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1. INTRODUCTION

This work concerns some stochastic optimal control problems with feedback inputs. We deal in the present
thesis with a new method in the mathematical literature which consists in considering an equivalent or
related deterministic optimal control problem for certain (forward or backward) Kolmogorov equations.
The information we get about the deterministic problems gives deeper insight into the stochastic ones.

In this chapter we present the background of the problems investigated in this thesis and outline the
original contribution of the author. Here is the structure of this thesis:

Chapter 2: Stochastic optimal control problems with feedback inputs via Kolmogorov equa-
tions. This chapter concerns a certain type of stochastic optimal control problems with feedback inputs
and is based on the author’s papers [I] and [3]. The results were presented in two talks (see [C1], [C2])
given at International Conferences.

Firstly we show that there is a deep relationship between the stochastic problem and a deterministic
optimal control problem for a couple of (backward) Kolmogorov equations with open-loop controllers.
One proves the existence of an optimal control for the deterministic problem if the drift coefficient has a
particular form and if a certain convexity property for the cost functional holds. A maximum principle
is proved and some first order necessary optimality conditions are obtained. We give some examples and
discuss an alternative semigroup approach. We emphasize that the method can be adapted to investigate
an even more general class of stochastic optimal control problems. A few auxiliary results are presented
at the end of the chapter.

Chapter 3: Optimal control of stochastic differential equations via Fokker-Planck equa-
tions. This chapter concerns an optimal control problem with feedback (closed-loop) inputs related to a
stochastic differential equation and an associated deterministic optimal control problem with open-loop
controllers for a certain Fokker-Planck equation (forward Kolmogorov equation). This chapter is based
on the author’s papers [2] and [4]. Some of the ideas and results were presented in [C3] and [C4].

Some basic properties of the weak solutions to a stochastic differential equation and to a Fokker-Planck
equation are investigated and the relationship between the two equations is discussed. Under certain
assumptions, the equivalence between the stochastic and the deterministic optimal control problems is
proven. The superposition principle is one of the main tools in the proof of the equivalence. A maximum
principle is established using the so-called spike controls and necessary optimality conditions for the
deterministic problem are derived. One obtains a similar result in the case of time-independent controllers.
The existence of an optimal control is proven under additional hypotheses for the deterministic optimal
control problem. Some examples illustrate the applicability of the theoretical results. One discusses some
aspects concerning a problem with a control with nonlocal action. This chapter ends with some auxiliary
results.

Chapter 4: Further extensions. This short chapter suggests some possible extensions and topics
for future investigation. A special attention is paid to the control of the Fokker-Planck equation with
nonlocal term. Another extension concerns an optimal control problem of a nonlinear Fokker-Planck
equation and its relationship with a stochastic optimal control problem of the McKean-Vlasov equation.



Some of these subjects are currently under investigation in [4].

Chapter 5: Appendix. Here we recall a few notions and results that are indispensable throughout
this PhD thesis: Gronwall’s inequality, Lions’ existence theorem, Aubin’s compactness theorem, and the
theorems of Lumer-Phillips and of Trotter-Kato concerning the Cp-semigroups.

The original results of the author are contained in chapters 2 and 3, while further possible extensions
are included in chapter 4.
Some of the original results have been communicated to international conferences:

C1. S.-L. Anita, Optimal control for SDEs with feedback inputs and related Kolmogorov equations,
Atelier de travail en Stochastique et EDP, Bucharest, Romania, 20 October, 2020, http://imar.
ro/CFM/2020/EDP-Stochastique-0ct2020.pdf;

C2. S.-L. Anita, Stochastic optimal control problems and related Kolmogorov equations, IWSPA 2020
- International Workshop on Stochastic Processes and Their Applications, A virtual workshop, 24
November - 9 December, 2020, http://blogs.mat.ucm.es/presa/program2020/;

C3. S.-L. Anita, Optimal control problem for McKean-Vlasov stochastic equation, The 10th Inter-
national Conference on Stochastic Analysis and its Applications (10th ICSAA), Kyoto University,
Japan, 6-10 September, 2021, https://www.math.kyoto-u.ac.jp/workshop/ICSAA2020/ICSAA2020_
program.pdf|;

C4. S.-L. Anita, An optimal control problem related to a non-linear Fokker-Planck equation, Young
Researchers Workshop - Romanian Society of Probability and Statistics, Bucharest, Romania, 19
November, 2021, https://spsr.ase.ro/wp-content/uploads/2021/10/spsr-workshop-2021-3|
pdf.

2. STOCHASTIC OPTIMAL CONTROL PROBLEMS WITH FEEDBACK
INPUTS VIA KOLMOGOROV EQUATIONS

2.1 Formulation of the problem

Consider the following stochastic optimal control problem with feedback inputs

(CPs)  Minimize {E

uEM,

T
/0 y G(X“(t,z),w(X"“(t,x)))dv(z) dt| + E [ Gr(X“(T, SL‘))dl/(.’E)] } ,

Rd

where X is the solution to

dX(t) = f(X(t),u(X(t)))dt + o(X(t))dW(t), te[0,T]
(2.1)
X(0) =z € RY,

Here T' € (0,400), d, n, m € N*, (Q, F,P) is a probability space, W : [0,T] x  — R" is a Wiener
process, and (Ft).epo,r) is the corresponding natural filtration.

M. = {v € C§(RG;R™);0(x) € Uy, Vo € R}

is the set of controllers, and Uy is a bounded convex and closed subset of R™ with 0,, € Uy.
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2. Stochastic optimal control problems with feedback inputs via Kolmogorov equations

(H2.1) v is a finite measure on R? with a density p which satisfies
pE CI}(Rd)7 p(KE) >0, Vx € Rd7 % c Cb(Rd;Rd),

The functions f: R x R™ = R? ¢ :R? - R¥", G:R?x R™ - R, Gy : R - R,
flz,u) = (fi(x,u) fa(x,u) ... falz, U))Ta o(z) = (oa(®))i=1,2,....d, 1=1,2,...,n>

q(x) = (qij(2))iz1,2,...4, j=1,2,....a = o(x)o(z)T, Vo € RY, u € R™,

satisfy

(H2.2) f |Rd><Uo is bounded and Lipschitz continuous on R x Uy, where Uy is an open neighborhood of Uy;
(H2.3) 0 € C}(R%R¥™) and there exists a constant v > 0 such that
¢ (@)yiy; = o(@)o(@)Ty -y > lyl3, Yo,y € RY
(H2.4) Glpa,g, € Cb(R? x Up) and Gr € Cy(RY).
For any u € M, we have that G(-,u(+)), Gz € Cp(R?) and that the functions p%, ¢¥ : [0, T]xR? — R,
eit, o) = E[G(X"(t,2), u(X"(t,2)))], ¢3(t,2) =E[Gr(X"(t,2))], (tz)€[0,T]xR?  (22)

are the unique weak solutions (for definition see [I]) to

2
Sk ,) = S u(w) - Ver(t3) + gay (@) 3 E (), € R L€ (0.7) s
?1(0,2) = Gla,u(2)) = o} (2), zeRY,
and 0 1 02
o (b0) = f(@u(@)) - Vialtso) + 3ay(a) 5 2 (0), @ €RY tE(0.7) o
©2(0,2) = Gr(x) = w2 (z), r € R4,

respectively. It is obvious that for any v € M, we have that

T
E / G(X(t,2), u(X"(t, 2)))dv(x) dt
0 Rd

E { Gr(X"(T,x))dv(zx)
R

/OT /Rd @V (t, x)dv(x) dt+/Rd o5 (T, z)dv(z),

and that (C'Ps) is equivalent to the following deterministic optimal control problem with open-loop
controllers

(CPp) Mirélmlze {/ /]Rd o1 (t, z)dv(z) dt + /]Rd oy (T, z)dv(x )}

It is convenient to consider a larger set of controllers
M = {v e L®RER™);v(z) € Uy ae. x € RYY,

and the deterministic optimal control problem

(CP) Minimize {/ / et x)dv(z )dt+/ o5 (T, x)dv(z )}
ueM R4 Rd
where ¢} and ¢¥ are the weak solutions to (2.3) and (2.4)), respectively.

3



2. Stochastic optimal control problems with feedback inputs via Kolmogorov equations

2.2 Relationship between the stochastic and the deterministic optimal
control problems

Consider the following real vector spaces: H = L*(R%;v) = {¢ € L} (RY); \/pv € L*(R?)},

loc
vV =WY(RY ) = {w e WhA(RY); % o L2R% ), i=1,2, ...,d} .

loc ’ ’ or.
K3

By (H2.1) it follows that V = {¢ € W,22(R?); \/pp € WH2(R)}.

oc

Notice that (H, (-,-)m) and (V, (-, )y) are real Hilbert spaces, where

(o, ) = /Rd oY dv(z) = /Rd wp dr,

(i = [ oo+ Voo Vil dvie) = [ [pv+ V- Vulp da

are their scalar products. We identify the dual of H (i.e. H*) with H and denote by V* the dual of V'
with the pairing denoted by (-, )y, v= or (-, )y~ v. Moreover, (@, ¥)v.y= = (p,¢)u, for any p € V,9p € H.
This yields V C H C V* with continuous and dense embeddings.

Note that there exist two positive constants mg, My such that

mollellv < levpllwremey < Mollellv, Yo € V.

Let us now investigate the following Cauchy problem

d
Pt) = Avs(t) + 90, 1€ (0.7)
(2.5)
¢(0) = ¢()7
where Ay € L(V,V*) is given by (Agvi,v2)y=y = —a(v1, v2), Yui,v3 € V and
a®: V x V — R is bilinear and bounded and g € L?*(0,T;V*).
By Lions’ existence theorem we get that if ¢g € H and a° satisfies in addition that
3a®>0,6°>0: a(v,v) > l|v||F = BOv||%, VweV, (2.6)
then (2.5 has a unique weak solution (for definition see [I]).
Let Aj be the formal adjoint of Ay, i.e. Af € L(V,V*) is given by
(Aovr, v2)ve v = (v1, Agva)v,v=, Yo, ve €V,
and consider the following Cauchy problem
dp .
B 1) = —Agp(t) + 90), te©.7)
(2.7)
p(T) = pr.
Consider now the following stochastic differential equation
dX(t) = FO(X(t)dt + o(X(t)dWw(t), te][0,T)
(2.8)

X(0) =z € R?
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and the following related Kolmogorov equation

2
%(t,x}z Yz) - Vo(t,z) + 1qw( )aa;;j (t,z), z€R4 te(0,7)

#(0,7) = LO(z) = ¢o(x), xz € RY.
If FO € L>®(R%RY), LY € L>(R?), then (2.9) has a unique weak solution.

(2.9)

Theorem 2.2.1. ([3]) If F* : R? — R? is bounded and Lipschitz continuous, then there exists a unique
solution X to @ Moreover, if L° € Cy(R?), then for any t € [0,T):

o(t,x) = E[L°(X (t,z))] a.e. z€RY (2.10)
where ¢ is the unique weak solution to (@)

Let us turn back to the stochastic optimal control problem (C Pg) and the related deterministic optimal
control problem (CP). For any u € M we define the functions f*: R? — R? and a, : V x V — R, by
u 1 9o 0
fi(x) = f(z,u(z)), = € R, au(so ¥) = / f-Veopp de+ 5 8 e >—(ai¥p) dx, Vo, €V.
Let ¢} the weak solution to , i.e. the weak solution to corresponding to FO = fu L0 .=
G(-,u(-)), and oY the weak solution to (2.4)), i.e. the weak solution to (2.9) corresponding to F© := f*
V.= G7. It is obvious that for any u € M, we have that FY := f* (and so a° := a,), L° := G(-,u(")),
and L° := G satisfy the hypotheses in Theorem 2.2.1. Hence (?2.1) has a unique solution X* and

T
E / GIXU(t ), u( X" (t, 2)))dv(z) dt
0 R4

+E { Gr(X"(T,x))dv(zx)

Rd

. /O ' /]R gt w)dv(a) dt + /R P 2)dv ().

It means that (C'Pg) is equivalent to (CPp).
Lemma 2.2.2. ([1]) For any v € M, there ezists {v*}rens C M, such that

o — v in H™.
This means that M. is a dense subset of M with respect to the distance of H™.

By Lemma 2.2.2 we have that for any v € M there exists a sequence {uy}ren+ C M, such that
ur — win H™. Asin the proof of Theorem 2.2.1 it follows that @i* — ¥, @a* — @4, in C([0,T]; H).

It follows that
T
inf {/ / o (¢, z)dv(z) dt+/ @%(T,x)du(x)}
ueM 0 R4 Rd

- nf. {/OT /R Ot ) dv () dt+/Rd @S(T,x)du(x)} —m

We state now a result that will prove useful in what follows.

Lemma 2.2.3. ([3]) For any u € M and for any h € L®(R?) such that h(z) > 0 a.e. = € R%, the
following problem

ap ) 1 &Py
Br (b2) = (@) Volt.a) + 305 @ g (to), v R te (0.7) (211)
o(0,2) = h(a), v R
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has a unique weak solution ¢, and ¢(t,r) > 0 a.e. x € R, for any t € [0,T).

2.3 Existence of an optimal control for the deterministic problem

The existence of an optimal control for problem (C'P) will be proved under the additional assumption
that f(z,u) = fo(z) + fi(x)u, where fo : RY — R? and f; : R? — R4™ are Lipschitz continuous and
bounded functions.

Assume that alongside hypotheses (H2.1) — (H2.4) we have
(H2.5) For any = € R?, the mapping u — G(x,u) is convex on Uy and Glgayg, € C’l?’l(Rd x Up).

Theorem 2.3.1. ([1, B]) There exists at least one optimal control u* for problem (CP).

2.4 The maximum principle for the deterministic optimal control problem

For any u € M we consider the linear and continuous operator A, : V — V*,

1 0%
fr— U . — ..
Ao = f“-Vo+ 5 i ui0z;
The formal adjoint of this operator, A} : V — V* is given by
Avh = 1y (f*y )+*1 o (gijbp), VY EV.
vt P 2p Ox;0x, Givp), '

Assume that u* is an optimal control for problem (CP). Let p; be the unique weak solution (for
definition see [I]) to the following backward equation

d
SO = —ALpi() +1, te(0.7)
t (2.12)
P1 (T) = 07
i.e. pj is the weak solution to
Ip1 1 - 1 * d
D) = ST (@D - s 5 @@t Dp@) £z e RY e (0.7)
pl(T7 33) = Oa T e Rdv

and let p5 be the unique weak solution to the next backward equation

P21y A% po(t), te€(0,T)

dt (2.13)
pQ(T) = _17
i.e. p5 is the weak solution to
(9[)2 o w* 1 (92 d
W(tvx) - mv ’ (f (I‘)pQ(t,QZ)p(ZE)) 2[)(37) axlaxj (qU (x)pg(t,x)p(x)), reR , e (OaT)
po(T,x) = —1, z € R
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Theorem 2.4.1. (The maximum principle) ([3]) If G is independent of u and if u* is an optimal
control for problem (CP), then for almost any x € R%:

T * *
fa@)- [ [pita) et (o) + 3ty (¢0)] i

uo€Up

= max {f(x/u()) ) /0 [p’{(hx)Vgpi‘* (t,z) + ps(t, m)vwg* (tvr)} dt} :

Remark 2.4.1. ([3]) If G does not depend on u and if in addition we have that flga, g, € Cg’l(Rd X
Uo; R?), then if u* is an optimal control for problem (CP) we get that:

(Duf)'(a) [ [pilt) Vet () + 53(0.2) Vit (1)t € Ny (' (@) < R

5]2)
oy i=1,2,...,d,1=1,2,....m

IRREN2)

and (D, f)T its transpose.

a.e. x € R?. We have denoted by D, f = (

Assume now again that G depends both on 2 and w and that alongside (H2.1) — (H2.4) we have that
(H2.2%) fla g, € OF (B x Uo: RY):
(H2.4%) Glgayg, € Cyt (RY x Up).

Theorem 2.4.2. (First order necessary optimality conditions) ([3]) If u* is an optimal control
for problem (CP), then for a.e. x € R%:

T
pi(oax)VuG(%u*(ﬂc))+(Duf“*)T($)/0 [pi (8, 2)Vol (t,) + p3(t,2) Vs (8, 2)]dt € Ny, (u”(2)).

Remark 2.4.2. ([3]) In the particular case when Uy = B(0,,; ) (where p is a positive constant) we
may conclude via Theorem 2.4.2 that for a.e. x € R%:

T
u*(x) € p sign{py(0,2) Vo G(z,u*(2)) + (Do f* )T(w)/ it 2)Vey (8 x) +pa(t,)Vey (¢ x)]dt}.
0
Lemma 2.4.3. ([3]) For any u € M, the weak solution p to

Py = —apt)+1, te,7)

dt (2.14)
p(T) =0
satisfies p(0,x) < 0 a.e. x € R%

Corollary 2.4.1. ([3]) If u* is an optimal control for problem (C'P), then by Theorem 2.4.2 and Lemma
2.4.3 we get that
u*(z) € (VuG(z,-) + Ny, () "N (F(x)) ae. z€RY

1

where F(z) = —
(=) pi(0,)

T
Do) (a) [ [pile)Vet () + p3(0.0) Ve ()]

7



2. Stochastic optimal control problems with feedback inputs via Kolmogorov equations

2.5 Examples and comments

Comment 2.5.1. ([3]) If one assumes that / p(x)dxz =1, then we may view v as the distribution of

Rd
X*(0) and E [G(X“(¢t,z), u(X"(t,2)))] and E [Gr(X"(T, z))] as conditional expectations.

Example 2.5.1. ([3]) An important particular case is when f(z,u) = fo(z) + fi(x)u, with fy €
CH(RERY), f1 € CEHREREY™), G(x,u) = §|ul?, and Uy = B(0m; p), 1> 0. By Theorem 2.4.2 we obtain
that

P10, @) (2) + f1(2)” / [Pi (6 2) Vet (1) + Pt 2) Ve (£ )] dt € Nuy(u* (2))

a.e. z € R%. Since p;(0,2) < 0 a.e. + € R? (see Lemma 2.4.3) we may conclude that

U*(I’) = Pm(F(Z‘)) a.e. r € Rd,

T
where F(z) = —;fl(m)T/ {p’{ (t,2)Vl (t,x) + pi(t, )Vl (t,x)| dt.

pT (Ov JC) 0
Example 2.5.2. ([3]) The case when m = d and f(z,u) = 1g,(z)u is the limit case for f(z,u) =
fo(z) + fi(z)u, when fy = 04, fi = 1g,14. Here Ky is a closed and convex subset of R? with 05 € K.
This case corresponds to the situation when the control acts only for x € K. Function f does not
fit hypothesis (H2.2). However, the problem can be “approximated” by (CPgs) if we take fo = 04 and
fi1 =1k, e1q, where 1k, . is a “mollified” version of 1k, (¢ > 0 is a small constant).
Remark 2.5.1. After a careful examination of Theorem 2.4.2, one obtains that, for any u,v €
L>(R% R™) such that u € M and u+¢cv € M for any e > 0 sufficiently small, the directional derivative
of I at u, for direction v is

T
dI(u)(v) = - <pi‘(0)VuG“ + (Duf)T/O [P () Vi (t) +P§‘(t)V<P’2‘(f)]dt,v> ;

H

where p¥, py are the weak solutions to (2.12) and (2.13)), respectively, corresponding to u* := u.
Based on this remark we propose a conceptual gradient type algorithm (see also [21], [22]) for problem
(CP). The control u will be iteratively updated (improved).

An alternative approach

An alternative approach based on Cy-semigroups can be used to prove that problems (CPg) and
(CPp) are equivalent and that the relationship between (C'Pg) and (C'P) holds if we view ¢} and ¢} as

the mild solutions to (2.3) and (2.4)), respectively.

2.6 Note on the considered approach

Remark 2.6.1. ([3]) An example of stochastic optimal control problem where expectations/conditional

expectations are subject to some weighting J and Jr, respectively, is the following one
(CPg)

Minimize { /0 " ( /R d E[G(X“(t,m),u(X"(t,x)))]dy(x)> dt + Jr ( /R R (X(T, x))}dy(x)> }

ueM,.



(here J, Jp € C(R%)). This problem is equivalent to the following deterministic one

(CPL) Miniize { /O Y ( /}R d wg(t,@@(@) dt + Jr ( /R e, m)du(w)) } ,

and is deeply related to

(CPY) Minimize { /O " ( /R d wy(t,x)du(x)) dt + Jr ( /R (T, x)du(x))}.

Under appropriate hypotheses on J and Jz, problem (C'P!) can be treated in an analogous manner to
problem (C'P).

The approach in this chapter can be extended to more general stochastic optimal control problems
where the study cannot be reduced to a single Kolmogorov equation, as seen in Remark 2.6.1. Other
such cases can be found in financial problems where the cost functional depends also on the variance of
Gr(X"(T)) (as a measure of the cost associated to the risk).

2.7 Auxiliary results

Lemma 2.7.1. ([1]) C5°(R?) is a dense subset of V.

2 ~
Lemma 2.7.2. ([1]) If « € V, then qijaa% € V*. Moreover, there exists a constant M > 0 such
Ti0T

that
9

—— <M , YaeV.
U 0, ||, = lallv, Vo

V*

3. OPTIMAL CONTROL OF STOCHASTIC DIFFERENTIAL
EQUATIONS VIA FOKKER-PLANCK EQUATIONS

3.1 Formulation of the problem

Consider the following stochastic differential equation with feedback input

dX () = f (X (@), u(t, X (t))dt +o(t, X(t)dW (), te]0,T],
(3.1)

Here T € (0,400), d, n, m € N*, W : [0,T] x 2 — R" is a Brownian motion on a filtered probability
space (2, F,P, (Ft)iejo,r)) with complete filtration, and Xq is an R%valued random variable which is
independent of (W (t)).ejo,r], and such that E[|X|3] < +oco. Moreover, we assume that X, admits a
probability density pg.

Here u(t, X) is a feedback controller (input) which belongs to the set of controllers

U={v:[0,T] xR — R™; v is a Borel function, v(t,z) € Uy a.e. (t,z) € [0,T] x R4},



3. Optimal control of stochastic differential equations via Fokker-Planck equations

where Uy is a closed and bounded subset of R™ with 0, € Uy. Notice that u(t, x) = 0,, means that there
is no input (action/control) at (¢, z).
Unless stated otherwise, we assume throughout this chapter that the functions

f:[0,T) xREXR™ — RY o1 [0,T] x R — RI™ ¢ : [0,T] x R? — R¥? have the following
forms

flt,z,u) = (fi(t,z,u) folt,z,u) ... fa(t,z,u))T, oft,z) = (oult,x))i=1,2,...d, 1=1,2,....n;
qt,z) =ot,2)ot, )" = (gj(t,2))ij=12,...a (1t 2) = oa(t,x)o(t,z)),

for any ¢t € [0, 7],z € R%, u € R™ and satisfy
(H3.1) flo,r)xrexv, is a bounded Borel function;
(H3.2) 0 € CH[0,T] x R4 R4 ™), and there exists a constant v > 0 such that
o(t,2)o(t, )y -y = qi;(t, 2)yiy; = Yyla. V(t.2,y) € 0,7 x R x R™.
As concerns py we assume for the sake of clarity of presentation that

(H3.3) po € Co(R?), po(x) >0, Vo € R, and / po(z)dx = 1.
R

We note that for any v € U, the following Fokker-Planck equation

%(Lx) =~V (fut,z)p(t, x)) + ;&j(%j(qij(t, z)p(t,x)), t€(0,T),z € RY, (3.2)
p(O,ZE) = po(l‘), xr e Rd,

has a unique weak solution (to be defined in the next section) p“(¢, ), which is a density function, i.e.
vt € [0,T): p*(t,x) >0, a.e. * € RY, / p"(t,x)dx =1 (see the next section).
Rd

Here and throughout this chapter one denotes f“(t,z) = f(t, x, u(t, x)).
Under the above assumptions, we will deduce from the superposition principle that for any u € U

there exists a (unique in law/distribution) weak solution to ([3.1)) such that its density exists and is in
fact p“(t), for any t € [0,T]. We denote one of these solutions by X™.
Assume that G : [0,7] x R x R™ — R and G7 : R? — R satisfy

(H3.4) G is continuous with respect to (¢, z,u) € [0,T] x R% x Uy and there exists Go € C([0,T] x R%) N
L%((0,T) x RY) such that |G (¢, z,u)| < Go(t,x), V(t,z,u) € [0,T] x R x Up;

(H3.5) Gr € C(RY) N L2(RY).
For any u € U one denotes G*(t,z) = G(t,x,u(t,z)), and we get that

T
E /0 GU(t, X(t))dt

T
+ E[Gr(X“(T))] = /0 /]Rd G"(t,x)p" (t,z)dx dt + /]Rd Gr(x)p"(T, z)dz.

This equality does not depend on the choice of X“. Hence, we get that the stochastic optimal control
problem with feedback inputs

T
(Ps) Minirg{lize {IE / G(t, X" (t),u(t, X“(t)))dt| + E [GT(X“(T))]}
ue 0
is equivalent to the following deterministic optimal control problem with open-loop controllers
T
(P) Minimize {/ G*(t, z)p“(t, z)dx dt + Gr(z)p“(T, x)dm} .
ueU 0 Rd R4

10



3. Optimal control of stochastic differential equations via Fokker-Planck equations

3.2 Weak solution to the Fokker-Planck equation. Relationship between the
stochastic optimal control problem and a deterministic optimal control
problem for a Fokker-Planck equation

Consider the following real Hilbert spaces: V = H!(R?) and H = L*(R?). We identify the dual of H
with H and denote by V* = H~}(R%) the dual of V, with the pairing (-,-)y.y« (or ()« ). Moreover,
for any ¢ € V, ¢ € H we have (p,¥)v,yv+ = (¢,¥)n (where (-, )y is the usual scalar product on H).

Note that the following embeddings V' C H C V* are continuous and dense.

Let F: [0,7] x R — R be a bounded Borel function. Let us discuss now the relationship between
the (probabilistically) weak solutions to the following stochastic differential equation (for definition see
[20))

dX () =F(, X (t))dt +o(t, X(t)dW(t), te]0,T], (3.3)

the probability measure-valued solutions to the following Fokker-Planck equation (for definition see [20])
= plt) = Lin(t), 1€ [0,7), (3.4)
2

8901-8%-

following problem (for definition see [2])

1
where Li(z) = F(t,z) -V + 24 (t,x) and Lj is its formal adjoint, and the weak solution to the

2
or(6.) = =V - (F(t2)olt.a)) + 55yt alplta) te OT)oeRL o

p(0,2) = po(z), r € R,
Theorem 3.2.1. ([2]) If po € H, there exists a unique weak solution p to (3.5).
If in addition po(z) > 0 a.e. x € R, then for anyt € [0,T), p(t,z) >0 a.e. x € RY.

Theorem 3.2.2. ([2]) If po satisfies (H3.3), then for any t € [0,T], p(t,-) is a probability density
function, i.e.

p(t,x) >0, ae. € RY / p(t,x)dxr = 1.
Rd

Moreover, p € C([0,T); L*(R4)).
Remark 3.2.2. Since p € C([0,T]; L' (R%)), it follows that for any ¢ € Cy(R?), the mapping t ~
/ Y(z)p(t, )dx is continuous on [0, 7], i.e. if we consider v : [0,T] — P(R?) given by

Rd

v(t)(A) = /A,o(t,x)dx, for any Borel set A C RY,

then v € C([0,T]; P(RY)).

If (X(t))icjo,r) is a weak solution t, then by It6’s formula we get that (L(X(t))):epo,r) s a
probability measure-valued solution to (3.4]).

The properties of p imply that (v(t)):cjo,7) (as defined in Remark 3.2.2) is a probability measure-
valued solution to and satisfies that v(0) = L£(Xp). Applying the superposition principle we may
conclude that there exists a weak solution (f((t))te[o,;p] to such that £(X(t)) = v(t), Vt € [0, T].

We turn now to the relationship with the weak solution to . By Remark 3.2.2 we have that

(v(t))eefo,r) is a probability measure-valued solution to (3.4]) satisfying that v(0) = L£(Xo). It follows

11



3. Optimal control of stochastic differential equations via Fokker-Planck equations

that there exists a weak solution (X (t))ef0,1) to with £(X(0)) = L(Xp), satisfying additionally
L(X(t)) =v(t),Vt €[0,T].

If we assume in addition that F' is uniformly Lipschitz continuous with respect to the variable x
and since p € L((0,T) x R?), then we get via theorem 1.3 in [28] that any probability measure-valued
solution (u(t))iefo, 7] to ith 1(0) = v(0) (has density po) satisfies u(t) = v(t), vt € [0,T] (this is a
weak uniqueness result for (3.4]) with initial value £(Xy)). Consequently, any weak solution to with
initial law/distribution £(X,) satisfies that its law is equal to v(t),Vt € [0, 7).

If, moreover, we assume in addition that F' is continuous and uniformly Lipschitz continuous with
respect to the variable x, then has a unique strong solution (X(t)):eqo, 17, satisfying X (0) = X,
(here we consider the filtration F; generated by Xy and W (s), s € [0,t]), which is also a weak solution
to (3-3), and that in addition £(X(t)) = v(t), V¢ € [0,T] (X (t) has p(t) as a probability density).

Let us turn back to the relationship between and (3.2)), and between (Ps) and (P). Notice that
for any u € U, F' := f" is a bounded Borel function. Problem has a unique weak solution p“.

If for an arbitrary u € U we denote by X* any of the weak solutions to the SDE in such that

for any t € [0,7], L(X“(t)) = v*(t), where v* : [0,T] — P(R?) is given by v*(t)(A) = / pt(t, x)dx,
A
for any Borel set A C R? (i.e. p*(t) is a probability density for v*(t)), then
E

/ " Gt X (1)t | + E[G(XH(T)] = I(u),
0

and we conclude that (Ps) and (P) are equivalent.

If f| [0,T]x R4 x U, 18 bounded, continuous and uniformly Lipschitz continuous with respect to (z,u), then
forany u e U, =UN Cg ’1([0, T] x R4 R™), F := f*is continuous and bounded, and Lipschitz continuous
with respect to x. It is obvious that has a unique strong solution (here we consider the filtration J;
generated by Xy and W (s), s € [0,¢t]), that we may denote X*. Indeed, it is also a weak solution to the
SDE in and satisfies that p*(t) is a probability density for £(X"(t)) for any ¢ € [0,T].

T
We get that for any u € U.: E [/ G“(t,X“(t))dt] +E[Gr(X“(T))] = I(u) and that
0

inf { E
ueEU,

Notice that here X" is actually the unique strong solution to (3.1]).
Finally, if Uy is also convex, then by Lemma 3.7.2 (in section 3.7) we get that U, is a dense subset of U
(with the topology of L2 ([0,7] x R4;R™)). On the other hand, if additionally flio,mxréxu, is bounded,

loc
continuous and uniformly Lipschitz continuous with respect to (z,u), then we have shown that

/ ' G(t, X (1), ult, X" (t)))dt
0

ueU,

+IE[GT(X“(T))]} = inf I(u).

inf I(u) = inf I(u).
1) = e

3.3 The maximum principle for the deterministic control problem

Assume in this section that f satisfies the stronger hypothesis
(H3.1’) fljo,7)xréxv, 18 a bounded and continuous function,

and that pg satisfies the weaker hypothesis

12



3. Optimal control of stochastic differential equations via Fokker-Planck equations

(H3.3) po € L*(RY), po(z) >0 a.e. z € RY, / po(z)dr = 1.
Rd

For any v € U and ¢ € [0,T] we define the linear operator A“(t) : V — V*,

, 0?
A(t)p = <V (009 + 55 mas(t ), e V.

It follows in a standard way that A“(t) € L(V,V*) and ||[A“()||L(v,v+) € L=(0,T).
0?1
8:1:1-8%- '
Assume that u* is an optimal control for problem (P). Let p be the unique weak solution (as defined
below) to

1
Let A“(t)* € L(V;V*) be its formal adjoint, given by A"“(¢)*y = f“(¢,-) - Vip + §qz‘j(t, )

B (1) =~ A (1) p(0) + Ol w7 (1)), 1€ (0.T),
(3.6)
p(T) = =G,

This is a Cauchy problem in V* and (3.6) might be equivalently written as

8])_ w* 1 82]) w* d

P(T,z) = —Gr(2), v e R
Theorem 3.3.1. (The maximum principle) ([2]) If u* is an optimal control for problem (P), then

pu* (ta ‘T)[f(t’xa u*(t,o:)) ' VP(t,l’) - G(t7$7u*(ta :ZJ))] = ul?él[)](o pu* (t’m)[f(tvxaUO) ! VP(t7x) - G(t,x,uo)],

a.e. (t,z) € (0,T) x R

Remark 3.3.1. ([2]) Actually, the maximum principle says that for almost any (¢,z) € (0,7) x R¢ we
have that i
u*(t,x) = argmax{p" (t,z)[f(t, z,uo) - Vp(t,z) — G(t,z,up)]; uo € Up}.
If in addition we have that Uy is convex and f|jo r)xrdxv, € C’g’o’l([O, T]xR¥x Uy; R?), Glio,r)xrixv, €
C%1 (0, T] x R x Uyp), then

P (@) (Duf (82,0 (t,2)) T Vp(t, @) — VoGt 2, 0" (t,2))) € Ny, (u*(t,2)),
afi

Oy nd, 1=1,2,...,

s

a.e. (t,r) € (0,T) x RY, where D, f = (

The time-independent case

If f, o, G and Gj are time-independent, then it is natural to consider the next stochastic optimal
control problem with feedback inputs

(PY) Minimize {]E TG(X“(t),u(X“(t)))dt

ueM

+E[GT(XU(T))]}7

0

13



3. Optimal control of stochastic differential equations via Fokker-Planck equations

and the following deterministic optimal control problem with open-loop controllers

(P9) M1n1m1ze {/ G(z,u())p"(t, z)dx dt + GT(x)p"(T,x)dx} ,
Rd

Rd

where M = {v: RY — R™; v is a Borel function, v(x) € Uy, a.e. x € R4},
Theorem 3.3.3. ([2]) If u* € M is an optimal control for problem (P°), then

T
/ Vp(t, z)p® (t,z)dt — G(m,u*(w))/ P (t, x)dt
0
T
= max l x,ug) / Vp(t, z)p tm)dt G(x,uo)/ p“*(t,x)dt] ,
0

uo €Uy

a.e. © € R, where p is the unique weak solution to .

Remark 3.3.2. ([2]) If in addition Uy is convex and f|gayp, € CPM (R x Up; RY), Glrayy, € CpH (RE x
Up), then for a.e. z € R%:

T
(Do f(z,u* / Vp(t,z)p" (t,z)dt — VUG(;mu*(x))/O p% (t,x)dt € Ny, (u*(z)).

3.4 Existence of an optimal control for the deterministic control problem
Assume in this section that Uj is also convex and that
ft,z,u) = folt,x) + fi(t,x)u, Y(t,z,u) € [0,T] x R? x R™,

where fo : [0,T] x RY — R9, f1 : [0,T] x R — R%™ are continuous and bounded. We also assume
that besides (H3.4) and (H3.5), G and Gr satisfy that the mapping from Uy to R given by

u— G(t,z,u) is convex , V(t,z) € [0,T] x RY,

G(t,x,u) > o, V(t,z,u) €[0,T] x REx Uy, Gr € H'(RY), Gr(z)>as, VreReL

Here a1, as are real constants.

Theorem 3.4.1. ([2]) There exists at least one optimal control for (P).

Remark 3.4.1. ([2]) Assume now that f(z,u) = fo(z) + fi(x)u, VY(x,u) € R? x R™,
where fo : R* — R%, f; : R? — R%™ are continuous and bounded, and o, G and Gy are inde-

pendent of ¢t. It follows in a similar manner that there exists at least one optimal control for problem
(PY) (defined in section 3.3).

3.5 Examples

This section contains several examples; we recall one of them.

Example 3.5.1. ([2]) Assume that Uy = B(0p;7) (r € (0,400)), f(t,x,u)
f1:[0,T] x R — R4™ is continuous and bounded, f;(t,z) = 0. m7Vt € (0,77,

= f1(t,x)u, where
|zla > R (R € (0, +00)),

14



3. Optimal control of stochastic differential equations via Fokker-Planck equations

G(t,x,u) = %Gl( x)|ul?,, where Gy € C([0,T] x RY),G4(t,z) = 0,vt € [0,T),|x|la > R,G1(t,z) >

0,V¥(t,z) € (0,T) x B(04; R). We obtain that

w'(t,2) = Ppg o

(55%2)

a.e. in {(t,z) € (0,T) x B(0g; R); p* (t,2) > 0}, where Pp5.y is the projection on B(0,, ) and p is
the weak solution to (3.7).

3.6 An optimal control problem with inputs with nonlocal action

Assume that the drift coefficient f is equal to u (i.e. f(t,z,u) = u) and that the control u does not
explicitly depend on time. Hence, (3.1) becomes

AX(t) = u(X ())dt + o(t, X (£))dW (1), te[0,T),

Function p, the weak solution to may be viewed as the probabilistic density of a population.

Let ((z) be the density at 2 € R? of a second population (or of another entity) which produces a
stimulus to the first population. For the sake of clarity, assume that the second population is time-
independent, imobile, located in B(04; Ry) (Ro > 0), and that it repels the individuals of the first
population which are at a distance less than R (here R is a positive constant). It means that ¢ is an
input (control) with nonlocal action. This action is expressed mathematically in terms of the so-caled
“generalized gradient” (nonlocal gradient) with kernel Gg. Actually,

:—V</ Gr(z —y) )dy>

(u=—V(Gr *()) describes the nonlocal action (effect) of the second population towards the individuals
of the first population at z € R?. We assume that function Gy is nonnegative, sufficiently smooth and
its support is a subset of B(04; R).
The term —V - (u(x)p(t,x)) = V- (V(Gr * ) (x)p(t, z)) in describes a so-called cross-dispersion (see
2], [13).

An appropriate set of controllers is

MO = {¢:RY — R; (is a Borel function, 0 < {(z) < My a.e. z € R%, ((z) =0 a.e. |z|g > Ro}.

Here M is a positive constant, and we assume that G € C3(R?), Gr(x) > 0 if |z|¢ < R and Gr(z) = 0
if |z|4 > R. The corresponding set of actions produced by the controllers ¢ is

U = {u; u(z) = —V(Gr * () (x), Yz e RY, (€ M"}.

Consider the following deterministic optimal control problem related to the controls ¢ € MPY:

(Po) erélf{/tn(}ze{ / deg 2))pC (t, x)dx dt +
R

Gr(x)pS(T, x)dx} .

R4
We use either the notation p* or p¢ (where u(z) = —V < Gr(x — y)C(y)dy) ).
R4
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3. Optimal control of stochastic differential equations via Fokker-Planck equations

Assume that G € C(R? x [0, Mp]) and there exists Gy € C(R%) N L*(R?) such that
|G(z,¢)] < Golz), Y(x,¢) e R x [0, M.
Moreover, we also assume that
¢ — G(x,¢) is convex , Yo € RY,

G(z,¢) > a1, Y(z,() € RY x [O,MO}, Gr(z) > ay, Vxe RrRY.

Here aq, as are real constants.
The deterministic optimal control problem is obviously equivalent to the following one

PO M. . . E
(PSm1) Infmize {

/0 TGS, X @)t

+E [Gr(X4(T))] }

where we use either the notation X“ or X¢ (where u(z) = —V ( Gr(x — y)((y)dy) ).
Rd

Theorem 3.6.1. There exists at least one optimal control ¢* for problem (PY,).

Assume that in addition G € C;"" (R? x [0, My)).
Theorem 3.6.2. If p is the weak solution to

dp _ 1 p * d
% V(Gr*(")-V iquMJFG('aC (), te(0,T),zeR,

p(T,z) = —=Gr(x), r € RY,
then
0, a.e. for / / (t,y)Vp(t,y) - VGr(y — x)dy dt

<x<<>>/ o (t,2)dt > 0, Jola < Ro
My, a.e. for / / (t,y)Vp(t,y) - VGr(y — x)dy dt

He @l >>/0 o€ (t,2)dt < 0, [l < Ro.

3.7 Auxiliary results
Assume here that pg satisfies the weaker assumption (H3.3") (instead of (H3.3)).
Lemma 3.7.1. ([2]) There exists a nonnegative constant M such that

lp*llc oy < M, Vuel.

Lemma 3.7.2. ([2]) If Uy is also convez, then for any u € U, there exists a sequence {uy }ren C Ue,
such that

up — u in L2 _([0,T] x R R™),
i.e. the closure of U in L2, ([0,T] x R%:R™) ds U.
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Lemma 3.7.3. ([2]) If fljo,r)xrixu, @5 a continuous and bounded function and if {uy }ren- C U satisfies
up — u, a.e. in [0,7] x RY,

then
p' — p* in C([0,T); H).

4. FURTHER EXTENSIONS

4.1 Extensions to Chapter 2

A special attention will be paid to applications to real world problems modeled by stochastic differential
equations (see [29] for SDEs in Physics and Engineering and [24] for Finance).

4.2 Extensions to Chapter 3

First extension. Consider the following stochastic optimal control problem with feedback inputs

T
(Ps) Minimize {E [/0 G“(t, X“(t))dt

ueU

+ I)Co (XU(T))} ’

where K is a nonempty closed subset of L?(2;R?). Notice that this is not a particular case of problem
(Ps). We consider an “approximating” problem

(Pg) Minimize { E

ueU

T
/ GU(t, X (1)) dt
0

+ ;EdKO<X“<T>>2} 7

where ¢ > 0 and di, (y) = inf{|ly — 2||L2(qre); 2 € Ko}
For Ko = {y € L* (% RY); |lyllp2(osray > ro} (ro > 0) we have that

dic, (y)* = (min{ro, |[yll2(ora)} —70)*.

Problem (?2) is equivalent to the following deterministic optimal control problem

T 2
— 1
(P°) Minimize {/ / GYpYdx dt + — <min{ro, (/ |z|2p*(T, x)dx)%} - ro> } .
ueY 0 JRd 2e Rd

The methods used and developed in Chapter 3 could be adapted to investigate (Pg) and (P°) as well.
Second extension. Another possible continuation of the investigation in Chapter 3 concerns the de-
terministic optimal control problem (P) with p* being, this time, the weak solution to the following
Fokker-Planck equation with non-local term

Ge3) = V(" (ta)olt. ) + 55 ()l )
~C@lt.0) + [ ottty te(O.T), zERY (1)

p(O,a:) = pO(x)a T € Rd,



where ¢ € L®(RY), ((z) > 0 a.e. © € RY k € L®R? x RY), k(z,y) > 0 ae. (z,y) € RY x R4,

/ k(z,y)dr =1 a.e. y € R4,
Rd

The probability density function corresponding to X* satisfies (4.1)) if, instead of just a simple Brownian
noise, we consider the sum of two independent noises, a Brownian one and a Poisson type one (see [14],

[11]).

4.3 Optimal control of a McKean-Vlasov equation via nonlinear
Fokker-Planck equation

Consider the following deterministic optimal control problem

T
(PY) Minimize / Gt z,u(z))p"(t,z)dx dt + | Gr(z)p“(T,z)dz,
u€eU® 0 R4 Rd

where p" is the “mild” solution, defined using the nonlinear semigroups, to the following nonlinear
Fokker-Planck equation
dp

a(t,l’) ==V (u(x)b(p(t,x))p(t,x)) + Aﬂ(p(t,x)), te (OvT)v T € ]Rd

p(0,z) = po(z), r € RL

Under appropriate hypotheses this problem is deeply related to the following stochastic optimal control
problem (via the superposition principle)

(PY) Minimize B | [ G(t,X(0).COC(0))a | + ELGr(X*(D))

where X is a certain probabilistically weak solution to the following McKean-Vlasov equation

AX(t) = u(X ()b (L2 (X (1)) dt + o (“E2 (X (1)) dW (1), e [0,T]

1
Here o(r) = v/2 (@) * and u = —V(Gr * (). The controllers ¢ € M have nonlocal actions u € U° (as

in section 3.6).

We intend to investigate problem (P!) using an approach based on the nonlinear semigroups in L' (R?).
The properties of the solutions to the nonlinear Fokker-Planck equation can be found in [6], [7], []], [A].
In order to tackle the deterministic optimal control problem, the idea is to consider the backward Euler
approximation of the nonlinear Fokker-Planck equation and the corresponding optimal control problem.
The existence of an optimal control and the optimality conditions for this approximating problem are



easier to derive than for problem (P'). These ideas are being developed in [4].

We

5. APPENDIX

recall here a few results that were indispensable throughout this PhD thesis:
Gronwall’s inequality, Lions’ existence and uniqueness theorem, Aubin’s compactness theorem, some

results concerning dissipative operators and Cy-semigroups.

1]

2]
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