CALCULUS ON SMOOTH MANIFOLDS (what you should know- a summary)
* Differential structure

— chart

— atlas

maximal atlas = equivalent atlases

partition of unity
* Orientability, Orientation
¢ Differential forms , exterior differential,

C(M) the algebra of k—valued smooth functions , kK = Ror C

QO(M )= ( ):

QT( ) ( ) /\QO(M) Ql(M) /\QO(M) s /\QO(M) QI(M) r—times

- w1 A (wg /\(,U3) = (w1 /\wg) N w3

- W AW = (_1)degw’~degw”ww A

- d, : (M) — Q"tY(M) first order differential opereator with d(w A w') = d(w) A W' +
(_1)degww A

- dr+1 . dT‘ — 0

d7-7 r dr .
— deRham complex: --- — Q" 1(M) === Q" (M) & Q (M)~ ... with deRham
cohomology H},,, := kerd, /imgd, ;.

* Vector fields, contraction of forms along a vector field X, Lie derivative along the vector field X ,

X(M) :={X:C(M) = (M) [ X(f-9) = X(f)-g+[-X(9)}

X - QT(M) — Qril, C(M)—linear, with (wa)(Xl,XQ, ce ;X'r—l) = (A)(AX7 Xl,XQ, s ;X'r—l)
X - QT(M) — QT(M), LX = dT,1 LY — UL dr

- [X,Y]: =X .Y —Y - X, the braket.

* Integration of top degree forms on an oriented manifold
Important Review section on integration of the attached material

* description in coordinates X = > a;(z1, - - x,)0/0x;
w=y 11 <idy <, Wiy ig,in (T1, T2, - - - T )dxs; Adzy A - -+ A dx;, an r— differential form,
dw = Y (=1)10/0zi(wiy iy, i, (T1, Ty Tp))dxi A dxgy Adziy A -+ Aday,

* coordinate free description. [I

1

- QY :=1I/1? withl = {F € C(M x M) | F(,x,2) = 0}, I is an ideal in the algebra C(M x M)

— The C(M) = Q°(M)— module structure on Q* (M) is given by (f, F) — G with G(z,y) = f(x) - F(z,y), equivalently
G(z,y) = F(x,y) - f(y) since F(z,y) - (f(x) = f(y)) € I*.

- do: Q" — QM) is given by f — F with F(z,y) = f(z) — f(y) and d1 : Q' — Q*(M) is induced by d1 (f - dg) —
do(f) A do(g)

— the remaining d, are derived inductively using the formula for d(w A w')



« for M compact with respect to the countable collection of norms || - |, k = 1,2,3,--- , Q" (M) is a
Frechet space with d, continuous operator.



