)) defined by
CH(G) = { € C=(G) | |f(Diko,auke, D2)|

< Ce M1 1 [u| 10, + 6s))™, ¥neN,Dy,Dye g}

12
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where f(D1kg,ayke,D2) denotes the convolution Dj * 5k91 * 0, * 5k92 x Do evaluated on f. Let
us put

K(tey) =Y fule ) xm) = D@y x(y)  forz,yed,
~EZ\T ~EZ\T

which is absolutely uniformly convergent on compact sets in G. For a I'-cuspidal parabolic
subgroup P; = P = NAZ, we define the constant term of K(¢,z,y) along P as follows,

Kpltay) =volTAN) ™ [ 37 foy @ bmg) x() i dn
FN\N’yeZ\FP

For u € R, let ap(u) be the characteristic function of {x € G|Hp(z) + up > u}, which
projects on certain region Cp,, C I'\G for a large u. Then the truncation of K (z,z) is defined
by

AK(t,x,z) = K(t,z,x) — Z ap(u)Kp(t,z,x),
pPep
which is an automorphic form over I'\G.

PROPOSITION 4.1. (Maass-Selberg Relation) For u > 0, we have

/ tr(AK(t,z,2)) do
NG

= u% _OO Tr(TrC%SJtriT(ft,r)) dT+TI‘(7TdiS(ft,r)) + 4TI‘( ( ) (ftr))

1 o

- +ir) 7S (fir)) dr. (4.5)

1 1
Te(C'(5 —in)C(5 il

2
Proof. For a test function with compact support and K-finite condition, we can prove this
proposition just following the argument in p.58-60 of [15]. Then this can be generalized
easily to our test function f;, as in proof of the theorem 25 of [15]. The finiteness of the
integrand of the integrals on the right-hand side follows from Theorem 1.1 and Lemma
5.2 since Tr(m§ CSt (ftr)) is given by k'-copies of @%H’T(ftﬂ") = TI"(7T%+Z-T(ft,T)) recalling

Csizﬂ'(ft 7‘) = §+iT(ft7T) ® Idvcst. D

From Proposition 4.1, one can see that the first term on the right side of (4.5) is blowing
up as u — oo. Hence it is natural to remove this term in the following definition,

Tr(Dye D) =Te (1 (f,) + {TH(C()nS () (4.6)
- _Z (O — im0

5T z¢)7r1+”(ft,r)) dr

This regularized trace is the essentially same as the b-trace of Melrose [22], and is related with
the geometric side of the Selberg trace formula as we will see in Proposition 4.2. Denote

Wr)=01,,:(f), hn)=0n(f)

where @1+”(f) = Tr(7r1+“_(f)) for a principal series representation Ty irs and O,(f) =
Tr (70 ( f)) for a discrete series representation m,. An operator J(s) over H = L?(Z\K) is

13
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defined by

1 T()(s— )
T = Ty G - my Om (4.7)

cosf sinf
—sinf cos6

for the basis ¢ (kg) = ™ € H where ky = < ) The following proposition

follows from Theorem 13 and Lemma 24 in [15].

PROPOSITION 4.2. (Selberg Trace Formula)

T(DyeD?) :M( / " tanh(rr) hep(rydr 4 S (Inl - Dher(n))  (48)

2m - n=0(mod2)

+ Z ) (X(V)) ] /_OO cos(u~yT) hyyp(T) dT

- 7l sinh &
e\ nss 4r[l : Z]sinh =

— 25t (% /_Z (14 2i7)he o (T) dT + % Z hm(n))

n=0(mod2)

log2 [°°
+ 2k — ) Og/ e () d

2 J_

/it 1 & 1 . —1 37 1 .
+ Eht,T(O) — P /_Oo Tr(J(i +iT) " J (5 + ZT)?T%+iT(ft,r)) dr

where hy ,(T), hy r(n) are defined for f,, the sum Z[w]thyp is given over the I'-conjugacy class
of hyperbolic elements ~ conjugate to a,., and 1(z) = I"(z)['(z) 1.

5. Fourier transforms hy . (7), ht,(n)

In this section, we compute hy,(7), he(n) which are needed to analyze the right hand side
of the Selberg trace formula.

First, let us consider hy (7). For this, recall

i (1) = Tr(”%—&-ir(ft,r)) = ZLft,r(g) (7‘%4—1’7—(9)57“571) dg (5.1)
n=1

where {£,}2°, is the orthonormal basis of the representation space of ™ Ltirs which is given

by the union of the following spaces indexed by m € Z for s = % + T,
H(s,m) := {QSS € Hg | os(nayky) = >4 e for nayky € NoAgK }

Since D, is Z-invariant, the Fourier transform h ,(7) is nontrivial only if m is an even number.

Recalling
~ 2 —r? r 'z 2X_
D= (=5 )+ <—2X+ —1"_1Z>

the problem is again reduced to the following lemma, which can be obtained applying the
equalities in (3.3).

LEMMA 5.1. We have

Zf=mf, Xif= —%(miQs)eﬂwf for f € H(s,m).

14
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The second equality in Lemma 5.1 implies that X4 maps H(s,m) to H(s,m + 2). From

these facts,
ﬁ ¢T,m—2 _ Tﬁl(m - 2) + 271 —z(m —1- 227’) ¢7.7m_2
"\ Grm i(m — 1+ 2i7) —r~im +271¢ brm

where ¢ = # and ¢r;,m—2 € H(% +it,m —2),¢prm € H(% + ¢7,m). Hence the action of l~?r
on H(3 +i7,m — 2) ® H(} + it,m) is given by the roots of
2 (m—-1)2

U L

4 r2 = (m - 1)2 + 47—27 (5'2)

that is,
Ai(T,m) = —g £ ((m—1*1+r2)+ 47‘2)1/2 form € 2Z,7 € RT.
Therefore we have

LEMMA 5.2.

htﬂ“(T) — @%-i-if(ftﬂ“) = Z ()\+(T, m)eft)\+(‘r,m)2 o (7_7 m)eft)\_(f,m)z).
me27

Just repeating the above computation applied to the Eisenstein series E(P, ¢y, ), we can
also prove Theorem 1.1.

Next we compute hy(n) for the discrete series representation m,. We review the discrete
series representations of G = SL(2,RR). For this it is more convenient to use the Lie group
SU(1,1) which is conjugate to SL(2,R) within SL(2,C):

(1 ;) SU(1, 1) C i) o SL(2, R).

sut, ) ={ (5 2)] 1ap -1 =1}

Then the holomorphic discrete series m, (n € N) as a representation of SU(1,1) acts on
analytic functions on the disc by

m (5 D)o =ora (2557).

Here

and the norm, except for a constant factor, is given by

= Jaa BEPE APy deds forn >
- SUPogr<1 fozﬂ }f(r€i9)|2 de forn=1

The anti-holomorphic discrete series 7, (n € —N) as a representation of SU(1,1) acts on
analytic functions on the disc by

(% D) 10 = (Bt ars (ﬂ)

with the same norm. We refer to sections 5,6 of chapter II in [16] for a nice introduction on
the discrete series m, of SL(2,R).

15
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LEMMA 5.3. For the basis {ZN}NG{O}UN of the space of analytic functions on the disc, we
have
X 2N = (N4+n)VT 0 X 2N = NN

Z 2N = (2N +n) 2N by the action of ,, n € N,

X 2N =N X 2N = (N 4+n)N
Z 2N = —(2N +n)2N by the action of m,, n € —N.

Proof. By elementary computations, we can see that the subgroups generating K, H, A are
transformed as follows:

cos@ sind . e? 0
—sinf cos@ 0 e
et 0 . cosht isinht
0 et —1sinht  cosht

cosht sinht . cosht sinht
sinht cosht sinht cosht

where the matrices on the right side denote elements in SU(1, 1). To see the action of K under
m, for n € N, let us consider

e’ 0 N _ _(2N+n)if N
7rn<0 6_i9>z = e ST (5.3)

which implies
d e 0
N_ . a )N N
Zz" = Zd9‘9:(f”<0 €’9>Z (2N +n) 2",
In a similar way, we can show that the action 7, for n € N by H, A are given by
HZN =i(N +n)2NT 4NN AN = (N 4 n)N T - NNL

These imply the equalities for m, for n € N. The case for m, for n € —N can be obtained by
taking the complex conjugates of equalities for the action of m, for n € N. O

Now we consider the action of D, under 7, for n € N. From (5.3), we can see that 2V are
the K-type vectors of weight m if m = 2N + n. By Proposition 5.3, over (a, ) for K-type

(m — 2), m vectors «, 3 in the representation space of 7, the Dirac operator D, acts by

9 _ 2 -1 o o
"Nag (" (m—2) n 71m
2r —(n+m—-2) —r—'m
noting N = (m —n)/2. We have two cases: First, if 4 is not the minimal K-type for 7, that
is, m > n, as in the derivation of (5.2), we can obtain the corresponding eigenvalue equation
2 (m o 1)2 _

2 r 2 2
— = (m-12=(n-1)>%
M4rAt > (m—1)"=(n—1)

Hence
A (n,m) = —g £ (m-120+r)=-m-12)""  form=n+2n+4,...

16
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Second, if 3 is the minimal K-type for m,, that is, K-type m = n vector, then « is just trivial.
Hence, the eigenvalue is given by

1—
)\(n):—g—i- .

Repeating the same procedure as in the case of m, for n € N, we can obtain the same
eigenvalues At (n,m), A(n) for m, for n € —N. In our case, n should be an even number since
I' contains —Id. Combining all the facts derived in the above, we have

LEMMA 5.4. Forn € 2N, h(n) = ©,(f), we have

hir(n) = hir(—n) = (A(n)e_t’\(”)z

£ (lmm)e 0 (et ()
men+2N

where A(n) = =2 + =2 Ay (n,m) = —% £ ((m — 1)2(1 +772) — (n — 1)2)1/2‘

6. Eta function of D,: Principal series part

Now we study the eta function defined by

(D ) 1 /Oots—l
n yS) =
' Tty Jo

for R(s) > 0 and r near 0. First let us recall that the bottom of each branch of continuous

spectrum of D, goes to oo as r — 0 by Theorem 1.1. Hence for a small r > 0, Tr(Dre_tDE)
7tD,2«)

(Dre_tDZ) dt

decays exponentially as ¢ — oo. To analyze Tr (DTe in more detail, we apply Proposition

4.2 which relates Tr (Dre_tD?) with the geometric side. Note that this geometric side can be
decomposed into two parts:

Trp (Dre %) =Tr(D,e tP7) — Trq(Dye~tP7),
Ty (D) =D S ) -k Y )

n=0(mod2) n=0(mod2)

and accordingly we also decompose the eta function n(D,, s) into

n(Dy,s) = 77p(Dra s) +na(Dy, ).

The principal part of the eta function n,(D;, s) is studied in this section and the other part
na(Dy, s) will be considered in the next section.

We start with the following lemma.
1
LEMMA 6.1. Putting I(m,r,7) = ((m — 1)2(1 4 r~2) 4 472)72,

-2
iy (1) = exp (— Zt — 47%¢)

— r=2)t R rt 2k N
D e (32 (- k). 2((2k)— 1)!)I(m”"’7)2k)

me27 k=0

where the term U2 for k = 0 vanishes and for t € [0,1] and r € (0,1] the following

ez 1)
17
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estimate holds,

2
r
|her(T)] < 2rexp ( — Zt _ 4T2t)

D e Gl (1+I(m,7“, 7)2+e”m""7>2”)- (6.1)

me27

Proof. We can rewrite hy,(7) as follows,

2
iy (T) = exp (— %t — 47%t) Z e~ (m=1)2(1+r=2)t
me27Z

. ( o g(el(m,rﬁ)rt + e—I(m,r,T)rt) + I(m, T, 7_) (eI(mﬂ”,T)” _ e—I(m,r,T)Tt) ) (62)

I(m,r,T)rt

Now the Taylor expansion of e!(mn7)rt 4 o= gives us the claimed form of the first

equality. To prove the second estimate, we note that

e 2I<: (Tt)%_l oh
Z Wl 2(2k_1)!)l(m,r,7)
k=0
r2t > (rt)%*1 r2t
—— 2 )1 2, N IO 9 Tl %
r—i—?“t( 5 ) (m,r,7)*+ (2% — 1)!( 2/<:) (m,r,7)

k=2

For t € [0,1] and r € (0, 1], observe that

o0 2k—1 2 0 k
(rt) ret % (rt) ok
Z 2k — 1)1 %)I(m,rﬂ') < 27“2 o I(m,r,T)
2 k=0
from which it is easy to derive the estimate. O

Our first task in this section is to get the asymptotic expansion of Trp, (Dre_th) ast — 0.
By Lemma 6.1, we can rewrite the first part of Tr, (Dre*th) from (4.8) as follows,

o) 2
/ 7 tanh(77) hy (1) dr = Z exp (— %t —(m—-1>21+ 7‘_2)15) (6.3)
- me27
) Z Z (ak,p,q (T>t2k + bk,p,q(r)t%il)
k=0 k=p-+q
- (m— 1)2p(1 + 7‘72)1) / 7 tanh(77) (27’)2(16747—% dr.

Here the coefficients ay, p (7), brpq(7) are given by

k\ r2k+1 k r2k=1 .
hpg(T) = = <p> o Dewa) =2 <p> oo With bopg(r) = 0),

which are of order O(r) uniformly for small 7 > 0. The integral in the last line can be handled

18
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as follows,
/ T tanh(nr) (27)2e 4 dr :(_1)‘133/ 7 tanh(nr) e dr

:(—1)qag/ tanh(m/z)e 1 dz
0

Z(*l)qﬁfg /Ooo (i (_‘Zx)k> COSh\Q/gT\/fE) dx.

Hence we have

00 00
/ 7 tanh(7T) (27)2‘16*47% dr ~ Z ap t—97HF as t—0 (6.4)
- k=0
where aj, are independent of 7. Now we note the following equalities for the first and the third
factors on the right hand side of (6.3),

> (m=1)PA 42 exp (= (m—1)%1+r2)t) (6.5)
me27
=(-1)Po Z exp ( —4(m — %)2(1 + riZ)t)
meZ
—(—1)PHP _ mLeX _ﬂ
=1 mZE:Z( D (1+7r-2)t P 4(1+r‘2)t)

—capap | YT g VT (T
=1 wm*me;m( Rl wier=ried i)

where the second equality is the Poisson summation formula. Note that the terms for nonzero
m in the last line of (6.5) decays exponentially as t — 0, so that small time asymptotics is
given by the first term in the last line of (6.5). Therefore we have

Z (m—1)?(14+7r"2P exp(— (m—1)*(1+r72)t) ~ a(r) t2P as t—0 (6.6)
me27Z
where a(r) is given by ﬁ up to a constant, hence it is of O(r) for small > 0.

By (6.3) and the asymptotic expansions in (6.4), (6.6), taking care of the r-dependence of
their coeflicients, we can conclude

o0 oo
/ 7 tanh(mwr) hy (1) dT ~ Z ag(r) otk as t—0 (6.7)
- k=0
where ay,(r) depends only on r and is of O(r?) for small 7 > 0 uniformly with respect to the
index k.
Now for the second part of Trp (Dre_tDz), we repeat the above process and noting

o

/ cos(uy7) (27)e ™7 dr = (—1)q31?/ cos(uyT) e 4 dr

= o (Y ep 1),

we can see that this term does not contribute to the asymptotics as t — 0.

— 00
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To deal with the third part of Try (Dre_th), we recall

1 B
P(1+z) ~ logz+ Cy Z 2—?:,27% as z — 00 (6.8)
k=1

where By, is the Bernoulli’s number, which implies

/ - (1 + 2i7) (27)2e 47" dr (6.9)

(o]
~ bt7379 logt + ¢ + Zak ezt as t—0
k=0

where the constant ¢ vanishes unless ¢ = 0. Proceeding as before and using (6.9),

/ $(1+ 20im)hep(T)dT ~ Y ap(r) 5 ()t R logt as t— 0 (6.10)
> k=0
where a(r), b.(r) depend only on r and is of O(r?) for small r > 0 uniformly with respect to
the index k.

For the fourth part of Trp (DTe_tDE), it is also easy to get the following asymptotic ex-
pansion

—0o0

/ hiy(T)dr ~ Zak(r) Ltk as t—0 (6.11)
k=0

where a,(r) depends only on r and is of O(r?) for small » > 0 uniformly with respect to the
index k.

Now it is easy to see that the next term %Ay ,-(0) contributes to the small time asymptotics
by (6.7) with the first term a; (r)t_%.
By (4.7), the integrand of the last integral of the geometric side can be expressed by

Wl +ir) +(in) — o (FET 4 i) — (5 i), (6.12)
Using the following formulas about (z),
et =1 () B+ U+ 5) =2(9(22) ~log2), (613)

the terms in (6.12) can be rewritten as

2(0(1+ir) — (1 + 2i7)) — % +2log?2

4 SRR B +m—_1)
14472 32+472 7 (m—1)2+472/°

The terms in the first line gives us the asymptotics as (6.10). The terms in the second line also
can be handled as in a similar way and we can show that these term gives us the asymptotics

Z ag(r) e as t—0 (6.14)
k=0

where ay,(r) depends only on r and is of O(r?) for small » > 0 uniformly with respect to the
index k. Combining (6.7), (6.10), (6.14) and facts derived in the above, we obtain
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THEOREM 6.2. The small time asymptotics is given by
D2
Trp( -t Z ak

where ay(r), bi(r) depend only on r and is of O(r?) for small r > 0 uniformly with respect to
the index k. In particular, if k' = 0, it has the following simple form,

it br(r)t™ " F logt as t—0 (6.15)

Trp( tD2 Z ag(r 732% as t— 0.

This theorem also immediately implies

THEOREM 6.3. For a sufficiently small r > 0, the function n,(D,,s) defined for R(s) >
extends meromorphmal]y to C and may have a double pole at s = 1 and simple poles at
s € {2,0,—1,—2,-3,...}. In particular, if k* = 0, n,(D,, s) may have only simple poles at
s€{2,1,0,-1,— ,—3,...}.

In view of Theorem 6.3, it is natural to define the principal part of the eta invariant of
D, by
0]
mo(D;) = (mp(Drvs) = 2)
S s=0

where rq is the residue of the simple pole of n,(D,,s) at s = 0. Now let us consider the
adiabatic limit of 7, (D,) as r — 0. For this, we need

PROPOSITION 6.4. Asr — 0, Try(Dye™ ) converges to 0 fort € (0,00), and t%Trp (Dre*th)
converges to 0 uniformly for t € [0, 1].

Proof. From the expression of h;,(7) in (6.2), we can see

2
|her(T)] < Cexp(— %t — 477%) Z e elm=1)*(1+r72)t for small r > 0
me27Z

where C, ¢ are the positive constants that do not depend on r, 7. Hence, the integral
[o.¢]
/ 7 tanh(77) he (1) d7
—00

vanishes as r — 0 by the dominated convergence theorem. The same argument holds for
the other terms defining Tr, (Dre*tD%). Hence Trp, (Dre*tD%) converges to 0 as » — 0. The

uniform convergence of t%Trp (Dre_tDz) follows from the following estimate

£2Trp (Dye™tP7) for t € [0,1], (6.16)

which also follows easily from (6.1) and (6.5). O

Now we have

THEOREM 6.5.
lim n,(D,) = 0.
r—0
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Proof. Let us consider

1 o0
(D) =z [ (DR

1 L 2 70
+( /tQT D, D7 dt——)
(=) Jo tp(Dre ) s

5:0'

For the integration over [1,00), recalling that Trp (Dre*tD%) is exponentially decaying as
t — 00, it is easy to see that this part vanishes as » — 0 by Proposition 6.4 and the dominated
convergence theorem. By (6.15) the meromorphic extension of the integral fol -dt has the
following form for R(s) > —e with small € > 0,

1
s—1 D2 2@0 2&1 4[)0 20,2
t2 Trp(Dye Pr) dt = - —
/0 p(Dre™) s—2 T 5_1 (3—1)2+ s
2(13 4b1

1

s—1 2
— t= Tr*(D,e 7)) dt, (6.17
P (S+1)2+/0 P Irp(Dre ) d (617

where
Tr; (Dre_th) = Tr, (Dre_tDz) —ag t_% —apt ™t —bt™! logt — as t_% — a3 — by logt.

By Theorem 6.2, all the coefficients ag, a1, a2, as, bo, b1 (as function of variable r) vanish as
r — 0. Hence putting s = 0 except the term 2%, we can see that —ag — 2a; — 4b1 + 2a3 — 4b;
vanishes as r — 0. For the last integral with s = 0 also vanishes as r — 0 since

‘t_%Tr;(DTe_tDE) < Cr? for te0,1],

which follows from (6.16) and the coefficients ag, a1, az, as, bo, by vanish as order of r2. This
completes the proof.

O]

7. Eta function of D,: Discrete series part

In this section we study the discrete part of the eta function n4(D,, s) when r > 0 is sufficiently
small.

First, from Lemma 5.4, let us recall that h;,(n) is given by A(n)’s and A+ (n,m)’s and we
decompose Tryq (Dre_th) into the corresponding two parts. Then we also have

na(Dy, s) = n3(Dy, s) + n3(Dy, s) for R(s) >0

where

[e.o]

1 =7 — K — M Tslft 3 #
na(Dr,s) =1°(29g — 2+ )( ;(2k_1+1n22)5)+ (;(Qk—l—i-rj)s)

12(Dy,8) = (29 — 2 + k) (2 i(% —1) 3 A (2k,207° — A_(2k, 25)—8)
k=1 Lek+N

— it (2 i 3 AL(2k,207F = A(2k, 2@)—8).

k=1/4€k+N
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Here we used the fact
vol(I'\G) =27 (29 — 2+ k)
where the volume of I'\G is given with respect to the Haar measure in (4.1) (recall that the
volume of the circle K/Z is normalized to be 1).
Now we investigate n}(Dy, s). Let us recall the Hurwitz zeta function
o¢]
((s,0)=) (k+a)*
k=0
which has a meromorphic extension to the whole C with a simple pole at s = 1. If we set
[e.e]
Cols.a) =S 2k —1+a)",
k=1

then
a

CO(Sa a) = C(Sv a) - 2_s<(87 5)
By these definitions, for R(s) > 2,
2

- 2
2

)> + 2k r5¢o (s, %)

2 2
)= Fls

ncll(Dr,s) =2(2-29—k)r’ <C0(5 -1, 5

The right hand side gives the meromorphic extension of n}(D,,s) over C with simple poles
at s = 1,2. We can also see that n}(D,, s) is regular at s = 0 from this equality. Recalling

1 1 1
O =g-a  ra=-g(-atg).
we can see that
1 1
C(0,a) = -7, Go(—1,a) 1 <a23>
Using these, we obtain
1t r2
1 t
D, 0)=(2-2g— -+ — ) —rKr"—.
W00 = 220 - (545 ) -

Summarizing all these for n}(D,, s), we have

PROPOSITION 7.1. For a sufficiently small r > 0, the function n}(D,,s), define for R(s) > 2,
extends meromorphically to C and may have simple poles at s = 1,2. The following equality
holds,

1
lim ng(Dy, 0) = = (2= 29 — k). (7.1)

To get the meromorphic extension of ni(DT, s) over C, we rewrite this as follows,

n3(Dy,5) = 2(29 — 24 k) 15 fr(s) — 26159, (5).

Here
72 -8 7'2 —s
) = 3 k=1 (a0~ )7 (k0 + )7,
£>k>1
T2 —s 7"2 —s
gr(s) = 3 (@b, =5) " = (@O +3)
£>k>1
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where
1
gr(k, 0) = (20— 1)*(1 +7%) — r?(2k — 1)) 2.
Now we put h(s) = 351 (2k — 1)gr(k, £)~* which can be written as

1+ 72 r? —3
he(s) =) (2 =17 > (24 - 1)_8((2;— 1?2 (20— 1)2> '

E>1 >k

From this and the above analysis of {y(s, 0), we can see that h,(s) is holomorphic for R(s) > 2.
For the meromorphic extension of h,(s) over C, we use the identity a® = exp(slog(1+(a—1)))
to get

( 1472 B r? )*%
(2k —1)2  (20—1)?

s, 1472 r2 s, 1472 r?
_*( 2 2_1)+*( 2 2_1)2+""

2 (2k—-1) (20—-1) 42k —1) (20-1)
From this, we can see that h,(s) has the meromorphic extension over C and may have simple
poles at s = 2,1,0,—1,... with the residues which are continuous with respect to r. Using
the following equality

=1

cS(s+1)(s+2)

fr(s) = <r2$hr(s +1)+r 54

he(s + 3) + 7100 (s, r)>

where 6(s,r) is regular at s = 0 and is continuous at r = 0, we can conclude that f,(s) is
regular at s = 0 and the limit of f,(0) as » — 0 is trivial. In a similar way, we can see that
the same conclusion is true for g,(s). By all these facts, we have

PROPOSITION 7.2. For a sufficiently small r > 0, the function n3(D;., s), defined for R(s) > 2,
extends meromorphically to C and may have simple poles at s € {1,—1,—2,-3,...}. The
following equality holds,

lim na(D,,0) = 0. (7.2)

By Proposition 7.1, 7.2, we can define
nd(D’r‘) = nd(DTa S)‘SZO = né(DTa 0) =+ nﬁ(DTa 0)

and we summarize our results in the following

THEOREM 7.3. For a sufficiently small r > 0, the discrete part of the eta function nq(D,, s),
defined for R(s) > 2, extends meromorphically to C and may have simple poles at s €
{2,1,—-1,-2,-3,...}. Moreover,

lim nd(DT) =

r—0

(2—-29—K).

| =
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